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ABSTRACT. We study the thermodynamic formalism for particular types of sub-additive sequences
on a class of subshifts over countable alphabets. The subshifts we consider include factors of
irreducible countable Markov shifts under certain conditions. We show the variational principle
for topological pressure. We also study conditions for the existence and uniqueness of invariant
ergodic Gibbs measures and the uniqueness of equilibrium states. As an application, we extend
the theory of factors of (generalized) Gibbs measures on subshifts on finite alphabets to that on
certain subshifts over countable alphabets.

1. INTRODUCTION

Thermodynamic formalism is an area of ergodic theory which addresses the problem of choosing
relevant invariant measures among the, sometimes very large, set of invariant probabilities. This
theory was brought from statistical mechanics into dynamics in the early seventies by Ruelle and
Sinai among others [Ru, Si]. The powerful formalism developed to study equilibrium of systems
consisting of a large number of particles (e.g. gases) has been surprisingly efficient to describe
certain dynamical systems that exhibit complicated behavior. The theory has been developed in
several directions. Originally the dynamical system was assumed to be defined on a compact set and
the observable was a continuous function. Both assumptions have been relaxed over the years. For
example, Gurevich [Gul, Gu2, GS], Mauldin and Urbaiiski [MU1, MU2| and Sarig [S1, S3, S3] have
developed thermodynamic formalism in the non-compact setting of countable Markov shifts. Since
there exists a wide range of relevant dynamical systems that can be coded with countable Markov
shifts, this theory has had relevant applications. Other extension of thermodynamical formalism to
non-compact settings was developed by Pesin and Pitskel [PePi]. In that case, the system is not
assumed to have any Markov structure but it has to be the restriction of a continuous map defined
on a compact set. Also, the observables have to have continuous extensions (therefore observables
are assumed to be bounded). In a different direction, the theory was extended to consider not only
a single observable but instead a sequence of them. Certain additivity assumptions were required
on the sequence in order for the ergodic theorems to hold. This circle of ideas was called non-
additive thermodynamic formalism. It was originally formulated by Falconer [F1] with the purpose
of applying it in the study of the dimension theory of non-conformal dynamical systems. Ever
since, different additivity assumptions have been considered in the sequence. For example, Barreria
[B1, B2, B3] developed the theory assuming a strong additivity assumption called almost-additivity.

Date: October 8, 2018.

2000 Mathematics Subject Classification. 37D35, 37D25.

Key words and phrases. Thermodynamic formalism, Gibbs measures, Hidden Gibbs measures, almost-additive
sequences.

This research was partly developed within the Ph.D. thesis research of C.L. G.I. was partially supported by
CONICYT PIA ACT172001 and by Proyecto Fondecyt 1150058. C.L. and Y.Y were partially supported by CONICYT
PIA ACT172001, Proyecto Fondecyt 1151368 , and Grupo de investigacién GI 172208/C at Universidad del del Bio-
Bio.



2 GODOFREDO IOMMI, CAMILO LACALLE, AND YUKI YAYAMA

Mummert [M] also obtained results in this direction. Cao, Feng and Huang [CFH] studied the
case in which the sequence was only assumed to be sub-additive. More generally, Feng and Huang
[FH] extended the theory to handle asymptotically sub-additive sequences. Over the last few years,
thermodynamic formalism for non-compact dynamical systems and sequences of observables has
been developed. Tommi and Yayama [IY1, IY2] have studied thermodynamic formalism for almost-
additive sequences on (non-compact) countable Markov shifts. Also, Kdenméki and Reeve [KR]
studied the formalism for sequences of potentials under weaker additivity assumptions but for the
full shift over a countable alphabet.

In this paper, we further develop the theory. We consider particular types of sub-additive se-
quences on a fairly general class of subshifts. We call this class the class of countable sofic shifts,
where a countable sofic shift is defined as the image of a countable Markov shift under a one-block
factor map with an additional condition (see Section 2.3). This class therefore generalizes the con-
cept of a sofic shift over a finite alphabet. We stress that this dynamical system is non-Markov
and it is defined on a non-compact space. Even in the case of a single observable, several of our
results are new, to the best of our knowledge. The types of sub-additive sequences we consider
are generalizations of continuous functions with tempered variation on subshifts satisfying the weak
specification property (see Section 2.2 for details). In Section 2, we propose a definition of the
topological pressure and compare it with the Gurevich pressure. Then we prove the corresponding
variational principle in Theorems 4.2 and 4.3 in Section 4. In particular, Section 4.2 studies a
variational principle for sequences with tempered variation defined on finitely irreducible subshifts
(see Definition 2.3) which preserve a certain finiteness property found in compact spaces. In Section
4.1, the variational principle is also studied in the case when the Bowen sequences (see Definition
2.7) are defined on countable Markov shifts which are not necessarily finitely irreducible. We see
that if the topological pressure of the sequence considered in Section 4.1 is finite, then the space
on which it is defined is finitely irreducible. Hence, this type of sequence is suitable for studying
Gibbs measures. In Section 5, we show under some assumptions the existence and uniqueness of
Gibbs measures on finitely irreducible countable sofic shifts, together with uniqueness of the Gibbs
equilibrium states (see Theorem 5.1). Our results extend those in [KR], encompassing more general
classes of sequences and far more general dynamical systems.

Differences with the work in [IY1, IY2] are discussed in Section 3.1. In particular, not every
almost-additive sequence studied in [IY1] is in the class of sequences we study here (see Example
3.2). This phenomenon is different from what is observed in the compact case, in which every
almost-additive sequence satisfies the assumptions we consider. Examples of the kinds of sequences
we study are presented and compared with almost-additive sequences in Section 3, and these are
studied especially with the variational principle in Section 4.

One of the main applications of the thermodynamic formalism studied in this article is to develop
the theory of factors of Gibbs measures on shift spaces over countable alphabets. An important
question in the area is to determine under which conditions the (generalized) Gibbs property is
preserved under a one-block factor map. For Gibbs measures for continuous functions on subshifts
over finite alphabets, this problem has been studied widely, for example, by Chazotte and Ugalde
[CU1, CU2|, Kempton and Pollicott [PK], Kempton [K], Piranio [Pi], Jung [J2], Verbitskiy [V] and
Yoo [Yo]. For generalized Gibbs measures for sequences on subshifts over finite alphabets, this type
of question has been addressed by Barral and Feng [BF], Feng [Fe4] and Yayama [Y1, Y2], especially
in connection with dimension problems on non-conformal repellers. In Section 6, we address this
question in the (non-compact and non Markov) context of finitely irreducible countable sofic shifts.
Applying the results of Sections 4 and 5, in Theorem 6.1 we show that under certain conditions a
factor of a unique invariant Gibbs measure for an almost-additive sequence on a finitely irreducible
countable sofic shift is a Gibbs measure for a type of sequence we study in Section 2.2. The most
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general form of the variational principle concerning factor maps in this paper is given in Theorem
6.2. The results in Section 6 generalize some results of [Y2]. Finally, in Section 7, applications are
given to the study of some problems in dimension theory, in particular, product of matrices and the
singular value function.

2. BACKGROUND

2.1. Subshifts on countable alphabets and specification properties. This section is devoted
to recall basic notions of symbolic dynamics. We discuss countable Markov shifts, factor maps and
different specification properties in this setting. For more details we refer the reader to [LM, BP].
Let (t;j)nxn be a transition matrix of zeros and ones (with no row and no column made entirely of
zeros). The associated (one-sided) countable Markov shift (X, 0) is the set

3= {(In)neN ey ans, = 1 for every n € N},
together with the shift map o : ¥ — ¥ defined by o(z) = 2/, for x = (2,)52,2" = (2},)52; with

n=1
x!, = x4 for all n € N. If for every (4,7) € N? the transition matrix satisfies ¢;; = 1, then we say
that the corresponding countable Markov shift is the full shift on a countable alphabet.
An allowable word of length n € N for ¥ is a string 4y ...i, where ¢; ;.. = 1 for every j €
{1,...,n —1}. For each n € N, denote by B, (X) the set of allowable words of length n of ¥. For

i1...in € By(X), we define a cylinder set [iy .. .14,] of length n by
[i1...0,) ={zeX:x; =14 for 1 <j<n}.

We endow Y. with the topology generated by cylinder sets. This is a metrizable space. The
following metric generates the cylinder topology. Let d on ¥ by d(x,z’) = 1/2F if z; = 2/; for all
1<i<kand xpi1 # @' k11, d(x,2’) = 1 if 21 # z], and d(z,2’) = 0 otherwise. We stress that, in
general, ¥ is a non-compact space.

We can drop the Markov structure and define subshifts on countable alphabets. Let X be a closed
subset of the full shift ¥. If X is o-invariant, that is o(X) C X, then we say that (X,o|x) is a
subshift and we write ox instead of o|x. In particular, if X is not a subset of the full shift on a
finite alphabet, then we say that (X, ox) is a subshift on a countable alphabet. We also write (X, o)
for simplicity. The set X is endowed with the topology induced by . In this context the set of
allowable words of length n of X is defined by

Bp(X) = {i1...in € Bu(X) : [i1...in) N X #£ 0}

For an allowable word w = iy ...4, we denote by |w| its length, |i1...i,| = n. Given a subshift
(X, 0) on a countable alphabet, we now define the language of X. The word of length n = 0 of X is
called the empty word and it is denoted by e. The language of X is the set B(X) = [J,~, Bn(X),
i.e., the union of all allowable words of X and the empty word ¢.

We now define several notions of specification that generalize the one first introduced by Bowen
[Bo] with the purpose of proving that there exits a unique measure of maximal entropy for a large
class of compact subshifts. Our definitions are given in terms of the language of X.

Definition 2.1. We say that a subshift (X,0) on a countable alphabet is irreducible if for any
allowable words u,v € B(X), there exists an allowable word w € B(X) such that wwv € B(X).

Definition 2.2. We say that a subshift (X, o) on a countable alphabet has the weak specification
property if there exists p € N such that for any allowable words u,v € B(X), there exist 0 < k <p
and w € By (X) such that vwv € B(X). If in addition, k = p for any u and v, then X has the strong
specification property. We call such p a weak (strong, respectively) specification number.

Definition 2.3. A subshift (X, o) is finitely irreducible if there exist p € N and a finite subset
Wi € UP_ Bn(X) such that for every u,v € B(X), there exists w € Wi such that uwv € B(X).
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Definition 2.4. A subshift (X,o) is finitely primitive if there exist p € N and a finite subset
W1 C B,(X) such that for every u,v € B(X), there exists w € W; such that uwv € B(X).

Remark 2.1. Note that the weak specification property does not imply topologically mixing. How-
ever, if (X, 0) is a topologically mixing subshift of finite type defined on a finite alphabet with the
weak specification property, then it has the strong specification property (see [J1, Lemma 3.2]). The
class of general shifts on finite alphabets with the weak specification property include irreducible
sofic shifts (see [J1] and Definition 2.11).

As it is clear from the definition, the notion of finitely primitive (see Definition 2.4) is essentially
the same as that of specification introduced by Bowen [Bo] in a non-compact symbolic setting. There
is a closely related class of countable Markov shifts studied by Sarig [S3].

Definition 2.5. A countable Markov shift (3,0) is said to satisfy the big images and preimages
property (BIP property) if there exists {b1,bs,...,b,} in the alphabet S such that for every a € S
there exist 4, j € {1,...,n} such that ty,4tes, = 1.

Remark 2.2. If the countable Markov shift (¥, o) satisfies the BIP property, then for every symbol
in the alphabet, say a, there exist b;,b; € {b1,b2,...,b,} such that b;a and ab; are allowable words.
Note, however, that a system with the BIP property can have more than one transitive component.
Indeed, if ¥ is the disjoint union of two full shifts on countable alphabets, then it satisfies the BIP
property and it has two transitive components.

Nevertheless, as noted by Sarig [S3, p.1752] and by Mauldin and Urbanski [MU2], under the
following dynamical assumption both notions coincide. A countable Markov shift is topologically
mizing, i.e., for each pair x,y € N, there exists N € N such that for every n > N there is an
allowable word 45 .. .4, € B,(X) such that iy = x,i, = y.

Lemma 2.1. If (¥, 0) is a topologically mixing countable Markov shift with the BIP property, then
it is finitely primitive.

Proof. Let a,c € A be two symbols of the alphabet. Since (X,0) is BIP, there exist b;,b; €
{b1,ba,...,b,} in the alphabet, such that

abi s bjC
are allowable words. Since (X, 0) is topologically mixing, for each pair b, b, € {b1,ba,...,b,}, there

exists N;, € N such that for every k£ > IV;, there is a word wl’f,. € By(X) such that blwﬁ,.br €
Biy2(X). Let N :=max{N;, :l,r € {1,...,n}} + 1 and consider the set

Fi= {bjwé\,]ibi 11,] € {1,...7n}},

Then, for any pair of allowable words u € By(X),v € By,(X) there exists bjw);b; € F such that
ubjwjl-\fl-biv is an allowable word. The result now follows since every word in F has length N +2. O

Remark 2.3. Note that if (X, 0) satisfies the strong specification property then it is topologically
mixing and has infinite entropy. On the other hand, if (¥, o) satisfies the weak specification property
then it is irreducible and has infinite entropy (see Section 4).

2.2. Pressure for a class of sequences of continuous functions. In this section, we provide two
definitions of pressure of sequences of continuous functions defined on non-compact subshifts. We
prove that under fairly general assumptions both coincide. Let (X, o) be a subshift on a countable
alphabet. For each n € N, let f, : X — R* be a continuous function and F = {log f,,}°°, a
sequence of continuous functions on X. In order to develop thermodynamic formalism and to be
able to apply ergodic theorems, additivity assumptions are required on the sequences.



HIDDEN GIBBS MEASURES ON SHIFT SPACES OVER COUNTABLE ALPHABETS 5

Definition 2.6. A sequence F = {log f,}%, of continuous functions on X is called almost-additive

if there exists a constant C' > 0 such that rgrl every n,m € N,z € X, F satisfies
(2.1) Frtm(@) < fal@) fn(0")eC

and

(2.2) (@) fn(0"2)e™C < fram ().

In particular, F is called sub-additive if F satisfies (2.1) with C = 0 and F is additive if F
satisfies (2.1) and (2.2) with C' = 0. Note that we have (2.1) if and only if the sequence F + C =
{log(e€ f,)}52, is sub-additive. We also assume the following regularity condition.

Definition 2.7. A sequence F = {log f,}52; of continuous functions on X is called a Bowen
sequence if there exists M € Rt such that

(2.3) sup{M,, : n € N} < M,
where
M, :sup{fn(x) cx,y € X,x; =y; for 1 gign}.
fa(y)

More generally, if M, < oo for all n € N and lim,,,+,(1/n)log M,, = 0, then we say that F has
tempered variation. Without loss of generality, we assume M, < M, ;1 for all n € N.

Remark 2.4. Definition 2.7 extends a notion introduced by Walters [W] when developing thermo-
dynamic formalism. We say that a continuous function f : X — R belongs to the Bowen class if
the sequence {loge"(1)}22 | where (S, f)(z) = f(z)+ f(o(z)) +-- -+ f(e" L(z)) for each z € X is
a Bowen sequence. The Bowen class contains the functions of summable variations and the Bowen
sequences are a generalization of functions in the Bowen class (see [B2, IY1]).

We now list several assumptions we will use throughout the paper. These are hypothesis on both
the system (X, o) and the sequence F.

(C1) The sequence F + C' is sub-additive for some C' > 0.
(C2) There exist p € N and D > 0 such that given any u € B,,(X),v € B, (X), n,m € N, there
exists w € By (X),0 < k < p such that

sup{ fr+m+k(x) : ¢ € [uwv]} > Dsup{fn(x) : x € [u]} sup{fm(x) : z € [v]}.
(C3) There exists a finite set W C [Ji_, Bx(X) consisting of elements w for which the property
(C2) holds.
(C4) Zy(F) := > ensup{fi(z) s z € [i]} < o0.
In addition, we consider in Section 4.2 sequences satisfying the following weaker condition.

(D2) There exist p € N and a positive sequence {Dj m }(n,m)enxn such that given any u €
B, (X),v € By,(X), n,m € N, there exists w € Bi(X),0 < k < p such that

SUp{ frtmr(2) - & € [uwv]} = Dy sup{fu(z) : @ € [u]} sup{fm(2) : x € [v]},

where lim,,_, o (1/n)log D, 1, = limy, 0 (1/m) log D,, ., = 0. Without loss of generality, we
assume that Dy, m > Dpomi1 and Dy > Diyg1 m.

(D3) There exists a finite set W C |J}_, Bx(X) consisting of elements w for which the property
(D2) holds.

If a sequence F on X satisfies (C2) ((D2), respectively) with w € B,(X) for all w, then we say
that F on X satisfies (C2) ((D2), respectively) with the strong specification.
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Remark 2.5. Given a pair u € B, (X),v € B,,(X), n,m € N, if (C2) holds when w = ¢, then we ob-
tain that uv is an allowable word and sup{ fn+m () : © € [uv]} > Dsup{fn.(x) : © € [u]} sup{fm () :
x € [v]}. In particular, it is easy to see that if (X, o) is a subshift on a countable alphabet and F is
a Bowen sequence on X satisfying (C1) and (C2), then W = {e} in (C3) if and only if (X, o) is the
full shift on a countable alphabet and F is almost-additive on the full shift. The case when F is an
almost-additive Bowen sequence on the full shift has been studied in [IY1].

Remark 2.6. Note that if conditions (C2) or (D2) are satisfied then (X, o) has the weak specification
property. Moreover, if conditions (C3) or (D3) are satisfied then (X, o) is finitely irreducible.

We can now give the definitions of pressure.

Definition 2.8. Let (X, o) be an irreducible subshift on a countable alphabet and F = {log f,,}52
a sequence of continuous functions on X with tempered variation satisfying (C1). Define Z,,(F) by

Zn(F) = Z sup{fn(x):x € [i1...1,]}

il...in,EBn(X)

and the topological pressure of F by
1
(2.4) P(F) :=limsup — log Z,, (F),

n—oo T

if limsup,,_, . (1/n)log Z,,(F) exists, including possibly co and —oo.

It is clear that if Z;(F) < oo then sub-additivity of the sequence F + C' implies that P(F) =
lim,, o0 (1/n)log Z,,(F) and —oo < P(F) < co. We will see in Section 4 that if Z;(F) = oo, under
certain additional assumptions on (X, o) and F, we obtain P(F) = co. The variational principal is
studied for such sequences F in Section 4.

Remark 2.7. The topological pressure in Definition 2.8 is a natural extension of the classical
definition of pressure for compact subshifts. This definition was later extended by Mauldin and
Urbariski [MU1] for countable Markov shifts satisfying the finitely irreducible condition. This notion
of pressure was also extended for sequences of regular functions defined on subshifts of finite type by
Barreira [B1, B2, B3|, Falconer [F1], Feng [Fel, Fe2, Fe3] and Cao, Feng and Huang [CFH] among
others. Actually, assumption (C2) was introduced by Feng [Fe3] while studying thermodynamic
formalism for potentials related to product of matrices and appeared also in the study of dimension
of non-conformal repellers [Fe4, Y1]. Moreover, when (X, o) is a subshift on a finite alphabet, Feng
[Fed] studied thermodynamic formalism for the class of sequences which satisfies (C1) and (C2) (see
Theorem 5.2). Note that in this case (C3) and (C4) are automatically satisfied by compactness.
Kéenméki and Reeve [KR] extended the work of Feng [Fe3, Fed] to the full shift on a countable
alphabet. They studied thermodynamic formalism for sequences of potentials defined on the full
shift satisfying what they called quasi multiplicative property. This assumption on the sequences
used in [KR] is equivalent to assume conditions (C1), (C2) with w € | J{_, Br(X), and (C3) with
W c Uy_, Bi(X) on a Bowen sequence on the full shift. In Section 3.1, we discuss the differences
between almost-additivity and conditions (C2) and (D2).

Next we define the Gurevich pressure. Throughout the paper, we identify the set of a countable
alphabet with N.

Definition 2.9. Let (X, o) be an irreducible subshift on a countable alphabet and F = {log f,,}52,
a sequence of continuous functions on X with tempered variation satisfying (C1) and (D2). For
a € N, define

Z’n(]:7a/) = Z fn(x)X[a](x)v

xr:o"hxr=x
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where x[q)() is a characteristic function of the cylinder [a]. The Gurevich pressure of F on X,
denoted by Pg(F), is defined by

1
(2.5) Pg(F) :=limsup — log Z,,(F, a),
n

n— oo

if limsup,, ,.(1/n)log Z,(F,a) is independent of a € N.

In Proposition 2.1, we will study the definition of Gurevich pressure Pg(F) when (X,0) is a
countable Markov shift and Z;(F) < co. If Z1(F) = oo, under certain assumptions on (X, o) and
F, we obtain P(F) = Pg(F) = oo (see Section 4). The definition is also studied in Section 4.2 when
(X,0) is a finitely irreducible countable sofic shift.

Remark 2.8. The Gurevich entropy was first introduced by Gurevich for countable Markov shifts.
This notion was later extended by Sarig [S1] where he defines the Gurevich pressure of regular po-
tentials defined on topologically mixing countable Markov shifts. In [FFY, Section 1], the definition
was extended to a certain type of irreducible countable Markov shift. It was shown by Dougall and
Sharp in [DS, Section 3| that the definition could be extended to topological transitive shifts on
countable alphabets for regular potentials. In all these cases, it was shown that the definition does
not depend on the symbol a chosen. The Gurevich pressure was defined and studied for almost-
additive sequences on topologically mixing countable Markov shifts by Tommi and Yayama [IY1].
We stress that the definition given here extends both the class of sequences of potentials and the
class of shifts (satisfying the weak specification) previously considered in the literature.

It was shown by Mauldin and Urbariski [MU2] and by Sarig [S3] that when restricted to topologi-
cally mixing countable Markov shifts satisfying the BIP property for a regular potential, Definitions
2.8 and 2.9 coincide. The next result extends this observation to countable Markov shifts satisfying
the weak specification property and to sequences of functions satisfying mild additivity assumptions.

Proposition 2.1. Let (X,0) be a countable Markov shift and F = {log f,,}22; a sequence on X
with tempered variation satisfying (C1) and (D2). If P(F) < oo, then

(2.6) P(F) = Pg(F).
If F satisfies (D2) with the strong specification, then lim sup in (2.5) can be replaced by lim.

Proof. First we observe that P(F) < oo if and only if Z;(F) < oo (see Proposition 4.2). Let a € N
be fixed and ¢, := z1 ...z, € B,(X). By assumption (D2) there exist allowable words w1, wq with
0 < |wil,|we| < p, such that awiz;...zwea is an allowable word of length n + 2 + |wq| + |we|
satisfying

SUP{ [ 42+ |wi |+ |ws| () : 2 € [awic waal}
> D1 Digpinasup{fu(z) : @ € [eu]}(sup{fi(2) : € [a]})*.
Since F has tempered variation, for any = € [aw;c,waa] we have that
SUP{ frit 24w | +|wo| (T) : @ € [awrcpw2al}
< Moy op 2 frtot fun | +wa | (£) < Mo gop o it un |+ ws| (2) sup{ f1(z) : @ € [a]}e .

Since T = (awic,w2)™® = (aw1cpw20wW1 CrLWaaw1 Crws . . . ) is a periodic point with period n + |wy| +
|wa| + 1, we obtain

Dl,nD1+p+n,1eic

frttwr 4w +1(Z) 2 sup{fn(z) : @ € [cn]} sup{fi(z) : @ € [a]}.

Mn+2p+2
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Note that since F has tempered variation we have that sup{fi(x) : € [a]} is bounded. Setting
dn = (D1nDitpinisup{fi(z) : € [a]})/(e® M, 12p42) and summing over all allowable words
Cn =101 ..., € B,(X), we obtain

n+2p+1
(2.7) > Zi(F,a) = dnZn(F) > 0.

1=n-+1

Hence, there exists n+ 1 < i, <n+ 2p+ 1 such that Z; (F,a) > (d,Z,(F))/(2p + 1). Therefore,

-i IOg Z’Ln (-7:’ a) 2

1
1 log d,, + log Zn(F) | -
in n+2p+2<og2p+1+og +log (f))

Thus
(2.8) lim sup i log Z;, (F,a) > P(F).

n—oo ZTL
Since Z;, (F,a) < Z; (F) for all i, and a is arbitrary, (2.8) implies (2.6).
Next we show the second part. If F satisfies (D2) with the strong specification, we obtain for all
neN
Zptopt1(F,a) > dnZ,(F) > 0.

Thus similar arguments above imply that

1 1
limsup — log Z,,(F, a) = liminf — log Z,,(F, a).

n—oo N n—oo N

In particular one can take a limit instead of a limsup in the definition of Gurevich pressure. g

Remark 2.9. In Section 4, we obtain (2.6) when Z;(F) = oo under certain assumptions on (X, o)
and F. In Section 4.2, for a sequence F on a finitely irreducible countable sofic shift we establish
conditions ensuring P(F) = Pg(F).

Remark 2.10 (Entropy). A particular case of the definitions considered in Section 2.2 is when the
sequence F = {log f,, }5°; is such that for every n € N we have that log f,, = 0. In this case we denote
F = 0. The numbers P(0) and Pg(0) are called the entropy and the Gurevich entropy respectively.
It is well known that for a compact irreducible sofic shift (see Definition 2.11) both notions coincide
(see [LM, Theorem 4.3.6]). However, even for topologically mixing countable Markov shifts these
two notions can be different, we can have P;(0) < P(0). In Proposition 2.1, fairly general conditions
are obtained so that we can still have an equality P(0) = Pz (0) in the non-compact setting. We use
the following notation P(0) = h(o) and Pg(0) = hg(o).

2.3. Factor maps. The goal of this section is to study certain subshifts which are images of count-
able Markov shifts under factor maps. The following class of maps will play an important role in
this article.

Definition 2.10. Let (X, ox) and (Y, oy ) be subshifts on countable alphabets. A one-block code is a
map 7 : X — Y for which there exists a function, denoted again by 7, 7 : B1(X) — B1(Y) such that
(m(x)); = w(x;) for all € N. For u = 27 ...2 € Bp(X), k € N, we denote 7(z1)...7(xx) € Bi(Y)
by 7(u). Amap 7 : X — Y is a factor map if it is continuous, surjective and satisfies Toox = oy om.
For a one-block factor map 7 : X — Y where X is an irreducible countable Markov shift, let
v € Br(Y). We denote by 7~ 1(v) the set of allowable words u of length k of X such that 7(u) = v
and by |7~!(v)| the cardinality of the set. Throughout the paper, we only consider one-block factor
maps 7 : X — Y such that |[771(i)| < oo for any i € N. Hence for each k € N, v € Bi(Y), we have
|771(v)| < oo.
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Next we show that, in some cases, the image of a countable Markov shift under a one-block code
is a subshift. In general, the image of a shift space on a countable alphabet under a sliding block
code is not closed and hence it is not a subshift (see [LM]).

Lemma 2.2. Let (X,0x) be a subshift on a countable alphabet and (X,0) the full shift on a
countable alphabet. Let 7 : X — ¥ be a one-block code such that |771(i)| < oo for each i € N. Let
Y :=7(X). Then (Y,0y) is a subshift on a countable alphabet.

Proof. Tt is easy to see that Y is invariant and we show that Y is closed. For m € N, let 3(™) =
{yﬁbm)};’f:l €Y. Let {y™}°_, be a sequence in Y converging to y = {y;}52,. We show that
y € Y. Since Y is the image of X under , for each m € N, we can pick an (™) € X such that
m(z(™) = y(™ and let z(™) = {z%m)};’f:l. Fix [ € N. Since {y("™15°_, converges to y € Y, there
exists M € N such that d(y(™),y) < 1/2! for all m > M. Then we have ygm) =y; for all m > M,
1 <4 <1+ 1. Note that w’l(ng)) is a finite set for each 1 < 7 < [+ 1. Consider the sequence

{z(m)}oe_ . Then we have xgm) € wfl(yZ(M)) for 1 <4 <l+1,m > M. Since there are finitely
many symbols in 7= (y\""), there exists z% € 7= (y\™)) such that 2 is the initial symbol of (™,
for infinitely many m > M. Now we extract a subsequence {z1"}°° ;| of sequences with the initial
symbol x% from {x(™}>c_, . Define {x*7}5, := {2(™}>_ . Repeating this process, for each
1 <4 <[+1, there exist z} € W‘l(yEM)) and a sequence {x""}%° | of sequences with the i th symbol
x} such that {57}°° | is a subsequence of {z'~1"}2° ;. We define z} for i = [ + i, > 2 similarly.
Given [ + 1, there exists M; such that d(y(™), y) < 1/21+1 for all m > M;. Then we have ygm) =y
for all m > My, 1 <i <1+2. Consider the sequence {z/T1}e | = {g!thn}oe n{zm}>e_, . Since

there are finitely many symbols in ﬂfl(yl(ﬁgl)), there exists x],, € W’l(yl(j\_él)) such that zj, , is the
(2 4+ 1) th symbol of {z/t1:7}°¢ | for infinitely many n. Now we extract a subsequence {x!+t27}2
of sequences with the (24 1) th symbol 2}, , from {z/*1"}>° . Since |7~ (k)| < oo for each k € N,
by repeating this process, for each i > 2 there exist z7,; € 71'_'1 (y1+i) and a sequence {z!T#m}
with the i th symbol x¥, each of which is a subsequence of {z!T?=11}% . Define z* = {z7}%2,. By
a diagonal argument, it is clear that the sequence {z!*%#}2  converges to x*. Since X is closed, we
obtain that z* € X. Then n(z*) = {n(z])}2; = {v:}2; = y. Hence Y is closed.

O

In Lemma 2.2, if X is a countable Markov shift, then 7 : X — Y is a one-block factor map. Hence
we find a class of subshifts which generalize countable Markov shifts. Recall that if (X, o) is a finite
state Markov shift, then the image of X under a one-block factor map is a sofic shift [LM, BP]. In
the following, we generalize this definition to the case when (X, o) is a countable Markov shift.

Definition 2.11. A countable sofic shift is a subshift on a countable alphabet which is the image of
a countable Markov shift under a one-block factor map 7 such that |7 ~1(i)| < oo for each i € N. In
particular, an irreducible countable sofic shift is the image of an irreducible countable Markov shift.

Remark 2.11. Note that an irreducible subshift is defined in Definition 2.1. In Definition 2.11, in
order for Y to be an irreducible countable sofic shift, we additionally assume that it is an image of
an irreducible countable Markov shift.

It is well known that if X and Y are subshifts on finite alphabets such that there exists a factor
map 7 : X — Y, then h(X) > h(Y). In the non-compact case, this is in general not true (see the
discussion in [LM, Section 13.9] ). However, the next lemma shows that under suitable assumptions
this property still holds.

Lemma 2.3. Let (X,0x) and (Y, 0y) be topologically mixing countable Markov shifts and 7 : X —
Y a one-block factor map such that |7~ (n)| < co for every n € N. Then h(ox) > h(oy).
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Proof. Recall that the Gurevich entropy satisfies the following approximation property by compact
sets [Gul, Gu2]
ha(ox) =sup{h(ox|k): K C X compact and invariant}
=sup{h(ox|s,) : Ex C X topologically mixing finite Markov shift}.
Since for every n € N we have that |[7~1(n)| < oo, for every ¥x C Y topologically mixing finite
Markov shift we have that 7= 1(Xf) is a compact subshift of X. Therefore, by [Kit, Proposition
4.16] we have that
ha(ox|r-1(54)) 2 haloy|sy)-

The result now follows. O

3. EXAMPLES
In this section, we study the types of sequences introduced in 2.2 and present some examples.

3.1. Differences between the (C2) condition and almost-additivity. This section is devoted
to study the relations and differences between the additivity assumptions we have considered. That
is, we establish relations between almost-additivity and conditions (C2) and (D2) introduced in
Section 2.2. The results depend upon the combinatorial structure of the shifts.

Remark 3.1. If (X, 0) is an irreducible Markov shift defined on a finite alphabet (compact), then
any almost-additive Bowen sequence on X satisfies (C2).

Next lemma shows that the result in Remark 3.1 also holds for a finitely irreducible subshift on
a countable alphabet. Even more, under weaker regularity assumptions it is possible to prove that
an almost-additive sequence satisfies condition (D2).

Lemma 3.1. Let (X, o) be a finitely irreducible subshift on a countable alphabet and G = {log g, }22 ;
an almost-additive sequence on X with tempered variation. Then G satisfies (C1), (D2) and (D3).
If G is an almost-additive Bowen sequence on X, then it satisfies (C1), (C2) and (C3).

Proof. Since (X, o) is a finitely irreducible subshift on a countable alphabet, there exist p € N and
a finite set Wy C |JY_, B;(X) such that for any n,m € N and u € B,,(X),v € B,,(X) there exists
w € Wi such that wwwv is an allowable word. Since W7 is a finite set and G has tempered variation,
there exists (91 > 0 such that

sup  {gjw|(y) v € [w]} > Q1.

weWy,|lw|>1
For n € N, let M, is defined as in Definition 2.7. Let x € [uwv], where |w| = k > 1. Then
—-C n k+n e_CQl k+n
(3.1) Inam+k(2) 2 €77 gn (@) gk (0" T)gm (07" 2) 2~ gn () gm (0" ")
P

Now consider a pair u € B,(X),v € B,,(X) such that wv is an allowable word. If z € [uv], then
we obtain g, m(z) > € g, (2)gm (0" 7). Let Q = min{Qy,1}. Then (D2) holds in particular for p
equal to the same p that appears in the specification property and we obtain the result by setting
Dy = (e7¢Q)/(M, M, M,,) in (D2) and W = W in (D3). If the sequence G is an almost-additive
Bowen sequence, the same argument replacing M,,, M,, and M,,, by M yields the desired result. [

Lemma 3.2. Let (X, 0) be a subshift on a countable alphabet, G = {log g, }52; an almost-additive
sequence on X with tempered variation, and F = {log f,,}52; a sequence on X satisfying (C1),(D2)
and (D3). Define H := {log(fn/gn)}>>2,. Then H satisfies (C1),(D2) and (D3).

Proof. The proof is straightforward. We use the similar approach as in Lemma 3.1. g
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Example 3.1. A continuous function on a finitely irreducible subshift with tempered
variation. In this example, we show that the the formalism developed in this article generalizes re-
sults concerning continuous potentials satisfying mild regularity assumptions. Let f be a continuous
function defined on a finitely irreducible subshift X. Denote by

Ap = sup{|(Snf)(x) = (Snf)(Y)] : 2 = g, 1 < i <n}.

We say that f has tempered variation if A,, < oo for all n € N and lim,,_,o,(1/n)A, = 0. We remark
that sometimes (see for example [FFY]) the definition of tempered variation is given without the
finiteness assumption A4, < co. We stress that in this paper we always do assume finiteness.

Let f be a continuous function on a finitely irreducible subshift X with tempered variation.
Following the procedure described in Remark 2.4, for each n € N, define f,(z) = e and
F = {log fn}22 ;. The sequence F is additive. Moreover, by Lemma 3.1, F satisfies (D2) and (D3).

Example 3.2. An almost-additive sequence on a countable Markov shift which does not
satisfy (C2). Let A be a transition matrix on a countable alphabet defined by

1 00 0

—_ o0 ok OO
OO O ===
O OO ==
OO O R KHH
_ == OO
-0 0 00
= —__0 O O =

and consider the countable Markov shift (X, o) determined by A (see Figure 1). Let {\,}32, be a
sequence of real numbers such that A, € (0,1) and Z]Oil Aj < oo. Let {loge,}92; be an almost-
additive sequence of real numbers, that is, there exists a constant C' > 0 such that
e*Ccncm < Cpgm < eccncm.
For n € N, define g, : ¥ — R by
gn(T) = cnAiy Ay -+ Ai,, Tor @ € [ir .. dy],

and let G = {log g, }52 ;. These sequences have been studied in [IY1, Example 1] when defined on
the full shift.

FiGURE 1. The graph defining X in Example 3.2

Lemma 3.3. The sequence G = {log ¢, }52; defined on X is an almost-additive Bowen sequence.
However, it does not satisfy (C2).
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Proof. Tt is clear that G is an almost-additive Bowen sequence. Observe that (X, o) is topologically
mixing and that 3 is a strong specification number and, moreover, X is not finitely irreducible.

Claim 3.1. Let (X, o) be a subshift on a countable alphabet and F = {log f,,}52; a Bowen sequence
on X satisfying (C1) and (C2). Let w € |J_, B;(X) be an allowable word from (C2). Then there
exists C’ > 0 such that for any w of length k, we have sup{fi(z) : = € [w]} > C".

Proof. Since (C2) is satisfied, given v € B,(X),v € By, (X), there exist 0 < k < p and w =
wy ... wg € Br(X) with the property

(3.2) sSup{ fr+m+k(x) : ¢ € [uwv]} > Dsup{fn(x) : x € [u]} sup{fm(x) : z € [v]}.

We consider only wwv with the length k of w > 1. For any z € [uwv], it is a consequence of (3.2),
(C1) and the Bowen property of F that,

Me*C fr(x) fi (0" %) fm (0" 2) > D fo () frn ("),

Hence

sup{fu(e) 1 € ]} > 50 = C

/

O

Assume by way of contradiction that the sequence G satisfies (C2) for some p € N. Consider the
symbol 3 and 3n for some n € N. To connect 3 and 3n, the symbol 3n + 1 must be passed through.
Suppose w = wy ... wy is a word of length k < p such that 3w(3n) is allowable and satisfies (C2).
Then 3n + 1 must appear in some w;, 1 < ¢ < k. Clearly k£ > 1. Since A; is bounded above by some
constant C” > 1 for all j € N, we obtain

np—1
sup{gr(z) : z € [w]} < 121]?%(13{0],}0/? Asnst.

Applying Claim 3.1, A3, 41 is bounded below by a constant for all n € N. However by the construction
of \j, limy, o0 Agn4+1 = 0. This contradiction proves the lemma. O

Example 3.3. A sequence satisfying (C1),(C2) and (C3). In this example, we will make
use of the notion of factor map (see Section 2.3). Let (X,0x), (Y,0y) be subshifts on countable
alphabets, and 7 : X — Y be a one-block factor map such that |7 ~1(i)| < oo, for every i € N. Define
bn Y — R by ¢n(y) = log|n (y1...yn)| and ® = {log¢,}>2,. Then ® is a Bowen sequence.
In the next lemma, we prove that under suitable assumptions on X and Y the sequence ® satisfies
(C1), (C2) and (C3). Let ex and ey be the empty words of X and Y respectively. By convention,
let m(ex) =€y.

Lemma 3.4. Let (X, 0x) be a countable Markov shift, (Y, oy ) a subshift on a countable alphabet,
and 7 : X — Y a one-block factor map such that |7=1(i)] < oo for each i € N. If X is finitely
irreducible, then ® = {log ¢,,}22; is a Bowen sequence on Y satisfying (C1),(C2) and (C3). If W;
is a finite set from Definition 2.3, then let 7(W;) = {m(w) : w € Wi}. For any u € B,(Y),v €
B, (Y),n,m € N, there exists w’ € m(W;) such that |7~ (uw'v)| > (1/|[W1])|7 = (u)||7=(v)].

Proof. See [Fe4, Lemma 5.7] in which the above result was studied for the case when X is an
irreducible subshift on finite alphabets. This implies the result. O

Remark 3.2. The case when X is not finitely irreducible is studied in Example 3.8 in which ® on
Y does not satisfy (C3). We also remark that in general ® is not almost-additive (see [Y1, Y2]).
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3.2. Examples of sequences on irreducible countable sofic shifts. We provide a wide range
of examples of sequences of functions satisfying (or not) different additivity properties. Some of
these examples can only occur in non-compact settings and show some of the new phenomena that
have to be considered in the countable alphabet situation. The examples in this section come from
a construction in the theory of factor maps and will also appear in the following sections when we
study the variational principle. Let ® be the sequence of functions as in Example 3.3.

Example 3.4. A sequence on a finitely irreducible countable Markov shift satisfying
(C1), (C2) and (C3). In this example, we construct a sequence of functions which satisfies
(C1),(C2) and (C3), but fails to be almost-additive. Let (X, o) be a countable Markov shift deter-
mined by the transitions given by Figure 2.

Let 7 : N — N be the function defined by 7(—i 4+ n(n +1)/2) =n,i=0,...,n—1forn € N
and ¥ be the full shift on a countable alphabet. Define 7 : X — ¥ by (w(x)); = =(z;) for all
i € N and denote 7(X) by Y. Then the map 7 : X — Y is a one-block factor map. Note that
since |7=1(i)| = i for i € N we have that |7=1(4)| is not uniformly bounded. We stress that this
property cannot occur when X is a finite state Markov shift. X has a strong specification number
equal to 2, just by considering W = {12,22}. Thus, the countable Markov shift Y also has a strong
specification number 2.

We first observe that ® is not almost-additive on Y. Let A be the transition matrix for X. It
was shown in [Y1, Example 5.6] that @ is not almost-additive on 7(Xa|, , ., (124,) Let k>3 be
fixed and define

bn(y)

Un (y) = = = )
(=)l = (yn) )"
and ¥ = {log¥,}52,. The sequence ¥ is not almost-additive but it is sub-additive. By Lemma

n=1"

3.4, condition (C2) holds with p = 2. For v € B,(Y) and v € B,,(Y), there exists a word w €
{m(12),7(22)} of length 2 such that

SUD (W s2(y) ¥ € ]} > s sup{ta(y) :y € ]} sup{thny) -y € ).

Hence ¥ is a Bowen sequence on Y satisfying (C1), (C2) and (C3).

F1GURE 2. The graph defining X in Example 3.4

Example 3.5. A sequence on a finitely irreducible countable sofic shift satisfying (C1),
(C2) and (C3). We study a general case of Example 3.4. Let (X,o0x) be a finitely irreducible
countable Markov shift, (Y, oy ) a subshift, and 7 : X — Y be a one-block factor map. Thus, (Y, oy)
is a finitely irreducible countable sofic shift. Suppose there exist C1,Cy > 0,k > 1 such that for
every ¢ € N we have

Cyif < |77 1(i)| < Coi®.
For y € [y1 ... yn], define
(=t (yo)l - Im = () [) 542

Yn(y) :=
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and ¥ = {logv,}52 ;. By Lemmas 3.2 and 3.4, the sequence ¥ is a sub-additive Bowen sequence
on Y satisfying (C1), (C2) and (C3).

Example 3.6. A sequence on a finitely irreducible countable sofic shift satisfying (C1),
(C2) and (C3). Let (X,0x) be a finitely irreducible countable Markov shift, (Y, oy ) a subshift,
and 7 : X — Y be a one-block factor map such that |[771(i)| < oo for any i € N. Thus, (Y,0y) is a
finitely irreducible countable sofic shift. Let K > 0. For y € [y1 ... y,], we define

wn(y) - Ky1+---+yn

and let ¥ = {log ¥, }52 ;. Then ¥ is a sub-additive Bowen sequence on Y satisfying (C1), (C2) and
(C3).

Example 3.7. A sequence on a finitely irreducible countable sofic shift satisfying (C1),
(C2) and (C3). Let G be defined as in Theorem 6.1 in Section 6. Then G is a Bowen sequence
defined on a finitely irreducible countable sofic shift satisfying (C1), (C2) and (C3).

Example 3.8. A sequence satisfying (C1l) and (C2) but not (C3). Here we present an
example of a sequence which satisfies (C1) and (C2), but fails to be almost-additive and for which
the finiteness condition (C3) does not hold. We consider a factor map defined on a countable
Markov shift which is not finitely irreducible. Let (X, o) be the countable Markov shift determined
by the transitions given by Figure 3. We partition the alphabet defining X in the following way:
F, ={1}, F, ={2,3}, F5 = {4,5,6}, ..., in general F,, consists of n symbols, such that the subshift
of X restricted to the symbols of F), is the full shift on n symbols. Let 7 : N — N be the function
defined by w(a) = n if a € F,,,n € N and let ¥ be the full shift on a countable alphabet. Define
m: X = X by (n(x)); = w(x;) for all i € N. Let Y = m(X). Then Y is a countable Markov shift
and m : X — Y is a one-block factor map. Note that X is not finitely irreducible and that 3 is a
specification number for X. On the other hand, Y is finitely primitive with a specification number 1.
Noting that |7~1(i)| = i and |[7~1(i1)| = 1, |7 ~(i1)|/(|7~1(i)||=~*(1)|) is not bounded below by a
constant. Therefore the sequence ® = {log ¢,,}°2 ; is not almost-additive, however it is sub-additive
by construction. Let u = uy...u, € Bo(Y) and v = v; ... 0 € By (Y). We claim that

(3.3) |7 (g Log)| =] 77 (w) |7~ (v))|

and hence (C2) is satisfied. To see this, consider a preimage @ = @y ...4, of w and ¥ = ¥y ...,
of v. Then @, € F; and v; € F; for some s,t € N. Assume s # 1 and t # 1. Define a; € F
and a; € F; such that lays1 and la;1 are allowable words. Then @asla;v is an allowable word of
X and w(taslav) = uuylvgv. Similar arguments when s = 1 or ¢ = 1 yield the same result. The
claim now follows, indeed @ is a sub-additive Bowen sequence on Y satisfying (C2) with the strong
specification. However, (C3) is not satisfied. If we let W be the set consisting of all possible w,,1v;
in (3.3), then W = {ilj :i,j € N}.

We observe that for any p € N (C3) is not satisfied. Suppose F satisfies (C2) and (C3) and let W
be a finite set as in (C3). Clearly W # {e}. Observe that such a finite set W consists of allowable
words w of the following four types. If w = wy ... wg, for 1 <k <p, then w; =1 and wy, # 1 (which
we call Type 1), wy # 1 and wy, = 1(Type 2), w1 = 1 and wx, =1 (Type 3), or wy # 1 and wy # 1
(Type 4). Let w be an allowable word of Type 1. Then for any allowable words u,v in Y such that
uwv is allowable, we obtain |7~ (uwv)| <| 7= (ul)||7 = (w)||r~1(v)|. Let i € N. If we take u = i
then |771(i)] =i and |7 ~1(i1)| = 1. Therefore, (C2) implies that |7~ (w)|/i > D. Hence there exist
N € N such that if ¢ > Ny then for any pair i,v, (C2) does not holds with jwv where w is of Type
1. By making similar arguments for w of Type 2, 3 and 4, there exists a pair ¢,j € N such that (C2)
does hold by using a w from a finite set W.
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F1GURE 3. The graph defining X in Example 3.8

4. VARIATIONAL PRINCIPLE

A fundamental result in thermodynamic formalism is the variational principle. It establishes a
relation between the pressure (which is defined by means of the topological structure of the system)
and the sum of the metric entropy and the integral with respect to an invariant measure (which is
defined by means of the Borel structure of the system). The relation in the variational principle for
a sequence of functions F = {log f,,}52, is the following

1 1

P(F)= sup {hu(o') + lim — /log fodp : lim f/log fndu > —oo} ,
,U,GM(X,O') n—oo N n—oo n

where M (X, o) denotes the space of o —invariant Borel probability measures. The goal of this section

is to establish the variational principle for the types of sequences introduced in Section 2.2.

4.1. Variational principle for a countable Markov shift with the the weak specification
property without the finiteness condition (C3). The purpose of this section is to prove the
variational principle for the Bowen sequences defined on countable Markov shifts satisfying (C1)
and (C2). We do not assume the finiteness condition (C3). Hence in the proof of the approximation
property (Proposition 4.1), this condition is not assumed. However, we see in Lemma 4.4 that if the
pressure is finite, then the type of sequence we consider in this section is defined on a space with
the finiteness condition.

The following is an important technical remark (see [MU2]). Since X is an irreducible countable
Markov shift, by rearranging the set N of the symbols of X, there exists a transition matrix A for X
and an increasing sequence {k,}>°; such that the matrix Alg1,.. knyx{1,....k,} is irreducible. Define
Ak, = Alf1, k) x {1, kn}- We will assume the following property on the sequence of functions
F ={log fn}52,, where f, : X — R™T are continuous functions.

(P1) There exist an increasing sequence {l,,}52; and constants Dy,p; > 0 such that for each [,
the matrix A;, is irreducible and F|x, satisfies (C2) with constants D;, and p;, € N such
that D;, > Dy, and p;, < p; for every n € N.

Lemma 4.1. If 7 = {log f,}22, is a Bowen sequence on an irreducible countable Markov shift X
satisfying (P1), then F satisfies (C2) and X satisfies the weak specification property.

Proof. Let u € B,(X) and v € B, (X) for n,m € N. Then there exists N € N such that u,v are
allowable words of X Ay - CallY (= X Aly- Then the Bowen property and (P1) imply that there
exists w € Bg(Y), 0 < k < p;, < p1 such that

Sup{ fr4m1k(2) : @ € [uwol} = sup{fnimrly () : 2 € [uwo]}

> Diy sup{fnly () : & € [u]} sup{fim|y () : @ € [v]} > % sup{fn(2) : @ € [u]} sup{fm(z) : z € [v]}.
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O

In particular, a Bowen sequence on a finitely irreducible Markov shift satisfying (C2) and (C3) is a
sequence satisfying (P1) (see Corollary 4.1). In the following propositions and lemmas, we continue
to use the notation from (P1) and Section 2.2. Let a € N be a symbol of a countable alphabet. For
a compact o-invariant subset Y of X, define Z,(Fly,a) = 3, on(y)=y.y1=a fnly (¥)-

We first show that with the assumption (P1) the topological pressure P(F) and the Gurevich
pressure Pg(F) takes oo when Z(F) = co.

Lemma 4.2. Let (X,0) be an irreducible countable Markov shift and F = {log f,,}52, a sequence
on X with tempered variation satisfying (C1) and (P1). If Z;(F) = oo, then P(F) = oco. Thus,
equation (2.6) holds.

Proof. Let f!(x) = e f,(z) for all # € X and F' = {log f/}5°,. Then the sequence F' is sub-
additive and P(F) = P(F’). Note by Proposition 2.1 that we obtain Pg(F'|x, ,a) = P(F'|x,, ) for
each [,,. Since g has tempered variation, if Z;(F) = oo, then given L > 0, there exists N € N such
that Z1(F|x, ) > L and thus Z1(F'|x, ) > Le®. Let Y := X;,. Then (P1) implies that for each
n € N there exists 0 < i, < p1(n — 1) such that

/

(a.1) Zois, (Fly) 2 () HA(F )

where D} = D1 /e®. Since we have P(F’) > limsup,,_, . (1/(n+i,))10g Znyi, (F'lv) = P(F'|y), we
obtain that P(F') > P(F'ly) > d+ (1/(p1 + 1)) log(Le®) where d = (1/(p1 + 1))log(D}/(p1 + 1)).
Letting L — oo, we obtain P(F) = P(F’) = co. To see that (2.6) holds, we apply Proposition
2.1. Since Pg(Fly,a) = Pg(F'|y,a) = P(F'|ly) and Pg(F,a) > Pg(Fly,a), the result follows by
letting L — oo. g

The next result provides an approximation property by compact invariant sets for the pressure,
without the finiteness condition (C3). We prove this by using the Gurevich pressure.

Proposition 4.1. Let (X,0) be an irreducible countable Markov shift. If F = {log f,}52; is a
Bowen sequence on X satisfying (C1) and (P1), then

P(F) = sup {P(]:|XA1 )},
ln,meN "
and P(F) # —o0.
Proof. We use similar arguments used in [IY1, Proposition 3.1]. First assume Z;(F) < oo and
so P(F) < oco. Assume also that —oco < P(F)(we show that P(F) # —o0). Define f)(x) and
F’ as in the proof of Lemma 4.2. Then the sequence F’ is a sub-additive Bowen sequence and
P(F) = P(F’). Let a € N be a symbol of the countable alphabet of X. Then P(F’) = lim,,_,o0 Bn,

where B, = supy,,(1/k)log Zy(F',a) and B,, < oo for all n € N. Let ¢ > 0 and fix m € N such
that

D1

1 M 1
(4.2) — <e and — ‘log (MH‘ <€
m m

D,
Then there exists ¢ € N, ¢ > m such that

1
By — e < =log Z,(F',a) < By,.
q
Thus,

1
(4.3) P(F)<Bn,< Elog Zy(F' a) + e
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Since ¢ > m, (4.2) holds by replacing m by ¢. Then Z,(F',a) = lim, 00 Zy(F'[x,, ,a). Note that
{Zy(F'|x4, »a)}nLy increases to Zy(F', a) monotonically. Thus there exists n; € N such that

1 1
(4.4) glog Zy(F' a) < alog Z,;,(]:/|XAM1 ,a) + e

By (P1), F'|x,, satisfies (C2). Let Y= X4, . Then Y has the weak specification property with

a specification number py < p;.

Lemma 4.3. For n,m € N, there exists 0 < 4y, ,, < py such that

(py +1)M
D,

Proof. Let n,m € N be fixed. Take z,y € Y such that ¢"z = x and ¢™y = y, where 1 = y; = a.
Let z = (azg...xp—1)® and y = (ay2 . .. Ym—1)>°. By (P1), there exist 0 < k < py and an allowable
word by ...bg in Y such that azg...2,—1b1...bkays ... Ym—1 is allowable in Y satisfying (C2). Thus
z=(axy...Tn_1b1...bxay2 ... Ym_1)® €Y and o™z = 2.

(4.5) Zin,m-i-n-l-m(fl|Yva) > Zn(fllea)ZM(f/|Yva)-

My iy (2) = sup{f) iy () 2 € [aza ... xp_1b1 ... bpays ... ym—1]}
> Disup{fply(z) s @ € [axz ...z} sup{fy |y (z) 1 2 € [ayz .. ym—1]}
> D1 fply (@) frlv ()

Therefore
Py

MY Znymin(F'ly,a) = D1 Zn(F'ly, a) Zn(F'ly , a).
k=0
There exists 0 < 7,, , < py such that
+1)M
%meﬂn,m(f'hma) > Zn(F'ly,a)Zm(F'ly,a).
1
O

Setting m = n = ¢ in Lemma 4.3, there exists 0 < i1 < py such that ((py+1)M/D1)Z2q+i, (F'ly,a) >
(Zy(F'ly,a))?. Applying the lemma (k — 1) times, there exist 0 < iy,...,i,_1 < py such that

D,
Now let a, =log Z4(F'|y,a). Then

k—1
(4.6) C”*Mﬁ igeiriomsin s (Flvaa) > (Zo(Flya))F,

(py +1)M
wn oy _loaZ(Flya)t (k=D (P £l i o (Fv0)

q kq - kq
Since py < p1, letting £ — oo
log ((P1+1)M>
Qq Dy P1 . /
—<——+ (14— |limsu - ——log Zrgiiivovin o (F'ly,a
q ~ q ( Q> k—>oopk'q+21+"'+7/kfl 8 Zhgrir+tinaa (Fly, @)

<e+ (14 ¢)P(Fly) <e(P(F)+1)+ P(F'ly).
Hence, using (4.3) and (4.4), we obtain
P(F') < 2e+e(P(F) + 1) + P(F'ly).
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Next assume that Z1(F) = co. Then the proof of Lemma 4.2 shows the result. To show P(F) # —oo,
observe that (4.6) and (4.7) are valid for any m,l, € N if we replace ¢ and Y by m and X,
respectively. Hence letting & — oo in (4.7) implies that P(F’) # —oc. O

Proposition 4.2. Let (X,0) be a subshift on a countable alphabet. If F a sequence on X with
tempered variation satisfying (C1) and (D2), then P(F) < oo if and only if Z;(F) < oco.

Proof. We claim that P(F) < oo if and only if Z,(F) < oo for all n € N. This gives the result by
noting that Z; (F) < oo if and only if Z,, (F) < oo for all n € N. It is obvious that if Z,, (F) < oo for all
n € N, then P(F) < co. If P(F) < 00, then there exists N € N such that Z,(F) < oo for all n > N.
Let uy € By(X) and vy € B1(X). Then by (D2) there exist p € N and w € Bi(X),0 < k < p, such
that unywv; is allowable and

sup{fn+i+1(z) : & € [unywv1]} > Dy asup{fn(z) : x € [un]}sup{f1(z) : = € [v1]}.

Hence
P
ZZNJriJrl(]:) > DN,IZN(]:>Zl(]:)
i=0

Since Zx (F) is bounded below by a constant, we obtain that Z;(F) < oo and hence Z,,(F) < oo
for all n € N. ]

Remark 4.1. See [MU2, Proposition 1.6] for a result related to Proposition 4.2.

Lemma 4.4. Let F be a Bowen sequence on a subshift X on a countable alphabet satisfying (C1)
and (C2). If F fails to have (C3), then P(F) = cc.

Proof. Assume P(F) < co. By Claim 3.1, Y.%_, Z;(F) = oco. This is a contradiction to Proposition
4.2. g

Remark 4.2. Note that by Lemma 4.4 if P(F) # oo then a Bowen sequence F satisfying (C1) and
(C2) is defined on a finitely irreducible subshift. This motivates us to study a Gibbs measure for F
(see [MU2, S3)).

The main goal of this section is to obtain the variational principle and the results of the rest of
this section will also be applied in Section 4.2.

Proposition 4.3. Let (X,0) be a subshift on a countable alphabet and F = {log f,}2; be a
sequence of continuous functions on X with tempered variation satisfying (C1) and (D2). If P(F) <
o0, then for any u € M (X, o) such that lim,,_,o(1/n) [log f,du > —oo we have

1
(4.8) hu(o) + ILm - /log fndp < P(F).
Remark 4.3. Assumptions of Proposition 4.3 imply that lim,_,(1/n) [log f,du exists, and pos-
sibly —oo (see the proof below). Note that (D2) implies that P(F) # —oo.

Proof of Proposition 4.3. We follow the proof of [MU2, Theorem 1.4]. We have to slightly mod-
ify the proof in order to take into account of the sub-additive sequence F’ := {log(e® f,)}52;.
Since P(F) < oo, Proposition 4.2 implies Z;(F) < oo and thus sup fi < oo. Hence we ob-
tain that [(loge®f1)Tdu < oo. Applying sub-additive ergodic theorem to F’, we obtain that
lim,, o (1/n) [log fndp exists for any p € M(X, o). Note by Proposition 4.2 that 0 < Z,(F) < oo
for each n € N. Using the sub-additivity of F’, it follows that for every n,m € N

1 1
f/logfnmdu < */Ingndlu'"*' Q
nm n n
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Thus
. 1 1 C
—o0 < limsup — [ log fumdu < — | log frdp + —,
m n n

m—oo T
and for each n € N

> nlluhlog (sup{fule) s € w]}) > [ log fudu > —oc.
weEB, (X)
For n > 1, letting h(zx) = —z log x, we have

= Y uwtoga(iu) + [ 1og fudn

wy, €By (X)

Y w(w]) (og(sup{fu() : @ € [w]}) — log plw))

weE By, (X)

B sup{ fu() : = € [w]}
— 4 wGBZn:(X) Zn(F) " (SuP{fn(‘T) 1@ € [ul}

p((w]) —1y _

IN

< Zu(F)n| Y

weBy (X)

where in the third inequality we use the concavity of h. Therefore, for every n > 1 we have that
=D wen, (x) Mw)) log pu([w]) < oo. In particular, if we let o = {[u] : u € B1(X)}, then v is a
generator for o. Hence

ulo) + Jim & [og fudp <t~ 7 w(fu)logn(lu) + . [ loseC s )du | < PF).
n—oo n n—o0 nweBn(X) n

O

Lemma 4.5. Let (X,0) and F = {log f,}22, be defined as in Proposition 4.3. If P(F) = oo, then
for any 1 € M(X,0) such that limsup,,_,..(1/n) [log f,du > —oo,

(4.9) hy (o) + lim sup 1 /log fudp < P(F).

n—oo T

If sup f1 < oo, then limsup can be replaced by lim.

Proof. The result is obvious. 0

To show the variational principle, we need the following variational principle for sequences on
subshifts on finite alphabets (see [CFH]).

Theorem 4.1. [CFH] Let (X, o) be a subshift on a finite alphabet. If F = {log f,}52, is a sequence
on X with tempered variation satisfying (C1), then

P(F)= sup {h#(cr) +nlingol/logfndp},

uEM(X,0) n

where P(F) is defined in Definition 2.8. Then P(F) = —oc if and only if lim,,_,o(1/n) [log f,du =
—oo for all p € M(X,o0).

In Theorem 4.1 an equilibrium measure for F (see Definition 5.1) always exists.
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Theorem 4.2. Let (X,0) be an irreducible countable Markov shift and F = {log f,}52; be a
Bowen sequence on X satisfying (C1) and (P1). If P(F) < oo, then

1 1
(4.10) Pg(F)=P(F)= sup {hu(o) + lim — /log fndp : lim f/logfndu > —oo}.
pweEM(X,0) n—oo N n—oo M
In particular, if F satisfies (C2) with the strong specification, then limsup in (2.5) of the definition
P (F) can be replaced by lim. If P(F) = oo, then

1 1
(4.11) Pg(F)=P(F)= sup {hu(a) + lim sup - /1og fndp : limsup — /log fndp > —oo} :

peEM(X,0) n—00 n—oo M
In particular, if sup f; < oo, equation (4.10) holds for the case when P(F) = oo.

Proof. First assume that P(F) < co. Let € > 0. Applying Proposition 4.1, there exists a finite state
Markov shift ¥ such that P(F) — P(Fl|y) < €. Let m be an equilibrium measure for F|y. Since
m € M(X,0) and lim,,_,«(1/n) [log fndm > —oco, we obtain

1
hm(oy) + lim f/logfndm
n—oo M

1 1
<  sup {hu(a) + nh_}rrgo f/log fndp nh_)ngo — /1og fndp > —oo} )

pEM(X,0) n n

Thus

1 1

P(F)—e<P(Fly)< sup {h#(o) + lim — /logfnd,u: lim — /logfndp > oo} < P(F).
MEJ\/I(X,U) n—oo N n—oo N

Hence we obtain the result. Equation (4.11) holds for P(F) = oo by similar arguments using Lemma

4.5. The last statement is obvious. |

Corollary 4.1. Let (X,0) be a countable Markov shift. If 7 a Bowen sequence on X satisfying
(C1), (C2) and (C3), then Propositions 4.1 and 4.3, Lemma 4.5 and Theorem 4.2 hold.

Proof. Tt suffices to show that (P1) is satisfied. Let W be a finite set from (C3). Since X is an
irreducible countable Markov shift, let A;, be defined as in the beginning of this section. Take I,
large enough so that {1,...,l,} contains all the symbols that appear in W — {e}. Then, for n > ¢,
f‘XAl7l satisfies (C2) replacing D by D/M. O

Remark 4.4. (X, o) in Corollary 4.1 is finitely irreducible by (C2) and (C3). The case when X is
the full shift on a countable alphabet has been studied by [KR].

Example 4.1. In Example 3.8, the sequence ® defined on the countable Markov shift Y satisfies
(C1). Here we show that (P1) holds. Let X,, be the subshift of X on the symbols {Fi,..., F,}.
Let Y, = n(X,,). Then Y,, is an irreducible finite Markov shift on {1,...,n}. For n > 3, each ®|y,
satisfies (C2) with p = 3 and D = 1. Hence (P1) is satisfied. Thus Proposition 4.1 and Theorem 4.2
hold. Since (C3) is not satisfied, by Lemma 4.4, P(®) = Pg(®) = oo and equation (4.11) holds.

Example 4.2. In Example 3.4, the sequence ¥ = {log,}>2; defined on the countable Markov
shift ¥ satisfies (C1), (C2) and (C3). Hence Proposition 4.1 and Theorem 4.2 hold. Since W satisfies
(C2) with the strong specification, P(¥) = Pg(¥) = lim, o (1/n)log Z, (¥, a) for all a € N. Since
k > 3, we obtain Z1(¥) = Y, o(1/|7 (@) [F71) < 30,en(1/iF 1) < 0o, Therefore, P(¥) < oo and
equation (4.10) holds.
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4.2. Variational principle for finitely irreducible countable sofic shifts. In this section, we
prove the variational principle for sequences F with tempered variation (see Definition 2.7) on finitely
irreducible countable sofic shifts (see Definition 2.11). Therefore the space X is not a Markov shift
and it has the finiteness property. The regularity condition on F is weaker than what was assumed
in Section 4.1. Our approach here is based on the proof of [MU2, Theorem 1.2].

Let (X, o) be an irreducible countable sofic shift. Then by Definition 2.11 there exist an irreducible
countable Markov shift (X,og) and a one-block factor map m : X — X such that [771(i)| < oo
for each i € N. Rearranging the set N, there is a transition matrix A for X and an increasing
sequence {l,}n>; such that the matrix A;, = Al{1,. 1,yx1,...,1,} 18 irreducible. For each n € N, let
S, ={m(i): 1 <i<l,}. Then (W(XA,H)JW(XAZH)) is a sofic shift on the set S;, of finitely many
symbols. Clearly, 7(X4, ) C W(XAln+1) C X and N = U,enS;,. We note that we can extract a
subsequence {l,,,}52, such that T(XAl”j) C w(XAlnHl) C X for all nj,j € N.

We continue to use the notation above throughout this section. The following lemma is important
and will be also applied in Section 5.

Lemma 4.6. Let (X,0) be an irreducible countable sofic shift and F = {log f,}°2; a sequence on
X with tempered variation satisfying (D2) and (D3). Let p be defined as in (D2) and W be defined
as in (D3). Then there exists ¢ € N such that for each k& > ¢ there exists an irreducible subshift
(Xi,,0x,, ) on the set Sy, of finitely many symbols such that m(Xa, ) € X;, C X. Moreover, for
any n,m € N,k > q,u € B,(X),),v € B (X)), there exists w € W such that uwwv is an allowable
word of X;, and
(4.12)
DTL m
Sup{fn+m+|w\|X1k (33) HES [U’LU’U]} Z ﬁ Sup{fﬂ|X1k ((E) S [u]}sup{fmbﬁk (J}) HEARS [’U]},
n+m-+p
where M, is defined as in Definition 2.7.

Remark 4.5. If F is a Bowen sequence, (4.12) implies that (C2) holds for F|x, ,k > g, replacing
D in (C2) by D/M.

Proof. Since (X, o) is an irreducible countable sofic shift, there exist an irreducible countable Markov
shift (X, o) and a one-block factor map 7 : X — X such that |7 ~!(i)| < oo for each i € N. Since W
is a finite set, only finitely many symbols appear in W. We first consider the case when W contains
a nonempty allowable word. Call Sy, the set of symbols that appear in W — {e}. Let 7=!(Sw) be
the set of preimages of the symbols of Sy in X. Then 7~ !(Sy) is a finite set because |771(7)| < oo
for each i € N.

Now consider a transition matrix A for X and an increasing sequence {l;}?2, such that the
matrix A;, = Al{1,. 1x{1,..,} 18 irreducible for each [z. Then there exists ¢ € N such that
71 (Sw) C {1,...,l;} for all k > g. Thus, for k& > ¢ the subshift (W(XA%),JW(XA%)) is a sofic
shift on the set S;, of finitely many symbols that contains Sy,. For a fixed k > ¢, consider the
set m71(S;,) of the preimages of the set S;, and call it P. Then P contains {1,...,l;} and it is a
finite set. Let Yp C X be the finite state Markov shift on the symbols of P and deﬁne Y = n(Yp).
Then Y is a subshift on the set of Sj, of finitely many symbols which contains Sy,. Observe that
F(XALk) CYcX.

We observe that Y is irreducible. Fix n,m € N. Let v = uj...u, € B,(Y) and v =
V1...0m € Bp(Y). Since these are allowable words of X, there exists w = wi...w; € W,
0 <1 < p, such that uwov is allowable in X and (D2) holds. Since uwv is allowable in X,
there exists @ ... UpW1 ... W1 ... U € Bpima1(X) such that 7(dy ... Up0y ... 001 ... V) = uwo.
Since all the symbols that appear in the preimages of w,v,w are in the set P, we obtain that
Ul ... UpWy ... W0 . ..0m € Bn+m+l(Yp) Therefore, uwv is allowable in Y and Y is irreducible.
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Using the property of tempered variation,

D ool (0) 4 € [} 2 5 s fo () € [wn]}
n+m+p

J\;i:nmﬂ)sup{fn(x) € [u]} sup{fm(x) : x € [v]}

2 MDﬂ sup{fuly (y) : y € [ul} sup{fimly (y) : y € [v]}.
n+m+p

v

For each k > ¢, we can construct a such Y. Setting Y = X, , we obtain the results. If W = {e}, we
make a similar argument.
O

Under the setting of Lemma 4.6 , we define the topological pressure P(F) as in Definition 2.8.
By Proposition 4.2 we have Z1(F) < oo if and only if P(F) < co. We note that if Z; (F) = oo, then
P(F) = oo and the proof is given in that of Theorem 4.3.

Theorem 4.3. Let (X,0) be an irreducible countable sofic shift. If F = {log f,,}52, is a sequence
on X with tempered variation satisfying (C1), (D2) and (D3), then

(4.13) P(F) = sup{P(Flx,, )}
nZq
(4.14) =sup{P(Fly): Y C X is an irreducible sofic shift on a finite alphabet},

where X ,q are defined as in Lemma 4.6, and P(F) # —oc. The variational principle holds. If
P(F) < o0, then

1 1
(4.15) P(F)= sup {h#(o) + lim f/logfndu: lim f/logfndu > —oo}.
HEM(X,O') n—oo N n—,oo N,

If P(F) = oo, then

1 1

(4.16) P(F)= sup {hu(a) + lim sup — /log fndp : limsup — /log fndp > —oo} )
HEM (X ,0) n—oo T n—soo N

Remark 4.6. Condition (D3) implies that (X, o) is a finitely irreducible countable sofic shift. If

sup f1 < oo, then (4.15) also holds for the case when P(F) = oco.

Proof. We first consider the case when Z;(F) < co. Then P(F) < oo by Proposition 4.2. Note that
there exist an irreducible countable Markov shift (X, o) and a one-block factor map 7 : X — X
such that |7=1(i)| < oo for each i € N. We show first (4.13) using a modification of the proof of
[MU2, Theorem 1.2]. As in the proof of Proposition 4.1 let f’(z) = ¢ f,(x) and F' = {log f/}52,.
Then F' is sub-additive and P(F) = P(F’). Let M,, be defined for F as in Definition 2.7.

Let € > 0. Fix m € N such that (1/m)log M,, < €, (1/(m + p))|1og(Dym.m/e®)| < e and 1 — € <
(m/(m + p)). Note that Z,,,(F') < oc.

We apply Lemma 4.6 and consider X;, where & > ¢. Then for each n € N, we have

(4.17) Zn(Fllx,)= >, sup{filx, (z):2 €]}
weBn (Xyy,)
Since w € B,,(X;,) implies that w € B, (X), let S, (F') = ZweBm(Xlk)sup{f,'n(x) cx € [wl}
Noting that for each z1 ...z, € B,,(X), there exists ¢ € N such that z; ...z, € B, (X],),
(4.18) Zp(F') = lim Sy, (F'),
71— 00
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where {5}, (F’)}$2,is monotone increasing. Hence, for every € > 0, there exists k1 > ¢ such that
4.1 L log Z, (F' ! log S, (F'

(4.19) L log Z(F) — log Sy, (F) <

Since F has tempered variation, we have that M, Zn,(F'[x,, ) = S, (F'). Since F' is sub-additive,
we obtain

1 , 1 , log M, ,
(4.20) o log Z,, (F |Xlk1) > Elog I (F') —€— — > P(F') — 2e.

Now, for 0 <i <n,n € N, let u; € By, (Xy,, ). Since F satisfies (D2) and (D3), letting W be a
finite set from (D3), there exist wy,...,w,—1 in W such that ujw; ... w,—_1u, is an allowable word
of length nm + |wq| + -+ + |w,—1] of X, such that
(4.21)

D n—1 n

SUP St s [ wom 1| () # @ € [rwr .. wp_qun]} > ((;”Cm) Hsup{ffw(x) cx € [ug]}

i=1

By the construction of X, , k > ¢, in the proof of Lemma 4.6, we note that ujwy ... wp—1u, is an
allowable word of X oy * Therefore,

Mmtp(n-1) SuP{frlzm+\w1\+m+|wn,1|‘szl () 12 € [wqwy ... wp_1uy]}
> SUDL fmt fuon [t o (£) 1 @ € [unwr o wp—1up]}

(4.22) A nei n
2 (%) ot e e 2 (Zm) [Tt e e )

Summing over all allowable words u; € By, (Xy,, ), 0 < i < n, we obtain

Dy \" 1 n
> znm+t<f'|xlkl>z( . ) Gl F i, )"

0<t<p(n—1) Mg pn-1)
Hence, there exists 0 < 4,, ,,, < p(n — 1) such that

D n—1 1 1
an i F/ > . ! ’ '
+ "”"'( |Xlk1 ) - ( e¢ > Mnerp(nfl) p(” - 1) +1

(Zn(F1x,))"

Thus
———log(Znmi F'
ki (P, )
D 1 1 n
> 1 mamyn—1 : + log Zon (F'lx, ).
= nm+p(n_ 1) Og(( eC ) Mn7n+p(n—1) p(’l’L- 1)+1) nm+p(n_ 1) g ( IXlk.l)

Letting n — oo and using (4.20) we have,

(4.23)
, 1 , 1 Do 1 /
. nm-41i > : : 71 Zm
limsup = 10g(Znmtinn (F|xi,, ) 2 L mlog = 5= + e log Zn(Flx, )

)

> —2¢ — eP(F') + 26> + P(F').
Therefore, we obtain (4.13).
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Next assume Z;(F) = oco. We first show that P(F) = co. Given L > 0, there exists X;_,s > ¢
such that Z1(F|x, ) > L. Then Zi(F'|x, ) > Le®. Let Y := X;,. Then for each n € N there exists
0 <in1 <p(n—1) such that

1
— 1og(Znyi,, (F'lv))

n-+i,

,1

(4.24) . )

Mn+p(n71) p(n — 1) +1
A similar argument as in the proof of Lemma 4.2 implies P(F) = co. The approximation property
(4.13) is obvious from (4.24).

Since Propositions 4.2, 4.3 and Lemma 4.5 hold, the same proof (using the approximation property

(4.13)) as in the proof of Theorem 4.2 yields the variational principle, equations (4.15) and (4.16).
It is easy to see that (4.14) holds by Lemma 4.6 and its proof. O

log Z1(F'|y).

)+

D _
log (=)

n
>
“n+pn-1) n+pn—1)

In the following, we study a condition for which P(F)=Pg(F), when G is defined on a countable
sofic shift.

Proposition 4.4. Let (X, o) be a finitely irreducible countable sofic shift. If G is an almost-additive
sequence on X with tempered variation, then P(G) = Pg(G). In particular, if X is a factor of a
finitely primitive countable Markov shift and P(G) < oo, then limsup in (2.5) can be replaced by
lim.

Proof. First assume Z1(G) < co. Thus P(G) < co. Since X is a finitely irreducible countable sofic
shift, let X and 7 : X — X be as in the proof of Lemma 4.6. Let p € N and a finite set T, be defined
for X as in Definition 2.3. We consider the case when W3 # {e}. Let z1 ...z, € B,(X) and a € Nbe
a symbol in X. Then there exist allowable words wy,ws in W1 of length 0 < ky, ks < p respectively
such that awixy...7v,wea € Bpioyk, 1k, (X). Therefore, there exist Z;...%, € 7 1(z1...2,),
ar,az € 7 4(a), wy € 7 (w;) and Wy € 7 (wy) such that a7 ... TnWaas € Btk +hyi2(X)
and (a1 Wiy . . . Tpaas) = aunZy ... xawea. Since |7~ 1(a)| < oo, we have 771(a) = {a1,...,a:}
for some ¢ € N. For each pair a;,a;,1 < i,j < t, define k; ; = min{|w| : a;wa; € Boy |y (X)), |w| > 1}
Then for each 7, j, there exist a word at which the minimum is attained and we call it w; ; € By, ; (X).
Let 71'(’1111'7]') = W 5.

Now let Z = (a1W1Z1 ... Tpthaa2ts )™ € X and z = 7(Z). Then z has a period (n + 2 + k; +
ka4 ko,1) in X. We first consider the case when kq, ks are both nonzero. Since G is almost-additive
and has tempered variation, letting N, = sup{fi(z) : = € [a]}, we obtain

In+tky+katka1+2 (:17)

6—50

= M, (M,)2 (M2 M,
-sup{gr, () : © € [wo]} sup{gr, , () : = € [wa1]}.

(4.25) sup{gn(®) : © € [z1 ... 2,]}(N,)? sup{gs, (z) : = € [w1]}

Since g has tempered variation, for each 1 < 4,5 < ¢, there exists constant Cy, ; > 0 such that
sup{gr, ;(v) : ® € [wi ]} > Cy,,. Since we have finitely many i,j, let B = min; ; Cy, ;. and
K = max;, kiJ'

Now we consider the case when at least one of kq, ko is 0. Observe that if k1 is 0, then we replace
sup{gr, (z) : € [w1]} in (4.25) by 1. This applies also to k. Clearly there exists D > 0 such that
mingew, w/>1 Sup{gi(z) : @ € [w]} > D. LetD’ = min{1, D}. Then, (4.25) implies that

—5C

e =,2
Zntit2(G,a) > Z,(G)(N,)?BD'".
(4.26) ogi§7+f< #:2(5:0) My, (My)*(My)? M (G)(Na)
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Thus similar arguments as in the proof of Proposition 2.1 yield

lim sup 1 log Z,(G,a) > lim sup 1 log Z,,(G).
n—oo N n—osoo N
Since a is arbitrary, we obtain the result.

Next assume that Z1(G) = co. Then P(G) = oco. Let G’ = C + G. Given L > 0, there exists
Xi,,s > q such that Z;(G|x, ) > L. Let Y := X; . Then (4.24) holds if we replace F' by G'.
Since P(G'|ly) = Ps(G'|ly), similar arguments as in the proof of Lemma 4.2 imply Pg(G) = oo To
show the second statement, we use the similar arguments as in the proof of Proposition 2.1. If X
is a finitely primitive countable Markov shift, let p be a strong specification number for X and set
]{31 = k2 =K = p.

O

Note that Theorem 4.3 generalizes the thermodynamic formalism on non-compact shifts, including
now irreducible countable sofic shifts. Indeed,

Corollary 4.2. Let (X, o) be a finitely irreducible countable sofic shift. If F is an almost-additive
sequence on X with tempered variation, then Theorem 4.3 holds for F and P(F) = Pg(F). In

particular, Theorem 4.3 holds for a continuous function f on X with tempered variation by setting
fu(z) = D@ for all 2 € X.

Proof. By Lemma 3.1, F satisfies (C1), (D2) and(D3). For the last statement, we also apply Example
3.1. O

Remark 4.7. The variational principle is proved in [MU2, Theorem 1.5] for acceptable func-
tions (uniformly continuous functions with an additional property) on finitely irreducible countable
Markov shifts. Applying [FFY, Proposition 6.2], it is easy to see that acceptable functions belong
to the class of continuous functions with tempered variation. In [FFY, Theorem 2.4], the varia-
tional principle is studied for continuous functions with tempered variation on irreducible countable
Markov shifts, without the finiteness condition on each M,,. We also note that Corollary 4.2 general-
izes the variational principle [IY1, Theorem 3.1] to that for almost-additive sequences with tempered
variation on finitely irreducible countable sofic shifts.

Next we consider examples of Theorem 4.3.

Example 4.3. Let G be defined as in Theorem 6.2. Then G is a Bowen sequence defined on a
finitely irreducible countable sofic shift satisfying (C1), (D2) and (D3). Note that G does not satisfy
(C2). Theorem 4.3 is applied in Theorem 6.2. See Section 6 for more details.

Example 4.4. In Example 3.5, the sequence ¥ = {log,,}22; defined on an irreducible count-
able sofic shift Y satisfies (C1), (C2) and (C3). Hence Theorem 4.3 holds. Since Z;(¥) <
Cy > en(1/7%) < 0o , we obtain P(¥) < oo and equation (4.15) holds.

Example 4.5. In Example 3.6, define for i € N

)

O

Choose K > 0 and define a factor map 7 such that lim; ., L; exists and L := lim; ., L; < 1. Then
the sequence ¥ = {log v, }°; defined on a finitely irreducible countable sofic shift Y satisfies (C1),
(C2) and (C3). Hence Theorem 4.3 holds. Since Z;(¥) < oo by using the ratio test, we obtain
P(¥) < oo and equation (4.15) holds. If there exists [ € N such that |[771(i)| < for all i € N and
K > 1, then the same results hold. If we define a constant K > 0 and a factor map 7 so that L > 1,
then P(V¥) = oo and equation (4.16) holds.
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5. INVARIANT GIBBS MEASURES AND UNIQUENESS OF GIBBS EQUILIBRIUM MEASURES

The variational principle provides a criteria to choose relevant invariant measures for the (very
large) set M (X, o) of invariant Borel probability measures. Indeed, measures that maximize the
supremum have interesting ergodic properties. Major difficulties to prove the existence of these
measures are the fact that the space M (X, o) is not compact (when endowed with the weak™ topol-
ogy) and that the entropy map g +— h, (o) is not necessarily upper-semi continuous. Despite this
we prove that under certain assumptions on the system and the class of sequence of functions such
measures do exist. Moreover, they satisfy the so called Gibbs property which relates the measure of
a cylinder of length n with the function f,. This property turns out to be very useful in a wide range
of applications, for example in dimension theory of dynamical systems. The goal of this section is to
prove under some conditions the existence and uniqueness of ergodic Gibbs measures for the Bowen
sequences on finitely irreducible countable sofic shifts and the uniqueness of equilibrium states. The
results are presented in Section 5.1 and the proofs of some technical lemmas are to be found in
Section 5.2.

5.1. Invariant Gibbs measures and uniqueness of Gibbs equilibrium measures. Through-
out this section, we assume that F = {log f,,}°°; is a sequence defined on a finitely irreducible
countable sofic shift (X, o) satisfying (C1), (C2), (C3) and (C4).

Definition 5.1. Let (X, 0) be a subshift on a countable alphabet and F = {log f,,}52; a sequence
on X satisfying (C1), (C2), (C3) and (C4). A measure p € M(X,0) is said to be an equilibrium
measure for F if

P(F)=hy(o)+ lim 1 /logfn dp.

n—oo N

Definition 5.2. Let (X, 0) be a subshift on a countable alphabet and F = {log f,,}52; a sequence
on X satisfying (C1), (C2), (C3) and (C4). A measure p € M(X,0) is said to be Gibbs for F if
there exist constants Cyp > 0 and P € R such that for every n € N and every « € [iy .. .14,] we have

Ui i)

— < < Cy.
Co ~ exp(—nP)fn(x)
A Gibbs measure p for a continuous function ¢ could satisfy h,(o) = co and [¢ dp = —oo.
In such a situation, the measure p is not an equilibrium measure for ¢ (see [S3] for comments and

examples).

Existence of Gibbs measure was studied in [IY1, IY2] for an almost-additive sequence on a topo-
logically mixing countable Markov shift with BIP property and in [KR, Theorem 3.7] for a class of
sub-additive Bowen sequences on the full shift on a countable alphabet satisfying (C2), (C3) and
(C4). Here we will generalize these results by considering a finitely irreducible countable sofic shift.
The main result of this section is the following.

Theorem 5.1. Let (X,0) be a finitely irreducible countable sofic shift. If F = {log f,,}2 is a
Bowen sequence on X satisfying (C1), (C2), (C3) and (C4), then there is a unique invariant ergodic
Gibbs measure p for F. Moreover, if in addition

Zsup{log fi(z) :x € [i]}sup{fi(z) : x € [i]} > —o0,
i€EN

then p is the unique equilibrium measure for F on X.

Remark 5.1. By Proposition 4.4 (C4) is equivalent to P(F) < oo.
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Corollary 5.1. Let (X, o) be a finitely irreducible countable Markov shift and G = {log g, }52; an
almost-additive Bowen sequence on X. If G satisfies (C4), then there is a unique Gibbs measure p
for G and it is ergodic. Moreover, if in addition

Zsup{loggl () : x € [i]} sup{g1(z) : € [i]} > —o0,
ieN
then p is the unique equilibrium measure for G.

Proof. Lemma 3.1 implies that G satisfies (C2) and (C3). Now apply Theorem 5.1. O

Remark 5.2. Theorem 5.1 generalizes [IY1, Theorem 4.1] in which almost-additive Bowen sequences
on finitely primitive countable Markov shifts are considered. If G = {log g,, }5°; is an almost-additive
Bowen sequence, then ), ysup{loggi(z) : = € [i]}sup{gi(z) : = € [i]} > —o0 is equivalent to
hu(0) < oo where p is the Gibbs measure (see [IY2, Proposition 3.1]).

In Theorem 5.1, we study the case when W # {e} (see Remark 2.5). Hence, throughout the rest
of the section, without loss of generality we assume

(A1) F = {log fr}52, satisfies (C1), (C2) with some p € N and (C3) with a finite set W containing
a nonempty word w* of length p,

and

(A2) In Lemma 4.6, for all k > ¢, w* € W appears in (4.12) for a pair of allowable words u, v of
X, .
To see (A2), note that since W from (C3) contains w* there exist Ny, No and a pair @ € By, (X), v €
By, (X) such that @w*v is an allowable word of (N7 + Ny +p) satisfying (C2). In the proof of Lemma
4.6, we take S;, large enough so that it contains all the preimages of symbols that appear in @ and
.

The idea of the proof of Theorem 5.1 is similar to that of [IY1, Theorem 4.1], which in turn
was proved using techniques of [MU2, Lemma 2.8] and [B2, Lemmas 1, 2 and Theorem 5]. The
modification of the proof has to be adapted to the fact that condition (C2) replaces the lower bound
condition (2.2) of an almost-additive sequence. We continue to use the notation from Lemma 4.6.

Theorem 5.2. [Fed] Let (X, 0) be an irreducible subshift on a finite alphabet. If F = {log f,,}°2,
is a Bowen sequence on X satisfying (C1) and (C2), then there exists a unique Gibbs measure for
F. Moreover, it is the unique equilibrium measure for F.

Proposition 5.1. For n > g, there is a unique equilibrium measure for 7|y, and it is Gibbs for
Flx,, - Moreover, the Gibbs constant Cy (see Definition 5.2) can be chosen independently of X, .

Proof. The first part of Proposition 5.1 follows from Theorem 5.2. Indeed, note that since F is a
Bowen sequence satisfying (C1), (C2), (C3) and (C4) and X, contains all allowable words in W for
n > ¢, we have that F|x, is a sequence on (X, ,0x, ) satisfying (4.12) replacing Dy /My 1mp
by D/M.

In order to prove the second claim in Proposition 5.1 we will modify the proof of [IY1, Claim
4] considering equation (4.12). By the assumptions, any allowable word in W is an allowable word
of X;, for all n > ¢. Fix X;,, n > ¢, and call it Z. Define aZ = Dirinen(2) SuP{fnlz(2) 1 2 €

[i1...4,]}. By the sub-additive property of {loge® f,}2°,, we have for I,n € N that
(5.1) aZ,, <e“aZaf.

Hence {log(eaZ)}2, is sub-additive. We claim that for some C; > 0 the sequence {log(CjaZ?)}22
is super-additive. In order to show this, we adapt the arguments of the proof of [IY1, Claim 4] to
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our setting. For [ € N, let v; be the Borel probability measure on Z defined by
) = sup{filz(z): z € [i1... 4]}

l/l([i...Zl aZ
l

By Lemma 4.6, for any allowable words v = uy...u, and v = vy ...v; of Z, n,l € N, there exists
w € By (Z) € W, 0 < |w| < p such that uwwv is an allowable word of Z and that

(5.2) SUp{ fri|w|+1lz(2) : 2 € [uwv]} > % sup{ fulz(2) : 2z € [u]} sup{fi|z(2) : z € [v]}.

For a fixed 4 € B,(Z), considering all possible v € B;(Z) with w satisfying (5.2) and then
considering all possible 4 € B,,(Z), we obtain

P
D

Zaf-s-l-s-i 2 Mozfalz.

i=0
Let D/M := D;. Then for each n,l € N, there exists 0 < 4,; < p such that O‘rZerlJrinz >
(D1aZaf)/(p + 1). By sub-additivity of {log(e“aZ)}2° ,, we obtain

c c in
af—&-l—&-iml <e 0‘54-1@51,1 <e pa5+l(a1Z)z o’

Letting K = maxo<i<p Z(F)?, for any n,l € N we have
(5.3) agy > Diafaf [(€PK (p+1)).

Let C; = Dy /(e“PK(p+ 1)). Since P(F|z) = lim, . (1/n)(loga?), we use the argument in [IY1,
Claim 4.1]. The sub-additivity of {log(e®aZ)}2°,, the super-additivity of {log(C1a?)}>>, and
Z1(F) < oo imply that

(5.4) CraZ < PFlzn < €2,

We now construct a Gibbs measure using similar arguments as those in the proof of [B2, Theorem
5]. For fixed u € B,(Z), m € N, we define agfm = D var.ameBpim(z) SIS ntml2(2) + 2 €
[uay ...am)}.

Lemma 5.1. There exists Cy > 0 such that for each fixed u € B, (Z), for | > n + 2p, we have
ol > Caaf, y,sup{fulz(2) : 2 € [u]}.

Note that C5 is independent of Z.

Proof. For the proof, see Section 5.2. g

By the definition of the measure v; and (C1), for a fixed u = uy ... u, € B,(Z), n < I, we have
that,

e“sup{fulz(2) : 2 € [u}ai’,
() < SR tnlz(2) 2 € [y,
&
Therefore, using (5.4), we obtain that for each z € [u]
) M ([u)) _ MCaf 0l _ Me
e "PFl2) f,|2(2) — e "PFl2) sup{fn|z(2) : 2z € [u]} — af -

On the other hand, by Lemma 5.1 and (5.4), for each z € [u], for | > n + 2p,

vi([u]) alz,u —2pP(F|z)-C
> (,C p z .
e P | 7(2) T af e PFl2) sup{f,|z(z) : z € [u]} ~ 12¢
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Noting that e=2PP(Fl2) > =22P(F) if P(F) > 0 and e~ 2?PF12) > 1 if P(F) < 0, there exist
Cs > 0,C4 > 0, both independent of Z, such that for all [ > n + 2p,

v ([u))
(5.5) Cs < efnp(;‘z) APeE C, for all z € [u].

Since the set Z is compact, there exists a subsequence {v,, }%2, of {v,}32, that converges to a
measure v and for all z € [u]

(5.6) Cy < v([u)) <Oy

- efnP(]-'Iz)fn|Z(z) -

Now let p, = (1/n) Y1, o%v. We claim that any weak limit point p of {4, }32 is a oz-invariant
Gibbs measure on Z.

For each fixed u € By, (Z), define of,  (u) = > arue By (x) SUPLf1n|2(2) © 2 € [a1. .. au]}.
Then setting I = m+i, for m € N,0 < i < p, we obtain that 3, aZ,i(w) > DiaZ sup{fu|z(2) :
z € [u]}. Therefore, there exists 0 < 4y, 0 < p such that

i tin (W) = (D1/(p+1))or) sup{fulz(2) : 2 € [u]}.

Note that ¢;, ., depends on n,m and . In the next lemma, we continue to use the above notation.

Lemma 5.2. There exists C5 > 0 such that for any 0 < ¢ < p, any n,m € N and u € B,(Z) we
have

Ot ymyi(1) = Csag, sup{falz(2) : 2 € [u]}.
Note that Cs is independent of Z.

Proof. The proof can be found in Section 5.2 a

Now we apply Lemma 5.2 to show that p is oz-invariant. Let u € B,(Z) be fixed and set
Ms = max{0, P(F)}. Letting l =m+i form € Nand 0 <i < p,

_ C3 14y
v(o,'u]) = > v(fou) > Y M?’e U+ PFI2) supf frailz(2) 1 2 € [vu]}
’UGBZ(Z),’U’U‘EBL+7I,(Z) ’L)UGBL+7I,(Z)
CsC - CsC,
> SR PGS sup{f]4(2) 2 € [} 2 3l " ow )
where in the last inequality we use (5.4). Using (C1), similarly, we obtain
C4€CM

(o3 ) < 5 g (i)

Therefore, using the similar arguments as in the proof of [B2, Theorem 5], there exist Cs,Cy > 0
such that for u € B, (Z) and x € [u] we have

B ([u])
Cs5 < efnP(J/f:|Z)fn|Z(x)

Thus u is a Gibbs measure on Z. It is 0z- invariant because it is a weak limit of invariant measures.
By Theorem 5.2, 1 is the unique invariant ergodic Gibbs measure and the unique equilibrium measure
for F|z. Hence, for n > g, if we let y;, be the 0|z, - invariant Gibbs measure on Z;,,, then it satisfies
for each k € N, u € B(Z;,) and every z € [u],

(5.7) < Cy.

5 taa,, ([u]) ~
(5.8) Cs < — n < Cy.
e kP(]:‘Zl")fk|Zln(z)

Clearly C3 and Cy are independent of Z;, . O
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In the following proof, we continue to use the notation of the o|z, -invariant Gibbs measure py,,
on 7, satisfying (5.8). The idea in the rest of the proof is basically the same as in [IY1, Theorem
4.1]. However, techniques used here are slightly different, taking into account of (C2). We include
some details for completeness.

Proof of Theorem 5.1. We show that the sequence {1, }52, of o-invariant Borel probability mea-
sures on X is tight. For this purpose, we apply Prohorov’s theorem to the sequence {mn}ff):q. We
note that the same proof of [IY1, Theorem 4.1] holds (see also the proof of [MU2, Lemma 2.7]).
Here we only state how we modify using the notation of [IY1, Theorem 4.1].

We first note that in the proof the Gibbs property of p;, and the property (C1) of F|z —are
applied. Secondly the fact that, for an irreducible Markov shift X, X N[],~,[1,n4] is a compact
subset of X is used (see proof of [IY1, Theorem 4.1] for details). Since we consider a finitely
irreducible countable sofic shift X, there exist an irreducible countable Markov shift X and one-
block factor map 7 : X — X such that |[771(i)| < oo for each i € N. For a fixed k, we first consider
preimages of [1,n;] and call it P,,. Note that P,, is a finite set. Then X N[],~, P, is a compact
subset of X. Thus X N[],~,[1,7n] is a compact subset of X.

Therefore, we conclude that there exists a convergent subsequence {r,, }2q of {m, }or, We
denote by 4 a limit point of this subsequence. Then p is o-invariant on X. By (5.8), letting [,,, — oo,
we obtain for n € N, u € B, (X) and each x € [u] that,

(5.9) Gy < en]’f((f[% <.

Therefore, p is a Gibbs measure for F on X. Next we show that p is ergodic. In oder to show this
we apply the following lemma.

Lemma 5.3. For fixed allowable words v € B, (X),v € Bi(X) and t € N,

Z supq{ frtite+i(2) 1 @ € [uay ... apiv]}
U1 Qi 44 VE By 44 (X),0<i<2p

> D?sup{ fu(@) : @ € [ul} sup{fi(a) : @ € [o]}Zu(F).
Proof. The proof can be found in Section 5.2. g

Now we show that any invariant Gibbs measure for F is ergodic. In particular, in the following, we
show that p is ergodic by proving that there exists Cg > 0 such that given u € B, (X), v € B;(X) and
t € N, there exists 0 < i, ,; < 2p such that p([u] N o~ FHiuvd)([0])) > (Cg/(2p + 1)) p([u]) p([v]).-
Note that the same proof holds for any invariant Gibbs measure for F.

Define an, = 3, cp (x)sup{fu(@) : @ € [i1...in]}. Let Mz = max{0, P(F)}. By applying
Lemma 5.3,

2p

2p
Sul o) =3 Y w(luar )
=0 =0 uay...a44; VEBny14t4i(X)
Cye— (n+l+0) P(F)~2pMz 2P
> i ‘ Z sup{ fatitt+i(T) 1 T € [uay ... aryiv]}
1=0 uay...a14vEBny1e+i(X)
C_VBDQe—(7L+l+t)P(.7-')—2p1\/Ig
>
- M
Gy D2e20
> Wﬂ([u])ﬂ([”])a
4

apsup{fn(z) : © € [u]} sup{fi(2) : x € [v]}
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where in the third inequality we use Lemma 5.3 and in the last inequality we use (5.9). Now letting
Co = (C3e=2PM2D2) /(M C,°eC), there exists 0 < iy ¢ < 2p such that

plfu] no~ e ([u])) > (Co/(2p + 1))l [u] a([v])-

The Gibbs property with ergodicity implies that p is the unique invariant ergodic measure on X
that satisfies the Gibbs property for F. Finally we show that, if in addition,

Zsup{log fi(x) : z € [i]} sup{fi(z) : x € [i]} > —o0,

ieN
then the unique invariant ergodic Gibbs measure p for F is the unique equilibrium measure for F.
We claim that

Zsup{logfl(x) cx € [i]}sup{fi(z) : ¢ € [i]} > —oo if and only if — Zu )log 1([i]) < oo.

€N €N
To see this, by (5.9),

D (i) log u(li]) < Cae™"F sup{fi() : z € [i]} log(Cae™ ") sup{fi(2) : = € [i]})

€N i€N

< Cue  PFN(=P(F) +10g Ca) Z1(F) + Cae "N “sup{ fi(x) : @ € [i]} log(sup{fi(z) : x € [i]}).
1€EN

Similarly, we can prove the other direction. Since for all n € N
1 1
h(o) == lim — > p([ug)) log p([un]) < - > wlfun))log p(fun)),

n—oo n
Un €By (X) Upn €Bp (X)

we obtain that h, (o) < co. We note that for n € N,

v [rotdn< ST supllog (o) s o € lualullun)) < % [ g fudn

up €Bp (X)

3

Using (5.9), a simple calculation shows that

n— oo

hu(o) + lim l/logfnd,u P(F).

Thus lim,, o (1/n) [log f,dp > —oo. Hence p is an equilibrium measure.

To show that p is the unique equilibrium measure, we use the same arguments as in [KR] and
only mention modified parts for our setting. As in [KR, Lemma 3.9], we first claim that if v # u is
an equilibrium measure for F then v is absolutely continuous with respect p. Observe that given a
sequence {C,, }22 ;, where each C,, is a union of cylinder sets of length n of X, by using the concavity
of h(z) = —zlogx and the Gibbs property of u, we obtain

1
0 =n(h, (o) + li_>m — /log fndv — P(F)) < /log(fnec)dy —nP(F) - Z v([w]) log v([w])
noeen wEB, (X)
u((C) H(X\C))
eCCs e“Cy 7
Applying the proof of [KR, Lemma 3.9] by using the above inequalities, we obtain the claim. Then
we follow the same proof found in [KR] to show the uniqueness.

<log 2+ v([Cy]) log(E

)+ v([X\ Cu]) log(

O
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5.2. Proofs of Lemmas 5.1, 5.2, and 5.3.

Proof of Lemma 5.1. Fix n € N. It is direct from (5.2) that for any m € N, u € B, (Z),
D it = Diagsup{falz(2) : 2 € [ul},
0<i<p
where Dq := D/M. Thus, there exists 0 < iy m,, < p such that

D
z, 1z .
O metin o = pr1tm sup{fulz(2) : z € [u]}.

Fix I > n+ 2p and set m =1 —n — 2p. Then there exists iy m,,,, such that

D
Z, 1 .
(510) alfgp+in7m7u = P+ 1alz—2p—n Sup{fTL'Z(Z) HEAS [u]}

Now take w* € W such that |w*| = p. Take uay...a1—n—2pti, . € Bi—2pti,m.(Z) and call it v.
Then by Lemma 4.6 there exists w € W such that vww* is an allowable word of Z and
SUD{ f1—-2p-+ip mutlwl+p|2(2) + 2 € [vww]} = Dysup{fi—2pti, ... 12(2) : 2 € ]} sup{fp|2(2) : 2 € [w']}.
In the similar manner, we can take w € W such that
sup{fl+in’m’u+‘u,|+‘w||Z(z) : 2 € [vww ow*]}
> Di?sup{ fiaptinm|2(2) : 2 € [} (sup{fp|2 () : @ € [w*]})%.
Let |w| = q1, |w| = ¢2 and write ww*Www* = w ... Wapyq,+¢,. Then using (C1),
SUP{ f14is it ar a2 |2(2) © 2 € [oww ww]}
< e“sup{filz(2) : 2 € [owr ... W2p—ip o)} SUPL i i tar+4212(2) © 2 € [Wap—iy b1 - Woptqr ]}

< e3¢ sup{ filz(z) : z € [vwy ... wap_4, . ]} max Zl(]-')i,
0<:<3p

if tpmu+ @1 +q > 1. Ifipma = q = g2 = 0, then the second line in the above inequalities is
simplified. If we let M’ = maxg<i<sp Z1(F)’, then
2

SUDUl2(2) 2 € 01 iy 1} 2 b SUD it 2(2) £ 2 € [} sup{fyl2(2) : = € [w']))?
2
> e Uit |2(2) 2 € DD (f(0) £y € 0]},

where in the last inequality we use the fact that F is a Bowen sequence. Let m = min,,ew (sup{ f,(y) :
y € [w]})?. Then summing over all allowable words ay . . . Al—n—2p+i, m. Suchthatuay ...a;—n_2pyi, .. €
Bi_2p+i,. .. (Z), we obtain that

oz s Gup{fp) v € WD 7, S mDy” o
l = e:31)0]\4/]\42(]) T 1) [=2p+in mu — 83PCM’M2(p T 1) [1=2p+in,mu’
and combining with (5.10) the result follows. O

Proof of Lemma 5.2. Fix n,m € N and v € B,(Z). There exists 0 < iy m. < p such that
aTZH_mHn)m)u (u) > (D1/(p+1))aZ sup{ fnlz(2) : z € [u]}. We first consider the case when p > 2. Let
in,mu = %0 and assume ig > 1. Let a1 ... amtigt € Brym—ti,(Z) and call it v. Let w* = wj ... wy, €
W such that |w*| = p. Take C' = maxo<i<2p Z1(F)" Also, take Dy = (1/M) miny,ew sup{ fiu|(z) :
x € [w]}. Then by Lemma 4.6 there exists w € W such that

(5.11)

SUP{ fr+mtio+p+iwl|2(2) 1 2 € [Wwol} > % sup{fplz(2) : 2 € [w*]} sup{frimriolz(2) : 2 € [v]}.
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First we show that there exists C7; > 0 such that for any j € N such that ig + 5 < p,

(5.12) aTZL+m+io+j (u) = Cla5+m+io (w).

Fix j and we consider two cases depending on |w|, |w| > j and |w| < j. Let w = wy...w; and
suppose k > j. Since

Sup{ frtmtiotprklz(2) 1 2 € [wrwv]}
< e sup{ fo+r—jlz(2) : z € (W w1 ... wk—;]} Sup{ frtmtio+ilz(2) : 2 € [Wk—jt1 ... wrv]}
< 0 sup{ frtmriotilz(2) 1 2 € [Wr—js1 ... wiv]},

applying (5.11), we obtain

(5.13) SUp{ frtmio+ilz(2) : 2 € [Wp—js1 ... wyo]}
D *
(5.14) > OO sup{fplz(2) : ¢ € [W*]} sup{ frntm+i,|z(2) : z € [v]}.
Next suppose k < 7 < p —1ig. Then
(5.15)
sup{ frtm-+io+p+klz(2) : 2 € [wrwol}
(5.16)
< € sup{fpoi|2(2) : 2 € [0} - Wl sy} D st ssl2(2) 2 € (05— gpyen - W]}
Hence
(5.17) sup{ fr+m+io+ilz(2) 1 2 € [wy_(j_py41 - - - wpwol}
D *
(5.18) > OO sup{fplz(2) : & € [W*]} sup{ frntm—+io|z(2) : z € [v]}.

For each aj . ..am4igu € Brim+io(Z), finding w satisfying (5.11) and applying (5.14) or (5.18),
we obtain

DDy
(5.19) O it (1) = Warzz+m+ig (w).

Next we show that there exists C] > 0 such that for each j € N, 0 < j < iy < p, we have
& io (W) = Claf,, .\ (u). Fix j. For each v = a1 ... amyitt € Bnimiio(Z),

sup{fj|z(2) : z € [a1 ... a;]} sup{ frrmrio—jlz(2) : 2 € [ajq1 ... Amyioul}
> e sup{ futmeiolz(2)z € U]}

Noting that sup{f;|z(z) : z € [a1 ... a;]} < e®P~DEC, we obtain

1
(5.20) af—&-m—&-ig—j(u) > W%Zu-m-s-io (u).

For the case when iy = 0, we make similar arguments. We note that (5.16) is not used (calculation
is simplified) when iy = 0,5 = p and k = 0. For the case when p = 1, we consider the case when
ip = 0,1 in a similar manner. Hence we obtain the results. O

Proof of Lemma 5.3. For a fixed t € N, fix ¢ € By(X). Then given v and ¢, there exists w; €
B|'w1|(X)7 0 S ‘w1| § p such that

(5.21) SUP{ fitwy |+ (%) : @ € [cwiv]} > Dsup{ fi(x) : = € [c]}sup{fi(z) : = € [v]}.
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Therefore, for fixed u and cwiv above, there exists wy € Bjy,,|(X), 0 < |wa| < p such that

(5.22) SUPA frot|ws | +-t+ s |+1(Y) 1 ¥ € [uwacwyv]}

(5.23) > Dsup{fn(x) : x € [u]} sup{ fiyw, |+1(z) : © € [cwiv]}

(5.24) > D?sup{fu(2) : 3 € [u]} sup{fuly) : = € [} sup{ fi(x) : & € [o]}.

Summing over all allowable words ¢ € B(X), each of which satisfies (5.21) and (5.22)-(5.24) with
some w1, ws, we obtain the result. O

6. APPLICATION TO HIDDEN GIBBS MEASURES ON SHIFT SPACES OVER COUNTABLE ALPHABETS

In this section, we apply the results in the previous sections to problems on factors of invariant
Gibbs measures. Let m : X — Y be a one-block factor map between countable sofic shifts such
that |7~1(i)| < oo for each i € N. For every measure p € M (X, o) the map 7 induces a measure
v € M(Y, o) defined by

v(B) = nu(B) = (' B),
where B C Y is any Borel set. If the original measure p is a Gibbs measure then the measure v, which
is a factor of a Gibbs measure, is sometimes called hidden Gibbs measure. Determining the properties
of 7w is a problem that has been addressed in different settings. In statistical mechanics, it has been
found that non-Gibbs measures can occur as images of Gibbs measures under Renormalization Group
transformations and generalizations of Gibbs measures have been studied (see for example [E, EFS]).

The study of this type of measure also has attracted a great deal of attention in dynamical
systems. For an overview of the subject, see the survey article by Boyle and Petersen [BP]. The
factor of the Gibbs measure for a continuous function need not be Gibbs for a continuous function
but may be for a sequence of continuous functions.

The main goal of this section is to study factors of Gibbs measures on finitely irreducible countable
sofic shifts. Technically, we make use of the thermodynamic formalism developed in the article,
in particular the results in Section 5 and apply a similar approach as in [Y2]. Let (X,o0x) and
(Y,o0y) be finitely irreducible countable sofic shifts. For a one-block factor map 7 : X — Y,
neNy=(y1,...Yn,...) €Y, let E,(y) be a set consisting of exactly one point from each cylinder
[1...2,] such that (21 ...2,) = Y1 ...Yn. Given a sequence F = {log f,}52; on X, define

gn(y) = sup ¢ Y ful2)

By (y) z€E, (y)

We continue to use the notation in this section. Recall that we identify the set of a countable
alphabet with N.

Theorem 6.1. Let (X,0x) be a finitely irreducible countable sofic shifts, (Y, 0y ) a subshift on a
countable alphabet and 7 : X — Y a one-block factor map such that for each i € N, |7~1(i)| < oc.
Let F = {log f,}°2; be an almost-additive Bowen sequence on X. If Z;(F) < oo, then there exists
a unique invariant ergodic Gibbs measure p for F and the projection wu of the measure p is the
unique invariant ergodic Gibbs measure for G = {log g,,}22;. Moreover,

1 1

(6.1) Pg(F)=P(F)= sup {h#(ax) + lim f/logfndp: lim f/logfndu > oo}
1 1

(6.2) = sup {hl,(O'y)+ lim f/loggndl/: lim f/loggndy > oo}
VGM(Y,G'Y) n—,oo n n—,oo n

(6.3) = P(G) < o0.
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In addition, if ), ysup{log fi(z) : @ € [i]}sup{fi(z) : @ € [i]} > —oo, then p is the unique
equilibrium measure for F and 7u is the unique equilibrium measure for G. In particular, if (X, ox)
is a factor of a finitely primitive countable Markov shift, then lim sup in the definition (2.5) of Pg(F)
can be replaced by lim.

Remark 6.1. In [Y2, Theorem 3.1], almost-additive Bowen sequences on finitely primitive subshifts
are considered and the proof of Theorem 6.1 generalizes it for those on finitely irreducible subshifts.

Remark 6.2. Another approach to show [Y2, Theorem 3.1] is to apply [Fe4, Proposition 3.7
concerning relative variational principle. However, in [Fe4, Proposition 3.7], shift spaces are assumed
to be compact (subshifts on finite alphabets) and so we cannot apply the proposition directly to
show Theorem 6.1.

Proof of Theorem 6.1. We first note that Y is an irreducible countable sofic shift because X is an
irreducible countable sofic shift. Since X is finitely irreducible, there exist p € N and a finite set Wy
defined in Definition 2.3.

By Lemma 3.1 the sequence F = {log f,,}52 satisfies (C1), (C2) with p, (C3) with W3 and (C4).
Hence, by Theorem 5.1, there exists a unique invariant ergodic Gibbs measure p for F = {log f,,}5° ;.
Clearly G = {log gn}22, is a Bowen sequence. We show that G satisfies (C1), (C2), (C3) and (C4).
By [Y2, Lemma 3.4], the sequence G satisfies (C1). To verify that condition (C4) is fulfilled, note
that for each symbol i € N in Y we have that

sup{gi(y) sy € i} < D sup{fu(e):x € [j]}.

JeN,m(j)=i

Then Z1(G) < ¥ ien 2 jenn(j)—i SuP{f1(2) 1 @ € [j]} = Z1(F) < co. Next we show that G satisfies
(C2). For y = (y1,---,Yn,.-.) €Y, by the Bowen property,

(6.4) % Z sup{fn(z) 1 € [z1...2,]} < gn(y)

1.2, €EBp(X),m(T1...20)=Y1...Yn

(6.5) < Z sup{fn(z) : 2 € [x1... 2]}

T1..2n €Bn(X),m(T1...20)=Y1...Yn

We note that if X is an irreducible subshift on a finite alphabet (compact case), then [Fe4, Lemma
5.7] and (6.5) imply that G satisfies (C1) and (C2). For completeness, we present a proof in this non-
compact setting. Since p is a weak specification number of X, Y also satisfies the weak specification
property with the specification number p. In particular, for given u € B,(Y) and v € B, (Y),
n,m € N, there exists w; € w(W;) (see Example 3.3 for the notation), 0 < |w;| < p such that wwyv
is an allowable word of Y. For w € w(W7) such that uwv is allowable in Y, pick a y,, € [uwv].
Note that given any z1...2, € 7 '(u) and z}...2!, € 7~ 1(v), there exists wy € W; such that

x1...Tpwoxy ...z, is allowable with the property (C2) and m(xy...zpwox] ... 2),) = umr(wo)v.
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Then
Z Sup{gnerJrIw\(y) ‘Y e [U?U’U]} 2 Z gn+m+|w\(y’w)
wem(Wr) wen(Wr)
1 _
> Z i Z SUp{ frtjwl+m (@) 1 @ € [x1 ... 2pwa] ... 27,]}
wem(Wh) T Ty BT .. T, €Brymg ) (X)
71'(;61..wnwx/l...w,lm):uwv
1 / /
> Y , Z Dsup{fn(z):x € [x1...xp]}sup{fim(z) 1z € [z} ... 2},]}
Tl Ly DT 27 €Bp ) (X)
n(atl...rnwr'l...z’m):uwv
D ’ ’
> i Z sup{fn(z): z € [x1...2,]} Z sup{fm(z) :x € [z} ...2,]}
T1...n€By(X) z..x) €Bm(X)
T(T1...Tn)=u m(z]...z), )=v

D
2 57 5uPon(y) 1y € [u]} sup{gm(y) : y € [o]},
where in the third inequality we take w € W7 such that (C2) holds with x; ...z,wx] ... z),. There-
fore, there exists wy € m(W7) such that uwv is allowable in Y and

(66)  SUD{ G fus o (4) : ¥ € [uoyo]} > % sup{gn(y) : v € [u]} sup{gm(y) : v € []}.

M|x

Hence G satisfies (C2) with the same value of p that appears in the weak specification and (C3) with
W = 7(W1). By Theorem 5.1 the sequence G has a unique invariant Gibbs measure v. The second
and fourth equalities in Theorem 6.1 hold because of the variational principle.

To complete the proof of the theorem, we apply ideas found in the proof of [Y2, Theorem 3.1].
Let u be the equilibrium measure for . To show that that wu = v, observe that the proof of
[Y2, Theorem 3.7] holds in our setting because of the definition of the Gibbs measure. Hence, if we
define §,(y) = gn(y)e ") and G = {log §,,}5%,, then there is a unique invariant Gibbs measure
v for C; such that 7 = . Hence mp = v and it is the unique Gibbs measure for G. By the
definition of topological pressure, it is easy to see that Z,(G) < Z,(F) and Z,(F) < MZ,(G).
Thus P(F) = P(G). Finally, we show that v is a unique equilibrium measure by showing that
> iensup{loggi(y) = y € [i]}sup{g1(y) : y € [i]} > —oo. Assume that > _ysup{fi(z) : = €
[z1]} sup{log f1(x) : @ € [21]} > —o0.

Using the definition of g; and the fact that F is a Bowen sequence we obtain that

sup{g1(y) : ¥ € [y1]} sup{logg1(y) : y € [v1]}

> % Z sup{fi(z) : « € [x1]} | log % Z sup{fi(z) : x € [x1]}
ﬂ(gﬂii.)E:Nm Tr(gai)esm
> % . (log ]\14> Zﬂ(ill)eilyl sup{fi(z): x € [z1]}

+ % Z sup{fi(x) : « € [x1]} sup{log f1(x) : x € [z1]}.
x1EN
m(w1)=y1
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Therefore, summing over all allowable y; € N, we obtain the result. Applying Theorem 5.1 we
have that v is the unique equilibrium measure for G. For the last statement, we apply Proposition
4.4. O

Theorem 6.2. Let (X,0x) be a finitely irreducible countable sofic shift, (Y, oy ) a subshift on a
countable alphabet and 7 : X — Y a one-block factor map such that for each i € N, |7~1(i)| < oo.
Let F = {log f»}°2; be an almost-additive sequence on X with tempered variation. Then

(6.7)

1 1
Pg(F)=P(F)=  sup {hu(ox) + lim sup — /1og fndp s limsup — /log fndp > —oo}
HEM(X,0x) n—oo N n—soo N
1 1
(6.8) = sup {hl,(O'y) + limsup — /log gndv : limsup — /loggndy > —oo}
veEM(Y,ov) n—oo M n—oo N
(6.9) = P(G).

If sup f1 < oo, then limsup in the above equations can be replaced by lim.
Proof. If F has tempered variation, (6.6) is replaced by

Sup{gn+|w1|+m(y) tye [uwv]}
> e_CQ
- n+m+pManMp|ﬂ'(W1

I sup{gn(y) : y € [u]} sup{gm(y) : y € [v]},

where @ is defined for F as in Lemma 3.1. Applying Corollary 4.2 and Theorem 4.3, we obtain (6.7)
and (6.9). To show P(F) = P(G), we make similar arguments as in the proof of Theorem 6.1 . O

Remark 6.3. We do not know the existence of equilibrium measures for F and G in Theorem 6.2.

Next we consider the images of factors of Gibbs measures for single functions. Recall the definition
of functions in the Bowen class from Section 2.

Corollary 6.1. Let (X,0x) be a finitely irreducible countable sofic shift, (Y, oy ) a subshift on a
countable alphabet and 7 : X — Y a one-block factor map such that for each i € N, |[771(i)| < oc.
Let f € C(X) be in the Bowen class and suppose Z1(f) < co. Then there exists a unique invariant
ergodic Gibbs measure p for f. Setting f,, = e5»(/) in G, the projection mp of the measure x is the
unique invariant ergodic Gibbs measure for G = {log ¢,,}°2 ;. Then

610 Pl =P~ _sw figlox)+ [fans [ fan> -0}

HEM(X,0x)
1 1
(6.11) = sup {h,,(ay)—k lim f/loggndyz lim f/loggndy> —oo}
vEM(Y,oy) n—oo N n—oo N
(6.12) = P(G) < .

In addition, if ), sup{log f(z) : @ € [i]} sup{f(x) : € [i]} > —oo, then y is the unique equilib-
rium measure for f and wp is the unique equilibrium measure for G.

Proof. The result is clear by applying Theorem 6.1. g

Remark 6.4. This is a generalization of [Y2, Corollary 3.2].
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7. OTHER APPLICATIONS

7.1. Product of matrices and maximal Lyapunov exponents. A natural and interesting appli-
cation of the non-additive version of thermodynamic formalism is the study of the norm of products
of matrices. Indeed, let My(R) be the set of real valued d x d matrices and ||-|| be a sub-multiplicative
norm. Let {A1, Aa, ...} be a countable set in My(R). Let (X, o) be a finitely irreducible countable
sofic shift. If w = (i1,42,...) € X, define the sequence of functions ® = {log ¢, }>2 ; by

¢n(w) = HAin A12A11||

Since
[AB| < [|A[[||B]],

the sequence ® is sub-additive. It is a direct consequence of the sub-additive ergodic theorem [Ki]
that if p € M (X, o) is an ergodic measure, then for y-almost every w € X
1 1
lim — /log On dpp = lim — log ¢, (w).
n—oco N

n—oo N
The number )

Mw) = lim —logdn(w),
is called Maximal Lyapunov exponent of w, whenever the limit exists. This number was originally
studied in the context in which X is the full shift on a finite alphabet with a finite collection
matrices with strictly positive entries (see the work by Furstenberg and Kesten from 1960 [FK]).
Ever since, the assumptions on the space and on the matrices has been generalized in wide ranges.
The techniques developed in this article allow for another generalization that can be thought of as
a non-compact version of the results obtained by Feng in [Fe3].

Proposition 7.1. Let (X,0) be a finitely irreducible countable sofic shift. Let {4, Aa,...} be
a countable set of matrices in My(R) having non-negative entries. Let ® = {log ¢,,}2; be a the
sequence of functions such that ¢, : X — R is defined by ¢, (w) = [|A4;, -+ A, A;, ||. If ® satisfies
(C2), (C3) and (C4), then there exists a unique invariant ergodic Gibbs measure p for ®. Moreover,
if in addition

> I 4i log | Aill > —o0

i=1
then p is the unique equilibrium measure for ® on X, that is

1
P(®) = hy(o) + nhﬁn;O - /log Ondp.

Note that ¢,, is constant in cylinders of length n, therefore the Bowen condition is satisfied.
Proposition 7.1 is an extension of [IY1, Proposition 7.1] in which the same conclusion was obtained
under the assumption that X is a countable Markov shift satisfying the BIP condition and ® is
almost-additive.

7.2. The singular value function. Thermodynamic formalism has been used, at least since the
mid 1970s, to study the (Hausdorff) dimension of certain dynamically defined sets. This approach
has been rather successful when the dynamical system is conformal. However, in dimension two (or
higher) where a typical dynamical system is non-conformal the results obtained are fairly weak. With
the purpose of obtaining better estimates on the dimension of non-conformal repellers, Falconer [F1]
introduced the singular value function. The singular values s1(A), s2(A) of a 2 X 2 matrix A are the
eigenvalues, counted with multiplicities, of the matrix (4*A4)Y/2, where A* denotes the transpose of
A. The singular values can be interpreted as the length of the semi-axes of the ellipse which is the
image of the unit ball under A.
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Let f : R? — R? be a C! map and let A C R? be a repeller of f. That is, the set A is a (not
necessarily compact), f-invariant, and the map f is expanding on A, i.e., there exist ¢ > 0 and 8 > 1
such that

llda /" (0)]| = ¢B™[[v]l,
for every x € A, n € N and v € T,R?2. We will also assume that there exists an open set U C R?
such that A C U and A = Nuenf™(U) and that f restricted to A can be coded by an irreducible
countable sofic shift. For each x € R? and v € T,, R?, we define the Lyapunov exponent of (x,v) by

1
Az, v) := limsup — log ||d.. f"v||.

n—oo TN
For each z € R?, there exists a positive integer s(z) < 2, numbers A\;(z) > X2(z), and linear
subspaces

{0} = Es(z)41(2) C Ey(y(2) C Ey(z) = T, R?,
such that
Ei(z) = {v e T,R*: A(z,v) = \i(z)}

and A(z,v) = A\;(z) if v € E;(z) \ Eix1(z). The functions, ¢;, : A — R are defined by

Gin () = log si(ds f™)
and called singular value functions. It follows from Oseledets’ multiplicative ergodic theorem that
for each finite f—invariant measure p there exists a set X C R? of full 4 measure such that

(7.1) lim Pin(2) = lim l1og si(de f™) = Ni(z).
n—o00 n n—oo N

It was proved by Barreira and Gelfert [BG, Proposition 4] that if the dynamical system f has

dominated splitting (see [B3, p.234] for a precise definition) and A is compact then the sequences

{¢in}>2, are almost-additive. The methods developed in this article allow us to study the singular

value function in a broader context. In particular, it is a consequence of the variational principle

that

Proposition 7.2. Let (f,A) be a non-conformal repeller that can be coded by an irreducible
countable sofic shift. If the singular value functions ® satisfy (C2), (C3) and (C4), then there exists
a unique invariant ergodic Gibbs measure p for .

We stress that Gibbs measures are of particular importance in the dimension theory of dynamical
systems.
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