ZERO TEMPERATURE LIMITS OF GIBBS STATES FOR
ALMOST-ADDITIVE POTENTIALS

GODOFREDO IOMMI AND YUKI YAYAMA

ABSTRACT. This paper is devoted to study ergodic optimisation problems for
almost-additive sequences of functions (rather than a fixed potential) defined
over countable Markov shifts (that is a non-compact space). Under certain
assumptions we prove that any accumulation point of a family of Gibbs equi-
librium states is a maximising measure. Applications are given in the study
of the joint spectral radius and to multifractal analysis of Lyapunov exponent
of non-conformal maps.

1. INTRODUCTION

In statistical mechanics a very important problem is that of describing how do
Gibbs states varies as the temperature changes. Of particular importance is the
case when the temperature decreases to zero. Indeed, this case is related to ground
states, that is, measures supported on configurations of minimal energy [EFS, Ap-
pendix B.2]. It turns out that materials at low temperature tend to be highly
ordered, they might even reach crystal or quasi crystal configurations. Grounds
states are the measures that account for this phenomena (see [BLL, Chapter 3] for
details). A similar problem, in the context of dynamical systems, has been the sub-
ject of great interest over the last years. Indeed, given a dynamical system (X, o)
and an observable ¢ : ¥ — R we say that a o-invariant measure p is a mazimising

measure for ¢ if
/qﬁdusup{/d)dusue/\/l},

where M denotes the set of o—invariant probability measures. In certain cases,
some maximising measures can be described as the limit of Gibbs states as the
temperature goes to zero. Indeed, assume that (X,0) is a transitive sub-shift of
finite type defined over a finite alphabet and that ¢ is a Holder potential. It is well
known that for every ¢ € R there exists a unique Gibbs state p; (which is also an
equilibrium measure) for the potential t¢ (see [Bowl, Theorem 1.2 and 1.22]). It
turns out that if p is any weak-star accumulation point of {u¢}i~0, as ¢ tends to
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infinity, then p is a maximsing measure (see, for example, [J1, Section 4]). Note
that the value t can be thought of as the inverse of the temperature, hence as the
temperature decreases to zero the value of ¢ tends to infinity. The theory that
studies maximising measures is usually called ergodic optimisation. See [Bo, J1, J2]
for more details.

The purpose of the present paper is to study a similar problem in the context
of countable Markov shifts and for sequences of potentials. To be more precise, let
(3, 0) be a countable Markov shift and let F = {log f,,}22; an almost-additive se-
quence of continuous functions log f,, : ¥ — R (see Section 2 for precise definitions).
We say that a o-invariant measure y is a mazimising measure for F if

1 1
a(F) = Sup{ lim f/logfn dl/:VEM} = lim f/logfn dp.
n—oo N n—oo N

In our main result, Theorem 4.1, we prove that under certain assumptions there
exists a sequence of Gibbs states {y;}¢>1 corresponding to tF and that this se-
quences has an accumulation point p as t tends to infinity. Moreover, the measure
w1 is maximising for F. We stress that since the space ¥ is not compact the space
M is not compact either. Therefore, the existence of an accumulation point is far
from trivial. A similar problem, in the case of a single function instead of a se-
quence F, was first studied by Jenkinson, Mauldin and Urbanski [JMU1] (see also
[BGa, BF, I, Ke]).

Note that even though we prove the existence of an accumulation point for the
sequence {f}¢>1 , this does not imply that the limit lim; o p¢ exists. Actually,
in the simpler setting of compact sub-shifts of finite type and Hélder potentials,
Hochman and Chazottes [ChH] constructed an example where there is no con-
vergence. However, under certain finite range assumptions convergence has been
proved in [Br, L, ChGU]J.

The thermodynamic formalism needed in the context of almost-additive se-
quences for countable Markov shifts was developed in [IY]. In particular, the
existence of Gibbs states was established in [IY, Theorem 4.1]. New results in
this direction are obtained in Section 3, where we establish conditions that en-
sure that certain Gibbs states are actually equilibrium measures (recall that in this
non-compact setting this is not always the case, see [S2, p.1757]).

We stress that our formalism allows us to deal with products of matrices and
it is well suited for applications. In particular, in Section 5, applications of our
results are given to the study of the joint spectral radius of a set of matrices. We
construct an invariant measure that realises the joint spectral radius. Moreover,
we construct a sequence of Gibbs states that can be used to approximate the value
of the joint spectral radius. It should be pointed out that these results are new
even in the case of finitely many matrices. In the same spirit, Section 6 is devoted
to another application of our results in the setting of multifractal analysis. For
non-conformal dynamical systems defined on the plane, we obtain the upper bound
for the Lyapunov spectrum. Moreover, we construct a measure supported on the
maximal level set.

2. PRELIMINARIES

In this section, we give a brief overview of recent results of thermodynamic
formalism for almost-additive sequences on countable Markov shifts. We collect
results mostly from [IY].
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Let (X, 0) be a one-sided Markov shift defined over a countable alphabet S. This
means that there exists a matrix (¢;;)sxg of zeros and ones (with no row and no
column made entirely of zeros) such that

Y= {:CESN:tmmJr1 =1 for every i € N}.

The shift map o : ¥ — X is defined by o(z122...) = (z2x3...). Sometimes we
simply say that (X,0) is a countable Markov shift. The set

C; ={zeX:z;=1i;forl1<j<n}

is called cylinder of length n. The space ¥ endowed with the topology generated
by cylinder sets is a non-compact space. We denote by M the set of o-invariant
Borel probability measures on . We will always assume (X, o) to be topologically
mixing, that is, for every a,b € S there exists Ny, € N such that for every n > Ny,
we have C, No~"Cy, # 0.

Definition 2.1. Let (X, 0) be a one-sided countable state Markov shift. For each
n €N, let f, : ¥ — R" be a continuous function. A sequence F = {log f,,}7°;
on X is called almost-additive if there exists a constant C' > 0 such that for every
n,m € N,x € X2, we have

1°in

(1) fu(@) fm(0"2)e™C < frpm(2),
and
(2) frm(x) < fn(x)fm(gnf)ec-

Throughout this paper, we will assume the sequence F to be almost-additive.
We also assume the following regularity condition.

Definition 2.2. Let (¥, 0) be a one-sided countable Markov shift. For each n € N,
let f, : ¥ — RT be continuous. A sequence F = {log f,}5°, on X is called a
Bowen sequence if there exists M € RT such that

(3) sup{A, : n € N} < M,

where

A, = Sup{fn(x) iy e X,y =y for 1 <i < n}
fn(y)

Note that almost-additive Bowen sequences are a generalisation of the functions
of summable variations. Indeed, for a continuous function f : ¥ — R and x,y € 3,
let var,(f) ={|f(z) — f(y)| : ; = y; for 1 <i < n}. A function f is of summable
variation if Y .o var;(f) < co. This regularity assumption has been widely used
in ergodic theory [B3, BP, Bowl, K, MU2, PP, W].

In [IY] thermodynamic formalism was developed for almost-additive Bowen se-
quences. The following definition of pressure is a generalisation of the one given by
Sarig [S1] to the case of almost-additive sequences.

Definition 2.3. Let F = {log f,}nen be an almost-additive Bowen sequence, the
Gurevich pressure of F, denoted by P(F), is defined by

P(F) = lim 1log< 3 fn(x)Xca(x)>,

r:otr=x

where x¢, (z) is the characteristic function of the cylinder Cj,.
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Let us stress that the limit always exists and does not depend on the choice of
the cylinder. Note that if f : ¥ — R is a continuous function, the sequence of
Birkhoff sums of f forms an almost additive sequence (in this case the constant C
in definition 2.1 is equal to zero). For every n € N,x € ¥, define f, : ¥ — R*
by fo(z) = ef/@+f(ea)++7(" %) " Then the sequence {log f,}°°, is additive.
This remark is the link that ties up the thermodynamic formalism for a continuous
function with that of sequences of continuous functions. Therefore, the definition of
pressure given in definition 2.3 generalises that of Gurevich pressure given by Sarig
[S1]. Also, we note that lim,_,c = [log f, du = [ f du for any i € M. Therefore,
the next theorem is a generalisation of the variational principle for continuous
functions to the setting of almost-additive sequence of continuous functions. It was
proved in [IY, Theorem 3.1]. In order to state it we need the following definition,
given f : ¥ — R a continuous function, the transfer operator L; applied to function
g : %X — R is formally defined by

(Lyg) (x) == Z f(2)g(z) for every z € X.
z€o~1({z})
We denote by h(u) the entropy of the measure u € M, for a precise definition
see [W, Chapter 4].

Theorem 2.1. Let (X, 0) be a topologically mizing countable state Markov shift and
F ={log fn}22, be an almost-additive Bowen sequence on ¥ with ||Ly, 1]|e < o0.
Then —oo < P(F) < oo and

1 1
P(F) :sup{h(,u)—i— lim —/logfn dp:p e M and li_>m f/logfn d,u;é—oo}

n—oo N n
1 1

:sup{h(,u)—i—/ lim —log f, du:pu e M and / lim — log f), du;&—oo}.
n—oo N n—o0o N,

A measure p € M is said to be an equilibrium measure for F if

1
P(F) = h(y) + lim ~ / log fir dji.
n—o0o N

In [B1, M], the notion of Gibbs state for continuous functions was extended to
the case of almost-additive sequences.

Definition 2.4. Let (X, 0) be a topologically mixing countable state Markov shift
and F = {log f,}52; be an almost-additive sequence on ¥. A measure y € M is
said to be a Gibbs state for F if there exist constants Kg > 0 and P € R such that
for every n € N and every x € C;, ;, we have

(4) 1 < w(Ci,...i,)

Ko~ exp(—nP) fn(z)
In the case of a single continuous function defined over a countable Markov shift,
there exists a combinatorial obstruction on ¥ that prevents the existence of Gibbs
states (see [S2]). This, of course, is also the case in the setting of almost additive
sequences. The combinatorial condition on ¥ is the following.

< K.

Definition 2.5. A countable Markov shift (X, ) is said to satisfy the big images
and preimages property (BIP property) if there exist {b1,bo, ..., b, } in the alphabet
S such that

Va € § Ji,j such that tp,4tap, = 1.
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In [IY, Theorem 4.1], the existence of Gibbs states for an almost-additive se-
quence of continuous functions defined over a BIP shift 3 was established. More-
over, under a finite entropy assumption it was shown that this Gibbs state is also
an equilibrium measure.

Theorem 2.2. Let (X,0) be a topologically mizing countable state Markov shift
with the BIP property. Let F = {log f,}521 be an almost-additive Bowen sequence
defined on . Assume that ) g sup fi|c, < oo. Then there exits a unique invari-
ant Gibbs state p for F and it is mizing. Moreover, If h(u) < oo, then it is the
unique equilibrium measure for F.

Remark 2.1. Note that ), _gsup fi|c, < oo implies that —oo < P(F) < o0.

3. EXISTENCE OF GIBBS EQUILIBRIUM STATES

In Theorem 2.2 we established conditions under which the existence of a Gibbs
state p for an almost-additive sequence F = {log f,,}°2; is guaranteed. It might
happen that h(u) = oo and that lim, % [log fn, di = —oc. In this case, since
the sum of these two quantities is meaningless, we don’t say that the measure u
is an equilibrium measure. However, if h(u) < oo then p is indeed an equilibrium
measure. The purpose of the following section is to establish other conditions that
would also imply that the Gibbs state p is an equilibrium measure. Our result
could be compared with those in [MU1], where a single function (instead of an
almost-additive sequence) is studied.

In the rest of the paper, we identify a countable alphabet S with N.

Proposition 3.1. Let (X,0) be a topologically mixing countable state Markov shift
with the BIP property. Let F = {log f,}52, be an almost-additive Bowen sequence
defined on ¥ satisfying Y .oy sup filc, < oo and pr be the unique invariant Gibbs
state for F. The followings statements are equivalent:

(1) h(pr) < oo,

(2> lim;, 00 %flogfndﬂ]: > —00,

(3) [log fidur > —o0,

(4) 22, sup{log fi(z) : @ € C;}sup{fi(x) : © € C;} > —o0.
Therefore, if one of the above is satisfied, then ur is the unique Gibbs equilibrium
state for F.

Proof. Suppose we have (1). Then it follows from Theorem 2.2 that pr is the
unique Gibbs equilibrium state for F. Thus (1) implies (2). Assume now (2). Since
Y iensup filo, < oo implies —oo < P(F) < oo, it is a direct consequence of the
variational principle that h(pr) < co. Thus (2) implies (1). Next we show that (2)
if and only if (3). It directly follows from Definition 2.1 (equations (1) and (2)),
that

n

—1 1 —1
o / log fu(#)dpir < = / log fudpr < 10+ / log fudur.

n

Letting n — oo, we obtain the result. Now we show that (3) if and only if (4). Fix
i € N. Since F is a Bowen sequence on X, there exists M such that

{5 -n) s
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This implies that —log M < log f1(x) —log f1(y) < log M for any =,y € C;. There-
fore,

filx)

sup {log

Let x; be an arbitrary point in C; , then

/ log frdpr = / log fidpr
i=17Ci

> Zinf {log f1(z) : z € Ci}e*P(}-)M
i=1

tx € C’i} <inf {log f1(z) : x € C;}.

Ky

= fi(@) } _pF) f1(z:)
> sup < lo cxeCire —_,
23 p {1os 2 i

for some K > 0, where in the second inequality we used the definition of Gibbs
state. Using (5), we have

—P(F) 2©
/logflduf > eK i Zsup {log flj\(;) ‘T € C’Z} sup{fi(z) : x € C;}.
0 =1

Therefore, (4) implies (3). To see that (3) implies (4), consider

/ log frdpr = / log fidpr
i=17Ci
<e PUK, Zsup{log fi(x) :x e Ci} fr(xs)
i=1

< e_P(]:)KQZsup{log fi(x) : x € C;}sup{fi(x) : x € C;}.

i=1

Therefore, the desired result is obtained. (Il

The rest of the section is devoted to study the relation between the Gibbs equilib-
rium state for log f1 on ¥ and that for F = {log f,,}22; on 3. We begin establishing
conditions on a continuous function log fi so that it has a Gibbs equilibrium state
(see [MU1, S1, S2] for related work).

Proposition 3.2. Let (X, 0) be a topologically mizing countable Markov shift with
the BIP property. Suppose that log f1 is a continuous function on X satisfying:

T ox)...f1(c" 1z .
(1) supnen { ARG S o) t o = w1 Si<nf < oo,
(2) TienePoshle: < oo,

Then there exists a unique invariant Gibbs state fuog 7, for log fi. Moreover,

(1) If [log fidpieg 5, > —00, then fuog f, is the unique Gibbs equilibrium state
forlog f1.

(2) [ 108 fadgiog 5, > —o0 if and only if 2%, sup{log fi(z) : & € Ci} sup{ fa(x) :
x e CZ} > —00.

Proof. Let g(z) = log f1(x) and g, (z) = exp(Z?:_Ol g(c'z)). Define G = {log g,, }°° ;.
We have that G is an additive Bowen sequence. Indeed, we only need to prove that
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G is a Bowen sequence. In order to do so, we note that for each n € N we have

p{g"(x) :xiyi,lgz‘gn} -

gn(y)
{fl(x)fl(o—x)"'fl(anlx)

sup

fiy) filoz) ... fr(o"y)
The claim now follows from assumption (1). It is a direct consequence of assumption
(2) that —oo < P(G) < oo. Therefore, by Theorem 2.2, there exists a unique
invariant Gibbs state pug for G. Since P(G) = P(log f1) we have that ug is the
unique invariant Gibbs state for log fi. Moreover, since for any u € M we have
that lim, e = [log gndu = [log fidu, then if [log fidug > —oo, it follows that
1g is the unique Gibbs equilibrium state for log fi. This proves the first part of the
Proposition. The second claim is proved in the exact same way as the corresponding
one in Proposition 3.1. (]

::ciyi,lﬁién}.

The next theorem characterises the existence of a Gibbs equilibrium state for F
in terms of the existence of the Gibbs equilibrium measure for log fi.

Theorem 3.1. Let (X,0) be a topologically mizing countable Markov shift with the
BIP property. Let F = {log fn}52, be an almost-additive Bowen sequence on X

satisfying Y ;o sup filc, < oo and
fi(z) fi(ox) ... fi(o" x)
nen { A filo).. filomTy)

Then F has a unique Gibbs equilibrium state pur for F if and only if log f1 has a
unique Gibbs equilibrium state piog 5, for log fi.

:xiyi,lgign}<oo.

Proof. To begin with, note that P(log f1) < oo and that the assumptions made on
f1 together with Proposition 3.2 imply that there exists a Gibbs state piog f, for
log fi.

Let us first assume that there exists a unique Gibbs equilibrium state, pr, for
F and prove that piog s, is an equilibrium measure for log fi. Since pr is a Gibbs
equilibrium state we have that lim,,_, % [ log fndur > —oo. Proposition 3.1 then
implies that

Zsup{log fi(z) :z € Ci}sup{fi(x) : xz € C;} > —o0.

i=1
Thus, there exist constants K}, M’ € RT such that

Q*P(Ingl) e f T
W ZSUP {10g }\2/) T e Cz} Sup{fl(;z;) x € Cl}

i=1

/ log fudtiog 1, >

Therefore, [log fiduoeg f, > —0co and we can conclude that jieg s, is the unique
Gibbs equilibrium state for log f;.

Conversely, suppose log fi has a unique Gibbs equilibrium state o f,. Then
[ log fidpeg 5, > —oc and Proposition 3.2 implies that

isup{log fi(x) :x € C;}sup{fi(x): x € C;} > —c0.
i=1

Therefore, applying Theorem 2.2 and Proposition 3.1 we obtain that pr is the
unique Gibbs equilibrium state for F. (]
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Corollary 3.1. Let (X, 0) be a topologically mizing countable Markov shift with the
BIP property. Let F = {log [,}52, be an almost-additive Bowen sequence on 3,
where log f1 is a function of summable variation that satisfies ), sup fi|c, < co.
Then F has a unique Gibbs equilibrium state pur for F if and only if log f1 has a
unique Gibbs equilibrium state piog 5, for log fi.

Proof. Since log f1 is of summable variation, there exists IV € R such that

;sw{ fi(z)

log

:xiyi,léién}éi\ﬁ
fl(y)

Therefore, for x,y € 3 such that x; = y;, 1 <i < n we have that

@) filor) .. file" )

B W filoy) ey

sup logfl(x) :xi—yi,lgign} +
fi(y)
fi(oz) .
sup < log (ox); = (0y)i, 1 <i<n—13+
o gy <k =
fl(o'nilz) n—1 n—1 .
—|—~-~+sup{log:a z)=(00"""Yy)t=1 < N.
= ( )i = ( )
Then
n—1
Sup{fl(l’)fl(ax)---fl(ff _lff) =y 1 <i< n} <eV,
nen L 1) fi(oy) ... fi(e""1y)
Thus the result immediately follows by Theorem 3.1. (I

4. ZERO TEMPERATURE LIMITS OF GIBBS EQUILIBRIUM STATES

This section is devoted to state and prove our main result. We prove that with
a certain class of almost-additive potentials we can associate a family of Gibbs
equilibrium states and that this sequence has, at least, one accumulation point.
It turns out that this measure is a maximising one. This result generalises the
zero temperature limit theorems obtained for a single function in the compact (see
[J1, Section 4] ) and in the non-compact settings (see [JMU1, BGa, BF, I, Ke]).
The major difficulty we have to face in this context is that the space of invariant
probability measures is not compact, hence the existence of an accumulation point
is far from trivial. The techniques we use in the proof are inspired from results by
Jenkinson, Mauldin and Urbaniski [JMU1]. We begin defining the class of sequence
of potentials that we will be interested in.

Definition 4.1. Let (3, o) be a countable Markov shift satisfying the BIP property.
A sequence of continuous functions F = {log f,}5°,, with f; : ¥ — R, i € N,
belongs to the class R if it satisfies the following properties:

(1) The sequence F is almost-additive, Bowen and ),y sup fi
(2) Y02, sup{log fi(z) : @ € C;}sup{fi(x) : © € C;} > —o0.

Remark 4.1. Note that it follows from Theorem 2.2 and Proposition 3.1 that if
F € R then there exists a unique invariant Gibbs equilibrium state pr for F.
Similarly, for every ¢ > 1, there exists a unique invariant Gibbs equilibrium state
wer for tF.

o, < 00.
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We begin proving the upper semi-continuity of the limit of the integrals. This is
an essential result and it holds under weaker assumptions than those considered in
the definition of the class R.

Lemma 4.1. Let (¥,0) be a countable Markov shift and F = {log fn}22, an
almost-additive sequence of continuous functions on ¥ with sup f1 < oo. Then the
map m : M — R defined by m(u) = lim, 00 % [ log fndu is upper semi continuous.

Proof. We use an argument similar to that in the proof of [Y, Proposition 3.7]. Let
{pi}i>1 be a sequence of measures in M which converge to the measure y € M in
the weak-star topology.

Let My € R be such that sup f; < M; and C' € R the almost-additive constant
that appear in equations (1) and (2) in Definition 2.1. Let g,(z) = f.(2)e® and
note that {log g, }5° ; is a sub-additive sequence. Moreover, (log g1 (x))" < log My +
loge® and so (log g1)* € Li(u;) for each i > 1. Also, for each fixed n € N we have
that (loggn(x))™ < nlogM; + nC < oo which implies that for 7 > 1 we have
(log gn)* € Li(p;). The sub-additive ergodic theorem (see [W, Theorem 10.1])
implies that for each fixed yu; € M and k € N we have,

1 1
lim f/loggndui < %/bggkdui.

n—,oo N,
Thus,
1 1
lim f/log fndpi < */Ingkd,Ufi + 9.
Therefore,

1 1 C
limsup lim — /log fndp; < — /log frdy + —.

i—so00 N—OOMN k k

Letting kK — 0o, we obtain

1 1
limsup lim —/logfndui < lim —/logfkdu,
k—oo k

i—soo oo N

which shows that limsup,_, . m(u;) < m(u), concluding the proof. O

In our next lemma, we consider a one parameter family of Gibbs states p;r cor-
responding to a family ¢F. We show how do the constants in the Gibbs property
depend upon the parameter t. The proof of the lemma strongly uses the combi-
natorial assumptions we made on the system and an approximation argument we
now describe. Since (X, 0) is topologically mixing and has the BIP property, there
exist k € N and a finite collection W of admissible words of length k£ such that for
any a,b € S, there exists w € W such that awb is admissible (see [S2, p.1752] and
[MU1]). Denote by A the transition matrix for ¥. It is known (see [IY, S1]) that
rearranging the set N, there is an increasing sequence {l,,}52 ; such that the matrix
Al(1,.. 1.y x{1,....1,} is primitive (for a definition of primitive see [MU2, p.5]). Let
Y1, be the topologically mixing finite state Markov shift with the transition matrix
Al 03 x{1,..,1n}- Then there exists p € N such that for all n > p, the set Y,
contains all admissible words in W. We denote by B, (Y;) the set of admissible
words of length n in Y;. Given w € W, we let N,, = sup{fi(z) : z € Cy} and
N = min{N,, : w € W}. The proof of the next lemma makes use of ideas from [IY,
Claim 4.1].
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Lemma 4.2. Let (3,0) be a countable Markov shift with the BIP property and
FeR. Lett > 1 and pyr be the unique Gibbs equilibrium state for tF. Then, for
every n € N and for oll x € C;, _;, , we have

werF(Ciy i) < MeSeN'
e—nP(t}‘)ffL(I) - D5 ’

where
Ne—3C
M3etk=DC max{}", . sup fi

D =

i (Liewsup filo)*}

Proof. Fix t € N and Y, with m > p. In order to simplify the notation we denote
Y}, by Y. Recall that Y is a compact set. Define o) , := D iy ein€ B (Y) sup{f!|y(y) :
y € Cy, i, + Forl €N, let 1,4 be the Borel probability measure on Y defined by

su t TS Cilu.i
Vl,t(cil..il) - p{fl |Y(y())éyy l} .
Lt

)

Let a;y..4, == sup{f{ly(y) :y € Ci,..5,}. Let I,n € N;I > n. It is easy to see that
Y Cct Y Y
(6) a;,<e tan,tal—n,t'

Now let I,n € N,I > k. Using the same arguments used to prove equations (15),
(16), (17) of [TY, Claim 4.1], for each fixed iy .. .4, € B,(Y), we have

. Nt672ct v
(7) Z Sup{fn+l|y(y) VRS Ci1-~~int1---tl} > Wa’il---inal—k,t'

t1...1
Thus we obtain

Nt,—3Ct,. Y Y
Nte QO 4

(8) 01Y+17t >
" M3ta{7t

Also, from the proof of [IY, Claim 4.1], we have that

tk
9) ay, < elk=het (Z sup flc,i> :

ieN
Using (7), (8) and (9), we obtain for [,n € NI > k
(10) oz,}:_H’t > Dta,};tozl}jt.
We now claim that (10) holds for n € N;1 <1 < k. Let 1 <r < k. Then
ay ., >e > sup{fily W) flly (c™y) 1y € Ciy.i, }-
i1esingr€Bnir(Y)

Let 41 ...4, € By(Y) and u a fixed admissible word of ¥. Then we can connect
i1...1, and u by an admissible word w = wy...wr € W of length k such that
i1 ...9pw1 ... wru is allowable. Now

S s v ECha )2 S L@ ("),

i1.tntr€Bppr(Y) ﬂECil...inwl(,.,;Jr
i1...in€BL (Y
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where wy ... w, ... wx € W is chosen for each iy ...4, € B,(Y) as explained in the
preceding paragraph and ¥ is any point from Cj,. ;. w,..w,. Therefore,

_ " N _ N
Z faly @) fi 1y (a"g) > (M)t Z faly () > (W)tait,
YECiy . inwy...wp Y€Ciy. . ip
i1...in €EBR (Y) i1...in €EBR (Y)

where for both inequalities we use the fact that F has bounded variation. Noting
that

oy, < 6("71)&(2 sup filo,)" < 6(k71)0t(maX{Z sup filc;, (Z sup file,)* 1",

IS €N ieN

we obtain

Y =
gt ( Ne ¢ )t > Dt
a%,taf,t T M2Zehm1O maX{ZieN sup filc;, (ZieN sup file, )}

Now we proved the claim. Using the arguments in the proof of [IY, Claim 4.1], for
all n € N, we obtain

(11) Dal, < emPUFI) < %) .

)

Now, let [ > n + k. For each fixed 4; ..., € B,(Y), we have

Vlat(Cilu-'n)
sup{ f/1v(v) 1y € Ciy_inji..gi )

< X —~

J1-Ji—n Lt
< GCt Sup{ffb|y(y)flt*n|y(any) S Oil..-injl...jl—n}
- Z OéY

J1---Ji—n It
< et Z Sup{me(y) A Cil"'i"}Sup{flt—n|Y(Uny) Y € Chyingiogion )}
> € -

JieJiem At

oCt . t

< O[T Sup{fn|Y(y) 1y € Onzn} Z Sup{fl_n|y(y) Ty € le ______ jl—n}
bt Jrodion
oCt \
< Hiovsup{faly () 1y € Ciy i} (by (10))
an,t

e2Ct g—nP(tF|y) .

< — 5 swifulv(®) 1y € Ci i} (by (11)).
Therefore, we obtain
(12) v (Ci, i) e2Ct
a;,. i, e "PtFly) = Dt~

Using the property of bounded variation, for all y € Cj,. ;. , we have

v (Ciy i) < e2Ct Mt
ftly(y)enP@F ) = Dt~

(13)
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Also,
Nte—2Ct y Nte=2Ctq, , oY
U, (Ciy.in) 2 Wah...inal—n—k,t (by (7)) > aftaEtM3teCt (by (6))
D'a;, .., D2t .
60570[;/1 (by (6) and (9)) > o0t Yinin€ PAFI) (hy (11)).
Thus

Vl,t(Cil...-n) > th

@iy, e MPIFIY) T eCt

(14)

Hence we obtain for each y € C;,. 4, I > n+k,

D2t < Vl,t(cil...in) eZCtMt

o = Jilvlye P =D

Consider now a convergent subsequence {vy, +}7>, of {v;;}7°, and let v; be the
corresponding limit point. Then v; also satisfies (12),(13), (14) and (15). We know

by [B1, Lemma 2] that v; is ergodic. Using the arguments in [B1], we construct
o-invariant ergodic Gibbs measure p,z|, for tF|y. A limit point of the sequence

(15)

{% Zl":_Ol v; 0o~ }2° , is the unique equilibrium state for ¢F|y which is also Gibbs
(see [IY]). Let 4y ...4n € Bp(Y) be fixed. For | > k,

Vt(o'il(cil...in))
20t

(& _ . .
= Dt Z Sup{flt+n|y(y) ‘Y e Cj1~~jziimin}e (+n)P(Fly) (replacmg Vit by v in (12))
J1--Jlin.in
63Ct

N > sup{ (W) fL(0'Y) 1y € Chyjuiy.iy e~ TFMPETI)
Ji---gi

£3Ct
< Dt sup{f,(y) :y € Cil..Ain}ozl}jte_(”")P(tf'Y)

LSCt t P(tF
S D2t Sup{f’ﬂ(y) : y € Ci1~-<in}e_n ( ‘Y) (by (11))
Therefore, using (14) (replacing v;; by v;), we have

. pACt

vi(o ™ (Ci,.,)) < th(Cil...in)-

Using (15) (replacing vy, by 1), for all y € C;, .,

IN

m—1
1 1 m—k eSCtMTf |y(y)e*”P(t}'|Y) k
- E C. < n —_
mi= vlo (Casn)) < m ( D5t )+ m

and hence for all y € Cj, .,

6GC't]Mtﬁ;‘Y(y)efnP(t]-'\y)
(16) peFly (Ciy.iy) < Dot .

Therefore, for each fixed I,,, m > p, tFly, has a unique equilibrium state p, Flv,
which is Gibbs and satisfies (16) (replacing p 7|, by HeFly, ). The proof of [IY,
Theorem 4.1] shows that (16) holds when we replace gz, and f}|y(y) by the

unique Gibbs equilibrium state ¢+ for tF and f!(y) respectively. This proves the
lemma. (]
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Lemma 4.3. Let (3,0) be a countable Markov shift with the BIP property and
F € R. Then the family of Gibbs equilibrium states {pir}ti>1 is tight, i.e., for
all € > 0, there exists a compact set K C X such that for all t > 1 we have
Mt]:(K) >1—€.

Proof. The proof is based on [JMU1, Lemma 2|. Let ¢ > 0. We construct an
increasing sequence of positive integers {n;}7° ; such that the compact set

K={reX:1<z, <mny, forall k€ N}

satisfies pyr(K) > 1 — e for all t > 1. Let 7 : ¥ — N be the projection map onto
the k-th coordinate. Note that

per(K) =per (B0 (2 {z € X @ > ng}))

21 per(fr e B a > m)

k:cl .

1= s )
k=1i=ng+1

:1*2 Z e (Cy).
k=1i=ng+1

Therefore, in order to show that {{r}:>1 is tight, it is enough to find {ng}3>,
such that

oo
€
(17) > mr(Ci) < oo forall kNt > 1.
i=ni+1

Now, let N = Me%C/D5 in Lemma 4.2. If n = 1, we have
per(Cs) < Nte PO sup{ fi(z) : x € C;} for all t > 1.

Now, let m be any o-invariant Borel probability measure for which the limit

I = lim l/logfnalm

n—o00 N

is finite. Then

= P(tF —tI) > h(m) > 0.

P(tF) —tIzsup{h(u)—&-t lim l/logfnal/i : ,ue/\/l} —tl
n—oo

Therefore, for ¢t > 1,

(18) e (Ci) < Nte P et (qup{ fy (z) : z € C;})!

(19) < N'e "(sup{fi(z) : z € C;})"

(20) = (Nefl)t (sup{fi(z) :z € C’i})t

Note that Definition 4.1 (1) implies that, given € > 0, we can find J € N such that
e 1

(21) Zsup{fl(x) x el < Ne=T ok

i>J
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Now we show equation (17). Using (18) and (21), we obtain

S mr(Ci) < (Ne™ D) S (sup{fu(a) s € Ci})!

i>J i>J

€e\? €
= (3) =3¢
Thus we obtain (17). O

Remark 4.2. Lemma 4.3 implies that the family of Gibbs equilibrium states
{mr}i>1 has a subsequence that converges weakly to a o-invariant Borel prob-
ability measure .

We now state and prove our main result.

Theorem 4.1. Let (X,0) be a countable Markov shift with the BIP property and
let F € R. Denote by p € M any accumulation point of the sequence of Gibbs
equilibrium states {ur}1>1 as t tends to infinity. Then

1 1
(22) lim —/1og fondp = lim lim —/log fnduer,
—0o N

n t—oon—ocon

and p is a maximising measure for F.
Proof. We will divide the proof of the Theorem in several Lemmas and Remarks.

Remark 4.3. Recall that the pressure function ¢ — P(tF) is convex (see [IY,
Corollary 3.2]) and finite for ¢ > 1, therefore it is differentiable for every ¢ > 1
except, maybe, for a countable set.

Lemma 4.4 (Derivative of the pressure). If the function P(tF) is differentiable at
t =tgy, to > 1, then

dP(tF) = lim %/bg fndpity -

dt t=t, Nn—00

Proof of Lemma 4.4. The proof of this result is fairly standard, see for example
[Fel, Theorem 1.2]. Let € > 0. then

1
P(t0F) = hlpeyz) + to Jim [ log fudpry - and

.1 o1
P((to+ €)F) > h(ut,7) + to nhﬁn;o - /log frdptoF + enlin;o E/log Frndpte,F.

Thus,

Pl(to+ O F) = PtoF) _ | 1 /log b dins
- n [ Al

€ n—o00 N,

Recalling that one-sided derivatives of the pressure do exist, we have

P ~P 1
Pl (toF) := lim ((to + O)F) — P(to7) > lim — / 10g frndpiz, -

e—0t € n—oo n

On the other hand, let € < 0, then
P((t — P(t 1
({to + 9F) <Jkum—/mnmﬁ

€ n—oo N

Thus,

P’ (toF) := lim Pt +9F) = PtoF) _ i/logfndﬂto}-.

e—0— € n—=oo T
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Hence

1
P’ (toF) < lim */logfndutof < P (toF).

n—oo 1
Since we are assuming that P(tF) is differentiable at ¢ = tg, to > 1, we obtain the

desired result,
. 1
P (toF) = PL(toF) = nll_}n;lo ﬁ/log Fndpe,F-
O

Remark 4.4 (Uniform upper bound on the derivative). If {¢;}7° ;| is an increasing

sequence of positive real numbers such that ¢, — oo and for which the pressure
function P(tF) is differentiable at ¢ = ty, ty > 1, for every k € N, then

dP(tF

tim 2PUF)

oo
< sup lo < 00.
k—o0 dt ‘t:tk - 7;1 P gf1|Cn

Recall that the derivative of the pressure is an increasing function (being con-
vex), hence the left hand side limit exists. The bound above follows from the
sub-additivity of the family F together with Definition 4.1 (1).

Lemma 4.5 (Asymptotic derivative). The following limits exist and

P(tF
lim (tF) = lim P, (tF) = lim P’ (tF).
t— 00 t t—o00 t— o0

Proof. Note that the functions P’ (tF) and P’ (tF) are increasing (since the pres-
sure is convex) and bounded above (because of Remark 4.4). Therefore both limits
exist. Moreover, if t; < ty we have that P (t1F) < P’ (t2F), thus both limits
coincide. The fact that the limit coincide with that of the asymptotic derivative
follows from the following convexity inequality

P(t1F) — P(t2F)

t1 — 12

PL(t1F) < < PL(t2F).

Recall that,

a(F) = sup{ lim 1/1ogfnd1/:1/€/\/l}.
n—oo N

Lemma 4.6 (The asymptotic derivative bounds the optimal value). For every
©w € M we have that

1
(23) lim —/log fondp < lim
t—o00

n—o00 M

P(tF)
=2,

Proof. Indeed, assume by way of contradiction that there exists v € M for which
equation (23) does not hold. Then, there exists g > 1 such that

lim l/logfndu > P(io]:)-

n—oo N 0

Note that since —oo < lim,,_, % [ log fndv < oo and P(tF) < oo, we can conclude
that h(v) < co. Thus,

1
h(v) +to lim f/log fndv > P(toF).
n—oo M
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This contradicts the variational principle. Therefore

a(F) < lim PUF) i P L(tF) = lim PL(tF).
— 00

t—o00 t t—00

O

Remark 4.5 (The entropy is decreasing). Note now that for every ¢ > 1 we have
h(pr) > h(per). This is consequence of the convexity of the pressure (see [IY,
Corollary 3.2]). Indeed, assume by way of contradiction that there exists g > 1 for
which h(pr) < h(pe, 7). Consider the following straight lines:

1
14(t) = h(jur) +t lim - / log fudpir and

1
lto (t) = h(.uto]:) +1 nlggo ﬁ /log fndﬂtof-

We first note that [;(¢) and I, (¢) are finite for ¢ > 0 because F € R. Since ur is
the unique equilibrium measure for F and p, is the unique equilibrium measure
for tgF, we have that

lto (O) > 11(0) , lto(l) < 11(1) and lto(tO) > ll(to).

But that can not happen since two different straight lines can only intersect in one
point and the above means that they intersect in at least two points.

We finally prove the Theorem.
Let € > 0, since the function P} (tF) is non-decreasing and «(F) < limy_,o P/ (tF)
there exists g > 1 such that

1
a(F)—e< lim — /log Fndpie,F.

n—,oo N,
Therefore,
h 1 P(tF
a(F) —e < M2 o in L g < T
t n—oo N t

h 1 h 1
(/th) n lm 7/10g frdper < (17) + lim f/log fodur <

t t n—oo N

h

(’;f) + a(F).

Thus, for any € > 0 we have that

a(F)—e< limsup@ <limsup lim 1 /logfndptf < a(F).

t—o0 t—oo MO0

Similary, we have that

t—o0 t—oco n—oon

P(t 1
a(F) — e < liminf (tF) <liminf lim — /logfndut}- < a(F).
Therefore, letting € — 0,

1 1
liminf lim —/log frducr = hmbup lim —/log frnduer.

t—o0 n—oon n—oo

It follows from Lemma 4.1 that,

1 1
lim lim —/logfndutf = hm —/logfnd,u—a(]—')

t—oon—oo N
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Hence we obtain (22) and p is an F—maximising measure.
O

We stress that the result obtained in Theorem 4.1 is new even in the compact
setting, where convergence of Gibbs states directly follows as a consequence of the
fact that the space of invariant measures is compact. Also note that in this compact
setting, since the system has finite topological entropy, every Gibbs measure is an
equilibrium measure.

Corollary 4.1. Let (X, 0) be a transitive sub-shift of finite type defined over a finite
alphabet and F be an almost-additive Bowen sequence on . Denote by u € M any
accumulation point of the sequence of Gibbs equilibrium states {per}i>1 as t tends
to infinity. Then

1 1
lim —/1og fndp = lim lim —/log fndusr,
n t—

n—oo ocoNn—oo N

and p is a maximising measure for F.

Proof. Since (¥, 0) is a sub-shift of finite type over a finite alphabet, it is clear that
F satisfies (1) and (2) of Definition 4.1. Now we apply Theorem 4.1. O

5. THE JOINT SPECTRAL RADIUS

In this section we will show that the techniques developed in this paper have in-
teresting applications in functional analysis. Even in the compact (finite alphabet)
setting, Theorem 4.1 can be used to obtain results in spectral theory. We begin
recalling some basic definitions. Let A be a d x d real matrix, the spectral radius
of A, is defined by

p(A) = max{|)\| : X is an eigenvalue of A}.

It is well known that if || || is any sub-multiplicative matrix norm the following
relation (sometimes called Gelfand property) holds

T 1/n
p(A) = lim [lA]/".

Let A := {A;,As,...,A;} be a a set of d x d real matrices and || - || a sub-
multiplicative matrix norm. The joint spectral radius o(A) is defined by

o(A) = nlggomax{nAin AV iy e {12, .,k}} .

This notion, that generalises the notion of spectral radius to a set of matrices, was
introduced by G.-C. Rota and W.G. Strang in 1960 [RS]. Interest on it was strongly
renewed by its applications in the study of wavelets discovered by Daubechies and
Lagarias [DL1, DL2]. The value of g(A) is independent of the choice of the norm
since all of them are equivalent. There exists a wide range of applications of the joint
spectral radius in different topics including not only wavelets [P], but for example,
combinatorics [DST]. Lagarias and Wang [LW] conjectured that for any finite
set of matrices A there exist integers {i1,...,%,} such that the periodic product
A;, -+ A, satisfies
o(A) = p(4;, -+ Ai))'/™.

This conjecture was proven to be false by Bousch and Mairesse [BoM] and explicit
counterexamples were first obtained by Hare, Morris, Sidorov and Theys [HMoSY].
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It is possible to restate the definition of joint spectral radius in terms of dynamical
systems. Indeed, let (X, o) be the full-shift on k& symbols and consider the family
of maps, ¢, : X — R defined by

Pn(x) := [|As, - Ay .
The family F := {log¢,} -, is sub-additive on X;. Denote by M the set of
o—invariant probability measures. If v € M is ergodic then Kingman’s sub-additive
theorem implies that v-almost everywhere the following equality holds

1 1
lim —/logdm dv = lim —log ¢, ().
n—oo N

n—o00 M

In this compact setting there exists an invariant measure realising the joint
spectral radius. It seems that this was first observed by Schreiber [Sc] and later
rediscovered by Sturman and Stark [SS]. It has also been observed by Dai [D1, D2]
and by Dai et al. [DHX]. The most general version of this result has been obtained
by Morris [Mo, Appendix A]. This later result has the advantage that it allows the
potentials ¢,, to have a range in the interval [—oo, +00).

Lemma 5.1 (Schreiber’s Theorem). Let A := {41, As,..., A} be a a set of d x d
real matrices then there exits a measure pp € M such that

o(A) = exp (sup{ lim 1 /logqﬁn dv:ve M}) = exp ( lim 1 /logqﬁndp) .
n—oo M n—oo N

We refer to [Mo, Appendix A] for a proof of Lemma 5.1. It is worth stressing
that the definition of joint spectral radius and Lemma 5.1 hold in a broader context.
Indeed, we can consider (X, o) to be any mixing sub-shift of finite type defined on
a finite alphabet and define the corresponding joint spectral radius by

os(A) :=exp (nh_{r;o max{||Ain Ay |M™ s (iydg . . i) is an admissible word }) .

Under certain cone conditions for the set A, we will show that there exists a one
parameter family of dynamically relevant (Gibbs states) invariant measures {g; }¢>1
such that any weak star accumulation point of it x4 as ¢ tends to infinity, satisfies

o1
(24) o(A) = exp (nlggo - / log ¢n, du) :

Theorem 5.1 (Compact case). Let A := {A1,Ag,...,Ax} be a a set of d x d
and (X,0) mizing sub-shift of finite type defined on the alphabet {1,2...,k}. Let
On : X — R be defined by

On(®) = on((in, iz, ... ) = [ A, - A |-
If the family F = {log ¢, }52 1 is almost-additive then for every t > 1 there exists a
unique Gibbs state p; corresponding to tF and there exists a weak star accumulation
point pw for {p}i>1 as t tends to infinity. The measure p is such that

o(A) = exp ( lim 1/log qbndu) = exp (hm ( lim 1 /log qbndut)) )
n—oo N t—oo \n—oon

Proof. Since the family F is almost-additive and is a Bowen sequence then it is a
consequence of Theorem 2.2 that there exists a unique Gibbs state u; corresponding
to tF for every ¢t > 1 which is also an equilibrium measure. Since the space M is
compact there exists a weak star accumulation point p for the sequence {pis}i>1.
The result now follows from Theorem 4.1 or Corollary 4.1. (]
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Corollary 5.1. Let B = {Ay, As,..., A,} be a finite set of positive matrices then
the family F = {log ¢, }5°; is almost-additive and therefore the sequence of Gibbs
measures {g }i>1 for tF has an accumulation point p € M and

o(A) = exp ( lim l/log (bndu) = exp <lim < lim 1 /log gbndut)) )
n—oo n t—o0 \ n—oo N

Proof. Tt was proved in [Fe2, Lemma 2.1] that the set B is almost-additive. The
result follows from Theorem 5.2. ]

Remark 5.1. It is well known (see, for example, [FeSch, Section 2] or [Sch, Section
3.3] for precise statements and proofs) that if a finite set of matrices satisfies a
cone condition then the associated family of potentials F = {log ¢, }22 ; is almost-
additive. The particular case of positive matrices is in itself interesting, but the
technical property required to develop the theory is that it satisfies the so called cone
condition. Moreover, it was recently shown by Feng and Shmerkin [FeSch, Section
3] that the sub-additive pressure for matrix cocycles is continuous on the set of
matrices. The main technical idea of the proof is the construction of a subsystem
(after iteration) which is almost-additive and that approximates the pressure. This
indicates that the almost-additive theory of thermodynamic formalism can be used
to approximate the corresponding sub-additive one.

Let us consider now the non-compact case. Let A := {41, Aa, ... } be a countable
set of d x d real matrices. We can again consider the joint spectral radius of them.
However, the conclusion of Lemma 5.1 might not be true. Even for the case of one
potential ¥ : ¥ — R, there are examples of non-compact dynamical systems for
which

n—1
1 .
sup{/wd,u RS M} < limsupsup{ E Y(o'z):x € E}.
n—oo T :
=0
See for instance [JMU2, Example 4]. So we consider a slightly different situation.

Theorem 5.2. Let A = {A;, As,...} be a countable set of matrices and (3,0) a
topologically mizing countable Markov shift satisfying the BIP property. Let

O () = A, -+ A ]|
If the family F = {log ¢, 152, is almost-additive then for every t > 1 there ex-
ists a unique Gibbs measure py corresponding to tF and there exists a weak star
accumulation point p for {pu}e>1. The measure p is such that

1 1
sup{ 1i_>m /logqbnduzye./\/l} = lim f/logqbnd,u =

n n—oo M

1
lim lim 7/10g¢ndut.

t—oon—oo N

The proof of this results follows from the zero temperature limit theorems ob-
tained in the previous sections.

Proof. Since the family F is almost-additive and is a Bowen sequence then it is a
consequence of Theorem 2.2 that there exists a unique Gibbs state u; corresponding
to tF for every ¢ > 1 such that P(tF) < co. Lemma 4.3 implies that there exists a
weak star accumulation point p for the sequence {fi}+>1. The result now follows
from Theorem 4.1. (]
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Corollary 5.2. Let A = {Ay, As,...} be a sequence of matrices having strictly
positive entries and such that there exists a constant C' > 0 with the property that
for every k € N the following holds
mini,;j(Ak)ij o
max; ;(Ar)i; —
then for every sufficiently large t € R there exists a Gibbs state u; for tF and the
sequence { }i>1 has an accumulation point p € M. Moreover,

1 1
sup {nh_?;o - /log opdv : v E /\/l} = nli_)rréof /log Ondp =

n

1

lim lim — /log Ondiiy.
t—oon—oo N

Proof. Under the assumptions of the theorem the family F = {log ¢,, }52 ; is almost-

additive (see [IY, Lemma 7.1]) on ¥ and therefore the results directly follows from

Theorem 5.2. O

Let us stress that the space of invariant measures is not compact, so the existence
of such an invariant measure is non trivial.

6. MAXIMISING THE SINGULAR VALUE FUNCTION

Ever since the pioneering work of Bowen [Bow2| the relation between thermo-
dynamic formalism and the dimension theory of dynamical systems has been thor-
oughly studied and exploited (see for example [B2, B3, Pe]). Multifractal analysis
is a sub-area of dimension theory where the results obtained out of this relation has
been particularly successful. The main goal in multifractal analysis is to study the
complexity of level sets of invariant local quantities. Examples of these quantities
are Birkhoff averages, Lyapunov exponents, local entropies and pointwise dimen-
sion. In general the structure of these level sets is very complicated so tools such as
Hausdorff dimension or topological entropy are used to describe them. In dimension
two (or higher) where a typical dynamical system is non-conformal computing the
exact value of the Hausdorff dimension of the level sets is an extremely complicated
task and at this point there are no techniques available to deal with such problem.

In this section we show how the results obtained in Section 4 can be used in
the study of multifractal analysis of Lyapunov exponents for certain non-conformal
repellers. Indeed, we will combine our results on ergodic optimisation with those
of Barreira and Gelfert [BG] (which in turn uses ideas of Falconer [F]) to construct
a measure supported on the extreme level sets.

Let f:R? — R? be a C! map and let A C R? be a repeller of f. That is, the set
A is compact, f-invariant, and the map f is expanding on A, i.e., there exist ¢ > 0
and 8 > 1 such that

e f" ()] = ¢B™[[v]l,
for every x € A, n € N and v € T,R?. We will also assume that there exists an
open set U C R? such that A C U and A = N,enf"(U) and that f restricted to A is
topologically mixing. A pair (A, f) satisfying the above assumptions will be called
expanding repeller. All the above assumptions are standard and there is a large
literature describing the dynamics of expanding maps (see for example [BDV]).
It is important to stress that the system (A, f) can be coded with a finite state
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transitive Markov shift. For each € R? and v € T, R? we define the Lyapunov
exponent of (x,v) by

1
A(z,v) := limsup — log ||d, f"v].
n—oo T

For each x € R? there exists a positive integer s(x) < 2, numbers \;(z) > Aa(7),
and linear subspaces

{0} = Es(a)41(%) C Ey(py(2) C Ey(z) = TR,
such that
Ei(z) = {v € T,R*: A(z,v) = \i(z)}

and A(z,v) = N\;(x) if v € E;j(x) \ Eiy1(x).

In order to study study multifractal analysis of Lyapunov exponents in this
context, Barreira and Gelfert [BG] used a construction originally made by Falconer
[F] that we know recall. The singular values s1(A), s2(A) of a 2 x 2 matrix A are the
eigenvalues, counted with multiplicities, of the matrix (A*A)'/2, where A* denotes
the transpose of A. The singular values can be interpreted as the length of the

semi-axes of the ellipse which is the image of the unit ball under A. The functions,
¢in A = R be defined by

Gin(x) =logsi(ds f")

and called singular value functions. Falconer [F] studied them with the purpose of
estimating the Hausdorff dimension of A and have become one of the major tools in
the dimension theory for non-conformal systems. It directly follows from Oseledets’
multiplicative ergodic theorem [BP, Chapter 3] that for each finite f—invariant
measure 4 there exists a set X C R? of full u measure such that

lim Pin(2) = lim flogsz(d ) = Xi(x).

n— 00 n n— 00

(25)

Given o = (ay,az) € R? define the corresponding level set by
L(a) :={x € A: M (x) = a1 and Ao(z) = az}.

Barreira and Gelfert [BG] described the entropy spectrum of the Lyapunov expo-
nents of f, that is they studied the function o — hyop(f|L(0)), where hy,, denotes
the topological entropy of the set L(a). Their study exploited the relation estab-
lished in equation (25), where it is shown that the level sets for the Lyapunov
exponent correspond to level sets of the ergodic averages of the sub-additive se-
quences defined by S1 = {¢1,,}72; and So = {P2,n}02 ;.

The following result, which is a direct consequence of the theorems obtained in
Section 4, allows us to describe the maximal Lyapunov exponent of the map f.

Proposition 6.1. Let (A, f) be an expanding repeller such that the singular value
function are almost-additive then for everyt > 1 there exists a unique Gibbs measure
we corresponding to tSy. Moreover, the sequence {p}¢>1 has an accumulation point

uand
. 1
sup{ lim —¢q,(x }_ lim 7/¢1n
n—,oo M n—oo N
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In particular, we obtain invariant measure supported on the set of points for
which the Lyapunov exponent is maximised.

Conditions on the dynamical system f so that the sequences S; and Sy are
almost-additive can be found, for example, in [BG, Proposition 4] where it is proved
that

Lemma 6.1. Let (A, f) be an expanding repeller. If

(1) for every x € A the derivative d fis represented by a positive 2 X 2 matriz,
or

(2) if A posses a dominated splitting (see [B3, p.234] or [BDV] for a precise
definition).

Then the sequences S1 and S are almost-additive.

Actually, a cone condition of the type discussed in Corollary 5.1 is enough to
obtain almost-additivity. This is discussed also in [BG]. Again, as in Remark 5.1,
it was shown by Feng and Shmerkin [FeSch| that the singular value function can
be approximated by almost-additive ones.

We have considered maps defined in R?, similar results can be obtained in any
finite dimension. Let us stress that we have only used a compact version of the
results of Section 4, namely Corollary 4.1, which hold true in the countable (non-
compact) setting.
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