THE MULTIPLICATIVE ERGODIC THEOREM OF
OSELEDETS

1. STATEMENT

Let (X, u, A) be a probability space, and let T : X — X be an ergodic
measure-preserving transformation.

Given a measurable map A : X — GL(d, R), we can define a skew-
product F : X xR —» X x R? by (x,v) — (T(x),A(x) - v). Write
F'(x) = (T"(x), A"”(x) - v). The map F is called a linear cocycle.

Fix some norm ||| on RY, and use the same symbol to indicate the
induced operator norm.

Theorem 1 (Multiplicative Ergodic Theorem of Oseledets [O]). Let
T be an invertible bimeasurable ergodic transformation of the probability
space (X, u). Let A : X — GL(d, R) be measurable such that log" ||Al| and
log™ ||A~1|| are integrable. Then there exist numbers

(1) Ay >-eo> A
and for u-almost every x € X, there exist a splitting
) R'=FEle --&F

such that for every 1 < i < k we have A(x) - Ey = E},, and

1 .
(3) lim - log [[A™(x) - vl = A;  for all non-zero v; € E..
n—=+oo

The subspaces E!. are unique p-almost everywhere, and they depend mea-
surably on x.

The numbers (1) are called Lyapunov exponents, and the splitting (2)
is called the Lyapunov splitting.

Invariance of the bundles Ei implies that their dimensions d; are
constant a.e. Measurability means the following: there exist measur-
ablemapsuy, ..., uz;: X — R? such that for eachj=1,...,k thespace
Eiis spanned by the vectors u;(x) withd; +---+d;_y <i < dy+---+d;.

Exercise i. If T is not assumed to be ergodic then a similar result
still holds. The Lyapunov exponents (and their number) become
measurable T-invariant a.e. defined functions. State and prove this
assuming Theorem 1 and using ergodic decomposition.
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Exercise ii. Use the last exercise, state and prove a version of Os-
eledets” Theorem for diffemorphisms of a compact manifold.

In the next section, we explain some additional conclusions that
could be added to Oseledets” Theorem, and also state some results
that will be need later. The proofs will take the rest of the note. Some
exercises are given along the way. Those that are need for the proof
of Theorem 1 are marked with the symbol V.

2. ADDITIONAL INFORMATION

2.1. One-sided version. There is a version of Theorem 1 for non-
(necessarily)-invertible transformations:

Theorem 2. Let T be an ergodic transformation of the probability space
(X, p). Let A : X — GL(d,R) be measurable such that log" ||All and
log™ |A~Y|| are integrable. Then there exist numbers

AL > > A
and for u-almost every x € X, there exist a flag
(4) RY=VIo>V2s...0 Vo VA =)

depending measurably on the point, and invariant by the cocycle, such that
5) lim %log NAD(x) - vil| = A;  forall v; € Vi VL,

We call (4) the Lyapunov flag of the cocycle.

Exercise iii. In the case T is invertible, the flag is given in terms of
the Lyapunov splittingby V. = El & --- @ E..

2.2. Subadditivity. We will use the following result (see e.g. [L] for
a proof):

Theorem 3 (Kingman’s Subadditive Ergodic Theorem). Assume T is
ergodic. If (Pn)u=1y,.. is a sequence of functions such that ¢y is integrable
and Guan < G + P o T for all m, n > 1. Then 1¢, converges a.e. to
some ¢ € R U {—oo}. Moreover, ¢ = inf, % qun

An immediate corollary of Theorem 3 in the setting of cocycles
is the existence of the limit lim, . + log IA®™ (x)||. (This is called the
Furstenberg-Kesten Theorem.) It can be shown that this limit is the
upper Lyapunov exponent A; given by Oseledets” Theorem:
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Addendum 4. We have:
1
A = lim ElogllA(”)(x)ll = lim %logm(A(”)(x)),
n—+o0o n——o0o
Ae = liIP %log m(A™(x)) = lim %logllA(”)(x)ll.

Recall that the co-norm of a linear map L is m(L) = infj,1 [|L9][; it
equals |IL7Y|7" if L is invertible.

2.3. Angles. The angles between the spaces of the Lyapunov split-
ting are sub-exponential, in the sense made precise by the following;:

Addendum 5. Let RY = EL @ --- @ EX be the Lyapunov splitting, and
assume k > 2. Let |, U ], be a partition of the set of indices {1, ...k} into

two disjoint non-empty sets. Let F, = P, E, for i = 1, 2. Then, for
y-a.e. x we have

lim —logsm A(PT,I(x),FZTn(X)) 0.

n—=+oo 11

We will deduce Addendum 5 directly from Oseledets Theorem.
For that, we need the following result (that will also be usuful in the
proof of the theorem itself):

Lemma 6. Let ¢ : X — R be a measurable function such that po T — ¢ is
integrable in the extended sense'. Then

lim —qi)(T”x) 0 forae x€X.

n—=+oo n
(n < 0is allowed if T is invertible.)

Proof. Letp = ¢poT —¢p and let ¢ = fl/l € [—oo, +0o0]. By Birkhoft’s
Theorem,

boT

“@

n—1
1
-z _z (RN
=t YpoTl/ —cae.

If c were non-zero then we would have |p(T"x)| — oo fora.e.x. But, by
the Poincaré’s Recurrence Theorem, the set of points x which satisfy
the latter condition has zero measure. Therefore ¢ = 0, as we wanted
to show. If T is invertible then ¢p o T~! — ¢ is quasi-integrable as well,
so the previous reasoning applies. O

Ly is said to be integrable in the extended sense if {* or i~ are integrable.
Another exercise: Verify that the Birkhoff Theorem still applies.
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Exercise iv. Let L : RY — R? be a invertible linear map and let v, w
be non-zero vectors. Then
1 < sin £(Lv, Lw)
ILIHILHE ™ sin4(v, w)

Proof of Addendum 5. The function ¢ : X — R defined by ¢(x) =
log sin «(F}, F2) is measurable. By Exercise iv, we have [p(Tx)—¢p(x)| <
log ||A(x)||+log [|A(x) 71|, which is integrable, by the hypothesis of the
Oseledets Theorem. So Lemma 6 gives ¢p(1"(x))/n — O for a.e. x. O

< IILIIEH

2.4. Conjugacy. For a fixed T : X — X, we say a measurable map
C: X — GL(d, R) is tempered if lim, o, + log ||C*!(T"x)|| = 0.

We say that two cocycles A, B : X — GL(d,R) are conjugate (or
equivalent) if there is a tempered C : X — GL(d, R) such that

B(x) = C(Tx) 'A(x)C(x)
That is, (T, B) = (C,id)" o (T, A) o (C, id).

Exercise v. If two cocycles are conjugate then they have the same
Lyapunov exponents.

2.5. Determinants. Another addendum to Oseledets Theorem (that
we will obtain along its proof) is this:

Addendum 7. For a.e. x, the convergence in (3) is uniform over unit
vectors in E’.

Using this, do the following:

Exercisevi. Let@ # [ C {1,...,k}and F, = @je] Ei. Prove that

1 |
lim ~log| det A (x) | = Z AjdimE/
+00 ]6]

3. Limsupr OSELEDETS

The proof of Theorem 1 will take the rest of this note.
It is comparatively very easy to prove Theorem 2 if limits are
replaced by lim sup’s. Let

A(x,v) = limsup % log [A™(x) - oll, ©#0.

Lemma 8. There exist numbers Ay > --- > Ay such that for a.e. x, Alx, )
takes only these values. For a.e. x there is a flag into linear spaces

RY=VIoVis...0 Vi Vi = (0}
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such that
ve VINVI = A(x,0) = A;.

Moreover, these spaces depend measurably on the point, and are invariant
by the cocycle.

Proof. First, the integrability of log™ ||A*!|| implies that A(x, v) is finite
for a.e. x and all v # 0. It is easy to see that:

Ax,av) = A(x,v),
A(x, v + w) < max ()_\(x, v), Ax, w)) with equality if A(x,v) # A(x, w).
It follows that for any ¢ € R,
V() = {v eR% A(x,v) <torv= O}

is a linear subspace. Also, vectors with different A are linearly
independent, so for all x, A(x,-) takes at most d distinct values
Ap(x) >+ -+ > A (%) Let Vi = V(Ai(x)).

Exercise vii (v). Show that everything is measurable and conclude
the proof of the Lemma.

4. INTERLUDE: SOME ERGODIC THEORY OF SKEW-PRODUCTS

Let P be a compact metric space. Let S : X X P — X X P be a skew-
product map over T (this means that oS =T wherenn: X X P — X
is the projection) such that S(x,-) : P — P is continuous for a.e. x.

Given ¢ : X X P — R, we write

P = Y+PoS+---+1poSrt ifn>0;
oS t—9PpoS§2—-..—¢oS§" ifn<0andSisinvertible.

Let # be the set of measurable functions ¢ : X X P — R such that
¢(x, ) is continuous for a.e. x and x € X  sup, ., [p(x, u)| belongs to

LY (w).

Exercise viii. Prove that the norm ||| = f sup,, [p(x, u)| du(x) makes
¥ a separable Banach space.

Lemma 9. Assume ¢ € ¥ and c € R are such that

for p-a.e. x € X, limsup %gb(”)(x, u)>c forallueP.

n—oo
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Then the assertion remains true with the lim sup replaced with a lim inf
that is uniform over P. More precisely, for u-a.e. x € X and every ¢ > 0
there is ny such that

1
EI’D(H)(X' u)y>c—¢ forallu e Pandn > ny.

Furthermore, if S is invertible then for a.e. x, iminf, ,_o 1™ (x,u) > ¢
uniformly in u.

Corollary 10. Assume 1) € ¥ and c € R are such that

1
for u-a.e. x € X, limsup ;gb(”)(x, u)=c forallueP.

n—oo

Then the assertion remains true with lim sup replaced with uniform lim
(or lim,,_, .o if S is invertible).

The proof of Lemma 9 is a Krylov—Bogoliubov argument. For that,
we need:

Exercise ix (v'). Let M be the set of probability measures on X x P
that project on u (that is, ,v = u). There is a topology on M which
makes it compact, and such that a sequence v, converges to v if and
only if

fqbdvn - f(Pdv for every ¢ € F.
Proof of Lemma 9. Let
L(x) = inlg Y (x, u).

Then I, is measurable, I; is integrable, and I,,1,, > I,, o T" + 1,,. So the
Subadditive Ergodic Theorem 3 applies to —I,, and thus <1, converges
a.e. to a constant b.

For a.e. x, let u,(x) be such that Y™ (x, u,(x)) = I,(x).

Exercise x (V). It is possible to choose u, measurable.

Take 1, measurable and define the following probability measures
on X X P:

n-1
vy = fé(x,un(x» du(x) and v, =Zsivg-
j=0

All this measures project to u. By Exercise ix, there is a converging
subsequence v,, — V.

Exercise xi (v). v is a S-invariant measure.?

’Hint: for anyneF, Ifnd(F*vn — )l < 2/n)linll, where ||-]| is the obvious norm
on the Banach space 7.
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Moreover, f Ydv = lim f vdv, = lim% f I,du = b. By Birkhoff’s
Theorem, there is a set of full v-measure formed by points (x, u) such
that the sequence 1™ (x,u) converges to b. By the assumption, the
limsup’s of those sequences are > ¢ v-a.e. Therefore b > c. Since
b = lim,_,, n~tinf, P (x, u), we obtain the desired uniform lim inf.

Notice that for any S-invariant probability measure v/, we have
f Y dv’ > b (by Birkhoff again).

Now assume that S is invertible. Repeating the above reasoning
for S!, we obtain a S-invariant probability v’ such that

() /
nlimm L]éllgnyb (x,u) = ftpdv .

So iminf, e n 19" (x,u) > [Pdv’ > b > ¢ uniformly with respect
to u. i

5. THE BUNDLE OF LEAST STRETCH

Consider the exponents A; > --- > A; and the flag V! > --- > V¥
given by Lemma 8. We will focus the attention on Ax and Vk. Write

Amin(A) = A, Ex=Vy
We call E the bundle of least stretch for A. It has positive dimension.

By definition, limsup, , 17" log||A™v|| = A, (A) for a.e. x and all
non-zero v € E,. Let us improve this information:

Lemma 11. We have:
1
lim - log IAD (x) - 9|| = Amin(A) fora.e. xand all v € E, \ {0}.

(n — —oo allowed if T is invertible.) Moreover the limit is uniform over
unit vectors.

The conclusion of the lemma can be rephrased as:
.1 n .1 n
Jim —logllA (@)l lim —log m(A'(x)) = Amin(4).

Proof of Lemma 11. Let m = dimE. By conjugating with some mea-
surable C : X — O(d, R), we can assume that E, = R" c R".

Let P be the projective space of R". Consider the induced skew-
product F: X x P — X x P over T. Let ¢(x,7) = log ”Al(|x|)|v”, where 7
denotes the element of P corresponding to v. Then

-1

Z AV D () - o] _ 1, IA" (x) - o

1
— 41, — —
¥ 0) = AR ol 7 %8

=0
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has a limsup as n — oo equal to Amin , for a.e. x and all o € P. Thus
Corollary 10 implies that the lim sup can be replaced with uniform
lim. m|

By Lemma 8, we have

lim sup % log A (x) - 0|l > Amin(A) for a.e. x and all v € R? \ {0}.

n—-o0

Using Lemma 9 and a similar argument as in the proof of Lemma 11,
we conclude that this limsup can by replaced by a liminf that is
uniform with respect to 1. This can be rephrased as:

lim inf % log m(A™(x)) > Amin(A).
n—+oo
On the other hand,

lim sup % log m(A™(x)) < lim sup % log (A (X)) < Amin(A).

n—+00 n—+o00

So we obtain
lirP %log m(A™(x)) = Amin(A).

This proves one of the assertions in Addendum 4. The others are
proven similarly.

6. INTERLUDE: HOW TO MAKE GOOD USE OF ASYMPTOTIC INFORMATION

Let M(d) indicate the set of d X d real matrices.

Lemma 12. Let B : X — M(d) be measurable with log" ||B|| integrable.
Assume y € R is such that

1
lim sup EHB(”)(X)II <y ae

n—+oo

Then for any ¢ > 0 there exists a measurable function b, : X — R, such
that

IB"(Tix)|| < be(x)e?* M forg.e. xand alln > 0,i € Z.
(i < 01is allowed if T is invertible.)
Proof. The formula

c(x) = supe” " BM (x|

n>0
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defines a measurable a.e. finite function. By definition, ||B™(x)|| <
c(x)e”*9". Now we need to bound the expression ¢(T'x). We have

c(Tx) = sup e” 0+ B (Tx)||
n=0

> |BE)II™ sup e B ()|

n=0

= & IB@II™ sup e B ()|

n>1

Either the rightmost sup equals c(x) or else c(x) = 1 and then ¢(Tx) > 1.
In any case, we have

o(Tx) = min (¢"*|BE)I| ™", 1) c(x) .
and so
logco T —logc > min (7/ +e—log" ||B||,0).
is quasi-integrable. So Lemma 6 applies, giving 1logco T" — 0 a.e.
as i — +oo. We apply the sup trick a second time: Let
b.(x) = sup e~c(T'x) .
i€Z

Then b, is the desired function. O

7. THE QUOTIENT

As before, let E be the bundle of least stretch for A. Assume the
norm ||| comes from an inner product. For each x, let E; be the
orthogonal complement of E,; this is a measurable subbundle. With
respect to the splitting R? = E* @ E, we write

B 0
. )

So B(x) : Ey — E7, gives a new cocycle.
Lemma 13. Apin(B) > Ay_y1. In particular, Apmin(B) > Amin(A).

Proof. Notice that m(B™(x)) > m(A®(x)).> So, by Addendum 4,
/\min(B) 2 /\min(A) = /\k-

Let E’ C E* be the subbundle the bundle of least stretch for the
cocicle B. The measurable bundle F = E’ @ E is A-invariant.

3Let w be the unit vector in E} the most contracted by B™(x), and let v
[A®W(x)]" B"(x) - w. By Pythagoras, ||[v|| > |[w|l. Hence m(A®(x)) < %
B0l _ (B (1)

[[eol|

IA I
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Fix € > 0 small. We have

BY 0 N i) o . R
(m) _ ' _ (n—i+1) ri i (@
Ay _(CIE l(E)) where C,(x) = ZO Al " (T“x)C(Tx)BlE,(x).

Write 0 = Amin(B). Applying Lemma 12, we find measurable func-
tions ¢, b, a such that for a.e. xand all n,i > 0,

IC(T™ Nl < c(x)e
B (o)l < b(x)e "
”Al(g)(Tlx)” < a(x)e(s+/\k)n+si
Thus

IC, @)l < 1 max JAE™ T LI ICT N B @I

< Tldl(X) max es(i+1)+()tk+s)(n—i—1)esie(a+s)i
N 0<i<n-1
< ndz(x)e4en max e(n—i—l)}tk+ai

0<i<n-1

< nds(x)e*"e"

(In the last step we used that 0 > A;.) So, at a.e. point,

. 1 n . 1 n n
Ak-1 < lim sup ;log”Al(F)” < lim sup Elogmax (||A|(E)|| ||B( )” ”Cn”)

n—o0 lE,

1 1 1
= max|lim sup —log IAR]], lim sup —log Bl lim sup ~log ||cn||)

n—-oo n—-oo

< max(Ax, 0,0 + 4¢).
So A1 <0 +4e. As € > 0is arbitrary, Ay_1 < 0 = Apin(B). O

Exercise xii. In the notation of the proof of Lemma 13, prove that
lim 71 log ||A®(x) - v|| exists and equals Amin(B) for allv € F\ E. Also
show that Anin(B) = Ar_; (that is, equality holds in Lemma 13) and
F = V¥1isthe penultimate space of the Lyapunov flag. Use induction
to prove Theorem 2.

8. CONSTRUCTION OF A COMPLEMENTARY INVARIANT BUNDLE

Lemma 14. There is a measurable invariant subbundle G of R? such that
G®E=NR"

Remark. Here is the first time we need T to be invertible.

Proof. Let G be any (non-necessarily invariant) measurable subbun-
dle which is complementary to E, that is, such that G® E = R“.
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Let L(x) : Ey — E, be linear maps depending measurably on x.
The set of such maps is indicated by L. The graph of L, given by
Gy = {L(x)v + v; v € E,}, is a subbundle complementary to E.

The (forward) image of a subbundle G is the bundle whose fiber
over x is A(T"'x) - G-1,.

LetI' : £ — Lbe the graph transform so that the image of the graph
of L is the graph of I'L. Recalling (6), we see that

(7) I'L=D+®L,
where D € Land @ : L — L are given by:
D(x) = C(T"x) [BT'0)]™,  (PL)(x) = Ap(T™ (x)) L(T™'x) [BT'2)] "

To prove Lemma 14 we need to prove that I has a fixed point. We
will prove that there is a measurable functiona : X - Rand 7 > 0
such that

(8) I(@"D)(x)|| < a(x)e™™ for a.e. x and all n > 0.

Then the formula L = ;" , ®"D will define a element of £ which is
tixed by the graph transform (7).
We have (®"L)(x) = (Ajg)™(T"(x)) L(T™"x) B""(x), so

©) I@"D))I < AR (T )IHIDT )BT (o

We will bound each of the three factors using Lemma 12. Fix a small
¢ > 0 be small (to be specified later). For the first factor in (9) we have

I(AE) (T "%)|| < ay(x)e" ™), for some measurable a;.

Secondly,

log™ [ID(x)Il < log™ IC(T ™ x)Il + log IB(T~*x) 7|

< log" |A(T'x)|| + log |A(T'x)™!|.

So log™ ||D|| is integrable and Lemma 12 gives

ID(T"x)|| < ap(x)e, for some measurable aj.
Now look to the third factor in (9). By Addendum 4 and Lemma 13,

Tim ~log Bl = ~Anin(B) < ~Acr.
The functionlog” [[B!|| < log™ [|A7!||is integrable. Thus we can apply
Lemma 12 to the cocycle B~! over T~! and conclude that
IBE(x)|| < as(x)e1%9"  for some measurable as.

Putting the three bounds together in (9) we obtain

||(I)nD(x)|| < (a1a2a3)(x) e(_/\k—1+/\k+4e)
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Taking ¢ small we obtain the desired (8). This proves Lemma 14. O

9. CONCLUSION

Proof of Theorem 1 (and Addendum 7). Let V! D --- D> V* be given by
Lemma 8. Let EF = V¥, By Lemma 11, (3) holds for i = k (uniformly
with respect to unit vectors). If k = 1 then we are done. Otherwise,
apply Lemma 14 to find an invariant subbundle G complementary
to EX. Now consider the cocycle restricted to G; its Lyapunov flag is:

G=V'nGo---o2VF'NnG>o {0

with corresponding exponents A; > - > Ax_;. Then define E*! =
V1N G and repeat the argument. m|

10. COMMENTS ABOUT THE PROOF(S)

There are several proofs of the Oseledets” Theorem. The more
conventional proofs use heavier Linear Algebra (exterior powers,
singular values etc). The more conventional approach has the ad-
vantage of providing more useful information about the Lyapunov
exponents and splittings: see the detailed treatment in [A], also [L].

The proof here is a combination of the proofs of [V] (which is on
its turn based on [M]), and [W]. Lemmas 8 and 9 come from [W],
and Lemma 14 comes from [V]. In [M, V], only the two-sided (i.e.,
invertible) case was considered, while [W] proves only the one-sided*
version of the Oseledets” Theorem. Unlike [V, M], we used the
Subadditive Ergodic Theorem (in the proof of Lemma 9)°.
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41t is not clear to me how to deduce the two-sided theorem from its one-sided
version without using exterior powers.

5Maybe this could be avoided, if desired.



