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Introduction

From Liouville in 1844 to Roth in 1955 there have been great advances understand-

ing how we can approximate algebraic numbers. These theorems have been extended

in various ways: Considering possible nonarchimedean absolute values and working

over number fields instead of Q. We are interested in applications of these theorems,

in particular, Thue’s and Siegel’s Theorem. Siegel proved that there are finitely many

integers in the image of a rational function with at least three different poles. This can

be generalized to S-integers, where S is a finite set of places over a number field.

Diophantine Approximation’s theorems are powerful tools in the area of Arithmetic

Dynamics. For example, Silverman in [Sil1] uses Roth’s Theorem to prove that there

are finitely many S-integers and quasi-(S, ϵ)-integers in orbits of rational functions un-

der some conditions. Gunther and Hindes in [GH] used a generalization of Siegel’s

Theorem from Levin to prove that there are finitely many elements from OS (the inte-

gral closure of ZS in Q) in orbits of rational functions. Even more, they prove that the

number of these elements is bounded with a constant that depends only in the func-

tion, the function’s degree and the set of places S. However, a uniform constant that

does not depend on the function can not be achieved for the number of S-integers in

orbits of rational maps.

Krieger et al. [KLSTYZ] conjecture that the number of S-units in orbits of rational maps

is bounded by a function of |S| and the function’s degree. They proved the conjecture

for some classes of rational functions and showed that the conjecture follows from the

Bombieri-Lang conjecture.

In this work, motivated by trying to generalize some results from [KLSTYZ] to quasi-

(S, ϵ)-units we prove a version of Siegel’s Theorem for quasi-(S, ϵ)−integers over Q.

Our theorem says that, given a rational function with at least three different poles,

there is a constant c(d) depending only on the degree of the function such that for all

0 ≤ r < c(d) the number of r-quasi-integers in ϕ(Q) is finite.
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On Chapter 1 we start with definitions and important properties of Height Functions

and Resultants that will be key to the proof of the main theorem. On Chapter 2 first

we define quasi-integers and provide examples to understand this concept. The com-

pilation of properties and examples that show us that the set of quasi-integral points

can not be a ring is original work from the author. Second, we mention the theorems of

Diophantine Approximation that we will generalize in this work. In the third place, we

present some concepts and results from Arithmetic Dynamics that relate to our main

theorem. Finally, on Chapter 3 we prove a modified version of Thue’s Theorem and

then we use it for the proof of Siegel’s Theorem for quasi-integers.



Chapter 1

Preliminaries

1.1 Height Functions

In the definition of S-integers and quasi-integers we will need some way to measure

arithmetic complexity. This job is done by the height functions. This concept also ap-

pears in the proof of Roth’s Theorem and Siegel’s Theorem in their general forms. Be-

ing both of them important and the motivation for our principal theorem, we will study

Height Functions.

1.1.1 Absolute Values

In our search of finding ways to measure numbers we will review the theory of absolute

values in number fields. This is not the size function we will be searching for, but it is

connected to it in its definition. This section is based on [HinSil, B1]

Definition 1.1.1. [HinSil, B.1] An absolute value on a field k is a real-valued function

| · | : k → R with the properties:

1. |x| = 0 if and only if x = 0.

2. |xy| = |x| · |y|∀x, y ∈ k.

3. |x+ y| ≤ |x|+ |y|∀x, y ∈ k.

The absolute value is said to be nonarchimedean if it satisfies

|x+ y| ≤ max{|x|, |y|}.

3
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Some classical examples are:

Example 1.1.2. In Q, |x|∞ = max{x,−x} is an absolute value.

Example 1.1.3. In Q, let p be a prime and let x be a rational number. We define ordp(x)

as the only integer such that x = pordp(x)
a

b
with a, b ∈ Z coprimes and p ∤ ab. Then,

|x|p = p−ordp(x)

is nonachimedean absolute value.

Definition 1.1.4. Two absolute values | · |1,| · |2 on a field k are equivalent if there exists

some λ > 0 such that | · |1 = | · |λ2 .

Definition 1.1.5. We define a place of K as an equivalent class of the set of absolute

values where two absolute values are related if and only if they are equivalent.

By Ostrowski’s theorem, any non trivial absolute value on Q is equivalent to some of

the examples above.

To simplify things we are going to work on number fields. From now on K will denote

a finite algebraic extension of Q.

We will denote:

• MQ = {∞, 2, 3, 5, . . . }

• MK as the set of all absolute values whose restriction to Q is in MQ.

Lemma 1.1.6 (Product formula). For all x ∈ Q×,

∏
v∈MQ

|x|v = 1.

Proof. By the multiplicative property from absolute values, it is enough to prove the

formula for some prime p. If we evaluate p in the absolute values we have:

• |p|p = p−1 = 1
p ,

• |p|∞ = p,

• if q is a prime different than p: |p|q = 1.

So, the multiplication is 1. ■
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We can define an absolute value in some finite extension ofK using the norm and some

absolute value on K:

Proposition 1.1.7. Let L/K be a finite extension of fields. Then an absolute value | · |v on K

can be extended to L in the following way

|x| := |NormL/K(x)|
1

[L:K] .

Notice that it is an extension because |NormL/K(x)| = x[L:K] if x ∈ K.

Using this definition we can extend an absolute value | · |v on K to Q. This is well

defined, in the sense that for each α ∈ Q it does not depend on the choice of the finite

extension L with α ∈ L. The latter lies in the fact that given L1/L2/K finite extensions

then NormL2/K ◦NormL1/L2
= NormL1/K .

Remark 1.1.8. In general, over a place | · |v on K there are many | · |w on L extending

| · |v. In this case, we will denote w | v or we will say w is over v.

The next property will be useful to prove some definitions are well-defined.

Proposition 1.1.9. [Neu, II.Corollary 8.4] If L/K is separable, then one has

[L : K] =
∑
w|v

[Lw : Kv],

where Kv is the completion of K with respect to | · |v. For norms we have:

NormL/K(x) =
∏
w|v

NormLw/Kv
(x).

We will use the previous property immediately:

Lemma 1.1.10 (Product formula). [HinSil, Proposition B.1.2] LetK be a number field. There

exist a set of places of K that we will denote MK such that for all x ∈ K×

∏
v∈MK

|x|dvv = 1,

where dv = [Kv : Qv].

Proof. For every v ∈ MQ, we extend the absolute value to K like in Proposition 1.1.7.

Since every absolute value from MK is an extension to some absolute value from MQ,

we have ∏
w∈MK

|x|dv =
∏
v∈MQ

∏
w∈MK
w|v

|NormK/Q(x)|
dv

[L:K]
v .



6

By Proposition 1.1.9 the latter is equal to
∏
p∈MQ

|NormK/Q(x)|v and the product for-

mula in Q (1.1.6) says that it is 1. ■

1.1.2 Heights on number fields

Here we define heights over number fields and present some basic properties.

Definition 1.1.11. Let α ∈ Q and K a number field such that α ∈ K. The (multiplica-

tive) height of α is

H(α) :=
∏

v∈MK

max{1, |α|v}dv/d,

where dv = [Kv : Qv] and d = [K : Q].

We also define the logarithmic height of α:

h(α) = log(H(α)) =
∑
v∈MK

dv
d

logmax{1, |α|v}.

Lemma 1.1.12. The logarithmic height h(α) is well-defined (and so it is the multiplicative

height).

Proof. Suppose α ∈ K. Let L/K be a finite extension. We will prove that h(α) does not

depend on the choice of field.

If we first use the definition of the height of α with the number field L then

h(α) =
∑
w∈ML

[Lw : Qw]

[L : Q]
logmax{1, |α|w}

=
1

[L : K][K : Q]

∑
w∈ML

[Lw : Kv][Kv : Qv] logmax{1, |α|w} where v = w
∣∣
K

=
1

[L : K][K : Q]

∑
v∈MK

∑
w|v

[Lw : Kv][Kv : Qv] logmax{1, |α|v}

=
1

[L : K][K : Q]

∑
v∈MK

[Kv : Qv] logmax{1, |α|v}
∑
w|v

[Lw : Kv]︸ ︷︷ ︸
=[L:K]

by 1.1.9

=
1

[K : Q]

∑
v∈MK

[Kv : Qv] logmax{1, |α|v},

where the last expression is the definition of h(α) if we use the number field K. ■

Lemma 1.1.13. For α ∈ Q, we write α =
a

b
where a, b are coprime integers. Then

H(α) = max{|a|∞, |b|∞}.
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Proof. Using K = Q in the Definition 1.1.11 we have dv = d = 1 for all v ∈ Q. So,

H(α) =
∏
v∈MQ

max{1, |α|v}

=
∏
v∈MQ

|b|v︸ ︷︷ ︸
=1

·
∏
v∈MQ

max{1, |α|v} (by Lemma 1.1.6)

=
∏
v∈MQ

max{|a|v, |b|v}.

As a, b are coprime integers, for every prime p we have max{|a|p, |b|p} = 1. So the

previous product is equal to max{|a|∞, |b|∞}. ■

Proposition 1.1.14.

1. H(α) ≥ 1 and h(α) ≥ 0 for all α ∈ Q.

2. If un = 1, then H(u) = 1. In particular, H(1) = 1.

Proof. The first is because in the definition we are multiplying numbers that are greater

than or equal to 1. Indeed, max{1, |α|v} ≥ 1 for all v ∈ MK . The second follows from

the fact that for every absolute value v if un = 1 then |u|v = 1. ■

Lemma 1.1.15 (Finiteness Property in Q). Given B ≥ 0, there are finitely many rational

numbers such that their height is bounded above by B.

1.1.3 Heights on the Projective Space

From the notion of height on number fields one can define heights on the projective

space as follows:

Definition 1.1.16. [HinSil, B.2] Let K be a number field, and let

P = [x0, x1, . . . , xn] ∈ Pn(K)

be a point whose homogeneous coordinates are chosen in K. The height of P is the

quantity

H(P ) =
∏

v∈MK

max{|x0|v, |x1|v, . . . , |xn|v}dv/d,

where dv = [Kv : Qv] and d = [K : Q]

Remark 1.1.17. [HinSil, B.2] It is analogous to the case of heights over a number field

to prove that the definition does not depend on the field chosen. However, we have to
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prove that it is also independent of the choice of homogeneous coordinates for P . By

the product formula (1.1.10), if c ∈ K, c ̸= 0 we have

∏
v∈MK

max{|cx0|v, |cx1|v, . . . , |cxn|v}dv =
∏

v∈MK

|c|dvv︸ ︷︷ ︸
=1

∏
v∈MK

max{|x0|v, |x1|v, . . . , |xn|v}dv

=
∏

v∈MK

max{|x0|v, |x1|v, . . . , |xn|v}dv .

Lemma 1.1.18. [Sil2, Remark 3.5] For P = [x0, x1, . . . , xn] ∈ Pn(Q) with homogeneous

coordinates satisfying xi ∈ Z and gcd(xi) = 1 we have

H(P ) = max{|x0|∞, . . . , |xn|∞}.

Proof. Let p be a prime. As xi ∈ Z, one has |xi|p ≤ 1 for each i and |xi|p = 1 for at least

one i. Then in the product

∏
v∈MQ

max{|x0|v, |x1|v, . . . , |xn|v}

the only term that contributes is the one corresponding to the archimedean absolute

value. ■

Lemma 1.1.19 (Finiteness Property in Pn(Q)). Given B ≥ 0, the set

{P ∈ Pn(Q) : H(P ) ≤ B}

is finite.

1.1.4 Northcott’s Property

A useful property of heights is the finiteness property we proved over Q and Pn(Q) in

the previous sections. Now we will prove it in general but we need to add conditions

to the degree of the point. This property is called Northcott Property.

For this we will need the following theorem:

Theorem 1.1.20. [Sil2, Theorem 3.6] Let K/Q be a number field, let α ∈ K and consider

σ ∈ Gal(K/K). Then H(σ(α)) = H(α). In other words, the height is invariant under the

action of the Galois group.
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Theorem 1.1.21 (Northcott’s Property). LetK/Q be a number field, and letB,D be any real

constants. Then the set

{α ∈ Q : H(α) ≤ B and [Q(α) : Q] ≤ D}

is finite. In other words, there are only finitely many numbers in Q of bounded height and

bounded degree.

Proof. This proof is adapted from [Sil2, Theorem 3.7].

Suppose α ∈ Q with H(α) ≤ B and [Q(α) : Q] = d where d ≤ D. Let

F (x) = xd + a1x
d−1 + · · ·+ ad ∈ Q[x]

be the minimal polynomial of α. Let

F (x) = (x− α1) · · · (x− αd)

be the factorization of F over C[x]. As α1, . . . , αd are the conjugates of α, Theorem 1.1.20

tell us that

H(α1) = · · · = H(αd) = H(α).

Recall that the coefficients of F are the elementary symmetric polynomials of the roots

(up to sign). For example, a1 = −(α1 + · · ·+ αd) and ad = (−1)dα1 · · ·αd.

More generally, we have

ak = (−1)k
∑

1≤i1<···<ik≤d
αi1 · · ·αik .

Using the triangle inequality, for any v ∈MQ(α) we have

|ak|v =

∣∣∣∣∣∣
∑

1≤i1<···<ik≤d
αi1 · · ·αik

∣∣∣∣∣∣
v

≤
(
d

k

)
max

1≤i1<···<ik≤d
|αi1 · · ·αik |v

≤
(
d

k

)
max{|α1|v, 1} · · ·max{|αd|v, 1}.

Taking the maximum over k and using the fact that
(
d
k

)
≤ 2d for all k, we find that

max{1, |a1|v, . . . , |ad|v} ≤ 2dmax{|α1|v, 1} · · ·max{|αd|v, 1}.
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If we raise to the dv-th power, multiply over all v, and take the d-th root, we obtain

H([1, a1, . . . , ad]) ≤ 2dH(α1) · · ·H(αd).

By, Theorem 1.1.20 and the fact that H(α) ≤ B we conclude that

H([1, a1, . . . , ad]) ≤ (2B)d ≤ (2B)D.

Recall that every ai ∈ Q, so by Lemma 1.1.19 there are only finitely many possibilities

for a1, . . . , an. Hence there are only finitely many possibilities for the minimal polyno-

mial of α, and since each F has only d roots, there are only finitely many possibilities

for α. This proves that the set is finite. ■

Our first application of this theorem is the following

Theorem 1.1.22 (Kronecker Theorem). [Sil2, Theorem 3.8] Let α ∈ Q be a nonzero algebraic

number. Then

H(α) = 1 if and only if α is a root of unity.

Proof. We have seen in Proposition 1.1.14 that if αn = 1 for some n ≥ 1, then H(α) = 1.

Now suppose that H(α) = 1, from the definition of the height we have

H(xn) = H(x)n

for all x ∈ Q and all n ≥ 1. So, H(αn) = H(α)n = 1 and the set

{αn : n ∈ Z, n ≥ 1}

has bounded height (by 1). From Theorem 1.1.21 and the fact that this set is in the

number field Q(α) (so, it has bounded degree), we have that the set of positive powers

of α is finite. Finally, there are integers i > k > 0 such that αi = αj and, as α ̸= 0, then

α is a root of unity. ■

1.1.5 Height Functions and Geometry

This section will be based on [Sil2, 3.2].

Definition 1.1.23. A rational map of degree d between projective spaces is a map

ϕ : PN → PM

ϕ(P ) = [f0(P ), · · · , fM (P )],
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where f0, . . . , fM ∈ K[x0, . . . , xN ] are homogeneous polynomials of degree d with

no common factors. The rational map ϕ is defined in P if at least one of the values

f0(P ), . . . , fM (P ) is nonzero. The rational map ϕ is called a morphism if it is defined at

every point of PN (K). If the polynomials f0, . . . , fM have coefficients in K, we say that

ϕ is defined over K.

In this section our goal is to compare the value ofH(P ) andH(ϕ(P )) for a rational map

ϕ. This result uses an important theorem from algebraic geometry called the Nullstel-

lensatz.

Theorem 1.1.24. [Sil2, Theorem 3.11] Let ϕ : PN (K) → PM (K) be a morphism of degree d.

Then there are constants C1, C2 > 0, depending on ϕ, such that

C1H(P )d ≤ H(ϕ(P )) ≤ C2H(P )d for all P ∈ PN (K).

In fact, the upper bound is valid for rational maps provided we restrict our attention to points

P at which ϕ is defined.

1.2 Resultants

1.2.1 The Resultant of a Rational Map

This section is based on [Sil2, 2.4].

In this section we will consider rational maps ϕ : P1 → P1. By definition ϕ is given by a

pair of homogeneous polynomials

ϕ = [F (x, y), G(x, y)]

having no nontrivial common roots. However, if we reduce F and G modulo some

prime, they may acquire common roots in the residue field. The resultant is a useful

tool to understand this phenomenon.

Proposition 1.2.1. [Sil2, Proposition 2.13] Let

P (x, y) = a0x
n + a1x

n−1y + · · · an−1xy
n−1 + any

n

Q(x, y) = b0x
m + b1x

m−1y + · · · bm−1xy
m−1 + bmy

m

be homogeneous polynomials of degrees n and m with coefficients in a field K. There exists a

polynomial

Res(a0, . . . , an, b0, . . . , bm) ∈ Z[a0, . . . , an, b0, . . . , bm],
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in the coefficients of P and Q, called the resultant of P and Q, with the following properties

1. Res(P,Q) = 0 if and only if P and Q have a common zero in P1(K).

2. If a0b0 ̸= 0 and if we factor P and Q as

P = a0

n∏
i=1

(x− αiy) and Q = b0

m∏
j=1

(x− βjy),

then

Res(P,Q) = am0 b
n
0

n∏
i=1

m∏
j=1

(αi − βj).

3. There exist polynomials F1, G1, F2, G2 ∈ Z[a0, . . . , an, b0, . . . , bm][x, y] homogeneous

in x and y of degrees m− 1 and n− 1, respectively, with the property that

F1(x, y)P (x, y) +G1(x, y)Q(x, y) = Res(P,Q)xm+n−1

F2(x, y)P (x, y) +G2(x, y)Q(x, y) = Res(P,Q)ym+n−1

4. The resultant is equal to the (m+ n)× (m+ n) determinant

Res(P,Q) =

a0 a1 a2 . . . an

m

a0 a1 a2 . . . an

a0 a1 a2 . . . an
. . . . . .

a0 a1 a2 . . . an

b0 b1 b2 . . . . . . . . . bm

n

b0 b1 b2 . . . . . . . . . bm

b0 b1 b2 . . . . . . . . . bm
. . . . . .

b0 b1 b2 . . . . . . . . . bm

1.2.2 Application to polynomial systems

In the previous section we studied resultants when we have two homogeneous poly-

nomials. The theory of resultants will be useful to find solutions in equations systems.

However, not every time we will have homogeneous polynomials. So, we will study

resultants in a more general way.
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Lemma 1.2.2. [CLO][Lemma 6,3.§5] Let k be a field. Let F,G ∈ k[x] polynomials of degrees

n > 0 and m > 0, respectively. Then F and G have a common factor if and only if there are

polynomials A,B ∈ k[x] such that

1. A and B are not both zero.

2. A has degree at most m− 1 and B has degree at most n− 1

3. AF +BG = 0.

SupposeA = c0x
m−1+· · ·+cm−1 andB = d0x

n−1+· · · dn−1. Asking whether F,G have

a common factor is equivalent to finding ci, di ∈ k, not all zero such that AF +BG = 0.

To get a system of linear equations we can write

F = a0x
n + · · · an, a0 ̸= 0

G = b0x
m + · · · bm, b0 ̸= 0,

where ai, bi ∈ k. With this information, finding ci, di is equivalent to solve the system

of linear equations given by AF + BG = 0. Which has n + m equations and n + m

unknowns. From linear algebra, there is a non zero solution if and only if the coefficient

matrix has determinant zero.

Definition 1.2.3. [CLO][Definition 7,3.§5] Given polynomials F,G ∈ k[x] of positive

degree, write them in the form

F = a0x
n + · · · an, a0 ̸= 0

G = b0x
m + · · · bm, b0 ̸= 0,
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Then, the Sylvester matrix of F and G with respect to x, denoted Sylx(F,G) is the

following (n+m)× (n+m) matrix

a0 b0

a1 a0 b1 b0

a2 a1
. . . b2 b1

. . .
...

. . . a0
...

. . . b0
... a1

... b1

an bm

an
... bm

...
. . . . . .

an bm


︸ ︷︷ ︸

m columns
︸ ︷︷ ︸

n columns

which has m columns of ai and n columns of bj .

The resultant of F and G with respect to x, denoted Resx(F,G), is the determinant of

the Sylvester matrix.

For example, if n = 3,m = 2 the Sylvester matrix is

a0 0 b0 0 0

a1 a0 b1 b0 0

a2 a1 b2 b1 b0

a3 a2 0 b2 b1

0 a3 0 0 b2


.

Example 1.2.4. Let F = 2x3 + 3x+ 1 and G = 7x2 + x+ 3, then

Resx(F,G) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

2 0 7 0 0

0 2 1 7 0

3 0 3 1 7

1 3 0 3 1

0 1 0 0 3

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1013 ̸= 0.

Proposition 1.2.5. [CLO, Proposition 8, 3.§5] Given F,G ∈ k[x] of positive degree, the resul-

tant Resx(F,G) ∈ k is an integer polynomial in the coefficients of F and G. Furthermore, F

and G have a common factor in k[x] if and only if Resx(F,G) = 0.
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We can adapt the theory of resultants to the case of polynomials in two variables. Sup-

pose we are given F,G ∈ k[x, y] of positive degree in x. We write

F = a0x
n + · · · an, a0 ̸= 0

G = b0x
m + · · · bm, b0 ̸= 0,

where ai, bi ∈ k[y], and we define the resultant of F and G with respect to x to be the

determinant of the Sylvester matrix of F and G with respect of x.

Example 1.2.6. Let F (x, y) = x3 + 2xy + y3 and G(x, y) = x2 + xy2, then

Resx(F,G) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 1 0 0

0 1 y2 1 0

2y 0 0 y2 1

y3 2y 0 0 y2

0 y3 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
= −y9 − y6.

Proposition 1.2.7. [CLO, Proposition 1, 3.§6] Let F,G ∈ k[x, y] have positive degree as

polynomials in x. Then Resx(F,G) = 0 if and only if F and G have a common factor in k[x, y]

which has positive degree in x.

Corollary 1.2.8. If F,G ∈ C[x], then Resx(F,G) = 0 if and only if F and G have a common

root in C.

Example 1.2.9. Let F (x, y) = x3+2xy+y3 and G(x, y) = x2+xy2, then in the previous

example we calculated

Resx(F,G) = −y9 − y6 = −y6(y3 + 1).

The proposition tells us if a, b ∈ C are such that F (a, b) = G(a, b) = 0, then b is such

that Resx(F,G)(b) = 0. So, b ∈ {0,−1, 1+i
√
3

2 , 1−i
√
3

2 }. To find a we solve

F (x, b) = G(x, b) = 0

for each possible b.



Chapter 2

Specific Preliminaries

2.1 Quasi-integral points

2.1.1 S-integers

Here we introduce the notion of sets of S-integers, which are rings of arithmetic interest.

We will understand why the word integer is in the name with the example we provide.

Later, we will generalize with concept with the set of quasi-integers.

Definition 2.1.1. [HinSil, B.1] Let S ⊆MK be any set of absolute values containing the

archimedean absolute values, then the ring of S-integers of K is defined to be

RS := {x ∈ K : |x|v ≤ 1 for all v ∈MK , v /∈ S}.

Remark 2.1.2. The set defined above is a ring. By the multiplicative property of abso-

lute values, it is closed under product. As every v /∈ S is nonarchimedean, the strong

triangle inequality implies it is closed under addition.

Example 2.1.3. If S = {∞}, then the S-integers are Z. Indeed, no prime number can

divide the denominator of a S-integer because its p−adic absolute value is less than or

equal to 1 for every prime p.

2.1.2 Definition and Properties

Definition 2.1.4. [HsiaSil] Let K/Q be a number field, let S be a finite set of places of

K and let 1 ≥ ϵ > 0. An element x ∈ K is said to be quasi-(S, ϵ)-integral if

∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} ≥ ϵh(x). (2.1)

16
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Lemma 2.1.5. An element x ∈ K is in the set of S-integers of K if and only if x is a quasi-

(S,1)-integral, in which case (2.1) is an equality.

Proof. In the first place, if x ∈ RS , then |x|v ≤ 1 for all v /∈ S. So, logmax{1, |x|v} = 0

for all v /∈ S. By definition of height,

h(x) =
∑
v∈MK

[Kv : Qv]

[K : Q]
logmax{1, |x|v}

=
∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v},

where we are using the fact that x ∈ RS in the last equality. In particular,

∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} ≥ h(x).

Conversely, if x is a quasi-(S, 1)-integer, then

∑
v/∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} ≤ 0.

As logmax{1, |x|v} ≥ 0 for every v ∈MK , the previous inequality is true only if |x|v ≤ 1

for all v /∈ S. By definition, x ∈ RS . ■

Remark 2.1.6. Fix K/Q a number field and a finite set S ⊆MK , we will denote by RS,ϵ
the set of elements in K that are quasi-(S, ϵ)-integers.

Lemma 2.1.7. Given 0 < ϵ < ϵ
′ ≤ 1, we have that RS,ϵ′ ⊆ RS,ϵ.

So, it is interesting to study the properties of the numbers that are quasi-(S, ϵ)-integers

for some 0 < ϵ ≤ 1.

Proposition 2.1.8. Given K/Q a number field and a finite set S ⊆MK , we have

⋃
0<ϵ≤1

RS,ϵ = K \ {x ∈ K : |x|v ≤ 1∀v ∈ S , x ̸= 0 and xn ̸= 1 ∀ n ≥ 1}.

Proof. Suppose that x /∈ RS,ϵ for all 0 < ϵ ≤ 1, then

∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} < ϵh(x) , ∀0 < ϵ ≤ 1. (2.2)

Making ϵ→ 0, we have

∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} ≤ 0,
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which implies that |x|v ≤ 1 for all v ∈ S. Even more, (2.2) tells us that h(x) ̸= 0. By

1.1.22, x ̸= 0 and x is not a root of unity.

Conversely, suppose x ∈ K,x ̸= 0, x is not a root of unity and |x|v ≤ 1 for all v ∈ S.

Again by Theorem 1.1.22 we know that h(x) ̸= 0. Notice that |x|v ≤ 1 for all v ∈ S and

h(x) > 0 makes that

0 =
∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} < ϵh(x) , ∀0 < ϵ ≤ 1.

Finally, x is not a quasi-(S, ϵ)-integer for all 0 < ϵ ≤ 1. ■

Definition 2.1.9. Let K/Q be a number field, let S be a finite set of places of K and

let 0 < ϵ ≤ 1. A nonzero element x ∈ K is said to be a quasi-(S, ϵ)-unit if x, x−1 are

quasi-(S, ϵ)-integers. We will denote by R∗
S,ϵ the set of elements in K that are quasi-

(S, ϵ)-units.

2.1.3 Quasi-integrals over Q

Working over Q we have a compact and immediate way to see if a number is a quasi-

(S, ϵ)-integer or not.

Proposition 2.1.10. Let S = {∞, p1, . . . , pr} ⊆ MQ be a finite set of absolute values from Q.

Let α = a
b where a, b have no common factors. Write b = pα1

1 · · · pαr
r k, where αi ≥ 0 and pi ∤ k

for all i. Then, given 0 < ϵ ≤ 1,

α ∈ RS,ϵ if and only if H(α)1−ϵ ≥ |k|.

Recall that the height function on Q is easy to calculate from Lemma 1.1.13.

Proof. By definition α ∈ RS,ϵ if and only if

∑
v∈S

[Kv : Qv]

[K : Q]
logmax{1, |x|v} ≥ ϵh(x)

⇔
∏
v∈S

max{1, |x|v} ≥ H(α)ϵ

⇔ max{1, |x|∞}
r∏
i=1

max{1, |x|pi} ≥ H(α)ϵ.

Define b′ := pα1
1 · · · pαr

r , then
r∏
i=1

max{1, |x|pi} = b′.



19

We have α ∈ RS,ϵ if and only if

max{1, |x|∞}|b′| ≥ H(α)ϵ.

Lets branch into cases, we will denote | · | := | · |∞ :

• If |α|∞ ≥ 1, then H(α) = |a|. We have the inequality

max{1, |x|}|b′| = |a|
|k|

≥ H(α)ϵ = |a|ϵ

if and only if

|k| ≤ |a|1−ϵ = H(α)1−ϵ.

• If |α|∞ ≤ 1, then H(α) = |b|. We have the inequality

max{1, |x|}|b′| = |b′| ≥ H(α)ϵ = |b|ϵ

if and only if

|k| ≤ |b|1−ϵ = H(α)1−ϵ,

where in the last line we multiplied by |k| and used that b = b′k.

We conclude that α is a quasi-(S, ϵ)-integer if and only if |k| ≤ H(α)1−ϵ. ■

In the literature there is another definition of quasi-integral points over Q:

Definition 2.1.11. For α ∈ Q we write α = a
b where a, b are coprime integers. Let r ≥ 0,

then α is r-quasi-integral if

|b| ≤ H(α)r.

Remark 2.1.12. With the Proposition 2.1.10 we note that the last definition is not some-

thing new. Indeed, α is r-quasi-integral if and only if α is a quasi-({∞}, 1− r)-integer.

We will differentiate them by the place where we put the r or ϵ.

We prefer to use the Definition 2.1.11 on the results we will prove in this thesis because

it has the property that if r grows, then the set of r-quasi-integral points grows (contrary

to quasi-(S, ϵ)-integers).
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2.1.4 Examples and properties.

Our goal in this section is to fix ideas about the concept of quasi-(S, ϵ)-integers and

have some counterexamples for properties that RS have and RS,ϵ can not have. The

most important of them it that RS,ϵ may not be a ring, even if we consider
⋃

0<ϵ≤1RS,ϵ.

From now on we will work over Q, so it is convenient to write the Proposition 2.1.10 in

another way:

Proposition 2.1.13. Let S = {∞, p1, . . . , pr} ⊆ MQ be a finite set of absolute values from

Q including the archimedean one. Let α =
a

b
where a, b have no common factors. Write

b = pα1
1 · · · pαr

r k, where αi ≥ 0 and pi ∤ k for all i. Then, given 0 < ϵ ≤ 1 and H(α) ̸= 0,

α ∈ RS,ϵ if and only if ϵ ≤ 1− log |k|
logH(α)

.

Proof. Apply log over Proposition 2.1.10 and isolate ϵ. ■

2.1.4.1 K = Q and S = {∞}

As there are not primes in S, the Proposition 2.1.13 translates into

α ∈ R∞,ϵ if and only if ϵ ≤ 1− log |b|
logH(α)

,

where α = a
b in lowest terms.

Note that if |b| ≥ H(α) (or, equivalently, H(α) = |b|) then there is no ϵ > 0 that satisfies

ϵ ≤ 1− log |b|
logH(α)

.

It follows that if |α| ≤ 1 and α /∈ {0, 1,−1} then α /∈ RS,ϵ for all 0 < ϵ ≤ 1. This is not

new because we proved in Proposition 2.1.8 that {x ∈ Q : |x|∞ ≤ 1, x ̸= 0, 1,−1} is the

complement of
⋃

0<ϵ≤1RS,ϵ.

Example 2.1.14.

1. −4

3
∈ RS,ϵ if and only if ϵ ≤ 1− log 3

log 4
≈ 0.2075.

2.
5

4
∈ RS,ϵ if and only if ϵ ≤ 1− log 4

log 5
≈ 0.138.

3.
31

12
∈ RS,ϵ if and only if ϵ ≤ 1− log 12

log 31
≈ 0.276.
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Remark 2.1.15. Given 0 < ϵ < 1, the set RS,ϵ may not be closed under addition. For

example, −4

3
,
31

12
∈ R{∞},0.2 but

5

4
=

31

12
+−4

3
/∈ R{∞},0.2.

2.1.4.2 K = Q and S = {∞, 2}

With the notation from Proposition 2.1.13, we have in this case that b′ = 2ord2(b) so the

condition translates into

α ∈ R∞,ϵ if and only if ϵ ≤ 1 +
ord2(b) log 2− log |b|

logH(α)
,

where α =
a

b
in lowest terms.

This is because log |k| = log
|b|
b′

= log |b| − log(2) · ord2(b).

Example 2.1.16.

1. −4

3
∈ RS,ϵ if and only if ϵ ≤ 1− log 3

log 4
≈ 0.2075.

2.
3

4
∈ RS,ϵ for every 0 < ϵ ≤ 1.

3.
5

6
∈ RS,ϵ if and only if ϵ ≤ log 2

log 6
≈ 0.3868.

4.
6

5
∈ RS,ϵ if and only if ϵ ≤ 1− log 5

log 6
≈ 0.1017.

5.
1

2
∈ RS,ϵ for every 0 < ϵ ≤ 1.

Remark 2.1.17. Given 0 < ϵ < 1, the set RS,ϵ may not be closed under product. For

example,
4

3
,
1

2
∈ R{∞,2},0.2 but

2

3
=

1

2
· 4
3
/∈ R{∞,2},ϵ,

for every 0 < ϵ ≤ 1.

Even more,
⋃

0<ϵ≤1RS,ϵ may not be closed for the product.

Remark 2.1.18. It is possible that
⋃

0<ϵ≤1RS,ϵ may not be closed under addition. For

example,
5

6
,−1

2
∈ R{∞,2},0.382, but

1

3
=

5

6
+−1

2
/∈ R{∞,2},ϵ,
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for every 0 < ϵ ≤ 1.

Remark 2.1.19. Given 0 < ϵ < 1, R∗
S,ϵ may not be closed under product. For example,

4

3
,
5

6
∈ R∗

{∞,2},0.1, but

10

9
=

4

3
· 5
6
∈ R∗

{∞,2},ϵ,

if and only if 0 < ϵ ≤ 1− log 9

log 10
≈ 0.045. In particular,

10

9
/∈ R∗

{∞,2},0.1.

2.2 Diophantine Approximation

Our results will be based in many of the theorems in this section. Diophantine Approx-

imation is a crucial tool in the theorems from the area of Arithmetic Dynamics that we

studied in this thesis and it is an area of interest of its own. This section will be based

in [Sil2, 3.6].

Let K be a number field and let S be a finite set of absolute values on K.

Theorem 2.2.1 (Roth). [Sil2, Theorem 3.40] Let ε > 0. For each v ∈ S, extend v to K in some

fashion and choose an algebraic number αv ∈ K. Then there is a constant κ > 0, depending on

K,S, ε and {av}v∈S such that

∏
v∈S

min{|z − αv|v, 1}dv ≥ κ

H(z)d(2+ε)
for all z ∈ K.

Roth’s Theorem has as a consequence Thue’s Theorem. We will prove a modified ver-

sion of the case K = Q and S = {∞} in Chapter 3.

Theorem 2.2.2 (Thue-Mahler). [Sil2, Theorem 3.41] LetG(x, y) ∈ K[x, y] be a homogeneous

polynomial with at least three distincts roots in P1(C), and let B ∈ K. Then there are only

finitely many (x, y) ∈ R2
S satisfying G(x, y) = B.

Our main result in this thesis is a generalization of the following theorem:

Theorem 2.2.3 (Siegel). [Sil2, Theorem 3.42] Let ϕ(z) ∈ K(z) be a rational function with at

least three distinct poles in K Then there are only finitely many α ∈ K satisfying ϕ(α) ∈ RS .

Proof. We will prove this in the case of K = Q and S = {∞}.

In the first place, we write

ϕ = [F (x, y), G(x, y)]
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where F (x, y), G(x, y) ∈ Z[x, y] are homogeneous polynomials of degree d with no

common factors. So, for any α =
a

b
∈ Q written in lowest terms, we have

ϕ(α) =
F (a, b)

G(a, b)
.

Then ϕ(α) ∈ Z if and only if G(a, b) divides F (a, b).

Recall from Proposition 1.2.1 that, as F,G have no common factors, R := Res(F,G)

the resultant of F and G is a nonzero integer. Also, there are f1, g1, f2, g2 ∈ Z[x, y]
homogeneous polynomials such that

f1(x, y)F (x, y) + g1(x, y)G(x, y) = Rx2d−1

f2(x, y)F (x, y) + g2(x, y)G(x, y) = Ry2d−1.

Suppose ϕ(α) ∈ Z. Substituting (x, y) = (a, b) in the previous equations we see, since

G(a, b) divides F (a, b), that G(a, b) divides Ra2d−1 and Rb2d−1. As we choose
a

b
in low-

est terms, G(a, b) divides R.

Thus we have that

{α ∈ Q : ϕ(α) ∈ Z} ⊆
⋃
D|R

{α ∈ Q : G(a, b) = D}. (2.3)

It is important to note that R does not depend on a and b, instead R is dependant only

on ϕ.

Finally, from Theorem 2.2.2 using K = Q and S = {∞}, for D|R the set {α ∈ Q :

G(a, b) = D} is finite. As there are finitely many divisors for R, the set from the right

side of (2.3) is finite and the theorem is true. ■

2.3 Arithmetic Dynamics

Our motivation to study Diophantine Approximation are some results that exist in the

area of Arithmetic Dynamics. In particular, in the future we want to generalize the

finiteness of S-units in the image of rational functions to finiteness of quasi-(S, ϵ)-units

(Proposition 2.3.10). We will give the basic definitions and the results related to our

problem.

This section is based in [Sil2].
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Definition 2.3.1. [Sil2, Introduction] A (discrete) dynamical system consists of a set

S and a function φ : S → S mapping the set S to itself. This self-mapping permits

iteration

ϕn = ϕ ◦ ϕ ◦ · · · 0 ◦ ϕ︸ ︷︷ ︸
n times

.

By convention, ϕ0 denotes the identity map on S.

Definition 2.3.2. For a given point α ∈ S, the (forward) orbit of α is the set

Oϕ(α) = {ϕn(α) : n ≥ 0}.

The point α is periodic if ϕn(α) = α for some n ≥ 1. The smallest such n is called the

exact period of α. The point α is preperiodic if some iterate ϕm(α) is periodic. If a point

is not preperiodic we say that it is a wandering point.

The sets of periodic and preperiodic points of ϕ in S are denoted respectively by

Per(ϕ, S) = {α ∈ S : ϕn(α) = α for some n ≥ 1},

PrePer(ϕ, S) = {α ∈ S : ϕm+n(α) = ϕm(α) = for some n ≥ 1,m ≥ 0}.

As we are working with rational maps, we have some properties for the previous set.

Theorem 2.3.3 (Northcott). [Sil2, Theorem 3.12] Let ϕ : Pn → Pn be a morphism of degree

d ≥ 2 defined over a number field K. Then the set of preperiodic points PrePer(ϕ) ⊆ P(K) is

a set of bounded height. In particular,

PrePer(ϕ,Pn(K)) = PrePer(ϕ) ∩ Pn(K)

is a finite set.

As we saw in Theorem 1.1.24, H(ϕ(P )) has a relation with H(P )d. This is the motiva-

tion to define the canonical height.

Theorem 2.3.4. [Sil2, Theorem 3.20] Let S be a set, d > 1 a real number and let ϕ : S → S

and h : S → R be functions satisfying

h(ϕ(P )) = dh(P ) +O(1) for all P ∈ S.

Then the limit

ĥ(P ) = lim
n→∞

1

dn
h(ϕn(P ))

exists and satisfies:
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1. ĥ(P ) = h(P ) +O(1).

2. ĥ(ϕ(P )) = dĥ(P ).

The function ĥ : S → R is uniquely determined by the properties above.

Definition 2.3.5. Let ϕ : Pn → Pn be a morphism of degree d ≥ 2. The canonical height

function (associated to ϕ) is the unique function

ĥϕ : Pn(Q) → R

satisfying ĥ(P ) = h(P ) +O(1) and ĥ(ϕ(P )) = dĥ(P ).

The canonical height provides a useful arithmetic characterization of the preperiodic

points of ϕ.

Theorem 2.3.6. [Sil2, Theorem 3.22] Let ϕ : Pn → Pn be a morphism of degree d ≥ 2 defined

over Q and let P ∈ Pn(Q). Then

P ∈ PrePer(ϕ) if and only if ĥϕ(P ) = 0.

We are motivated by the following result from Silverman.

Theorem 2.3.7. [Sil2, Theorem 3.43] Let ϕ(z) ∈ Q(z) be a rational map of degree d ≥ 2 with

the property that ϕ2(z) /∈ Q[z]. Let α ∈ Q be a wandering point for ϕ. Then the orbit Oϕ(α)

contains only finitely many integer points.

In [Sil1, Theorem 2.2] Silverman generalizes this result to number fields and using S-

integers instead of integers. It is natural to ask if the number of S-integral points of ϕ

can be uniformly bounded. A work in this direction is given by Gunther and Hindes

in [GH]. They proved the following

Theorem 2.3.8. [GH, Theorem 1.6 a.] Let ϕ(z) ∈ Q(z) be a rational function of degree at least

two and let S be a finite set of places of Q containing the archimedean one. Then if ϕ2(z) is not

a polynomial, there exists a constant N = N(ϕ, d, S) such that for every point P ∈ P1(Q, d),
we have #(Orbϕ(P ) ∩ OS) ≤ N.

Remark 2.3.9. The number of S-integers in ϕ(K) cannot be bounded in terms of only

K,S and deg ϕ. In [Sil1] Silverman shows the following example: Let ϕ(z) ∈ Q[z] be any

rational function and let t ∈ Q be any point whose orbit Oϕ(t) is infinite. For each n

write ϕn(t) =
an
bn

in lowest terms. Now choose an integer N and define B = b0b1 · · · bN .

(If some bi = 0, we discard it). The function ψ(z) = Bϕ(z/B) then has the property that

ψn(Bt) = Bϕn(t) = B
an
bn

∈ Z for all 0 ≤ n ≤ N,
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and then Oψ(Bt) contains at least N integers points.

But [KLSTYZ] conjecture that, in the case of S-units, there is a bound depending only

on |S| and deg ϕ.

Conjecture 1. [KLSTYZ, Conjecture 1.1] For any integers s ≥ 1 and d ≥ 2, there is a constant

C = C(s, d) such that for any number field K, s-element set S of places of K including the

archimedean ones and degree-d rational function ϕ(z) ∈ K(z) which is not a d−th power in

K(z), we have

|ϕ(K) ∩R∗
S | ≤ C.

In [KLSTYZ] they prove the conjecture in the case of ϕ(z) restricted to certain classes of

rational functions. However, the conjecture would be true if we allowed the constant

C depend on K,S and ϕ instead on d and s. For this they use

Proposition 2.3.10. [KLSTYZ, Proposition 1.5] Let K be a number field, let S be a finite set

of places of K including the archimedean and let ϕ(z) ∈ K(z) be any rational function. If

|ϕ−1({0,∞})| ≠ 2 then ϕ(K) ∩R∗
S is finite.

For this last Proposition, they apply Siegel’s Theorem 2.2.3 over the function

ψ(z) = ϕ(z) +
1

ϕ(z)

and conclude using the fact that

ϕ(R∗
S) ⊆ ψ(RS).

Thus, our motivation to prove a version for quasi-integers of Siegel’s Theorem is gen-

eralizing Proposition 2.3.10 to quasi-units.



Chapter 3

Main Theorem

3.1 Modified Thue’s Theorem

In the first place we recall a relation between the roots and coefficients of a polynomial:

Lemma 3.1.1 (Lagrange). Let p(x) = a0 + a1 + · · ·+ anx
n be a polynomial with ai ∈ R and

an ̸= 0. Then, every complex root of p(x) is bounded by

max

{
1,
n−1∑
i=0

∣∣∣∣ aian
∣∣∣∣
}
.

Searching for an analogue of Thue’s Theorem in the case of quasi-integral points we

prove:

Theorem 3.1.2 (Modified Thue’s Theorem). Let G ∈ Z[x, y] be a homogeneous function

having at least 3 different factors over C. There is a constant c(d) > 0 depending only on

d := degG such that for every 0 ≤ γ < c(d) the inequality

|G(x, y)| ≤ max{|x|, |y|}γ

has at most finitely many solutions in Z2.

Proof. The case whenG is square-free implies the general case in the following way: We

can assume that the constant c(d) is decreasing as the degree grows. Suppose G is not

square-free, then we can write G(x, y) = G1(x, y)G2(x, y) where G1, G2 ∈ Z[x, y] and

G1 has the same roots as G but is square-free. Then d1 = degG1 < d and c(d) < c(d1).

27
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If (a, b) ∈ Z are such that |G(a, b)| ≤ max{|a|, |b|}γ for some 0 < γ ≤ c(d), then

|G1(a, b)| ≤ |G(a, b)| ≤ max{|a|, |b|}γ .

As γ ≤ c(d) < c(d1), the Theorem applied to G1(x, y) implies there are finitely many

(a, b) ∈ Z such that |G(a, b)| ≤ max{|a|, |b|}γ .

From now on suppose that G is square-free. In the first place, we will study the case

when G is reducible over Z[x, y]. That is G(x, y) = U(x, y)V (x, y) for some distinct

U, V ∈ Z[x, y]. As we are assuming G square-free, U and V have no common factors in

Z[x, y]. We shall prove that the system

U(x, y) = A (3.1)

V (x, y) = B (3.2)

|AB| ≤ max{|x|, |y|}γ (3.3)

with A,B ∈ Z has at most finite solutions in Z2.

Notice that U −A, V −B are not homogeneous, so we use the resultant of U −A, V −B
with respect to y denoted Resy(U −A, V −B) ∈ Z[x] as we defined in 1.2.3.

Recall from Proposition 1.2.7 that if (a, b) ∈ Z2 is a solution of (3.1) and (3.2), then a is

such that Resy(U −A, V −B)(a) = 0. By Lemma 3.1.1, if

Resy(U −A, V −B) = anx
n + · · ·+ a1x+ a0,

then

|a| ≤ max

{
1,

n−1∑
i=0

∣∣∣∣ aian
∣∣∣∣
}

≤ max

{
1,

n−1∑
i=0

|ai|

}
≤

n−1∑
i=0

|ai|. (3.4)

As the resultant is the determinant of a matrix with the coeficients of U − A, V − B as

entries, its coeficients as a polynomial from Z[x] are determinated by U, V (and then,G)

and A,B. Even more, A appears in degy(U −A) entries and B appears in degy(V −B)

entries. So, the power of A,B in the coeficients of Resy(U −A, V −B) is bounded by

degy(U −A) + degy(V −B) ≤ d,

It follows that

|a| ≤ C(U, V )max{|A|, |B|}d.

where C(U, V ) is a constant depending only on U and V .
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Hence if (a, b) ∈ Z2 is a solution for the system (3.1) (3.2) (3.3), we have

|a| ≤ C(U, V )max{|a|, |b|}dγ .

Using the fact that if (a, b) ∈ Z2 is a solution of (3.1) (3.2), then

Resx(U −A, V −B)(b) = 0,

we conclude in an analogous way that

|b| ≤ C ′(U, V )max{|a|, |b|}dγ

where C ′(U, V ) is a constant depending only on U and V .

Finally, if (a, b) is a solution of the system, then

max{|a|, |b|} ≤ max{C,C ′}max{|a|, |b|}dγ

which implies that

max{|a|, |b|}1−dγ ≤ max{C,C ′}. (3.5)

As a, b are integers, if 1 − dγ > 0 then there are at most finitely many (a, b) that satisfy

(3.5). For this case it is enough to take c(d) ≤ 1
d .

Now we will prove the case whereG is irreducible over Z[x, y]. By Gauss’ Lemma, then

G is irreducible over Q[x, y]. So, factoring over C[x, y] we have

G(x, y) = A(x− α1y)(x− α2y) · · · (x− αdy)

with αi ̸= αj for all i ̸= j.

Notice that if we divide by yd we have

G(x, y)

yd
= A

(
x

y
− α1

)
· · ·

(
x

y
− αd

)
.

Let us define δ :=
min{|αi − αj | : i ̸= j}

2
, then at most one αi satisfies

∣∣∣∣xy − αi

∣∣∣∣ < δ for
x

y
∈ Q. So, ∣∣∣∣G(x, y)yd

∣∣∣∣ ≥ Aδd−1 min
1≤i≤d

∣∣∣∣xy − αi

∣∣∣∣ ,
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and then

min
1≤i≤d

∣∣∣∣xy − αi

∣∣∣∣ ≤ |G(x, y)|
Aδd−1|y|d

.

On the other side, if we apply Roth’s Theorem (2.2.1) for every αj , then there exists

some k = k(1/4, α1, . . . , αd) > 0 such that

min
1≤i≤d

∣∣∣∣xy − αi

∣∣∣∣ ≥ k

|y|2+1/4
.

Suppose |G(a, b)| ≤ max{|a|, |b|}γ , then using both inequalities above we have:

k

|b|2+1/4
≤ min

1≤i≤d

∣∣∣a
b
− αi

∣∣∣ ≤ |G(a, b)|
Aδd−1|b|d

≤ max{|a|, |b|}γ

Aδd−1|b|d
.

From this we can conclude that

|b|d−2.25 ≤ 1

Aδd−1k
max{|a|, |b|}γ . (3.6)

We obtain a similar bound for |a| writing

G(x, y)

xd
= B

(y
x
− β1

)
· · ·

(y
x
− βd

)
and using the constant κ′ from Roth’s theorem (2.2.1) over β1 . . . βd

|a|d−2.25 ≤ 1

Bδ′d−1k′
max{|a|, |b|}γ . (3.7)

And then, using (3.6) and (3.7) we obtain

max{|a|, |b|}d−2.25 ≤ Cmax{|a|, |b|}γ ,

where C = max{ 1
Aδd−1k

, 1
Bδ′d−1k′

} depends only on G (specifically on G’s roots).

For this case, we conclude that if |G(a, b)| ≤ max{|a|, |b|}γ , then

max{|a|, |b|}d−2.25−γ ≤ C.

So, if γ < d− 2.25 then there are finitely many integers a, b ∈ Z such that

|G(a, b)| ≤ max{|a|, |b|}γ .
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Finally, it is enough to consider c(d) = min{1
d , d − 2.25}. Then, in both of the cases, if

0 ≤ γ < c(d) we have only finitely many solutions (a, b) ∈ Z2 for the inequality

|G(x, y)| ≤ max{|x|, |y|}γ .

■

3.2 Siegel for quasi-integral points

Theorem 3.2.1 (Siegel for quasi-integral points). Let ϕ(z) ∈ Q(z) be a rational function of

degree d with at least three distinct poles in P1(C). There exists a constant c(d) > 0 depending

only on d such that for every 0 ≤ r < c(d),

{α ∈ Q : ϕ(α) is r-quasi-integral}

is a finite set.

Proof. The proof is based on 2.2.3.

In the first place, we write ϕ = [F (x, y), G(x, y)] where F (x, y), G(x, y) ∈ Z[x, y] are

homogeneous polynomials of degree d with no common factors. So, for any α = a
b ∈ Q

written in lowest terms, we have

ϕ(α) =
F (a, b)

G(a, b)
.

We denote d′ = d′(a, b) := gcd(F (a, b), G(a, b)). Note that if we write ϕ(α) in lowest

terms its denominator will be G(a,b)
d′ . Suppose ϕ(α) is r-quasi-integral, then

|G(a, b)| ≤ d′H(ϕ(α))r. (3.8)

Recall that F,G have no common factors, so R := Res(F,G) the resultant of F and G is

a nonzero integer. In Proposition 1.2.1 it was proven that there are f1, g1, f2, g2 ∈ Z[x, y]
homogeneous polynomials such that

f1(x, y)F (x, y) + g1(x, y)G(x, y) = Rx2d−1

f2(x, y)F (x, y) + g2(x, y)G(x, y) = Ry2d−1.
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By definition, d′ divides F (a, b) and G(a, b). Substituting (x, y) = (a, b) in the previous

equations we see that d′ divides Ra2d−1 and Rb2d−1. Since we chose a
b in lowest terms,

d′ divides R.

By [HinSil, Theorem 3.11] there is a constant C > 0, depending on ϕ, such that

H(ϕ(P )) ≤ CH(P ) for all P ∈ P1(Q).

Using the previous inequality and (3.8) we have

{α ∈ Q : ϕ(α) is r-quasi-integral} ⊆
⋃
D|R

{α ∈ Q : |G(a, b)| ≤ DCrH(α)dr}. (3.9)

It is important to note that C,R does not depend on a and b, instead they are only

dependant on ϕ.

Finally, it is enough to prove that for D|R the set

{α ∈ Q : |G(a, b)| ≤ DCrH(α)dr}

is finite. For this, we will divide this set in two and prove that each part is finite:

• If DCr ≤ H(α)dr, then |G(a, b)| ≤ H(α)2dr and the Modified Thue’s theorem

(3.1.2) implies that there exists some c(d) > 0 depending only on degG such that

if 2dr < c(d) then this inequality has at most finitely many solutions in Z2.

• From Northcott’s property (1.1.21) there exist only finitely many α ∈ Q such that

H(α)dr ≤ DCr.

So, we conclude that for every r <
c(d)

2d
and each D|R the set

{α ∈ Q : |G(a, b)| ≤ DCrH(α)dr}

is finite. As there are finitely many divisors for R, the set from the right side of (3.9) is

finite and the theorem is true.

■
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