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Introduction

From Liouville in 1844 to Roth in 1955 there have been great advances understand-
ing how we can approximate algebraic numbers. These theorems have been extended
in various ways: Considering possible nonarchimedean absolute values and working
over number fields instead of Q. We are interested in applications of these theorems,
in particular, Thue’s and Siegel’s Theorem. Siegel proved that there are finitely many
integers in the image of a rational function with at least three different poles. This can

be generalized to S-integers, where S is a finite set of places over a number field.

Diophantine Approximation’s theorems are powerful tools in the area of Arithmetic
Dynamics. For example, Silverman in [Sill] uses Roth’s Theorem to prove that there
are finitely many S-integers and quasi-(S, €)-integers in orbits of rational functions un-
der some conditions. Gunther and Hindes in [GH] used a generalization of Siegel’s
Theorem from Levin to prove that there are finitely many elements from Og (the inte-
gral closure of Zg in Q) in orbits of rational functions. Even more, they prove that the
number of these elements is bounded with a constant that depends only in the func-
tion, the function’s degree and the set of places S. However, a uniform constant that
does not depend on the function can not be achieved for the number of S-integers in

orbits of rational maps.

Krieger et al. [KLSTYZ] conjecture that the number of S-units in orbits of rational maps
is bounded by a function of |S| and the function’s degree. They proved the conjecture
for some classes of rational functions and showed that the conjecture follows from the

Bombieri-Lang conjecture.

In this work, motivated by trying to generalize some results from [KLSTYZ] to quasi-
(S, €)-units we prove a version of Siegel’s Theorem for quasi-(S, €)—integers over Q.
Our theorem says that, given a rational function with at least three different poles,
there is a constant c¢(d) depending only on the degree of the function such that for all

0 <r < ¢(d) the number of r-quasi-integers in ¢(Q) is finite.



On Chapter 1 we start with definitions and important properties of Height Functions
and Resultants that will be key to the proof of the main theorem. On Chapter 2 first
we define quasi-integers and provide examples to understand this concept. The com-
pilation of properties and examples that show us that the set of quasi-integral points
can not be a ring is original work from the author. Second, we mention the theorems of
Diophantine Approximation that we will generalize in this work. In the third place, we
present some concepts and results from Arithmetic Dynamics that relate to our main
theorem. Finally, on Chapter 3 we prove a modified version of Thue’s Theorem and

then we use it for the proof of Siegel’s Theorem for quasi-integers.



Chapter 1

Preliminaries

1.1 Height Functions

In the definition of S-integers and quasi-integers we will need some way to measure
arithmetic complexity. This job is done by the height functions. This concept also ap-
pears in the proof of Roth’s Theorem and Siegel’s Theorem in their general forms. Be-
ing both of them important and the motivation for our principal theorem, we will study

Height Functions.

1.1.1 Absolute Values

In our search of finding ways to measure numbers we will review the theory of absolute
values in number fields. This is not the size function we will be searching for, but it is

connected to it in its definition. This section is based on [HinSil, B1]

Definition 1.1.1. [HinSil, B.1] An absolute value on a field & is a real-valued function

|- |: k — R with the properties:

1. |z| = 0if and only if z = 0.
2. |zy| = || - [yVa,y € k.
3. |z 4yl < |z + |ylVa,y € k.

The absolute value is said to be nonarchimedean if it satisfies

[z +y| < max{[z], |y[}.



Some classical examples are:
Example 1.1.2. In Q, |z|s = max{x, —z} is an absolute value.

Example 1.1.3. In Q, let p be a prime and let x be a rational number. We define ord,(z)

as the only integer such that z = p°"dr(*) ¢ with a,b € Z coprimes and p 1 ab. Then,
y g b p

’$|p _ p—ordp(:c)

is nonachimedean absolute value.

Definition 1.1.4. Two absolute values | - |1,| - |2 on a field k are equivalent if there exists

some A > Osuch that |- |; = |- 5.

Definition 1.1.5. We define a place of K as an equivalent class of the set of absolute
values where two absolute values are related if and only if they are equivalent.

By Ostrowski’s theorem, any non trivial absolute value on Q is equivalent to some of

the examples above.

To simplify things we are going to work on number fields. From now on K will denote

a finite algebraic extension of Q.

We will denote:

o My={0,2,35,...}
* Mfp as the set of all absolute values whose restriction to Q is in M.

Lemma 1.1.6 (Product formula). Forall x € Q*,

II Izl =1.

UEMQ

Proof. By the multiplicative property from absolute values, it is enough to prove the

formula for some prime p. If we evaluate p in the absolute values we have:

° |p‘p :p_l = I%I

s |p‘oo =D,

e if ¢ is a prime different than p: |p|, = 1.

So, the multiplication is 1. [ |



We can define an absolute value in some finite extension of K using the norm and some

absolute value on K:

Proposition 1.1.7. Let L/K be a finite extension of fields. Then an absolute value | - |, on K

can be extended to L in the following way

1
|| := [Normp, ()| K.

Notice that it is an extension because [Normy, x (7)| = oK if g € K.

Using this definition we can extend an absolute value | - |, on K to Q. This is well
defined, in the sense that for each a € Q it does not depend on the choice of the finite
extension L with a € L. The latter lies in the fact that given L; /Ly /K finite extensions

then Normy, /i o Normyp, /1, = Normyp, k-

Remark 1.1.8. In general, over a place | - |, on K there are many | - |, on L extending

| - |- In this case, we will denote w | v or we will say w is over v.

The next property will be useful to prove some definitions are well-defined.

Proposition 1.1.9. [Neu, II.Corollary 8.4] If L/ K is separable, then one has

[L:K] =) [Ly: K,

w|v

where K., is the completion of K with respect to | - |,,. For norms we have:

Normp g (z) = HNorme/Kv ().

wlv

We will use the previous property immediately:

Lemma 1.1.10 (Product formula). [HinSil, Proposition B.1.2] Let K be a number field. There
exist a set of places of K that we will denote My such that for all x € K*

I el =1,

vEME

where d,, = [K, : Qy].

Proof. For every v € Mg, we extend the absolute value to K like in Proposition 1.1.7.
Since every absolute value from My is an extension to some absolute value from Mg,

we have 4

IT el = TT T MNormyg(@)l

wEMg UEM@ wEMg
wlv




By Proposition 1.1.9 the latter is equal to [] . Mg [Normg q(z)|, and the product for-
mula in Q (1.1.6) says that it is 1. |

1.1.2 Heights on number fields

Here we define heights over number fields and present some basic properties.

Definition 1.1.11. Let « € Q and K a number field such that « € K. The (multiplica-
tive) height of a is

H(a):= [] max{1,|al,}*/,

veEMg

where d, = [K, : Q,] and d = [K : Q].

We also define the logarithmic height of a:

ha) = log(H(a) = 3 %logmax{l, ).
vEME

Lemma 1.1.12. The logarithmic height h(c) is well-defined (and so it is the multiplicative
height).
Proof. Suppose a € K. Let L /K be a finite extension. We will prove that i (o) does not

depend on the choice of field.

If we first use the definition of the height of o with the number field L then

h(a) = Z Mlogmax{l,\a\w}

v [L:Q]
1
— m Z [Ly : Ky][Ky : Q) log max{1, |a|,} wherev =w X
' T weMy,
1
- m Z Z[Lw t K] [K, : Q] logmax{1, |al,}
' " veMk wly
1
= LR G L Ko Qullogmax{llal} Y o[Ly: K] by 119
' ' veMk wlv
=[L:K]
1
- m Z [, : Qy]log max{1, |cy},
) veEMK
where the last expression is the definition of i («) if we use the number field K. [

Lemma 1.1.13. For a € Q, we write o = % where a, b are coprime integers. Then

H (@) = max{aloc, [bloc}.



Proof. Using K = Q in the Definition 1.1.11 we have d, = d = 1 for all v € Q. So,

H(a) = [] max{1,|al}

UEM@
= H bl - H max{1,|al,} (by Lemma 1.1.6)
UEM@ ’UEM@
=1
= I max{lale.bl.}.
UEM@

As a,b are coprime integers, for every prime p we have max{|a|,, |b|,} = 1. So the

previous product is equal to max{|a|so, [b]sc }- [
Proposition 1.1.14.

1. H(a) > land h(a) > 0 forall o € Q.

2. If u™ =1, then H(u) = 1. In particular, H(1) = 1.

Proof. The first is because in the definition we are multiplying numbers that are greater
than or equal to 1. Indeed, max{1, |a|,} > 1 for all v € M. The second follows from

the fact that for every absolute value v if v™ = 1 then |u|, = 1. [ |

Lemma 1.1.15 (Finiteness Property in Q). Given B > 0, there are finitely many rational
numbers such that their height is bounded above by B.

1.1.3 Heights on the Projective Space

From the notion of height on number fields one can define heights on the projective

space as follows:

Definition 1.1.16. [HinSil, B.2] Let K be a number field, and let
P = [xo,.’El, ... ,Sﬂn] S ]Pm(K)

be a point whose homogeneous coordinates are chosen in K. The height of P is the
quantity

HP) = [] max{|zolv, [x1]o, .-, [xnls}™/7,
vEME

where d, = [K, : Q] and d = [K : Q]

Remark 1.1.17. [HinSil, B.2] It is analogous to the case of heights over a number field

to prove that the definition does not depend on the field chosen. However, we have to



prove that it is also independent of the choice of homogeneous coordinates for P. By
the product formula (1.1.10), if ¢ € K, ¢ # 0 we have

H maX{\Cﬂﬁo\v, |Cﬂ?1|v, T |an‘v}dv = H \C|§lv H maX{’x0|v7 |x1‘va SRR ’xn’v}dv

'UGMK UEMK 'UGMK
~————
1

= H max{|Zolv, [Z1]v, - - -, [Tn]o } .
vEME

Lemma 1.1.18. [Sil2, Remark 3.5] For P = [xg,x1,...,2zy,] € P*(Q) with homogeneous

coordinates satisfying x; € Z and ged(z;) = 1 we have

H(P) = max{|zo|oo, - - - |Tn|oo}-

Proof. Let p be a prime. As z; € Z, one has |z;|, < 1 for each i and |z;|, = 1 for at least

one i. Then in the product

[T max{lzols, [z1lo, - - - |znl}

UEM@

the only term that contributes is the one corresponding to the archimedean absolute

value. [ |

Lemma 1.1.19 (Finiteness Property in P"(Q)). Given B > 0, the set
{PeP(Q): H(P) < B}

is finite.

1.1.4 Northcott’s Property

A useful property of heights is the finiteness property we proved over Q and P"(Q) in
the previous sections. Now we will prove it in general but we need to add conditions

to the degree of the point. This property is called Northcott Property.
For this we will need the following theorem:

Theorem 1.1.20. [Sil2, Theorem 3.6] Let K/Q be a number field, let o € K and consider
o € Gal(K/K). Then H(o(a)) = H(«). In other words, the height is invariant under the
action of the Galois group.



Theorem 1.1.21 (Northcott’s Property). Let K/Q be a number field, and let B, D be any real

constants. Then the set
{a € Q: H(a) < Band [Q() : Q] < D}

is finite. In other words, there are only finitely many numbers in Q of bounded height and
bounded degree.
Proof. This proof is adapted from [Sil2, Theorem 3.7].

Suppose a € Q with H(a) < B and [Q(«) : Q] = d where d < D. Let
F(z) =2+ a1z¥ 4 - + a4 € Q[z]
be the minimal polynomial of . Let
F(z)=(z—a1) (2 — aq)

be the factorization of F over C[z]. As a1, ..., oq are the conjugates of o, Theorem 1.1.20
tell us that
H(oay)=---=H(ag) = H(a).

Recall that the coefficients of F' are the elementary symmetric polynomials of the roots

(up to sign). For example, a1 = —(a1 + -+ + a¢) and ag = (=g - ag.

More generally, we have

ap = (—1)k Z Qi = v Oy

1<y <--<ip<d

Using the triangle inequality, for any v € Mg ,) we have

E ail...aik

1<i) < <4, <d

|ak|v =

(2

d
< max _ai, - Qi
k) 1<ii<<ip<d

< <Z> max{|oy, 1} - - - max{|agly, 1}.
Taking the maximum over k and using the fact that (¢) < 2¢ for all k, we find that

max{1l, |a1]y, ..., |aqlo} < 2d max{ ||y, 1} - - - max{|agl|y, 1}.
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If we raise to the d,-th power, multiply over all v, and take the d-th root, we obtain
H(Uv ag, ... 7ad]) < 2dH(a1) e H(ad)'
By, Theorem 1.1.20 and the fact that H(a) < B we conclude that

H([L,ay,...,a4)) < (2B)* < (2B)”.

Recall that every a; € Q, so by Lemma 1.1.19 there are only finitely many possibilities
for ay, ..., a,. Hence there are only finitely many possibilities for the minimal polyno-
mial of «, and since each F' has only d roots, there are only finitely many possibilities

for . This proves that the set is finite. |

Our first application of this theorem is the following

Theorem 1.1.22 (Kronecker Theorem). [Sil2, Theorem 3.8] Let o € Q be a nonzero algebraic
number. Then

H(a) =1 ifand only if o is a root of unity.

Proof. We have seen in Proposition 1.1.14 that if " = 1 for some n > 1, then H(«) = 1.
Now suppose that H(a) = 1, from the definition of the height we have

forallz € Qand alln > 1. So, H(a™) = H(a)™ = 1 and the set
{a":n€eZ,n>1}

has bounded height (by 1). From Theorem 1.1.21 and the fact that this set is in the
number field Q(«) (so, it has bounded degree), we have that the set of positive powers
of a is finite. Finally, there are integers ¢ > k£ > 0 such that o' = aJ and, as o # 0, then

« is a root of unity. |

1.1.5 Height Functions and Geometry

This section will be based on [Sil2, 3.2].
Definition 1.1.23. A rational map of degree d between projective spaces is a map
¢: PNV — PV
¢(P) = [fo(P),--- s fu(P)];
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where fo,...,fu € Klzo,...,xnN] are homogeneous polynomials of degree d with
no common factors. The rational map ¢ is defined in P if at least one of the values
fo(P), ..., fa(P)is nonzero. The rational map ¢ is called a morphism if it is defined at
every point of PV (K). If the polynomials fj, ..., fas have coefficients in K, we say that
¢ is defined over K.

In this section our goal is to compare the value of H(P) and H(¢(P)) for a rational map
¢. This result uses an important theorem from algebraic geometry called the Nullstel-

lensatz.

Theorem 1.1.24. [Sil2, Theorem 3.11] Let ¢ : PN (K) — PM(K) be a morphism of degree d.
Then there are constants Cy, Cy > 0, depending on ¢, such that

C1H(P) < H(¢(P)) < CoH(P)?  forall P € PN (K).

In fact, the upper bound is valid for rational maps provided we restrict our attention to points
P at which ¢ is defined.

1.2 Resultants

1.2.1 The Resultant of a Rational Map

This section is based on [Sil2, 2.4].

In this section we will consider rational maps ¢ : P! — PL. By definition ¢ is given by a

pair of homogeneous polynomials

¢ = [F(z,y),G(z,y)]

having no nontrivial common roots. However, if we reduce F' and G modulo some
prime, they may acquire common roots in the residue field. The resultant is a useful

tool to understand this phenomenon.

Proposition 1.2.1. [Sil2, Proposition 2.13] Let

P(a,y) = apz” + aa™ Yy + - ap 129" + any”
Q(:U7 y) = boﬂﬁm + blxm_ly —+ .- bmflxym_l + bmym

be homogeneous polynomials of degrees n and m with coefficients in a field K. There exists a
polynomial

Res(ag, ... ,an,bo,...,bm) € Zlag, ... ,an,bo,...,bn],
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in the coefficients of P and @, called the resultant of P and @), with the following properties

1. Res(P,Q) = 0 if and only if P and Q have a common zero in P}(K).

2. If apby # 0 and if we factor P and Q) as

n

P=a [ —aw) and Q=0 Hw—ﬂyy

i=1
then
Res(P, Q) = ag'by H H
i=17j=1
3. There exist polynomials Fy,G1,Fy,Ga € Zlao, ..., an,bo, ..., by|[z,y] homogeneous

in x and y of degrees m — 1 and n — 1, respectively, with the property that

Fi(z,y)P(z,y) + Gi(z,y)Q(x,y) = Res(P, @)z "
Fy(z,y)P(z,y) + Ga(z,y)Q(z,y) = Res(P,Q)y™ "'

4. The resultant is equal to the (m + n) x (m + n) determinant

apg a1 ag Qp,
ag al a9 (0799
aq aiq a9 (7 m
aq al a9 Qg
Res(P, Q) =
(P.Q) bo b1 by ... ... ... by
bop b1 b2 ... ... .. bm
bo b1 by ... ... .. by n
bop b1 by ... .. .. by | )

1.2.2 Application to polynomial systems

In the previous section we studied resultants when we have two homogeneous poly-
nomials. The theory of resultants will be useful to find solutions in equations systems.
However, not every time we will have homogeneous polynomials. So, we will study

resultants in a more general way.
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Lemma 1.2.2. [CLOI[Lemma 6,3.§5] Let k be a field. Let F,G € k[x] polynomials of degrees
n > 0and m > 0, respectively. Then F and G have a common factor if and only if there are
polynomials A, B € k[z] such that

1. Aand B are not both zero.

2. A has degree at most m — 1 and B has degree at most n — 1

3. AF + BG = 0.
Suppose A = cox™ 4+ -+cmo1 and B = dgz" !+ - - d,,_1. Asking whether F, G have

a common factor is equivalent to finding ¢;, d; € k, not all zero such that AF' + BG = 0.

To get a system of linear equations we can write
F=apx™ 4+ -an, ag #0

G =box™ + -+ - bm, by # 0,

where a;,b; € k. With this information, finding ¢;, d; is equivalent to solve the system
of linear equations given by AF + BG = 0. Which has n 4+ m equations and n + m
unknowns. From linear algebra, there is a non zero solution if and only if the coefficient

matrix has determinant zero.

Definition 1.2.3. [CLO][Definition 7,3.8§5] Given polynomials F,G € k[z] of positive

degree, write them in the form
F=agz" + - an, ag# 0

G = boz™ + -+ - bm, by # 0,
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Then, the Sylvester matrix of F' and G with respect to =, denoted Syl (F,G) is the

following (n +m) X (n + m) matrix

ao
al Qg
as ai
ao
ai
(09
Qn
an

bo
b1
by

m columns

which has m columns of a; and n columns of b;.

bo
b1
bo
b1
bin
b
n columns

The resultant of F' and G with respect to z, denoted Res,(F, G), is the determinant of

the Sylvester matrix.

For example, if n = 3, m = 2 the Sylvester matrix is

ap 0
ayp ag
as ai
as as
0 as

bo O
b1 bo
by by
0 b
0 0

bo
by
by

Example 1.2.4. Let F' = 22% 4+ 3z + 1 and G = 72% + = + 3, then

Res,(F,G) =

S = W O N
= Ww o N O

O O W = 3
SO W = g O

= 1013 # 0.

w = J O O

Proposition 1.2.5. [CLO, Proposition 8, 3.§5] Given F, G € k[x] of positive degree, the resul-
tant Res,(F, G) € k is an integer polynomial in the coefficients of F' and G. Furthermore, '
and G have a common factor in k(x| if and only if Res, (F, G) = 0.
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We can adapt the theory of resultants to the case of polynomials in two variables. Sup-

pose we are given F, G € k[z,y] of positive degree in x. We write
F=apx" +---an, ag#0

G =boz™ + b, by # 0,

where a;,b; € k[y], and we define the resultant of F' and G with respect to « to be the

determinant of the Sylvester matrix of F' and G with respect of x.

Example 1.2.6. Let F(z,y) = 2 + 22y + y° and G(x,y) = 22 + zy?, then

1 0 1 0 0
0 1 % 1 0
Res,(F,G) =12y 0 0 o2 1|=-y"—4"
v 2y 0 0 g
0 2 0 0 0

Proposition 1.2.7. [CLO, Proposition 1, 3.§6] Let F,G € k[xz,y| have positive degree as
polynomials in x. Then Res, (F, G) = 0 if and only if F and G have a common factor in k[x, y]

which has positive degree in x.

Corollary 1.2.8. If F.G € C[z], then Res,(F,G) = 0 if and only if F' and G have a common

root in C.

Example 1.2.9. Let F(x,y) = 2> + 22y + 3 and G(z,y) = 22 + xy?, then in the previous

example we calculated
Resy(F,G) = —y° —y° = —°(y° +1).

The proposition tells us if a,b € C are such that F'(a,b) = G(a,b) = 0, then b is such
that Res, (F, G)(b) = 0.So, b € {0, —1, 03 1=¥31 T find a we solve

F(z,b) = G(z,b) =0

for each possible b.



Chapter 2

Specific Preliminaries

2.1 Quasi-integral points

211 S-integers

Here we introduce the notion of sets of S-integers, which are rings of arithmetic interest.
We will understand why the word integer is in the name with the example we provide.
Later, we will generalize with concept with the set of quasi-integers.

Definition 2.1.1. [HinSil, B.1] Let S C Mg be any set of absolute values containing the

archimedean absolute values, then the ring of S-integers of K is defined to be
Rs:={z € K :|z|, <1lforallv e Mg,v ¢ S}.

Remark 2.1.2. The set defined above is a ring. By the multiplicative property of abso-
lute values, it is closed under product. As every v ¢ S is nonarchimedean, the strong

triangle inequality implies it is closed under addition.

Example 2.1.3. If S = {oo}, then the S-integers are Z. Indeed, no prime number can
divide the denominator of a S-integer because its p—adic absolute value is less than or

equal to 1 for every prime p.

2.1.2 Definition and Properties

Definition 2.1.4. [HsiaSil] Let K/Q be a number field, let S be a finite set of places of
K andlet1 > e > 0. An element = € K is said to be quasi-(S, e)-integral if

[Kv : Qv] 1o
————log max{1,|z|,} > eh(x). (2.1)
; (K : Q]

16
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Lemma 2.1.5. An element x € K is in the set of S-integers of K if and only if x is a quasi-
(S,1)-integral, in which case (2.1) is an equality.

Proof. In the first place, if x € Rg, then |z|, < 1forallv ¢ S. So, logmax{1, |z|,} =0
for all v ¢ S. By definition of height,

= 7[[(”:@”] Oog max xT
Mo = 3 g losman{L el

= L(U:Qv] og max{1l, |z
—; (K : Q] log {1, |z]o},

where we are using the fact that z € Rg in the last equality. In particular,

(Ko : Qi
Uezsmlogmax{l, 2]y} > h(x).

Conversely, if z is a quasi-(S, 1)-integer, then

K, :Q,
> wlogmaxg, |lz],} < 0.
véS '

Aslog max{1, |z|,} > 0 for every v € Mk, the previous inequality is true only if |z|, < 1
for all v ¢ S. By definition, z € Rg. [

Remark 2.1.6. Fix K/Q a number field and a finite set S C Mg, we will denote by Rg

the set of elements in K that are quasi-(5, €)-integers.

Lemma 2.1.7. Given 0 < ¢ < € < 1, we have that Rse C Rge.

So, it is interesting to study the properties of the numbers that are quasi-(9S, €)-integers

for some 0 < € < 1.

Proposition 2.1.8. Given K/Q a number field and a finite set S C My, we have

U Rse=K\{z e K:|z|, <1VvelS,z#0andz" #1Vn>1}.

0<e<1

Proof. Suppose that x ¢ Rg, forall 0 < € <1, then

Z wlog max{1,[z[,} <eh(z), V0 <e<1. 22)
veS '

Making € — 0, we have

[Kv : Qv] 1o
——— log max{1, |z|,} <0,
2 Q)



18

which implies that |z|, < 1 for all v € S. Even more, (2.2) tells us that h(z) # 0. By
1.1.22, x # 0 and z is not a root of unity.

Conversely, suppose x € K,z # 0, z is not a root of unity and |z|, < 1 forallv € S.
Again by Theorem 1.1.22 we know that i(z) # 0. Notice that |z|, < 1forallv € S and
h(z) > 0 makes that

[KU : Qv]
0= ——— logmax{l, |z|,} < eh(z), VO <e < 1.
> g e} < hie)
Finally, z is not a quasi-(5, €)-integer for all 0 < e < 1. n

Definition 2.1.9. Let K/Q be a number field, let S be a finite set of places of K and

let 0 < € < 1. A nonzero element z € K is said to be a quasi-(S, ¢)-unit if z,v~! are

quasi-(S, €)-integers. We will denote by Rj  the set of elements in K that are quasi-
(S, €)-units.

2.1.3 Quasi-integrals over Q

Working over Q we have a compact and immediate way to see if a number is a quasi-

(S, €)-integer or not.

Proposition 2.1.10. Let S = {oc0,p1,...,pr} € Mg be a finite set of absolute values from Q.
Let a = § where a, b have no common factors. Write b = pi™ - - - p*"k, where ci; > 0 and p; { k

foralli. Then, given 0 < e <1,

o € Rs. ifandonlyif H(a)'™¢ > |k|.

Recall that the height function on Q is easy to calculate from Lemma 1.1.13.

Proof. By definition a € Rg if and only if

MO max T eh(x
1;9 g eemaxtl fzlu} 2 ehlz)

& [ max(1, |z} > H(e)*
veES

T
< max{1, ||} Hmax{l, |z|p, } > H(a) .
i=1

Define b’ := p{" - - - p&r, then

[[max{1,|z],} ="
=1
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We have a € Rg if and only if

max{L, || } V| > H(a)".

Lets branch into cases, we will denote | - | :=| - | :

e If |a|oo > 1, then H (o) = |a|. We have the inequality

a € €
max {1, [2]}|¥] = H > H(a) = |dl

if and only if
|| < la]'~¢ = H(a)'™.

* If |a|oo < 1, then H(«) = |b|. We have the inequality
max{L, [z[}[b'| = [V'| = H(a) = [b

if and only if
k| < [b]'~¢ = H(a)'™,

where in the last line we multiplied by |k| and used that b = v'k.
We conclude that « is a quasi-(S, €)-integer if and only if |k| < H(a)!¢. [ |

In the literature there is another definition of quasi-integral points over Q:

Definition 2.1.11. For o € Q we write a = § where a, b are coprime integers. Let r > 0,
then « is r-quasi-integral if
|b| < H(a)".

Remark 2.1.12. With the Proposition 2.1.10 we note that the last definition is not some-
thing new. Indeed, «a is r-quasi-integral if and only if « is a quasi-({oo}, 1 — r)-integer.

We will differentiate them by the place where we put the 7 or e.

We prefer to use the Definition 2.1.11 on the results we will prove in this thesis because
it has the property that if r grows, then the set of r-quasi-integral points grows (contrary

to quasi-(5, €)-integers).
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2.1.4 Examples and properties.

Our goal in this section is to fix ideas about the concept of quasi-(5, €)-integers and
have some counterexamples for properties that Rg have and Rg. can not have. The

most important of them it that Rs . may not be a ring, even if we consider Jy_ | Rs.e-

From now on we will work over Q, so it is convenient to write the Proposition 2.1.10 in

another way:

Proposition 2.1.13. Let S = {oo,p1,...,pr} C Mg be a finite set of absolute values from
Q including the archimedean one. Let o = % where a,b have no common factors. Write
b=p{" - pk, where o; > 0 and p; 1 k for all i. Then, given 0 < € < 1and H(a) # 0,

log |k|

a € Rs. ifandonlyif €<1 log H ()

Proof. Apply log over Proposition 2.1.10 and isolate e. u

2141 K =Qand S = {oo}

As there are not primes in S, the Proposition 2.1.13 translates into

: : log ||
<]l-—"
a € Ry, ifandonlyif €< og A(a)’

where a = 7 in lowest terms.
Note that if |b| > H(«) (or, equivalently, H(«) = |b|) then there is no € > 0 that satisfies

_log ||
€= log H(a)

It follows that if |a| < 1 and a ¢ {0,1,—1} then o ¢ Rg for all 0 < e < 1. This is not
new because we proved in Proposition 2.1.8 that {x € Q : |z| < 1,2 # 0,1, —1} is the

complement of Jy_ <y Rs,e-

Example 2.1.14.
4 1
1. —3 € Rscifand onlyife <1 — gii ~ 0.2075.
log 4
2. Z € Rgcifand onlyife <1 — 1225 ~ 0.138.
31 log 12

~ 0.276.

3. 12 € Rgcifandonly ife <1 — log 31
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Remark 2.1.15. Given 0 < € < 1, the set Rg,. may not be closed under addition. For

4 31
example, —3 ?—2 € R{s},0.2 but

5 31 4
4 127 3 ¢ Ri}0.2-

2142 K =Qand S = {o0,2}

With the notation from Proposition 2.1.13, we have in this case that ¥’ = 2°792() 5o the

condition translates into

ords(b) log 2 — log |b]

a€ Ry ifandonlyif e€<1+

log H(«) ’
a .,
where o = 3 in lowest terms.
b
This is because log |k| = logb/| = log |b| — log(2) - orda(b).
Example 2.1.16.
4 log 3
1. —3 € Rscifand onlyife <1 — 12?4 ~ 0.2075.
3
2. 1€ Rg . forevery 0 < e < 1.
) log 2
3. ¢ € Rscifand only if ¢ < % ~ 0.3868.
6 log b
4. v € Rscifand onlyife <1 — 1226 ~ 0.1017.
1
5. 3 € Rg forevery 0 < e < 1.

Remark 2.1.17. Given 0 < € < 1, the set R5,. may not be closed under product. For

1
example, 3 € R 2},0.2 but

37
2

4
3 3

¢ R{oo,Q},ea

DN |

forevery 0 < e <1.

Even more, (Jy_.<; Rs,c may not be closed for the product.

Remark 2.1.18. It is possible that [ Jy_ ., IZs, may not be closed under addition. For

5 1
example, o, —5 € Rioo2},0.35, but

5

1 1
376 + ) ¢ Riso 265
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forevery 0 < e < 1.

Remark 2.1.19. Given 0 < € < 1, Rg may not be closed under product. For example,

45
g, 6 6 R{OO,Z},O].’ but

10 45
9 =36 < Moo
1 1
ifandonlyif 0 <e <1 — 100gg190 ~ 0.045. In particular, 50 ¢ Rf{koog},m.

2.2 Diophantine Approximation

Our results will be based in many of the theorems in this section. Diophantine Approx-
imation is a crucial tool in the theorems from the area of Arithmetic Dynamics that we

studied in this thesis and it is an area of interest of its own. This section will be based
in [Sil2, 3.6].

Let K be a number field and let S be a finite set of absolute values on K.

Theorem 2.2.1 (Roth). [Sil2, Theorem 3.40] Let € > 0. For each v € S, extend v to K in some
fashion and choose an algebraic number o, € K. Then there is a constant k > 0, depending on
K, S,eand {ay}yes such that

. dy K
lgqmmﬂz — Qyly, 1}% > H()aE forall ze K.

Roth’s Theorem has as a consequence Thue’s Theorem. We will prove a modified ver-
sion of the case K = Q and S = {oo} in Chapter 3.

Theorem 2.2.2 (Thue-Mahler). [Sil2, Theorem 3.41] Let G(x,y) € K|z, y| be a homogeneous
polynomial with at least three distincts roots in P*(C), and let B € K. Then there are only
finitely many (z,y) € R% satisfying G(z,y) = B.

Our main result in this thesis is a generalization of the following theorem:

Theorem 2.2.3 (Siegel). [Sil2, Theorem 3.42] Let ¢(z) € K (z) be a rational function with at
least three distinct poles in K Then there are only finitely many o € K satisfying ¢(a) € Rg.

Proof. We will prove this in the case of K = Q and S = {oo}.

In the first place, we write
¢ = [F(z,y),G(z,y)]
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where F(z,y),G(x,y) € Zlx,y] are homogeneous polynomials of degree d with no

a . .
common factors. So, for any a = 7 € Q written in lowest terms, we have

Then ¢(«) € Z if and only if G(a, b) divides F'(a, b).

Recall from Proposition 1.2.1 that, as F, G have no common factors, R := Res(F,G)
the resultant of /' and G is a nonzero integer. Also, there are f1, g1, f2,92 € Zx,y]

homogeneous polynomials such that
fi(e,y)F(z,y) + g1(z,y)G(z,y) = Re*™

fg(l’,y)F(l’,y) + gg(a:,y)G(:c,y) = Rdeil‘

Suppose ¢(«) € Z. Substituting (z,y) = (a, b) in the previous equations we see, since
G(a,b) divides F(a,b), that G(a,b) divides Ra??~! and Rb?*?~1. As we choose % in low-
est terms, G(a, b) divides R.

Thus we have that

{a €Q:¢(a) €Z} C | J{a €Q:Gla,b) = D}. (2.3)

DIR

It is important to note that R does not depend on a and b, instead R is dependant only

on ¢.

Finally, from Theorem 2.2.2 using K = Q and S = {oo}, for D|R the set {a € Q :
G(a,b) = D} is finite. As there are finitely many divisors for R, the set from the right

side of (2.3) is finite and the theorem is true. |

2.3 Arithmetic Dynamics

Our motivation to study Diophantine Approximation are some results that exist in the
area of Arithmetic Dynamics. In particular, in the future we want to generalize the
finiteness of S-units in the image of rational functions to finiteness of quasi-(S, €)-units
(Proposition 2.3.10). We will give the basic definitions and the results related to our

problem.

This section is based in [Sil2].
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Definition 2.3.1. [Sil2, Introduction] A (discrete) dynamical system consists of a set
S and a function ¢: § — S mapping the set S to itself. This self-mapping permits

iteration

¢"=godo---004.
N—

n times

By convention, ¢° denotes the identity map on S.

Definition 2.3.2. For a given point o € S, the (forward) orbit of « is the set

Og(a) = {¢"(a) : n = 0}

The point « is periodic if ¢" () = « for some n > 1. The smallest such n is called the
exact period of . The point « is preperiodic if some iterate ¢™(«) is periodic. If a point

is not preperiodic we say that it is a wandering point.

The sets of periodic and preperiodic points of ¢ in S are denoted respectively by
Per(¢,S) ={a € S: ¢"(a) = o for some n > 1},
PrePer(¢,S) = {a € S : ¢""(a) = ¢™(a) = for somen > 1,m > 0}.

As we are working with rational maps, we have some properties for the previous set.

Theorem 2.3.3 (Northcott). [Sil2, Theorem 3.12] Let ¢ : P™ — P™ be a morphism of degree
d > 2 defined over a number field K. Then the set of preperiodic points PrePer(¢) C P(K) is
a set of bounded height. In particular,

PrePer(¢,P"(K)) = PrePer(¢) NP"(K)

is a finite set.

As we saw in Theorem 1.1.24, H(¢(P)) has a relation with H(P)“. This is the motiva-

tion to define the canonical height.

Theorem 2.3.4. [Sil2, Theorem 3.20] Let S be a set, d > 1 a real number and let ¢: S — S
and h: S — R be functions satisfying

h(¢(P)) = dh(P)+ O(1) forall P e S.

Then the limit

h(P) = Tim —h(¢"(P))

n—oo "

exists and satisfies:
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The function h: S — R is uniquely determined by the properties above.

Definition 2.3.5. Let ¢: P" — P" be a morphism of degree d > 2. The canonical height

function (associated to ¢) is the unique function
hy: P'(@Q) — R
satisfying i(P) = h(P) + O(1) and h(¢(P)) = dh(P).

The canonical height provides a useful arithmetic characterization of the preperiodic

points of ¢.

Theorem 2.3.6. [Sil2, Theorem 3.22] Let ¢: P™ — P™ be a morphism of degree d > 2 defined
over Q and let P € P*(Q). Then

P € PrePer(¢) ifand onlyif hy(P) = 0.

We are motivated by the following result from Silverman.

Theorem 2.3.7. [Sil2, Theorem 3.43] Let ¢(z) € Q(z) be a rational map of degree d > 2 with
the property that ¢*(2) ¢ Q[z]. Let o € Q be a wandering point for ¢. Then the orbit Oy ()

contains only finitely many integer points.

In [Sill, Theorem 2.2] Silverman generalizes this result to number fields and using S-
integers instead of integers. It is natural to ask if the number of S-integral points of ¢
can be uniformly bounded. A work in this direction is given by Gunther and Hindes

in [GH]. They proved the following

Theorem 2.3.8. [GH, Theorem 1.6 a.] Let ¢(z) € Q(z) be a rational function of degree at least
two and let S be a finite set of places of Q containing the archimedean one. Then if $*(z) is not
a polynomial, there exists a constant N = N(¢,d, S) such that for every point P € P1(Q, d),
we have #(Orby(P) N Og) < N.

Remark 2.3.9. The number of S-integers in ¢(K’) cannot be bounded in terms of only
K, S and deg ¢. In [Sil1] Silverman shows the following example: Let ¢(z) € Q[z] be any
rational function and let ¢ € Q be any point whose orbit O(t) is infinite. For each n

write ¢"(t) = Z— in lowest terms. Now choose an integer NV and define B = byb; - - - by
(If some b; = 0, we discard it). The function ¢ (z) = B¢(z/B) then has the property that

Y"(Bt) = Bo"(t) = BZ—” €Z forall 0<n<N,

n
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and then O (Bt) contains at least N integers points.

But [KLSTYZ] conjecture that, in the case of S-units, there is a bound depending only
on |S| and deg ¢.

Conjecture 1. [KLSTYZ, Conjecture 1.1] For any integers s > 1 and d > 2, there is a constant
C = C(s,d) such that for any number field K, s-element set S of places of K including the
archimedean ones and degree-d rational function ¢(z) € K (z) which is not a d—th power in
K(z), we have

[6(K) N Rg| < C.

In [KLSTYZ] they prove the conjecture in the case of ¢(z) restricted to certain classes of
rational functions. However, the conjecture would be true if we allowed the constant

C depend on K, S and ¢ instead on d and s. For this they use

Proposition 2.3.10. [KLSTYZ, Proposition 1.5] Let K be a number field, let S be a finite set
of places of K including the archimedean and let ¢(z) € K(z) be any rational function. If
|p~1({0,00})| # 2 then ¢(K) N R is finite.

For this last Proposition, they apply Siegel’s Theorem 2.2.3 over the function

and conclude using the fact that

¢(Rs) € P(Rs).

Thus, our motivation to prove a version for quasi-integers of Siegel’s Theorem is gen-

eralizing Proposition 2.3.10 to quasi-units.



Chapter 3

Main Theorem

3.1 Modified Thue’s Theorem

In the first place we recall a relation between the roots and coefficients of a polynomial:

Lemma 3.1.1 (Lagrange). Let p(x) = ao + a1 + - - - + apx™ be a polynomial with a; € R and
an # 0. Then, every complex root of p(x) is bounded by

} |

Searching for an analogue of Thue’s Theorem in the case of quasi-integral points we

n—1 )
max {1, Z il

=0

Qn

prove:

Theorem 3.1.2 (Modified Thue’s Theorem). Let G € Z[z,y] be a homogeneous function
having at least 3 different factors over C. There is a constant c(d) > 0 depending only on
:= deg G such that for every 0 < v < c(d) the inequality

|G (2, y)| < max{|z], [y}

has at most finitely many solutions in 7.

Proof. The case when G is square-free implies the general case in the following way: We
can assume that the constant ¢(d) is decreasing as the degree grows. Suppose G is not
square-free, then we can write G(z,y) = Gi(x,y)Ga(x,y) where G1,Gy € Z[z,y] and
G1 has the same roots as G but is square-free. Then d; = deg G1 < d and ¢(d) < ¢(dy).

27



28

If (a,b) € Z are such that |G(a, b)| < max{|al,|b|}” for some 0 < v < ¢(d), then
|G1(a,b)] < |G(a,b)| < max{lal, [b]}”.

As v < ¢(d) < ¢(dy), the Theorem applied to G (z,y) implies there are finitely many
(a,b) € Z such that |G(a, b)| < max{|al, |b|}".

From now on suppose that GG is square-free. In the first place, we will study the case
when G is reducible over Z[z,y|. That is G(z,y) = U(x,y)V(x,y) for some distinct
U,V € Z[z,y]. As we are assuming G square-free, U and V have no common factors in

Z[z,y]. We shall prove that the system

Ulz,y) = A (3.1)
V(z,y) =B (3.2)
|AB| < max{|z|, |y[}” (3.3)

with A, B € Z has at most finite solutions in Z2.

Notice that U — A,V — B are not homogeneous, so we use the resultantof U — A,V — B
with respect to y denoted Res, (U — A,V — B) € Z[z] as we defined in 1.2.3.

Recall from Proposition 1.2.7 that if (a,b) € Z? is a solution of (3.1) and (3.2), then a is
such that Resy (U — A,V — B)(a) = 0. By Lemma 3.1.1, if

Res, (U — A,V — B) = apa" + - - - + a1 + ao,

then
n—1 @ n—1 n—1
la| < max< 1, 1P <max<1, ) |a]p < |a;]. (34)

As the resultant is the determinant of a matrix with the coeficients of U — A,V — B as
entries, its coeficients as a polynomial from Z[z] are determinated by U, V' (and then, G)
and A, B. Even more, A appears in deg, (U — A) entries and B appears in deg, (V — B)
entries. So, the power of A, B in the coeficients of Res, (U — A,V — B) is bounded by

deg, (U — A) + deg, (V — B) < d,

It follows that
la| < C(U, V) max{|A],|B[}".

where C(U, V) is a constant depending only on U and V.
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Hence if (a,b) € Z? is a solution for the system (3.1) (3.2) (3.3), we have

la| < C(U, V) max{lal, |b|}*".

Using the fact that if (a,b) € Z? is a solution of (3.1) (3.2), then
Res, (U — A,V — B)(b) =0,
we conclude in an analogous way that
b < C'(U, V) max{]al, [b]}*
where C'(U, V) is a constant depending only on U and V.
Finally, if (a, b) is a solution of the system, then
max{|al, [b} < max{C, C'} max{lal, o[}

which implies that
max{|al, |b|}*~%" < max{C,C"}. (3.5)

As a,b are integers, if 1 — dy > 0 then there are at most finitely many (a, b) that satisfy
(3.5). For this case it is enough to take ¢(d) < 1.

Now we will prove the case where G is irreducible over Z[x, y|. By Gauss’ Lemma, then

G is irreducible over Q[z, y]. So, factoring over C[z, y] we have
G((E, y) = A(x — aly)(m — a2y) e (l’ _ ady)

with a; # «; forall i # j.

Notice that if we divide by y®? we have

G(;y) :A@_m)...(z_ad).

min{o; — o] : i # j})
2

Let us define 6 := < ¢ for

, then at most one «; satisfies

T
T
Y

2 € Q. So,
)

T
A
Y

> A6%! min
1<i<d

)

‘ G(x,y) ‘
yd
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and then
|G (2, y)|
- Ayl

min i

1<i<d

Y

On the other side, if we apply Roth’s Theorem (2.2.1) for every «;, then there exists
some k = k(1/4,aq,...,a4) > 0 such that

x I k
5_0‘1 =y

min
1<i<d
Suppose |G(a,b)| < max{|al,|b|}", then using both inequalities above we have:

Gla,b)| _ max{|al, [b]}"
- Aéd—l’b|d - Aéd—l’b|d

k < mi ‘a
—_— min |—
|b|2+1/4 ~ 1<i<d

p Y

From this we can conclude that

_ 1
(b7 < o max{al, [b[}. (36)

We obtain a similar bound for |a| writing
Glx,y) _ (Y y
2= n(2-n) ()

and using the constant x’ from Roth’s theorem (2.2.1) over 3 ... 4

_ 1
’d 22 < Wmax{]a\, |b[}7. (3.7)

la
And then, using (3.6) and (3.7) we obtain

max{lal, [b[}*"**° < Cmax{|al, [b]}7,

where C' = max{ =77, gza— } depends only on G (specifically on G’s roots).

For this case, we conclude that if |G(a, b)| < max{|a|, |b|}", then
max{a], [o[}*>2 7 < C.
So, if v < d — 2.25 then there are finitely many integers a, b € Z such that

|G(a,b)| < max{]al, [b]}".
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Finally, it is enough to consider ¢(d) = min{},d — 2.25}. Then, in both of the cases, if
0 < v < ¢(d) we have only finitely many solutions (a,b) € Z? for the inequality

|G (2, y)| < max{[z], [y}

3.2 Siegel for quasi-integral points

Theorem 3.2.1 (Siegel for quasi-integral points). Let ¢(z) € Q(z) be a rational function of
degree d with at least three distinct poles in P1(C). There exists a constant c(d) > 0 depending
only on d such that for every 0 < r < ¢(d),

{a € Q: ¢(«) is r-quasi-integral }
is a finite set.

Proof. The proof is based on 2.2.3.

In the first place, we write ¢ = [F(z,y),G(z,y)] where F(z,y),G(z,y) € Z[z,y] are
homogeneous polynomials of degree d with no common factors. So, forany a = 7 € Q

written in lowest terms, we have

We denote d' = d'(a,b) := ged(F(a,b),G(a,b)). Note that if we write ¢(a) in lowest

terms its denominator will be %. Suppose ¢(«) is r-quasi-integral, then

G(a,b)] < d'H(¢(a))". (3.8)

Recall that F, G have no common factors, so R := Res(F, G) the resultant of F' and G is
anonzero integer. In Proposition 1.2.1 it was proven that there are fi, g1, f2, g2 € Z[x, y]

homogeneous polynomials such that
fl ('17? y)F($7 y) + g1 (IE? y)G(ﬂj‘, y) = Rl’Qd_l

fo(z,y)F(z,y) + go(x,y)G(x,y) = Ry??1.
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By definition, d’ divides F'(a,b) and G(a,b). Substituting (x,y) = (a, b) in the previous

equations we see that d’ divides Ra??~!

d' divides R.

and Rb%?1. Since we chose 7 in lowest terms,

By [HinSil, Theorem 3.11] there is a constant C' > 0, depending on ¢, such that

H(¢(P)) < CH(P) forall P cPYQ).

Using the previous inequality and (3.8) we have

{a € Q: ¢(«) is r-quasi-integral } C U {a € Q:|G(a,b)| < DC"H(a)¥}. (3.9)
DIR

It is important to note that C, R does not depend on a and b, instead they are only

dependant on ¢.

Finally, it is enough to prove that for D|R the set
{a € Q:|G(a,b)| < DC"H(a)"}

is finite. For this, we will divide this set in two and prove that each part is finite:

e If DC" < H(a)¥, then |G(a,b)] < H(a)? and the Modified Thue’s theorem
(3.1.2) implies that there exists some ¢(d) > 0 depending only on deg G such that

if 2dr < c(d) then this inequality has at most finitely many solutions in Z2.

¢ From Northcott’s property (1.1.21) there exist only finitely many o € Q such that
H(a)¥ < DC".

c(d)

So, we conclude that for every r < oq and each D|R the set
{a € Q:|G(a,b)| < DCTH(a)¥}

is finite. As there are finitely many divisors for R, the set from the right side of (3.9) is

finite and the theorem is true.
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