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Introduction

Throughout this work the base field will be C. In 2008 Janos Kollar introduced in [Ko08] the
following family of hypersurfaces. Let n > 3 be an integer, and let aq, ..., a, be positive integers
such that there is no (a;, a;y2,...,ai4n—2) = (1,...,1) when n is even. The indices are and will

be taken modulo n. For every 1 <14 < n, we define the positive integers

n ‘ i+n—1 n
W; = Z:(—l)j_1 H aj and D:=|[a +(=1)"""
=1 I=itj =1

For example, for n = 4 we have
Wi = ajy1ai420;43 — ai420i13 + ajp3 —1 and D = ajazazag — 1.

We also define
w* = ged(Wh, ..., Wp).

Then w* = ged(W;, Wiy1) = ged(W;, D) since a;W; + W;11 = D for all i. More details on these

numbers will be given in Chapter 21

Set
W; D

w; ;= — and d:= —.
w* w*

Definition. The Kolldr hypersurface [KoO§| of type (aq,...,a,) is

X(at,...,apn) = ({2 + 23?23+ ...+ 2p"x; = 0) C Plwy, ..., wy).

We can define the map : X (ay,...,an) -+ (y1+---+yn, = 0) C P*~! given by the linear
system |z{'z2, 25223, ..., 2% x1|. Let 0 < p; < w* be such that p; = (—1)"! H;Zﬁl a;mod w*.
Consider the normal projective variety Y’ defined as the w*-th root cover of (y1 + -+ 4+ y, =
0) C P"~! totally branched along (y}* ---yh" = 0), as defined in Section Then by studying

1 we can prove that X (aq,...,a,) and Y’ are birational (Corollary 2.6]).



The main focus of this thesis is n = 4. In this case we can describe precisely the birational
map between X and Y’. We dedicate Section 21 to give a geometrical description of the map,

summarized as follows.

Theorem. There is a configuration T’ of 6 rational curves in X (ay, as, as, ay) such that ifX - X
is a log resolution of (X,T"), then XX —1—ﬂ-) P2 is a morphism which factors through Y' — P2

via a birational morphism X Y.

On the other hand, in Section 23] we prove that for every m-th root cover of P? totally
branched along four lines in general position, there are infinitely many Kollar surfaces with
*

w* = m birational to it. Therefore we can obtain birational-invariant information from Kolldr

surfaces via the study of m-th root covers of P?, and vice versa.

Kollar surfaces are related to a conjecture posed by Kollar in the same article, regarding

the number of certain type of singularities on (Q-homology projective planes.

Definition. A normal projective surface is called a Q-homology projective plane (QHPP) if it

has the same Betti numbers as P2,

Conjecture ([Ko08], Conjecture 30). Let S be a QHPP with quotient singularities. If S° :=

S\ Ssing is simply connected, then S has at most 3 singular points.

The purpose of Kollar surfaces was to give examples of QHPP with ample canonical class.
This occurs when w* = 1, after contracting the rational curves (x; = z3 = 0) and (z9 = x4 = 0)
in X(a1,a9,as,a4) when possible. This contraction gives a QHPP with two cyclic quotient

singularities. Even more, when a; > 4 for all i, then the canonical class is ample.

Hwang and Keum in a series of articles have proved the conjecture in almost all the
cases, narrowing it to prove it when S is rational, Kg is ample, and it has at worst cyclic
singularities. They also proved that the surface can have at most 4 singularities and in [HK12]
they construct examples of rational QHPP with ample canonical class and with one, two and
three cyclic singularities. In particular, some of their examples with two singularities have the
same singularities as the Kollar surfaces with w* = 1. In Section we prove the following

result.

Theorem. Kolldr surfaces with w* =1 are Hwang-Keum surfaces.



In Section 23] we give formulas for invariants of Kolldr surfaces via the invariants of Y’
when w* > 1. We pay special attention to the geometric genus, which depends on classical
Dedekind sums, defined in Section [[L7. In Chapter Bl we proceed to classify Kollar surfaces in

terms of their geometric genus.

First we prove that for every nonnegative integer m there is a Kollar surface with p, = m,
and that for a given positive integer m there is a positive integer N such that if w* > N and

pg > 0, then py > m. The rest of the sections of Chapter [3] are devoted to prove the following.

Theorem. For w* > 1, we have that

(a) pg = 0 if and only if the Kolldr surface is rational. This happens when a; =1 or a;a;41 =

—1 modulo w* for some 1.

(b) py = 1 if and only if the Kolldr surface is birational to a K3 surface. We classify this

situation in 8 cases.

(c) There are families of Kollar surfaces with Kodaira dimension 1 and 2. FEven more, for
w* >> 0, the smooth minimal model S of a generic Kollar surface is of general type
with K%/e(S) — 1, where Kg is the canonical class, and e(S) is the topological Euler

characteristic.

Even more, we give explicit families of Kollar surfaces with Kodaira dimension 1 elliptic

fibrations, and Kodaira dimension 2 surfaces of general type, both for w* arbitrarily large.



Chapter 1

Preliminaries

Throughout this work, we will assume that the reader is familiar with the contents of [Hart77]. If
needed, some results of it will be mentioned explicitely. In this chapter we will list the definitions
and results that we will use. Through Section [L.1] to [[.4] we will introduce Weighted Projective
Spaces and properties that will be useful when studying Kollar surfaces. Section describes
cyclic quotient singularities, their minimal resolution and their connection with Hirzebruch-Jung
continued fractions. In Section we define n-th root covers of a variety, with special interest
in n-th root covers of surfaces. Finally in Section [[L.7] we study Dedekind sums and show some

results that will be essential for Chapter [Bl

1.1 Weighted projective spaces

Weighted projective spaces are a generalization of the usual projective space. They are singular
varieties, but they are useful in the sense that we can study certain singular subvarieties as they
were nonsingular varieties. We just go through this theory, to then study Kollar surfaces as
hypersurfaces of certain 3-dimensional weighted projective spaces. Even though we will work
over C, most of the results still hold for an arbitrary field k¥ = k, having certain restrictions

when char(k) = p > 0. The following results can be found in [Dolg82] and [Ian00].

Definition 1.1. Let @ = {qo,...,¢n} be positive integers, and define S(qo,...,q,) = S(Q) as

the graded polynomial ring C[Xy, ..., X,], graded by degx; = ¢q;. The weighted projective space



P(qo, - - -, qn) is defined by

P(qo,...,q,) = P(Q) := Proj S(Q).

Geometrically we can see this space as follows: let A"*! the affine space and X, ..., X,

its coordinates. Define the action of C* as
A (Xo, ce ,Xn) = ()\qOX(), cey )\Qan)
Then P(Q) = (A" \ {0})/C* (see [Dolg82} 1.2.1]).

Let Zg = Z/@Z & --- ® Z/qnZ, and let ¢ - (Zo: ...: Zyp) = (CoZo: -..: (nZp) be the
action of the group on P, where ¢ = ((p, ..., (n) € Zq, and (; is a primitive i-th root of 1. The
ring of invariants (C[Zy, ..., Z,])%@ = C[Z{, ..., Z"] is isomorphic to S(Q) as graded rings by
X; = 7%,

Definition 1.2. Let Zg act on P" as mentioned before. Then the weighted projective space
P(Q) is the quotient space P™/Z.

Corollary 1.3. The intersection number of n hypersurfaces in P(Q) of degree dy, ..., d, respec-

twely, is T[]y di/ [1ieo -

Proof. Let p: P* — P(Q) the quotient map of Definition [[L2] and let H; be the hypersur-
face of degree d;. As p is a finite and surjective morphism, it is flat. Then p*(H;--- Hy,) =
(p*Hy)--- (p*Hy), and we obtain

(degp)(Hy---Hyp) =p*(Hy---Hyp) = (p"Hy) -+ (p"Hp).

As p*H; is a degree d; hypersurface of P, then (p*Hy) - -- (p*Hy) = [[;- di. On the other hand,
degp is the order of the group Zg, which is [[; ¢; (cf. [Ful98, Example 8.3.12]). O

Therefore we have three equivalent definitions for a weighted projective space: as the
Proj of a graded polynomial ring, as the quotient of A"*1\ {0}, and as the quotient of the usual
projective space P". Each of them will be useful to study these spaces and the behaviour of

subvarieties of them.

The following two properties allows us to choose the weights qo, ..., g, in a convenient

way.



Proposition 1.4. P(qo,...,q,) ~ P(dqo,...,dqy).

Proof. ([EGA] Proposition 2.4.7(i)) Let S be our graded algebra Clxy, ..., z,] with deg(z;) = ¢;,
and define S(@ = D, o Sna- We will show that the map ¢ : ProjS — Proj S given by
p— pNS@ is a set bijection. Let p’ € ProjS@ be a prime ideal and let p,q = p’ N Spq. For
each n > 0 such that d { n, we define p,, as the set of z € S, such that % € ppg. This set
is a subgroup of S, because p’ is a prime ideal, so we can find an unique prime ideal p such
that p N S@ = p/. We have that V, (f) = V,(f%), given by V. (fg) = V.(f) UV, (g), then
the bijection defined above gives an homeomorphism between Proj (S) and Proj (S(9). Finally,
there is a canonical correspondence between S(y) and S sa) (see [EGA], Lemma 2.2.2). Hence

we have an isomorphism of sheaves, therefore we have an isomorphism of schemes between
P(qo, - - -+ qn) = Proj S ~ Proj S = P(dqo, ..., dqg,).
O

Proposition 1.5. Let qq, . .., qp be positive integers, with ged(qo, - .., qn) =1 and ged(q1, ..., qn) =
d. Then

P(QO,Ql, o ,qn) = P(Q(]a C]l/d, s ’Qn/d)

Proof. Let S" = @, Snq. From Proposition [[.4] we have that

Proj S(qo, - ..,qn) ~ Projs’.

an

Suppose that z(” - - - 2%

is a monomial of degree md, where m € Z>. Then

a0q0+"'+anQn:md

so d | apqo. As d 1 qg because ged(qo,--.,q,) = 1, then d | ag. Hence z only appears in S’ as

xg, so S/ = (C[xg, ooy Tpn) ~ S(dgo, q1, - - -, qn). Then, using again Proposition [[4] we obtain

Proj S o= Proj S(dqo, q1, - - -, n) = Proj S(qo, 1 /d, ..., gn/d)

Corollary 1.6. Given P(qo,...,qy) there exists P(qp,...,q,) such that

P(qo,---,qn) = P(qp,-- -, q))



with
ng(Q()’---asz’---’qé):l, for all i

where (g(), - - - ,CZ, .., qp) is the list of weights with the element g, ommited.

Corollary 1.7. For every positive integers a,b, P(a,b) ~ P!,

Proof. Using Proposition [LA P(a,b) ~ P(1,b) ~ P(1,1) = PL. O
Definition 1.8. The space P(qo, ..., qn) is well formed if it satisfies the properties of Corollary

1.6l

We would like to know the behavior of Op(n) under this isomorphism. To do so we have

the following proposition .

Proposition 1.9 ([Del75],Prop. 1.3). Let

d; = ng(qo""’QiflaQiJrl""’Qn)
c; = lem (d07"'7dl'717dl'+1m“‘7dn)

¢ = lem (do,...,dy)

Then P = P(qo...,qn) =~ P(qo/co,---,qn/cn) = P, and P' is a well formed weighted

projective space.

Proof. The proof follows from Proposition [[.4l and Proposition O

Proposition 1.10 (|[Dolg82],Remarks 1.3.2). The isomorphism of Proposition [[.4 induces an

o= (o $0m) ).
1=0

where b;j(n) is uniquely determined by the equality

isomorphism of sheaves

n = bi(n)g +ri(n)d;, 0<bi(n) <d;.

Now we will study the singularities of P(Q). The type of singularities that appear on

weighted projective spaces are cyclic quotient singularities.



Definition 1.11. A cyclic quotient singularity is a germ at the origin of the quotient of C™ by

the action

(2150 oy2zn) = ( 21121,...,@#2'”),

where (,, is a primitive m-th root of 1, and the b; are positive integers relatively prime to m. It

is denoted by L (by,...,by).

Definition 1.12. Let G be a finite group of linear automorphisms of a finite-dimensional vector
space V over C. An element g € G is a pseudoreflection if there exists an element e, € V' and

fg € V', the dual vector space, such that
g(z) = x + fy4(x)ey, for every x € V.

Ezample 1.13. Recall the action of Zg on S(1,...,1) as mentioned in Definition The

generators of Zg act on the vector space of degree 1 elements of Si(1,...,1) by the formula
(Zo,...,Zi,...,Zn) — (ZQ,...,CZ'ZZ',...,Zn) = (ZO,aZn)+(<z _1)Zi‘/i,

with V; the i-th unit vector. Therefore they are pseudoreflections.

To study the singularities of P(Q) we will use the following algebraic lemma.

Lemma 1.14 ([Bo68], ch. V5, Thm. 4). Let G be a finite group acting on a vector space V' over
C, B the symmetric algebra of V and A = BS the subalgebra of G-invariant elements. Then

the following are equivalent:

(i) G is generated by pseudoreflections.
(i) A is a polynomial C-algebra.

(111) V/G ~ Spec A ~V
Theorem 1.15.

(a) The space P(Q) is a normal irreducible projective algebraic variety.

(b) All singularities of P(Q) are cyclic quotient singularities.

10



Proof. Consider the definition P(Q) = P"/Zg.

(a) This follows from the fact that all those properties are preserved under the action of

a finite group.

(b) Consider the open coverings P(Q) = Ui, D+ (X;) and P" = (J;", D+(Z;), where
D, (f) is the set of points = such that f(z) # 0. Notice that D, (Z;) is invariant under the
action of Zg, so

D (Xi) ~ D(Z;)/ Zq-

Zy?
Write Zg = Zg, X Z/qoZ, where Zgj, = Z/GWZ & --- & ZL/q,Z. Example [ I3 tells us that the

Without loss of generality, assume ¢ = 0. Then D, (Zy) = SpecC [é ,Z—g] ~ A",

generators of Zgj, are pseudoreflections when acting on D, (Zp). Therefore, by Lemma [14]

D (Zy)/Zg, ~ A", thus

D (Xo) = D4(Z0)/Z/q0Z ~ A™ |7/ q0Z.

The following proposition characterize in a more precise way the singular locus of a

weighted projective space.

Proposition 1.16. If P = P(Q) is a well formed weighted projective space, then

(o : ... 2p) € Pying & ged{q; : ; # 0} > 1.

Proof. ([DD85], Proposition 7) Let X = {x € P : ged{q; : x; # 0} > 1}. It is clear that X is a
closed set, so let Py be the open set P\ X. We have that C* acts freely on Uy = p~1(IP), with

p: A"\ {0} — P, so Py C Preg the set of nonsingular points of P.

To prove the other inclusion, let ¢ be a common multiple of the weights ¢; and let a; = ¢/¢;.

Define the weighted projective space P’ = P(qq,. .., qn, 1) and consider the hypersurface
V=(2p"+---+ai" +t1=0).

V is a quasismooth hypersurface (see Definition [[.32]) and hence it is normal and irreducible.
If we take the covering f : V — P, (z,t) — x, then the minimal branching set of f is X U Hy,
where Hy = (2° + -+ 28> =0) C P.

11



The result now follows from [DD85, Corollary 3], which says that the branching set has
codimension 1 at any nonsingular point, but dim, X < n — 1 for any z € X because P is well

formed. Therefore X C Pgjp,. O

The well formed condition tells us that Pgn, C |J,{X; = 0}. Even more, let

;=0:...:0:1 :0:...:0].
pi =10 Oi_th() 0]

We already saw that p; is a singularity of type i(qo, o sQis- - qn). For p;p;, the 1-dimensional

line passing through p; and p;, each point P has an analytic neighborhood which is analytically

~

isomorphic to (0, Q) € A'xY, with Q € Y asingularity of type m(qo, cosGiy s @Gy ey Q)

The analogous result holds for higher dimension hyperplanes.

1.2 Cohomology of Op(m)

From now on we assume that P(Q) is a well formed projective space.

Recall that Op(g)(m) is the sheaf associated to the S(Q)-module S@Tn) on P(Q).
Given an homogeneus f € S(Q), define S(Q)(m)(s) the group of elements of degree 0 in the
localization S(Q)(m)y, i.e.

ﬂ@%hﬁ{%ﬂ®wzwﬁﬁ}

We have a natural homomorphism

S(Qm = S@)m)p, S,

which induces a k-linear map called the Serre homomorphism
hn: S(Q)m — H(P(Q), Op(g) (m))-

Theorem 1.17.

(a) For any m € 7Z, the homomorphism hp,: S(Q)m — H°(P(Q), Op(g)(m)) is bijective.
(¢) For 0 <i<mn and allm € Z, H(P(Q), Opg)(m)) = 0.

12



Proof. In [Dolg82] this result is proved using local cohomology (see [Dolg82) §1.4]). In this case
we refer to the proof found in [Ke97, Thm. 2.1], which uses Cech cohomology and is analogous
to the proof of [Hart77, IIT, §5, Thm. 5.1]. Let F := ,,cz Op()(m). Since cohomology
commutes with infinite direct sums on a noetherian topological space, the cohomology of F will
be the direct sum of the cohomology groups of the sheaves Op(g)(m). Therefore we compute

the cohomology of F, keeping track of the grading by m.

As D (X;) is an open affine subset of P(Q), we can compute the Cech cohomology for
the covering U = { D, (X;)}1 -

Notice that Dy (X;,)N---ND(X;,) = Dy (X5, --- X;,) and that

F(Dy(X;, sz)) = @ S(Q)(m)(Til---Tik) = S(Q)Til“'Tik?

MmEZ

and furthermore, the grading of F is the natural grading of S (Q)Ti1 Ty, under this isomorphism.

The Cech complex of F is given by

U, F): [[8Qx, = [[5@x,x,, = = S(Q)x0-x,

and all the modules have a natural grading compatible with the grading of F.

Then HY(P(Q),F) is the kernel of the first map. This corresponds to the intersection
Nizo S(Q)x, inside S(Q)x,...x,,, which is S(Q) (cf. [Hart77, II, §5, Prop. 5.13]). This proves

(a).
For (b) we have that H"(P(Q), F) is the cokernel of the last map

IS % x, = S@x-x..
k

We note that S(Q)x,..-x, can be considered as the free S(Q)-module generated by the elements

Xéo --- X! where l; € Z. The image of the previous map is the free submodule generated by

n

n o

Xl... XIn where at least one I; > 0. Therefore H'(P(Q),F) is a C-vector space with basis

consisting of the monomials
{Xlo... X" |1, < 0 for each i}.

Thus H"(P(Q), Op(g)(m)) is generated by those monomials such that ) l;g; = m, The number

of these monomials is equivalent to the number of monomials the set
{X{ - XI | t; > 0 for each i and th‘% =—(m+ Zqz)}

13



which is exactly dimc S(Q)—_,—y4,- This proves (b).

For (c), we will use induction on n. If n = 1, then there is nothing to prove, so let
n > 1. If we localize the complex C*(U,F) with respect to X,,, as graded S(Q)-modules, we
get the Cech complex for the sheaf Fp +(X,) on the space D, (X,) with respect to the open
affine covering {D(Xn) N D4 (Xi)}jy. This complex gives the cohomology of F|p, (x,) on
D, (X,), which is 0 for ¢ > 0, because Dy (X)) is affine. Since localization is an exact functor,
we have that H*(P(Q), F)x, = 0 for i > 0. Therefore every element of H'(P(Q),F), for i > 0

is annihilated by some power of X,,.

Now we will prove that for 0 < ¢ < n, multiplication by X,, induces a bijective map of

H(P(Q), F) into itself, which implies that this vector space is 0.

Consider the exact sequence of graded S(Q)-modules
0= S(@Q)(~ga) = S(@Q) = S(Q)/(Xa) = 0.
which induces the exact sequence of sheaves on P(Q)
0 — Op(@)(—qn) RN Opg) — On — 0,
where H = (X, =0) ~ P(qo,-..,qn—1). Twisting by all m € Z and taking direct sum we have
0— F(—qn) A F o Fy — 0,
where iy = @,,,cz On(m). Hence we have the long exact sequence of cohomology
o HB(Q), Fl—agu) = HI(B(Q), F) — H(P(Q), Fir) =
Considered as graded S(Q)-modules, H*(P(Q), F(—qy,)) is H (P(Q), F) shifted by —g,, and
H'(P(Q), F(—qn)) — H'(P(Q), F)
is multiplication by X,,.

By the induction hypothesis, H*(P(Q),Fy) = H'(H,Fy) = 0 for 0 < i < n — 1, so
H{(P(Q),F(—qn)) — H(P(Q),F) is bijective for 1 < i < n — 1. Therefore we have to check the
injectivity of H(P(Q), F(—qn)) — H'(P(Q),F) and the surjectivity of H~1(P(Q), F(—qn)) —
H™1(P(Q),F). This is equivalent to prove that

0 — HYP(Q), F(—q)) - HO(P(Q), F) — HO(P(Q), Fri) — 0

14



and

0— H" Y (P(Q), Fir) = H"(P(Q), F(—an)) = H"(P(Q), F) =0

are exact sequences of sheaves. The first one is a consequence of part (a), since H*(P(Q), Fy)

is S(Q)/(X,,). For the second one, it is enoguh to prove that ¢ is injective.

To prove this, recall from part (b) that H"(P(Q), F), and therefore H"(P(Q), F(—qn)),
is the vector space generated by the negative monomials in Xj,..., X,. Therefore the kernel
of multiplication by X,, are the monomials Xéo . --X X 1 so § is division by X,. Since
H"Y(P(Q), Fg) is the vector space generated by the negative monomials on Xg,..., X, 1, d is

injective.

Hence X,,: H (P(Q), F(—qn)) — H'(P(Q), F) is bijective for 0 < i < n, which concludes
the proof of (c). O

Definition 1.18. Let S = (P, S, a graded C-algebra. The Poincaré series Ps(t) is defined
by

e}

Ps(t) = (dimg S,)t"

r=0
Proposition 1.19. The Poincaré series of S(Q) is

Proof. Note that the Poincaré series for the polynomial ring with one variable is

1
1+ X+ X240 = ——
TAEAT 1-X

If we take the product of these expressions on each variable we obtain

1 !
e

The RHS corresponds to the list of every monomial in C[Xj, ..., X,] counted once each. If we

n

1=0

replace X; = t% in this formal expression, we will have on the RHS as many t" as monomials of

degree r were.

Therefore
n

H = Z (dimc S(Q
0 r=0

i=




Putting together Proposition [[LT9 and Theorem [[L.T7] we obtain the following result.

Corollary 1.20. Let a,, be the integers determined by the identity

n

1 oo
L= = 2 ant™
m=0

=0

Then
Qm ifi=0

dim¢ H (P(Q), Op(g)(m)) =< 0 ifo<i<mn .

Um-yq i=n

Finally, we will discuss some pathologies of P(Q). If P(Q)) = P" the following properties
hold (see [Hart77, 11,85, Prop. 5.12] and [Hart77, 11,57, Example 7.6.1]).

(i) Opn(m) is an invertible sheaf.
(ii) Opn(m) is ample for m > 0.

(iii) The multiplication homomorphism S(m1) ® S(mg) — S(m + n) induces an isomorphism

Opn(my1) ® Opn(mgy) — Opn(my + ma), where S = S(1,...,1).

(iv) For any grade S-module M and m € Z, M (m) ~ M ®0pn Opn(m).

None of these are valid for a general P(Q).

Counterexamples

(i) Let @ = {1,1,2} and consider the sheaf Op(g)(1). The restriction of this sheaf to the open
set Dy (X3) is given by the S(Q) x,)-module

QM) = (2 | £ € 5(@pnn).
2
We can see that S(Q)(1)x,) = S(Q)(x)Xo + S(Q)(x,)X1, s0 it is not a free S(Q)x,)-

module of rank 1.

(ii) Let @ = {qo,q1}, ged(qo,q1) = 1 and ¢; > 2 for some i. All sheaves Op)(m) are
invertible. By Proposition [[5, we have that P(Q) ~ P!, and so an invertible sheaf
Op(q)(m) is isomorphic to some Opi (by,). Even more, if I'(P(Q), Op(g)(m)) # 0, then by, =
dimc I'(P(Q), Op(g)(n)) —1. Hence O(m) is ample if and only if dimc I'(P(Q), Op(q)y(m)) >
2. But if 0 < m < min{qo, ¢1 }, then by Theorem [[LT7 we have that T'(P(Q), Op(g)(m)) < 2.
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(iii) Let @ = {qo,q1} with g1 = go+ 1 and go > 3. Then by, = bgy+q+1 = 0 and by, 41 < 0. But

Op)(90) @ Op(q)(q1 + 1) = Opi1(bgy) @ Op1 (bgy+1) == Op1 (bgy + bgy+1)

and

O]P(Q) ((IO +q + 1) ~ Opl (bq0+Q1+1)‘

(iv) Take M = S(Q)(m). Then (iii) gives a counterexample to property (iv).

1.3 Differentials

In the following section, we describe the sheaf of differentials of a weighted projective space.

These results are in [Dolg82] Section 2.1 and Section 2.2].

Definition 1.21. Let QIS(Q) be the module of relative differential forms of S(Q) over C. This

is a free S(Q)-module with basis {dXo,...,dX,}.

Definition 1.22. Qé‘(Q) = /\i(Q}q(Q)). We define Q%(Q) =5(Q).

We have that QiS(Q)

s; < n}. We give Qfg(Q) a graduation by the condition

is a free S(Q)-module with basis {d X, A---AdX;, [0 < s <--- <

deg(dXs, A--- A dXsi) =qs, + -+ Qqs,;-

Then we have an isomorphism of graded S(Q)-modules

Vs~ P S@(—a —- —as),

0<s1<<s5;<n

with fdXg A« AdXs, = f.
In particular, ngré) ~ S(Q)(— X ¢)-

We have from the definition of a C-derivation that for f € S(Q)

df:%axi

and this map d extends to the exterior derivation

dX;,

O i+1
d: QS(Q) — QS(Q),
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which is uniquely determined by
dwAw) =dwAw + (—1)iw ANdw', wE QE(Q), we Q{q(Q)

and

d(d(w)) =0, w € Vygy.

Lemma 1.23 (Euler formula). If f € S(Q)m, then

"9
mf = Z 8—)J;qz'Xi-
=0

Proof. Because of the linearity of both RHS and LHS, it is enough to check the assertion only

for monomials X;° - -- X;>», which is easy to verify. O

Define the homomorphism of graded S(Q)-module

. O i—1
Az Q) = QS(Q),

given by

7
AXo N NdX g = Y Qe XepdXoy Ao NdXg Ae- N X,
k=1

This homomorphism has the following properties.
Lemma 1.24. (a) A?=0;
(b) ANwAW) =Aw) AW + (-1)iwAAW), we Qfg(Q), W e QJS(Q);

(c) A(df) =mf, [ €5(Q)m;

(d) A(dw) + d(A(w)) =nw, w € (Qg(Q))n.

Proof. (a) is easy to check.

For (b) it is enough to check it only for w = dX , A--- AdX,, and W' = dXg N AdXs;,
and the result follows from the definition of A\.

(¢) is a corollary of Lemma [[.23]
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To prove (d) it is enough to consider w = fdXs, A--- AdXs,, with f € S(Q);. Then

—~

Adw) = Adf NdXs N+ NdXs,) ) A(df) NdXgy A+ NdXs, —df ANAD(dXs, N+ NdX,)

= 1fdXs N NdXg, —df NA(dXs, A ANd X))
and
d(Aw) = d(fAdXs N NdXs,)) =df NA(dXs, N+ NdXg,) + fd(A(dXs, A+ NdX,))

- df/\A(ngl/\"'/\dXsi)+fd(ZQSszkdXsl/\"'/\d/)(?k/\---/\dXSi>
k=1

= df NA(dXs, A+ NdXs,) + <Zq8k> fdXs, Ao NdXs,.
k=1

Therefore A(dw) + d(Aw) = (I 4+ 3k, g, )w = nw. O

The complex

n A n A
0— QS(Q;) S Qo) =~ Qg@) — 5(Q) = S(Q)/(00Xo, . -, qnXn) = 0

is the Koszul complex for the regular sequence (qoXo, ..., q,Xn), and therefore it is exact (see

[Ma70, Thm. 43, p. 135]).

Definition 1.25. Define ﬁfg(Q) = ker(A: Q!

i—1 . i+l i :
s@Q) QS(Q)) =Im(A: QL — QS(Q))’ with the

S(Q)
induced grading.

We have short exact sequences of graded S(Q)-modules

0 — Qo) (m) 3 Qo) (m) 3 A4y (m) »0, i>1, meZ.

Definition 1.26. Denote by Q%(Q) (m) the sheaf on P(Q) associated to the graded S(Q)-module

ﬁg(Q)(m), fori=0,1,...,n.

Because the functor M — M is exact, then the exact sequence above induces an exact

sequence of sheaves

-1

0 = Qg (m) = D(gy(m) = Dy (m) = 0, i > 1, m e Z.

Notice that Qﬁzbl)(m) = 0, thus

Qp(gy(m) = stlza)(m) ~ S(@Q)(n - Z ¢:) = Op(gy(n — Z i)-
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The goal of the following three propositions is to give a justification of the use of Q%(Q)
as a good substitute for the sheaf of differential forms Q%, on the usual projective space P™.

Their proofs can be found in [Dolg82] Section 2.2].

Proposition 1.27 (|Dolg82],2.2.1). For Q = {1,...,1}, the sheaf Q%(Q) (m) coincides with the

twisted sheaf of differential i-forms Qﬁm(m) on the usual projective space P".

Proof. Let U = A1\ {0}, and let S = S(1,...,1), and consider the projection p: U — P".
We have the exact sequence of sheaves of differentials
0= p*Qpn —= Qpy = Qpypn — 0. (1.1)
This sequence induces the exact sequences (see [Hart77, II, Ex. 5.16(d)])
0= p*Qpn = Q= Qpypn @ p™Opa' — 0.

The homomorphism A: le — S given by > f;dX; — > f; X;, restricted to U induces a surjec-
tive morphism of sheaves

A: QL — Op.

A<d <£>> [ XgdX —2Xl-de o,
X; X

so A(p*Q,) = 0. Hence, by the exact sequence [LI, we have that A induces a surjective

‘We have that

morphism of sheaves
A Qpypn = Oy

1

U/pn is invertible, so A is an isomorphism.

As p is smooth morphism, {2
Therefore we have the exact sequences

0 — p* Qb — QF — p* QL — 0.

By taking p,, and using that p,p*F ~ p,Oy ® F and p.O ~ @, ., Op»(m), we obatin the exact

sequences
0 — P Qpn(m) = EP Qs(m) — €P Q. (m) — 0,
MmeEZ MmEZ meZ
and so we obtain the same exact sequences of Definition [[.20] O
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To prove the next proposition we will use the following algebraic fact.

Lemma 1.28 ([Dolg82], 2.2.2). Let G be a finite group acting on a vector space V over C, B
the symmetric algebra of V and A = B the subalgebra of G-invariant elements. Assume that

G is generated by pseudoreflections. Then the canonical homomorphism

Ve = (07
s an isomorphism of A-modules.
Proposition 1.29. Let 7: P" — P(Q) = P"/Z¢q. Then

A G i

Qp(g) = ™ (pny)
where G = Zq and 7% is the invariant direct image 78 F (V) = F(z~1(V))C.
Proof. The action of G on P" is induced by an action on S = S(1,...,1), and as seen in Example

[L13]it is generated by pseudoreflections. Then by Lemma[l.28 we have an isomorphism of S(Q)-

modules
. e
which induces an isomorphism of sheaves

From Proposition [L.27] we have the exact sequence
0— Qb — Q% — Q5 — 0.

G

Because 7 is affine, we have that R!7.(€2%,) = 0, and we have that the functor (-)¢ is exact.

Therefore we have the exact sequence of sheaves
0 — 78 (pn) = Qo) = 77 (") =0,
and since 7&(Opn) = Op(@), the result follows by using the five lemma and induction on 7. [

Proposition 1.30. Let j: W — P(Q) be the open immersion of the nonsingular locus of P(Q).
Then

QE’(Q) = J*(Q%/V)

21



Proof. Consider the commutative diagram

T L(W) ! pn
w P(Q)

where 7’ = 7T|7r—1(W), and j’ is the natural immersion. As W is nonsingular, the action of Zg

on 71 (W) is generated by pseudoreflections. Then, by Lemma [[28 we have
Qfy = w7 (U ).

Since P(Q) is normal, then P(Q) — W, and hence P* — 7~}(W), has codimension > 2. Because

P" is smooth, we have

ji(er—l(W)) =~ Opn.
Finally we obtain that

() = j*(WiG(erfl(W))) ~ (i jr*l(W))) 7l (Qpn) ()

1.4 Hypersurfaces of weighted projective spaces

We are now interested in studying properties of closed subvarieties of codimension 1 in our
weighted projective spaces. Most of these results still hold for complete intersection of higher

codimension, but for the purpose of this document they are not relevant.
Definition 1.31. Let X be a closed subvariety in P a weighted projective space, and
qg: AT\ {0} > P

the quotient map. The punctured affine cone C% over X is given by C% = ¢ 1(X). The affine
cone Cx over X is C% = C% U {0} in A"+,

Definition 1.32. A closed subvariety X C IP of dimension m is quasismooth if C'y is nonsingular

of dimension m + 1 outside the vertex 0.
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Proposition 1.33. C% has no isolated singularities.
Proof. If P € C% is singular, then all the fiber ¢~!(P) will be singular. O

Another property that will be useful when proving some general properties for hypersu-

faces is the notion of well formed.

Definition 1.34. A closed subvariety X C P of codimension m is well formed if P is well formed

(definition [L.8)) and X contains no codimension m + 1 singular stratum of P.

For example, if X is a well formed surface in a 3 dimensional weighted projective space
P, then X does not contain any dimension 1 subvariety of Pgjyg.
Proposition 1.35. Let X be a quasismooth and well formed hypersurface of degree d. Then the

dualizing sheaf wx = Ox(Kx) of X is isomorphic to Ox(d —>_ ¢;).

Proof. See [Dolg82, Thm. 3.3.4] and [Ian00} 6.14]. O

1.5 Cyeclic singularities on surfaces

Previously, in Definition [LTI] we defined a cyclic quotient singularity. Now we focus in the
2-dimensional case. The goal of this section is to introduce cyclic singularities and certain
combinatorial numbers that arise from them. More details can be found in [BHPV], Ch. III, §5],
[RO3] or [Is14] §7.4].

Recall that 2-dimensional cyclic singularities correspond locally to the quotient of C? by
the action (z,y) — (C%x, (b y), where (, is a primitive m-th root of 1, and a,b are integers

relatively prime to m.

Let 0 < ¢ < m be such ag —b =0 (mod m). Then %(a, b) = %(l,q), by considering (/,,,

another primitive m-th root of 1, such that /% = (.

The minimal resolution of these singularities is closely related to the Hirzebruch-Jung

continued fraction of a rational number.
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Proposition 1.36. A rational number %, with m > q, is uniquely expanded by using a finite

number of integers by, ..., bs, all of them greater than or equal to 2, as follows.

1
m_py
q by —

Proof. Define B; := ¢ and take b; be the positive integer such that m = b8y — [, with

0 < By < 1. Because m > ¢, then b; > 2. Analogously, decompose:

B1 = baf2 — B33, (by > 2,0 < f33 < f2)

B2 = b3B3 — fa, (b3 >2,0 < Sy < f3)

As g; are integers, then there exists an integer s > 0 such that fs11 = 0. Therefore

m 1
—=b -
q by —
1
bs
To prove the uniqueness, supose that
m 1
R b/1 —
1
q bl —
_1
by
Notice that
1
by — >1
1
b
Hence
q
=g - —L— = 0B - B
— ——

A
where 0 < 3, < 8] = 1 = ¢q. Therefore b}, = by and 5 = f. In the same way it follows that

b, =b; and r = s. O

Definition 1.37. Let % be a rational number, with m > ¢ and ged(m, ¢) = 1, and expand it

as in Proposition [L.36]
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This expansion is called the Hirzebruch-Jung continued fraction and it is denoted by

m

— by, b
. (b1 ]

We denote the order of the fraction by |[b1,...,bs]| := m.

As in the proof of Proposition [[.36] this continued fraction defines the sequence of integers

0=08s41<1=8s<...<qg=p1 <m= Py,

where 8;11 = b;8; — Bi—1. Therefore, ﬁiﬁ’il = [b;,...,bs]. Partial fractions % = [b1,...,b;_1] are

computed through the sequences
0:a0<1:a1<...<q71:ozs<m:ozs+1,

where a;1 = bja; — a;_1 (¢~ ' is the integer such that 0 < ¢! < m and ¢¢~! = 1(mod m)),
and y0 = —1, 71 = 0, 341 = bivi — vi—1- We have a1 — aivip1 = —1, i = qa; — my;, and
= [bs,...,b1].

These numbers are important because they will appear in the minimal resolution of

S =C2%/7/mZ.
Lemma 1.38. The affine coordinate ring of S is Clx'y’], where i+ qj = 0(mod m) and 0 < i <
m, 0 <7 <m.

Z/mZ

Proof. The affine coordinate ring of S corresponds to Clz,y] , which is generated by the

monomial ziy/ such that (o = 1. O

Theorem 1.39 ([R03], Theorem 3.2). Let S = C2/Z/mZ be a cyclic singularity of type = (a,b),

and let L(a,b) = L(1,q). Let N be the lattice N = Z* + Z - 1(1,q), and

1
m
M = {(r,s) : 7+ ¢s = 0mod m} C Z>

the dual lattice of invariant monomials under the action (z,y) — (Cna, Ghy) with Gy an m-th

primitive root of unity.

Let % = [b1,...,bs] and let 29, 21, ..., 2541 vectors in N defined as

1

2y = —
m

(i, Bi)-
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Then for each i = 0,...,s, let u;,v; be monomials forming the dual basis of M to z;, z;1+1; that

is, u; = (Bi, —i);vi = (= Bit1, Qit1).
Then S has a resolution of singularities S — S constructed as follows:
S=UyUulU;U---UUs,

where U; ~ C? with coordinates u;,v;.

The glueing U; U Uiy and the morphism S — S are both determined by the definition of

u;, v; and they consist of
~ . _ b;
Ui\ (0 = 0) = Uit1 \ (uis1 =0) given by w1 =v; ', vip1 = uvj.

It follows from the definition of the numbers «; and B; that ug = ™ and vy = Yy, and they
satisfy the relations

m Qi1

™ =u ufi“vlﬁi.

p

y oand y" =

Notice that the closed subset E = (ug =v; =0)U(u; =vo =0)U-+-U(us—1 = vs =0) is
isomorphic to P! U---UP!. Even more, by looking at the image of the open set (Uy N U;) \ E =
(upvp # 0) under the glueing we obtain that S = (ugvg # 0) U E U (vg = 0) U (us = 0).

To see that this is a resolution of S, consider Y the affine variety with affine coordinate

ring
Cla™, 2™ 9y, y™] = Clz1, 22, 23]/ (27" w3 — 23").

The ring C[zy’] that appears in Lemma is integral over C[z"™, 2™ %y, y™], and it is inte-
grally closed because it is the ring of invariants of a integrally closed domain, under the action
of finite group of automorphism. Therefore, S is the normalization of Y. Now notice that wu,
vs and ugvy are regular functions in S. To see this it is enough to show that they are written
b

a
as ujv;,

Qi1 oy

for a,b > 0, at every U;. For ug and v, follows from ug = u; " v; ﬁi“vfi,

and vy = u;
and it easy to check that ugvg is also regular. We have that vs = udv{, so we can define the

morphism ®: S — C? given by (u;, v;) — (ug, ugvo, ugvy). Thus Im @ =Y, so @ factors
§-2 8%y

Even more, the morphism ® gives an isomorphism between (ugvy # 0) and (zjx2x3 # 0), and

that restricted to Y \ {0}, ® is finite.
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As o is isomorphic outside the singular point, then S is a resolution of the singularity S.
The exceptional divisor of o is F = F1 U FE>U---U E, and one can compute the self-intersection
of them and obtain that E? = —b; (see [[s14, Thm. 7.4.16]). Because b; > 2 for all i, S is the
minimal resolution of S. Figure [T shows the exceptional curves E; = P! of o, for 1 < i < s,

and the strict transforms Ey and Egy; of (y = 0) and (x = 0) respectively.

E() E2 Es—l
Es ES+1
£y

Figure 1.1: Exceptional divisors over %(1,(]), FEy and Eqqq

Finally, we have the following pull-back formulas (see [BHPV) Ch. III, §5])

s+1 5 s+1
c*((y=0)) = Z EZEZ-, and o*((z=0)) = —E,;. (1.2)
1=0

Even more, we have that Kg = 0*(Kg)+A, where A is a Q-divisor supported on the exceptional
divisor, say A = Y7 | AyE;, with A; € Q. To find the coefficients A; we use the adjuction
formula for E;, and Cramer’s rule we obtain that

a; + B

m

Ai:—l—l-

1.6 n-th root covers

One of the main result of this thesis is to prove that Kollar surfaces are birational to n-th root
covers of the projective plane totally branched over four lines in general position. In this section

we follow [EV92l §3] to show how to construct this n-th root covers.

Let X be a smooth projective variety of dimension m.

Definition 1.40. An effective divisor D = > D; on X is a simple normal crossing divisor (SNC
divisor) if D is reduced, each component D; is smooth, and D is defined in a neighborhood of
any point by an equation in local analytic coordinates of the type (21 --- 2z = 0), with k£ < n.
We say that a divisor E = > u; D; has simple normal crossing support if the reduced divisor

> D; is a SNC divisor.
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Let D =Y u;D; # 0 be an effective SNC divisor on X. Assume that there is a positive

integer n and a line bundle £ such that £ ~ Ox (D).

Let s be a section of Ox (D) such that its divisor of zeros is equal to D. The dual of this

section sV : L7 — Ox defines a Ox-algebra structure on

The multiplication is the multiplication £~ x £77 — L£7"J composed with s: L7777 —

LTI G 4 5 > .

Let Yy := Spec A L X as defined in [Hart77, Exercise IT 5.17]. This variety may not
be normal, so we consider the normalization Y/ — Yj and let fo: Y/ — X the composition of f;

with the normalization. Let [z] be the greatest integer that is less than or equal to . Following

[EV92] define the line bundles

i i Hjl
L0 :=L'® 0y (—Z {%J Dj>,
for0<i<n-—1, and
n—1
A= @
i=0

Proposition 1.41. A" = f5,0y or equivalently Y' = Spec A’, and the cyclic group Z/nZ acts
onY' and on g.QOy:. Furthermore, we have that Y'/Z/n7 = X .

Proof. See [EV92), Claim 3.10] and [EV92], Corollary 3.11]. O

Proposition 1.42. If we change the multiplicities p; to v; such that v; = p; (mod n) for all i,
then the corresponding variety Y is isomorphic to Y'. Even more, if b is a positive integer such
that ged(b,n) = 1, then if we change the multiplicities p; to v; such that v; = bu; (mod n) for

all i, then the corresponding variety Y is isomorphic to Y.

Proof. First, let D' = > v;D; with p; = v; + ¢in, and define £’ = L ® Ox(—>_ ¢;D;). Then
L™ ~ Ox(D'). Even more, we have that £') = £) which define an isomorphism between the

Ox-algebras @7~ LD~ and @) £

1

For the second case, let D" = Y v;D; with bu; = v; + ¢in, and define £ = £° ®
Ox(=>_ ¢;D;). This definition also induces an isomorphism between the respective O x-algebras.

O
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Finally, we consider f3: Y — X be fo composed with a minimal resolution of singularities

of Y'. In the case of surfaces, the minimal resolution is unique.

If we restrict to the case when X is a surface, as D only have nodes we can compute
the minimal resolution as follows. Let 0 < pu;,u; < n be the multiplicities of D; and D;
respectively. Assume that D; and D; do intersect. Then over a point on Y’ we have an
open neighborhood isomorphic to the normalization of Spec (Clz,y, z]/(zP — ztiyti)). Then
in [BHPV], III, §5] it is proven that this normalization is isomorphic to the normalization of
Spec (Clz,y, 2] /(2" — xy™~ 1)), where p;q + p; = 0(mod n). Therefore, as seen in Section [L3]

the resolution locally corresponds to the resolution of the singularity 1/n(1,q).

1.7 Dedekind sums

Definition 1.43. Let a,b,n integers, with ged(a,n) = ged(b,n) = 1. The generalized Dedekind

sum s(a,b;n) is defined by

where
z—|z] -1 ifzeR\2Z,

0 if x € Z.

(lz] denotes the greatest integer that is less than or equal to x).

These Dedekind sums appear in many different contexts, including Number Theory, Al-
gebraic Geometry and Topology (see [HiZa74, Section 5]. For example Dedekind sums and

Hirzebruch-Jung continued fractions relate as (see e.g. [Ba77], [Urzl0, Example 3.5])

a+ ] I(a,b;n)
12s(a,b;n) = ——— + Z (e; — 3),

i=1
where ¢ is the integer such that 0 < ¢ < n and a + ¢b = O0mod n, and [(a,b;n) is the length of

the Hirzebruch-Jung continued fraction of n/q, i.e. i(a,b;n) = s where n/q = [b1,...,bs].

Even though these Dedekind sums are still not completely understood, they have certain

properties that will be useful to study the geometric genus of Kollar surfaces.
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Proposition 1.44.

(1) s(a,b;n) = s(b,a;n);

(2) s(a,b;n) = s(a+tn,b+ sn;n), with t,s € Z;

(3) s(—a,b;n) = s(a,—b;n) = —s(a,b;n);

(4) s(a,b;n) = s(ac,be;n) for all ¢ coprime with n;

(5) s(a,b;n) = s(1,ba"t;n), witha=ta =1 (mod n);

(6) s(1,a;n) = s(1,a71;n).
Proof. (1) and (2) follow inmediately from the definition. Notice that ((x)) is an odd function,
which implies (3). For (4) see [HiZa74l p. 96]. (5) and (6) are consequences of (1), (2) and
(4). O

The main tool to compute explicitily Dedekind sums is the following Reciprocity law.

Theorem 1.45 (Reciprocity law). If a,n are relatively prime integers, then

1 /n 1 a 1
1,a; Lnja)=—(—+—+-) -
s(1,a;n) + s(1,n;a) D <a —i—na—i-n) 1

Proof. See [HiZa74, Ch. II, §5, Thm. 1] O

Finally, we prove the following bounds for Dedekind sums.

Lemma 1.46. Let 0 < a < n be relatively prime. Then

(1) s(1,1;n) > 2s(1,a;n) ifa # 1;
(2) s(1,1;n) > 3s(1,a;n) ifa #1,2,27;

(3) s(1,1;n) > 4s(1,a;n) ifa #1,2,271,3,37L.
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Proof. First of all, using the Reciprocity law we have that s(1,1;n) = (n — 1)(n — 2)/12n and

2
n°—6m+>5
2s(1,2; = - 1,1;
s(1,2;n) Ton <s(1,1;n)
2
n®— "™+ 10
3s(1, 3; < - 1,1;
8(7 7n) >~ 120 <3(, 7n)
2
n® —6m+ 17
4s(1,4; < - 1,1;
S( Y 7n) — 12n < S( Y 7n)

with ged(n,2) =1, ged(n,3) =1 and ged(n,4) = 1 respectively. In [Girsl6, Thm.1], the author
describes how Dedekind sums s(1,m;n) grow for a fixed m, given a positive integer k. To do

so, Girstmair divides the numbers 1 < m < mn —1 as ordinary and not ordinary, and proves that

if m is ordinary, then s(1,m;n) < ﬁ + O(1), and if m is not ordinary then there exists
de{l,...,2k+ 1} and ¢ € {0,1,...,d}, ged(c,d) = 1, such that s(1,m;n) = % + O(1),
q

where ¢ = md — nc.

First assume that £ = 2. Notice that M = 35 + O(1). If m is ordinary, then
s(1,m;n) < % + O(1), and if m is not ordinary and dg > 3, then s(m,n) < % + O(1).
Therefore, we have to find a bound for the three O(1) involved, and find an N such that if
n > N, then s(1,1;n)/2 > s(1,m;n) for ordinary numbers and nonordinary numbers with
qd > 3. The procedure to do so is shown by Girstmair in [Girsl6, Thm. 2|, and for the case
k = 2 such N is 132. The nonordinary numbers with gd < 2 correspond to m = 1,2,27!, but
the first case was ruled out in the proposition, and the inequality for 2 and 2! was shown at

the beginning of the proof. Therefore, we have (1) for n > 132, and using a computer we can

check that it holds true for every n < 132.

For k = 3 and k = 4 we obtain similar results, with N = 320 and N = 630 respectively.
The cases with qd < 3 and qd < 4 are the ones ruled out in the proposition, and using a computer

we can check that (2) and (3) are true for n < 320 and n < 630. O
Corollary 1.47.
(1) 2s(1,1;n) — 25(1,2;n) + s(1,4;n) — s(1,3;n) +5(1,2-374n) — s(1,4-374n) > 0 for all
n > 5;

(2) 2s(1,1;n) —s(1,2;n) —s(1,3;n) —s(1,4;n) +s(1,6;n) —s(1,2-371;n) +s(1,4-3715n) > 0

for allm > 7;
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(3) 2s(1,1;n) —s(1,2;n) —s(1,3;n) —s(1,5;n) +s(1,6;n) +5(1,2-571;n) —s(1,6-571;n) > 0

for allm > 7.

Proof. Using the inequalities from Lemma we see that to prove (1) it is enough to prove
that %8(1, L;n) + s(1,4;n) +s(1,2-374:n) — s(1,4-371;n) > 0. On the other hand, we have
that s(1,4;n) > 0 if n ¢ {7,13,19, 25,31}, that s(1,—2-371;n) < s(1,1;n)/3 if n € {5,7} and
5(1,4-371;n) < s(1,1;n)/3 if n # 5. Therefore, if n is not one of those cases, then the inequality
holds. We check the remaining cases and find that (1) is false only if n = 5. We repeat the same
argument and prove that we have to check the cases when n € {7,11,13,19,25,31} for (2), and
when n € {7,13,19,31} for (3). Both cases give us that (2) or (3) are false only if n = 7. O
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Chapter 2

Kollar hypersurfaces

As in the introduction, let n > 3 be an integer, and let aq, ..., a, be positive integers such that
there is no (a;, a;y2,...,6;4+n—2) = (1,...,1) when n is even. The indices are and will be taken

modulo n. For every 1 <1 < n, we define the positive integers

n ‘ i+n—1 n
W; = Z:(—l)j_1 H aj and D:=|[a + (1" .
=1 I=itj =1

For example, for n = 4 we have

Wi = ajy1ai420;43 — a;420i13 + ajp3 —1 and D = ajazazas — 1.

The numbers W; and D come as a solution of the following system of equations.

Proposition 2.1. The system

aiti+rip1=1; i=1,...,n

has a unique solution given by

Ti =

SE
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Proof. The matrix associated to the system is

agp 1 0 0
0 a9y 1
0 0 a3
0
0 ap_1 1
1 0 0 ay,
and its determinar is exactly D. Now the result follows from Cramer’s rule. U

Using Proposition 2l we have for i =1,...,n
aiWZ- + Wi+1 =D. (21)

Define w* := ged(Wy, Wa, W3, Wy). From Equation (2ZI) we have that w* = ged(W;, D) =
ged(W;, Witq) for all 4. Set

Notice that ged(w;, w;+1) = ged(w;, d) = 1, and that ged(a;, w*) = 1.
Definition 2.2. The Kolldr hypersurface of type (ai,...,a,) is

X(a1,...,an) = (a{'za + 25?23 + ... + 20"z = 0) C P(wy, ..., wy)

Kollar proves in [Ko08, Thm.39] the following.

Theorem 2.3.
(1) The weighted projective space P(wy, ..., wy,) is well formed, and its singular set has dimen-
sion < [n/2] — 1.
(2) The hypersurface X (ai,...,ay) is quasi-smooth, and P(wy, ..., wp,)\X (a1, ..., ay) is smooth.

(3) If w* =1, then X(a1,...,a,) is birational to P"~2.

To prove (3) above, Kollar uses the linear system |z{'za, z5%z3, ..., 2% z1|. In general,

this linear system defines a rational map
Y P(wy,. .. wy,) ——» P71
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given by y; = " xiq1.

Proposition 2.4. The rational map v defines the field extension

Cly1/Yns -+ Yn1/yn) C CW1/Yns sy /y) [/ (22 = [ /)

a2a3-+-an , —a3:An ) A4--an (=)™ 2an, (-1)"!

where z = x¢ [yt and f =y Yo Y3 Yy o Yn

Proof. At the affine cover level, the field extension induced by ) is

(C(yla- .- ayn) - (C(yl, e ayn)[xl]/(x? - f)

where the other variables xo,...,x, can be written using y1,...,yn, 1 as
. Y1
2 pu— —_—
x!
ala
Ty Y2
r3 =
n
a2a3
€4 = Yi1” Y3
- aiazas . a3
1 Y2

The action of C* compatible with the map is: Given A € C*, y; — Ay, and x; — A%x;. Then

the rational map v is determined by

(CWrs--r9))" C (Clyrs -y ya)lmal/@P = 1)

Notice that ((C(yl, e ,yn))c* = C(Y1/Yn,--->Yn—1/Yn), and that z = z{/y® is a C*-invariant

n

element such that 2" — f/y"* = 0. Since geometrically the map v has degree w*, then

*

(C1- oyl /@D = 1) = Clnfyns - ym1/y) /(" = £,

O
Corollary 2.5. The corresponding restriction map
Ylx: X(ay,...,an) > P2 ={y; +... 4y, = 0}
is cyclic of degree w* totally branch along (yi-- -y, = 0) C P"~2,
In this way, we can write down another normal projective model Y’ of X(aq,...,ay)

using a w*-th root cover as described in Section
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As in the introduction, let 0 < p; < w* be such that

i+n—1

pi = (1)t H a; (mod w*).
I=i+1

In P"2 = {y; + ... +y, = 0}, we write L; := {y; = 0}, and so
O]P)n72 (t)®w* ~ O]P)n72 (/,LlLl + “ o + /,[/nLn),

where tw* = >"" | p;. Then

*

w*—1
Yy := Specpn-2 ( @ Olpm—z(—ti)) — P2
i=0

is the cyclic cover given by 2% — f/y""1 above. We want to consider the normalization of Y.

As in [[L6] we define the line bundles £ on P"~2 as

n .

LY := Opn-2(ti) @ Opn-2 <_ > {%] Lj)

Jj=1

for i € {0,1,...,w* —1}. Then, the normalization of Yy is Y/ := Specpn-2 <@7f:*0_1 E(i)_l).

Notice that ged(p;, w*) = 1, and so this cyclic morphism is totally branch at the L;’s.

Corollary 2.6. There is a birational map X (a1, ...,a,) --»Y'.

In the next section we describe explicitly this birational map for n = 4.

2.1 Explicit birational map for Kollar surfaces

From now on we concentrate in the case of Kollar surfaces, where n = 4. Let X (ay,az,as,a4)

be a Kollar surface. Let
p1=(1:0:0:0), p2o=(0:1:0:0), p3=(0:0:1:0), pa=(0:0:0:1).

Proposition 2.7. The surface X(a1,az,as,aq) is normal, and it has only singularities of

type wii(wﬁg,w”g) at the points p; when ged(w;,wiy2) = 1, and of type tl(tHg,ng) when

%

ged(w;, wiye) = h > 1, where w; = ht;.

Proof. Here we follow the idea in [Tan00} §10.1]. Without loss of generality, it is enough to check
the singularity at p;. Consider the affine cone Cx C C* of X (ay,as,a3,a4) (see Definition [3T])
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and the corresponding action of C* given by
AeC A (x1,29,x3,4) = (A 21, A229, A3 23, N4 2y).

Then to study the singularities around p;, we check how the action behaves when we restrict to

(1 = 1). Notice that, when z1 # 0,

a a a a a as—1
— (@7 w2 + 5% w3 + 25P x4 + 2y w1) = 27" + axy® w3 # 0,

83:2
so locally, by the Implicit Function Theorem, we can write xo as a function of 3 and x4, which

become local parameters. Then the action of C* restricted to (x; = 1) is

G- (L, o, w3, 24) = (1,722, (P a3, (™ 24),

where (7 is a wi-th primitive root of 1. Therefore, after taking the quotient, the singularity is a

cyclic singularity of type -1 (w3, wy), if ged(w;, wiy2) = 1. If ged(w;, wiy2) = h > 1, then there

w1
are elements which fix the axis (x3 = 0), so they are quasi-reflections. We eliminate them by

dividing w; = ht; and w;y o = ht; o by h, obtaining that the singularity is t_li(ti+2, Wit3). O

Assume that a; > 2 for all i H We have the following key configuration of curves on

X(ala az, as, CL4)I

C; = (r1=23=0)
Cy = (ra=24=0)
o = (zg=ay*+ ﬂ:cfl_le =0)
oz = (xg=2a]"+ x‘zm_lxg =0)
I3s = (21 =25+ 25° Loy = 0)
Fy1 = (=25 + o) Loy = 0)

Proposition 2.8. The curves C1,Cy are smooth and rational. The curve I'; ; is rational, and

it may only have a unibranch singularity at p;.

Proof. The curves C;,Cy are isomorphic to P! by Corollary [L7. To prove the assertion about
I'; j, it is enough to do it for Iy 3. Notice that this curve lives in (x4 = 0) = P(w1, w2, w3), and
that it is possibly singular only at (0: 0 : 1). Let us consider the Z/w; ® Z/wy ® Z /w3 quotient
map

PQ — P(wl, w2, wg)

!This is to have the key configuration of curves as shown. By Theorem 228 Kollar surfaces with a; = 1 are

birationally included in our analysis. Also, check Corollary 2:27] when w™ = 1.
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P2 P4

p1 Cy D3

Figure 2.1: Key configuration of curves on a Kollar surface.

given by (z :y: z) — (2 : y*2 : 2*3). Then the preimage of I'y 3 is
Py = (@ 4y o)

and so T'y3 is rational since all irreducible components (branches at (0 : 0 : 1)) of I'y 5 are

rational curves.

To see that I'y 3 is unibranch at (0 : 0 : 1), we will show that the (possible) branches of
Iy 3 form one orbit under the Z/wy © Z/wa © Z /w3 action. We take the canonical affine chart
at (0:0: 1), where I'y 3 = (2191 + yw2(92=1) = (). We consider the action of Z/ws given by
(z,y) — (b, ¢by) where k € Z and (3 = es . Notice that ged(we, wy) = 1 and ged(ws,a1) =1
by definition, and so we write ap — 1 = rb and wja; = ra where ged(a,b) = 1, to factor in
branches

r—1

pwial + ng(ag—l) _ H(ngb _ <227?+1$a)
c=0

where (o, = e . Then we take y¥20 — (5,2% and apply (z,y) — (¥, Fy) to obtain the branch

Y2t — (o, g(a_mb)xa, but a — web = %2, and so it goes to Y2l — 227]f+1x“. Therefore branches
form one orbit, and the curve I'g 3 is unibranch at (0:0: 1). O

Proposition 2.9. Assume that a; > w* for some i. Then I';19 ;3 is nonsingular.

Proof. We take a; > w* to prove that I's4 is nonsingular. For this we will compute the
arithmetic genus of I's 4. Let P = P(ws, w3, wy), and consider the exact sequence of sheaves
0 — Op(—agwz) = Op — Or; , — 0. From it we have that x(Or,,) = x(Op) — x(Op(—azw2)).
If ged(we,ws) = 1, then by Proposition we have that x(Op) — x(Op(—agwq)) = 1 —

hO(P, O]p(ang — Wy — w3 — UJ4)). Therefore

pa(T34) =1 —x(Or,,) = h*(P, Op(agws — wy — w3 — wy)),
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so we have to compute the number of nonnegative integer solutions of the equation wox 4+ w3y +

W4z = AoWo — Wo — W3 — Wy. AS aswo + w3 = agws + wy, then our equation can be written as
wa(x + azz) + ws(y + (1 — ag)z) = (a3 — 2)ws — w2
and its solutions are
r=—-1—tws—az , y=az3—2+twe+(az—1)z , z==2 (2.2)

If z, y and z are nonnegative, then ¢t < 0, so we will change the sign of ¢t and assume that ¢t > 0.

Then from Equations (2:2]) we obtain that
asz < twg —1

and (a3 — 1)z > twe — a3z + 2. Hence we have that

-1 2 _
tws >z > M (2.3)
as az — 1

Replacing with wsy = %(ag(mal —agay+ay —1) and wg = %(a4a1a2 —ajag + az — 1) we obtain

t * tla; —1 *
a2 az — 1

ta4a1 — t(a1 — 1) —

Because a1 > w* and ¢t > 1, then t(a; — 1) > w*, so taga; —w* > taga; —t(a; —1). We have that
both % and t(ala_‘%# are positive, therefore the RHS of the system (2.3) is greater than the
LHS, so the system has no solution. Hence the arithmetic genus of I'; 4 is zero and therefore

nonsingular.

If ged(wa, wq) = h > 1, then pa(I's4) = h1(P, Op(—agws)). To compute it, we first have
to consider the well formed weighted projective plane P’ = P(tg, ws,t4) ~ P, where t3 = wo/h
and t4 = wy/h, and following [LT0] we have that Op(—agwsz) ~ Op(—agts). Then pa(I's4) =
RO (P, Ops (agts —ts —ws3 —t4)), which is equivalent to the number of nonnegative integer solutions
of the equation

tox + way + t4z = agle — to — w3y — 4.
The general solution of this equation is

-1 -1
s —1+t2t+a3h z , z=z,

r=—-1—tws—az , yYy=

with ¢ € Z. Then t < 0, and changing the sign of ¢ as above, we have that the arithmetic genus

is equal to the number of solutions of the system

t+w* hw* — 1)t
arast —t(ap — 1) — Ttw > w*z > ajaqt — w* + w* + (a1 — 1) ,
a2 az — 1
but again, as a; > w*, the RHS is greater than the LHS, so the arithmetic genus is 0. O
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Proposition 2.10. The map v is defined precisely in X (ai,a2,as,a4) \ {p1,p2, 3,04}, and it

contracts
P(C1\{p2,pa}) = (0:1:0:-1) Y(C2 \{p1,p3}) =(1:0:-1:0)
Y(T12\ {p1,p2}) =(=1:0:0:1) Y(T23\ {p2;p3}) =(1:-1:0:0)
Y34\ {p3,pa}) = (0:1:=1:0)  P(Ty1\{pa,p1}) = (0:0:1:-1)
Proof. We have that ¥[r, ,\(p, po} = (x‘fl_lxg :0:0:23*), and because ﬂ:cfl_lxg = —x3* over

I’y 2, then 1/}‘F172\{p17p2} =(—=1:0:0:1). This gives the result for all curves I'; ;1.

For C1, let x4 = 1 and x5 = b # 0. Then the equation of the surface with these restrictions
is

bt + b xg + 25® + o1 =21 (1 + bt ) + 23 (02 + m§3_1) =0.
The map is ¢(z1 : b : xg : 1) = (b : b*xg : 25° : x1). We multiply every coordinate by
(14 bx* 1), and use the relation z1(1 + bz 1) = —a3(b® + 257 1), to write down t(zy : b
x3: 1) as
(b (1 + bxi“*l) (b x3(1 4+ bm‘fl*l) st (1 + bm‘fl*l) cxp(1+ bm‘fl*l)) =
(—QU;J,bﬂv‘fl_l(ba2 + m§3_1) (0 xg(1 4 bx‘fl_l) cwg? (1 4+ bx‘fl_l) :—x3 (b 4+ x§3_1))
= (_bx‘lllfl(b@ _i_m.g?)*l) . ba2(1 + bxflllfl) . xgsfl(l + bxcltlfl) . _(bag —i—l'g?’*l))_

Hence p(0:6:0:1) = (0:06:0: —=b*) =(0:1:0:—1). A similar argument works for
Cs. O

Remark 2.11. By Theorem [2.28, we know that any X(ai,as,as,as) has a birational model

X (a},ay, a3, a)) with ged(wj, w;, ,) = 1. From now on, we assume that
ged(wy, ws) = ged(we, wy) = 1.
Now we want to study the behavior of ¢ on a resolution of the singularities in X (aq, az, as, aq).

To do so, we need to write this map in terms of local coordinates in the resolution, which are

described in the following theorem.

The main theorem of this section is the following.
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Theorem 2.12. Let o: X — X(a1,a2,a3,aq) be the minimal resolution, and let
X i} X L) X(al,ag,ag,cu)

be the minimal log resolution of X together with the key configuration of curves. Then oo o

is @ morphism.

To prove Theorem we have to compute the strict transform of the curves I'; ;11 on
X. As in Section [L5], let E; ; be the components of the exceptional divisor over the point p;,
let w%(wHQ,ng) = w%(l,qi), and let «a;j, B;; and ;; the integers defined for the continued
fraction of % Recall from the proof of Proposition 2.7 that z;1o and x;.3 are toric local
coordinates at p;, so we have that F; g and E; ;.41 are the strict transform of (z;13 = 0) and
(xit2 = 0) at the open set (z; # 0). This means that £y o = E3 ¢ and Ez o = E4 and correspond
to the strict transform of C's and C respectively. On the other hand, Fj; 4,1 corresponds to the
strict transform of the curve I'; ;;1. Then it remains to compute the strict transform of I'; ;41
around the point p;1, and without loss of generality, we will compute the strict transform I's 4
at the point ps. As all the results will hold locally for I's 4, we can modify the following proofs

for every Fi,i-{—l .

Proposition 2.13. Let U, ; the open sets of the resolution of %4(17‘14) as defined in Theorem
[L.39. Then the local equation of the strict transform of the curve I's 4 restricted to the open set

Us,j s
14 u§(03*1)54,j+1*a2a4,j+1)/W4v§(a3*1)54,j*a2a4,j)/W4 —0
I}, = u§a2a4,j+1*(a3*1)54,j+1)/W4v§a2a4,j*(03*1)54,1)/1“4 +1=0 ,
u(a2044,j+1—(a3—1)54,j+1)/w4 + v((a3—1)54,j—a2a4,j)/w4 -0
if
agayj — (a3 — 1)Byj < agoy jy1 — (a3 —1)Baj41 <0
0 <agay; — (a3 —1)Ba; < asoujr1 — (a3 — 1)Ba i1,
asayj — (a3 —1)By; <0 < agsoy jr1 — (a3 — 1)Bajt1,
respectively.
Proof. We can assume that z4 = 1 and 1 = 0, so we must study the curve (xz5* + mgz”*l =0) C

(x4 # 0) C P(wa, w3, ws). By Theorem [[.39] to find the total transform of I's 4 in U; we replace

Ba,i+1/wa Ba,i/wa

a4 4 w. Q4 4 /W
4,z+1/ 4,0'4,1/ 4and ul /U,l

x9 and x3 with u, ; respectively, where u; and v; are the local
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Figure 2.2: Key configuration of curves on X(aq,as,as,as) and the curve configuration of the

minimal resolution X.

coordinates of U;, and so the total transform is

oy w4 oy /W ; w. i Jw. _
(ui 4,z+1/ 4vi 4,z/ 4)a2+(uf4,1+1/ 4viﬁ4,z/ 4)a3 120‘

Recall that Qg < 0441 and 5471'4_1 < 5471', SO

asoy; — (a3 — 1)Ba; < asag i1 — (a3 — 1)Bait1.

Thus if agey ; — (a3 — 1)5471' < a0 it1 — (ag — 1)ﬁ47,~+1 <0, we factor out (u?‘4,¢+1/w4vgz4,¢/w4)a2.
iﬁ4,i+1/w4viﬁ4,i/w4)a3—1‘ If
((a3—1)B4,441)/wa

i

If 0 < agag; — (a3 — 1)Ba,; < asaiv1 — (a3 — 1)Baiy1, we factor out (u

az0u,; /Wy

aso;— (a3 —1)Ba; <0 < asayiy1—(a3—1)B4 41, we factor out u and v, ,

obtaining what we wanted to prove. U

Notice that I‘g74 intersects the exceptional divisor in U; if and only if
asay; — (a3 —1)Ba; <0 < agoyipr — (a3 — 1)Bait1.
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If agay; — (a3 —1)Ba; < 0 < agouyit1 — (a3 — 1)Baiv1, then the curve intersects two components
of the exceptional divisor, and if asou; — (a3 —1)Ba,; = 0 or agas ;41 — (a3 — 1)Bai41 = 0, then

it intersects only one component.

Proposition 2.14. Let us say that PE”A intersects the exceptional divisor over py at the com-
ponents Eyj and Fy j41 with multiplicity m; and mji1 respectively (possibly mjy1 = 0). Then

ag — 1= QMG + Qg j 1M 41 and as = 54,jmj + 54,j+1mj+1.

Proof. Let H be the restriction to X (a1, as, as, aq) of a generator of the class group of P(wy, wa, ws, wy).

‘We have that
wiws(agws + w 1 a
wiH -l = 2o b wa) 1 e
W1 WaW3 W4 w3 W4

On the other hand, w1 H - woH = o*(w1H) - 0*(waH), where o*(w1H) = ¢*(I's 4 + C4), and

o*(weH) = 0*(I'4;1 + Cz). Because the pull-back of a divisor has intersection zero with any

component of the exceptional divisor, and using the pull-back formulas in ([2]) we have that

s3+1 IB sa4+1 o
* * / ’ 3,1 X
o (wiH) - o"(weH) = ( 34+Cl)'(§ Es + E, Ey;)
’ ° w3 ° Wy
=0 =0
s3+1 IB sa+1 o sa4+1 o
/ 37Z / 4yl / ,i
= Iy E ” Es;+Cy- E ” Eyi+Ts5,- E ” Ey,i
=0 3 i—0 4 i=0 1
sa4+1
1 1 04471 ’
= —+—+ ha Bu
w3 Wy o w4 ’
i=

Then ag — 1 = 0447]‘11374 . E47j + a47]~+1I‘gv4 . E47j+1 = Q4 ;M5 + Qg j41Mj+1- To simplify
the computation of the second equality, we will restrict to the plane P(wsq, w3, wy), with L a
generator of the class group. We can do this because at the point p4 the singularity is the same

as the one at the point (0:0: 1) € P(ws,ws,wy), so locally o does not change.

Then w3l - agwy L = 27208 = =2 and also
2W3W4 w4
sa+1 5
* * o 4,1 ]
o*(wsL) - 0" (agwal) = T3 4 - ZO v Ey,,
P
where o* (w3 L) = 0*(C1) and o*(aswa L) = 0*(I'3.4). Then as = By jm; + Baj+1mj41. O

Corollary 2.15. If I‘g74 intersects the exceptional divisor in one component, then it does it

transversally.
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Proof. Recall that in the open subset Uy ;, the exponents of the variables u; and v; of the strict

transform of F374 are i(a2a47,~+1 — (ag — 1)547“_1)/104 and i(agam — (ag — 1)5471')/104.

Suppose that I'y ; intersects E; with multiplicity m;. Then, using Proposition 214} we
have that for all ¢

azay; — (a3 —1)Ba; mﬂ4,j044,z‘ — 4,584
W4 J W4 ’
but the singularity at p4 was unibranch, so it is locally irreducible. Therefore the exponents on

the resolution must be relatively prime. Thus m; = 1. O

Theorem 2.16. The curve Fg74 intersects the exceptional divisor in one component if and only

if Y oo is defined on the whole exceptional divisor over py.

Proof. The equation of our surface is z{'xo + 25°x3 + 25°2x4 + 25"z = 0, so locally at ps our
surface is (7' za + 25°x3 + 25* + 21 = 0). Then analytically the power series expansion of x; in

terms of x5 and z3 is

x1 = —x5’xg — x5° + (higher order terms in xp and x3).

Therefore, at the open set U;

0*(x1) . _(u?4,i+l/w4v?4,i/w4)a2 (uiﬁ4,i+1/w4viﬁ4,i/w4) o (u?4,i+1/w4viﬁ4,i/w4)a3

+ (higher order terms).

and so

asy4 i+1+ ; w. asay i+ i w. a. ; w4 a i /W
" OU|UZ~ _ ((*) : uz( 204 i+1+0B4,i+1)/ 47’@'( 204 i+B4,i+1)/wa :ui354,z+1/ 4% 3084,i /w4 :

(a204,i41+P4,i+1)/wa_ (azoui+PBaiv1)/wa a3B4,i+1/wa_a3Ba,i/wa *
—u; Uy — U U, + (),

where (*) are terms in u; and v; of degree higher than (agaua i1 + Ba,it1 + aoca; + Bait1)/wa

and (a3B4,i+1 + azfa;)/ws.

Assume now that u; and v; are both nonzero. If asau; — (a3 — 1)fa,; < agauiy1 — (ag —

1)B4,i+1 < 0, then we can factor out

Q441 /wa 045/ WaNas f Pait1/wa Pa,i/wa
(u; Y; ) (uy Y )

from ¢ o ¢ to obtain

Wo U’U,' = ((*):1: u§a2a4,i+1*(03*1)54,¢+1)/w4U(a2a4,i*(a3*1)54,¢)/W4 Co1 4 (%)

)
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Then (v o o|y,)(u;,0) = (Y o o|y,)(0,v;) = (0:1:0: —1). Repeating the same procedure for
0 < asou; — (a3 — 1)Ba; < asauip1 — (a3 — 1)Ba,i+1, we obtain that restricted to that open set
Ui

(¢ o oly,)(ui,0) = (Y o oly,)(0,v:) = (0:0:1: —1).

Now we are left with the case agay; —(az—1)B81; < 0 < agayit1— (a3 —1)Baiy1. Suppose
first that the curve FQM 4 intersect transversally the exceptional divisor, so we know that there is
some j such that asay j — (a3 —1)B4,; = 0, and by Corollary I8l ascg j11 — (a3 —1)B4 41 = 1,
and asay j—1 — (a3 — 1)B4,j—1 = —1. Then in U;_; we can still factor out

Qg it1/wa Qai/Wavag o Bayit1/wa Bai/wa
(u; Yy ) (u; Yy ),

so assuming that u;_; and v;_; are not zero, the maps looks like

pooly,_, =(("):1:vj1: =1 =vj1 4 (%))
Therefore (¢ o oly;_;)(uj—1,0) = (0 : 1:0: —1) and (¢ o oly,_,)(0,v;-1) = (0 : 1 : vj_q :
—1 —wj_1). Doing the same for U; we find that (¢ o o|y,)(0,v;) = (0 : 0 : 1 : —1) and
(¢ ooly;)(uj,0) = (0 :wj : 1 —u; — 1). Then we see that ¢ oa(Ug;é Ey;)=(0:1:0:-1),
Yo J(Ufijil E4;) =(0:0:1:—1). Notice that v;_; and u; are the coordinates of the charts
of E; ~ P! and that

(Ib (e} J]Uj_l)(O,vj_l) = (0 01 Uj—l e Uj—l)
and
(Y ooly)(u;,0) = (0:uj:1:—u; —1).

So 1 oo is an isomorphism from E; onto the line (y; =0) C (y1+y2+y3+ys =0) C Pghy%y&m.

Therefore 1 o o is defined at the exceptional divisor over p4, and it is totally branch over the

line Ly = (y1 =0) C (y1 +y2 +y3 +ya = 0).

Now, if Fg74 does not intersect transversally the exceptional divisor, then asoy; — (a3 —

1)B4,; # 0 for all 4, so we will have some j such that

agay,j — (a3 — 1)Ba; < 0 < agagj11 — (a3 — 1)Baj+1,

and we will not be able to define the map on the open set U;. This because we can factor out

a3fa,j+1 0204 ;+Pa ;
3P4+, J J

; ; from 9 o o|y;, so the map will be

W o U‘U _ ((*) . u('a2a4,j+1*(03*1)54,j+1)/w4 (a3—1)B4,j—a20y ;) /wa
: : :

_ B¢
J Y5

_u§a20f4,j+1*(03*1)54,#1)/104 _ v<(03*1)64,j*020¢4,j)/w4 (%)
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Then if v; # 0, (Y o oly;)(0,v;) = (0:0: 1: —1), and if u; # 0, we have (¢ o o|y;)(u;,0) = (0

1:0:—1), and so it is not well-defined when u; = v; = 0. O

Proposition 2.17. Assume that Fg74 does not intersect transversally the exceptional divisor,

so it intersect it at the point (0,0) of some affine open set U;. Let p1: X1 — X be the blowup

71]) the new component of the exceptional divisor, and let u;, v}l and u

!/

over that point, let EL(1 3,1

Uj
be the affine coordinates of Uj(l’l) and Uj(m), the two affine charts over U;. Then they sat-

a4,j+a4,j+1vfa4,j _ /a4,j+1va4,j+a4,j+1

Ba,j+Paj+1 1Bay
j i1 = Y j j v

isfy the relation xy* = u i =
1Ba,j+1, Ba,5+Ba,5+1

J)1 J

and 3" = u

Proof. This follows from the fact that the resolution was constructed as a toric variety, and the
blowup of an affine variety defined by vectors v; and wo, is the variety associated to the fan

generated by the vectors vi, v1 + vo and vo. O

Figure 2.3: An example of the situation in Proposition 217}

Notice that if a0y 5 — (ag — 1)547]' <0< 204 j+1 — (ag — 1)547]'4_1, then

azayj — (a3 — 1)Bay; < agaaj + aqj1) — (a3 — 1)(Bay + Baj+1)

and
ag(auj + agj1) — (a3 — 1)(Baj + Baj+1) < azasjp1 — (a3 — 1)Baj41,

so we can use Proposition 2.I3] to see that the strict transform of th 4 in the blowup intersects at
most two components of the exceptional divisor, and that the singularity of the curve is “better”.
Therefore the map 1 o o o 1 is defined in one of the charts U](l’i), and if as(ay; + g j41) —
(a3 — 1)(Baj + Ba,j+1) = 0, then it is defined in all the exceptional divisor on X7 over py.

Proof of Theorem [Z12. If all the curves I'} ;| intersect transversally the exceptional divisor on

X, then the result follows from Theorem 216l If not, then consider the log resolution W: XX
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of all the curves I'; ;. Proposition 217 shows that the relations of the new local coordinates
are compatible with the previous ones, and as the strict transform of the curves I'; , 41 intersect
transversally the exceptional divisor, we can use the proof of Theorem .16l to show that the

composition 1 o o o ¢ is defined over X. U

Corollary 2.18. The morphisms 1) o g o p: X — P? and the w*-th root cover Y' — P2 factor
through a birational morphism X — Y’ which contracts precisely siz chains of smooth rational
curves in

(0op) (Cr+Co+T1o+T23+T34+T41),

each containing one of the proper transforms of Ci,C2,1'1 2,1'23,1'3 4,14 1, and each contracting

to the siz cyclic quotient singularities in Y.

Proof. First, by Theorem 2.12] we note that 1) o o o ¢: X — P? contracts precisely six chains
of smooth rational curves in (0 0 ¢)*(C1 + Cy+ T2+ T'23+ T34+ I's1), each containing one
of the proper transforms of C, Ca, I'1 2, I'2 3, '3 4, I'4 1. This was done locally when we proved
definition of the map in Theorem at a certain exceptional component over the p;. Each of
these components maps to each of the 4 lines in P2. Therefore, the birational map X --» Y is
defined over these components except possibly over the six singularities of Y. Because there is
a unique minimal resolution for normal two dimensional singularities, the 6 chains of curves in

X mapping to the 6 nodes of the four lines in P? must contract to the 6 singularities of Y. [

2.2 Kollar surfaces are Hwang-Keum surfaces

We now study the case w* = 1. In this section, we allow gcd(wi,ws) and ged(ws,ws) to be

greater than 1.

In [KoO8, p. 231}, it is shown that the curves C; and Cy are extremal rays of the
KX (a1 ,a2,08,a1) + (1 — €)(C1 4+ C2) minimal model program if C7 < 0 and C3 < 0. They are
both contractible to quotient singularities. In [HK12] they computed explicitly the type of these

singularities.

Theorem 2.19 ([HK12|, Theorem 1.1). The contraction of the curve Cy forms a singularity of

type %(wg, wy), with $1 = aqwy — w3, and the contraction of the curve Cy forms a singularity of

47



type é(wl, ws), with so = agws —wse. If w* =1, then their Hirzebruch-Jung continued fractions

are

2,...,2,a3,a1,2,...,2] and [2,...,2,a0,04,2,...,2],

as—1 az—1 az—1 a1—1

respectively.

Proof. For the first part of the theorem we use the unprojection method described in [R00]. Let
F =2z + 252 w3+ 5% x4 + x5  x1 be the weighted homogeneous polynomial defining our Kollar
surface

X = X(a1,a9,as3,a4) C Plwy,ws, w3, wy).
We have that C'y and C5 are disjoint rational curves on X. We write F' = Axy + Bxs, where
A =292y + x4 and B = 25 'ay + 232, Therefore we can get an unprojection morphism

X — X* by introducing the variable

h=—=—"—7

and

X" = (z3y1 = A,y = —B) C P(wi, wa, w3, wy, $1),
where s1 := deg(y1) = asws — w; = aqwyg — ws. This morphism contracts the curve Cy to the
singular point (0:0:0:0:1) € X*. Even more, we see that because 0f1, fo/0x1,x3 # 0 at
(0,0,0,0,1), as in Proposition 2.7 we can say that locally around that point zo and x4 are toric

coordinates, so the singular point is of type %(wg, wy).

Similarly, we use construct other unprojection morphism contracting Cs to determine

that the singularity obatained is of type %(wl, wsg), with se = aqwy — wy = azws — wo.

To compute the Hirzebruch-Jung continued fraction associated to these singularities it is
enough to use certain properties of these continued fractions. The details are in [HK12, Lemma

3.2] and [HK12, Lemma 3.3]. O

Remark 2.20. The statement of Theorem was slightly changed to make clear that the first

part of it is independent of the value of w*.

Let n: X (a1, a9, a3,a4) = X'(a1,a2,as,a4) be the contraction of Cy and Cs. In [HK12|
§4] they construct several examples of rational Q-homology projective planes with two cyclic

singularities. In certain cases the singularities are the same as for X' (a1, ag,as, a4) when w* = 1.
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The construction of Hwang-Keum is as follows. Let L1, Lo, L3, L4 be four general lines
in P? and choose four points from the six intersection points, such that every L; passes through

two of them. After blowing up each of these four points twice, we obtain the curve configuration

Ly L
C D
Es¢ Es T Ey BEy
C C O

Ly Ly

where o is a (—1)-curve and o is a (—2)-curve. We now blow up 7; times the point E; N L; to
obtain the surface Z(ay, as, as,as), where a; = 2+r;. The curve configuration on Z (a1, as, as, a4)

is shown in Figure 2.4]

Figure 2.4: Curve configuration over Z(aq,as,as,a4).

Let T'(ai,az,as,a4) be the surface obtained by contracting the two chains of rational
curves corresponding to the white vertices. Then this surface is a rational Q-homology pro-
jective plane with two cyclic singularities. By Theorem Z19] it has the same singularities as

X'(ay,a9,a3,a4) when w* = 1.

Theorem 2.21. Let X(ay,as9,as,a4) be a Kollar surface with w* =1, and assume that a; > 2

for all i. Then X'(a1,az,as,a4) is the Hwang-Keum surface T(a1,as,as,ay).

To prove Theorem 2.21] we will show that we can find the same curve configuration of

Z(a1,a2,as,a4) (Figure 2.4) in X’ the minimal resolution of X'(a1,a2,a3,a4).

First of all, we prove that the rational map 1 is defined in the minimal resolution of X.

For this we will use the following proposition.
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Proposition 2.22. Let X be a surface with a cyclic quotient singularity at the point p, and
let C C X be a curve passing through p. Then C is nonsingular at p if and only if the strict
transform of C intersects transversally at one point only one component of the exceptional divisor

of the minimal resolution of X.
Proof. See [GLI7]. O

Because w* = 1, by Proposition [Z9] we have that the curves I'; ;41 are smooth, so
Proposition says that the curves F;Z 41 intersect transversally the exceptional divisor over
pit+1. Hence the minimal resolution of X coincides with the log resolution. If ged(wp,ws) =
ged(we, wy) = 1, then we already know that the map v is defined on the minimal resolution of X.

Therefore we only need to check the same assertion when ged(wq,ws) > 1 or ged(weg, wy) > 1.

Proposition 2.23. The map ¥ oo: X — P2 is a morphism.

Proof. We study the case over the point ps, with ged(wq,wy) = h > 1. The singularity at
ps is 1/wy(we,ws) with toric coordinates xo and x3. From Proposition 2.7 we have that
1/wa(wa, w3) =~ 1/t4(te, ws), with toric coordinates z, and x%, and the relation 2}, = z2 and
zh = xgl Then from Theorem we have Y = U; U --- Us, in the resolution of py4, with wu;, v;
the local coordinates in U, and the relation zj* = u;™**v;***" and 24* = ufivf”l. The curve

['54 C P(ta,ws,ty), restricted to the open set (x4 = 1), has equation 52 + x;,(aB_l)/h =0, and

we can use Proposition 2.13] to find the equation of the curve in every Us.

Following the proof of Proposition 2.14] we have that the intersection number

S4+1 /8 a

! 4.4 2

IKYE E ——FEy; = —,
par 2 ta

and using the fact that the curve Fg74 intersects tranversally one component, we have that there

exists f4,; = a2 and oy j = (a3 — 1)/h. Therefore

asz — 1
a2004 j 1 — T54,j—1 = -1
az — 1
205 — = — Ba; = 0
asz — 1
agQuq 11 — Tﬁ4,j+1 =1
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Hence considering the composition

- "
XL (ty,w3) ==L (wy,w3)- = =X (a1, a2, a3, a1)

we have the hypothesis of Theorem 216l therefore the map is defined on the whole exceptional

divisor. n
Proposition 2.24. The curves C and C} in X are (—1)-curves. To obtain the chain of curves
Ky = E2782 U"'UEQJ UC{UE471 U---UE4754

and

K2 ::ELSIU..-UELlUCéUEg,lU"'UE.?),SS

we blowup X' on the intersection points of the curves with self-intersections —as and —ay, and

—ao and —ay Tespectively.

Proof. We have the following commutative diagram

X L X(a17a27a37a4)

| ]

X7 X'(a1,a9,a3,a4)

Then, to obtain the chain of curves K; we have to blowup on the exceptional divisor
over the singularity i('l,UQ,'LUzl). This is because if no blowup were needed, then C{ would
be some of the curves in the exceptional divisor over the singularity é(’u)Q,'LUzl), so we would
have that ws < a4 — 1 or wy < as — 1, which can happen only if one of the a; is 1. Recall
from Theorem 2.T9 that the Hirzebruch-Jung continued fraction of the singularity i(wg, wy) is
(2,...,2,a3,a1,2,...,2]. Then we want to show that the blowups needed must be done between
the curves with self-intersection —as and —a;. For this, we will rule out every other possibility.

Suppose first that the blowups are done on the point
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then we would obtain that the continued fraction associated to the singularity at ps would have

an f; such that

ﬁiz’za"'727a3aa1+1”a

ags—1
but |[2,...,2,a3,a1 + 1]| = wa + 2 + agay — 2a4 > wo, which is a contradiction. If the blowups
as—1
are done on the point
e+1
—a3 —ai

o—:+ —O0—0—0—0— " —O0%0—-—20

with e > 0, we would have

5i Z‘2,---,2,@3,@1,2,...,2,3”,

as—1 e

but |[2,...,2,a3,a1,2,...,2,3]| = (2 + 3)wa — (2e + 1)agzas — 2a4 + 1 > wy for all e > 0.
e

ags—1
Therefore, the blowups to obtain the chain of curves K7 desired have to be done at the

point

From the proof of Prop. 2241 we have that the singularity at p; of the Kollar surface has

Hirzebruch-Jung continued fraction

L..,Q,QP..,Q
a¢+271
with ¢; > 2. The intersection of I;_; , with the exceptional divisor over p; is Bij/wi = aiy2/w;,

so the curve I',_, , intersects the exceptional divisor over p; at the mentioned component with

i
self-intersection —c;. This because 3; 5,41 = 0 and §; 5, = 1, and 3; x—1 = bpBik — Bik+1. This
implies that §; 5, _(a,—1) = a2 = B;. Therefore we have the curve configuration shown in Figure

2.0

Proposition 2.25. The curves I} ;| are (=1)-curves.
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Figure 2.5: Curve configuration on X’.

Proof. We have a birational morphism % o o: X — P2, so it is a composition of blowups,
which contracts (—1)-curves to reach P2. We start by contracting the curves from the proof of
Proposition to obtain X’ with the curve configuration of Figure Recall from Theorem
that the image of the curves with self-intersection —a; are the four lines in general position
in P2, so they cannot be contracted. Then, one of the P;,i+1 is a (—1)-curve, say that it is F/1,2'
We contract FILZ and the chain of (—2)-curves connected to it, to obtain the diagram in Figure

2.0l

Figure 2.6: Contraction of ' 5 and the chain of (—2)-curves.

By repeating the procedure, we obtain that all curves I’%H_l are (—1)-curves. O

Proof of Theorem [Z.Z1. From Proposition 2:24] and Proposition 225, we conclude that X’ and
Z(a1,az,a3,a4) are obtained from the same sequence of blowups of P2. Therefore

XI =~ Z(alaa2aa3aa4)

and so X'(aq,a9,as,a4) ~ T(a1,as,as,ay). O

Remark 2.26. Notice that if w* # 1, then the surface T'(aq, ag, a3, aq) does not correspond to a

Kollar surface, so Kolldr surfaces with w* = 1 and a; > 2 are strictly contained in Hwang-Keum
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surfaces.

Finally, we check what happens when some a; = 1, say a1 = 1.

Corollary 2.27. Let a1 = 1. Then the point ps is smooth, and the map 1 is defined in the
log resolution X of the key curves. The curve I's 4 is smooth, and 1 does not contract Cy. The
surface X is obtained by doing blowups from Z(1,a9,a3,a4). The curve C1 C X(1,az,a3,a4) is

contractible if and only if ag > aso.

Proof. If a1 = 1, then we = a4(ag—1) and wy = az—1. Then by Proposition 2.7 we have that the
point p4 is smooth, and at the point ps the singularity is of type i(l, agagay —agas+ag—1) =
i(l,a;; —1). The curve I'y 5 intersects transversally the curve C at the point (0: —1:0: 1),
and following the proof of Proposition we have that (0:1:0:0) =(b:—-1—-0b:0:1),
so the curve 1 does not contract Cy. The curve I's 4 restricted to the weighted projective plane

(z1 = 0) and to the open set (4 # 1) is (252 + 23 = 0) C A2, so it is smooth and to obtain the

log resolution X is necessary to do as blowups.

Now assume that all the other a; > 2. Therefore Cs is contractible, and by contracting it
and all the other (—1)-curves in X we obtain the surface X’ with the curve configuration shown

in Figure 27 If also as = 1, then all the points are smooth but point ps with a singularity of

a471

12
Cl

-2 -2 —az2 —a4 Fg’4

agfl

Figure 2.7: Curve configuration on X’ when a; = 1.

type i(l, aq — 1), and we obtain the curve configuration on X shown in Figure 28

Following the proof of Proposition 2.25] we have that the curves I’;Z 41 are (—1)-curves,
CP = —az and C2 = —ay. Therefore X' ~ Z(1,as, a3, as), and by contracting the (—1)-curve in
the top chain along with the (—2)-curves to the right, we obtain that C{?> = —as + az. Therefore

C} is contractible if and only if C72 < 0, and this is equivalent to az > as. O
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-2 -2 -1 (P T}y

Figure 2.8: Curve configuration on X, when a; =1 and ay = 1.

2.3 Kollar surfaces as branch covers of P2

We now consider the birational model Y’ := Specp2 (@ggl E(i)71> of X(ay,as,as,ays), which
was defined at the beginning of this chapter as the w*-th root cover of (L} LY> L5* Li* = 0) C P2.

We recall that 0 < p; < w* are

H1 = a20304, p2 = —a304, M3 = a4, pg = —1

modulo w*, and that by definition ged(p;, w*) = 1. The lines Ly, Lo, L3, L4 form a plane curve

with six nodes. We also recall that

L9 = Ops(ti) ®(91P>2< 24:[ ] >

7j=1
for i € {0,1,...,w* — 1}, where [z] is the integer part of z, and tw* = 2?21 wi. Let Y be the

minimal resolution of all singularities in Y.

Theorem 2.28. Let X (a1, as,as,aq) be a Kolldr surface. Then X (a1, a2,as,ay) is birational to
X(ay, a5, a3, a}) C P(wy, wh, wh, wy)
with ged(w), wh) =ged(wh, w)) = 1, for infinitely many 4-tuples (a}, ay, al, aly).
Proof. By Corollary [26], the surface X (a1, ag, a3, as) is birational to Y, and so for any t; € Z>g
we have that X (aq, a9, as,ay) is birational to
X (a1 + tyw*, ag + taw™, ag + tsw*, ag + t4w™),

as soon as w* =ged(Wy,..., W) for the corresponding W/. This is because, for a fixed w*, the
isomorphism type of Y’ depends only on the multiplicities p; modulo w*. In this way, we must

find ¢; € Z>o such that ged(w], ws) = ged(wh, w)) = 1, and w* =ged(W7, ..., Wy).
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First, choose t3 such that ged(as + t3w*,6(as — 1)) = 1, and let af = ag + t3w* and
W := agahas — ahas + as — 1 = wijw*. Next take to such that ged(w) + taakas,6(as — 1)) =1,
and then define af, := as+tow*. Now we will choose ¢ such that the final weights (w/, wf, wf, w})

satisfy ged(wf, wf) = ged(why, w}) = 1, and w* = ged(W7', ..., WY).

Let W3 := ahasa; — asa; + a1 — 1 = whw*, Wi := agaiay, — arah + ah, — 1 = wiw*, and

Wy = ajahaly — ahaly + ay — 1 = wjw*, and define

Wy = wiw*, Wy = whw* = (wh + t(asas — ag + 1))w*,
Wi = wiw* = (wh + t(asal, — ah))w*, Wy = wijw* = (w} + tahal)w*,

where ¢ will be found.

Let wf = Hqilf be its prime factorization. Then we have to find a solution ¢ for
wy + tahah # 0 (mod ¢y j), ws + tab(as — 1) # 0 (mod q15), and t # 0 (mod ¢ ;), for all j.
This ¢ will exist because we have that ged(as — 1,wY) = 1, and that all p; ; are greater than 3,

by the previous choice of t5 and t3.

By the Chinese Remainder Theorem, we know that the solutions are of the form ¢y + r -
[1q1,, 7 € Z. Hence we have that ged(wf, wf) =ged(w!,w}) = 1, for any choice of r. Therefore,
considering

wh = wh + ty(asaq —ag +1) + 1 (ahas —ag + 1) - qu,j
and wj = wj+tiayas+r-ahas-[] g1, it is enough to find an r € Z>( such that ged(wy, wy) = 1.
Let
A:=wh+ti(asay —ag+1) B:= (ahay —as+1)- Hqu

C :=w) +tiahay D := ahal - qu,j.

Notice that gcd(A, B) = 1 by the definition of w), and the way t; was obtained. Let AD — BC' =

A A A . .
41455 dy7's g2,; prime number, and let 71 be a solution of

A+ Br#0 (mod ¢2;). (2.4)

Now assume that ged(w), w)) = ged(A + Bry,C 4+ Dry) > 1. This means that there is a prime

p # qo2,; for all j, such that it divides both A + Br and C' + Dr. Then consider the linear

A B
transformation T': (Z/pZ)? — (Z/pZ)* associated to the matrix . This matrix maps

C D
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the vector (1,71) to (0,0), so the matrix is singular. But the determinant AD—BC # 0 (mod p),
which is a contradiction. Therefore gcd(A+ Bri,C+Dry) = 1. Let a} := a1+ (t1+7r1-][p1,j)w

This gives us that X (a},d), a5, aq) C P(w],wy, wh, w)) is birational to X (a1, as,as,as), with
ged(wf, wh) = ged(wh, w)) and because ged(wf, wy) = 1, then w* =ged(WY', ..., W[). Because
the equation (Z4) has infinite solutions, then we have infinite 4-tuples (af, a3, a§, a]) that satisfy

the result. O

Corollary 2.29. Let Y’ be a n-th root cover of (L' LY>LE*Li* = 0) C P2, with ged(p;,n) =1

for all i. Then Y is birational to a Kolldr surface.

Proof. If we multiply the p; by a unit £ of Z/nZ, then the n-th root cover does not change
(see Proposition [L42). So we take & such that {uy = —1. In this way, we have to solve the
system asaszas = Epy, —asay = Epg, ag = Eps, and ajasazay = 1 modulo n, which has a solution
because ¢ and the p; are units in Z/nZ. Then, with those a; we can use Theorem to find

numbers a; such that X (af,aj, a4, a}) is a Kollar surface with w* = n, and birational to Y. O

We want to compute the main numerical invariants of Y. To do so, recall the definitions

and results from Section and Section [I.7

Proposition 2.30. We have that m1(Y) = 0, and

pe(Y) = 2s(L, Liw*) + ) s(pts, s w*)

1<j
where s(1,1;w*) = 1{}—; + 6&1* — %.
Proof. See [Urzl10), Prop.3.2 and Thm.8.5]. O

Remark 2.31. Since the geometric genus py(Y') is a nonnegative number, we have 2s(1, 1; w*) +

Zi<j (s, py; w*) > 0, which can be rewritten using basic properties of Dedekind sums as

4
pg(Y) = 2s(1, 1;w™) Zs (L,a;;w") + s(1,a1a4; w*) + s(1, arag; w*) > 0.
=1
We will tell more on this expression in the next section.

Proposition 2.32. We have that e(Y) = w* +2+4 3, l(p;, pj;w*), and

* 4 * *
Ky =w'+ - +4+ §<12s<u@-,uj;w ) = Ui, i w™))-
i<j
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Proof. See [Urzl0l, Prop. 3.6] and use Noether’s formula. O

Corollary 2.33. For X = X(a1,a2,a3,a4) we have e(X) = w* + 4, m(X) =0, and py(X) =
25(1, 1;w*) — S0, s(1, a5;w*) + s(1, arag; w*) + s(1, ayag; w*).

Corollary 2.34. Let gcd(w;, w;y2) =1 for all i. Then
12(2 s(thiy s w*) + Y s(Witg, wiys; wi)) =
i<j i

d(d — >, w;)? —Z 2 w? —6w* +4
[1; wi .

Proof. Let X = X (a1,a2,as,as). We are going to compute py(X) from X, and then the equality
follows from p,(X) = py(Y). Let X — X be the minimal resolution of singularities. As in the

proof of Prop. 3.4 in [Urz10], we have
K% — K% :—1223(11)' w; 'w)—Zl(w' w; w)—i—ZM
X X : 142, W3, Wy : 1+2, Wi+3, Wy : w; )
7 (2 (2

and e(X) —e(X) = 3, l(wiy2, wiy3;w;). The conditions ged(w;, wi2) = 1 tell us that X is well
formed, so K% = d(dhz_ijﬁuﬁ (Proposition and Corollary [[3]) and e(X) = w* + 4, then the

formula
dd - w;)? l«— 1 w
X) = 1=1 _ ) Catans) — = = 4=
pg( ) 12w1w2w3w4 ; S(wl+2’ Wit3; wZ) 6 ; Wy * 12
is a consequence of the Noether’s equality 12x(O ) = K?( +e(X). O
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Chapter 3

Classification of Kollar surfaces

In this section we prove results related to the geometric genus of Kollar surfaces. We will use
the results of Section [l Throughout this section, w* will be greater than 1. All equalities

1

involving = will be modulo w*, unless stated otherwise. The symbol ¢~* will denote the inverse

of ¢ modulo w*. To avoid confusions, we will write % when it corresponds to a number in Q.

Proposition 3.1. Any n > 0 is realizable as the geometric genus of a Kolldr surface.

Proof. We know that w* = 1 implies rational, and so p; = 0. Assume that n > 0, and let
w*=3n+1and a; =37, ay =3, a3 = ag = w* — 1. This gives the w*-th root cover Y with

p1 =3, o = ug = pg = w* — 1. The geometric genus of Y is

pe(Y) = 5s(1,1;w") —3s(1,3;w")
_5w*+113w*+1+1 1 1
B 12 6w* 4 36 4w*  36w* 18 4
= n.
]
3.1 p,=0

First we will classify Kolldr surfaces with p, = 0. This is equivalent to give a characterization
of the n-th root covers of P? totally branched along four general lines with pg = 0, which can be

done using the bounds for Dedekind sums shown in Section [[.7
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By classification of surfaces we have that p;, = 0 occurs in every Kodaiara dimension. It
is already known that if two multiplicities p;, puo of the w*-th root cover satisfy u; + uo = 0,

then the w*-th root cover is rational. We will prove the converse.

Theorem 3.2. Let X = X (ay1,a9,as3,a4) a Kollar surface with w* > 1. Then the following are

equivalent
(a) pg(X) =0
(b) a; =1 or a;a;+1 = —1 modulo w* for some i.

(¢) X is rational.

Proof of Theorem[3.2. By Corollary 233 we have that the geometric genus of X (a1, as,as, as)

is

M*“

Pg(X) = 2s(1, 1;w* s(1,a5;w*) + (1, araq; w*) + s(1, ajag; w*)

i=1
(¢) = (a): This is trivial.
(a) = (b): Assume that a; Z 1 and a;a;41 # —1 for all i. First, if a; # 2,27! and a;a;41 #
—2,—27! for all i, then by Lemma [[46](2) we have that p, > 2s(1,1;w*) — gs(l,l;w*) > 0.

Therefore it is enough to rule out the cases when a; = 2 or ajas = —2!. First suppose that

a1 = 2, so
4
Po = 25(1, 1;w") + (1, 223 w") + 5(1, 2a43w%) — s(1, 20%) = 3 (1, as;w*),
=2
and we have to check the cases when we cannot use Lemma [[.46](3).

If a3 = 2 or a3 = 27!, then ajas = —1 or ay = 1 respectively, so they satisfy the

hypothesis for p, = 0.

If ap =271, 2a0 = =2, 2a4 = —2, a4 = 37! or 2a9 = —3, then one of the terms is equal

to s(1,1;w*) or two of the terms cancel, so by Lemma [[.46l(1) we have that p, > 0.
If as =2, 2a0 = —27! or 2a4 = —27!, then
Py = 2s(1, ;w*) — 25(1,2;w*) + s(1,4;w*) — s(1,3;w*) + (1,2 - 371 w*)
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—s(1,4-37 5 w*)

and by Corollary [L47,(1) py > 0 when w* > 5. If w* = 5, then it satisfies the conditions for
pg = 0.

If as = 3 or 2a4 = —37, then
pg = 2s(1,1;w*) — s(1,2;w*) — s(1,3; w*) — s(1,4;w*) + s(1,6; w")
—5(1,2-37 L w*) +5(1,4 - 375 w*)

and by Corollary [L47,(2) p; > 0 when w* > 7. If w* = 7, then it satisfies the conditions for
pg = 0.

If ay = 3 or 2a9 = —371, then
pg = 2s(1,1;w") — s(1,2;w") — s(1,3;w") — s(1,5;w") + s(1,6; w")

+5(1,2-5 L w*) — s(1,6 - 571 w*)

and by Corollary [L47(3) py > 0 when w* > 7. If w* = 7, then it satisfies the conditions for

pg = 0.
These cover all the cases for a; = 2. Now assume that ajas = —271, so
4
pg = 2s(1,1;w") — s(1,2;w") + s(1, a1a4; w*) + s(1, 2a2; w Zs (1,a;;w"),
=2

and we proceed as the previous case.

If ajag = —2 or ajaqs = —271, then a1 = 1 or as = 1 respectively, so they satisfy the

hypothesis for p, = 0.

If ap = 37! or ag = 3, then two of the terms in the sum cancel, so by Lemma [[46](1) we

have that p, > 0.
If as = 37! or 2a9 = —371, then
pg =2s(1,1;w") —s(1,2;w") — s(1,3;w") — s(1,4;w") + s(1,6;w™)

—s(1,2-37 5 w*) +5(1,4-37 5 w")

and by Corollary [L47,(2) py > 0 when w* > 7. If w* = 7, then it satisfies the conditions for
pg = 0.
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If as = 3 or a3 = 37!, then
pg = 2s(1,1;w") — s(1,2;w") — s(1,3;w") — s(1,5;w") + s(1,6; w")
+5(1,2-5 L w*) — s(1,6 - 571 w*)
and by Corollary [L47(3) py > 0 when w* > 7. If w* = 7, then it satisfies the conditions for

pg = 0.

These cover all the cases for ajas = —271.

(b) = (c): Notice that b) implies the existence of p1; and pj such that p;+p; = 0 (mod w*).
Consider the trivial pencil of lines through L; N L;. Since p; + pj = 0 (mod w*), this pencil
defines a pencil of smooth rational curves in Y via pull-back. Therefore Y is rational, and so is

X. O

3.2 p,=1

To classify the Kollar surfaces with p, = 1 we will use the following Lemma, which says that we

have to check only a finite number of cases.

Lemma 3.3. Let m be a positive integer. Then there is a positive integer N such that if w* > N

and pg # 0, then py > m.

Proof. If all a;, and —ajas and —ajay are not equivalent to 2,271, 3,371 then by Lemma[[.46](3)
we have that

6 1
pg > 2s(1,1;w") — Zs(l, Liw*) = 58(1, 1;w™).

Also we note that if we fix two of these values, say for example a; = 2 and ajas = —3, then
the rest of the a; are completely determined, and they are equivalent to 2,271, 3,371 only for
finitely many w*. Therefore if we set that two of the a;, —ajas or —aja4 to be equivalent to 3

or 371, then for w* >> 0 we have that
pg > 2s(1,1;w") — gs(l, Liw") —s(1,Lw") = gs(l, 1;w™).
If one of the values is 2 or 27! and the other is 3 or 371, then for w* >> 0
pg > 2s(1,1;w") — 58(1, Lw*) — gs(l,l;w ) —s(1, L w*) = 68(1’ 1;w").
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Both of these cases happen when w* > 28, hence we have to check the case when two of the
values are 2 or 27!, This was done in the proof of Theorem [3.2] and the only relevant case is
when py is 2s(1, L w*) — 2s(1, 2;w*) + s(1,4;w*) — s(1, 3;w*) +s(1,2- 37 w*) — s(1,4- 371 w*).
For w* >> 0 we have that

Py > 2s(1,1;w") — s(1,1;w") — és(l.l;w*) - %8(1, L;w") + s(1, 4 w"),

and because s(1,4; w*) > 0 for w* > 15, we have that py > s(1, 1;w*)/6.

Therefore N is the first integer such that s(1,1; N) > 6m. O

In Table Bl we show the total transform of the key configuration of curves after succes-
sively blowing down several (—1)-curves from the minimal resolution of the indicated surfaces

X(ala az, as, CL4).

Theorem 3.4. Let X = X(a1,az,as3,a4) a Kollar surface with w* > 1. Then the following are

equivalent

() pg(X) = 1.
(b) X is birational to one of the 8 surfaces in Table 1.

(c) X is birational to a K3 surface.

Proof. (¢) = (a): It is trivial.

(a) = (b): To prove this implication, we first use Lemma B3] for m = 1, which gives us
that N = 75. We check using a computer all the possible w*-th root covers for w* < 75, and
find that there are 8 different cases with p, = 1, which are represented by a Kolldr surface in

Table 1.

(b) = (c): We prove this implication by means of the following simple lemma.

Lemma 3.5. Let S be a smooth projective surface with p; = 1 and ¢ = 0. Assume it has
an effective connected divisor F with F?> = 0 and po(F) = 1, and a (—2)-curve C such that
F.C =1. Then S is birational to a K3 surface, and F is a fiber of an elliptic fibration S — P!,

where C 1s a section.
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Proof. Notice that F' has the type of a non-multiple fiber of an elliptic fibration. We want to
get such a fibration on S. By the Riemann-Roch inequality and F - (F — Kg) = 0, we have
RO(F) 4+ h?(F) > x(Os) = 2. Since in addition h?(F) = h%(Kg — F) and C - (Kg — F) = —1,
we have h?(F) = 0. Therefore, there is a fibration S — P! with general fiber of genus 1 and
F is a fiber. Let S’ be the relative minimal model of this fibration. By the canonical class
formula, Kg ~ (=24 x(Og))F + > .(m; — 1)G; + E where G; are the multiple fibers, and E is
the exceptional divisor from S — S’. But there is a section C, and so G; = 0 for all .. Then S’

0

has trivial canonical class, and so it is a K3 surface.

Table 3.1: List for p, =1

X(a1,a2,a3,a4) | w* Total transform of key configuration

F B Fy Ly Fy F5 Fg Ly Fr Fy Fy
-2 -2 -2 -2 -2 -2 -2 -2 -2 -2 =2

-2 -2 -2 -2 -2 -2 =2 -2 =2 -2 =2
X(7,7,15,15) 4 Fio Fui Fiz Ly Fiz Fig Fis Ly Fig Fir Fig

B By Ly F3 Fy F5 Fg Ly Fr Fy Fy Fi
-3 -2 -2 -2 -2 -2 -2 -2 -2 -2 -2 =2

—"C

\

-2 -2 -2 -2 -2 -2 -3 -1 -3 =2
X(8’9, 14, 22) 5 Fu Fio Fig Fia Ly Fis Fig La Fir Fig

B By Ly F3 Fy F5 Ly Fg Fr Fy Fy Fio I
-2 -4 -1 -3 -2 -2 -2 -2 -2 -2 -2 -2 =2

3 -2 -2 -2 -2 —4 —1 —4 -2
X(11,27, 10, 18) 7 Fip Fig Fia Ly Fis Fig Ly Fi7 Fig

F B Fy Fy Ly F5 Fg Ly Fr Iy
-2 -3 -2 -2 -2 -2 -6 -1 -3 —4

=N

2 2 2 2 -3 1 -3 4 -1 6 2
X(17, 14,42,18) 11 Fy Fio Fiu Fig Fis Ly Fua Fis La Fig Fir

F By, Fy Ly Fy F5 Ly Fg Fr Iy
2 2 5 1 -2 -7 -1 -3 -3 -2

—

-4 -2 -2 -2 -2 -2 -2 -5 -1 -7 -2
X(20,21,43, 22) 13 Fy Fio Fu Fi2 Ly Fiz Fuu Fis Ly Fie Fir

F B F3 Fy Ly F5 Fg Ly Fr Iy Iy
-2 -2 -2 -5 -1 -2 -9 -1 -3 -2 —4

-4 -2 -3 -1 -3 -6 -1 -9 -2
)('(267 56739764) 17 Fio Fii Fiz Ly Fiz Fiy Ly Fis Fis
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F B Fy Ly Fy F5 Fg Ly Fr Fy Fy
-2 -2 -7 -1 -2 -2 -7 -1 -3 —4 -2

-5 -4 -1 -5 -4 -1 —-10-2
X(29,30,42,32) 19 Fig Fiy Ly Fip Fiz Ly Fiy Fis

F B F3 Ly Fy F5 Ly Fg Fr Iy
2 6 -2 -1 -3 -7 -1 -2 6 -2

-7 =3 -1 =7 =3 -1 -7 -3
X (47,51,63,91) | 20 Fy Fio Ly Fu Fio Ly Fiz Fu

We now go case by case, showing what the support supp(F') of F' is and its type (using
Kodaira’s notation), and showing C. Here we are choosing F' and C, there are other choices in

general.
w* =4: supp(F) = 38 | F; + Ly + Ly + Ly + Fig + Fi7 + Fis, type I12, C = Fr.
w* =5: supp(F) = F| + Fig + Fi7 + Ly, type IV, C = F5.
w*=7: supp(F) = F| + Fig + Fi7 + Ly, type 111, C = Fi5.
w* =11: supp(F) = Fs + Lo + Fi7 + F7, type 11, C = F5.
w* =13: supp(F) = Fy + Fy + Ly + L3 + Fy + 3120 Fi, type I11*, C' = Fj.
w* =17: supp(F) = Lo + Z?:7Fi + Fis + L3 + Fi3 + Fig, type IV, C = F13.
w* =19: supp(F) = Fy+ Ly + F5 + Fs + F; + Ly + Fi5, type I1, C = F3.

w* =20: supp(F)= F3+ Ly + Fy+ F5 + Fg + Lo + Fiy, type I1, C = F.
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3.3 py;=>2

In this sub-section, we assume that p, > 2. We recall that Kollar surfaces are simply-connected.
By classification of algebraic surfaces, the Kodaira dimension of the associate surface Y is either
1 or 2. We first present families of explicit examples for each of the two possible Kodaira

dimensions, and then we show the general picture for w* >> 0.

Let g: Y/ — P? be the normal w*-th root cover branch on (L{* L4?LL*Li* = 0), and let
f:Y — P? be g composed with the minimal resolution of singularities of Y”. Let pij = LiNL;j

for i < j. Let Ej 1 be the k-th exceptional curve over p; ;. By [BHPV, Ch. I, Lemma 17.1(iii)]

w* —1
Ky/Eg*(—3H+ .

(Li + Ly + L3 + Ly)).

w
Recall that the singularities of Y’ are cyclic singularities, and we computed the discrepancies of
those singularities at the end of Section Then we have

w* —1

_ gk + Bijk
Ky:f(—3H+ e (L1+L2+L3—|-L4))—;¥<1—7>E@'7j,k

where H is a line in P2, and writing H = (L 4+ Lo + L3 + L4)/4 we obtain

w* —4 ikt Bije—4
Ky =S e n )+ Y (St g
1<j k

where we are using notation and facts from Section [L5], and L} ~ P! is the (reduced, irreducible)

pre-image of L;.

Now we compute L§2. We will consider the case i = 1, and for the other curves is

analogous. Using the pull-back formulas we have

51,2 51,3 51,4
L) =w' L+ BiojBiai+ Y BisiBrs; »  BrajFia;.
j=1 7=1 7j=1

As f*(L1) - (332 BrrjBrrg) = 0 for k € {2,3,4}, then

51,k
0=wBiis+ (O BrriFrnrs)
=1
and so
w*L? = f*(L;)* = w2 L + w*(Br2,1 + Bz + Bran)-
Therefore

1
L = — (L3 = (Bia1 + Busa + Bran)).

66



Ezample 3.6. Let b an integer with b > 2. Consider w* =4(b—1), u3 = po =1, and pz = g =
2b — 3. Then, over p; 2 and p3 4 we have A,~_; singularities in Y’, and over the rest of the p; ;

we have - (1,2b — 1). Notice that 52~ = [2,b,2]. We have that L'? = -2, and

b—2
Ky =—— <2 S L+ 2Bk + Esar) + (Brse + Erar + Base + E2,4,k)>-
i K

Therefore Y is a minimal surface with K2 = 0 and e(Y) = 3w* + 12, and so py(Y) = b—1. The
surface Y is K3 when b = 2, and Kodaira dimension 1 when b > 2. In fact, one can show that
E1392,F142,F232,F3 49 are sections (and (—b)-curves) for an elliptic fibration ¥ — P!, and
the complement of them in the support above of Ky give two I’ . singular fibers (using Kodaira

notation).

Ezample 3.7. Let b > 1. Consider w* = 280+ 1, u1 = 1, puo = 2, ug = 4, and pg = 28b — 6.

Then, over p; ; we have:

pro = (Lw* —2),[2,...,2,3] with (14b — 1) 2’s

pis = (1,7b), [5,2,...,2] with (7Tb—1) 2’s

pra: =(17), [4b+1,2,2,2,2,2,2]

—

pos ¢ (1w —2),[2,...,2,3] with (14b — 1) 2’

g

poa ¢ = (1,14b+4), [2,2b+1,3,2,2]

P34t = (LTb+2), [4,b+1,2,2,3]

One can also compute that L'? = L'3 = L'* = —2 and L'2 = —1. The configuration of all

these curves is shown in Figure B.11

146 -1 146 -1
Ly m Ly
-2 -2 -2 -2 -2 -2 —4b-1 -2 -2 -2 -3 -2 =2 -2 =3

-2 -2 -5 -1 -4 -b-1 -2 -2 -3 -2 -2 -2 -3 —-20—-1-2
I Ls Ly
-1

Figure 3.1: Curve configuration of a general type example.
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One can verify that «; ;. + Bijx > 4 for all 7,7, k. Therefore, by the formula above,

Ky can be written with positive coefficients supported in the configuration of curves, so that

to obtain the minimal model Y” of Y we only need to contract L} since “=% > 1 (and see

the figure). We compute using the formulas above: KZ, = 7(3b — 1), e(Y”) = 63b + 19, and
pg(Y") = 7b. In this way, Y is of general type for any b.

We now consider prime numbers w* >> 0 and partitions

1+ pg + pg A+ pg = w”

with 0 < p; < w*. Let S be the set of all partitions. Then, as we did before, there are smooth
projective surfaces Y constructed as w*-th root covers Y — Y’ — P2, and there are infinitely
many Kollar surfaces X (a1, as,as,aq) birational to each Y. Let Xy, be a minimal (smooth)

model for Y (and so for all X (ay,as,as,as)). The following is based on [Urz10l [Urz15].

Theorem 3.8. There isS' C S with S'/w* — 0 as w* >> 0 such that if {1, g2, ps, pa} € S\,

then X is a simply-connected surface of general type with Kg(mm/e(Xmm) =1 as w* >> 0.

Proof. By Proposition 2.32], we have e(Y) = w* +2+ 3, . I(u, pj;w*), and
2 * 4 * *
K = w' o — 4y 12 (i, pjw”) = Ui, pgsw”).
1<j
Notice that by Theorem 4.1 in [UrzI5], both e(Y) >> 0 and K2 >> 0. In particular Y is
of general type by classification of algebraic surfaces. We also note that Ky is ample since
it is numerically (1 — 4/w*) times the pull-back of the class of a line. Thus, by Theorem 4.3
in [Urz15], the number of potential (—1)-curves to be contracted over w* tends to zero as w*

approaches infinity, and so Xy,;, satisfies Kg(min/ e(Xmin) — 1 as w* >> 0. O
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Chapter 4

Open questions for future work

The results of Chapter 2l and Chapter B] leaves some open questions that can be adressed in a

future work.

e The first set of questions are about the birational connection between Kollar surfaces and
n-th root covers of P2. This connection proved to be useful to understand the geome-
try of Kollar surfaces, and to simplify combinatorial computations for n-th root covers.
Even though the birational map was described explicitly, it could be very hard to find a
Kollar surface starting from an n-th root cover totally branched along four lines in gen-
eral position. Then it is interesting to understand if this situation is an isolated case, or
we can find conditions for a n-th root cover to have this property. More precisely, if we
consider another n-th root cover Z of P?, now branched along a different divisor, is it be
possible to find a 3-dimensional weighted projective space P(nq,ns,n3,n4) and a surface
X C P(ny,n2,n3,n4) birational to Z7 If so, what are sufficient conditions on Z for this to

happen?

e When we described the birational map between a Kollar surface and an n-th root cover of
IP? totally branched along four lines in general position, especially when proving Corollary
218 we used strongly the fact that we were working on surfaces. Specifically, we used that
every birational map is the composition of blowups and blowdowns, and that the minimal
resolution of 2-dimensional singularity is unique. Therefore, the same procedure cannot

be applied to higher dimensional Kollar hypersurfaces. Is it possible to describe explicitely
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the birational map for Kollar hypersurfaces of higher dimension?

Previous to the work of Hwang and Keum, the only known examples of QHPP were the
ones obtained via Kollar surfaces, and 13 infinite series of examples constructed by Keel
and McKernan in [KM99, §19]. In [HKI2] the authors construct several examples of
rational QHPP with one, two and three cyclic quotient singularities, and ample canonical
class, starting from different curve configurations in P2. In [HK12, Rem. 4.4] they mention
that they can obtain examples of rational QHPP with the same type of singularities as the
one constructed by Keel and McKernan. Is it possible to classify the type of singularities
that can appear in a rational QHPP with only cyclic quotient singularities? If so, can all

of them be realized by the examples of Hwang and Keum?

An interesting topic in algebraic surfaces is to find simply connected surfaces of general
type with geometric genus 0, that are different from the few examples known currently.
This was one of the motivations to start studying these Kollar surfaces. Finally, it turned
that all n-th root covers of P? totally branched along four lines in general position with
pg = 0 were rational. The next step is to consider n-th root cover of P? totally branched
along d lines in general position, with d > 5. Let uq,..., uqg the multiplicities asigned to
each line in P2, all of them relatively prime to n, and Y p; = 0 (mod n). Then using
[Urz10l, Prop. 3.2] the geometric genus is
2
Py — (n—1)(3d*n _2177;[” — 2d + 24n) n ZS(M,ME n).

1<j

Recall from Section [[7 that for all p;,ps, s(pi, pj;n) < s(1,1;n) = (n—1)(n — 2)/12n.
As d lines in general position have (g) nodes, then

L (n— 1)(3d?n — 17dn — 2d + 24n)  d(d —1)(n — 1)(n — 2)
Py = 24n - 24n
(n —1)(d — 2)(dn + d — 6n)

12n '

Hence if d > 6, we have that p, > 0. For the case when d = 5, notice that

(n —1)(14n — 10)
Py = ST + ) s(ui, i),
1<J

and that (n —1)(14n — 10)/24n > 7s(1,1;n). As there appears only 10 Dedekind sums in
the geometric genus formula when d = 5, then p, > 0 for the case d = 5. Then we can
only find n-th root covers of P? totally branched along d lines in general position, with

py=0if d < 4.
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Therefore, to look for examples of simply connected surfaces of general type with geometric
genus 0 through this method, one should consider n-th root covers o P2, but now totally

branched along lines in special positions.
In [Al94] Alexeev proved the following result.

Theorem. Let (X,B = > b;B;) be a log canonical pair with coefficients b; in a set S C
[0,1] satisfying descending chain condition (DCC set). Then the set of (Kx + B)? is also
a DCC set.

Then it is natural to ask how small could (Ky + B)? be for a given set S and Kx + B
ample? The most recent achievement in this direction is the result of Alexeev and Liu in
[AL16], who proved that if S = (), then the minimum of (Kx + B)? = K% is less or equal
than 1/48983. Let

K := {K% | X is a normal surfaces with log canonical singularities and Ky is ample}

and let Acc(KC) be the set of accumulation points of IC. As a corollary of Alexeev’s theorem,
we know that Acc(K) is a DCC set. Regarding this set, Blache proved in [BI195] that Acc(K)

is not empty and proposed the following conjecture.
Conjecture.

(a) N C Ace(K);

(b) The minimum of Acc(K) is 1.

Notice that by Proposition 27 and the computation of the discrepancy at the end of
Section [LE, we have that Kollar surfaces are log canonical. If we restrict to Kolldr surfaces
X that are well formed (i.e. ged(wy,ws) = ged(ws, wy) = 1), then it is easy to determine
when Kx is ample and to compute Kg( Even more, by Theorem [2.28] we can increase
arbitrarily the values of a;, while fixing w*. By computing the limit of Kg( when a; — oo,
we can prove that N C Ace(K), and that there are infinitely many accumulation points of
K less than 1. The next step for this is to describe what accumulation points of K can be
obtained by sequences of Kollar surfaces, which is equivalent to determine what kind of

Kollar surface can be obtained given aq, as, as.
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