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Abstract

In this thesis we find an upper bound for the stretch factor of an
elastic incompressible material subject to multiaxial traction, under which
one can ensure that there is still no coalescence. The problem involves
classical elliptic regularity theory (and the analysis of the dependence of
the estimates on the domain), from which we get a regularity result for a
free boundary problem.

Resumen

En esta tesis hallamos una cota superior para el factor de estiramiento
de un material eldstico incompresible sujeto a traccién multiaxial, bajo
la cual se puede asegurar que aun no hay coalescencia. El problema in-
volucra técnicas de la teorfa cldsica de regularidad eliptica (y el anélisis
de la dependencia de las constantes en relacién al dominio), de las cuales
obtenemos un resultado de regularidad para un problema con frontera
libre.

1 Introduction and main result

This work builds on preliminary (unpublished) results obtained jointly by Duvan
Henao (Pontificia Universidad Catélica de Chile), who has guided this Masters
project, and Sylvia Serfaty (New York University).

Cavitation in solid mechanics is the name given to the sudden formation and
expansion of cavities in the interior of an elastic (or elasto-plastic) body subject
to sufficiently large and multiaxial tension. The first experimental studies of
cavitation in elastomers are due to Gent & Lindley [GL59], who were also able
to give a theoretical prediction for the critical hydrostatic load at which the
internal rupture occurs by solving the equilibrium equations for an infinitely
thick nonlinearly elastic shell under the assumption of radial symmetry. The
first analysis of the evolution of a cavity beyond its nucleation was due to Ball
[Bal82], who showed that the one-parameter family of deformations

wa) = )zl + Ln—, L>0, n=23 (1)

x|’

provides a stable branch of weak solutions to the incompressible elasticity equa-
tions that bifurcates from the homogeneous deformation at the critical dead-load
predicted by Gent & Lindley. The assumption of radial symmetry, which per-
sisted in this pioneering work, was finally removed by Miiller & Spector [MS95]
and Sivaloganathan & Spector [SS00] who proved the existence of minimizers
of the elastic energy allowing for all sorts of cavitation configurations. Lopez-
Pamies, Idiart & Nakamura [LPINTI] and Negrén-Marrero & Sivaloganathan
INMS12] discussed the onset of cavitation under non-symmetric loadings and
Mora-Corral [MC14] studied the quasistatic evolution of cavitation. We refer to
the Introduction in [HS13|] and the references therein for a more complete guide
through the extensive literature on this fracture mechanism.



This thesis is concerned with the determination of the maximum load at
which the cavities formed no longer grow independently, retaining their spher-
ical symmetry, but are forced to interact with each other. The interaction
between cavities, in Sobolev models for perforated domains, has been numer-
ically studied in [XHIIl [LLIIH, [LL11a, LLI2L [LRCLP15]. Henao & Mora-
Corral [HMCI0] proposed a free-discontinuity model allowing for fracture by
void coalescence, which was further analyzed in [HMCII, [HMC12, HMC15].
An Ambrosio-Tortorelli regularization of this model was presented in [HMCX15]
and implemented in [HMCX16], showing the transition from the independent
growth of circular cavities to coalescence. However, the only existing quanti-
tative analysis of the interaction between cavities is due to Henao & Serfaty
[HS13] who study the behaviour of

D 2
Y(e,a1,a2,v1,v2) := min / | Dul dx :
B\(B(a1,e)UB(az,c)) 2
u € H(B\ (B(ai,e) UB(ag,e));R?), u(x) = Az for x € 0B,  (2)

w is invertible (in a certain sense), det Du =1 a.e.,

and |im(u, B(a;, €))| = vi + O(?), i = 1,2.}

as the puncture scale ¢ and the distance |a; — ag| tend to zero. Here B, :=
B\ (B(a1,&) U B(ag,e)) can be interpreted as the reference configuration of a
two-dimensional elastic body containing initial micro-cavities centred at a; and
as; the map u : B. — R? represents the deformation of the body subject to
the pure displacement boundary condition u(x) = Az on 9B, with A > 1; for
i = 1,2 the set im(u, B(a;,¢)) is what is known in the literature [Sve88, MS95]
as the topological image of the ball B(a;,¢), and corresponds (in this case) to
the space occupied by cavity ¢ after the deformation; | imt(B(a;,€))| is the area
of that cavity; the positive parameters v; and vy are fixed (independent of €);
finally, the last constraint expresses that the deformed cavities are required to
have areas that are closer and closer to vy and vy, respectively, as ¢ — 0.

The incompressibility constraint det Du = 1 imposes a relation between the
stretch factor A\ associated to the Dirichlet condition on the outer boundary 9B
and v, and vs. Indeed,

)\2|B| — (v1 +v2) = Eh_r% ’)\B\ (imT(uE,B(al,E)) UimT(uE,B(a27E)))‘ (3)
u(B\ (Bla1,2) U B(a.)))| )

= lim det Du,(z)dx = | B, (5)
€0 JB\(B(a1,e)UB(az,e))

= lim
e—0

provided that effectively |imr(u., B(a;,€))| = v; + O(g?), i = 1,2. We write
e — 0 and u, for simplicity of notation, though in reality we are considering a
sequence £; — 0, a corresponding sequence of deformations (ue, ) en, and the



limit as j — 0. Also, note that the constraint |imr(u, B(a;,€))| = v;, with
v; independent of e, cannot be satisfied because the areas of the micro-cavities
B(a;,€) need to be taken into account, hence the need of the O(g?).

The first result in [HS13] (see [HS13, Thm. 1.5]) is the lower bound

D 2
/ |Duf*
B\(B(a1,e)UB(az,c)) 2

> (DimT(u,B(amn) (04 10p B2k 08
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which is satisfied for any u in the admissible space and any cavitation points
ay, as (assuming they are fixed with respect to ). This estimate shows, in
particular, that the Dirichlet energy of any sequence (u.). blows up as (v; +
v9)|loge| when £ — 0 (at least in the case when aq and as remain far from 98),
which, in a sense, is to be expected since the singularity in the gradient of a
map creating a cavity from a single point a € B is at least of the order of

L
[Du(z)[ ~ =, 1= |z —a
r

where L is such that wL? equals the area of the created cavity. Nevertheless,
one can still ask under what conditions the energy of a sequence (uc ). blows up
at no more than the stated rate of (v; + vq)|logel, i.e., under what conditions
the renormalized energy

/ |Du.|?
B\(B(a1,e)UB(az,e)) 2

dx — (v1 + va)|loge| (7

is uniformly bounded with respect to . A more general situation was considered
in [HS13], where a1 = a1, and as = ag,, as well as the ratio % (but not the

=

total cavity area vy + vac), are allowed to change with e. It was proved in
[HS13, Thm. 1.9] that if the renormalized energy is bounded independently of
€ and the centres a; ., az. are compactly contained in B then, passing to a
subsequence, one of the following holds:

i) the sequences (vi.). and (vac)e converge to values v; and vy that are
strictly positive; the cavities im(ue, B(as,,€)) and imy(u., B(age,€)) con-
verge to disks of areas v; and v (in the metric given by dist(Ey, Fa) =
|E1 AEs|); and (under the additional assumption that the midpoints %
remain far from 0B), the distance |a; . — a2| does not vanish as ¢ — 0.

ii) One of the sequences (v; ) (say (va.e)e) vanishes as € — 0 and the cavities
imr(ue, B(a1e,€)) converge to a disk of area v;.

ili) The distances |aj c —asg.| scale like O(g) as € — 0; the unions of the cavities
imr (ue, B(ai,e,€)) Uimr(ue, Blage, e)) converge to a disk of area v + vo;
and each of the cavities, independently, are necessarily distorted, in the
sense that their distance to the set of all disks is bounded away from zero.



Here we consider a more restrictive setting where the centres a; and as in
the reference configuration, as well as the target cavity areas v; > 0 and vy > 0,
are given (they are part of the data of the problem, together with B). In par-
ticular, for any sequence (u.). with bounded renormalized energy, scenario ii)
-where one of the cavities closes up in the limit- and scenario iii) -where the cav-
ities are pushed together to form one equivalent round cavity- will not occur;
we will only be left with the possibility that the cavities im(u., B(a,€)) and
imr(u., B(az,€)) must converge to disks of areas v; and vy. We interpret this
as saying that the second stage in the experimental observations of fracture ini-
titation in elastomers, in which the cavities formed stop growing independently
(retaining their spherical symmetry) and start deforming together (to the point
of eventually coalescing), corresponds to a higher energy regime, it is not attain-
able with an energy of just (v1 + v2)|loge|. On the other hand, it is not always
possible to produce circular “independent” cavities of any given areas vy and v
coming from any fixed locations a; and as in the reference configuration. In-
deed, suppose that imr(ue, B(ai,¢€)) and imr(ue, B(ag, €)) effectively converge
to disks Ey and FEs, of areas v; and vg, which must be contained in AB. If, for
example, B = B(0, Ry), we must have that the line segment joining the centres
of Ey and E» is shorter than (or equal to) the radius ARy, so necessarily

/Ul /UQ <>\R0

On the other hand, incompressibility yields
vy vy = (A2 — 1) R2.

Hence, a necessary condition for the existence of a sequence (u.). with bounded
renormalized energy is that (A2 — 1)R3 + L?W < AR, ie.

2,/01v9 < WR%.

This shows that if the load is sufficiently large (if the requirement is imposed
that cavities must be opened of areas v; and vy with 2\/viv; > wR%) then
the deformations must necessarily enter in the higher energy regime where the
energies blow up at a rate higher than (v; + vg)|loge|. This gives rise to the
question of for what values of v; and vy and what locations a; and as can the
hypothesis of the existence of a sequence with bounded renormalized energy
actually be satisfied. This is the specific question we address in this article.

In fact, we consider a more general version of the above mentioned question
where the material can open not only two but an arbitrarily large (albeit fixed)
number of cavities. We consider the case of a circular domain B and of a
displacement condition of the form u(x) = Az for « on the outer boundary 9,
though in reality more general domains and Dirichlet conditions could be treated
with minor modifications from this work. We prove that a sufficient condition
on ai, asg, ..., an and v, va, ..., Uy, for a given n € N, for the existence of a
sequence of deformations (u.). with bounded renormalized energy is that the
following simple geometric property be satisfied.



Definition 1. Let n € N, Ry > 0, and B := B(0,Ry) C R%. We say that
((ai);‘:l, (vi)?ﬂ) is a configuration attainable through an evolution of circular

cavities (or, more briefly, an attainable configuration) if a; € B and v; > 0 for
alli € {1,...,n}, and there exist evolutions

o z; € CY([1,\],R?) of the cavity centres, and
o L;:[1,)\] = [0,00) of the cavity radii,
where X\ is given by
> wi= (A= 1)7R,
i=1
such that

Zn:wa(t) =(*—DmR;  Vte[l,) (8)

and for each i € {1,...,n}
i) L? belongs to C1([1,)],[0,00));
it) zi(1) = a; and L;(1) = 0;
i) TL2(A\) = v;; and
w) for all t € [1,\] the disks B(z(t), Li(t)) are disjoint and contained in
B(0,¢Ry).

Although other time parametrizations are of course possible for the evolution
of the centres and the radii in the above definition, we have chosen the stretch
factor at the outer boundary 0B as our parameter.

Theorem 1. Letn € N and B = B(0, Ry) C R2. Suppose that the configuration
((ai)?:l, (vi)?ﬂ) is attainable. Let €; — 0 be a sequence that we will denote in

what follows simply by €. Set B. := B\ U}, Be(a;). Assume that for every e
the map u. minimizes [ |Du|? dz among all u € H'(Be; R?) satisfying

e the invertibility condition (INV) of Definition[3;

o u(z) = Az for xz € 0B;

e det Du(z) =1 for a.e. x € Be;

e and |imr(u, B:(a;))| = v; + O(e?) for all i € {1,...,n}.

Then there exists a constant C = C(n,RO,(ai)?zl, (vi)?zl) independent of ¢

such that
Du|? -
/BE %dxgcur (E vi) |log gl.

i=1
Moreover, there exists a subsequence (not relabelled) andu € (), <, o Whr(B,R?)N
Hlloc(B \ {ala EERE a‘m}vRQ) such that



o u. —uin HL (B\{a1,...,an} R?);

e Det Du, = Det Du in B\ {ay,...,am}; locally in the sense of measures
(where Det Du is the distributional Jacobian of Definition @;

e Det Du=Y""_, v;0q, + L? in B (where L? is the Lebesgue measure);

e The cavities imr(u,a;) (as defined in Definition[3) are disks of area v;,
forallie{l,...,n};

o |imy(uc, Be(a;))Aimr(u,a;)] = 0 ase — 0 forie {1,...,n}.

The following example gives a sense about which configurations ( (ai)iq, (vi)?:l)

are attainable through an evolution of circular cavities.

Proposition 1.1. Letn € N, ay,...,a, € B:= B(0,Ry) C R?, v1,...,v, > 0.
Let A > 1 be such that (A\?> — 1)7R% = > v;. Set

jai] \ ?

1- L% 2

( Ro . |ai — a4
o ,min

= ()

Then both in the case o > 1 and in the case o < 1 and A% < ﬁ the configura-

0 = min { min
K3

(9)

tion ((ai);’:l, (vi)?:1> is attainable through an evolution of circular cavities.
Proof. For every t € [1,\] and every i € {1,...,n} set

U
. vk

We only need to check that the B(z;(t), L;(t)) are disjoint and contained in
B(0,tRp) for all ¢ (the remaining conditions in Definition [1| are immediately
verified). Both in the case o > 1 and in the case ¢ < 1 and \? < ﬁ we have
that

Zz(t) = tai, Lz(t) = (t2 — 1)

Rq. (10)

1-2?<o.

As a consequence, we obtain that

1-t2<o Vte[l\.

Hence,
(o)
[ P WL VAR
2o Vk
and
|ai —a;]?

1-t2<

Vi j.

2
A



It is easy to see that the first inequality is equivalent to
Lz(t)2 < t2(R0 — |(Li|)2

which in turn says that L;(t)+|z:(t)| < tRo (i.e., each B(z;(t), L;(t)) C B(0,tRy)).
Analogously, the second inequality is equivalent to

(VLi(t) + /Li(t)* < t*|a; — a;?

which in turn says that L;(t)+L;(t) < |zi(t) —z;(t)| (i.e., the disks are disjoint).

This completes the proof. O
Remark. In the case when v; = vy = -+ = vy,
2 |la;i — aj ?
nmmin < min(Ry — |a;|)*, min <]>
i i#£]) 2 I
7= mR32 ' (11)

This is the packing density of the largest disjoint collection of the form {B(a;, p) :
i €{1,...,n}} contained in B. There is an extensive literature on the famous
circle packing problem; for example, it is known [Mel94] that when n = 11 the
maximum packing density is
11
(1+

inZX
sin 9

5 ~ 0.7145,

which yields the upper bound

1+sinZ)2
A< Utsing)” 18714
1—|—2$1ng—1081n %

for which our above construction is able to produce attainable configurations
with 11 cavities of equal size.

In Section 2l we introduce the notation used in the rest of this thesis and state
some preliminary results. In Section [3| we investigate how does the regularity of
the solution to a transport problem depends on the geometry of the domain, with
a view towards constructing an evolution of incompressible maps in domains
with circular holes that grow as the displacement boundary condition increases.
In Section [4] we put together the different arguments and prove Theorem

2 Notation and preliminaries

Linear Algebra

Given a square matrix A € R?*2, its determinant is denoted by det A. The
cofactor matrix cof A satisfies (det A)I = A(cof A)T, where I denotes the iden-
tity matrix and the superscript 7" stands for the transpose matrix. The inner
(dot) product of vectors and matrices will be denoted by -. Given a,b € R?, the
tensor product a ® b is the 2 x 2 matrix whose component (i, j) is a;b;.

10



Green’s function and function spaces

O(z) := 7 log(|z).
Q={reR?’:R<|z| < R+d}.
O ={zeR*: R+ 1id<|z| <R+ 2d}.

CYho ={ge CO’Q(R) : g is 2m-periodic}.

per loc
¢ (y) = =n(ly — %) — 14%.
Gn(z,y) = ®(x) — ¢"(y).

x _ R?
Tt = el

|
[flloe = sup[f ()]

[floa = sup,, HESf

Df(x)—D
[0 = sup, 4, PHEERI,

1100 = 1flloe + [flo,a-
1110 = 1l + 1D fllo + [£]1.0-

up= 85u.

Assumptions on the geometry of the domain

Throughout Section [3] we will work in a generic domain with circular holes

n

E = B(z0,7m0) \ | B(zk,74)- (12)
k=1

The notation d will be reserved for a generic length that controls (from below)
the distance between holes, their radii and the distance from them to the exterior
boundary 9B, i.e., E is assumed to be such that

dist(0B(zj,1;),0B(zk, 1)) > 2d Vj#ke{0,1,...,n},

. (13)
r; > Cd for each i € {1,...,n}, and ro > Cyd for some Cy > 1.

Poincaré constant

The Poincaré constant (for the Neumann problem) shall be denoted by Cp:

CP(E) ;= Inf {||¢||L2(E) : d) S Hl(E) such that ||D¢||L2(E) =1 and / d) = O} .
E

Given 6 > 0 we denote by Fs the class of all domains of the form F =
By \ U, B(zi,r;), for some n € N, ro,71, -7, > 0, and zq, - , z, € R?, such
that Vi > 1 B(%;,7;) C B(20,70), Vi # j B(2,7:) and B(z;,r;) are disjoint, and
F(E) > ¢, where

1
F(FE) := — min{min dist(0B;, 0B;), minr;}.
27"0 i#£] )

11



Topological image and condition INV

Here we only give a succint presentation of the required concepts; see, e.g.,
[HS13] for more details.

Given u € H'(E,R?) and = € E, there is a set R, C (0,00), which coincides
a.e. with {r > 0: dB(x,r) C E}, such that u|pp(,,) € H' for all r € R,. Since
0B(x,r) is one-dimensional, it follows from Morrey’s inequality that u|pp(z,r) is
continuous and the Brouwer degree deg(u, dB(z,1),y) is well defined for every
y € R2\ u(dB(z,r)). (It is the winding number of the closed curve u(0B(z,))
around the point y.)

The following is a minor variation of the definition of topological image due
to Sverdk [Sves§).

Definition 2. Let u € WYP(9B(z,r),R?) for some x € R?, r > 0, and p > 1.
Then
i (u, B(z,7) 1= {y € R : deg(u, OB (z,7),y) £ 0}.

Let us now recall Miiller & Spector’s [MS95] topological definition of invert-
ibility.

Definition 3. We say that u satisfies condition INV if for every x € E and
every r € R,

(i) u(z) € im7(u, B(z,r)) for a.e. z € B(z,r)NE and
(ii) u(z) € R?\ imr(u, B(z,r)) for a.e. z € E\ B(x,7).

If w satisfies condition INV then {imt(u, B(z,r)) : v € R,} is increasing in
r for every x.

Definition 4. Given a € E we define

imr(u,a) := ﬂ imr(u, B(a,r)).
reR,

Analogously, if u € WP is defined and satisfies condition INV in a domain of
the form E = B\ U} B(zi,7:), then we define

imr(u, B(zi, 1)) = ﬂ im(u, B(z,1)).
TER;,;
r>T;

Distributional Jacobian

Definition 5. Given u € W2(E,R?) N L5 (E,R?) its distributional Jacobian
1s defined as the distribution

1

(Det Du, ¢) := —3

/Eu(x) - (cof Du(x))Do(x)dz, ¢ € CZ(E).

12



If a map u € WHP(B,R?) opens cavities of areas vy, ..., v, from the points
ai,...,a, € B then the distributional Jacobian is expectedto have the following
structure: .

Det Du = (det Du)L? + > v;6a,,
i=1
where £? is the Lebesgue measure, the d,, are Dirac deltas at the cavitation
points a; and det Du is the determinant of the pointwise gradient. If, further,
u is incompressible, then (det Du)L? is replaced with just £2.

3 Holder regularity for a transport problem in
a moving domain

In this section we study the regularity of a certain solution to the following
problem:

divv =10 in F,
(14)

v(z) = g(x)v(x) on OF .

To construct that solution, we can use (as will be seen in the proof of Theorem
4) the solution of the following problem:

Au=0 in E,
d (15)
8—3(@ =g(z) ondE,
where g € CV*(9F) and fE u = 0. The main goal is to know the dependence
of the estimates on the properties of the domain (in this case, the dependence
on what we call d, the number of holes and the Poincaré constant).

To study the regularity of the second problem, we descompose the domain into
annuli (near the boundary, where we have representation formulas) and an in-
terior domain (where it suffices to bound the L' norm).

Proposition 3.1. Let v be harmonic in Q and { be a cut-off function with
support within |x| < R+ 2d and equal to 1 for |z| < R+ id, then, if u = (v:

ou

u(z) =C — —
() o, OV

(@ =) = 5" () aS() ~ [ Au(@y =)= °(0) do
Proof: Let us proceed as in [Eval():

ou

/ Au(y)@(y—z)—u(y) Ay ®(y—z)dy = fé(y*x)faj(y*w)uw)ds(y)
Q\B. (x) 80 ov ov

13



+/a @(yfx)u(y)f?q)( —z)dS(y),

Ba(z) (’)1/
letting € — 0 (and using the fact that u vanishes outside BR+%d), we get:
0P ou
[ duety oy = [ Z - 2)uty) - 5ol - 2)dSly) - o).
Q oBr OV Oov

Hence:

u(z) = /BBR g—;{j(y —z)u(y) — %@( —x)dS(y / Auly —x)dy,

with the normal pointing outside Br. Now (as can be seen in [DiB09]), note
that if a function ¢*(y) satisfies:

—Ayd"(y) = ify e Q,
0P* 8<I> . (16)
;SV 81/( y—x) ifyedBg,
being k a constant, then:
0 ., ou
[ Ao uts) = Sy = [ uln) 520" 0) — 97 ) 55
- [ e >3“ ) 0l — 2)dS() =k [ ady— [ Auo(y)ay
8BR ov v Q Q ’
where we have used . Finally, replacing in the expression for u(x), we obtain:
ou
ua) =C— [ CH(@—2) =" () aS) ~ [ Au@(y—a) =67 (w)dy
aBr OV

It is easy to see that ¢®(y) = = log(ly — z*[) — 4‘51'; satisfies using the
identity |z1||ze — z7| = |z2||z1 — 23|

The following regularity estimates for harmonic functions can be found in [Eval0l
Thm. 2.2.7]

Lemma 3.2. Letv be weakly harmonic in B(z,d), then:

1Vl oo (B 2)) < CA72 VI 1 (5o, -

|D? U||L°°(B(ac,§ < Cd=> Wl 1Vl 21 (B, -

The next results are related to the regularity of the second integral in Proposi-

tion B.11

Proposition 3.3. : Let v be harmonic in the distributional sense in € and
R > Cd, then we have the folllowing estimates :

0]l oo (@) < CA™2 V]l (g -

[v]o,a(2ry £ Cd> R ||v[| 11 -

HDﬁ”HLw(Q/) < Cd > Pl jo]| 11 g -

(V1,00 £ Cd™* R |[v]| 11 -

14



Proof: The first and third estimates follow from the previous Lemma. To
prove the second estimate note that using polar coordinates we get (for r €
(R+ 3d, R+ 2d) and 61,0, € [—m, ), such that |, — 0] < 7):

d i0 b2 v
@(v(re ))‘dé’</€1 3

0)|do
o | cos(0)|

|v (rele1 )—v(rew2 )| < /

01

. ov
7| sm(9)|—|—‘ax2

< Cd3 [[0] 1 gy 7101 — O] < CA3 o] 1 g Irei® — rei®2|" R,

since 7|0y — 2| < Zlre'® —re'®2| (recall that % < 1*c902s(9) <1 forfe[-mmnl)
and |re®t —re?2| < 2r <CR .

Moreover, for § € [, 7] and 71,72 € [R+ %d, R+ %d], we have:

e -ulrae) < [ |2 (o) [sin(0)\dr

1

T2
dr < / v
o) (9.1,‘1

< Cd*Joll 1 gy Iy — 7] < CA™ ol g I — rae

ov
| cos() |+‘ 92,

i0|aR17a
Now, for r1,r2 € [R+ %d,R + %d], r1 < 19 and 01,05 € [—m, 7], such that
|01 — 02| < 7, we have:
[o(r1e) — v(ree??)| < |u(rie?) — v(rie®®)| 4 Ju(r1e??) — v(ree??)]
< CA R [oll s g (e — rae®[* + [rae® — roe®|%)
< CaPRI = ol sy (2™ — rae® | 4 fraei® — ryci®2 [,

since |7"1ei9‘1 —roet®2|2 = (r; — )% + 2r172(1 — cos(61 — 602)) > 2r{(1 — cos(6y —
02)) = |rie?t —rie%2|2 and |r1e?t —r9e?2| > |1y —ry|. The proof of the fourth
estimate is analogous.

Lemma 3.4. Let R > Cd, v be harmonic in Q2 and  a cut-off function with
support within |z| < R+ %d and equal to 1 for |z| < R+ 3d, then:
[A(W)]o,ar2) < CR™d™> 0]l 11(q) -

1AW lso(e2) < Cd™* [[0l] 11(q -
Proof: It is clear that we can choose ¢ to be such that: |D*¢| < Crd=*

(and then [(]y () < Crp1d "1 R~ since ( € C°(B(0, R+d))). Then, using
Proposition [3.1] and the estimates for { we get:

|A(WC)| < 2|Vv - V| + [vA¢| < Cd™ 1] L1 e -
On the other hand:

[A(Q)]o,a) < 2[Vv - Voo + [VACo,a0)-

Now note that:

[v,s - Calo,ac < [v,8lo,a) 18]l ooy + [8l0,a0) 10,81l ooy
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< Cd R o]l gy - d ™t + CA2R - d 73 o] 1 g

furthermore:

(020 @) < [lo.0@) 1A sy + B0 @) 1V
< CAPR" vl gy - A2+ CdP R - d72 o] 1
Hence:

[AW)]o,a) < Cd R vl 20 -

Now if x € ' and y € R?\ Y, there exists ¢ € (0,1) such that z = tz+ (1 —t)y €
0, then we have

[A(wQ) () = A ()] < [AWQ)(2) — AwC)(2)] + [A(v()(2) = A(v()(y)]
= |A(v0)(z) = AC)(2)] < CR™A™° ||v]| g |z — 2|
=CR'"d™° ||UHL1(Q) (1-t)%z —y|* <CR'"d™° ||U||L1(Q) |z —y|*

(Clearly if 2,y € R\ &, [A(v(2)¢(2)) — A(v(y)¢(y))| = 0).
Finally, we get:
[A(CV)]o,a@2) < CR'A™ [|v]| 11q) -

Proposition 3.5. Let f € CY%(Q), R > Cd and u = fR2 fy)®(z — y)dy,
then:

[Du| m2y < CR|[f] o -

[Duly (0, r+anBoE) < CR Ifllo

Hagwu oo(B(0,R+d)\B(0,R)) < OR* flo.ae) + 61377 1l
[DQU}o,a(B(o,Rer)\W) < Clflo,a®2)-

Proof: Let us estimate the first derivative:

dy 2R+5d
ual <l [ 22 <Clfl [ ORI,
o |z —yl 0

Now, let us estimate the Holdér seminorm of the derivatives: Let

vw=/ () 5(x — y)dy,
R2\ B(x,p)

with p € (0,2(R + d)), then:

oy My <Ol [ fe-ul

B(z,p)

wwwAgmmu/

B(z,p)
<O flloop C|fll oo "R,
On the other hand:

16



0
= twesE-nd- [ ) - pends),
g R2\ B(z,p) 9B(z,p)

therefore:

9,

<CIfll / & — y|"2dy + / &y~ dS(y)
R2\B(x,p) OB(x,p)

< Cllfllo <1+/ Ix—dey>
B2, 2(R+d))\B(x.p)

(B (v (2) )

(Note that % € (%,oo)) Finally, if |z — y| = p:

<Ol (1+

up(2) = up(y)] < fup(x) = vp(@)] + |vp(2) = vp(Y)] + [vp(y) — w5 (y)|

N . R 11—«
< Ol p* B 4 Clo — | I <1+(p) )

< O fllo PR,
where we have used that p < CR.

To prove the third estimate, first note that the second derivatives of u are given
by:
= i ® g (z — dy — 2
Upy = lim sy(x =) f(y)dy f
p—=0* JR2\B(a,0) 2
Since f € C%* (and using the fact that Jon(.1) ®.8v(2)dS(2) = 0, and [, © s, (2)dz =
0 if A is any annulus centered at the origin ), the absolute value of the singular
integral is bounded by:

lim

/ F(w) — () o (x — vy
p=0% JB(2,2R+ 5 d)\ B(x,p)

2R+35d
< lim ® 5, (@IdS@) [ 1 ldrlfloa < CR(flo,
p—=0% JaB(0,1) o
that proves the second result (obviously we have ‘ 5; f H < 5;" |flls). To

prove the last estimate, we proceed as in [Mor66, Thm. 2.6.4]: first note that if
D ,i(z) = Alz), w(z) = u,j(z) + %i; (z), n =2, and

n

w@= [ Aw-orei

17



then:

|wo () = wp(@)] < / Az = OI[flo.alz — &€ < CMo[flo,ap®,

B(z,p)\B(w,0)
being My = sup|, =1 |A(z)|. If we let o — 0, we obtain:
|w(z) = wp(@)] < CMolflo,ap
Let M = 3R + 3d and M; = sup|, = [VA(z)|. The derivatives of w, are given
by:

na(o) = [ A s — €)F(€)de — Alw — &) (€)de,
7\ B(z,)

0B(=,p)

= A,ﬂ(w—é)(f(f)—f(w))d§+/ Az —=&)(f(&) = f(x))dgs

/B(m,M)\B(z,p) OB (z,M)

Note that:
| aw-9r©dg=o
OB (xz,M)
Let z,z € B(0, R+ d) and p = |z — z|,then:
[Vaw,| < C(Mo + M) [flo,a(p® " + M) < C(Mo + M1)[flo,ap™ "
Thus (applying the mean value theorem):
|w(z)—w(2)] < |w(@)—w, () [+|wy (2) —w, (2) |[+|w,(2) —w(2)| < C(Mo+M1)[flo,ar®
that yields: [w]07a < C(MO =+ Ml)[f]&a-

Lemma 3.6. Let R > Cd and f € C’g*a(BR_F%d\m), ifu= [g. f(y)log|z*—
y|dy, then:

1Dull po By \BR) < ORI Nl

[Du]07(¥(BR+d\BiR) < CR*7d™! ”fHOO

HD2UHLOO(BR+¢1\37R) < CRd™ Hf||°°

[DQU]07a(BR+d\?R) SOR*d7? | fll -

Proof: Using the identity |z1||x] —z2| = |z2||z1 — 23|, let us first note that:
logly — 2| = log|y” — | +log|y| —log |, (17)

this implies that:

w=Ct [ togle—y"lf)dy—logla] | )i

18



then:

\dy c fy)ldy  C
|ug|<c/ 4 ‘an ri<c [ O |y‘+||||f\|

IIfH

< CRd———
R— R+$

+Cd|fllo < ORIl

The other estimates are proved analogously (for the Holder continuity we can
use the same argument as in Proposition [3.3)).

Proposition 3.7. Let f € C’S’Q(BR+%d\BR+ a), R>Cdandu = [ f(y)Gn(z,y)dy,
then (in Bryq \ Br) :

[Dull o, < CR||fl

[Dulo.o < CR*d~ | fll -

[D?ul|, < C(RA™||fllo + R*(flo.a)-

[D?u]o,0 < C(R2 *d72 | fll + [flo.a)-

Proof: It follows from Proposition and Lemma

As we shall see, the regularity of the first integral in the representation formula
of Proposition [3.1] is related to the regularity of the function of the next lemma
and the convolution with the Poisson kernel (one should note that the above
kernels are harmonic conjugates, more precisely, 1+Z is an holomorphic function
on the disk whose real part is the Poisson kernel and the imaginary part is the
kernel of the next lemma).

Another useful observation is that we should focus (as we will see) on radial and
angular variations to get the Holder regularity.

Lemma 3.8. Let g € C0.%, ¢ € [0,2n], 1 <ry <ry. Then:

[w(rie'®) —w(rze')| < Crilgloalrs — ra|*,

where
" rsin(T)dr
= 1
w /_Wg<7+¢)r2+172rcos(7) (18)
Proof: Note that:
lw(r1e?) — w(ree'®)| = g—wd ‘ / %: dr.

On the other hand:

. . (1= ) snr)dr
% trere) = /_Fg(T ) e T a1 cos()) P
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T _ B (1 —r2)sin(r)dr
o / (9(r +¢) = 9(9)) (1 =7)2+2r(1 — cos(7)))?’

—T

where we have used that sin(7) is odd. Moreover:

. - (1 —r?)sin(r)dr
‘/hgr_l“"( O IO G 2 - cos(n)?
2r1(r — 1)[glo,al T[T Crilgloa(r —1)*t
/|T<r1 ((r —1)% 4+ 2r(1 — cos(7)))? = /T|<r1 (r—1)* ar
= Cri[glo.a(r —1)*"%

Recall that 2 |7|> < 1—cos(r) < |7|* for 7 € (—m, 7). To estimate the rest
of the integral, it suffices to note that:

<

B (1 —r2)sin(r)dr
/T1<|T|<w(g(7 9 = 9O T T 2 (1 — con(r)))?

frje
< 2 -1 o d
< s cies 1= Vo0 T e
|7_|1+a a—3
< Cri(r — 1)[g]o,aﬁd7 < (r—=1)Cr1(glo,a |7|¢ " dr
r—1<|7|<7 |T| r—1<|7|<n

<Cri(r—D(r—1)""2=0Cr [9]0,a(r — 1>t
Finally:
aw " a—1 «@
o dr < Cri[glo,a (r—=1)*""dr < Crilglo,alri—r2]”.

T2

|w(rlel¢)—w(rgel¢)| < /

T2
(Recall that |z|* is locally Holder continuous in [0, 00))

Lemma 3.9. Let g € C0.%, r > 1, w as in (18), and z1, 2 € R? such that
|x1] = |zo| = r. Then:

w(@1) — w(z2)| < Cr?[glo,a(r — 1) oy — aa.

sin(7)

Proof: Let 1 < r <2 and |¢1 — ¢2| < 7, if we define K, (1) = T —2r o)
then:

™

w(re®) = r/ g(m+ ¢) K, (1)dr = 77’/ g(T) K- (¢ — 7)dr.
The derivative of K, is given by:

cos(T)(1+7r%) —2r (1+7)2%(1 — cos(7)) 9 N
(1472 —2rcos(7))? (1 =12 t2r(1- cos(T))> (1477 =2rcos(r))™.

Since:
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cos(7)(1+72) —2r < (1+7)2(1 — cos(7))
(r—=1)2+2r(1 —cos(r))| — 2r(1 — cos(7))

<Cr,

we have:

0K, C
‘ : ’" < Crlr i r] < .

or (7)‘ S =12+ 2r(l = cos(n)
Let p = |1 — ¢2| < 7, then:

%‘;,j <|f 7;<g<f> —Y)ELS — T)dr
2 |T - ¢|a 2 a—2
= O /Ir—<z>§r—1 de + Ol /r_1s7—¢|§7r 1=l dr

< Cr*(r—1)*"gloa-
Now using the fundamental theorem of calculus:
) ) P2
w(re'®) —w(re?)| < [ Cr¥(r —1)*""[glo,ad¢
é1
=Cri(r — l)o‘fl[g]07a|¢1 — | < Cr3(r — l)o‘fl[g]()’a\reid’l —re'f?|,

Proposition 3.10. Let g € Cgé‘;‘, w as in , and x1,x5 € R? such that
1< |.232| < |l‘1| < 2. Then:

|w(z1) — w(z2)| < Clglo,a
(i-e. [W]oa < Clglo.a)-

X1 — Z‘2|a.

Proof: Set 21 = r1e®1, 2o = roe'®2, |y — ¢o| < 7, p = |11 — 29
1. Case 71 — 1 > p: by lemmas [3.8) and 3.9]:

w(zy) — w(@a)| < lw(rie™®) — w(re®?)| + |w(rie'®) — w(rye'®?)|
< COrilglo,a(rs = 1) Hrie'® — rie®| + Crifglo,allzi] — |22
< 2C[glo.ap® t(Jriet®t — raet®?| + [reet?? — r1€e?]) + 2C(g]o.alz1 — 2|*

< Clgloa(p* o+ p) + p*)

2. Case ry —1 < p: Set r := 14 p. Note that since ro < r; < 2, then
r=1+4z; —x| <14+r +ry <5

o) m(@a)] < olrae ) mwlre ) Hu(re™ ) —w(re'®) (e ™) —w(rae®)|

< 2-5C[glo.alr — r1|* + 5C[glo.a(r — 1) Hre!®r — ref2|,

since 73 > 1, then 7 —ry = p— (12— 1) < p. On the other hand: |re’®* —reié2| <
|1 —r1| +|x1 — 22| +|re — 7] < 3p and (r —1)*~1 = p®~! by definition of r. This
completes the proof.
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Proposition 3.11. Let g € Cgécﬁ, w as in , and 1,22 € R? such that
1< |$2| < |$1| < 2. Then:
[wlls < Clglo,a-

Proof: It is easy to see that:

™ et

dr < C[g]o,a-

@] < Clglo /

—T

|2

Lemma 3.12. Let x = re'® and y = €. Let u be given by:

u(rew) _ 1—r /W g(T)dr (19)

27 -7 |17__ y|27

then: |ull < Cllgllo

Proof: This is immediate from the well-known formula (see [Gam01]):

r2—1 (7 dr
= —1). 20
2m /7T 1+ 72 — 2rcos(7) sgn(r —1) (20)

Lemma 3.13. Let g € C%%, r > 1, |¢p1 — ¢o| < m and u as in . Then:

per>
lu(re'®r) — u(re'®?)| < C[g]o,a|rei¢1 —re'd2|,
Proof: First note that (thanks to (20])):

—r2 7 T —r2 [T T -
utret®) = 5= [Ty T - 2 [ OOy,

27 |l — y|? 27 = 14+ 72 —2rcos(r)

then:

[u(re®) — u(re'®)| < [glo.a

o T2=1 [T g(T+ ¢1) — g(T + o)
¢1— 2| + o / 1472 — 2rcos(7) ar

—T

2
r —1 27 ) )
< [glo,ald1r — d2|* + [glo,alP1 — 2| P R S C'[glo.alre —re'®2|*.
Lemma 3.14. Let g € Cgfr‘, u as in , 1<ryg <ry <2. Then:

|u(rlei¢) — U(T2€i¢)| < Clglo,alrs — ro|®.
Proof: Note that:

d( 1—r >: (r —1)% = 2(1 — cos(7))
dr \ 1+ 12— 2rcos(t) ((r —1)2 4+ 2r(1 — cos(7)))?’

also:

d (I+7r)(1-r)
(;

ar \(1—r)2 +2r(1 - cos(T))> =(+ng (1 2 1_217:(308(7)>
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n 1—1r
1472 —2rcos(t)’

We want to prove ’%’ < C(r—1)*"1 for r € (1,2). For that, it suffices to
estimate the following integrals:

21
r2 —1

T dr o
=0 [ 6+ 0) = 90— | £ O a1

< Clglo,a < Clglo,al(r — 1)1

Now let us estimate the second integral for |7| < r — 1:

1 — cos(7)
2| [ 9 =00 (i et
|
<Clboe [ =17 2=
T a—+2 r— a+3
<Cladoa | d g < Cllon U = Clloatr =0
Then for r — 1 < |7] < 7
B 1 — cos(7) .
2] e 9 = 9O iy e
< [gloaC M 7 < C'((r— 1" — ) < Clglo(r — 1)°

r—1<|7|<7 (2|T|2)2

Finally, let us estimate the last integral for |7| <r — 1:

(r —1)*

/ 9T+ d)—g(@)
irj<r_1 ((r = 1)2 +2r(1 — cos(1)))?

< [9l0.aC(r — 1)2/ I dr < C'lglo,a(r — 1)* L

|7|<r—1 (T - 1)4

At last for r — 1 < |7| < 7

. 1)2 9(r +¢) — 9(¢) .
V| s T ST et
< Clafoalr =17 [ dr < Clgalr = 12(0 = 1) =2

< C'lgloalr — 177
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In conclusion, we have:

/7'2 ?dr - /7‘2

< C'glo,alr — r2]®,

. ) au
|u(rie'®) — u(rqe'®)| =

dr < Clglo, / (r—1)*"tdr

72

and the result follows from the above.

Proposition 3.15. Let g € C’gﬁf, u as in 1<r <ry <2, and |¢p1— o] <
w. Then: 4 . ‘ 4
|U(T1€1¢1) — U(T261¢2)| < C[g]o,a|rle’¢1 — 7“26“1’2\“.

(i.e. [u]o,a(B0,2\B(0,1)) < Cldlo,a(0B(0,1)))-

Proof: Note that from the previous propositions we get:

lu(r1ei®) — u(reei®?)| < [u(rie™) — u(rie®?)] + [u(rie®?) — u(rae'?)|
< Clgloaono.)|r1e™ —r1e%* + Clgloa@no1)) Irie'®* —rae'®|®
= 0[9]0@(33(0,1))|7"1€Z¢1 = 12e'|* + Clglo.a@p0,1)) Ir2 = 71|*
< C[g]o,a(aB(o,1))|r1ei¢l — roel?2|,

because if 6 is the angle between r1e!?t and roe’®?, we have:

[r1e'®t — roei®2 |2 — |r1e — 11922 = 12 — 2 — 2r 1y cos() + 217 cos(6)

= (ry —11)(r1 + 1o — 2r1 cos(h)) > (ro —71)% > 0.
Proposition 3.16. Let g € CL.%, u as in E, then:

per’

u
6$5

< Cd'llo,a@B0.1) -
oo(B(0,2)\B(0,1))

Moreover:
| Oxg 0,a(B(0,2)\B(0,1))

< Cllg'llo,aa5(0.1) -

Proof: Set x = re® € B(0,2) \ B(0,1), y = e'".
Let P(z;7) = — =l then:

= Ta—y[®
1— |z o(lr -y +1—|2?) —y(1 — |z|?
Dw(P(x;T)):D’”<x—y:2> :_2< (lz —yl” + x_lyli y(1—| I)).
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Now, for z € B(0,2) \ B(0,1), we have (due to the dominated convergence
theorem):
1 us

Dy (u) = pym

D, (P(x;1)) g(T)dr.
In addition, the derivatives of P are given by (note that we use 7 = (7 — ¢) + ¢
and |z —y|? =1+ 1% — 2rcos(t — ¢)):

oP _2cos(¢>)(2r — (r? + 1) cos(t — ¢)) +sin(¢)(1 — r?) sin(r — @)
dr, (1472 —2rcos(t — ¢))?

Oy (1472 —2rcos(t — ¢))

oP 28111((;5)(27’ — (r2+ 1) cos(t — ¢)) — cos(¢)(1 — r?) sin(T — ¢)
5 .

Furthermore:

T 2r — (r?2 + 1) cos(t — ¢) _ ’Ti sin(r — @) dr
/,,r (1—|—r2—2rcos(7’—¢))29(7—)d77 /,7r dr <1—|—r2—2rcos(7'—¢)>g( )

-/ T s —9) 559/ (rydr = / .G R

_r 1472 —=2rcos(t — _r 1472 —2rcos(7)

T (1 —r?)sin(r — ¢)
/ (1472 —2rcos(t — ¢))2g(7’)d7'

1—7" d 1
- 2r / dr (1 + 72 — 2rcos(t — qﬁ)) g(r)dr

1T 1—r?
2r ) 14+7r2—2rcos(T — ¢)

Moreover:

g (T)dr,

from the above, it is easy to conclude the result (using the estimates from the

previous propositions and that [Sm(‘z’)}o a(B02\B0,1) < C, [2 ¢)]0 a(B(0,2\B(0,1)) <
).
Note that from the above we have the following formula:
) . in(- i et? 1—¢2

D idy -9 ip TSIII() ’ & /

u(re’?) € <1 + 72— 2rcos(+) *g (9)+ 2r \14r2—2rcos(-) *9(9)
Proposition 3.17. Let g € C1*(0By) and u(x faBl )log |y — z|dS(y),
then (for 1 < |z| < 2)
[Dull o < C(ll9lo + [9l0,a)-
Duos < Cllgll= +lhow):
102 < Cllgle + [glo.a + 119'lc + [910.0)-

[D*uo,0 < C(llgllo + [glo,0 + 19l + [9]0.0)-
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Proof:
The gradient of u is given by:

Du(z) = /7T g(T)%dT,

Nt

with 3 = (cos(7),sin(7)) and = = |z|e’®. Now, if e, (1) = (cos(7),sin(7)) and
er(1) = (—sin(7), cos(7)), we have:

Du(z) = /7r g(1)er(7) [z cos(r — ¢) 1d7’ — -/7T g(T)eT(T)wdT,

-7 |‘1:_y|2 -7 |J:_y|2

Note that g1 := g(7)e,(7) and g := g(7)e,(7) are C1* as functions of 7.
If we call v; and v to the first and second integral respectively, we get:

i (z) = _71 /_: a1 (7) (1 + L‘_';i) dr.

On the other hand we have:

1 (" d 1 [ d
vy = 5/_ﬂ 92(7) 7 (log(| —y["))dr = - B Z-92(7) log (lz — y[?) dr
1 | T d
+ 592(7) log (Jz —yl?) == | F-9a(n)log (e —yl)dr.

If we repeat the argument (to each component) we get:

j TG — |z|? T x|sin(T —
D(/Uéj)) _ %/ g;(j)(T)er(T) (1 + 1 — |z )dT—l—/ 92(])(7_)67(7_)| | sin( ) dr.

— [z -yl - [z —yl?
It is easy to see (using the estimates from the previous propositions) that:

[Du| < (9]l + [9o.a)-

Moreover:

1D%u < C(llgllo + [glo,o + 19l + [9]0,0)-
Furthermore:

[D?*u]o,0 < C(llgll + [glo.a + 119 e + [9'0.0)-

(It may be useful to know the following estimates, where /3 represents either
TOrT:

G0 < CUllgllae + [0, + 19']]c + [6']0.00)-
(917 5100 < CUl9ll + [glowa + 19/l o + [9']0,0)-
[9r]0,0 < Cl9ll o + [9]0,a)-

[eB]O,a <0).
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Proposition 3.18. Let g € CY*(0Bg) and u = faBR glog |y — z|dS, then (for
R<|z|<R+d, withd<R) :

[Dull ., < C(llgll + B*[g)o,a)-

[Dujo,o < C(R™ |9l + [9]0.a)-

[D%ul| . < C(R7 |gllo + B gloa + 19/l + B¥[9T0,0)-

[D*u]o.0 < C(R™'* il + R gloa + R 19"l + [9']0.0)-

Proof: It follows by a rescaling argument.

Proposition 3.19. Letu = faB 9GN(z,y)dS(y), then:
||DU|| B(0,R+d)\B(0,R) R)) > (HQH + R[g ] a)-

[Du], (B(O,R+d\BO,R) = C(R “N9lloo + [9lo,a)-
1P| (0.4 B < CR 9l +Ra*1[g1o,a +19'loo + R[9'T0.0)-
[Dgu}o ,a(B(0,R+d)\B(0,R)) < C(R_l ¢ HQH [g]o,a + R ||g/Hoo + [9/]0,04)-

Proof: Thanks to we have:

lzl 1yl
® R inR?

The estimates for u then follow from Proposition and estimates for
log |z| (recall that for the Holder continuity, we can proceed as in Proposition

53).

Gn(z,y) = —= log ly — x| + *1

Now we will estimate the L' norm of v in terms of g using the trace theorem and
Poincaré’s inequality (and we will analyze the dependence of those constants on
the domain) to get interior estimates (actually we also use these estimates for
the regularity of the second integral in Proposition .

Lemma 3.20. Let ¢ € HY(B,,\B,,) for some 0 < p1 < pa. Then (fori=1,2):

2(z)d p2 (1 2(2)d Dé|?(x)d
[, F@st) <22 <p2—pl /B%\Bm‘ﬁ (@) “/BM\BM O (2)da

Proof: We consider only the case of faB ®? (the other case is analogous).
P2

Given € > 0, let n € C*(B,, \ B,,) be such that n =1 on B,,, n =0 on dB,,

_14e
and |D77| = p2—=p1°

/an ¢*(x)dS(x) = p2 /S (/pp js((n¢)(sz))ds>2 ds(z)

P2
<2pa(pa=pn) [ [ (0Dul? + DoPdsas (2
P1

p2 [ 1+e 2( p1 P2 9, \P1 )
<9l @) ds(wyds + Do (x) 2L dS(2)ds ) .
2= oo [ [ Do gastaas
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Proposition 3.21. Let E and d be as in and . Let u be such that:

Au=0, in E
%:g, on OFE

and [ u(y)dy =0. Set
B = B(E) == |E|*Cp(E) (d*%cp(E) n 1)n%r§. (21)

Then:
lullr ey < C - Bllglloo-

Proof: First note that:
1 1
[ luldy <121 ullae) < CrlBI | Dl o
E
Now, using integration by parts we get:

/uAudy:/ ugdS(y)—/ | Dul?dy = 0.
E OE E

Moreover:

/ |Duldy < ||gllc20m)llullL208)-
E
Using Cauchy’s inequality, we get:

1 ullr2om
[1DullL2m) < o1 (A||g||L2(8E) ),
22 A

furthermore, using [3:20] and Poincare constant, we obtain:

/ u?dS = Z/ u?dS < C / d~'u? + |Dul*dy
oFE k=07 9B(zk,k) B(z0,m0)\B(20,r0—d)

+C Z/ d71u2+|Du|2dy
=1 B(zr,re+d)\B(z,r%)

<C (d—l/ u2dy+/ |Du|2dy> <CO(d'C% + 1)/ | Dul?dy
E E E
Choosing A = Z%C((fTl Cp + 1) we deduce that:

1 =1 11
[ Dullp2(m) < 22 AllglL2(0m) < C(d2 Cp + 1)n2rg ||g]|co-

Finally, we obtain:

1 1
lullz(m) < C - |E|ZCp(d= Cp + 1)1 | gloo-
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21} then, if A= UP_B(zk,m + %)\ B(2k, 1), we have:
|Lee(a) < C (14 Bd™*r0) llglloc + Cr6 [glo.0-
[DU]O,Q(B(zk,rk+%)\m) < C(Bdrg™ +d™*) ||glloe + Clglo,a-
I1D?ul[ oo 4y < C (Bd™ro +d ) |lglloc + Cd*glo,a + Cllg'ls + Cr (9]0,
[DQU’}O,Q(B(Z;C,T;C—F%)\W) < C(Bd™ 55 +d7 ) ||glloe+Cd ™ [glo,a+Cd™||g' || oo+
Clg'o,a-

Proposition 3.22. (reqularity near the holes) Let B and u be as in Proposition
F
Du

Proof: It follows from Proposition [3.I} Proposition Proposition [3.7]
Lemma and Propositio (recall that r; > d).

Proposition 3.23. (interior reqularity) Let B as in proposition u be har-
monic in E and E' = B(zg,19 — %) \ Up—y B(zks i + g), then:

ull oo () < CA™2 ||l gy < CBd=2 g -

[Wo,a(mry < Cd™3ry ™ ||ull 1 gy < CBd2ry ™ |lgl o -
IDul| oy < CA727 N ul| 1y < CBA=2VEN g .
[l ey < Cd4rg ™ lull g2 gy < CBd~*r;™* ||g/l -
[D2u)g (e < Cd=ry ™ [[ull 11 () < CBd=%r5~ gl -

Proof: It follows from local regularity for harmonic functions and Proposi-
tion (using triangle inequality at most 2n + 1 times): Join z and z with
a straight line, then the segment intersects at most the n holes. In that case,
join the points using segments of the above straight line and segments of circles
of the form 0B(zg,ri + g) (for straight lines use local estimates for harmonic
functions and for circles use Proposition .

It is easy to see that we can study the regularity near the exterior boundary
using the same strategy as before.

Proposition 3.24. Let v be harmonic in Q and ¢ be a cut-off function equal
to 0 for |z| < R+ % and equal to 1 for R+ %d < |z|, then, if u = Cv:

we)=C+ [ Sl —a) ") ast) - [ Au(@(y-a) - o)y

Proof: This can be showed using the same techniques as in the proof of Propo-
sition B.11

The proofs of the following two results, are similar to the proof of Lemma
and Proposition [3.19| respectively :

Lemma 3.25. Let R > Cd, v be harmonic in 2 and ¢ be a cut-off function
equal to 0 for |z] < R+ % and equal to 1 for R+ 2d < |x|, then:
[A(WQ)]o,amz) < CRYd > ||v]| 11q) -

1AW loo@zy < Cd™ [[0ll 1 () -
) (2)
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Proposition 3.26. Let u = de 9G N (z,y)dS(y), then:

1Du]_ 0o 572D < Cllolc + 78 1510.0)-
D)o 0 5T < COT7 N9l + o)

102 ooy BT < 0o l9lloe + 78 [glo + 19 + 781 N0.0).
D%, 0wy BTy < OO0 M9l + 75 g0 + 757 1/l + [0 0.0).

Proposition 3.27. (regularity near the exterior boundary) Let B and u be as
i Proposition then, we have:
[1Dull < C(1+ Bd™"ro) gl + CrElglo.a

[Dly, 50,00\ B0 o) < Clrg® + Bd™"r5~*) |lgllc + Cldlo,a

B(0,r0)\B(0,ro— %))

10%ull 500 Bmem) < Cro " +Bd=°r0) llgll o +C75  [gloa +C llg' oo +
Crilglo. o, gyt . "
[D%uly (50,00 Bore=y < Clro ~“+BA™0157) [lglloc+Crg " [glo.a+Cro ™ 'l +

C[g,]O,ow

Proof: It follows from Proposition Proposition Proposition
Lemma and Proposition (recall that rq > Cd).

Theorem 2. (global regularity) Let B and u be as in Proposition then,
we have:

1Dl oy < C(L + Bd~*ro) |lgll. + Cr§[gl0.a
[Dulo, a(E S C(d= + Bd=*r™*) |9/l + Cldlo.a
| D?ul| C(d~" + Bdrq) ||g]l . + Cd*[glo,a + C llg' |« + CT 90,0

<
[D*uo.a(p) < C(d™' 7+ Bd=%r5 ™) ||gll o +Cd ™ glo.a+Cd™* ||g' [l +Clg 0.

Proof: It follows from Proposition Proposition and Proposition |3.27]
(recall that ro > Cd).

Theorem 3. Let 0 < § < 1. There exists a universal constant C(5) such that
Cp(E) < C(0)ro for every E = B(zo,70) \ Ui, Bi € Fs.

Proof. By a simple rescaling argument, it is enough to consider the case when

ro = 1 and zy = 0. Using cut-off functions and elementary reflections we may
define an extension operator ¥ : H' (B(0,1) \ U, B;) — H'(B(0,1)) such
that:

19 EdlL2(B0,1)) < Clloll2(m), DY) L2(0.1)) < CE™ Gl L2(m) +IDPl L2 ()
(the constants can be chosen as 2 and 4 respectively).

To prove this, assume, for a contradiction that:

1
¢; =0, / (j)? =1, and / |Do;|? < =,
E; E; E; J
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for some sequence of sets E; = B(0,1)\ Ui, BY) € F; and maps ¢; € H'(Ej).
Call ¢ = ¥;¢;, ¥; being the extension operator for F;. Taking subsequences
we find E = B(0,1) \ U;_, B; € Fs and ¢ € H*(B(0,1)) such that:

- - 1 -~
1< / » < C, |Do|> < C(672+=), ¢ — ¢ in H(B(0,1)), |E;AE| — 0.
B(0,1) B(0,1) ]

Also, for every E' = B(0,1) \ U, B; € Fs such thatE CC E’ we have D¢; =
D¢; — 0 in L?(E’). By uniqueness of the weak limit, D¢ = 0 in every such
E’, hence ¢ is constant in E. By the compact embedding of H*(B(0,1)) into
L?(B(0,1)) we can assume that ¢ — ¢ in L?(B(0, 1)), so:

O:Iim/ b; :lim/ bixE :/ OXE-
Ej E]‘ B(O,l)

Thus ¢ = 0 in E. However, by the compact embedding the convergence is not
only in L?(B(0,1)), we can take a higher exponent, so also:

1 :lim/ o :lim/ $; xp :/ ¢*XE,
E; E; B(0,1)

which gives a contradiction. O
Given z1, ..., 2z, € R? and d, rg, ...r, > 0 satisfying that

e, >dforeach i€ {1,...,n}; and

22
e the B(z;,r; + d) are disjoint and contained in B(zg, ro — d); (22)
we consider the boundary value problem
divv=0 in F,
(23)
v(z) = g(x)v(xz) on IE ,

where

geche 0B; | and / g= / g 24
(ZLJO ) 0Bo ; oB; ( )

(with B; := B(z;,r;) and By := B(zo,70)).

Theorem 4. Letn € N, 0 < § < 1 and B as in Proposition|3.21] There exist
a universal constant Cs such that whenever z1, ...z, € R? and d,rg,...,75 > 0
satisfy % >0 and , we have that for every g verifying it is possible to
construct a solution to for which

2a+1 24«

ol < € ()™ 42 (58)" 4 5 (58)) ol + (i + B2 ) o).

r& 7,2(1
Dl < o (Cillglo + Colalo + 1o o + 5 [ )

where Cy = ryt*d=*"24-Br3d~ "+ B%*r3d='" and Cy = r3*d=2= 4 Brit*d ="
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Proof: To prove this we follow the strategy of Dacorogna-Moser [DM90] which
consists in solving first

Ap=0 in E,
9 (25)
{ 8—¢: =g(z) ondE ,

with fE ¢ = 0 and then choosing v = D¢ + D1 where DY) := (9,,%, —0,, 1)
is a divergence-free covector field that cancels out the tangential parts of D¢ on
0B;,Vi. Concretely 1(z) = ¢(z)—¢ (M) ©(q(2)) where ¢ is the solution
to

a—w = @ on OF (26)

{A(p:() in E,
ov  Or

d (27)

4(2) = rkﬁ—i—zk if|z—zk|<rk—|—g
ToTe if [2] > 1o — §

and (¢ is a cutoff function such that 0 < ¢ <1, {(0) =1 and {(1) = 0.

0,a>

¢
or?

Using Theorem [2| we get the following estimates:

9¢
or

oler o
\aTHw”O

Dol < C <(1 +Bd ™ "ro)

ID%l < € ((d_1 +Bd ") =

o [0%0
o [W}O )

2] (3]
or 00 0,

Now, it is easy to see that:
o¢
1% <tpol
T o0

a —
M] L€ (@™ 1D loo + [Dé]o.a)

) _
’ || < C(d7Y[Dglos + D¢l 0)
¢ e - »
L}Tg]o)a <C (d " D¢|loe + d " Dy, + A7 D¢l + [D2¢]0,a) '

Moreover:
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9¢
or

< C((1+ Bd™*ro)llgllee + 76 19)0.a)

o0

o a
m <C(< B gl + ol

C((d™" + Bd™"ro)llgllee + r5d ™ [glo.o + [19'lloo +r19l0.0)

|o=

%6
or2

| _c(<d—1 B gl 7 o+ 4l o+ T )
0,

From the above we deduce that:

Dol <€ (5 + Ba-org + Bl + (B + B 1)l

20c
D%l < € (Al + Aalaloa + 215 e + S ol )

2a
where A = (%“)a d=' + Bd=5r% + B%d~r% and Ay = 32— + Bd it
On the other hand, it is easy to see that:

1
D6l <€ ( Flellc + 1Dl )

1 1
D%l < € ( Zollllo + F1Dle + 1% )

Note that using the fundamental theorem of calculus one can obtain (using
that there exists a point where ¢ vanishes): ||¢]lco < Cro||D¢|loo. Finally the
result follows by adding the estimates for ¢.

4 Proof of the main theorem

Let n € N, Ry > 0, and B := B(0, Ry) C R%. Suppose that ((ai)?zl, (vi)?:l) is
an attainable configuration. Let A > 1, z; : [1,\] — R? and L; : [1, \] — [0, 00),

i € {1,...,n}, be as in Definition [I} By continuity, there exist Ry,..., R, > 0
such that for
ri(t):=\/L;()2+ R?, te[l,\, i€{l,...,n} (28)
the balls B(z;(t), r(t)) are disjoint and contained in B(0,ro(t)), with
ro(t) := tRo,

for every t € [1, A].
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Most of the conclusions of Theoremare obtained exactly as in [HS13], Thm.
1.9]. The novelty in this work is to solve the nonlinear equation of incompress-
ibility for an arbitrarily large number of cavities. Near each cavitation point
(to be precise, in {z : € < |z —a;| < R;}), we work with the unique radially
symmetric deformations creating cavities of the desired sizes.

Proposition 4.1. Let v : B — R2 be such that for every i and 0 < r < R;
u(a; + Tew) =zi(A\) + VLi(N)? + r2e'?.

Then u|\ B(a;,R,) 15 one-to-one a.e., satisfies det Du =1 a.e., and is such that
| im(u, Be(a;))| = v; + w2 for all i and

Dul? -
%dx < Zﬂ'Rf +Zv¢logRi+ (Zw) |log g]

i=1

/LJ{IZ€<|ZL’0,7;<R7;}

for every small € > 0.

Proof. Given i € {1,...,n}, r € (0,R;) and 0 € [0, 27|

0 L. o
T 0ot g1 B e g ()

Du(a; 4 re'?) = 7L-(A)2 — 3

Hence det Du = 1 and

B [ () o o

/L'J{wza<x—ai|<Ri}

In order to ‘glue’ these symmetric independent cavitations, we build an in-
compressible deformation far from the cavities using the flow of Dacorogna &
Moser [DM90] and the fine estimates of the previous section.

Theorem 5. Letn € N and B = B(0, Ry) C R2. Suppose that the configuration
((ai)?:l, (vi)?:l) is attainable. There exists ueye € HY(B\ U] B(ai, R;), R?),

where the R; are as in ([28), satisfying uezi(z) = Az on OB; det Dueyy = 1 in
B\ U} Blai, R;); condition (INV); and

Uert(a; + Rie™) = z;(\) + 1/ L;(\)2 + R2e®, Vi {i,...,n} VO €[0,27].
Theorem [1| follows by combining the above results.
Proof of Theorem[5 We proceed as follows:

e We fix the notation to describe the growth of the (boundaries of the)
circular holes (corresponding to the disks B(a;, R;) of Proposition 4] which
are not analyzed in Theorem [5| and are, thus, removed from B).
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e At each instant we build a velocity field for the material points by super-
posing two auxiliary fields, one that increases the radii r;(t) of the excised
holes and another that deals with the evolution of their centers z;(t).

e The trajectory of each material point is obtained as the solution of the
ODE that establishes its relation to the previously constructed instanta-
neous velocity fields.

e We explain why the resulting deformation is injective and incompressible.

Evolution of the domains

For every t € [1, A] set

n

E(t) := B(0,tRo) \ U B(z(t),ri(t))

i=1
where r;(t) is defined in . By continuity, there exists d > 0 (independent
of t) such that is satisfied, for every t € [1, A], with z; replaced with z;(¢)
and r; replaced with r;(¢). Regarding ro(t) = tRy, note that ro(t) < ARy for
all t € [1,)\]. Hence, setting ¢ := ﬁ (which depends on n, Ry, (a;)"; and
(v;)™_, but not on t) we have that

E(t)e Fs Vte[l, Al

In particular, by Theorem (3| there exists C' such that Cp (E(t)) < C - ro(t)

for all t. This implies that B (E(t)) < C for some C' independent of ¢, where

B(E(t)) is that of Proposition |3.21

A velocity field that accounts for the increase in the radii r;(t)

Consider a fixed ¢ € [1, A]. Define g : E(t) — R by

gly) = dréit) Vy € 0B(zi(t),r;(t)), i€{0,1,...,n}.

Clearly and imply . We have thus all the hypotheses of Theorem
which yields the existence of v; € C%*(E(t), R?) such that

dive; =0 in E(¢) (31)
vy (zz(t) + ri(t)ew) = dzit) e’ Vi, 0 (32)
[Dvt]loc < Cliglloos (33)

where C' = C(n, Ry, (a;)1, (v;)_1). Recall that L? € C'([1,7],[0,00)) (by
Definition 7 SO

;t(L%<t>>| __c

lglloo - max ri(t) ~ min; R;

is bounded above indepedently of ¢.
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A velocity field for the translation of the excised holes

Let n € C2°(]0,1)) be such that n(0) = 1 and »’(0) = 0. Define

ror 0 ) | 0Y iy — o (8) el () < < (£ 4 d
w(y):_{n( ¢ ) ar c (rie”), ity =z(t) +re, rit) < v <rilt) + d;

0 in other case
and
5(y) =D w(y), ye€E{).
Then
divo, =0 in E(¢) (34)
B dz; (t
) = 50 on 0B(z1(0), (1) )
and

(d72n//616 ® 610 + (dr)fln/iezﬁ ® Z-ezﬂ) Zi ) . (m-eze)

_ dz;(t) L
1.7 g 6
+dp (dt ) ®e

ID%4 || 00 = mzax

< -2 -1
<C(d (ARo) +d™7) q

)

which again is bounded uniformly in t since z; € C*([1, A], R?).

Definition of u.,; and energy bounds

For every = € B\ U] B(a;, R;) and every t € [1,\] let f(z,t) be the solution of
the Cauchy problem

af ~
3¢ @) = v f(@, 1) +0:(f(2,1))

f(z,1) ==.

It can be seen (as in Dacorogna & Moser [DM90]) that the above autonomous
ODE indeed has a well defined solution with enough regularity in time and space
(in spite of the fact that the velocity fields are defined in changing domains).
Moreover,

(36)

fla; + Rie® t) = z(t) + r5(t)e® Vi, 0

and _ _
f(Roem, t) = tRoelo

thanks to the boundary conditions for v; and v;. Define uey: by

Uezt(T) = f(z,A), x€B\ UB(ai,Ri).
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For every i € {i,...,n} and 6 € [0, 27]

Ueat(a; + Rie®) = z;(\) + 1/ Li(\)? + R2¢'?
since 73 (A \/W AlSO Uegt(x) = Ax on IB.

The resultlng deformation e, i8 1ncompr6881ble because

atdetD f(z,t) = cof D, f(x,t f(m t)

5 (z,t)- D
=cof D, f(x,t) - Dy((ve + 0¢) © f)(z, 1)
= cof Dy f(z,t) - (Dy(ve + 01)(f (2, 1)) Do f (1))
= (cof Dy f(z,t)(Ds f(x ") - Dy(ve + ) (f (2,1))
= (det Dy f (2, ) - Dy(vy + o) (f (2, 1))

and the right-hand side is zero since div(v, + 9;) = 0.
To see that wue,; € H! it is enough to observe that

d 0
E/|Dxf(x,t)|2dx:/Dmf(xj)-Dza—‘:(%t)dx

= [ Dat(at)- (Dyfon+ 50)(F 1) D2 0,1),

whence

d N
a/|sz(x,t)|2dx§ (Sl,tlp”D’Ut+D’Ut”Loo(E(t)))/|Dxf(:r7t)|2 dz.

=C

This implies that e~¢? J Dy f(x,t)|? decreases with ¢. Consequently,

/|Duem|2 < 1) / |T]>dz < oo.

Finally, Ball’s global invertibility theorem [Bal81] shows that uc,; is one-
to-one a.e. which combined with the previous energy estimate, and with the
arguments in the proof of [BHMCI7, Lemma 5.1], yields that w,: satisfies

condition INV.
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