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“For Yahweh gives wisdom;
From His mouth come knowledge and discernment.”
Proverbs 2:6



Hacia una nueva demostracion del Régimen de Desorden
Intermedio para Polimeros Aleatorios en Medios Aleatorios

En dimensién 1+ 1, si las trayectorias aleatorias del polimero se reescalan

difusivamente y, simultdneamente, la temperatura inversa se reescala con

la longitud del polimero n como 3, := ”:[12/4 B, se observa un com-

portamiento particular (denominado Régimen de Desorden Intermedio).
En 2014, Alberts, Khanin y Quastel [AKQ14b] demostraron que, bajo
el escalado anterior, la funcién de particion punto a punto normalizada
Z, iz (W, Bn)e~"Bn) del polimero aleatorio converge en distribucién a la
solucién Zg(1,z) de la Ecuacién de Calor Estocdstica con Ruido Blanco
multiplicativo £, que se expresa clasicamente por su Expansién de Caos.

Damos una nueva demostracién (parcial) de esta convergencia, basada en
resultados recientes de Quastel, Ramirez y Virdg [QRV22|, donde expre-
san Zg(t,x) como el limite de una martingala uniformemente integrable de
una filtracién (natural) de £. Demostramos que ciertas aproximaciones de
Z, iz (W, Br)e ™ Bn) convergen en distribucién a las aproximaciones cor-
respondientes de Z1(1, z) dadas por estos términos de martingala.



Towards a new proof of the Intermediate Disorder Regime
for Directed Polymers in Random Environments

In dimension 1+ 1, if the random polymer paths are re-scaled diffusively
and, simultaneously, the inverse temperature is re-scaled with the polymer
length n as 5, := L\/l; B, a particular behavior is observed (called the Inter-
mediate Disorder Regime). In 2014, Alberts, Khanin and Quastel [AKQ14b]
proved that, under the above scaling, the normalized point-to-point parti-
tion function Z,, \/ﬁx(w,ﬁn)e*”)‘(ﬁn) of the random polymer converges in
distribution to the solution Z3(1,x) of the Stochastic Heat Equation with
multiplicative White Noise &, which is classically expressed by its Chaos
Expansion.

We give a new (partial) proof of this convergence, based on recent results
by Quastel, Ramirez and Virdg [QRV22], where they express Zs(t,z) as
the limit of a uniformly integrable martingale of a (natural) filtration of &.
We prove that certain approximations of Z, . (w, Br)e " Br) converge in
distribution to the corresponding approximations of Z(1, x) given by these
martingale terms.
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Chapter 1

Introduction

We start by introducing the Directed Polymer in Random Environment model on Z¢.
This model was initially introduced in the context of statistical mechanics (for d = 1)
as a toy model to study the interfaces of the planar Ising model with random coupling
constants, see [HH85]. It was later generalized to arbitrary dimension [Bol89, IS88]. For
d > 2, the directed polymer in random environment should be better interpreted as a model
for the behaviour of an (actual) polymer stretched in a medium with impurities. It has
deep connections with the Stochastic Heat Equation (SHE) and the Kardar-Parisi-Zhang
(KPZ) Equation, as we will discuss later.

Recent reviews on the subject can be found in [Com17, [Zyg24]; particularly, see [Com17,
Chapter 8] to read more about its connection with SHE and KPZ Equation. We, also, will
follow the definitions of [Coml17] and throughout all this thesis we will frequently refer to
it.

After introducing the model, we will give a first statement of the main theorem of this
thesis. We end up the introduction chapter describing the structure of the document.

1.1 Directed Polymers in Random Environments

The polymer measure

We start by considering a simple random walk, S = (Sy)n>0, on Z% starting from 0.
More precisely, we consider the random sequence S on the probability space (A, A, P),
with A = (Z%)N the path space, A the product o—algebra and P a probability measure
such that, under P, P(Sy = 0) = 1, the increments S1 — Sy, . .., S, — Sp—1 are independent
and

P(S, — Sy—1 = +ej) = (2d)"! for each j € {1,...,d} and n € N,

where (ej)j=1,..q is the canonical basis of R?. In the sequel, P[X] will denote the P-
expectation of a random variable X defined on (A, A, P).

Next, we consider the product space RNXZd, whose elements we will call environments
and denote by w = {w(n,z) : n € N,z € Z}. Given a fixed environment w, we define
the polymer measure in the environment w, or quenched polymer measure, as the measure
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PP on (A, F) defined for each n € N as

PJ#(dx) = P(dx) exp{BHY (x)}

1
Zn(w, B)
where § > 0 is a given parameter (called the inverse temperature),

n

HY(x) = Hp(x) =Y _w(i,z;)

i=1
is the energy of the path x = (z1,...,2,) (sometimes called Hamiltonian potential), and
Zn(w, B) == P{exp {5 Zw(i, SZ)H = Plexp{SH?(S)}] (1.1)
i=1

is the partition function, a normalizing constant making Pff *“ a probability measure.

We interpret that, under the polymer measure P,f “_ the walk will prefer paths which
visit sites « with higher values of w(i,z) and avoid those with lower values. Notice that,
as the inverse temperature [ increases, this “preference” becomes stronger.

We can even think of this model as a game where the player (the walk) has to collect
coins distributed over a map (N x Z¢), where the values of the coins depend on w; the player
will obviously try to follow the most rewarding paths. We could think of the parameter £
as an impediment to distinguish between the values of the coins, that is, when § is close
to zero (or zero) all values will become similar or equal, while if 3 is large the values of the
coins will become more different between them.

The random environment

The final ingredient to define the model is to consider a random environment w =
{w(n,z) : n € N,z € Z9}, consisting of a family of real valued, non-constant and 4.i.d.
random variables defined on a probability space (2, G,P) and such that

Plexp{fw(n,z)}] < oo VB e€R. (1.2)

Here, and in the sequel, P[X] denotes the P-expectation of a random variable X defined
on (2,G,P), and for A € G, P[X; A] = P[X14].

We then define the directed polymer in random environment model by specifying its
distribution: the annealed polymer measure Pg, is given by

Psn(Ax B) = / PS<(B)dP.
A

for A € G and B € F, with B depending on at most the first n jumps of the walk.

Remark 1.1. We can not define this measure simultaneously for all n, since (P;? “Nnen (and
therefore (Pg,)nen) is not a consistent family of measures.

This model represents the behaviour of a polymer in a medium with impurities. If the
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impurities are negligible (in a sense), the polymer would move freely through the fluid.
If the impurities affect more the energy of the polymer, trajectories such that the waste
of energy is minimized will be preferred. This disorder of the media is captured by the
environment w and the parameter 5. We want to measure how “far” from being pure is
the medium; this will be discussed a forthcoming section.

Simple Random Walk vs Last Passage Percolation

As
PR#(dx) = P(dx),

we see that when 8 = 0 (which corresponds to an infinite temperature) we are just in the
case of the simple random walk. On the other hand we note that for fixed n,

lim 37" log Z,(w, 8) = Jirm B~ log(Plexp{BH.(5)}])

B—00

= ﬁh—{go B~ log ((Zd)_" zx: exp{ﬁHn(X)}>

where the index x ranges over all (2d)™ possible paths of length n of the simple random
walk. The factor (2d)™" will vanish in the limit since it will result in a constant term
divided by B8. Now, using properties of the logarithm and writing

0 = (exp{Hn(x)}),

(24)"

as a vector in R , we obtain

li “Llog Z, = lim 1 3
ﬂl_}l{.loﬁ 0g Zn(w, ) ngoog(!\v!\ﬁ)

= log([[9]]o0)
= max H,(x),

where || || and || -||s denote the 3-norm and the supremum norm in R?9" | respectively.

This tells us that, as 8 — oo, Z,(8,w) ~ exp{fmaxx H,(x)}. In other words, as
B — 00, the contributions of all paths which do not maximize the energy become negligible,
thus the quenched polymer measure concentrates purely on these maximizing paths. In
summary, as § — oo,

{ /871 log Zn(wvﬂ) — maXxx Hn(x)

1.3
Py & concentrates on  arg maxy H,(x). (1.3)

The right-hand sides of are respectively the passage time and the set of geodesics of
a last passage percolation problem.

In general, the Last Passage Percolation model (LPP) can be defined as follows. Let
d > 2. Consider a family {w;},cza of i.i.d. random variables. Fix N € N. Consider the
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set of “up-right” paths of length NV starting at 0 as
HN = {X = {xz}f\io Xy = 0 A Vie {0, ...,N — 1}3j S {1, ,d} Ti+1l — Ty = €j}

where e; denote the canonical vectors in Z?. The (point-to-line) last passage time in defined
as

and the corresponding geodesics is defined as the argmax over Ily. Point-to-point last
passage percolation can be defined similarly for paths from 0 to N = (Ny, ..., Ng) € Z¢ if
we take

N ¢ . &
Oy :={x= {xi}y:()”l txi =0 Az g, =N A Vi€ {0, [IN[lL =1} zip1 — 2 = €5}

The model can be generalized in many directions. See [Rem23, Section 2] for a introduc-
tion of LPP and connections with other important models, particularly with the totally
asymmetric simple exclusion process (TASEP).

Remark 1.2. Intuitively, the polymer measure interpolates as 8 ranges from 0 to co between
the law of a simple random walk and the distribution concentrated on the set of geodesics
of last passage percolation (in the case of a unique geodesic, it is a Dirac distribution).

1.2 First formulation of main results

Assume d = 1. For simplicity, we will assume that environment w has mean zero and
variance one:

Assumption 1. The variables w(i,z), (i,2) € N x Z, which are i.i.d. with exponential
moments of all orders ((1.2]), also satisfy the following:

Plw(i,z)] = 0 and Plw?(i,z)] = 1.

We need to give some definitions before stating the theorem. Define the logarithmic
moment generating function X of w(i,m) as

A(B) := log Plexp{Sw(i,m)}]

for 8 > 0, which is finite by Assumption For x € 7Z, we define the point-to-point
partition function

Zno(w, B) = P exp {ﬁiw(i,si)}ns”] (1.4)
=1

Now fix # > 0. We define

/Bn = n:[12/46-

The aim of this thesis is to provide a new proof of the following famous result by
Alberts, Khanin and Quastel [AKQ14b|, establishing the so-called intermediate disorder
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regime for the model of directed polymers in random environments (in dimension d = 1).

Theorem 1.1 ([AKQ14b|). Under Assumptz’on the normalized partition function of the
discrete random polymer at temperature [, converges in law to the partition function of
the continuum random polymer:

(@, B) expi—nA(Ba)} =5 Z5(1,%) = /35(1,95)(13;, (1.5)

where Zg(1,-) denotes the solution of the Stochastic Heat Equation in dimension 1+1 with
multiplicative space-time white noise & and initial condition &g, i.e.,

025 = 50: 25+ BEZ5,  Zp(0,-) = o). (1.6)

Moreover, for the point-to-point partition function,

d
G i Bn) xp{=nN(Bn)} = Z5(1,) (1.7)
with the topology of uniform convergence on compact sets.

The precise meaning of solution to the Stochastic Heat Equation in (1.6)) and other
concepts such as white noise, intermediate disorder and continuum random polymer will
be discussed in the next chapter.

Remark 1.3. In [AKQ14b|, they actually prove convergence of the whole process: First,
they generalize the convergence in Theorem to

43&6}”’&] (Snt =ny

_ d Zﬁ(S,I;t,y)Zﬁ(t,y;l,*)
Sns - \/ﬁ'%) - Zg(s,x;1,%) ’
then using tightness of the space-time process, they prove that, after diffusive scaling,
the discrete polymer in the Intermediate Disorder Regime £, = O(n_l/ 4) converges in
distribution to the Continuum Random Polymer. We did not work in that generality, but
we think that it is possible to adapt our techniques to obtain similar results.

In this thesis, we attempt to provide a new proof of Theorem using a totally
different approach, based on a characterization of the solution of the Stochastic Heat
Equation established by Quastel, Ramirez and Virdg [QRV22], which we will discuss in
detail in Section Even if we are still not able to provide a complete alternative proof of
Theorem (1.1} in this thesis we will present some important advances in this direction. More
precisely, we will show that a certain approximation of the partition function (the quasi-
partition function), when suitably rescaled, converges in distribution to the corresponding
approximations of the solution of the Stochastic Heat Equation given by [QRV22], giving
us a partial result in the point-to-point and the point-to-line cases.

10



Chapter 2

Preliminaries

In this chapter we collect some preliminary notions and concepts that we will need
to state the main results of this thesis and for their proofs. We begin by discussing the
disorder regimes of the model of directed polymers.

2.1 Disorder regimes

We come back to arbitrary dimension d > 1. An important topic for the directed
polymer model is the so-called localization transition. We can think of “disorder” as a
description of how the environment affects the polymer path, how different it gets compared
to the simple random walk. Two main disorder regimes are observed, namely: the weak
disorder regime and the strong disorder regime. Being in one or the other depends on the
lattice dimension d and the (inverse) temperature (3.

These regimes can be described in the words of [JL.24]. At low temperature, the polymer
trajectories are localized in a narrow corridor where the environment is most favorable
[Bat18| Bat21l, BC20, [CHO02, [CHO06, [CSYO03]. At high temperature, the effect of the disorder
disappears on large scales, and the rescaled polymer trajectories have the same scaling limit
as the simple random walk, that is to say, standard Brownian Motion [Bol89, [CY06, TS8S8|
S796].

2.1.1 The annealed bound

To properly introduce and explain the different disorder regimes, we first need to present
the so-called annealed bound.
As before, we define the logarithmic moment generating function A of w(i,x)

A(B) = log Plexp{fw(i, z)}] (2.1)

for 8 > 0, which is finite by Assumption (1.2]).
We also define the free energy as the following limit:

p(B) = lim py(w, B),

11
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where p,, is defined by
pn(wa ﬁ) = % log Zn(”? 5)

Remark 2.1. The value of p(f3) does not depend on w but only on its law. This prop-
erty, where the random sequence p,(w, 3) becomes nonrandom in the limit is called self-
averaging; it is due to the fact that the fluctuations become negligible as n — oo. We can
think of it as some kind of Law of Large Numbers.

The convergence is P-a.s. and in LP, p € [0,00) and in fact
p(B) = sup 1 Pllog Z,,(w; B)] (2.2)

as a consequence of the Subadditive Lemma in the Appendix). A proof of these results
can be found in [Coml17, Theorem 2.1].

The expression implies that p(8) < A(5). Indeed, for all paths S, since the w(j, x)
are i.i.d., by a simple computation we have

n

Plexp{BH(5)}] = [ [ P lexp {Bw(1,0)}]

i=1
= exp {log (P [exp {Bw(1,0)}")}
= exp{nA(8)},

and by Fubini-Tonelli’s theorem,
P[Z,] = P[P exp{H,(5)}] = P[P exp{SH.(5)}] = exp{nA(8)}.
Then, by Jensen inequality,
P[pa(w, 8)] = LPllog Z,] < L log P[Z.] = A(8),

and hence

p(B) < A(B). (2.3)

This inequality is known as the annealed bound.

2.1.2 Weak and Strong Disorder Regimes
We consider the normalized partition function
WP = Z,(w; B) exp{—nA(B)}, n > 1,

which has expectation 1 by the previously computed equality P[Z,,(w; )] = exp{nA(5)}.
It is easy to check that W7 is a positive, mean 1, martingale with respect to the filtration

(Gn)n, where
G :={w(j,z) : j <n,zezi}

12
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In fact, this is a consequence of

wp(x) 1= exp{BH,(x) —n\(B)}

being a martingale with respect to the same filtration, where x is any fixed path. By Doob’s
martingale convergence theorem [Mie06, Corollary 2.3.1], the limit WL exists P—a.s, and
it is non-negative.

It is well-known that, for 5 # 0, the martingale wﬁ vanishes for all infinite paths x.
This is due to H,(x) being of order /n as n — oo (consequence of the Central Limit
Theorem). But it is possible that the mean over all paths converges to a positive limit.

The first step to study the limit we is showing that the event {WO’% = 0} is measurable
with respect to the tail o—field

Ti= (T Tai=ofwlia)jzna e’}

n>1

so therefore, by Kolmogorov’s zero-one law [Mie06, Theorem 3.1.1] the event in considera-
tion is trivial. We will not show that {WoﬁO =0} € T, but it is a straightforward calculation
using a certain Markov property of the model; see [Com17, Section 3.1]. However, we sum-
marize all this in the following statement.

Proposition 2.1. The limit
8 _ 1 3
WL nll}rgo 1%
exists P-a.s. Moreover, we have a dichotomy. Fither the limit WO’% s a.s. positive, or it is
a.s. zero:

P{WZ >0} =1,

or
P{W: =0} =1.

Based on this proposition, we can define the disorder phases: The polymer is said to be
in the weak disorder phase when ]P){VVOBO > 0} = 1 holds, and in the strong disorder phase
when P{WZ = 0} = 1 holds.

It is possible to show that 5 — Wo% is non-increasing, so we can define a phase transi-
tion.

Proposition 2.2 (Proposition 3.1 in [Coml7]). There ezists f. = B.(P,d) € [0, 00] such
that

W2 >0 as. if B €10,0:),
WO% =0 a.s. if 8> Be.

It has been shown that 5. € (0,00] for d > 3 [Bol89] and that 5. = 0 in dimensions
d = 1,2 [CHO02, [CY06]. In particular, in dimension d = 1 the weak disorder regime only
occurs for g = 0.

13
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2.1.3 Very Strong Disorder

A third notion of disorder is defined according to the rate of convergence of the limit
Wi - wi. Precisely, if the rate of convergence is exponential, that is, if

sl
nl;rgoﬁlog Wf <0,

then it is said that very strong disorder occurs. An important aspect of studying the very
strong disorder is that, under this condition, localization occurs [Bat18] BC20].
Notice that if Wo% > 0, then a.s.

p(B) = lim flog Zn(w; B) = A(B) + lim Tlog Wy = A(8). (2.4)

In other words, W4, > 0 implies p(B) = A(B). In the case WE =0, the annealed bound
equality may or may not be achieved, depending on the rate of convergence of Wf to zero.
By computations , being in the very strong disorder regime is equivalent to not
achieve equality in the annealed bound .
In fact, we can define

f(8) := lim 1P[log WP = lim Llog W2 = sup 1P[log wh,

where the second convergence holds P-a.s. (the existence of these limits is established in
[CSY03, Proposition 2.5]). With this notation, we have the following:

Proposition 2.3 ([CY06], Theorem 3.2). The following holds:

(a) There exists B. € [0,00] such that weak disorder holds for < . and strong disorder
holds for B > Se.

(b) The function B+ §(B) is non-increasing. In particular, there exists B, € [0, 0] such
that very strong disorder holds if and only if B > f3,.

As a consequence of ([2.4]), Proposition and Proposition we have that 8. < 3..
Originally, it was proved that very strong disorder holds for all 3 > 0 in dimensions

d =1 [CV06] and d = 2 [Lacl0], implying that 3. = 3. in these two cases. Also, it has been
proved that in dimension d > 3, 8. € (0,00], all leading to the conjecture that 3. = 3,
for any dimension [BC20, [CHO6, [Com17, [CY06, Lacl0l, Viv23, Zyg24]. Recently, this
conjecture has been confirmed under reasonable hypotheses by Junk and Lacoin [JL24].

Theorem 2.4 ([JL24], Theorem 2.1). For any d > 3, if the environment is bounded from
above, that is, there exists A € R such that Plw(1,0) < A] = 1, then strong disorder and
very strong disorder are equivalent. In other words, there is equality of the critical points,
that is, Be = B,.

Remark 2.2. This theorem closes the “problem” of defining weak and strong disorder
according to the a.s. positivity of VVOBO and, a priori, not according to the localization of
the polymer, since a posteriori they are equivalent. In other words, the intuition of “strong
disorder <= localized behavior” and “weak disorder <= Brownian behavior” turns
out to be correct.

14
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2.1.4 Intermediate Disorder Regime

Throughout this subsection, we assume that d = 1. For x € Z, we recall the point-to-
point partition function

Zna(w, B) i= p[exp {ﬁ En:w(i, si)}ns”] (2.5)

=1

Our objective is to observe the macroscopic behavior of the polymer in two cases: the
point-to-line (P2L) case, where the endpoint of the polymer is free, and the point-to-point
(P2P) case, where it follows a particular direction (when re-scaled properly, it will mean
to fix the endpoint).

For that, we will re-scale the path diffusively, that is, (j,5;) — (%, %), where n
is the length of the polymer, and then take the limit as n — oco. We expect to obtain
a locally Brownian object, since this same re-scaling leads to a Brownian motion in the
simple random walk case, according to Donsker’s Invariance Principle [Mie06, Theorem
6.7.1].

If we keep 8 > 0 fixed, the re-scaled (point-to-line) polymer trajectory will fall into a
narrow corridor, that is, it will show a localized behavior. So our interest is making 8 — 0
as n — oo in a way that we can “look closer” to what happens near 5. = 0. In other
words, we want to see how the polymer transitions from the strong disorder towards the
weak disorder phase. In order to do that, we will scale the temperature as a function of
the polymer length:

Bu =128, (2.6)

for some fixed B > 0. This is called the intermediate disorder regime and n=/* is called
the critical scaling.

The limiting object, as n — oo, will be locally Brownian, but with a singular measure
with respect to the Wiener measure [AKQ14a, Section 4.4] (or with respect to a Brownian
bridge measure in the point-to-point case).

A priori, it is not obvious why n~1/4 is the correct scaling to capture the intermediate
regime. To give some intuition behind this choice of scaling, we expand the exponential
inside the partition function as a Taylor series

exp {ﬁn_1/4 iw(i, si)}]

i=1

lfj;(ﬁn”‘*iw(i, S»ﬂ

=0

Zn(w, Bn~ ) =P

=P

15
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and we only take the terms up to first order, obtaining

Zn(w,fn VY~ P [1 + B4 Zw(i, SZ)}

i=1

=1+ pn /4 zn: > w(i, S)P(S; = ).

i=1 xz€Z

Now, assume for simplicity that the w(i,z) are i.i.d. with mean zero and variance one
(Assumption [1)). We can show the following result.

Proposition 2.5. The term of order n=1/*

n law to a normal distribution. That 1s,

of the partition function Z,(w, ;) converges

B4 Zn: > w(i, 8;)P(S; = x) —Ly N(0,0?),

i=1 z€Z
where 0% = 23%/\/T.
Proof. See the Appendix. |
Hence, at least the first order of the partition function converges in law under this
critical scaling, though it might converge under other scalingsﬂ In fact, it will converge up

to all orders, as Theorem states. To show convergence, the path followed by [AKQI14D]
is defining a slightly modified partition function

n

[T+ Bawi, S2))

i=1

3n(Bn) =P

which, up to first order, have the same terms as Z,(w, Bn=Y/ 4), but has finite expansion
S0 it is a lot easier to study than the original partition function. This product is expanded
and new terms appear, though these are still very difficult to analyze. Then, the terms
of each order are studied using advanced theories, namely: Wiener chaos expansion and
U-statistics. We will not elaborate more on their proof, since our objective in this thesis
is to show a similar theorem but based on recent results by [QRV22] that do not depend
on this chaos expansion theory that [AKQI14b] uses in a strong manner.

We end up this section with some remarks.

Remark 2.3. In [AKQ14b] they conjecture that the Intermediate Disorder Regime would
also exist when dropping the condition of finite exponential moments of the environment
and only assuming finity of six moments, though in that case the normalization should
be different, since the exponential moments assumption is necessary for the logarithmic

moment generating function A\(3) (2.1)) to be defined.

'Tf we change the exponent 1/4 by a value o € (1/4,1], similar computations will tell us that the
partition function will converge to a constant. If a € (0,1/4) it is not clear what the limiting object will
be (See [AKQI0]).

16
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In [DZ16], this conjecture is proved using a truncated version of the logarithmic moment
generating function. They also prove similar results assuming heavy-tailed environments,
though in those cases the regimes and limits are different. The scaling limits of the di-
rected polymers with heavy-tailed random environments are studied with more generality
in [BT19l BL21) [CSZ16]. We did not work in any of those cases, but at least in the case of
six finite moments we believe that our proofs can be adapted to obtain analogous results.

Remark 2.4. Closely related to the Directed Polymer in Random Environments model in
dimension 1+ 1 is the stationary O’Connell-Yor model of semi-discrete directed polymers.
In [JE20] it is proved that, under the Intermediate Disorder Regime, the logarithm of the
partition function of the semi-discrete directed polymer converges to the solution u of the
Stochastic Burgers Equation

Ou = %axgu + udyu + BOLE.
This equation is related to the Stochastic Heat Equation (|1.6]) via the transformation

u(t,z) = 0y log Z(t, ).

2.2 White Noise

To properly define the Stochastic Heat Equation appearing in Theorem we first
need to introduce the white noise &, which we do in this section. General definitions can
be found in [Jan97], but we will just give the same definition as in [QRV22] Section 2.1].

Let (2, F,v) be a probability space containing an independent standard Gaussian se-
quence. Take the measure space ([0,1] x R,B([0,1] x R),\), where A is the Lebesgue
measure. The (space-time) white noise defined on the probability space (Z,F,v) is a
linear isometry

§: = (f,8)

from L2([0,1] x R) to (Z,F,v), such that (f,&), f € L?([0,1] x R), form a mean zero
Gaussian family. The isometry property says that

v[(f,6)(g,€)] = (f, 9>L2([0,1]><R)

for all f,g € L?([0,1] x R). The bracket notation (f,¢) suggests but does not rigorously
mean an L2([0,1] x R) inner product, since & cannot be realized in L?([0,1] x R). To see
this, suppose that ¢ € L? and take (ej)j>1 any orthonormal basis of L?. Then, for any
Jk>1,

v({es, §) ek, §)] = (), ex) r2(j0,1)xr) = Gjik (2.7)

implying that, by Parseval’s identity,

v l€12] —v[fj e

Jj=1

17
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and by the previous observation ([2.7)),

o0
v[lIEl7.] =) 1 =occ.
j=1

As a consequence of the second Borel-Cantelli lemma ([Durl9, Theorem 2.3.7.]),
v({e;,€)* > 1i.0.) =1,

s0 ||€]|z2 = oo v-a.s and therefore & ¢ L2([0,1] x R) v-a.s..

Now, even if the white noise cannot be realized in L?, its inner product against functions
in L? still make sense. The white noise can be constructed in the following elementary way.
Fix again an orthonormal basis (e;); of L?. From the above definitions and computations
(ej,&) should be independent N (0, 1) random variables, so we define

<6j7§> = {j)

where (§;); is the sequence of independent standard Gaussian variables in =. For f €
L2([0,1] x R), with f = E;’i:l(f, ej)ej, we can realize

o0

fej

Jj=1

which converges in L?(Z, F,v) by Parseval’s identity and satisfies the given definition of
white noise.

For completeness, we could take = := RN, F the Borel g-algebra on the product space,
and v the independent standard Gaussian product measure.

To conclude this section, we mention that, as a matter of fact, the white noise can be
viewed as a convergent series, not in L? but rather in a negative Sobolev space. To be
more precise, £ € H_1_510c([0,1] x R) for any 6 > 0 [JMIS8| Proposition C.5.].

2.3 Stochastic Heat Equation

In this thesis, we are interested in studying scaling limits of the directed polymer model
as 8 — 0 with a particular rate, with a suitable re-scaling of time and space. The model in
d = 1 is expected to converge to a corresponding “continuous polymer model”. As it turns
out, the partition function of such a continuous polymer is described by the Stochastic
Heat Equation, which we introduce now.

We consider the stochastic heat equation (SHE) in dimension 1+ 1 with multiplicative
noise:

0 Zp = 30225+ BEZs,  Z5(0,7) =<(-), (2.8)

where £ € (E,F,v) is a space-time Gaussian white noise and ¢ is a given measure on R.
The solution is known to exist for (¢,z) € (0,00) x R (under certain conditions) and it is
usually expressed as a Wiener chaos expansion (see [Jan97, Chapter 3] and |[CSZ16]).

18
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At this point, it is pertinent to define what a solution of SHE is: we say that a mea-
surable function Z3 : (0,T] x R x 2 — [0,00) is a mild solution of the one dimensional
stochastic heat equation with space-time white noise £ and initial condition ¢, if for almost
all (t,z) € (0,T] x R the random function

(57y) = g(t — 52— y)Zﬂ(Say)

is a square integrable, progressively measurable process, where g(t, z) = (2nt)~'/? exp{—z2/2t}
is the heat kernel, and the equation

t
Z5(t,2) = /R gtz — y)ds(y) + B /O /R gt — 5,2 — ) Za(s, v)E(s y)dyds,  (2.9)
is satisfied.

Classical solution

As mentioned above, the classical solution is given by a chaos representation, namely

Z5(t,x) = Ooﬁk
(60 =3 /.

/Rk+lg(7f — Sy & — Yi)9(Sk — Sk—1, Yk — Yk—1) - 9(51, Y1 — Y0)s(%0)

kot
§®k(817' <y Sk YL, - - 7yk)d(y07y17 o 7yk)d(517 .. '73k)7

where
Apr={0<s1 <s9...<s; <t}

Note that when k£ = 0, the general term in the series just becomes g¢(t,-) *¢. This is
obtained by expressing SHE in Duhamel form, that is, writing Z3 as in , and then
iterating. This gives us a series expansion which is only defined as a limit in L?(). We note
that the randomness of this solution comes from the terms ¢®¥ and that the convergence
depends also on the initial condition ¢. It is known that the solution exists and is unique
for all initial conditions satisfying

V|: sup g(A)] < et
AC[—n,n]

Properties of Zg

We consider important to enunciate some relevant properties of Zg, since they allow the
continuum random polymer to be well defined a Markov process. Consider now Z3(s, z;t,y)
the solution of SHE starting from x at time s, that is, the unique solution of

0Z 922
TtﬁZ%&Bzﬁ-{-BZB& (t > s,y eR)
limy_, o+ Zp(s, 25t,y) = 62(y)

We will not prove the following statement, but a complete proof can be found in
[AKQ14a, Theorem 3.1] (except for the continuity, which is based on standard arguments
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for SPDE’s [Wal86], and the positivity, which can be found in [Mue91l [ME14]).

Theorem 2.6 ([AKQ14a]). There exists a version of the field Z3(s,x;t,y) which is jointly
continuous in all four variables and has the following properties:

1v([Zg(s,ait,y)] = g(t — s,y — x);
2. stationarity: Zg(s,z;t,y) 4 Z3(s 4+ up, x + 20;t + uo, y + 20);
3. scaling: Zg(ST2,T.T;’F2t, TY) 4 T_IZBﬁ(s,x;t,y);

4. positivity: [Mue9ll, [MF1] with v probability one, Zg(s,x;t,y) is strictly positive
for all tuples (s,x;t,y) with 0 < s < t,

5. the law of Zg(s,z;t,y)/g(t — s,y — x) does not depend on x or vy,

6. independent increments: for any finite disjoint {(s;,t;|}}_, and any z;,y; € R,
the random variables { Z5(s;, xi;ti, y;i) 1y are mutually independent,

7. Chapman-Kolmogorov equations: with v-probability one, for all0 < s <r <t
and x,y € R,

Z3(s,x5t,y) = /Zﬁ(s,x;r, 2)Zg(r, z;t,y)dz.
We introduce the notation
Z3(s,w5t, %) 1= / Z3(s,x;t,y)dy,
R

which will be used next. In the polymer literature, Z3(s,z;t,y) are called (continuum)
point-to-point partition functions and Zg(s,z;t,*) are called (continuum) point-to-line
partition functions.

The Continuum Random Polymer

Conditional on the white noise &, let Pg’t be the measure on C([0,t]) whose finite
dimensional distributions are given by

k+1

A Z - 1S .
]Pg’t(Xsl c d$17...,Xsk (S dl'k) — i=1 'B(SZ I’wl I’SZ’wZ)

Z35(0,0;t, %)

dzp...dxg, (2.10)

with (s9,z0) = (0,0) and (Sg+1, Zg+1) = (¢, %). By Chapman-Kolmogorov (Theorem [2.6)),
for almost every realization of £, these finite dimensional distributions are consistent. The
point-to-line KPZ continuum random polymer Z; with time horizon ¢ is the Markov process
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(for a fixed environment &) on C(]0, 1]) with finite dimensional marginal distributions given
by (2.10).

Analogously, we define the finite dimensional marginal distributions of the point-to-
point KPZ continuum random polymer Z;, with endpoint (¢, z) by

k+1
L 2 (8im1, 21 Sy T1)
&t . i=1 ©“p\Si—1,Li—1; Si, Lq
Py (X, € dan, ..., X, € day) = 240,01, ) dzy...dzy, (2.11)

with (so, o) = (0,0) and (sg41, Te+1) = (¢, 2).

2.4 Martingale representation of SHE

In this thesis we make use of Quastel, Ramirez and Virag’s work [QRV22], where
they start with the intuition that the solution (for # = 1 and ¢ = dy) could be given by
Feynman-Kac formula

Zy(t,x) = g(t, x) KlgnOO Q) {exp {/Ot 1k (55 B ds — norm(K,f)H

where () is some mollification of the noise, norm is some normalization to make the
expression a martingale, Bt%) is a Brownian bridge from 0 in time 0 to z in time ¢
independent of £ and Q®) ig its law. This will result true, but first, we need to provide
some important definitions.

2.4.1 Brownian Bridges

Recall that a Brownian Motion in R is a continuous stochastic process (W:)>o that
satisfies the following three conditions:

(i) Wo =0,

(ii) for every 0 < tg < t; < ... < tg, the increments Wy, — Wy, ..., Wy, — W;, | are
independent, and

(ili) for every 0 < s < t, W; — W; has normal distribution N (0,¢ — s).

Remark 2.5. The Brownian Motion can be properly defined in the probability space
(C([0,00),R), W, W), that is, the Wiener space of continuous functions endowed with the
product g-algebra W and the probability measure W determined by the finite-dimensional
marginal distribution of W.

The “standard” Brownian bridge is a stochastic process B, 0 <t < 1, obtained from

a Brownian motion W by
By:=W;,—tW, 0<t<1

and can be thought as W conditioned to the endpoint Wy = W7 = 0. It has a singular
measure with respect to W, which we will call Q). More generally, given T' > 0 and z € R,
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a Brownian bridge Bt(T’z)7 0 <t <T, conditioned to the endpoint BFEFT”Z) = 2 is defined by

BT .= VTByp+ 2, 0<t <T, (2.12)
and we denote by Q%) its law.

2.4.2 Quastel, Ramirez and Virag’s theorem

Quastel, Ramirez and Virdg [QRV22| prove the following.

Theorem 2.7 (Theorem 4 in [QRV22]). The stochastic heat equation with space-time noise
(2.8), for B =1 and initial condition oy, has the following unique solution:

K K
Zi(t,x) = g(t,x) Kh—]>moo Q) [exp { ijfj — % Z m?}] , (2.13)

j=1 J=1
t
mj:/ ej(s,Bgt’x))ds, (2.14)
0

where (e;)j>1 are bounded functions forming an orthonormal basis of L?(R?) and § =
(ej,&) (it can be any orthonormal basis, provided that the e;’s satisfy the boundedness con-
dition). Here B®2) s o Brownian bridge from 0 in time 0 to x in time t. The limit exists in
L?(v) and coincides with the chaos expansion solution of . The corresponding polymer
measure M coincides with the continuum directed polymer constructed in [AKQ14d)].

Remark 2.6. We recall that, by Brownian scaling (Theorem [2.6, property 3), the solution
for any 8 > 0 can be recovered by scaling space and time:

Zy(t,x) L 322, (8%, B2x). (2.15)
We state the following corollary (absent in [QRV22]) which will be useful later.

Corollary 2.7.1. Fiz > 0. The stochastic heat equation with space-time noise (2.8) and
initial condition &g, has the following unique solution:

K K
Zg(1,x) = g(T,7) KhimOo Q) {exp {ﬂ ijéj — %2 Z m?}] : (2.16)

j=1 j=1
m; :/ ej(s,BgT’w))ds, (2.17)
0
where (ej)j>1 are bounded functions forming an orthonormal basis of L*(R?) and &; =
(ej,€). Here B(™%) s a4 Brownian bridge from 0 in time 0 to x in time T.

The proof of this can be found in Section

Remark 2.7. In both the Theorem and the Corollary the orthonormal basis of
L?(IR?) can be replaced by an orthonormal basis of L2([0, 7] x R).

22



CHAPTER 2. PRELIMINARIES

It is announced in the title of the section that there is a martingale involved. In fact,
most of the difficulty in the proof given by [QRV22] lies in proving the fact that Z;(7,x)
is the limit of an L?(v)-integrable martingale in K. To give an idea, we also will prove the
following proposition in Section [4.1}

Proposition 2.8. Define the filtration vk = o(&1, ..., k). The sequence of random vari-
ables z = (zx )k given by

K
zi = QT [exp { > mgj — %ng}]

j=1 J=1
is a martingale with respect to v .

As mentioned before, the random variable Z3 is often interpreted as the partition func-
tion of a continuum random polymer, and the solution given by [QRV22], in fact, resembles
the point-to-point partition function for the (discrete) random polymer ((1.4). However,
this interpretation comes from a decade ago; Alberts, Khanin and Quastel [AKQ14a] con-
structed explicitly the Continuum Random Polymer, which partition function is exactly
Z3, and for the construction they rely on the fact that the kernels Zg(s,x;t,y) satisfy
Chapman-Kolmogorov equations (Theorem property 7).

Remark 2.8. The classical solution of SHE in [AKQ14b| requires to integrate with respect
the white noise £. In |[QRV22] they also use the Skorokhod integral that allows them
to integrate multidimensional functions with respect to &, but for the one theorem that
we extracted from their paper, the stochastic integrals involved can be thought as It6 or
Skorokhod integrals indistinctly, as they coincide in the one-dimensional case. We still
needed some Gaussian Hilbert Spaces theory (see e.g. [Jan97]) to define the white noise &,
though we will not work with it directly but only with simpler objects.
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Main Results

We start this chapter defining the objects that will be present in the statement of the
main theorem of this thesis. Then, we will explain their relation with the original result by
Alberts, Khanin and Quastel (Theorem . Finally, we give the precise statement that
we will prove and explain its differences with the statement in Theorem

3.1 Some definitions

We want to approximate the partition function of the (discrete) directed polymer by an
object similar to that of (2.7), in a way that it naturally captures the intermediate disorder
regime.

Extension of discrete paths

Consider any path x : N — Z. We define the natural continuous extension of x as the
curve that interpolates between the discrete values, namely, for ¢ € [0, 00)

Xy 1= (1 — {t})XM + {t}XLtJ-‘rl’

where {t} =t — |t]. In the following, we will use the same notation for the discrete path
and its continuous extension.

Re-scaled environment

We start with the environment w = {w(i,m) : i € N;m € Z such that m =i (mod 2)}
consisting of i.i.d. random variables with exponential moments of every order, mean zero,
variance one (Assumption [1]).

We choose the environment with this particular index set for two reasons: first, the set
of points with positive probability of being visited is exactly

L,={2€Z : P(S,=2)>0}={2€Z:|z] <nand z=n (mod 2)}.

The second reason is that we will need to extend the environment to [0,00) X R in a way
that we can define the Hamiltonian of every path as an integral over the interpolated
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Figure 3.1: The environment &™),

continuous path, and this choice of environment is ideal for that.
We now define the analog of the white noise, but in our discrete setting. Let £&™ be
the random real-valued function on (0, 1] x R given for each (s,u) € (0,1] x R by

€M (s, u) == 27203 4w (sn, uv/n),

where
w(s,u) == w(i,m)
if s € (i — 1,i] for some i € {1,..n} and u € (m — 1,m + 1] for some m € Z such that
m =i (mod 2) (see Figure [3.1)).
Remark 3.1. For all our computations, we will consider all paths shrunk into [0,1] x R

diffusively. For example, we calculate the Hamiltonian potential of a path x. Notice that
when ¢t € (n — 1,n], w(t,x;) = w(n,x,) (see Figure|3.2)), so

In the sequel, we will be considering random variables (£("), )2, for f € L%([0,1] x R).
It is not clear what are these random variables, but they can be defined as follows: For
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Figure 3.2: Simple random walk paths and the environment &™)

fixed f € L? and M € N, we consider Sy := JLj0,1]x [~ M, 0], Where now we can write

m+1
<§( ) ,Sh) =27 1/2 3/42 Z (i,m / (s,u)duds,

=1 mei+27Z

which is a finite sum for every M. Then, by Assumption [1], for M, N € N,

P { ((f(n), Suen) — (€7, SM>) 2}

is equal to

'm+1

2
SM+N(3 u) — SM(&U)dUdS) ,

Ty (LA

=1 mei+27Z

which by Jensen’s inequality ([Durl9, Theorem 1.5.1]) with o(x) = 2? (note that the size
of each integration region is exactly — /2) is less or equal to

m+1
Z Z / /m L SM+N S u) SM(S u)) duds = ||SM+N SMHLQ,

=1 mei+2Z

that vanishes as M — oo, since f € L?. Therefore, <§(”),S M) is a Cauchy sequence in
L?(P) and we can define

(€™, f) = lim (€™, Sy) (3.1)
m+1

—271/2 3/42 Z w(i,m / / (s,u)duds, (3.2)
1=1 mei+2Z med
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where the first equality is in L?(P) and the second is a convenient series representation.
To check that the definition is consistent, take any other sequence Sy of functions with
compact support such that limy; o |[Sar — fl||r2 = 0, then

P[((€,53) (€. 500)) ] < 153 — Surl

where the inequality comes from the same argument with Jensen’s inequality used some
lines above, and using the triangle inequality (in L?([0, 1] x R))

2 M—o0

P[((€0), Sh) — (€. 8a0)) | < (1S — f11+ 113w — f1)* 50,

so the definition of (¢(™), f) as a limit in L?(P) is unique. Using the argument with Jensen’s
inequality again, we obtain the useful bound

P, £)2] < [If]3s, for all f € L*(0,1] x R). (3.3)

In particular, if we fix {e;};en any orthonormal basis of L?([0,1] x R) consisting of
bounded continuous functions, we will set ‘fj(n) = (£, e;)-
(n)

The coefficients m;

Take {¢;}jen any basis of L?([0,1] x R) consisting of bounded continuous functions.
For a given discrete path x : N — Z, we define the quantities

1
0 [ (57 Xen
m; =m; (x).—/oej(n,\/ﬁ>ds.

Quasi-partition functions

(n)

Having introduced the re-scaled environment &(™ and the coefficients m;, we are now
ready to define the approximations of the polymer partition function that we will work
with.

For |z| < n, we define [z],, as the unique point in L, N (z — 1,z + 1].

For each fixed K € N, we consider the point-to-point quasi-partition function

K
(8) 1= P exp {ﬁ > m{Melm — Al (/3)}ﬂsnzwn] , (3.4)
j=1

where )
20 0) = oge e {53 m el ]
=1

is a normalization and the mgn)’s are evaluated in the random walk S. Similarly, we
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consider the point-to-line quasi-partition function
K
¢ (B) = Pexp {/3 >omMe™ — Al () }} , (3.5)
j=1

where now, the normalization is so that P[C&m’n)(ﬁ)] =1

Remark 3.2. These quasi-partition functions do not satisfy a martingale property in any
of the indexes n,m, K.

3.2 The limit of the quasi-partition function is the partition
function (Heuristics)

We defined the point-to-point quasi-partition function the way we did for two
main reasons. The first one is that g Zszl mgn)gj(.m) will converge to 5 Z]K:1 m;&; in the
double limit as n,m — oco. The second one, is that the normalization makes the P-norm
equal to 1 in the point-to-line case.

Now, if we take K — oo, fix m and set n = m, we expect that the limit of the quasi-
partition function is the partition function. Precisely, under Assumption [1| we should have

that for any fixed 8 > 0, 2 € R and n € N such that |z| < \/n, the point-to-point

quasi-partition function C}?f) (B8) converges P-almost surely to the corresponding usual
point-to-point partition function as K — oco. In other words, we should have the following
P-almost sure limit

—1/4

where (3, = \f B. And if this turns out to be correct, then we would have the following

limit as an immediate corollary, for any g > 0 and n € N:

lim <K (5) = Zn(wa Bn)e_n)\(ﬁn)'

K—o0

We provide some heuristics on the possible proof of the first limit.

Heuristics. We begin with the convergence of > mg-n)ﬁj(-n). Recall the definitions

1
m§n) :/0 < ’f/nj)ds andg = (ej, ™).

Fix x any path of the simple random walk, then

jf; (/01 ej(svxs)d5> <eg, Z/ ej, €MYe;(s,x5)ds
:/ Z ej,£MYe;(s,x,)ds
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and we would like to take the limit as K — oo

[e.9]

> </01 ej(svxs)d3> ej, € / Z (ej,€™e;(s,x5)ds

j=1
= / f(”)(s,xs)ds
0

and by Remark this is equal to

n
_1/4 .
"\/5 E w(i, x;).
i=1

The problem with this computations is that the convergence

K

Iggnoo21<ej,f>ej =f
J

in L%([0,1] x R) does not imply point-wise convergence, nor convergence of the integral
over paths (which have zero measure in [0, 1] X R), so we are not really able to write the
previous equalities in any sense.

Denote by fx(x) the sum
BZ</ (s,Xs ds) f](n)

and f(x) :=f fo ”) (s,x5)ds. As a direct consequence of the previous calculations, for
any ﬁxed path X,

() (P [efm)] )‘Hlxﬂ:[ g, K5 I (p [ef(x)] )‘HLXF[ -

Now, we take the average over the 2™ possible paths of the simple random walk and get

P [em& (P[] )l]lSn[\/ﬁ:c]n] Ko p [ef(5> GER] )1ﬂ5n[ﬁx]n] :

Note that, as the w(i,m) are i.i.d.,

p[exp {ﬁn iw(i, Si)}} = ﬁ[[”[exp {5nw(z', Si)H
i=1 =1

= exp{nA(fn)},
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by definition of A(8) (2.1]), which is independent of P. Therefore,

n

P [ef(s) (]P’ [ef(s)} >1]lsn[\/;m]"] = P[exp {ﬁnZw(i,Si)}IlSn[\/ﬁw]n}e_”)‘(ﬁn)
=1

_ Zn,[:c\/rﬂn (w, 5n)€—n)\(/3n)7

and we obtain the desired result. [ |

3.3 Statement of main results

Even if we are not able to prove the previous heuristics (yet), we will prove them in
the case of a particular basis of L?([0,1] x R), which will be defined in Section The
following proposition will be proved there.

n—1 4

Proposition 3.1. Set 3, := \/5/ B for fized B > 0. There exists (f;);>1 an orthonormal

basis of L*([0, 1] xR) consisting of bounded functions, such that the following is true: Under
Assumption |1}, for any x € R and n € N such that |z| < /n, the point-to-point quasi-
partition function Cé?’;) (B) converges P-almost surely to the corresponding usual point-to-
point partition functiyon as K — o0o. In other words, we have the following P-almost sure
limat

im ¢ (8) = —nA(8n)
dm G (9) = Zo ol (0 Bn)e .
And as an immediate corollary, we have the following.

Corollary 3.1.1. Set 3, := L\/I;B for fixed B > 0. There exists (f;)j>1 an orthonormal
basis of L*([0,1] x R) consisting of bounded functions, such that the following is true:
Under Assumption[l, we have that for any n € N, the point-to-line quasi-partition function
C}?’n) (B) converges P-almost surely to the corresponding usual partition function as K —
0o. In other words, we have the following P-almost sure limit

. (n,n) _ —nA(Bn)
Jim C7(8) = 2,0, ).

This allows us to re-state the result of Alberts, Khanin and Quastel (Theorem in

terms of the quasi-partition functions C}?f) and Cé?’"). Indeed, Theorem states that,
under Assumption [} for any 8 > 0,

Jim Tim G (5) = /RZﬁ(L:E)dfC
and for all z € R i A .
lim Kh—I>noo THCK,;; (B) = Zﬁ(lax)'

n—oo

Our main objective is to prove a similar limit, but letting n — oo first and then K — oo.
The idea is then to show that one can interchange the limits to truly recover Theorem [1.1
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using some form of uniform convergence in one of the variables, but this will be the subject
of future work.
However, we were still not able to prove the limits

K—oon—o0 K—o00n—00

lim lim CK )i/RZg(l,x)da: and lim lim \Qfé(nn (B) izﬂ(l,x)

directly either, which is why we used two indexes, n and m (instead of just n), when we

defined the quasi-partition functions. When we decouple the mg-n) and £j(-m) using different
indexes, we can establish the desired convergence by first letting m — oo, then n — oo
and finally K — oo. Our results are condensed in the following statement, valid for any
choice of orthonormal basis (e;); consisting of continuous and bounded functions.

Theorem 3.2. Under Assumption[l], we have the convergence in distribution of the point-
to-point quasi-partition function to the corresponding approzimation of the solution of SHE,
that is, for any fized x € R,

n—0o0 m—0o0

K
lim lim ¢ (8) £ g(1,2)Q0") |exp Zmﬁj Zy m?hl,
j=1

where the objects in the RHS are defined in Theorem[2.7. This iterated limit in distribution
means that for every bounded and continuous function h,

K K
o o (67 ) v 1 o000 e {3 s =3 )
j=1 Jj=1

In particular, if we let also K — 0o, we recover the solution of the Stochastic Heat Equation,
i.e.,
d
lim lim lim ‘QFC mn) 4z 5(1, ).

K—00 n—00 m—o0

Furthermore, the same is true for the point-to-line case, that is,

K
T}ggow}gnoog( )(ﬁ)i/ﬂ%g(lﬂr) [exp{ Zm]@ B;Zm?Hdm
i=1

and, as a consequence,

d
R

Theorem will be a consequence of the following four results. The first two results,
which will be proved in Section deal with the limit as m — oo for n and K fixed: the
first of them being for the point-to-point case and the second one for the point-to-line case.

Proposition 3.3. Let § > 0, let K,n € N and z € R such that |x| < n. Then, under
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Assumption [, we have the convergence in distribution:

lim P() eﬁzﬁ(lmﬁ")fﬁ-m)‘wf)(ﬁ)} < plno) [eﬂiflmﬁ-"’fj—ﬂi?,l(ﬁ)

m—00
where

~ (n)
(9 =g [755070]

and P™®) js the law P of the random walk S conditioned on the endpoint S, = [\/nx],.

Proposition 3.4. Let 8 > 0, let K,n € N. Then, under Assumption [, we have conver-
gence in distribution:

lim P | Timmy g™ Al ’m)(ﬁ)} ip [e'g Zlem§”)éjA$>(ﬁ)]

m—ro0

where
~ (n)
Ag?)(ﬁ) = logv [eﬁzflmi @] :

Remark 3.3. As the random variables ; are independent and distributed as N (0, 1), we

actually have
K
,8 n
- 430

and also

=
=
=
Il
m‘mw
(]~

[m™)2.

Then, the next two results, which will be proved in Section [£.4] deal with the limit as
n — oo and K fixed for the limiting objects in Proposition [3.3] and respectively.

Proposition 3.5. For any fixzed realization of &, for K € N, 8 > 0 and x € R,

K

K
nlglolo P(n T) [exp {ﬁ Z m(n)fj 62 Z[mgn)]Q}} — Q(LCE) [exp {5 Z mjgj — % ng}} s

j=1 j=1 j=1

where P s the law P of the random walk S conditioned on the endpoint S, = [/nz],
and the convergence is in distribution.

Proposition 3.6. For any fixed realization of £, for K € N and 8 > 0,
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where the convergence is in distribution.

Finally, we obtain Theorem by taking the third limit as K — oo, which is exactly
the Corollary of Theorem
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Proof of the main theorem

4.1 Martingale representation of SHE for arbitrary [

In this section we give the proofs of Corollary and of Proposition

Proof of Corollary[2.7.1 Fix (1,2) € (0,00) x R and (e;)jen an orthonormal basis of
L?(R?). By Remark the Brownian scaling of Zg implies that

K
Z(r,2) L B29(B'7, B%) Jim Q') [exp { YNIGEEDS m?H :

with
pir o 3
mj = / éj(S’Bgﬁ i x))dsv &= <éjv€>v
0
where (€;); can be chosen to be the following orthonormal basis of L?(R?): for every 7,

define ¢€; : R? = R by
€j(s,t) = ﬁ_3ej(ﬁ_4s,ﬁ_2t).
It is easy to check that
(€j,€k) = Oji-

Now, for every j,

pir 4. 32
mj:/ éj(S,Bgﬁ T8 m))ds

0
T 4. 52,
8 /0 ej(t, B72B3L, ),

where we used the definition of €; and the change of variables s = (*t. Using the definition
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of Brownian bridges that we give in (2.12)), for s € [0, 7],

_ 4. 32 d 4
572BLT) L 572 (VB Bysyy e + Gt
= V7B, + 2z £ B,

so, for every 7,
m; = 5mj.

Also, we have that (éj)jeN 4 (&j)jen, because both are families of independent N(0,1)
Gaussian variables, and as $%g(8*r, 32x) = g(7,z), we obtain the equality in distribution
@2.16). ]

Proof of Proposition|[2.8 It is clear that z is vix-adapted and that v[|zk|] < oo. Now fix
K € oo, then

VK

K41 K41
vlzriilvi] = v [Q(t’x) [eXp{ Z m;i&j — 3 Z m?H
j=1

j=1

K+1 K+1 .
- e $mis 1 S0}
j=1 j=1 i

Here, as &; is vg-measurable for j < K and {x 1 is independent of vk, we obtain

K 2
o] o] - )
K

j
7j=1
_ % )
= Q") eXp{ m;&j — 5Zm?}v [QXP {mK+15K+1}] eXp{ - }] '
L Jj=1

Jj=1

- K
V[zrs1lve] = QY | exp { Z m;& — % Z mz}V [GXP {mr1€rs1}
i =1

2
As €k 41 is a standard Gaussian variable, I/|:6Xp {mK+1§K+1}] = exp {%}, and we

obtain v([zx1|vK] = 2k. [ |

4.2 The limit of the quasi-partition function is the partition
function

The objective of this section is proving Proposition For this, we need to introduce
the orthonormal basis (f;);>1 of L?([0,1] x R) that we will make use of.
Haar wavelets

In [Haal0], it is introduced a particular class x of functions over the interval [0, 1], that
turns out to be an orthonormal basis of L?([0,1]). These functions are usually called Haar
wavelets. We denote the elements of x by xnx, with n,k € NU {0}, and 0 < k < on—1,
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X0,0 is the constant function equal to 1, while x,, x, for n > 0and 0 < k < 271 are defined

by
vl << B,
Xnk(t) = —v2r-1 2l <p < 2682
0, otherwise.

It is easy to check that

! 1, n=k=0,
o Xk *= 0, otherwise.

1
/ Xn1,k1 Xno,ka = 5n1n25k1k27
0

and that

thus forming an orthonormal system.

Also, if f € L*([0,1]) is perpendicular to every X, x € X, then it is easy to extend the
perpendicularity to indicator functions of intervals, then indicator functions of measurable
sets. Using that simple functions (linear combinations of indicator functions of measurable
sets) are dense in L? ([Ran02, Theorem 8.6.1]), we get that f = 0. This is equivalent to x
being an orthonormal basis of L?([0,1]). We re-enumerate the family x to have N as index
set.

The basis (f] )jZl

It is a simple functional analysis exercise to prove that the family x®? of functions
Xi ® Xj, with i, j € N, defined by x; ® x;(s,t) := x:(s)x;(t) for (s,t) € [0,1]2, provides an
orthonormal basis for L?([0,1]%). We re-enumerate the family x*2 to have N as index set.

Fix n € N. The idea is to replicate the basis x®2? in every rectangle where £ is
constant and thus obtain a (useful) orthonormal basis for L?([0, 1] x R). The following is
just the precise definition.

For every function x; € x®2 we define the function y; : [-n~',0] x [-n~/2 n71/2] 5 R
by

Xi(s,t) = ﬂ;xj(ns +1,(n'?t4+1)/2), for (s,t) € [-n,0] x [-n~ V2, 0712
The collection of functions ; is an orthonormal basis of L?([—n~1,0] x [-n~1/2 n=1/2)).

Finally, we consider the family of indexes I, :== {(i,m) e NXZ : i <n, m € i+ 27},
and for every j € N and (i,m) € I, we define f; ; ) : [0,1] x R — R by

XN.s—%,t—ﬂ if Syte%,%x@,w’
Fiam)(s,t) = i ) (st € [T A x [ A
0 otherwise.

This way, the functions f; ;,, for j € N and (i,m) € I,,, form an orthonormal basis of
L2([0,1] x R. We finally re-enumerate the new class of functions to have N as index set.
This is the orthonormal basis (f;);>1 of L?([0,1] x R) consisting of bounded functions that
we will be considering.
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Proof of Proposition

We now make use of the basis (f;); and the properties of Haar functions to prove the
Proposition It will be very similar to the heuristics in Section

Proof of Proposition[3.1 Asnis ﬁxed the random walk .S has 2™ possible trajectories and
can visit only N :=>" i+1="2 +3” sites of the form (i, m) € N x Z. Take K € N such
that for all these N indexes (i,m) We have

n3/4

Gi;m = Wﬂ[%,%]x[mfl m+1] S {fl,...,fK}. (4.1)

n

Now fix a path x of the simple random walk. By the nature of the basis (f;);, only the
functions g; ,, for (i,m) = (i,%;), are such that (possibly) m§n)(
the equality

X)fj(-n) # 0, so we obtain

i=1

K n 1
S om0 = 32 ([ o515 i 6
j=1

Using (4.1) and the series expansion (3.1]), the expressions in braces become

7 x;+1

n VR p3/4
<gzxz)§ >: T ( Xl) ﬂ_l \[Eil \de d

T m

= w(i, Xi).

Using again the definition of g; x,, we get

n

1 n 1
) ) (n)\ — S n3/tq .
E (/0 gl7xi(s,xs)ds) <gl7xi,£ > = ;:1 w(z,xl)/o 7 ]l[z_l %]X[xifl xi+1] (s,x5)ds

=1

)

n =
. n_3/4 —1/4 .
= g w(i, x;) /Z,_l "ads ="z w(i,x;).
=1 n 3

Therefore,

n

Klgnooz:m = "?/12/4 Zw(i,xi).

i=1

Now notice that, as the variables w(i, m) are i.i.d.,

P{exp {ﬁn iw(i, xi)}] = f[lP[GXp {@zw(ia Xi)}}
: N

by definition of A(8) (2.1]), which is independent of P.
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For each K € N and path x, denote by ¢x(x) the sum

K
By m g,

Jj=1

As a direct consequence of the previous calculations, for each fixed path x,
ePK (%) (IP’ [6¢K(X)]> ]lxnz[\/ﬁx]n Kjo ePn i1 W(Z’Xi)in)\(ﬂ”)]lxn:[\/ﬁx]m
and taking average over the 2" possible paths of the simple random walk S we get
P {6¢K<s> (P [6¢K<s>]>‘1ﬂ 6ot } Ko b [eﬁn Sl elis)-ma Gy ]

that can be re-written as

Remark 4.1. The basis we use in Proposition [3.1] consists of discontinuous functions, while
Theorem [3.2| needs continuous functions, as we will see in the proof of Propositions 3.5/ and

4.3 Convergence of the environment

Our first objective is proving the convergence of the environment w, under the diffusive
scaling, to the white noise £&. The main result of the section is the following.

Proposition 4.1. For any finite family of functions C C L*([0,1] x R), we have the
following convergence in distribution:

(€. rec) Sehn:feo

To prove this statement, we begin proving two lemmas. For the first one we will use
the following Central Limit Theorem.

Lemma 4.2 (Theorem 3.4.10. in [Durl9]. The Lindeberg-Feller theorem). For each n, let
Xnm, 1 <m < n, be independent random variables with P[ X, ] = 0. Suppose

(@) Y7 PIX2, ] 0 > 0.
(b) For all e >0, limy, o0 Yoy Pl Xnm|?; | Xnm| > €] = 0.

Then Sy, = Xp1 + ... + Xon S N(0,0%) as n — co.
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Lemma 4.3. The collection of random variables

(™ 1r) : R [0,1] x R is a rectangle with rational coordinates}
converges in distribution to

{{&,1r) : R C[0,1] x R is a rectangle with rational coordinates},

meaning that every finite vector ((f("), 1R,), ey (€W ILRN>) converges in distribution, as
n — 0o, to ((f, IR, )y ees (€, ]lRN>)-

Proof. Consider s,t,z,y € Q such that 0 < s <t < 1; z < y. Consider f = L yx[z,]-
We have

1 o]
(f(”),f>:/ / 2_1/2n3/4w(rn,un)f(r,u)dudr
0 —00
tn pyv/n
= 2_1/2n3/4/ / n"32w(r, u)dudr
sn Jx\/n

Here we note that w takes constant (random) values in rectangles of lengths 1 x 2. So this

integral becomes the sum of approximately n(t — s)@(y — ) integrals of i.i.d. random
variables over rectangles of area 2. More precisely, if we set Q := [sn,tn] X [xy/n,y\/n],

Rim = (i—1,i] x (m—1,m+1], and
Io:={(i,m) e NxZ : i=m(mod 2), R, N # T},

we get

> [ wtim)

i,m)elg i’me

(€™, f) = 2721
(

=27 1/2p=3/4 Z 2w(i,m) + Z ¢imw(i, m)

(i,m)EIQ:Ri,mCQ (i,m)EIQIRiﬂmgQ

where 0 < ¢;,, < 2 (note that the rectangles R;,, have area 2). Here we can count the

cardinality of the index sets: the first one is asymptotically n(t — s)@(y — x), while the
second one is at least 2 L@J and less than 2(¢t — s)n + (y — z)v/n + 4 (see Figure ;

call those ezact quantities F,, and F),, respectively. Re-naming the i.i.d. variables w(i, m)
and the constants c¢; ,,, we obtain

En, Frn
<‘£(n)7 f) = Von3/4 Z Wnk + 91/2,—3/4 Z Cn,lWn,l
k=1 =1

with wy, ;, and wy, ; satisfying Assumption We need to show that the second sum converges
to zero in distribution, and for that we will use Lemma For each n (sufficiently large),
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Figure 4.1: The boundary of the rectangle €} intersects with some of the rectangles R; ,,. The
colored area corresponds to the quantities ¢y, ;.

define the independent random variables X,,;, 1 <[ < F},, as

Cn,1Wn,l
Fy ’
=1 nl

which are well defined because, among the F;, truncated rectangles, there are at least

Xn,l =

2 V(t; S)J with area ¢,,; > 1 (see Figure {4.1 again). In particular,

n(t — s) o
2 {QJ < ;cfw < 4F,.

By definition of the r.v.’s X, ;, for each n,

Fr

Z P[Xiz] =1,

=1

so they satisfy condition (a) in Lindeberg-Feller theorem. Now, let ¢ > 0. Majorizing each
cp, by 2, we obtain

2
n,l

ZIP’ X2 Xl > e <Z — P wnl,]wnl|>2
llcnl
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and now minimizing the sum of the C%J’S by 2 L”(tgs)J,

I F

2 . 2. (t—s)
;P[Xn,l’ |Xn,l’ > 5] < lz; MP Wn,l> ’wn,l’ > 5 2 [%J ]
- = 2

_ 2{22’_’%]? [wfb’l; |wn,1| > % 2 V(tzis)J ] '
2

As F, = O(n), the fraction is bounded by a constant, and as wj, ; is integrable and

S4/2 L@J — 00 as n — 00, we obtain condition (b) in Lindeberg-Feller theorem:
Fr
dim Y PLXG 5[ Xng| > €] =0,

allowing us to conclude that, by Lemma

Fy
Cn,1Wn,l d
lim g D = N(0,1)
n—00 2
=1 1=1%n,1

Fn ety B
012,348 oy | = 91/ V / Cn, C | Wn I
Z 374 Z
n

n’ K F 2
=1 =1 4/ Zl:nl Cn,l

and F, <2(t—s)n+ (y — x)yv/n + 4,

Fn 2
\/ 22160 Cnl/?
< — 0.

n3/4 = 7)3/4

Then, by Slutsky’s Lemma [vdV98| Lemma 2.8], the product goes to zero in distribution.

Now, ignoring the second sum (by the above argument and again by Slutsky’s Lemma),
the Central Limit Theorem gives us that, as n — 0o, we have the convergence in distribu-
tion

En
i €.5) £ Ji A0S,

n—0o0 n—oo
\/ n3/2(t — )

4 (t—s)(y —2)N(0,1) :N(07 (t—s)(y—x))
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because of Assumption [1l Similarly,

(€ F) L N0, ]| f]]2)
LN, (t - 5)(y — ).

Now, consider N rational rectangles Ri, ..., Ry. All their possible intersections are
too rational rectangles, so we can partition and re-index in M disjoint sub-rectangles
such their union is the same as the union of the other N rectangles. The new random

variables (£ (n) ]le> are possibly dependent; it can happen that a rectangle of the form
vnloyn

. ] intersects with two disjoint rectangles R;, R, simultaneously, so
the random variable w(i,m) would be involved in the definition of both (£, Ir;) and

<§(”), 1R, ). So now we consider independent subsets, for n € Nand j =1,..., M,

Rg.n) = U {r(n) cie{l,...,n}, me€i+2Z and r Rj}

i,m i,m

where ‘ ‘
i = (5 5] x (2, 2]

)

By a similar argument as before, the remaining parts R; \ Rgn are finite sums of

small rectangles, where each (£ (n) 1 tends to zero in distribution as n — oo (using

Rj\Rg-n)>
Lindeberg-Feller theorem and Slutsky’s Lemma). Now, the vector

<<§(n)7 ]le”)> + <€(n)7 ﬂRj\R§-7L>>7 teey <€(n)7 ]1R§\2)> + <§(n)7 ]LR\R(”)>>

converges in distribution as n — oo to

(<§7 HR1>7 S) <‘£a ]IRM>)

because the first part has independent coordinates converging to the corresponding (also
independent) coordinates in the limit, the second part converges jointly to zero by Slutsky’s
Lemma ([vdV98| Lemma 2.8]) and the limit of the sum is the sum of the limits, again by
Slutsky’s Lemma. This convergence implies the convergence of the joint distribution with
the N original rectangles as well. As the finite-dimensional distributions converge, we
conclude. |

Lemma 4.4. (€™ f) converges in distribution to (€, f) for all f € L*([0,1] x R).

Proof. Fix f € L%*([0,1] x R). We need to show that for every h bounded and uniformly
continuous function,

Tim P[0 ((€7,1))] = vin (e N, (4.2)
by the Portmanteau Theorem [Bil99, Theorem 2.1].
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Take h bounded and uniformly continuous. Fix 1,62 > 0. Take g = >, Ai1g, a (finite)
linear combination of indicator functions of rational rectangles, such that, ||f — g| |%2 < €1.
Such g exists because simple functions (linear combinations of measurable sets indicators)
are dense in LP, 1 < p < oo [Ran02, Theorem 8.6.1], also every measurable set is almost
the finite sum of rectangles (Littlewood’s first principle; [Ran02, Theorem 4.2.2.]) and
every rectangle is almost a rational rectangle.

We want to show that the difference

B [n ({6, £))] = vinte ]

is small. For that, we use the triangle inequality.

First of all, by the previous lemma we have that (£(") g) A (€,9), so the second term
can be taken < e9/3 for n large. Secondly, by definition of &,

v[i€& 9= N =1lg— [l <er
And similarly, note that by (3.3])

PUE™, fF— )] < |If —gll?2 < e

by the choice of g. Now, as h is uniformly continuous, we could have chosen €1 > 0 so that
the first and third terms in the triangle inequality are both < e9/3. This shows (4.2]) and

we conclude that (€™, f) % (¢, f). n

Proof. (Proof of Proposition Analogous to the proof of Lemma We take f1, ..., fn €
L?([0,1] x R). Take h : R® — R bounded and uniformly continuous. Fix e1,e2 > 0.
Take g1, ..., gn linear combinations of indicator functions of rational rectangles, such that,
|| fi — gil[32 < &1 for each i € {1,...,n}. Then bound the difference

B [0 (6 1) o (6, )] = VIACGE i) (6 o)

by €9 using the triangle inequality and choosing €1 conveniently to bound some of the
differences; to bound the terms with (€™, g;) and (¢, g;), simply let m — oo and use
Lemma [4.3] which can be used with fixed g1, ..., gn.- |

Remark 4.2. The proof of Proposition does not really use Lemma [{.4} we simply use
the idea of its proof.
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4.3.1 Proof of Propositions [3.3| and |3.4
Recall the definition of the point-to-point quasi-partition function (3.4):

K
4 = Plowp {53 me A0 by,

J=1

Using conditional expectation we have
K
K(3) = P (8, = ial) P [oxp {536 - 4209}
j=1

where P(™%) denotes the law P of the polymer conditioned to end at the endpoint (n, [y/nz],).
Now, by the Local Limit Theorem we directly get

K
remm) = 5 (Zg(1, [Vaalan™3) + 0(n~3)) PO exp {5 S m{em — A%?j;m(ﬁ)}}
j=1

K

= (91,2 +0(n~)) + O(n~1)) PO exp {52m§")5§m) - A&é?;"’(@}},

=1

where g(t, ) = (2mt)~"/2 exp{—22/2t} is the heat equation kernel.
Before letting n — oo, we will work with this last expression, letting m — oo first. We
will need the following lemmas.

Lemma 4.5. Let g € LY(X, M, ), where (X, M, ) is any measure space. Given ¢ > 0,
there exists § > 0 such that, for A € M,

H(A) < § —> /\g\du<5.
A

Proof. Without loss of generality, assume g > 0. Since

o0

gdp = / gdp < o0,
/X kZ:O {k<g<k+1}
there exists M € N such that
gdp < 5.
{g>M}
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Now take § > 0 such that 20 M < e. Then, if u(A) < 6,

/ gdp = / gdp + / gdp
A An{g>M} An{g<M}

S/ gdu—f—/Mdu
{g>M} A

<S5+ Mp(A) <e.

We use this lemma to prove the following.

Lemma 4.6. For every f € L*([0,1] x R),

sup P [exp {<§(m),f>H < 00

meN

Proof. Let f € L?([0,1] x R). For n € N, let f, := fL01]x[=n,n)- For all n € N, as f, has
compact support, we can write the (finite) product

o] -1 e

=1 ke€i+27Z

)w(i’k)} : (4.3)

Take € > 0 small such that: if |f| < ¢, then

02 62
0 log{1+5 +0(63 >5+C|6)2
P[e“}:eg{ 3 ()}Seg II,

for some C' > 0. Now, using Lemma with f2 € L'([0,1] x R), take M € N such that
|A| < 2M~3/% implies [, < %. For all n and for all m > M,

V2 ff (m) an)w(irk):|

elueam] I o[ F
1=1 k€i+27Z

25.) (el =5 11y 250

m < m3/4
iR |
i=1 kei+2Z

since by Jensen’s inequality [Durl9, Theorem 1.5.1] with ¢(x) = 22 and the choice of M,

<n5;4 //jo;y 24,) < //Rgf:)@f“)z

< 4/ f2 < 2.
R
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And using this bound again,
2f (m) fn(1+cl )

P[ (eem >2fn} H ] ¢ "6

=1 kei+27Z
_ 2lPa+cre) < 2IfIRa+Cre)

This is a uniform bound on n and m > M, so the sequence (€™ ) (on n) is uniformly
integrable, because its square has finite P-norm ([vdV98, Theorem 2.20]). Now, as also

2
fn =N f and exp is a continuous function, we can take the limit n — oo in (4.3) and get

[ §<m>f] H 0 [ (=Lt ffRET;)f)w(i,k)’

1=1 k€i+27Z

for m > M. Also, repeating the previous calculations, we obtain that

sup P {exp {@(m), f>H < eslfIPa+Ce) o

m>M

Since this bound is uniform for m sufficiently large, we obtain that the supremum over m
is, again, bounded. |

Now we are able to prove Proposition We begin proving that the normalizations
converge.

Lemma 4.7. Assume the same conditions as in Proposition [3.3. For each fized path x
such that x, = [v/nx],, as m — 0o, we have

A (8) = AP (8)

Proof. For every path x such that z,, = [\/nz],, we define the function oy € L?([0, 1] x R)

ﬂZ (/ </\ X“) d>\> ej(s,9), (s,9) €[0,1] x R.

By Lemma [4.4] we have the convergence in distribution

(€ o) B (€, ).

The sequence (e<§(m)’“’x>)m is bounded in L2. In fact,

m 2 m
supIP’[(e<5( )’%‘>) ] = sup P[e<5( )’z‘p"ﬁ < 00
meN meN
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by Lemma So, the sequence (e<§(m)’@x>)m is uniformly integrable and, therefore,

lim P [e<5<m)’¢x>] =v {e<€’¢x>] (4.4)

m—r0o0

by [vdV98, Theorem 2.20]. And taking logarithm on both sides (which is a continuous
function), we obtain the result. |

Proof of Proposition[3.3 Using the same notation as in Lemma by Proposition [.1] we
have convergence in distribution (as m — oo) of the vector

<<§(m),gpx) © xSt X, = [\/ﬁx]n> 4 <<§(m),g0x) : x st x, = [\/ﬁx]n>

By the result of Lemma (prefer the equation (4.4])), and classical results of convergence
([vdV98, Theorem 2.7]), also the matrix

(((f(m),gox>,IP’ [e<5(m)"px>]) DX stox, = [ﬁm]n)

converges in distribution to

<(<§,g0x>,1/ [e<£""">D ©x st x, = [\/ﬁx]n) )

Now, as the measure P("%) is defined averaging over finitely many paths, we can find a
continuous function A such that

(n) g(m) _ p(n,m)
pna) | B35 m Vg™ A (B) |y, (m) ) P [eE™ex)
{e R <<§ » ), [e ])x:xn:[\/ﬁm]n

and
(n2) | BYK, m{Me;—AP (8)| _ (€0
P [ Joim =AY n((Eewfe]) ).

Finally, as composing with a continuous functions preserves the convergence in distribution
([vdV98, Theorem 2.3]), we obtain the desired result.
|

Proof of Proposition[3.4 The result is an immediate consequence of dropping the condi-
tion x,, = [/nz], in the proof of Proposition
|

4.4 Bridging the bridges; proof of Propositions and

Our objective in this section, as stated in the title, is to prove Propositions 3.5 and [3.6]
For that, we need some preliminary results.
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4.4.1 KMT Embeddings

We will need to bound the difference between a simple random walk conditioned to
end (when properly re-scaled) at a point € R and a Brownian bridge ending at the same
point z. Also, we will need the same kind of bound in the case of the simple random walk
and a standard Brownian motion. Any of the mentioned objects are necessarily defined
on the same probability space, so we will need to use some coupling results even for those
“differences” to be well defined. The objective of this subsection is providing some tools
to achieve those bounds.

Recall that, given any path x : N — Z, we define the natural continuous extension of
x as the curve that interpolates between the discrete values, namely, for ¢ € [0, o)

x¢ = (1 — {t})XM + {t}XLtJ+1-

We will use the same notation for the discrete path and its continuous extension.

Brownian bridge case

Consider S a simple random walk on Z. Let L, := {2z € Z : P(S, = z) > 0}. For
z € Ly, let S(:2) denote the random walk (Sj)1<j<n conditioned on the event S, = z.

Also consider a Brownian bridge B = (B;,0 <t < 1) such that By = B; = 0. Recall
the process B(™#) defined by

B = \/nBy, + Lz, 0<t<n,
to be a Brownian bridge on [0, n] tied to the endpoints By = 0 and B,, = z. Now define

A(n,z) = sup Bgn,z) _ St(n,z)

0<t<n

which is a priori not well defined, since B and S are not necessarily defined on the same
probability space, but we have the following theorems which will help us fix this problem
and also bound the quantity A(n, z).

Theorem 4.8 (Theorem 6.3 in [LTF07]). For every b > 0, there exist constants 0 <
c,a, a0 < o0 such that for every positive integer n, there exists a coupling of a Brownian
bridge B and the family of processes {S™?) : z € L} such that, for A(n,z) as above,

P [eaA(n,z)] < Cnaeb\z|2/n,

where P is the measure of the coupling.

Using Chebyshev’s inequality ([Durl9, Theorem 1.6.4]), one obtains the following corol-
lary.

Corollary 4.8.1 (Theorem 6.4 in [LTF07]). For every b > 0, there exist constants 0 <
¢, a < oo such that for every positive integer n, there exists a coupling of a Brownian bridge
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B and a family of processes {S("’Z) :z € Lp} such that for all r > 0,
P{A(n,z) > rclogn} < en® e /n, (4.5)

where P is the measure of the coupling.
. L gulvAasln)
We want to measure the difference between the re-scaled random walk bridge =t2———

and the Brownian bridge B; + tx conditioned to the endpoint x. For that, we use the
coupling in Corollary and define

A(n,x) ;== sup
0<t<1

Bt+t$— Jn

and notice that

A(n,z) = = Sup VB + £ ([zv/n]n + (2vn — [zv/n]n)) — gLzl

1 —-3/2
\/EA(TL, [x\/ﬁ]n) +n )

5

IN

since |xy/n — [z4/n],| < 1. So, using Corollary with b = 1, we get that there exist
constants 0 < ¢, @ < 0o such that for all § > 0

P (A(n,z) > 6) < P( A(n,[zv/n],) > 6v/n—1/n)
_vA=1/n  [zyn]2

S cna clogn ¢ n

_ cex2+0(1/n)ea lognf%\/ﬁ+$

where lim,,_,o alogn — (6/¢)y/n+ 1/(ecn) = —oo, so for all § > 0,

lim P (A(n,z) >4) =0. (4.6)

n—o0

Brownian motion case

Consider now a Brownian motion (W;)i>o in R. We want to compare W with the
simple random walk S, so we use the notation

A(n) = Oiug |Wy — St
<t<n

which is, a priori (again), not well defined, since W and S are not necessarily on the same
probability. The following theorem will help us couple both processes in a space where
A(n) is well defined and can be bounded.

Theorem 4.9 (Theorem 1.5 in [Chal2]). It is possible to construct a version of the se-
quence (Sk)k>0 and a standard Brownian motion (Wi)i>0 on the same probability space
(let us call P its measure) such that for all n and all z > 0,

P(A(n) > Clogn + 1) < Ke™*,

49



CHAPTER 4. PROOF OF THE MAIN THEOREM

where C', K, and A do not depend on n.

Similarly to the previous case, we define

A(n) = sup Win _ Snt
() 0<t<1 vn vn

)

where Wy, /4/n is also a Brownian motion by a scaling invariance, and then clearly

A(n) = 2.

Let § > 0. Using Theorem with 2 = (y/nd — C'logn), for n sufficiently large (so that
x >0),
P(A(n) > 5) < Ke—)\é\/ﬁ-‘r)\Clogn'

So, similarly to the previous case, for any § > 0,

lim P(A(n) > 6) = 0. (4.7)

n—o0

4.4.2 Bounds on the maximum of the Brownian bridge and Brownian
motion

We need bounds on the maximum of the Brownian bridge and Brownian motion to
obtain certain results of convergence in probability. By [KS91, (3.40)], given n > 0 and
v > 1, we have the following result for the maximum value of the Brownian bridge B:

P B, > — (=)
(qmas Bt o =7) =

Using the reflection properties of the Brownian bridge, we have the following bound for
every © € R and v > |z|:

P (Orgax |Bs + sx| > fy) < 2¢770 =2l (4.8)

A similar result is true for the Brownian motion. Given v > 0, we use a symmetry
property of the Brownian motion and [MP10, Remark 2.22] to obtain

P(OIEax |Ws| > ,y> < 2P< max Ws > fy) < 2v2 exp{ (4.9)

4.4.3 Proof of Proposition

We proceed to prove Proposition For that, we will use the coupling of Corollary
together with the bounds stated in the previous subsection.

Proof of Proposition[3.5. Let &,& > 0. Recall P the measure of the coupling in Corollary
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By the bound (4.8)) for the Brownian bridge paths, there exists 7 > 0 such that

P<max | Bs + sz >'7> <e.
0<s<1

Note that for every j € {1, ..., K} the functions e; are continuous on [0, 1] x [-y—1,vy+1],
therefore they are uniformly continuous. In particular, there exists 1 > ¢ > 0 such that for
all j e {1,..., K}, forall y,z € [0,1] x [=y =1,y +1], if [z —y| <, then |e;(2) —e;(y)| <e.
Also, note that by there exist NV € N such that for all n > N,

P(A(n,x) >0) <e.

Now, under the events Ay := {A(n,z) < §} and M, := {maxo<s<1 |Bs + sz| < v},

1
|m§-”’ —my| < /
0

for j € {1, ..., K'}. Otherwise, we have still have bounds

(n,[vnz]n)
e <S’ Ssn\/ﬁ> —ej(s,Bs + sx)|ds < g,

|m§-n) —mj| < 2M;j,
where M; := sup{le;(s,y)|, (s,y) € [0,1] x R} < oo, for j = 1,..., K. By Chebyshev’s
Inequality ([Durl9, Theorem 1.6.4]),
e'P (\m(n) —m;| > a') <P []m(n) — m|}
J I = = J J
o mj|]leA5] + P [\mﬁ-’” - mj’ﬂ(MmAg)c} ;

=P [|mj

where we can use the bounds on \mgn) — m;| to obtain

P <|m§n) — mj\ > E’) < eﬁ[lM,yﬂAé] + 2Mj?[ﬂMwﬂAg + ]lMs].

Here we bound the first expectation by 1, while by the choice of v, § and n, the second

expectation can be bounded by 2¢. We obtain
P (\mgn) —mj| > 5') < <1+j¢> €
And as Mj is independent of €, the RHS can be made arbitrarily small. Thus,

B () _
Jim P(|lmj™ —m;| > &) =0,

for j = 1,..., K, which, by [vdV98, Theorem 2.7], implies the joint convergence in P-

probability (as n — o0)

(mgn), - mg?)) Lt (m1,....mg).
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Using this, we obtain

K K K
exp{ﬁz;mgn)gj—ﬁ;z m{M]2 } — exp {BZmJSJ ’6222;77132}7
J= J=

Jj=1

for any fixed realization of £, since convergence in probability is preserved by composing
with continuous functions ([vdV98, Theorem 2.3]). It is easy to check that S([V7eln) hag
the same distribution under P(™%) as under P, so for every n,

K K K K
P e {53 m7 — § L PY] = Plew {5 m - § Yl P Y]
j=1 j=1 Jj=1 J=1

1,z)

Similarly, the Brownian bridge By + tz has the same distribution under Q( as under P,

SO K K K K
Q1) [exp {5ijgj - %me}} :?[eXp {Bzmjfj - %Zmi}]
j=1 j=1 =1 i=1

Using that the realization of ¢ is fixed, together with the fact that we can bound |m§n)\ by
M;, we can easily show uniform integrability on n for the sequence

exp{ﬁZm & 23 mr),
j=1

and therefore we obtain

nlggo plnz) [exp {/Bzm L %2 Z[mgn)]ZH 4 Q(l,w) [exp {/Bimjgj — %2 imi}}
j=1

Jj=1 J=1 J=1
|

Remark 4.3. The previous convergence result implies that, for any fixed realization of &,
for K €N, f>0and x € R,

K
lim 2P| exp {B Somie -8 Z[mﬁn)]z}ﬂ{sn:[xmn}}
j=1

j=1
K

K
= g(1,2)Q") [exp {5ij§j -5 me}}
j=1

Remark 4.4. In the proof we used that the functions e; are continuous. The proof should
be easy to modify to include the case of functions with null set of discontinuities.
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4.4.4 Proof of Proposition |3.6

We can do the exact same proof that we did in the previous subsection, replacing P (%)

by P, P by P and Q%) by W (which is the law of the Brownian motion, see Remark
2.5)), to obtain that
K , K . K , K
nh_}rglo P[exp {B Z mgn)ﬁj — % Z[m§n)]QH =W [exp {5 Z m;&; — % Z mJQH . (4.10)
Jj=1 Jj=1 Jj=1 j=1
And the proof is the same since we have the same kind of bounds for the maximum of
B (1"”1 as for W, and the same kind of bound for the probability that the quantities A(n, x)
and A(n) are greater that v > 0, so the arguments are analogous.
Now, it only remains to prove that

K K K K
W[exp {Bzmjgj _ %sz?” = /Rg(l,:n)Q(Lw) [exp {Bijfj - %2 Zm?}]dx
j=1 Jj=1 =

(4.11)
To prove equation (4.11) we will use [KS91, Problem 6.13], that in our case can be
re-stated as follows.

Lemma 4.10. For 0 = t) < t; < ... < t, < T, zo = 0, and (x1,...,2,) € R", the

conditional finite-dimensional distributions W(Wy, € daq,..., Wy, € dx, | Wp = ) are

given by

g(T —tp, v — xp)
9(T,x)

where g(-,-) is the heat kernel, for Lebesgue-almost every x € R.

n
Hg(ti - tz;l, Ty — 33‘2;1) . dl’l e dl‘n, (4.12)
=1

Which directly implies the following.
Lemma 4.11. For any measurable function h and Lebesgue-a.e. x € R,
QU [n(BU)] = W [h(W)|W = a],

where W = (Wy)epo,1) i a Brownian motion and B2 — (Bgl’x))t€[071}, x € R, are

Brownian bridges with endpoint B%I’x) =x.

Remark 4.5. These lemmas implies that the Brownian bridge B1%) can be defined in three
equivalent ways: from a Brownian motion as

BY) =W, +t(x —Wy), 0<t<l,

by its finite dimensional distribution (4.11]), or as a Brownian motion (W})o<¢<1 conditioned
to Wy = .

We will not prove these two lemmas, but we will use them to prove the following.
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Lemma 4.12. For any function measurable function h,

W) = [ g(1,2)Q [h(B1)Jda,
R
Proof. Using conditional expectation, we can write
W [n(w)] = ww[n(w)|wi]].
By the previous lemma, this is equal to

W|:Q(1,W1) {h (B /Q (1,2) )]W(Wl € dx),

and the last equality is because Q™1 [h(B(Lwl))} is a function depending only on the
endpoint Wy. W; distributes as N (0, 1), so we obtain

W [n(w)] :/Rg(l,a:)Q(l’z) [n(B)] da.

[ |
Using this, we can end the proof of Proposition
Proof of Proposition[3.6 Define h : C([0,1],R) — R by
K
_exp{ ij -—%Z 2}, fe(0,1],R).
Using the result with this function h we obtain equation (4.11)). |
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A.1 Subadditive lemma

A real sequence {ay, },>1 is called subadditive if
Optm < Gn + G, n,m > 1.

A real sequence {ay, }n>1 is superadditive if (—ap;n > 1) is subadditive.
The following result is standard, e.g., [MS13], Lemma 1.2.2.

Lemma A.1. Let {a,}n>1 be a sequence of numbers which is subadditive. Then the limit
lim,,—yo0 n " ta,, exists in [—00,00) and is equal to

lim & = jnf 22 (A1)

n—oo n n>1 n

Proof. 1t suffices to show that
lim sup an < il (A.2)

n—oo N k

for every k, since taking the liminfj_ .., in gives the existence of the limit, and then
the result can be obtained by taking the infy>;, again in
Fix k and let

A = max a,.
1<r<k

Given a positive integer n we let j denote the largest integer which is strictly less than
n/k. Then n = jk + r for some integer r with 1 < r < k. Using subadditivity, we have

. n
an < jJag +ap < %ak‘FAk

Dividing by n and taking the lim sup,,_, ., then gives [ |

A.2 Local Limit Theorem

Recall some notation: n < z, forn € Nand z € Z4if P(S,, = z) > 0; ¢"™(z) = P(S, =
), and g™ (x) = 2(d/2mn)%? exp{—d|z|?/2n}. We state the standard local limit theorem
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for the simple random walk on Z?, we refer to [Law13] for a complete proof, although we
state it as in [Com17].

Theorem A.2.
sup [¢")(z) — g (&) = O(n~1+4/2),

n<r

In particular,
sup ¢ (z) = O(n~*?),

n,x

and, for all A € (0,00) there exists a ¢ > 0 such that
inf{q"™ (z);n < z,|z| < An'/?} > Cn~ V2.
Corollary A.2.1. In dimension d =1, P(S,, = x) has the following formula

P(S, =) = (1,2n~ %) + O(n=3/?)

2
9
uniformly for x and n of the same parity, where g(t,z) = (2rt)~V/2 exp{—x2/2t} is the

heat equation kernel.

We now use this theorem to show the result (Proposition [2.5)) mentioned in the intro-
duction.

—1/4

Proposition A.3. The term of order n of the partition function Z,(w, B,) converge

in law to a normal distribution. That 1s,
B3NS w85 P(S; = 2) L5 N(0,0),
j=1z€Z

where 0% = 23%/\/T.
Proof. It suffices to show this for 8 = 1. Define
Yo =03 N "w(j, S5)P(S; = ).
j=1z€Z

We will prove that the characteristic functions converges, since it is equivalent to the
statement of the lemma, namely

d
Yo D N(0,02) = oy, — PN (0,02)
Also define
Xj = Zw(j, SJ)P(SJ = l’),

TEZ
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such that

P[X;] =) Plw(j,z)P(S; = )]

TE€Z

=> Pw(1,1)]P(S; =2) =0

TEZL
by Assumption [I| and similarly

PIX?] =) Plw(j,2)’|P(S; =2)>+2 > Plw(j,2)w(i,y)P(S; = z)P(S; =y)
TEZ TAYEL

= ZP(Sj = x)z =: 0]2».

€L

The Local Limit Theorem (Corollary [A.2.1]) for the simple random walk tells us that
P(Sj =x) = Z-g(1,2j~ /%) + O(;7*?) (A.3)

uniformly for = and j of the same parity (Note that trivially |g| < (27t)~/2). So we can
estimate, for k > 2:

P[X}] = Plw(1,1)"] > P(S; = z)

TEZ

=Pw(L,1)f] Y PHS =a)

|$‘SJ"’E52]

and using the Local Limit Theorem,

IP’[X]k] = Plw(1, 1)k] Z (l.g(L g;j_l/Q) + O(j—3/2)>k

J
lz[<j,x=2j
k . . -
=Pl 1) Y {Fdt (e + 02}
|$‘§],1‘52‘]

we know that moments of all order exist for w(1,1) by Assumption so for k = 2 this
just tells us that ]P’[X]?] =O0(j7 1), and for k = 3 we get IP’[X?] =0(~1?).
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Now, for t € R,

by independence. As tn~4 — 0 as n — co and the characteristic function is smooth,

ey, (t) = [ ex, (tn™ 1)

j=

n
_ H (1 _ %(tn_1/4)2 — P [ngeigjxj} t3ng3/4)

—_

<.
Il
—

where we use the first and second moments of X; previously calculated and |{;| < tn=1/4,

As the third moment is O(j~'/?) we have
n 1 3 1
v () =] (1 - §%n 2 +£n~i0(79))
j=1
n 1 3 1
= exp Zlog (1 - %tzn_E + t3n_ZO(j_5)>
j=1
and since we will let n — oo we can use the Taylor expansion of log(1 + x)

oy, (t) = exp Z (%t%ﬁé +t3n_%O(j_%) + (th_%O(l) + tgn_%O(j_%)f)

j=1
= exp Z <%t2n_% + t?’n_%O(j_%) + %O(j_2) + th_%O(%) + t5n_%O(j_%))
j=1
= exp —;1 S o2 | +£20(n 1) + t10(n~?) + t°0log(n)n %) + 1°0(n~ 1)
n?2

Thus, if n — oo,

n

2 1

lim t) = ex —L lim n™2 g o2

n%oo(pyn() p 2 o0 — J
j:

t202

We know that ¢pr,2) = € 2, so we only need to show that the limit inside the
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exponential is % We know that a walk S in the step j can only be on integers x such

that |z| < j and x = j(mod2), so

o} =Y P(S; =)’
€L
J
=Y P(S; =2z - j)?
=0

and using again the Local Limit Theorem

(Zo(1. 20— i) + 042

mqw
I
M <

0

8
i

I
M~

{;% <(27r)—1/26—(2$—j)2/2j>2 + O(j_2)}

_ {;L zj:(2ﬂ_)—1e—(2x—j)2/j} + O(%)

=0

8
Il
o

So, since
n

n2>"0(3) = n~?0(logn) — 0,
j=1

we can ignore that term (and the constant 2) and just show that

J

& @2z—i)?
Jm T35 e T =

j=1 x=0

Here our intuition tells us that we should compare the expression with the Gaussian
integral fooo et’dt. That is exactly what we will do.

For simplification, denote f; = exp{—t?/j}. We can visually check, rearranging the
sums Y exp{—(2z — j)?/j} to fall “near” the intervals [0, 7 + 1], that

-1 +.f10jJrl fi < Zizoexp{*@x —)?/i} <2+ fOJ:Jri fj, foreven j
o f o < Yhgexp{—Qe—5)?/j} <3+ [7Tf;, forodd

So we write

J . L
Ze_(%_j) /3 :/ e dt 4+ 0(1).

z=0 0
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Then,
. (2 . 1 - .1 AR 12/ 1
nlggonfz Z] Z a—=3)?/i — lim 0”2 Z <j / e lige + O<j))
=0 §=0 0
. _1 1
= nh_}rgO n-2 ;J ; Pat + O(logn)

by summing the harmonic sequence and substituting ¢ — /5. Now, ignoring the vanishing
O(logn/+/n), we bound by above (we will squeeze our limit):

n j+1
1 Vi 2
lim n~2 (22=9)*/i — lim n"2 T2 e tUdt
L S Ul
=0 j=1
1 n 1 o0
< lim n22j2/ e Vdt
n—00 — 0
J:

where we recognize the Gaussian integral [ e~*dt = Y™ then

. _1 1
hmn2531262$3 §77r11mn2§]2

j=1
= f lim n 2(2n2 +0(1)) =7
n—oo
K1
For the other bound, let € > 0 and take K € N such that foﬁ e tdt > @ — 5. Then,
. _ 7t2 . _1 L I 42
>
it Y et ot 35 [ e
j=K
n K41
> lim n 52]_% " e at
n—r00 . 0
=K

where we will use the property required for the fixed K and again use that the harmonic
series is asymptotic to the logarithm

J+1

. - L [Vi ot
Jim QZJ et QZJ

_ (@ _ g) lim n™2(2n2 + O(1)) = /7 — .

n—oo

m\H

/~
oIS
|
[SJIL)

—

And since € > 0 was arbitrary, we get the desired limits and therefore the wanted
convergence in law. [ ]
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