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Introduction

The Brauer group was introduced in 1932 by R. Brauer in the context of fields as an invari-

ant classifying certain types of algebras, [Bra32]. It was studied by Brauer-Hasse-Noether

and many others; in particular, they proved that the Brauer group of a field, denoted Br(k)

is isomorphic to the Galois cohomology group H2(k, k×s ), [Roq05, Section 4.3]. Later in

1951, Azumaya extended the notion of the Brauer group to local rings, [Azu51]. Lastly,

in 1960, Auslander and Goldman introduced the Brauer group of a commutative ring,

[AG60]. All of these works are precursors to the definition of the theory of Brauer groups

on schemes.

In 1968 Alexander Grothendieck, in his series of lectures [Gro68a], [Gro95], and [Gro68b],

introduced the theory of Brauer groups for a scheme X. In it, he describes two groups

associated to X. One of them, denoted Br(X), is a generalization of the Brauer group of

a field Br(k), and we refer to it as the Azumaya-Brauer group of X. The second group,

inspired by the isomorphism Br(k) ≃ H2(k, k×s ), is defined as the torsion subgroup of the

étale cohomology group H2(Xét,Gm), usually known as the cohomological Brauer group

of X, and denoted Br′(X). In an attempt to extend the isomorphism Br(k) ≃ H2(k, k×s )

to an isomorphism Br(X)→ Br′(X), is that Grothendieck describes a morphism Br(X)→
Br′(X) that is always injective, we refer to it as the Brauer map of X. Consequently, he

introduces the following problem:

Question. When is the Brauer map Br(X)→ Br′(X) an isomorphism?

This is known as the Br = Br′ problem. Since its introduction, it has given rise to a lot

of new mathematics, and both Br(X),Br′(X) have several applications in algebraic and

arithmetic geometry (the book [CTS21] contains many of the applications of the theory of

Brauer groups).
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The earliest progress concerning this question belongs to Grothendieck himself, who showed

that cohomological Brauer classes on regular schemes are representable by Azumaya alge-

bras away from a codimension ≥ 3 subscheme, therefore establishing the result for regular

surfaces, [Gro95, Theorem 2.1]. After this, R. Hoobler proved that Br = Br′ for smooth

affine varieties over a field, [Hoo80]. Later, Ofer Gabber significantly improved Hoobler’s

result in his thesis. By a clever use of the K-theory of rings, Gabber proved Br = Br′ for

any affine scheme, and also for separated unions of two affine schemes, [Gab78, Chapter

II, Theorem 1]. Berkovich and Hoobler also established Br = Br′ for Abelian varieties in

char k = 0, [Ber72] and [Hoo72]. Using elementary transformations, Schroer proved that

all separated geometrically normal surfaces satisfy Br = Br′, [Sch01]. A striking progress

came in the 90s, when Gabber announced a proof of Br = Br′ for any scheme X admitting

an ample line bundle.

Unfortunately, Gabber’s proof is still unpublished. However, in the early 2000s, de Jong

found a proof using the theory of twisted sheaves, [dJ03]. This new perspective shifted the

research away from Azumaya algebras and towards vector bundles on stacks. A lot of these

ideas are present in the work of Edidin, Hassett, Kresch, and Vistoli in [EHKV01], where

they found an example of a non-separated singular surface such that Br and Br′ differ.

The work of [EHKV01] also makes explicit connections between the problem Br = Br′ and

determining whether a stack is a quotient stack.

Among stacks, quotient stacks have several good properties that make them interesting

objects of study. For example, it is a classical result that étale locally, Deligne-Mumford

stacks are quotient stacks [LMB00, Theorem 6.2]. Recently, Alper, Hall, and Rydh proved

that the same holds for algebraic stacks with affine linearly reductive stabilizers, [AHR20].

However, these results do not imply the property of being a global quotient stack. As

a consequence of Br = Br′ for quasi-projective schemes, Kresch and Vistoli showed that

every smooth, generically tame, separated Deligne-Mumford stack over a field is a quotient

stack, [KV04].

Later in 2002, Totaro showed that being a global quotient stack is deeply related to coherent

sheaves being quotients of vector bundles, this is known as the resolution property, [Tot04].

Several research studies have been done in this direction. For instance, Mathur showed

that finite type, normal algebraic stacks of dimension 2 over a field have the resolution

property, implying that they are quotient stacks, [Mat21] and [Mat18], he also established
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Br = Br′ for separated surfaces, improving the result of Schroer, [Mat22], for an application

of these methods to classical geometry, see [Mat23]. In addition, Bragg, Hall, and Mathur

showed that stacks that have a unipotent morphism to a stack which satisfies the resolution

property are quotient stacks, [BHM25]. Mathur and Schroer also show that under mild

hypotheses, the resolution property holds away from a closed subset of codimension ≥ 3,

[MS23].

The purpose of this thesis is to study the question Br(X) = Br′(X) when X is a torsor

under an abelian scheme. To do this, we follow the approach of [EHKV01] in relating the

question to gerbes being quotient stacks. A consequence of Br = Br′ for quasi-projective

schemes is that every µn-gerbe over a quasi-projective scheme is a quotient stack. And by

a clever argument, we can reduce the Br = Br′ problem for abelian torsors, to the problem

of A[n]-gerbes being quotient stacks. In particular, we can prove the following:

Theorem. Let S be a quasi-projective scheme over a field k, A an abelian scheme over S,

and X an A-torsor over S.

(i) If char k = 0, then Br(X) = Br′(X).

(ii) If char k = p > 0, the group A[p] is isotrivial, and S is reduced, then Br(X) = Br′(X).

(iii) If char k = p > 0, and A is an ordinary abelian scheme, then Br(X) = Br′(X).

We would like to remark that the Br = Br′ problem has been related to many other

problems, and it is still an important source of research. For example, Toen studied

the existence of derived Azumaya algebras, [Toe12]. More recently, de Jong, Lieblich,

and Shin have studied twisted sheaves of infinite rank, [dJLS23]. Schroer [Sch05], and

Huybrechts-Schroer [HS03] have studied the analog problem for complex analytic surfaces,

and Heinloth-Schroer [HS09] have studied representability by non-Azumaya algebras. Shin

has also studied the question for stacks [Shi21],[Shi23], and [Shi24]. The problem is still

wide open for smooth separated schemes, in particular, little is known for smooth algebraic

threefolds.



Notations and Conventions

• Given a morphism of schemes T → S, and an object X over S (for example a scheme,

a sheaf, or a cohomology class) we denote XT the pullback of the object to T . Some

other authors use X|T or X ×S T when X is a sheaf or a scheme.

• An action of a group G on a set X is always a left action. So G-torsors are always

assumed to be left G-torsors.

• G-torsors and stacks are considered to be defined in the big fppf site of a base scheme

S unless other things are specified.

• Given a morphism of schemes T → S, we denote by p1, p2 : T ×S T → T the first

and second projection. We also denote p12, p13, p23 : T ×S T ×S T → T ×S T the

corresponding projections.

• An fppf group scheme G over S, is a group such that its structure morphism to S is

faithfully flat and locally of finite presentation.

• When we say a quotient stack, we mean a stack of the form [X/G] where X is an

algebraic space and G is a subgroup scheme of GLn for some n.

• Given two sheaves F ,G over S, we denote by Hom(F ,G ) the sheaf that for any

T → S associates the set Hom(FT ,GT ).

• Given a stack F over S and two objects x, y ∈ F (S), we denote by IsomF (x, y) the

sheaf that for any T → S associates the group of isomorphisms between xT and yT .

Consequently, we denote AutF (x) the sheaf IsomF (x, x).

• The cohomology groups H i(S,−) are assumed to be fppf cohomology groups. Some

authors use H i
fppf(S,−) or H i(Sfppf,−).
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Chapter 1

Preliminaries

In this first chapter, we introduce preliminaries that will be necessary for the following

chapters. Although the theory presented here is not particularly complicated, we simply

provide references for the proofs. We begin by reviewing the basic theory of G-torsors,

then state results we will use from non-abelian cohomology theory, and finally go over the

basics of Brauer groups for schemes.

1.1 Torsors

Definition 1.1.1. [Vis07, Proposition 4.43] Let S be a scheme and G be a sheaf of groups

on S. A G-torsor over S is a sheaf X on S with a simply transitive G-action, such that

for every T , there exists a covering {Ui → T} with X(Ui) ̸= ∅. A morphism of G-torsors

is a morphism of sheaves that is G-equivariant.

Example 1.1.2. Let G be a group sheaf. Then G acts on itself by left multiplication. This

action is simply transitive, therefore, G is a G-torsor. It is called the trivial G-torsor.

Example 1.1.3. [Vis07, Example 4.45] Let G = Z/2 be the constant group scheme over

SpecR associated to the abstract group Z/2. Then G acts on SpecC by conjugation. With

this action SpecC is a G-torsor. Observe that SpecC is not isomorphic to Z/2 because

SpecC is connected.

If X,Y are two G-torsors, we denote by HomG
S (X,Y ) the sheaf such that to any U → S

9
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associates the set of GU -equivariant morphisms XU → YU , and IsomG
S (X,Y ), the sheaf

which associates the set of G-isomorphisms.

Proposition 1.1.4. [Gir71, Théorème 1.4.5] Let X and Y be G-torsors over S, the fol-

lowing propositions hold:

(i) There is a natural isomorphism X → HomG
S (G,X).

(ii) The natural inclusion IsomG
S (X,Y ) → HomG

S (X,Y ) is an isomorphism of sheaves

over S.

In particular, every morphism of G-torsors is an isomorphism, and a G-torsor X is trivial

if and only if X(S) ̸= ∅.

Definition 1.1.5. [Mil80, Page 134] Let S be a scheme and B a sheaf on S. A twisted

form of B is a sheaf T on S such that there exists a cover S′ → S with TS′ ≃ BS′.

Let TorsS(G) be the set of isomorphism classes of G-torsors over S and TwistS(B) be the

set of isomorphism classes of twisted forms of B.

Theorem 1.1.6. [Gir71, III Théorème 2.5.1] Let S be a scheme, B a sheaf on S and

G := AutS(B). There is a bijective correspondence between TorsS(G) and TwistS(B)

given by

TorsS(G) −→ TwistS(B)

P 7−→ (P ×S B)/G

(T → S)←− [ IsomS(B, T )

Recall that Gm is the group scheme that for any scheme T associates the group O×
T (T ).

Corollary 1.1.7. There is a functorial bijection between TorsS(Gm), invertible sheaves on

S and line bundles on S.

Recall that GLn is the group scheme which to any scheme T associates the group of

invertible matrices with coefficients in OT (T ). The following is a general version of the

previous corollary.

Corollary 1.1.8. There is a functorial bijection between GLn-torsors over S, locally free

sheaves of rank n on S and vector bundles of rank n in S.
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Definition 1.1.9. [Mil80, IV Proposition 2.1] Let X be a scheme. An OX-algebra A

(possibly non-commutative) is called an Azumaya algebra over X if it is of finite type as an

OX-module and there is an étale covering {Ui → X} such that for all i, there is an ri, for

which AUi ≃ Mri(OUi), the OUi-algebra of ri × ri matrices over OUi. The locally constant

function x 7→ r2i is the rank of A.

Example 1.1.10. If X = SpecR, then H the Hamilton quaternion algebra over R, is an

Azumaya algebra of rank 4. Indeed, one can check that there is an isomorphism H⊗R C ≃
M2(C).

Definition 1.1.11. [Mil80, Page 134] Let P → X be a morphism of schemes, we say that

P → X is a Brauer-Severi scheme of relative dimension n if there is a cover U → X and

an isomorphism PU ≃ PnU .

Example 1.1.12. If X = SpecR, then ProjR[x, y, z]/(x2+y2+z2)→ SpecR is a Brauer-

Severi scheme of relative dimension one. Indeed, after base change to SpecC, we note that

ProjC[x, y, z]/(x2 + y2 + z2) ≃ P1
C.

Define PGLn as the functor which associates to any scheme T the group Aut(Mn(OT )).

Corollary 1.1.13. There is a natural bijection between PGLn-torsors over S, Azumaya

algebras of rank n2 over S and Brauer-Severi schemes of relative dimension n− 1 over S.

1.2 Non Abelian cohomology

In this section, we introduce some of the basic theory of non-abelian cohomology developed

by J. Giraud in [Gir71] (see also [Deb17] for a shorter introduction to the subject). To

define H2(S,G) we need the notion of G-gerbes, in particular, we need the notion of stacks.

We will discuss stacks (and gerbes) in Chapter 2, so the reader who is not familiar with

these concepts can consult it before, as well as the references that appear there. We use

the notation H i
g for non-abelian cohomology as Milne does in [Mil80, Chapter 4, Theorem

2.5].

Definition 1.2.1. Let S be a scheme and G a group sheaf over S (possible non-commutative).

We define pointed sets H i(S,−) for i = 0, 1, 2 as follows;

(i) H0
g (S,G) is the group G(S) with marked point the identity section in the group G(S),

[Gir71, Section III.2.4.1].
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(ii) H1
g (S,G) is the pointed set TorsS(G) with marked point G, the trivial G-torsor,

[Gir71, Definition III.2.4.2].

(iii) H2
g (S,G) is the pointed set of G-gerbes over S with marked point BG, the trivial G-

gerbe (see 2.3.1 for the definition of G-gerbes when G is commutative; for the general

case, see [Gir71, IV.2.2]).

Definition 1.2.2. [Ols16, 12.1.7] Given a morphism of groups f : G → H and P a

G-torsor. We define an H-torsor, denoted by f∗P (be aware that this is not the usual

pushforward of sheaves) as follows; f∗P is the quotient of H ×S P by G where G acts by

g·(h, p) = (hf(g)−1, g·p). The action of H on f∗P is given on classes by h·(h′, p) = (hh′, p),

and makes f∗P into an H-torsor.

Proposition 1.2.3. [Gir71, III.2.4.2 and 2.4.2.1] Let S be a scheme and f : G → H a

morphism of groups over S. The induced morphisms of pointed sets G(S) → H(S) and

TorsS(G) → TorsS(H) (see 1.2.2) turn H0
g (S,−) and H1

g (S,−) into functors from the

category of group sheaves over S to pointed sets.

Remark 1.2.4. Given a morphism of groups f : G→ H over S, it is not always possible to

define an induced function H2
g (S,G)→ H2

g (S,H). In other words, the theory of H2
g (S,−)

of Giraud is not functorial. This was pointed out in [Gir71, Page 248]. However, if we

make further assumptions on f : G→ H, then it is possible to give a well-defined function

H2
g (S,G)→ H2

g (S,H) that is functorial. This holds, for instance; if G and H are commu-

tative groups [Ols16, Exercise 12.F], if f identifies G with a subgroup of the center of H,

or if f is an epimorphism [Gir71, Remarque 4.2.10].

Proposition 1.2.5. [Gir71, Proposition 4.2.8] Let S be a scheme and

0→ H
β−→ G

α−→ K → 0

an extension of groups over S, such that β identifies H with a subgroup of the center of G.

Then, There is an exact sequence of groups

0→ H0
g (H)→ H0

g (G)→ H0
g (K)→ H1

g (H)→ H1
g (G)→ H1

g (K)→ H2
g (H).

Proposition 1.2.6. Let S be a scheme and G a commutative group over S. There are

natural isomorphisms of pointed sets H i(S,G) ≃ H i
g(S,G). Moreover, the sequence of
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Proposition 1.2.5 agrees with the long exact sequence of the derived functors H i(S,−)
under these isomorphisms.

Proof. See [Sta25, Tag 03AG] or [Ols16, Section 12.1] for the case i = 1 and [Ols16, Section

12.2] for the case i = 2.

1.3 Brauer Groups

In this section, we review the basic theory of Brauer groups for schemes. Our main reference

is [Mil80, Chapter 4], but the reader can also consult Grothendieck’s lectures [Gro68a],

[Gro95] and [Gro68b]. It may also be helpful to review the basics of the theory of Brauer

groups for fields [CTS21, Chapter 1], [GS06, Chapter 1-4] or [Sta25, 073W].

Definition 1.3.1. [Mil80, Page 141] Two Azumaya algebras A,A′ over X (see Definition

1.1.9) are said to be Brauer equivalent, if there exist locally free OX-modules E and E′ of

finite rank such that

A⊗OX
EndOX

(E) ≃ A′ ⊗OX
EndOX

(E′).

This defines an equivalence relation on the set of Azumaya algebras over X, since End(E)⊗
End(E′) ≃ End(E ⊗ E′). It is clear that the tensor product of two Azumaya algebras is

again an Azumaya algebra, and moreover, this operation is compatible with the equivalence

relation. Therefore, we can give the following definition.

Definition 1.3.2. [Mil80, Page 141] Given a scheme X, the Azumaya-Brauer group of

X, denoted Br(X), is the set of Brauer equivalent classes of Azumaya algebras over X

(Definition 1.3.1). This set is a group under tensor product, with identity given by the

class of OX and inverse A−1 given by the opposite algebra of A.

Definition 1.3.3. Let X be a scheme, the cohomological Brauer group of X is the torsion

subgroup of H2(Xét,Gm), we denote it by Br′(X).

Theorem 1.3.4. [Gir71, V. 4.4]. There is a canonical injective morphism

Br(X)→ H2(Xét,Gm)

functorial on X. We refer to this morphism as the Brauer map.
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Remark 1.3.5. The morphism Br(X) → H2(Xét,Gm) of 1.3.4 can be described by using

non-abelian cohomology. Indeed, the Noether-Skolem Theorem [Mil80, Corollary 2.4] give

us a central extension

0→ Gm → GLn → PGLn → 0.

So given an Azumaya algebra A of rank n2, its image in H2(X,Gm) is the same as the

image of the associated PGLn-torsor (see 1.1.13) under the second boundary map in non

abelian cohomology

δn : H1(X,PGLn)→ H2(X,Gm).

Thus, many authors define Br(X) as
⋃
n Im(δn) ⊆ H2(X,Gm), [Mat22, Definition 7].

Corollary 1.3.6. [Mil80, Corollary 2.6] Let X be a quasi-compact scheme, then there is

a natural injective morphism Br(X)→ Br′(X).

In view of the previous Corollary, Grothendieck proposed the following problem.

Problem 1. Let X be a quasi-compact scheme. Is the Brauer map described in 1.3.4

surjective?

At this point, considerable research has been done in this problem (see the introduction

for a summary). A remarkable result in this direction is Gabber’s theorem, which is stated

below for the sake of completeness. For a detailed proof, see [dJ03]. In Chapter 3 we study

this question when X is an A-torsor, and A is an abelian scheme.

Theorem 1.3.7. (Gabber). Let X be a scheme with an ample line bundle, then Br(X)→
Br′(X) is surjective.



Chapter 2

Quotient stacks and Gerbes

The central object of this thesis are gerbes. Gerbes are a particular class of stacks, so in

this section, we introduce the language needed to define them. Throughout the chapter,

we present several definitions and prove some theorems concerning quotient stacks. To

make abstract notions more tangible, we include examples in every section. Stacks are

essential tools in Chapter 3, so we hope this section will be especially helpful for readers

unfamiliar with the theory, looking for a quick introduction. The chapter is primarily

based on Olsson’s book [Ols16] and sometimes we refer to [LMB00], we also encourage

the reader to consult [EHKV01] and [KV04], Sections 2, 3 and 4 essentially offer a more

detailed explanation of some of the theorems found in those works.

2.1 Algebraic Stacks

Stacks are technical objects and require a significant amount of preliminary material to

define them. Although we attempt to introduce most of the necessary background, a full

treatment of the theory would go far beyond the scope of this work.

Let C be a category, a category over C is a pair (F, p), where F is a category and p : F → C

is a functor.

Definition 2.1.1. Let (F, p) be a a category over C;

(i) A morphism ϕ : u→ v in F is called cartesian if for any other morphism ψ : w → v

15
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and a factorization

p(w)
h−→ p(u)

p(ϕ)−−→ p(v)

of p(ψ), there exists a unique morphism λ : w → u such that ϕ ◦λ = ψ and p(λ) = h.

If ϕ : u→ v is cartesian, then the object u is called a pullback of v along p(ϕ) [Ols16,

Definition 3.1.1].

(ii) We say that (F, p) is a category fibered in groupoids if; every morphism in F is

cartesian, and for every morphism φ : U → V in C, there exists at least one morphism

ϕ : x→ y such that p(ϕ) = φ, [Ols16, 3.4.1 and Exercise 3.D].

(iii) Given a category fibered in groupoids p : F → C and an object U ∈ C, we write F (U)

for the category whose objects are u ∈ F such that p(u) = U , and their morphisms

are f : u → u′ in F such that p(f) = idU . The category F (U) is a groupoid (i.e.

every morphism is an isomorphism), [Ols16, 3.4.1].

(iv) A morphism between categories fibered in groupoids is a functor φ : F → G such that

pF = pG ◦ φ, [Ols16, Definition 3.1.3 (ii)].

Example 2.1.2. [Ols16, Example 4.4.13] Let Sch be the category of schemes and let Mg,

g ≥ 2, be the category whose objects are pairs (S,X → S) where X,S are schemes, and

X → S is a proper, flat, finitely presented morphism such that all its geometric fibers are

smooth curves of genus g. A morphism (S,X)→ (S′, X ′) in Mg is the data of a morphism

of schemes f : S → S′, and a morphism of schemes g : X → X ′ over S′, such that the

induced morphism X → X ′ ×S′ S is an isomorphism.

Let p : Mg → Sch be the functor given by p(S,X → S) = S and p(f, g) = f , then Mg

is a category fibered in groupoids over Sch. Indeed, letting S → T be a morphism and

X ∈Mg(T ), then X×T S → S is a proper, flat, finitely presented morphism, because these

properties are preserved by base change, the geometric fibers of X ×T S are the same as

X → T , then X×T S → X is a morphism above S → T , and it is cartesian by the universal

property of fibered products.

Example 2.1.3. [LMB00, Exemple 3.4.1] Let F : Cop → Sets be a functor. Let F be

the category whose objects are pairs (U, x) such that U ∈ C and x ∈ F (U), a morphism

between f : (U, x) → (V, y) is a morphism f : U → V in C such that F (f)(y) = x. Let

p : F → C be the projection, then F is a category fibered in groupoids over C. Indeed, let

f : U → V be a morphism in C and x ∈ F (V ), then we have a map f : (U, y) → (V, x)



2.1. ALGEBRAIC STACKS 17

in F if and only if y = F (f)(x) and this morphism is always cartesian. To see this, let

g : (W, z) → (V, x) be a morphism in F and h : W → U a morphism in C such that

f ◦ h = g. Observe that z = F (g)(x), and F (g) = F (h) ◦ F (f), thus z = F (f ◦ h)(x), so
we have a morphism h : (W, z) → (V, y) that is uniquely determined by F (f ◦ h)(x). This

construction allows us to embed the category of presheaves over C in the (2-)category of

categories fibered in groupoids.

In order to define stacks, we first need to introduce the concept of descent for a category

over a site [Ols16, Section 4.2].

Let C be a category with finite fiber products, and let p : F → C be a fibered category

in groupoids. Choose for each morphism f : X → Y in C compatible pull back functors;

roughly speaking for every η ∈ F (X) choose a pull back f∗η ∈ F (Y ), then there is a unique

way of pulling back morphisms, so this defines functors;

f∗ : F (Y )→ F (X)

(the fact that you can choose the functors f∗ in a compatible way, follows from the existence

of cleavages, see [Vis07, Definition 3.9] for details). Now if {Xi → Y }i∈I is a set of

morphisms in C, define F ({Xi → Y }) to be the category whose objects are collections of

data ({Ei}i∈I , {σij}i,j∈I), where Ei ∈ F (Xi) and for each i, j ∈ I,

σij : p
∗
1Ei → p∗2Ej ,

is an isomorphism in F (Xi ×Y Xj), such that for any three indices i, j, k ∈ I the following

diagram in F (Xi ×Y Xj ×Y Xk) commutes:

p∗12p
∗
1Ei p∗12p

∗
2Ej p∗23p

∗
1Ej

p∗13p
∗
1Ei p∗13p

∗
2Ek p∗23p

∗
2Ek

p∗12σij

≃

≃

p∗23σjk

p∗13σik ≃

We refer to the set of isomorphisms {σij} as descent data on the objects {Ei}. There is

also a natural functor

ϵ : F (Y )→ F ({Xi → Y })
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which sends E to the collection ({f∗i E}, {σ
ij
can} where σcan is the canonical isomorphism of

p∗1f
∗
i E with p∗2f

∗
j E.

We say that a collection of morphisms {Xi → Y } satisfies effective descent if ϵ is an

equivalence of categories.

We are primarily interested in the case where C is the category Sch/S of schemes over S

equipped with a Grothendieck topology such as the Zariski, étale, fppf or fpqc topology.

There are several well-known examples of effective descent; see [GW20, Appendix C].

Example 2.1.4. [Har77, Exercise 1.22] Let X be a scheme and Op(X) be the category

of open sets of X, let F be the category of pairs (U,F ) where U is an open set of X and

F is a sheaf on U , a morphism on F between (V,G ) and (U,F ) is an inclusion V → U

(if it exists) together with an isomorphism σ : FV → G . Then any set of morphisms

{fi : Vi → U} such that the {Vi} form a cover of U satisfies effective descent, this is just

the property of gluing sheaves.

Finally, we give the definition of stacks.

Definition 2.1.5. [Ols16, Definition 4.6.1] Let C be a site and (F, p) be a category fibered

in groupoids over C. We say that F is a stack over C, if for every object X ∈ C and every

covering {Xi → X}, the functor

F (X)→ F ({Xi → X})

is an equivalence of categories.

An important property of the category of stacks is the existence of finite fiber products. We

present the construction below as an illustrative example. For a more detailed discussion

of fiber products of stacks the reader may consult [Ols16, 3.4.9].

Example 2.1.6. Let p : F → H, q : G → H be morphisms of stacks over some category

C. We define the fiber product F ×H G as follows: the objects of F ×H G are triples

(f, g, ϕ) where f ∈ F , g ∈ G, and ϕ : p(f) → q(g) is an isomorphism in H. A morphism

between two objects (f, g, ϕ) and (f ′, g′, ϕ′) is a pair (ψ, θ) where ψ : f → f ′, θ : g → g′ are
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morphisms in F,G respectively making the following diagram commute

p(f) p(f ′)

q(g) q(g′).

p(ψ)

ϕ ϕ′

q(θ)

One can check that the groupoids (F ×H G)(U) are equivalent to the fiber product of

groupoids F (U) ×H(U) G(U), therefore, it is a stack. Moreover, F ×H G fits into a 2-

commutative diagram

F ×H G G

F H.

which satisfies the universal property of fibered products up to 2-commutativity.

Remark 2.1.7. When we say 2-commutative we mean that two functors may not be equal,

however, they are isomorphic as functors. When dealing with diagrams involving stacks,

the diagram is often 2-commutative rather than commutative. However, we typically use

the terms commutative and 2-commutative interchangeably.

Example 2.1.8. [LMB00, Exemple 3.4.1] Recall from Example 2.1.3, that a presheaf F

defines a category fibered in groupoids F . If F is a sheaf, then F is a stack (actually

if and only if, see Lemma 2.1.9). This follows because the gluing condition on the sheaf

ensures that F (T )→ F ({Ti → T}) is essentially surjective, and fully faithfulness follows

from the definition of F , where the only morphisms are the identity. As we can see, stacks

compared to sheaves, carry the data of the automorphisms of their objects. However, there

are stacks where the only automorphism are the identities, such as the stack associated to

a sheaf. The next lemma shows that in fact, this is the only example.

Lemma 2.1.9. [LMB00, Proposition 2.4.1.1] Let F be a stack over a scheme S, then the

following conditions are equivalent.

(i) F is isomorphic to a sheaf.

(ii) For all schemes T → S, the fiber F (T ) is equivalent to a set.

(iii) ∆F/S : F → F ×S F is a monomorphism.
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Proof. (i)⇔ (ii). From left to right follows from the definition of the stack associated to a

sheaf. Conversely, let G : (Sch/S)op → Sets be the functor that associates T → S, the set

F (T ), and for f : T → T ′ choose a pullback f∗ : F (T ′)→ F (T ). Since F (T ) is equivalent

to a set, the pullbacks are unique. Hence, F defines a presheaf, that is in fact a sheaf due

to the stack condition. The sheaf G is clearly isomorphic to F .

(ii)⇔ (iii). It suffices to prove that for all schemes T , the functor ∆ : F (T )→ F (T )×F (T )
is fully faithful. It is clearly faithful. Let a, b ∈ F (T ), a morphism in F (T )×F (T ) between
(a, a) and (b, b) is the data of two isomorphisms f1 : a→ b and f2 : a→ b, we need to show

that f1 = f2. Observe that f1 ◦ f−1
2 = idb because F (T ) is discrete. Thus, we conclude

that f1 = f2. Conversely, if ∆F/S is a monomorphism, take x ∈ F (T ), we have a cartesian

diagram (see Lemma 2.2.4)

AutFT
(x) T

F F ×S F.

(x,x)

Hence AutFT
(x)→ T is a monomorphism, thus AutFT

(x) is trivial.

Now we define what it means for a morphism of stacks to be representable. It is convenient

to deal with algebraic spaces, though we do not define them here. The reader may consult

[Ols16, Chapter 5] or [LMB00, Chapitre 1].

Definition 2.1.10. [LMB00, Definition 3.9] A morphism of stacks F ′ → F is representable

if for any morphism from a scheme B → F the fiber product B ×F F ′ is represented by an

algebraic space. The morphism is schematic if B ×F F ′ is represented by a scheme.

Definition 2.1.11. [LMB00, 3.10] Let S be a scheme and P (f) be a property of morphisms

of algebraic spaces f : X → Y over S that is stable under base change, and local for the

étale topology in Y . A representable morphism φ : F ′ → F has property P (φ) if; for all

morphisms from a scheme B → F , the induced morphism φF ′ : BF ′ → B has property

P (φF ′).

See [LMB00, 3.10] or [Sta25, Tag02KN] for examples of properties local in the étale topol-

ogy.
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The following definitions of algebraic stacks and Deligne-Mumford stacks are [Ols16, Def-

initions 8.1.4 and 8.3.1]. See [LMB00, Definition 4.1] and [Alp25, Definitions 3.1.4, 3.1.6]

for a different approach.

Definition 2.1.12. A stack F over Sch/S is an algebraic stack if;

(i) The diagonal morphism F → F ×S F sending a 7→ (a, a, idp(a)), is representable.

(ii) There exists a smooth surjective morphism X → F from a scheme.

Definition 2.1.13. A stack F over Sch/S is Deligne-Mumford if;

(i) The diagonal morphism F → F ×S F sending a 7→ (a, a, idp(a)), is representable.

(ii) There exists an étale surjective morphism X → F from a scheme.

Example 2.1.14. The most basic example of algebraic stacks are algebraic spaces, such

as schemes. In fact, they are Deligne-Mumford stacks. If we consider Mg as in Example

2.1.2, then Mg is a Deligne-Mumford stack. This was first proved by Deligne and Mumford

in [DM69, Proposition 5.1], and it is because of this that stacks with étale covers receive

that name.

Definition 2.1.15. [LMB00, 4.7] Let S be a scheme and P (X) a property of algebraic

spaces over S that is local for the smooth topology on X (i.e. for any smooth surjective

morphism X ′ → X, X has property P if and only if X ′ has it). An algebraic stack F over

S has property P (F ) if there exists a smooth surjective morphism X → F such that X

satisfies P (X).

See [LMB00, 4.7] or [Sta25, Tag04YH] for properties local in the smooth topology.

Remark 2.1.16. Although we do not discuss the 2-Yoneda lemma in this thesis, it is helpful

to keep it in mind; the reader may consult [Ols16, Section 3.2]. Two important conse-

quences are; first, a morphism from a scheme to a stack, X → F , corresponds to an object

in the category F (X). Second, given morphisms f, g : X → F corresponding to x ∈ F (X)

and x′ ∈ F (X) respectively, then, an isomorphism of the functors f → g corresponds to an

isomorphism x′ → x in F (X). More generally, given a pair of morphisms x : X → F and

y : Y → F corresponding to objects (that we denote by the same letter) x ∈ F (X) and

y ∈ F (Y ). Then a pair (f, g), where f : X → Y is a morphism of schemes and g : x→ y ◦f
is an isomorphism of functors, corresponds to a choice of pullback f∗y ∈ F (X) and an
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isomorphism g : f∗y → x in F (X).

2.2 Quotient Stacks

In this section, we present the definition of quotient stacks, prove some of their properties,

and provide some examples. Quotient stacks are among the main objects of study in

this thesis. Among stacks, quotient stacks are particularly well-behaved, because their

geometry corresponds to the equivariant geometry of a scheme or algebraic space.

Definition 2.2.1. [Ols16, Example 8.1.12] Let S be a scheme, G a group scheme over S,

and X a scheme (or an algebraic space) over S with an action of G. Let [X/G] be the

stack over S whose objects are triples (T, P, π) such that

(i) T is a scheme over S.

(ii) P is a GT -torsor.

(iii) π : P → XT is a GT -equivariant morphism.

A morphism (T, P, π) → (T ′, P ′, π′) is a pair (f, g) where f : T → T ′ is a morphism over

S and g : P → P ′
T is an isomorphism of GT -torsors such that the diagram

P P ′
T

XT .

g

π f∗π′

commutes. When X = S and the action of G on S is trivial, the stack [S/G] is called

the classifying stack of G, and denoted BG, or BSG if we want to emphasize that we are

working over S.

Remark 2.2.2. Clearly [X/G] is a category fibered in groupoids, since over T , the data of

a morphism is (id, g), where g is an isomorphism. Descent for sheaves and morphism of

sheaves (see [Ols16, 4.2.11]) implies that [X/G] is a stack. We will show below that if G is

smooth over S, then [X/G] is an algebraic stack.

Lemma 2.2.3. [Alp25, Exercise 2.4.38] Let F be a stack over S. Let X,Y be two schemes

over S and f : X → F , g : Y → F be two morphism of stacks. There is a cartesian
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diagram

X ×F Y X ×S Y

F F ×S F.

f×g

∆

Proof. Given U a scheme over S, we have that (X ×F Y )(U) is the category whose objects

are triples (x : U → X, y : U → Y, ϕ : f(x) → g(y)). A morphism between (x, y, ϕ)

and (x′, y′, ϕ′) is a pair (p : U → U, q : U → U), such that x′ ◦ p = x, y′ ◦ q = y and

g(q) ◦ ϕ = ϕ′ ◦ f(p).

On the other hand, objects of ((X ×S Y ) ×F×SF F )(U) are triples ((x : U → X, y : U →
Y ), u, ϕ : (u, u) → (f(x), g(y))). A morphism between ((x, y), u, ϕ) → ((x′, y′), u′, ϕ′) is

a pair ((p : U → U, q : U → U), h), such that x′ ◦ p = x, y′ ◦ q = y, h : u → u′ and

(f(p)× g(q)) ◦ ϕ′ = ϕ ◦ (h× h).

It follows that the morphism given by sending (x, y, ϕ) 7→ ((x, y), f(x), id×ϕ) and (p, q) 7→
((p, q), f(p)) is an equivalence of categories.

Lemma 2.2.4. [Alp25, 2.4.39] Let F be a stack over S, T a scheme over S, and x, y ∈
F (T ). Consider the induced morphism (x, y) : T → F ×S F given by Yoneda’s lemma.

Then, the following diagram

IsomFT
(x, y) T

F F ×S F.

(x,y)

∆

is cartesian.

Proof. The proof is similar to Lemma 2.2.3.

Theorem 2.2.5. [Ols16, Example 8.1.12] Let G be a smooth group over S, then [X/G] is

an algebraic stack.

Proof. First, we show that the morphism X → [X/G] (induced by the trivial torsor GX

and the equivariant morphism σ : GX → X given by the action) is smooth and surjective.
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From the definition of fiber products and the properties of torsors, one can check that for

all schemes T over S and every object (P, ϕ) ∈ [X/G](T ); there is a cartesian diagram

P X

T [X/G],

πX◦ϕ

(P,ϕ)

where πX is the projection X ×S T → X. Since G-torsors are locally of the form G→ S,

and this is a smooth surjective morphism, we see that X → [X/G] is also smooth and

surjective.

To see that the diagonal is representable, we need to check that given two objects p1 =

(P, π), p2 = (P ′, π′) of [X/G](T ) the sheaf I = IsomFT
(p1, p2) is representable by an alge-

braic space. It suffices to do this locally so we can assume that P = P ′ = GT . In this case,

for any T ′ → T the sheaf I associates the set of elements g ∈ G(T ′) such that the diagram

GT ′ GT ′

XT .

g

π π′

commutes. Since this is a diagram of G-equivariant morphisms, its commutativity is equiv-

alent to the condition π(e) = π′(g). Thus, I is identified with the fiber product

I GT

XT XT ×T XT .

π(e)×π′

∆

It follows that I is representable. In conclusion [X/G] is an algebraic stack.

Remark 2.2.6. In the previous proof, we use the smoothness ofG to show that the morphism

X → [X/G] is a smooth cover. However, by [LMB00, Théorème 10.1], it suffices to require

G→ S faithfully flat and locally of finite presentation.

Example 2.2.7. Consider X = A1
C and the group scheme G = Z/2 over SpecC, G acts

on A1 via composition with the automorphism that sends x 7→ −x. We study the C-points
of [X/G]. A C-point is a G-torsor T → SpecC and a G-equivariant map T → A1, since
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the only G-torsor over SpecC up to isomorphism is G, a C-point of [X/G] is just a G-

equivariant map G → A1, this is the same as the orbits of the points X(C) under the

action, so G→ A1 is given by choosing the points (and the order) (c,−c) if c ̸= 0, or {0}
otherwise. The automorphism group of a C-point x consists of the morphisms of G-torsors

g : G→ G making the following diagram

Z/2 Z/2

A1

g

(c,−c) (c,−c)

commute. Then, if c ̸= 0, we see that Aut((c,−c)) is trivial. If c = 0, then Aut(x) = G, this

corresponds to the fact that 0 is the only C-point of A1 which has no non-trivial stabilizer.

Therefore, [A1
C/Z/2](C) has the same objects as A1

C(C), where we identify c ∈ A1
C(C) with

(c,−c). Observe that even when (c,−c) and (−c, c) are different C-points (c ̸= 0), there

is an isomorphism between them in [A1
C/Z/2](C) (in fact, if and only if). Therefore, the

category [A1
C/Z/2](C) recovers the points A1

C(C), but also the orbits and stabilizers of the

action.

Example 2.2.8. The stack Mg (Example 2.1.14) of curves of genus g ≥ 2 is of the form

[Hg/GL5g−5] where Hg is a scheme (see the references below for a construction of Hg);

this is how Deligne and Mumford prove the algebraicity of Mg [DM69, Proposition 5.1]

(see also [Ols16, 8.4.3]). Moreover, the stack M0 of smooth curves of genus 0 is the stack

BPGL2, [Ols16, Remark 8.4.15], and the stack M1 can be identified with the stack BE ,

where E is the universal elliptic curve over M1,1, though we do not go into the details of

this construction.

Definition 2.2.9. [EHKV01, Definition 2.9] Let S be a scheme and F a stack over S.

We say that F is a quotient stack if F ≃ [X/G] where X is an algebraic space over S and

G is a subgroup scheme of GLn,S for some n.

Remark 2.2.10. Given a scheme S, a group G over S and an S-scheme X with an action

of G. The morphism X → S being a G-torsor is stable under base change and a local

property for the étale topology on S [Alp25, Exercise 6.2.16]. Thus, we can speak of a

morphism of stacks F → H with a GH action on F being a G-torsor (see 2.1.11).

The following lemma tells us that stacks admitting a representable morphism to a quotient
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stack are also quotient stacks.

Lemma 2.2.11. [Alp25, Definition 6.1.15] Let F be an algebraic stack over a scheme S

and G a fppf group scheme over S, the following are equivalent:

(i) F ≃ [X/G] where X is an algebraic space over S.

(ii) There is a G-torsor U → F where U is an algebraic space over S.

(iii) There is a representable morphism F → BG.

Proof. (i) ⇒ (iii) . Since the structure morphism X → S is G-equivariant, by taking

quotients we get a commutative diagram

X S

[X/G] BG.

We claim that the morphism [X/G] → BG is representable. For this we prove that the

above diagram is cartesian. Indeed, if R is the fiber product of the diagram, then we get

a morphism X → R. Since S → BG is a G-torsor, the morphism R→ [X/G] is also a G-

torsor. One can check that the morphism X → R is a morphism of G-torsors, in particular

it is an isomorphism. Now, if T → BG is any morphism, by base changing the diagram

along T → S, we see that [X/G]×BG T ≃ XT , this is an algebraic space so [X/G]→ BG

is representable. (iii)⇒ (ii). The morphism S → BG given by the trivial torsor G over S

is a G-torsor (see Theorem 2.2.5). Therefore, S ×BG F → F is also a G-torsor, moreover

S ×BG F is an algebraic space since F → BG is representable.

(ii) ⇒ (i). If U → F is a G-torsor, then F ≃ [U/G] since F is a categorical quotient for

the action of G on U .

Lemma 2.2.12. [Alp25, Exercise 3.4.19] Let S be a scheme, X an algebraic space over

S, and H → G an immersion of groups over S such that H acts on X, then;

(i) H acts freely on G ×S X via h · (g, x) = (gh−1, h · x), and we denote G ×H X the

algebraic space (G ×S X)/H (be careful with the notation used in 1.2.2, we reserve

the notation f∗ when X is a torsor).
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(ii) G acts on G×H X via g · (g′, x) = (gg′, x).

(iii) There is an isomorphism between [X/H] and [(G×H X)/G].

Proof. (i) H acts freely on G because it is a subgroup, since the action on G ×S X is

the diagonal action, H also acts freely on G×S X.

(ii) G acts on G ×S X by left multiplication on the left factor, this action respects the

action of H. Therefore, it descends to an action on G×H X.

(iii) It is enough to show that the following diagram

G×S X X

G×H X [X/H].

is cartesian. Since if this were true, then the morphism G ×H X → [X/H] is a

G-torsor. Hence, [(G×H X)/G] ≃ [X/H].

Now, let X ′ := (G×H X)×[X/H] X, the diagram above is commutative so there is a

morphism G×S X → X ′ of G-torsors, therefore X ′ and G×S X are isomorphic.

By the above lemma, given a quotient stack F = [X/G], we can always find an algebraic

space Z such that F ≃ [Z/GLn].

Remark 2.2.13. Before continuing, we need to define the notions of relative Spec and rela-

tive Proj associated to a quasi-coherent sheaf on a stack. We prefer to skip the definition

of quasi-coherent sheaves on a stack, the reader may consult [Ols16, Chapter 9], [LMB00,

Chapitre 13] and [Sta25, Tag06TF]. What is important to us is that given a quasi-coherent

sheaf A on a stack F and a morphism from a scheme t : T → F , there is a well defined

pull-back t∗A that is a quasi-coherent sheaf over T . Furthermore, given two morphisms

t1, t2 : T → F , and an isomorphism of functors f : t1 → t2, there is a well-defined morphism

t∗1A→ t∗2A.

Definition 2.2.14. [Ols16, 10.2.1] Let F be an algebraic stack over S, and let A be a

quasi-coherent sheaf of algebras on F . Define the stack Spec
F
(A) as follows. The objects
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of Spec
F
(A) are triples (T, x, π) where T is a scheme over S, x ∈ F (T ) is an object

(corresponding to a morphism x : T → F , see 2.1.16), and π : x∗A → OT is a morphism

of OT -algebras. A morphism (T, x, π) → (T ′, x′, π′) is a pair (f, g) where f : T → T ′ is a

morphism of schemes over S and g : x → f∗x′ is a morphism in F (T ) (corresponding to

a natural isomorphism of functors between f∗x′ and x, see 2.1.16) such that the following

diagram commutes

x∗A (f∗x′)∗A

OT .

g

π

f∗π′

If A is a locally free sheaf of finite rank in F , we denote by V(A) the stack Spec
F
(A) and

call it the vector bundle associated with A.

Definition 2.2.15. [Ols16, 10.2.5] Let F be an algebraic stack over S, let A =
⊕

d≥0Ad

be a quasi-coherent sheaf of graded algebras on F . Define the stack Proj
F
(A) as follows.

The objects of Proj
F
(A) are triples (T, x, π), where T is a scheme over S, x ∈ F (T ) is an

object (corresponding to a morphism x : T → F , see 2.1.16) and π : T → Proj T (x
∗A) is a

section of the scheme Proj T (x
∗A)→ T . A morphism (T, x, π)→ (T ′, x′, π′) is a pair (f, g),

where f : T → T ′ is a morphism of schemes over S and g : x → f∗x′ is a morphism in

F (T ) (corresponding to a natural isomorphism of functors between x and f∗x′, see 2.1.16)

such that the following diagram commutes

T T

Proj T (x
∗A) Proj T ′((f∗x′)∗A).

id

π f∗π′

g

Given a quasi-coherent sheaf E on F we define PF (E) as the stack Proj
F
(SymE∨).

Both constructions define algebraic stacks over F . For proofs of Spec and Proj being

algebraic stacks and further properties, see [Ols16, Section 10.2], or [LMB00, Chapter 14].

Remark 2.2.16. Given a morphism of stacks π : E → F and a T -point x ∈ F (T ) (corre-

sponding to a morphism T → F , see 2.1.16) the stabilizer group G = AutF (x) of x acts

on the fiber ET → T by pulling back the action on x, we illustrate this in the following
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diagram

ET

ET E

T

T F.

π∗g

π

x
g

x

In the next two theorems we make use of these actions to deduce properties of quotient

stacks.

Theorem 2.2.17. [EHKV01, Lemma 2.12] Let F be an algebraic stack of finite type over

a Noetherian scheme S. The following are equivalent:

(i) F is a quotient stack.

(ii) There exists a vector bundle V → F such that at every geometric point, the stabilizer

action on the fiber is faithful.

(iii) There exists a vector bundle V → F and a locally closed substack V 0 ⊆ V such that

V 0 is representable and V 0 surjects onto F .

Proof. (i)⇒ (iii). Suppose that F ≃ [X/GLn]. Consider the representation of GLn given

by the inclusion GLn ⊆ An2
=Mn. Then GLn acts linearly on An2

and freely on the open

subset GLn. Consider the diagonal action of GLn on X ×S GLn and X ×S An
2
. Then, the

maps X×SGLn → X×SAn
2 → X are GLn-equivariant, and we can consider the following

diagram where the squares are cartesian

X ×S GLn X ×S An2

[X ×S GLn/GLn] [X ×S An2
/GLn] X ×S An2

[X/GLn] X.



30 CHAPTER 2. QUOTIENT STACKS AND GERBES

Thus we see that [X ×S An2
/GLn] → [X/GLn] is a vector bundle and the morphism

[X ×S GLn/GLn] → [X ×S An2
/GLn] is an immersion. Moreover, [X × GLn/GLn] is an

algebraic space because the action is free, and it surjects onto F . Hence [X ×S An2
/GLn]

is the desired vector bundle.

(iii) ⇒ (ii). Let x : Spec k → F be a geometric point of F . We are going to prove that

V has the desired property. Observe that V 0 ∩ Vx ̸= ∅ because V 0 → F is surjective. We

want to prove that the kernel of Aut(x) → Aut(Vx) is trivial. If this were not the case,

and there is some g ∈ ker(Aut(x)→ Aut(Vx)), then g must be in Aut(v), for all v ∈ Vx, in
particular for v ∈ V 0∩Vx. However, V 0 is representable, therefore it has trivial stabilizers,

so the action must be faithful.

(ii) ⇒ (i). Let P = IsomF (AnF , V ) be the stack over F classifying isomorphisms between

AnF and V . Since V is a vector bundle, P is an algebraic stack. Let x : Spec k → F be a

geometric point of F , φ : Anx → Vx an isomorphism, and let g be an automorphism of φ.

Then g is the data of an automorphism Gx := AutF (x) which preserves the isomorphism

φ. We can summarize this information in the following commutative diagram:

AnF

Vk Vk V

Spec k F.

φ
φ

g

x

Since φ is an isomorphism , we can see that g must fix all fibers Vx. As Gx acts faithfully

on fibers g must be the identity. Therefore, P has trivial stabilizers, hence P is an algebraic

space (Lemma 2.1.9). Moreover, P is a GLn-torsor, as a consequence F ≃ [P/GLn].

Definition 2.2.18. [EHKV01, Page 6] A morphism of algebraic stacks f : E → F is said

to be projective if it factors, up to isomorphism, as a closed immersion followed by the

projection E → PF (E )→ F , where E is a finite-type, quasi-coherent sheaf on F .

We saw in Lemma 2.2.11 that a stack admitting a representable morphism to a quotient

stack, is itself a quotient stack. The following lemma may be viewed as a converse.

Theorem 2.2.19. [EHKV01, Lemma 2.13] Let π : E → F be a flat projective map of
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stacks (of finite type over a Noetherian base scheme S) which is surjective. If E is a

quotient stack, then so is F .

Proof. Since E is a quotient stack, by Theorem 2.2.17, there is a locally free sheaf E on E

such that for every geometric point x of E, the stabilizer action of Gx := AutE(x) on the

fibers is faithful. Because π is projective, we can find a relatively very ample line bundle

O(1) on E. Denote L (k) := L ⊗ O(k). By Serre’s theorem on projective morphisms

([GD61, Theorem 2.2.1]), we can find some k such that Riπ∗E (k) = 0 for i > 0 and

π∗π∗E → E is surjective (it suffices to check this conditions after a smooth cover of F , so

we are reduced to the case of schemes). Moreover, we can assume that these conditions

hold after arbitrary base change. Therefore, by cohomology and base change (see, [Har77,

Theorem 12.11]) π∗E (k) is a locally free sheaf on F .

Now we would like to prove that π∗E (k) has the property that the geometric stabilizers of

F act faithfully on the fibers. In order to do this, we will need that the geometric stabilizers

of E act faithfully on E (k). However, this may not be the case, so to solve this we may

replace E by E ⊕ OE . Indeed, if the actions of Gx on E and O(1) cancel each other in

E (k), then we can just add an O(k) so that the action is still faithful. We explain this in

detail below.

Let BGx → E be the residual gerbe at a geometric point x (see 2.3), and call V,W the

Gx-vector spaces associated with the restriction of E and O(k) on the fiber respectively

(here we are using that the category of quasi-coherent sheaves on BG is equivalent to

the category of G-vector spaces, [Ols16, Exercise 9.H]). The Gx-vector space W is one

dimensional, so let w be a generator, and suppose that the action of Gx on V ⊗W is not

faithful. Then, there is a g such that;

g · (v ⊗ w) = (ψg(v)⊗ g · w) = (ψg(v)⊗ λgw) = v ⊗ w

for all v ∈ V, w ∈W , and λg ∈ k(x). Rearranging, we get

(λgψg(v)− v)⊗ w = 0

so λg ◦ψg = idV . If this is the case, let L be the Gx-vector space associated to the fiber of
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OE . Now, the action on (E ⊕ OE)(k) looks like

g · (v ⊗ w, t⊗ w) = (v ⊗ w, g · t⊗ g · w) = (v ⊗ w, t⊗ λgw).

If every element is fixed, then λg = 1, but ψg = λ−1
g and ψg acts faithful on E , so this is a

contradiction. As a result, either the action on E (k)x or on (E
⊕

OE)(k)x must be faithful

for all geometric points SpecL→ E.

So far what we have is the following; we can suppose that there is a vector bundle E on E

such that π∗E is locally free on F , the geometric stabilizer action of E on E is faithful and

the canonical morphism π∗π∗E → E is surjective. Furthermore, this properties hold over

all the fibers. Now we show that the action of geometric stabilizers on π∗E is faithful. Let

Spec k
x−→ F be a geometric point, let Hx be the sheaf of automorphism of x and consider

the following diagram

V(Ex) V(E )

Ex E

Spec k Fx

The action of Hx on V(Ex) is faithful since it factors through the action of Hx on Ex but

we already know that the action of any geometric point of SpecL → Ex is faithful. Since

we have a surjective morphism π∗π∗Ex → Ex and Hx acts faithful on Ex, the same holds

for π∗π∗Ex. However, the action of Hx on π∗π∗Ex is induced by the action of Hx on π∗Ex.

Therefore, the action of Hx on π∗Ex is also faithful, hence Theorem 2.2.17 implies that F

is a quotient stack.

2.3 Gerbes

Throughout this section, we present a second class of stacks called gerbes. More precisely,

we focus on G-gerbes, where G is a commutative group scheme. There are several ap-

proaches to the theory of gerbes. Gerbes are ubiquitous objects in algebraic geometry and

appear naturally in the theory of moduli. For instance, they measure the obstructions
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of certain natural geometric constructions (e.g., see [JLM24, Cor. 3.24, Prop. 3.26] for

examples relating to cyclic cover, and also [BBGN07] relating to universal families). In

this section, we follow the treatment as in [Ols16, Chapter 12]. This approach has the

advantage of offering a simple and workable definition, although it requires us to restrict to

commutative group schemes G. For other approaches, see [EHKV01, Section 3], or [Gir71,

Section III.3].

Definition 2.3.1. [Ols16, Definition 12.2.2] Let S be a scheme and G a commutative

group over S. A G-gerbe over S is a stack F together with an isomorphism of sheaves of

groups

ix : GT → AutF (x)

for every object x ∈ F (T ) and every scheme T → S, such that the following conditions

hold:

(i) For any scheme T → S there exists a covering {Ti → T} such that F (Ti) is nonempty

for every i.

(ii) For any two objects x, x′ ∈ F (T ) there exists a cover {πi : Ti → T} such that π∗i x

and π∗i x
′ are isomorphic in F (Ti) for every i.

(iii) For every isomorphism σ : x→ x′ in F (T ) the following diagram commutes

GT

Aut(x) Aut(x′)

ix ix′

σ

A morphism of G-gerbes (F, i)→ (H, j) is a morphism of stacks f : F → H such that for

every object x ∈ F the diagram

G

Aut(x) Aut(f(x))

ix jf(x)

f∗

commutes.

Example 2.3.2. The classifying stack BG is a G-gerbe, called the trivial gerbe (below we
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are going to see that every gerbe is locally of this form). Let us see that BG satisfies all

the required conditions for being a G-gerbe. Given a G-torsor P → S ∈ BG(S) the group

Aut(P/S) is also a G-torsor under the action of G over P (here we are using that G is

commutative), thus Aut(P/S) ≃ G. Given any scheme T → S there exists the trivial torsor

GT → T , thus BG(T ) ̸= ∅, this shows that BG satisfies the first condition. The second

condition follows from the fact that every G-torsor is locally isomorphic to G. Finally given

two torsors P → T and Q → T and a G-equivariant isomorphism f : P → Q we need to

check the commutativity of the diagram

GT

Aut(P ) Aut(Q).

iP iQ

f

From left to right the composition is f(g · (f−1(−))) : Q→ Q, since f is G-equivariant, we

have f(g · (f−1(−))) = g · f(f−1(−)) = g · (−), so the last condition is verified.

Remark 2.3.3. The first two conditions in the definition of gerbes, as well as the commu-

tativity of G, imply that for every two objects x, x′ ∈ F (T ), the sheaf IsomF (x, x
′) is a

G-torsor, under the action given by the isomorphism ix and the natural action of AutF (x).

Indeed, Aut(x) acts simply transitively on IsomF (x, x
′) via composition, and for some cover

{Ti → T}, the sets IsomF (Ti)(x, x
′) are non-empty for all i.

Lemma 2.3.4. [Ols16, Lemma 12.2.4] Any morphism of G-gerbes is an isomorphism.

Proof. Let φ : F → F ′ be a morphism of G-gerbes, we need to show that for every scheme

T → S the morphism φ(T ) : F (T ) → F ′(T ) is an equivalence of categories. Let us see

that φ(T ) is essentially surjective. Given y ∈ F ′(T ), due to the first two conditions of a

gerbe, there is a cover of T ′ → T such that the essential image of F ′(T ′) is non-empty, say

y′ = F (x′) for some x′ ∈ F (T ′) and y′ is isomorphic to yT ′ . Hence, locally on T , y is in

the essential image of φ. This is sufficient to check essential surjectivity since the stack

conditions allow us to descend objects. To check that φ is fully faithful, given x, x′ ∈ F (T ),
observe that the induced morphism;

IsomF (x, x
′)→ IsomF ′(φ(x), φ(x′))
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is a morphism of G-torsors, therefore an isomorphism, so the lemma follows.

Proposition 2.3.5. [Sta25, Tag 05QH] Let S be a scheme, G a commutative group scheme

over S, and G a G-gerbe over S. There exists a cover T → S, such that GT ≃ BGT .

Moreover, G ≃ BG if and only if G (S) ̸= ∅.

Proof. Let T → S be a cover such that G (T ) ̸= ∅ and fix x ∈ G (T ). Define φ : GT → BG

by φ(U → T, u ∈ G (U)) = (IsomG (u, xU ) → U), and observe it is a morphism of stacks.

Moreover, the diagram

G

Aut(u) Aut(φ(u))

iu iφ(u)

φ∗

is commutative by definition of iφ(u), thus φ is a morphism of G-gerbes. By the above

lemma we conclude that BGT ≃ GT . This proof is basically the same as for G-torsors.

Example 2.3.6. [Alp25, Exercise 6.4.21] Since gerbes are essentially twisted forms of BG,

one natural way to construct examples is by gluing them over a cover to obtain a new one.

Suppose that we have an open cover S1, S2 ⊆ S, and an isomorphism of G-gerbes

φ12 : BS12G→ BS21G

(S12 = S1∩S2 = S21) compatible with the canonical isomorphism S12 → S21. We can define

a fibered category G → S in the following way: an element a ∈ G is a tuple (T → S, x1, x2)

where T → S is a morphism of schemes, and xi ∈ BG(TSi) are such that φ12(x1) = x2. In

the same way, a morphism a → a′ is a pair of morphisms x1 → x′1, x2 → x′2 compatible

with φ. The fibered category G is a stack, and in fact is a G-gerbe. See [Gir71, II Section

2.1.5] and [dGF25] for a more general construction.

Let k be an algebraically closed field, S = P1
k and U, V ≃ A1

k be the standard cover glued

along W = A1
k − {0}. Let G = Z/2, we are going to glue two copies of BG × A1

k along

BG×W . The morphism f :W →W defined by x 7→ x2, gives W the structure of a Z/2-
torsor over W , where Z/2 acts by x 7→ −x. Consider the involution i : BG×W → BG×W
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given by

(g : T →W,T ×G→ T ) 7→ (g : T →W, g∗(f :W →W )),

it suffices to specify the morphism on the trivial torsor, since BG is the stackification of

the prestack whose only object is the trivial torsor, see [Alp25, Exercise 2.5.21, Theorem

2.5.18]). Let G → P1
k be the Z/2-gerbe obtained by the gluing data i. For G to be trivial

is equivalent to G (P1) ̸= ∅, however, an element in G (P1) is a pair (P → A1, Q → A1) of

Z/2-torsors, which are isomorphic over W after applying i. However, a Z/2-torsor over

A1
k is just a line bundle of order 2 (with a choice of trivialization). Since Pic (A1) = 0,

we see that P and Q are trivial. However, i(Z/2) is not trivial, thus G (P1) = ∅, so G is

non-trivial.

The gerbe described above is also isomorphic to the root stack of O(1) over P1, see [Ols16,

Section 10.3] for a different approach.

Next, we present one of the motivating problems of this thesis.

Problem 2. Let S be a scheme and G a commutative, finite, locally free group scheme

over S. Is any G-gerbe a quotient stack?

This is a very general question, so you can try to impose certain conditions on S, such

as affine or projective, as well as restrict to certain finite, locally free groups. In Chapter

3, using the work of Gabber [dJ03], Kresch-Vistoli [KV04], Edidin-Hassett-Kresch-Vistoli

[EHKV01], and Bragg-Hall-Mathur [BHM25], we give some answers to this question when

S is a quasi-projective scheme over a field.

The next theorem plays a key role in relating Problems 1 and 2.

Theorem 2.3.7. [EHKV01, Theorem 3.6]. Let X be a Noetherian scheme. Let β be an

element of H2(X,Gm). The following are equivalent:

(i) β lies in the image of the Brauer map.

(ii) There exists a surjective, flat, projective morphism of schemes π : Y → X, such that

π∗β = 0 in H2(Y,Gm).

(iii) The Gm-gerbe associated with β is a quotient stack.

Furthermore, if nβ = 0 and α ∈ H2(X,µn) is a preimage of β under the morphism

H2(X,µn)→ H2(X,Gm)[n] (given by the Kummer sequence), then conditions (i), (ii)
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and (iii) are equivalent to

(iv) The µn-gerbe associated with α is a quotient stack.

Proof. (i)⇒ (ii). Let γ ∈ H1(X,PGLn) be a preimage of β and π : P → X be the Brauer-

Severi scheme associated with γ. By descent, π is a surjective, flat, projective morphism,

the base change of P → X along itself has a section given by the diagonal morphism. It

is well known that a Brauer-Severi scheme with a section must be Brauer trivial [Poo17,

Proposition 4.5.10], that is, π∗β = 0.

(ii)⇒ (iii). If we let G be a Gm-gerbe represented by β, then (ii), implies that the diagram

BGm G

Y X

φ

π

is cartesian, so φ is also a surjective, flat, projective morphism. Therefore, by Theorem

2.2.19, G is also a quotient stack.

(iii) ⇒ (i). Again, let f : G → X, be the Gm-gerbe associated with β. Due to Theorem

2.2.17, there exists a vector bundle V on G , with faithful stabilizer action on fibers. More-

over, this vector bundle comes with an action of Gm, which induces a decomposition of

V into eigenbundles indexed by characters in G∨
m(X) := Homgp(Gm,Gm) = Z (see [Lie08,

Proposition 3.1.1.4]). Since the action of Gm on the stabilizers is faithful, the elements of

G∨
m(X) whose eigenbundles are nonzero, must generate G∨

m(X). Therefore, there are inte-

gers r, s, such that the decomposition of (V )⊗r×(V ∨)⊗s into eigenbundles has non-zero V1.

Then, A = f∗End(V1) is an Azumaya algebra on X, such that GA ≃ G , [Ols16, Proposition

12.3.11].

(iii) ⇔ (iv). Let G be the µn-gerbe associated with α, and G ′ the Gm-gerbe associated

with β. Then, there is a representable morphism φ : G → G ′, which is µn → Gm invariant

[Ols16, Exercise 12.F]. Theorem 2.2.11 implies that if G ′ is a quotient stack, then G is

also a quotient stack. In the other direction, let V be a locally free coherent sheaf on

G such that the stabilizer action on fibers is faithful. We will show that φ∗V contains a

finite rank vector bundle, with faithful action of Gm. It suffices to do this étale locally,

so we can assume X is the spectrum of a strictly local ring, and G ≃ Bµn, G ′ ≃ BGm.

Decompose φ∗V as
⊕

l∈Z(φ∗V )l, we claim that all (φ∗V )l are locally free, here we follow
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the argument of [Mat22, Proposition 10] .Consider the line bundle L ′ ∈ Pic (Bµn) such

that W = L ′⊕m, there is a line bundle L ∈ Pic (BGm) such that φ∗L ≃ L ′. It suffices

to show that L ⊗l ⊗ (φ∗V )∨l is locally free. If π : BGm → X is the structure morphism,

then

L ⊗l ⊗ (φ∗V )∨l ≃ π∗(L ⊗l ⊗ (φ∗V )∨) = Hom(L ⊗l, φ∗V )

by adjunction we see that L ⊗l⊗ (φ∗V )∨l ≃ Hom(L ′⊗l,L ⊕m), which is a free module over

X. Therefore, (φ∗V )l is locally free for all l. Now, observe that the µn action on V is the

adjoint action of Gm on φ∗V (see [Lie08, Lemma 3.1.1.5]), so if Vl ̸= 0 then (φ∗V )l ̸= 0 .

Since the action of µn is faithful, the characters l ∈ Z/n ≃ Hom(µn,Gm) for which Vl ̸= 0

generate Z/n. Hence, the same holds for the l ∈ Z such that (φ∗V )l ̸= 0. Let S be a

finite set of integers such that (φ∗V )l ̸= 0 and S generates Z, then
⊕

s∈S(φ∗V )s is a vector

bundle on G ′ with faithful stabilizer action.

The next example serves as a counterexample for both Problems 1 and 2. See [Ber05] for

a different approach using cohomological tools.

Example 2.3.8. [EHKV01, Example 2.21] Consider the scheme X obtained as two copies

of Y = C[x, y, z]/(xy−z2) glued along the open subscheme Y reg = Y −{0}, so X is the cone

with double vertex. First, we describe some properties of X. Due to [MP73, Proposition

3.2] the scheme Y has no non-trivial vector bundles, since Y is normal, and the glueing

is over a locus whose complement has codimension 2, the scheme X also has no nontrivial

vector bundles [Sta25, Tag 0EBJ]. We will construct a µ2-gerbe on X, with no non-trivial

vector bundles; thus by Theorems 2.2.17 and 2.3.7 we conclude that Br(X) ̸= Br′(X). To

construct this gerbe we follow a similar process as in Example 2.3.6. Let L ∈ Pic (Y reg) be

the unique two torsion line bundle and L ∈ Pic (Bµ2 × Y reg) the pull back of L. Then L

with a choice of trivialization defines an involution

i : Bµ2 × Y reg → Bµ2 × Y reg.

Let G → X be the µ2-gerbe obtained by glueing two copies of Bµ2 × Y along i. We show

that G can not have a vector bundle with faithful stabilizer action. Let V be a vector bundle

on G , then V has a decomposition given by the characters of µ2 (see [Lie08, Proposition

3.1.1.4]), i.e. V = V (1)
⊕
V (−1) for some vector bundles, where the action on V (1) is

trivial, and the action on V (−1) is given by multiplication by −1. Thus, it suffices to show
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that if V is a vector bundle on G , such that the action of µ2 on V is multiplication by

−1, then V = 0. Let Vi denote the restriction of V to the i-th copy of Bµ2 × Y . By the

construction of G we have an isomorphism

V1|Bµ2×Y reg ≃ i∗(V2|Bµ2×Y reg).

From the definition of i we deduce that i∗(V2|Bµ2×Y reg) ≃ L ⊗ V2|Bµ2×Y reg . Therefore, we

have an isomorphism

V1|Bµ2×Y reg ≃ L ⊗ V2|Bµ2×Y reg .

If Y reg → Bµ2 × Y reg is the section given by L, then we get an isomorphism

V1|Y reg ≃ L⊗ V2|Y reg .

However, VY is free of some rank, therefore L⊕m ≃ O⊕m, but this is impossible. Indeed,

we have a cartesian diagram given by the action of µ2 on A2 ((x, y) 7→ (−x,−y));

A2 − {0} A2

Y reg [A2/µ2].

Hence Y reg is an open substack inside [A2/µ2] with complement of codimension 2, thus,

the isomorphism L⊕m ≃ O⊕m extends (see [Sta25, 0EBJ]) to an isomorphism over [A2/µ2]

between a free sheaf and a non-trivial locally free sheaf.

In conclusion, the scheme X has µ2-gerbe that is not a quotient stack, so Br(X) ̸= Br′(X).

We conclude this section with a brief discussion of residual gerbes providing their properties.

Our exposition follows [BL24, Appendix A], see also [LMB00, Chapter 11], and [Sta25,

Tag06ML].

Let F be a stack, we can define the set of topological points of F denoted by |F | as
follows: a point x ∈ |F | is an equivalence class of pairs (k, Spec k → F ), where k is a field,

Spec k → F is a morphism, and two pairs (k,Spec k → F ), (k′,Spec k′ → F ) are declared
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to be equal, if there is a field L containing k, k′, such that the following diagram

Spec k

SpecL F

Spec k′

commutes.

Associated to a point x ∈ |F |, there exists a residue field k(x), and a residual gerbe G (x),

which is a gerbe over k(x). These two objects fit into the following diagram:

G (x) F

Spec k(x).

ρ

i

Instead of giving a construction of k(x) and G (x), we just state their good properties. For

a proof of the existence of these objects and their properties, the reader may consult [BL24,

Appendix A.2].

Proposition 2.3.9. Let F be an algebraic stack with quasi-compact diagonal, x ∈ |F |, and
G (x), k(x) as in 2.3. The following properties hold.

(i) G (x) is an algebraic stack, and is a gerbe over k(x). In particular G (x) is reduced

and |G | is a singleton.

(ii) The morphism G (x)→ F is a monomorphism, and hence it induces an isomorphism

on the automorphism groups.

(iii) The morphism |i| : |G (x)| → |F |, sends the unique point of |G (x)| to x.

(iv) Given SpecL → F in the equivalence class of x, there is a unique factorization,



2.4. COVERINGS OF STACKS 41

yielding a diagram:

SpecL

G (x) F

Spec k(x)

ρ

i

in particular k(x) ⊆ L.

2.4 Coverings of Stacks

In this section, we use the work of [KV04, Theorem 2.1], and [DHM22, Theorem 4.4], to

show that if G is a finite flat commutative group scheme over a quasi-projective scheme S

over a field k, and G is a G-gerbe over S, then G admits a finite flat cover. We emphasize

that this result is already implied by [DHM22, Theorem 4.4]; thus we are not presenting a

new theorem.

We begin by recalling the concept of coarse moduli space.

Definition 2.4.1. [Ols16, Definition 11.1.1] Let F be an algebraic stack and X an algebraic

space, a morphism π : F → X is said to be a coarse moduli space if;

(i) For every algebraically closed field k, the induced map F (k)/∼ → X(k), from the set

of isomorphism classes of objects of F over Spec k is bijective.

(ii) The morphism π is universal for morphisms to algebraic spaces. In other words, for

any morphism φ : F → Y such that Y is an algebraic space, φ factors uniquely

through π.

The main theorem concerning the existence of a coarse moduli space is due to Sean Keel

and Shigefumi Mori in [KM97, Corollary 1.3]. We state a version of it below just for the

sake of completeness.

Theorem 2.4.2. [Con05, Theorem 1.1] Let S be a scheme, and let F be an algebraic stack

locally of finite presentation over S, with finite diagonal. There exists a coarse moduli space

π : F → X, and it satisfies the following properties:
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(i) The structure map X → S is separated if F → S is separated, and it is locally of

finite type if S is locally Noetherian.

(ii) The morphism π is proper and quasi-finite.

(iii) If X ′ → X is a flat morphism between algebraic spaces, then π′ : F ′ := F×XX ′ → X ′

is a coarse moduli space.

(iv) The induced morphism OX → π∗OF is an isomorphism.

Example 2.4.3. Let G be a finite group acting on an affine scheme SpecA, then [SpecA/G]

has a coarse moduli space, and it is given by the canonical morphism π : [SpecA/G] →
SpecAG [Alp25, Theorem 4.3.6]. Thus, the stack [A1

C/Z/2] of Example 2.2.7 admits a

coarse moduli space, it is given by [A1
C/Z/2] → A1

C = SpecC[x2]. In particular, if we

take BG, the structure morphism BG → S is a coarse moduli space. Therefore, if G is a

G-gerbe, the structure morphism G → S is also a coarse moduli space.

The following definition is [Har77, Page 103], see [Sta25, Tag 0B42] for other equivalent

definitions.

Definition 2.4.4. A morphism of schemes f : X → S is quasi-projective, if it factors

through a quasi-compact immersion X → PnS for some n. If S has an ample invertible

sheaf, then this definition is equivalent to f being of finite type and the existence of a

f -relatively ample invertible sheaf on X.

In what follows, we prove some lemmas in order to establish the main theorem of this

section.

Lemma 2.4.5. [KV04, Lemma 3.1][DHM22, Proposition 4.1] Let f : X → Y be a proper

morphism of quasi-projective schemes over an infinite base field k, with constant fiber

dimension r > 0. Choose a projective embedding X → PNk for some N and a proper closed

subscheme C ⊆ PNk . Then for sufficiently large d there is an open set Ud ⊆ H0(PNk ,O(d)),

such that for any H ∈ Ud the following properties are satisfied.

1. X ∩H → X is a Cartier divisor.

2. H misses all the associated points of C.

3. X ∩H → Y has constant fiber dimension r − 1.

4. If Z → X is a locally closed subscheme that is regular, then Z ∩H is also regular.
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Proof. We are going to show that for i = 1, 2, 3, 4 there exists di with the following property;

for all d ≥ di, there is a non-empty open subset Ud ⊆ H0(PNk ,O(d)) such that for all closed

points H ∈ H0(PNk ,O(d)) condition i) is satisfied. Hence, by taking a sufficiently large d,

and intersecting the corresponding open sets, the lemma will follow.

For 1) and 2), consider the finite set S of associated points of C and X. Take p ∈ S, and let

φp : H
0(PNk ,O(d))→ k(p) be the evaluation morphism at p. The morphism φp is not the

zero map, therefore, kerφp is a proper closed subset, let Up = H0(PNk ,O(d))− kerφp ̸= ∅.
Then, it suffices to take U =

⋂
p∈S Up, this intersection is non empty, since the Up are

dense and there are only finitely many associated points, any hypersurface in U satisfies

conditions 1) and 2). If we assume Z regular, since O(d) is base point free, Bertini’s

theorem (see [Sta25, Tag 0FD6]) implies the existence of a dense open U ′
d ⊆ H0(PNk ,O(d))

for all d > 0, such that X ∩H is regular for all H ∈ Ud.

Condition 3) is more subtle because we need to avoid every component of every fiber of

f : X → Y . First, we reduce to the case when f : X → Y is proper, flat, with geometrically

irreducible fibers. Let Pf be the statement that condition 3) holds for f . Observe that if

Y ′ → Y is a morphism between quasi-projective schemes over k, and Pf holds, then Pf ′

holds, where f ′ : X ′ → Y ′ is the base change of f along Y ′ → Y . Moreover, if Y ′ → Y is

surjective, and Pf ′ holds, then Pf also holds.

Observe that if we have two disjoint subschemes f1 : Y1 → Y, f2 : Y2 → Y , such that

Pf1 , Pf2 hold, then Pf1
∐
f2 also holds (it suffices to take d large enough and intersect

the corresponding opens). Thus, if f1
∐
f2 : Y1

∐
Y2 → Y is surjective, Pf also holds.

Therefore, we can use Noetherian induction, and prove the result for a non-empty open

subscheme Y ′ ⊆ Y . Indeed, by Noetherian induction Pg holds where g is the base change

of f along (Y − Y ′)red → Y . Since (Y − Y ′)red
∐
Y ′ → Y is surjective, we have Pf holds.

Now we successively shrink Y . First, the morphism Yred → Y is surjective, so we can

assume Y reduced. Since Y has a finite number of components, we can suppose that Y is

irreducible, therefore Y is integral. Since the regular locus of Y is open, we can suppose that

Y is regular and affine. After base change to a connected étale cover we may assume that the

irreducible components {Xi} of the generic fiber X → Y are geometrically irreducible (see

[Sta25, Tag 020J]), and their scheme theoretic closure {Xi} are the irreducible components

of X. If fi : Xi → Y is the restriction of f to a component of X, then Pf holds if and

only if Pfi holds for every i, thus we can suppose that X is irreducible, and f : X → Y
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has geometrically irreducible generic fiber. Finally, by generic flatness [Sta25, Tag 052A],

we can suppose that f : X → Y is flat, and by [Sta25, Tag 0559] we can further suppose

that f : X → Y is a proper flat morphism, with geometrically irreducible fibers.

The associated map X → PNY over Y is a closed immersion, therefore, we have a sequence;

0→ IX → OPN
Y
→ OX → 0.

Let π : PNY → Y be the projection. By a theorem of Serre on projective morphisms [GD61,

Theorem 2.2.1], there exists d0 such that for all d ≥ d0 and i > 0

Riπ∗(IX(d)) = Riπ∗(OPN
Y
(d)) = Riπ∗(OX(d)) = 0

therefore, we have an exact sequence;

0→ π∗IX(d)→ π∗OPN
Y
(d)→ π∗OX(d)→ 0. (2.4.1)

Furthermore, because the sheaves IX(d),OPN (d),OX(d) are flat over Y , by [Har77, III

Theorem 12.11] the sequence 2.4.1 is a sequence of locally free sheaves whose formation

is compatible with arbitrary base change on Y . Passing to the associated vector bundles

over Y , we have a morphism

i : V(π∗IX(d))→ H0(PNk ,O(d))× Y

such that at any point y ∈ Y , V(π∗IX(d))y = V(π∗IXy(d)) can be described as the space of

degree d forms with coefficients in k(y) vanishing on Xy ⊆ PNk(y). Hence, it suffices to show

that the image of the composition p1◦i : V(π∗IX(d))→ H0(PNk ,O(d))×Y → H0(PNk ,O(d))

is contained in a proper closed subset of H0(PNk ,O(d)).

Since Xy is of positive dimension, for d large enough, pXy(d) > dimY (the Hilbert poly-

nomial of Xy). Let V = V(π∗IX(d)), we have the following inequalities

dimV ≤ dimY + dimVy = dimY + pIXy
(d) = dimY + pPN

k(y)
(d)− pXy(d) < pPN

k(y)
(d).
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This shows that dim p1(i(V )) < dimkH
0(Pnk(y),O(d)), thus it must be contained in a proper

closed subscheme, the complement satisfies condition 3), so the lemma holds.

The following theorem is a mixture of [DHM22, Theorem 4.4], [KV04, Theorem 2.1] and

[Kre09, Theorem 2.1]

Theorem 2.4.6. Let k be a field, and X a quotient stack, of finite type over k, with finite

diagonal, such that its coarse moduli space is a quasi-projective scheme. Then, there exists

a scheme Z over k and a finite flat cover Z → X . Moreover, if X is Deligne-Mumford,

then the cover Z →X can be made to be étale over a finite set of points of X .

Proof. The idea is that we can find a projective bundle P → X with good properties,

such that the associated morphism on coarse moduli space P → X is quasi-projective.

Then, by a repeated use of Lemma 2.4.5, we can slice P inside a projective space to get a

finite flat cover of X which factors through P .

We can assume k = k. Since X is a quotient stack, follows from the proof of Theorem

2.2.17, that there exists a vector bundle V on X with faithful action on the fibers and

a representable dense open substack. The same conditions hold for P := P(V ⊕ OX )

(c.f. proof of Theorem 2.2.19). The structure morphism P → X is a smooth projective

morphism with constant fiber dimension r > 0. Denote by U ⊆ P the representable

dense open substack, so that C = P − U (with the reduced closed substack structure)

has fiber dimension at most r − 1. Let Pt = P ×X ... ×X P, the projections Pt → P

are representable, therefore, the complement of Ct = C ×X ... ×X C is representable by

an algebraic space. The dimension of Ct is at most t(r − 1) + dimX , while the fiber

dimension of Pt → X is rt. Thus, if we take t large enough, after replacing P with Pt

we may assume that P →X is a smooth projective morphism with a representable dense

open substack U ⊆ P, such that C = P − U has dimension strictly less than the fiber

dimension of P →X .

Since P → X is representable, P also has finite diagonal, by Theorem 2.4.2 there is

a coarse moduli space P → P . Denote by X → X the coarse moduli space of X , and

consider the induced morphism P → X. Since P → P and P → X are proper morphisms,

the same holds for P → X, [Sta25, Tag 04NX]. Furthermore, P → X also has constant

fiber dimension r > 0.



46 CHAPTER 2. QUOTIENT STACKS AND GERBES

We will show that P → X is a quasi-projective morphism. Indeed, since P → X is

projective, there is a relatively ample line bundle L on P. By [Ryd15], there is a line

bundle M on P such that MP is relatively ample. We claim that M is relatively ample

to P → X. Let T → X be a finite cover by a scheme (see [EHKV01, Theorem 2.7] for

the existence of finite covers), then MPT
is relatively ample, so the same holds for M (see

[Sta25, 0GFB]). Thus, P is quasi-projective because X is.

Now we apply Lemma 2.4.5 to P → X to obtain a hypersurface H ⊆ Pnk such that

P ∩H → X has constant fiber dimension r − 1, H does not contain any component of C

and P ∩ H → P is a Cartier divisor. We claim that the morphism P ∩ H → X is flat.

The idea is that locally on all the fibers of P → X, the hypersurface H is given by a single

element that is not a zero divisor. Let p ∈ P ∩ H and x its image in X. By the local

criterion for flatness [Sta25, Tag 00MK] it suffices to show that TorOx
1 (k(x),OP∩H,p) = 0.

Observe that H intersects P properly, therefore Px ∩ H is also a Cartier divisor on Px.

Hence, by [Sta25, Tag 01WS], if locally H = V(h), then we have an exact sequence

0→ (h)→ OP,p → OP∩H,p → 0.

By tensoring with k(x) = OX,x/mx we get

(h)→ OPx,p → OPx∩H,p → 0.

The sequence is exact on the left since Px ∩ H → Px is a Cartier divisor, so (h) is not a

zero divisor. Therefore TorOx
1 (k(x),OPx∩H,p) = 0. Repeating this process r − 1 times, we

end up with a finite, flat morphism Z → X such that Z ⊆ P is disjoint from C. Thus, we

can lift Z → U and since P →X is smooth, the morphism Z →X is finite flat.

Now suppose that X is a Deligne-Mumford stack, we will prove that if x ∈ X is a closed

point, then there is an open set of Wx ⊆ H0(PNk ,O(d)), such that for all H ∈ Wx, the

intersection H ∩ P → X is smooth over x (hence, it suffices to prove the result for one

point). It is enough to do this locally, so we may assume that X = SpecA is the spectrum

of a complete local ring and X is of the form [SpecB/G] where B is a complete local

ring and G is a finite group (here we are using that X is Deligne-Mumford, see [LMB00,

Théorème 6.2]). Furthermore, since in the end P ∩H will miss C, we will just work with

U .
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Let Spec k
x−→ SpecA be the inclusion of the closed point. Consider the following diagram;

Ux ×X Xx,red Xx,red

Ux Xx Spec k

U X X.

x

The stack Xx,red is a reduced stack with |Xx,red| a singleton, so we can identify it with the

residual gerbe BN at the point x ∈ |X |, where N = AutX (x) . Moreover, since BN is

reduced and the morphism Ux ×X BN → BN is smooth we can also identify Ux ×X BN

with Ux,red. Now BN is also regular, therefore Ux,red is also regular. Therefore, by Lemma

2.4.5, there exists a dense open set of hypersurfaces H such that H ∩Ux,red is also regular

over k. In other words, H ∩ Ux,red → Spec k is smooth.

Now, let Spec k →X be the inclusion of the point x ∈ |X |. We have the following diagram

where all the squares are cartesian;

V ∩H V Spec k

Ux,red ∩H Ux.red BN

U ∩H U X .

Since X is Deligne-Mumford, the morphism Spec k → BN is étale, hence V ∩ H →
H ∩ Ux,red is also an étale morphism, so V ∩ H is smooth over Spec k. Therefore, the

morphism U ∩H →X is smooth in an open neighborhood of x ∈X [Sta25, Tag 02GU].

Repetition of this process leaves us with a finite flat cover Z → X that is étale in a

neighborhood of x.

Corollary 2.4.7. Let S be a quasi-projective scheme over a field k, G a finite flat group

scheme over S, and G a G-gerbe over S. Suppose that G is a quotient stack, then, there

is a finite flat cover Z → S such that GZ ≃ BG.



Chapter 3

Gerbes for Finite Flat Group

Scheme

This final chapter focuses on Problems 1 and 2. In the first two sections, we present some

foundational theory of finite flat group schemes, and provide answers to problem 1. More

precisely; we prove that for isotrivial finite flat G over a reduced quasi-projective scheme,

G-gerbes are quotient stacks. It is worth mentioning that the case G = µn implies Br = Br′

for quasi-projective schemes (Gabber’s Theorem 1.3.7), the case of αpr and Z/pr can be

derived from the work of Bragg-Hall-Mathur, [BHM25]. Our proof relies heavily on these

results. In the remaining sections, we introduce abelian schemes and consequently abelian

torsors in order to address Problem 1. As a consequence of our result on G-gerbes, we

prove that for abelian schemes A with isotrivial p-torsion, the equality Br = Br′ holds for

A-torsors over reduced quasi-projective schemes of characteristic p.

3.1 Finite Flat Group Schemes

Through the section S is always assumed to be Noetherian, groups over S are always finite,

flat and commutative unless other thing is stated. References for this section are [Sti12]

[Dem86], [ABD+66] and [Mes72].

We begin by recalling the concept of Cartier duality.

Definition 3.1.1. [Sti12, 3.2] Let G be a finite flat commutative group scheme over S, we

48
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define the Cartier dual of G as the group GD := H omS−gp(G,Gm).

It is a well known fact that Cartier duality defines a contravariant involutory autoequiva-

lence of the category of finite flat commutative group schemes over S [Sti12, Proposition

4].

Example 3.1.2. [Sti12, 3.2.3] If G = Z/n, then GD = H om(G,Gm) = H om(Z/n,Gm) ≃
µn, where the last isomorphism is given by sending a morphism φ : Z/n → Gm, to φ(1).

This shows that (Z/n)D ≃ µn and µDn ≃ Z/n.

If S is of characteristic p, then αDp ≃ αp, the morphism αp 7→ αDp given by sending a

section t ∈ αp(T ) to the morphism φt : αp,T → Gm,T , where φt(s) =
∑p−1

a=0(st)
a/a! defines

an isomorphism αp → αDp .

This shows that if S is of characteristic p, then Z/p, µp and αp are not mutually isomorphic.

Cartier duality allows us to make the following definitions.

Definition 3.1.3. Let S be a scheme and G a finite flat group scheme over S.

(i) G is a constant group scheme if it is the constant sheaf associated to an abstract

group [Dem86, Section 2.2].

(ii) G is étale if the structure morphism G→ S is étale [Dem86, Section 2.2].

(iii) G is radiciel if the structure morphism f : G → S is injective and for every g ∈ G
the extension k(g)/k(f(g)) is purely inseparable [Sta25, Tag 01S2].

(iv) G is of multiplicative type if étale locally on S, GD is a constant group scheme

[Dem86, Section 2.8].

(v) G is unipotent if it is a subgroup of AutFlag(V•), where

V• : 0 ⊆ V1 ⊆ ... ⊆ Vn

is a flag on S such that Vi+1/Vi is a line bundle for all i [BHM25, Remark 5.11].

Remark 3.1.4. When V• is the flag given by Vi = O⊕i
S and quotients OS , then the group

AutFlag(V•) is isomorphic to Un,S the group of upper triangular matrices with 1’s on the

diagonal. Moreover, for any flag V• with Vi+1/Vi a line bundle, the group AutFlag(V•) is

a Zariski inner form of Un,S . When S is a field, the definition of unipotent groups given
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in 3.1.3 agrees with the classical definition. See [ABD+66, XVII Théorème 3.5] for other

equivalent definitions.

The following lemma will suffice for our purposes in working with unipotent groups over

more general bases.

Lemma 3.1.5. [BHM25, Corollary 5.13] Let S be a quasi-projective scheme over a field

k, G a group scheme over S, and S′ → S a morphism of schemes. If G is unipotent over

S, then GS′ is unipotent over S′. Furthermore, if S′ → S is an fppf-cover and GS′ is

unipotent over S′ then G is unipotent over S.

The next theorem implies the existence of a decomposition of G into an étale group and a

radiciel group. Over a Henselian ring, this decomposition agrees with the connected-étale

sequence [Sti12, Proposition 37]; which over a Henselian ring always exists, but is not

compatible with base change.

Recall that given a local k-algebra A, its separable rank is defined to be the separable rank

of the extension k → A/mA). If X = SpecA is a finite scheme over a field k, then the

separable rank of X is the sum over all p ∈ X, of the separable rank of Ap.

Theorem 3.1.6. [Mes72, Lemma 4.8] Let S be a Noetherian scheme over Fp and G a

finite flat group scheme over S such that the function s 7→ separable rank(Gs) is locally

constant. Then there is an exact sequence

0→ G0 → G→ Gét → 0

where G0 is a radiciel group and Gét is an étale group. Furthermore, this sequence is unique

up to unique isomorphism, and is functorial on S.

3.2 Gerbes are Quotient Stacks

This section is devoted to provide some positive answers to Problem 2 and represents the

core of this thesis. We use the theory and tools developed in the previous chapters to prove

that given an isotrivial, finite, flat, commutative group scheme G, then every G-gerbe is a

quotient stack.

Lemma 3.2.1. [EHKV01, Corollary 2.16] Let S be a Noetherian scheme and G a finite

flat group scheme over S. Then the trivial gerbe BG over S is a quotient stack.
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Proof. Let π : S → BG be the morphism defined by the trivial G-torsor over S. Since G

is finite flat the morphism π : S → BG is as well, moreover, S is a quotient stack, thus by

Theorem 2.2.19 BG is a quotient stack.

Lemma 3.2.2. Let S be a quasi-projective scheme over a field. Consider an exact sequence

of commutative, finite flat groups over S

0→ H → G→ K → 0.

If HS′-gerbes and KS′-gerbes are quotient stacks over S′, for any finite flat morphism

S′ → S, then the same holds for G-gerbes.

Proof. Consider the induced sequence in cohomology

H2(S,H)→ H2(S,G)→ H2(S,K).

Let α ∈ H2(S,G) be the class of a G-gerbe, and β its image in H2(S,K). The class β is

represented by a quotient stack, so by Corollary 2.4.7, there is a finite flat cover S′ → S

such that βS′ = 0. Hence, after pulling back to S′ we can assume that α is in the image of

some γ ∈ H2(S,H). By the same reasoning, we can find a finite flat cover S′′ → S, such

that αS′′ = 0. In other words, after a finite flat cover the G-gerbe α becomes isomorphic

to BG. The lemma follows from 2.2.19.

Corollary 3.2.3. Suppose that G and H are finite flat commutative groups over a Noetherain

scheme S, with the property that G-gerbes and H-gerbes are quotient stacks, and this prop-

erty holds after finite flat covers. Then G×S H-gerbes are also quotient stacks.

The following theorem is a consequence of Gabber’s Theorem 1.3.7.

Theorem 3.2.4. Let S be a quasi-projective scheme over k, and G a finite flat group

scheme of multiplicative type over S. Then, every G-gerbe over S is a quotient stack.

Proof. Since G is of multiplicative type, étale locally GD is a constant group. Suppose

that S′ → S is an étale cover such that GDS′ = M , where M is an abstract finite group.

Consider the Aut(M)-torsor IsomS(M,GD), since Aut(M) is a finite étale group scheme,

we conclude that IsomS(M,GD) must be trivial after a finite flat cover. Therefore, by
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Theorem 2.2.19 we can suppose that G ≃ H omS−gp(M,Gm) ≃ µn1 × ... × µn2 , (see

Example 3.1.2). By Lemma 3.2.3, we are reduced to the case G = µn. However, this last

case follows from Gabber’s Theorem 1.3.7 and Theorem 2.3.7.

Theorem 3.2.5. Let S be a quasi-projective scheme over a field k and G a commutative,

finite étale group scheme over S. Then, every G-gerbe over S is a quotient stack.

Proof. We follow the same idea as in Lemma 3.2.4. After an étale cover of S, the group G

becomes a constant group M where M is an abstract finite group. Consider the Aut(M)-

torsor IsomS(M,G), since Aut(M) is a finite étale group scheme, after a finite flat cover we

are reduced to the case G =M . WriteM as a product of groups of the form Z/n, Corollary
3.2.3 reduce us to the case; M ≃ Z/n and n a power of a prime number. Suppose that

char k ∤ n, then there exists a finite flat cover of S such that µn ≃ Z/n as group schemes

(add the roots of unity of Γ(S,OS)). So by Theorem 2.2.19 we can assume Z/n ≃ µn and

the result follows from 3.2.4. The case char k | n will follow from Theorem 3.2.6, since Z/pr

is unipotent for all r.

The following theorem is an immediate consequence of [BHM25, Theorem 5.5].

Theorem 3.2.6. Let S be a quasi-projective scheme over a field k, and G a fppf unipotent

group over S. Then, every G-gerbe over S is a quotient stack.

Proof. Let G be aG-gerbe over S, then there is an étale cover S′ → S such that GS′ ≃ BGS′ .

Since G is unipotent GS′ is unipotent as well (Lemma 3.1.5), therefore the morphism

BGS′ → S′ is unipotent (see [BHM25, Definitions 5.1 and 5.9]). In conclusion, G → S is

locally unipotent (see [BHM25, Definition 5.1]), therefore by [BHM25, Theorem 5.5] G is

a quotient stack. Observe that we are using that S is quasi-projective and so it has the

resolution property.

Let Xn be the moduli stack of finite locally free commutative group schemes of order pn.

See [TO70, pages 12-15] for a description in the case of n = 1, and [Zha00, Lemma 1] for

the general case. Recall that a group G over S is said to be isotrivial if all geometric fibers

of G are isomorphic, we have the following theorem.
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Theorem 3.2.7. Let S be a reduced quasi-projective scheme over a field k of characteristic

p > 0, G an isotrivial, commutative, finite flat group scheme of order pn over S. Then,

every G-gerbe over S is a quotient stack.

Proof. Our strategy is to decompose G into simpler groups such that we can use the

previous theorems of the section. To do this, we show that after a fppf cover G is obtained

by pull back from a group over a field.

Consider the induced morphism S → Xn given by G. Let x ∈ |Xn| be the point corre-

sponding to the type of the geometric fibers Gs ∈ |Xn|. Let G be the residual gerbe of x

(see 2.3), we have a diagram;

Spec k(s) S

G Xn.

s

G

Proposition 2.3.9 implies the existence of the arrow Spec k(s)→ G for all s ∈ S. Now the

morphism SG → S (obtained by base change of the above diagram) is a pro-immersion

(see [HR18, Lemma 2.1]), therefore an isomorphism, because S is reduced and SG contains

all the points in S. If Guniv →Xn is the universal group scheme over Xn, then we have a

cartesian diagram;

G G′ Guniv

S G Xn.

The stack G is a gerbe over a field k(x). Since our goal is to prove that G-gerbes are

quotient stacks, by Theorem 2.2.19 we can replace k(x) by a finite separable extension L,

and therefore assume that G ≃ BH where H is an affine group scheme over a field.

Let SpecL→ BH be the fppf-cover given by the trivial H-torsor on L. We claim that G′
L

has a filtration of the form

G′
• : 0 ⊆ G′

L,µ ⊆ G′0
L ⊆ G′

L

where G′
L/G

′0
L is an étale group, and G′0

L/G
′
L,µ is unipotent. Indeed, apply Theorem 3.1.6

to G′
L to get a connected subgroup G′0

L → G′
L with étale quotient. Now apply theorem
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3.1.6 to (G′0
L)

D to get a sequence

0→ A→ (G′0
L)

D → B → 0

where A is connected, and B is étale. Applying Cartier duality to the last sequence we get

a subgroup G′
L,µ := BD of G′0

L such that G′0
L/G

′
L,µ is AD. In fact, (G′0

L/G
′
L,µ) is unipotent.

Its Cartier dual is connected and this is one equivalent definition for being unipotent over

a field, see [Sti12, Proposition 5.3] and [ABD+66, XVII Théorème 3.5]. Now, we would

like to descend this filtration to BH. Let φ : G′
H → G′

H be the descent data associated to

G′ over H = SpecL×BH SpecL. Then φ preserves the filtration G′
•. This is true because

Theorem 3.1.6 implies that the decomposition is functorial, thus for every group G′′ in the

filtration we have φH(G
′′) ⊆ G′′, by comparing the rank of G′′ and φ(G′′) we see that φ

induces an automorphism of the filtration. Therefore, we can descend it to BH, and by

pulling back to S, we obtain a filtration

0 ⊆ Gµ ⊆ G0 ⊆ G

defined over S.

Observe that G/G0 is obtained by pull back from an étale group, thus the same property

holds for G/G0, in the same way we conclude that Gµ is of multiplicative type. The group

(G0/Gµ)SL
is the pull back along SL → SpecL of G′0

L/G
′
L,µ which is unipotent. Since

SL → S is an fppf cover, Lemma 3.1.5 implies that G0/Gµ is also unipotent.

Now consider the partial quotients;

0→ Gµ → G0 → G0/Gµ → 0

0→ G0 → G→ Gét → 0.

Since Gµ is of multiplicative type and G0/Gµ is unipotent, Theorems 3.2.4, 3.2.6 and

Lemma 3.2.2 implies that G0-gerbes are quotient stacks. Then again, since Gét is an étale

group, Theorem 3.2.5 and Lemma 3.2.2 implies that G-gerbes are quotient stacks, so the

theorem follows.
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3.3 Abelian Torsors

In this section, we define abelian torsors. Abelian schemes have been studied in detail, for

example in [Mum70]. In this section, we follow [GW23, Chapter 27].

Definition 3.3.1. [GW23, Definition 27.89] A group scheme A over S is called an abelian

scheme if it satisfies the following properties:

(i) The structure morphism A→ S is proper, flat and locally of finite presentation.

(ii) All fibers of A→ S are geometrically reduced and geometrically connected.

An abelian torsor is an A-torsor for some abelian scheme A.

Remark 3.3.2. Let f : X → S be a morphism of schemes which is proper, flat and locally of

finite presentation. Then X is an abelian torsor for an abelian scheme over S if and only if

all the geometric fibers of f admit the structure of an abelian variety. Moreover, a morphism

between two such S-schemes is automatically a morphism of torsors, see [JM22, Proposition

2.1] and [LS24, Theorem 5.3]. In particular, any genus one curve is automatically a torsor

under an elliptic curve.

Proposition 3.3.3. [GW23, Proposition 27.92] Let f : A→ S be an abelian scheme. The

following properties hold for f ;

1. is faithfully flat and quasi-compact,

2. is smooth,

3. is of finite presentation,

4. is universally open,

5. has geometrically integral fibers.

6. For any morphism S′ → S, the canonical morphism OS′ → f ′∗OXS′ is an isomor-

phism.

7. A is a commutative group scheme.

Remark 3.3.4. By fppf descent [GW20, Appendix C], if A is an abelian scheme and X an

A-torsor, then X also satisfies properties 1− 6 listed in 3.3.3.
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Example 3.3.5. One example of abelian schemes in dimension 1 are elliptic curves. Let

k be a field with char k ̸= 2, 3, then the curves E = V(zy2 − x(x− 1)(x− λ)) ⊆ P2
k, where

λ ̸= 0, 1 are examples.

Another important example is the Jacobian of a curve:

Example 3.3.6. [GW23, Proposition 27.25] Let S be a scheme, and C → S a proper, flat

morphism of relative dimension 1, such that all the fibers are geometrically reduced and geo-

metrically connected. Consider the Picard functor Pic C/S defined as the fppf-sheafification

of the presheaf

T 7→ (Pic (C ×S T ))/Pic (T ).

Another description of Pic C/S is; the fppf sheaf R1f∗Gm. An element in Pic C/S(T ) is

given locally by a line bundle L ∈ Pic (C×T ′), where T ′ → T is an fppf cover. Thus, given

a line bundle L ∈ Pic C/S(T ) and a fppf cover T ′ → T with an L ∈ Pic (X × T ′) as above,

we can define a locally constant function;

degL : T → Z

degL (t) = deg(L|Ct).

This induces a decomposition

Pic C/S =
∐
d∈Z

Pic dC/S

where

Pic dC/S(T ) := {L ∈ Pic C/S(T ) : degL = d}.

Then, Pic 0
C/S is an Abelian scheme over S, usually called the Jacobian of C. Furthermore,

tensor product of line bundles induces morphisms

Pic dC/S × Pic d
′

C/S → Pic d+d
′

C/S

therefore, Pic dC/S has a natural Pic 0
C/S-action. Furthermore, with this action Pic dC/S is

a Pic 0
C/S-torsor. Indeed, one can prove that étale locally Pic dC/S has a point by using

the deformation theory of line bundles [Har10, Remark 2.8.1], Grothendieck’s existence

theorem [Alp25, Corollary C.4.9] and Artin approximation [GW23, Corollary 20.59].
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Given an abelian scheme A/S the group structure defines a multiplication by n map [n] :

A→ A. We will study the group A[n] := ker[n].

Lemma 3.3.7. [GW23, Proposition 27.186] Given S a Noetherian scheme, A/S an abelian

scheme of relative dimension g. The morphism [n] : A → A is a finite flat morphism of

degree n2g for all n ∈ A. In particular, the group A[n] is finite flat over S.

We conclude the section by describing an example of a non-quasi-projective abelian torsor.

Proposition 3.3.8. [Ray70, Proposition XIII 2.3] Suppose that S is a quasi-projective

scheme over a field k, and let X be an A-torsor over S. If X is quasi-projective over S

then X ∈ H1(S,A)Tors.

Proof. We can assume S connected. If X is quasi-projective over S then X admits an

embedding to Pnk for some n. Thus we can successively use Lemma 2.4.5 to get a finite flat

cover Z → S which factors through X → S (c.f. Theorem 2.4.6). Thus, if α ∈ H1(S,A) is

the class of X, then αZ ∈ H1(Z,AZ) must be trivial. The existence of norm maps for the

functor H i(−, A) (see [Del73, Proposition 6.3.15 iv)]) give us a sequence

H1(S,A)→ H1(Z,AZ)→ H1(S,A)

such that the composition is multiplication by d = deg(Z → S). Since αZ = 0 we conclude

that dα = 0 in H1(S,A), so X is represented by a torsion class.

Now we explain how to construct a non quasi-projective abelian torsor.

Example 3.3.9. [Ray70, XIII 3.1] Fix a base field k. Let C → Spec k be the nodal cubic

curve, and let A → Spec k be an abelian variety with a k-point p of infinite order. Let

C ′ ≃
∐
n∈Z P1

n/ ∼ where 0 ∈ P1
n ∼ ∞ ∈ P1

n+1, and C
′ → C is the morphism induced by the

normalization P1 → C where 0,∞ are sent to the node. Then C ′ → C is a Galois cover

with Aut(C ′/C) ≃ Z. We are going to use Galois descent to construct an A-torsor over

C.

Observe that the normalization morphism P1 → C is birational. Now take c ∈ A(C), then
c lifts to a morphism P1 → A. Since there are no non-constant morphism P1 → A, we

conclude that c is constant. In other words, the induced morphism A(k) → A(C) is an

isomorphism. By the same argument over C ′, which is birational to
∐

Z P1 we conclude
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that A(k) = A(C ′) = AC′(C ′), thus we have a C ′-point of AC′ of infinite order, which we

also call p. Therefore, Z = Aut(C ′/C) acts trivially on A(C ′).

Next, we define an action Z×AC′ → AC′ compatible with the (trivial) AC′-torsor structure

of AC′ and the Galois structure of C ′, in other words, we want for all n a commutative

diagram

AC′ AC′ AC A

C ′ C ′ C Spec k.

n

n

(3.3.1)

such that the composition AC′
n−→ AC′

m−→ AC′ agrees with the morphism m+n : AC′ → AC′.

Let σ : Z×A×k C ′ → A×k C ′ be given by σ(n, a, c′) 7→ (a+ np, nc′), this defines a Galois

action on AC′, thus by Galois descent for A-torsors (see [BLR90, Section 6]), we get an

A-torsor X over C.

Associated to the Galois cover C ′ → C we have the Hochschield-Serre spectral sequence

(see [Mil80, Theorem 2.20]):

Hp(Z, Hq(C ′, A))⇒ Hp+q(C,A)

which gives an injection H1(Z, A(C ′)) → H1(C,A). Because Z acts trivially on A(C ′)

we can identify H1(Z, A(C ′)) = Homgp(Z, A(C ′)) ≃ A(C ′). Following the identifications,

given a point p ∈ A(C ′), the associated A-torsor in H1(C,A), is the one given by the

Galois descent described above. Since p is of infinite order X is also of infinite order, thus

by Lemma 3.3.8, X cannot be quasi-projective.

Furthermore, the A-torsor described above is representable. Indeed, all the local rings of C

are Noetherian of dimension ≤ 1. Hence, by [Ray70, Theorem. XI 3.1.1] we conclude that

X is representable.

3.4 Brauer groups for Abelian Torsors

In this section, we prove Br(X) = Br′(X) for X an A-torsor over S, where S is a reduced

quasi-projective scheme over a field, and A has the property that A[p] is isotrivial for

p = char k.
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The following theorem will appear in the Master’s thesis of Francisco Gallardo, and it is

based on a result by Hoobler [Hoo72, Theorem 3.3].

Theorem 3.4.1. Let S be the spectrum of a strictly local Henselian ring which contains a

field k, and A an abelian scheme over S. Then for all n ∈ N, exists an m only depending

on n (and not on A or S) such that the morphism m : A → A induces the zero map

H2(A,µn)→ H2(A,µn).

We mention a natural question proposed to us by Cristian Aviles:

Problem 3. Does the analogous result of Theorem 3.4.1 hold for semi-abelian schemes?

This would be interesting, as semi-abelian schemes appear naturally as Picard schemes (see,

e.g., [KM23, Remark 4.9]).

The following is the main theorem of this thesis.

Theorem 3.4.2. Let S be a reduced quasi-projective scheme over a field k with char k = p,

and A an abelian scheme over S such that A[p] is isotrivial. If X is an A-torsor over S

then Br(X) = Br′(X).

Proof. From the Kummer sequence;

0→ µn → Gm → Gm → 0

we can derive an exact sequence of groups

0→ Pic (X)/nPic (X)→ H2(X,µn)→ Br′(X)[n]→ 0.

Let α ∈ Br′[n] be a cohomology class and β ∈ H2(X,µn) a preimage of α. Due to Theorem

2.3.7, to prove that α ∈ Br(X), it suffices to show the existence of a finite flat cover S′ → S,

such that βS′ = 0. We proceed to prove the existence of such a cover.

Let f : X → S be the structure morphism, Proposition 3.3.3 implies that f∗OX ≃ OS ,

in particular f∗µn ≃ µn. From the Leray spectral sequence associated to f and µn (see

[Mil80, Theorem 1.18]), we derive the sequence;

H2(S, µn)→ ker[H2(X,µn)→ H0(S,R2f∗µn)]→ H1(S,PicX/S [n]).
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Let us suppose that the class β lives inside ker[H2(X,µn) → H0(S,R2f∗µn)]. Then, its

image in H1(S,PicX/S [n]) is represented by a PicX/S [n]-torsor, since PicX/S [n] is a finite

flat group scheme, the image of β can be killed after a finite flat cover. Thus, we can

assume that β comes from an element in H2(S, µn). However, since S is a quasi-projective

scheme over a field, it follows from Theorems 3.2.4 and 2.4.7, that classes in H2(S, µn) are

also killed by finite flat covers. Therefore, the same holds for β.

The above argument shows that it suffices to prove that after a finite flat cover, classes

in H2(X,µn) are zero under the canonical morphism to H0(S,R2f∗µn). One sufficient

condition for β to be zero in H0(S,R2f∗µn), is that for every point s ∈ S, the morphism

H2(X,µn)→ H2(XOsh
S,s
, µn) sends β to zero (since H2(XOsh

S,s
, µn) is the stalk of R2f∗µn at

s). Since X is an A-torsor and A is a smooth group, then

XOsh
S,s
≃ AOsh

S,s
.

Hence, by Theorem 3.4.1, there exists an m, such that [m] : AOsh
S,s
→ AOsh

S,s
kills classes in

H2(AOsh
S,s
, µn) for all s ∈ S. Therefore, if we can find a morphism of A-torsors X ′ → X,

which is locally of the form [m] : A → A, then we would have found a finite flat cover of

X, such that βX′ is zero under the morphism H2(X ′
Osh
S,s
, µn) ≃ H2(AOsh

S,s
, µn) for all s ∈ S.

We claim that a morphism with these properties exists. Consider the sequence

0→ A[m]→ A
[m]−−→ A→ 0

and take cohomology to get;

H1(S,A)
γm−−→ H1(S,A)→ H2(S,A[m]).

A morphism X ′ → X as the one described above exists, if and only if, the class of X in

the group H1(S,A) lives in the image of the morphism γm : H1(S,A) → H1(S,A) (see

Proposition 1.2.2). By exactness, it suffices to show that up to a finite flat base change

S′ → S, X maps to zero in H2(S,A[m]).

If (p,m) = 1 then A[m] is an étale group scheme, thus classes in H2(S,A[m]) can be killed

after a finite flat cover by Theorem 3.2.5 and Corollary 2.4.7. If m = pr we have an exact

sequence

0→ A[pr−1]→ A[pr]→ A[p]→ 0,
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induction on r and Lemma 3.2.2 allows us to reduce to the case A[p]. Since A[p] is isotrivial,

it follows from Theorem 3.2.7 and Corollary 2.4.7 that after a finite flat cover, classes in

H2(S,A[m]) are 0. Finally, the mixed case m = prn with (p, n) = 1 follows from the

decomposition A[m] ≃ A[pr]×S A[n] and applying the same argument as before.

In summary, after replacing S with a finite flat cover, the morphism X ′ → X exists, so we

can assume β ∈ ker[H2(X,µn)→ H0(S,R2f∗µn)], and the theorem follows.

Remark 3.4.3. Example 3.3.9 implies the existence of non-quasi-projectiveA-torsors. There-

fore, Theorem 3.4.2 is not a direct consequence of Gabber’s Theorem 1.3.7.

Definition 3.4.4. Let k be a field of characteristic p and S a scheme over k. An abelian

scheme A over S is said to be ordinary if for every geometric point SpecK
s−→ S, the group

A[p]s is isomorphic to (Z/p)g × µgp.

Theorem 3.4.5. Let k be a field of characteristic p, S a quasi-projective scheme over k,

and A an ordinary abelian scheme over S. If X is an A-torsor over S then Br(X) = Br′(X).

Proof. Following the same argument as in Theorem 3.4.2, we reduce to showing that A[p]

-gerbes are quotient stacks. Since A is ordinary, by definition A[p] has constant separable

rank. Thus, by Messing’s theorem 3.1.6, there exists a sequence

0→ A[p]0 → A[p]→ A[p]ét → 0

where A[p]0 is radiciel, A[p]ét is étale, and the sequence is compatible with base change.

Hence, when restricting to a geometric fiber Spec k
s−→ S, we get A[p]0 ≃ µgp. Then,

[ABD+66, Corollaire 4.8] implies that A[p]0 is of multiplicative type. Therefore, by Lemma

3.2.2 and Theorems 3.2.4, 3.2.5 we conclude that A[p] gerbes are quotient stacks, so the

theorem holds.

Remark 3.4.6. It is not difficult to find examples of abelian schemes A with the property

that A[p] is isotrivial. In fact, the groups A[p] have been used to construct a stratification

of the moduli space of polarized abelian schemes over k (see [Oor01, Definition 3.4] and

[PU21, Proposition 3.3.5]). In other words, if A is the moduli space of abelian schemes

over Fp, A is an abelian scheme over a reduced, quasi-projective scheme S over Fp, then
A[p] is isotrivial if and only if the image of the morphism S → A defined by A is contained
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in just one Ekedahl-Oort stratum [Oor01, Definition 3.4]. For instance, the ordinary locus

is a dense open subset in A , in other words, most abelian schemes are ordinary and have

isotrivial p-torsion.
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