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Introduction

The study of moduli spaces is a beautiful but complicated branch of algebraic geometry. In the last century,
several important results have arisen, encouraging more mathematicians to study them. We know that
there exists a moduli space My, which parametrizes every smooth projective curve of genus g 2 up to
isomorphism. Although it is not compact in general, Deligne and Mumford proved that it has a natural
compactification, which is known as the Deligne-Mumford compactificacion of My (see [DM69]). In an
analogous way for algebraic surfaces, fixing K2 (the self intersection of the canonical class) and  (the
holomorphic Euler characteristic of the structure sheaf), Gieseker [Gie77] proved that there exists a moduli
space Mgz, , whose points correspond to minimal surfaces of general type S with invariants KZ = K?
and (S) = . There are different approaches to construct a compactification of that moduli space, for
example, GIT or KSBA. In this thesis we will be interested in the latter, which generalized the Deligne-
Mumford compactification of Mg. The construction of the KSBA compactification is due to the work of
Kollar, Shepherd-Barron and Alexeev (see [KSB88] and [Ale94]). Nowadays, very little is known about
these spaces, due to their complexity.

It is well known that compact minimal complex surfaces S of general type have to satisfy the Noether’s
inequality K§  2pg(S) 4. In[Hor76], Horikawa studied in detail all the surfaces that satisfy the equality.
Using arguments with the canonical map, he classified Mpp, 4;p%+1. Moreover, fixing K2 he studied the
deformation type of the surfaces in that moduli space. The case K= = 16“ with * 1 is the most interesting
one in terms of differential geometry. He proved that the moduli space has two components, and we do
not know whether surfaces in different components are diffeomorphic because he proved that surfaces
in different components cannot be connected in a smooth way. This is known as the Horikawa problem.

This master’s thesis is inspired by this problem. Our approach to attack this problem is motivated by the
following observation: notice that if we can find a common degeneration with “mild” singularities for these
two components, by Manetti’s theorem [Man01, Theorem 1.5], we could prove that the surfaces are diffeo-
morphic. Until now, the only known example of a degeneration of a Horikawa surface for the case K? = 16*
was given by Lee and Park [LP11]. In this document the “mild” singularities will be T-singularities. Our
main goal is to give a complete list of all possible singular surface with T-singularities on the boundary of
the moduli spaces of Horikawa surfaces.

Our general set-up. Let W be a projective surface with T-singularities such that Ky is big and nef, and
consider the diagram:

X

SO

S W

where is the minimal resolution of W, and is a composition of blow-ups such that S hasno ( 1)-curves.

T-singularities are either ADE singularities or cyclic quotient singularities 3> (1;dna 1) withO<a<n,
d landgcd(n;a) = 1. Whend = 1, we call them Wahl singularities. A T-chain is the exceptional divisor
of the minimal resolution of a (non-ADE) T-singularity. A W-chain is the exceptional divisor of a Wahl
singularity. Let C be the  exceptional divisor. Note that the existence of a surface W such that Kyy is big
and nef induces through the previous diagram a configuration of curves (C) on the surface S. Thus, our
strategy will be to identify configurations of curves on the surface S that can guarantee the existence of W.

The number of T-chains in X and K3, can be recovered from the combinatorial strpsture of (C). In
more generality, let fCy; ; Crg be any configuration of curves on the surface S. If D = irzl Ci, we define

0] 1

X >
P(S;D):= @cZ+5 mp(Ci)>A and K(S;D):=K3+2r jSing(D)j P(S;D);
i=1 p2Sing(D)



where mp(C;) is the multiplicity of P 2 C; and Sing D is the set of singular points of D. These numbers
were introduced by Reyes and Urzta in [JRaGU22], and count the number of T-chains in X and K, that
could be obtained through the composition of blow-ups over points in Sing D, respectively.

Because of the Horikawa problem, we are interested in Q-Gorenstein smoothings where our candidate
W corresponds to the central fiber. Let H(W) (KE'(W) = 2pg(H(W)) 4 and q(H(W)) = 0) be a general
member of a Q-Gorenstein smoothing. Under these conditions, the invariants K?; :g,and pg are preserved
in this family. We can understand the possibilities for the surface S via (S). The cases (S) = 1,0
are ruled out because pyg(S) = py(H(W)) 3. If (S) = 2, by Noether’s inequality on S, we have a
contradiction (we have that Ks < K3,, see [J[RaGU22]):

2pg(S) 4 KE<K§ = K,’g(w) =2py(S) 4

Therefore, we have that (S) = 1, i.e,, there is an elliptic fibration f: S ¥ B. Moreover, since Horikawa
surfaces are constructed via branched double cover over Hirzebruch surface, we must have that q(S) = 0
and B = P. Thus, for the classification of Horikawa surfaces with T-singularities we are only interested in
surfaces S such that (S) = 1.

In this context, we will see that we only need to focus on a special geometric situation, which motivates
the name of this document. When (S) = 1 and (C) contains exactly one section and no other multi-
sections, we say that W is a small surface with T-singularities. In such a case, we denote by the section
of S,and by  its proper transform under . Since the T-chains are disjoint, then is contained in a unique
T-chain, called the distinguished T-chain. We denote by the number of curves Cj in the distinguished
T-chain such that  Cj = 1, where Cj is either the proper transform of a curve in a complete singular fiber
of (C) or an exceptional curve over a point of a complete singular fiber in (C).

The main results of this document are the following:

Theorem 0.1. (= Theorem ). Let W be a normal projective surface with (non-ADE) T-singularities obtained
by contraction of T-chains on the surface X, Ky is big and nef, and K3, = 2pg(W) 4. Then the possible T-chains
on the surface X are the following:

o Ifpg(S) = 3.

(i) Two W-chains [4], where each ( 4)-curve is a section.

(i) One W-chain [2; 2; 6], one W-chain [2; 5] and n W-chains [4], where0 n  43.
(iii) One W-chain [4;5; 3;2; 2] and n W-chains [6; 2; 2], where0 n 44,
(iv) One (d = 2) T-chain [2;4; 3; 3] and n W-chains [4], where0 n  43.

o Ifpy(S) = 4.

(i) Two W-chains [5; 2], where each ( 5)-curve is a section.
(if) One W-chain [9; 2; 2; 2; 2; 2], two W-chain [2; 5], and n W-chains [4], where0 n 52
(iii) OneW-chain [7;8;2;2;2;3; 2; 2; 2; 2; 2], one W-chain [2; 5], n1 W-chains [4], and n, W-chains [9; 2; 2; 2; 2; 2],
where0 n;+n, 53
(iv) One (d = 2) T-chain [2;7; 3; 2; 2; 2; 3], one W-chain [2; 5], and n W-chains [4] where0 n 52,
(v) One W-chain [3;2;2;3;5;5;2], n1 W-chains [4], and n, W-chains [5; 2] where0 n; +n, 54
(vi) One (d = 2) T-chain [3;2; 2; 2; 2; 3; 8; 2], one W-chain [3; 2; 6; 2], n; W-chains [4], and n, W-chains [2; 5]
where0 n;+n, 52
(vii) One (d = 2) T-chain [3;2;2;2;3;7;2], one W-chain [3;5; 3; 2], n1 W-chains [4], and n, W-chains [2; 5],
where0 ni+ny, 52
(viii) One W-chain [3;7;2;2;3; 2], one W-chain [3; 8; 2; 2; 2; 3; 2], one W-chain [3; 5; 2], n; W-chains [4], and n,
W-chains [2;5], where0 n;+ny, 52



(ix) One W-chain[4;5;5; 2; 2; 3; 2; 2], n; W-chains[4], andn, W-chains[6; 2; 2], where0 n; + n, 54
(x) One W-chain[4; 6; 2; 3; 2; 2], one W-chair4; 8; 2; 2; 2; 3; 2; 2], n; W-chains[4], andn, W-chains[6; 2; 2],
whereO n;+n, 53

. Ifpy(S) 5.

(i) Two W-chaingpy(S)+1;2; ;2]where eacll (pgy(S)+ 1)) -curve is a section.

(i) One W-chain[3pg(S) 3;2; : 2] where the number &s on the right is3pg(S)  7,.(pg 2) W-chains
[2,5], andn chains[4], where0 n  8py(S) +20.

(i) One W-chain[3pg(S) 5;3pe(S) 4.2, 23,2 : 2] where the numbe2% in the middle isBpg(S) 9
and the number a2's on the right is3py(S) 7, (pg(S)  3) W-chains[2; 5], n1 W-chains[4], andn, W-
chains[3pg(S) 3;2; ;2],where0 ni+ ny 8py(S)+22.

(iv) One d = 2) T-chain[2;3pg(S) 5;3;2 ;2 3] where the number &% in the middle is3py(S) 9,
(pg(S)  3) W-chains[2; 5], andn W-chains[4], whereD n  8py(S) +20.

(v) One d = 2) T-chain[3;2; ;2;3;3p4(S) 4; 2] where the number % in the middle is3pg(S) 8,
(pg(S) 4+ ni) W-chains[2; 5], one W-chain3; 2; 6; 2], andn, W-chains[4], where0  ny + ny
8py(S) +21.

(vi) One d = 2) T-chain[3;2; ;2;3;3py(S) 5;2] where the number &% in the middle is3py(S) 9,
(pg(S) 4+ n1) W-chains[2; 5], one W-chain3;5; 3; 2], andn, W-chains[4], where0  ny + ny
8py(S) +21.

(vi) One W-chain[3;3pg(S) 5;2; ;2 3;2] where the number &% in the middle is3pg(S) 10, one W-
chain[3;3pg(S) 4,2,  ;2;3;2] where the number &% in the middle is3pg(S) 9, (Pg(S) 4+ ny)
W-chains[2; 5], one W-chair[3; 5; 2], andn, W-chains[4], where0 njy+ np  8py(S) +21.

(vii) One W-chain[4;3py(S) 7;5;2;  ;2;3;2;2] where the number &’ in the middle is3py(S) 10,
(pg(S) 4) W-chains[2; 5], n; W-chains[4], andn, W-chaing[6; 2; 2], whereD ni+ n,  8py(S)+23.

(iX) One W-chain[4;3py(S) 6,2,  ;2;3;2;2] where the number &% in the middle is3py(S) 11, one
W-chain[4;3py(S) 4,2, ;2;3;2;2]where the number & in the middle is3py(S) 9, (Pg(S) 4)
W-chains[2; 5], n; W-chains[4], andn, W-chains[6; 2; 2], whereD ni+ ny  8py(S) + 22.

The previous result is a simple conclusion from the classi cation of small surfaces with T-singularities.
In Chapter 3, we give a complete list of T-chain blocks that will allow us to construct any small surface with
T-singularities. These blocks are separated into three families and we know exactly how they interact with
each other.

Theorem 0.2. (= Theorem ). LetW be a small surface with (non-ADE) T-singularities. Tha#, can be
constructed vi& 2, pg(S)+2 con gurations of third type, followed by a con guration of rst or second type.

Since we can systematically construct small surfaces from the building blocks in Chapter 3, it is natural
to extend the geography problem to these surfaces. This problem was introduced by Persson (see [Per81]).
In simple words, we know that a non-singular surface of general type Y, it is characterized up to a nite
number of families by its Chern numbers cZ(Y) and c,(Y). The geography problem asks: Given (a; b) 2 Z2
satisfying BMY-inequality, Noether's inequality, cZ;c, > 0, and Noether's formula. Is there a minimal
surface Y such that c2(Y) = aand c,(Y) = b? The following result is an extension of this problem.

Theorem 0.3. (= Theorem ) LetW be a small surface. Then

2 11

Ppg 2 K& @4+ g)Pg"‘ 33
We have equality on the left if and onlyg§(S) 3 and W is obtained by contraction of a W-chdipy(S) +
1,2, ;2] and we have the equality on the right if and onlpg{S)  2(mod3) andW is obtained by contraction
of a con guration (I1.9) together with a suitable number of con gurations (Ill.1).



We were able to demonstrate this result because small surfaces with T-singularities induce a very strong
restriction on the con guration of curves  (C). In Chapter 3, we studied more generally how restrictions
affect the number K (S; (C)) under the assumption that G (¢ has no isolated components of ( 2)-curves.
This assumption is just a technical condition on the graph of curves associated to the divisor (C) to sim-
plify calculations. The following is the main bound in Chapter 3.

Theorem 0.4. (= Theorem ) LetS ! P! be an elliptic surface witpg(S) 2. Assume thaitG (c) has
no isolated connected componentg of)-curves, and that (C) consists of some sub-con gurations of singular
bers(possibly complete) and ojenulti-section . Then

K(S: (C) ipg(S) | L

When (C) contains more than one multi-section the result is just a formal consequence (Corollary 3.6).
A more general bound was recently discovered by Vicente Monreal in his Master's thesis [V.M24]. The
previous inequality motivates the de nition of small surfaces with T-singularities. A classi cation of these
surfaces requires understanding the pairs (; (C)) associated toW. The conditions Ky big and nefimpose
numerical conditions on curves in T-chains that are connected by ( 1)-curves. These numbers are called
discrepancies and the key ingredient we use to track them throughout  is known as P-resolution. The
idea is that a linear con guration of curves has naturally associate a P-resolution, which encode all possible
sequence of blow-ups over that con guration of curves that satisfy the conditions Ky big and nef. Thus,
given any candidate to a con guration of curves  (C) on S we need to identify some obvious blow-ups
to split this con guration in many linear con gurations of curves connected by  ( 1)-curves. Therefore, in
terms of discrepancies we only need to care about the ones associated to the curves in T-chains that intersect
the ( 1)-curves coming from the obvious blow-ups, which we calculate by hand. In chapter 3, we identify
all relevant con guration of curves where we should look for P-resolutions.

In Chapter 4, we extend our results to the case K? = 2p; 3. This numerical condition implies that
the surface S is either a surface of general type or an elliptic surface. We only consider the latter. By the
previous bound in the index of a multi-section, we have that  (C) contains at most 2 sections or a double
section. The case of one section has already been classi ed becaus&V is a small surface. The case of a
double section is trivial. However, if  (C) contains two sections we have many situations to analyze.

Theorem 0.5. (= Theorem ) LetS ! P! be an elliptic surface witpy(S) 2. Assume thaiG (c) has no
isolated connected component§ o2)-curves, and that (C) contains exactly sections and no other multi-sections.
Then

K(S; (C)=(pg(S) 4)+2N; + NP+ Ty

whereN, is the number of bers in (C) such thatK (S;F) = 0; N%the number of sub-con guratiofr of
singular bers contained in (C), which are intersected by both sections &®;F) = 1; andt, the number of
intersection points between the sections, which not belongg t@gcurve in (C). In particular, if K2 = 2pg 3,
then (C) cannot contain a complete singular ber F such tkaS; F) = 0, andt, at most is equal ta.

After a detailed analysis, we found 26 building blocks when  (C) contains two sections. They are
separated into two families of building blocks denoted by i where i is the number of the block and
t, as in the previous theorem. Thus, we have nearly 35 different constructions of surfaces W such that
K2 =2py 3. These surfaces are of general interest to many mathematicians, for example, this include
I-surfaces and numerical quintic surfaces (see [FPRR22] and [Ranl17]). The following result is the main
theorem in Chapter 4:

Theorem 0.6. (= Theorem ) LetW be a normal projective surface with (non-ADE) T-singularities obtained
by contraction of T-chains on the surfaxeK big and nef, an&k 3, = 2 pg(W) 3. 1f (C) contains two sections,
then the possible T-chains on the surficare of the following type:

* Acon guration of type o:i wherei 2f1; ;23g.
e A con guration of type 1:i wherei 2 f 1; 2; 3g.



1 Preliminaries

1.1 Basic De nitions

We will assume several well-known facts about birational geometry (see [Har77] and [Bea96] for more
details). Let X be a smooth projective algebraic variety over C. These conditions induce a complex structure
on X, so it can be thought as a smooth complex manifold. Thus, it is naturally equipped with a cotangent
bundle %, so its determinant de nes a line bundle:

dimX

known as the canonical line bundle.

The notion of a canonical line bundle is generalized to singular varieties through the dualizing sheaf
[Har77, p.241], which is also denoted by ! x . Given a morphism f : Y ! X andalinebundle :L! X,
itinduces a pullback line bundle % f L ! Y wherethe beroverevery y2 Y isequalto (f(y)).Ina
similar way, Cartier divisors can be pulled-back as elements of Div X .

De nition 1.1. Let X be a smooth variety of dimension n and x 2 X . The blow-up of X atx is a morphism

: Blx(X) ! X such that: the restriction of to (X nfxg) is an isomorphism onto X nfxg, and E :=

1(x) parametrizes the tangent directions of X at x, so E is isomorphic to P" 1. We say that E is the
exceptional divisor of the blow-up.

In this document, we will work a lot with smooth surfaces, so we to introduce some useful notations for
this case.

De nition 1.2. Let X be a smooth surface. A con guration of curves is an effective reduced divisor D =
C, + + C,;. We say it has normal crossings if any singularity in D is locally analytically isomorphic to
the singularity f(x;y) j xy = 0g. We say it is simple normal crossing (s.n.c)if in addition, every curve C;j is
smooth.

De nition 1.3. Let X be a smooth surface, and : Bl,(X) ! X the blow-up of X at x. For any curve
C X,wedeneits stricttransform (or proper transform YasC =  1(C x). The strict transform of a
divisor is de ned by linearity.

De nition 1.4. Let C be an effective Cartier divisor on the surface X, and let f be a local equation for C at
the point X . We de ne the multiplicity of C at x, denoted by ,(C), to be the largest integer r such that
f 2 mi where my O xx isthe maximal ideal.

Remark 1.5. Notethat «(C) 1lifandonlyif x 2 C, and equality holds if and only if C is smooth at x.
In the following result, we summarize some of the most important facts about blow-ups at points on
smooth surfaces.

Proposition 1.6. LetX be a smooth surface; Bl (X) ! X the blow-up oX atx, andE the exceptional divisor.
Then:

» The surfac®l, (X)) is a smooth surface.

e There exists an isomorphisRicX Z! Pic(BIyX),(D;n) 7! (D)+ nE.

« LetC;D bedivisorsorX.Then( C) ( D)=C D;( C) E=0;andE?= 1.
* LetC 2 PicX andD 2 Pic(BIx(X)). Then( C) D=C ( D).

« The canonical divisor &1, (X) is given byK g (xy = (Kx)+ E. Therefor& élx(X) =KZ L



« LetC be an effective effective divisorX¥nandx be a point of multiplicty onC. Then C= €+ rE.

Theorem 1.7. (Castenuovo's Contraction Theorem).
LetE 2 Y be a smooth rational curve with?> = 1. Then there exist a smooth surfaceand a pointx 2 X such
that: Y = Bl (X) andE is the exceptional divisor of a blow-up Y | X.

De nition 1.8. A smooth rational curve E with self-intersection 1, is called a( 1)-curve. In general a
smooth rational curve  with self-intersection  a, is called a( a)-curve.

Theorem 1.9. (Embedded Resolution of Curves in Surfaces)

LetC be any curve in the surfacé. Then there exists a nite sequence of blow-ups (in suitable paifs) X !
Xn 1! ! Xo = X, suchthatif : X9! X is their composition, then the total inverse image'(C) is a
divisor with normal crossings.

De nition 1.10. Given p 2 X a singular point in a variety. A resolution of pis a non-singular variety Y
with a morphism :Y ! X, such that, out of Exc( ) := 1(p) the morphism is an isomorphism. The
divisor Exc( ) is called the exceptional divisor of p.

Remark 1.11. If X is a surface, then is a minimal resolution if there are no ( 1)-curves in Exc( ). By
Castelnuovo contraction theorem, minimal resolutions always exist and are unique.

1.2 Kodaira Dimension

Given a line bundle L on X, it is natural to ask ourselves about the existence of sections because of the
following one-to-one correspondence: (see e.g. [Gat02, lemma 7.5.14])

( ) ( Line bundlesL on X together with global )
Morphismsf : X ! P | So;  ;Sr 2 ( X;L)such that: forall P 2 X
there is somes; with s;(P) 6 0

As the set of the isomorphism classes of all line bundles on X form group Pic X, foreachm 0 such that
ho(X; L ™) 6 ;, the linear system jL ™j induce a rational map from X to a projective space. In particular,
we have a morphism:

"miX  BI(L M)1 POt 1
where BI(L ™) is its base locus. We will denote by '  (X) the closure of the image of ' , in PP"°(L ™) 1,

De nition 1.12. Let L be aline bundle on X.

(i) The litaka dimension of L is (X; L) = max1 dim' (X)if' 1(X) 6 ; forsome m. We set (X;L):
m
1 otherwise (i.e when h°(X; L ™)=0 forall m 0). Notethat (X;L)2f1 ;0;1, ;dimXg.
(ii) The line bundle L is called big if (X;L)=dim X.

(i) The Kodaira dimension of X is (X) := (X;! x). Moreover, X is called of general type if (X)
dim X, i.e, if I x is big.

When we work with divisors on a surface, many important notions arise naturally. For instance, in the
minimal model program (MMP) the relevant divisors are called nef, whereas when we work with KSBA
surfaces the relevant ones are called ample divisors.

Given a smooth projective surface X of dimension two, we wonder if X containsa( 1)-curve. Inthat case,
we contract that ( 1)-curve and repeat the process. Thus, we have a sequence of contractions:

X1 Xy ! X min



Since in each step x (the Picard number of X) decreases by one, this process have to nish. Therefore,
Xmin does not contain any ( 1)-curve, and it will called a minimal model. For higher dimensions, it is
much more complicated. Mori's idea was to replace the condition on the existence of ( 1)-curves by the
condition Ky nef.

We summary some relevant properties to our purpose.

Proposition 1.13. LetX be a smooth projective surface witfX) 0. ThenX is minimal if and only ifK x is nef.
Proposition 1.14. LetX be is minimal surface with(X) =0;1. ThenKZ =0:

Itis useful to consider the natural extension of Div. X (or Pic X)) to Q-divisorsin Div (X)g := Div(X) zQ
(or Pic X  Q), because they appear when we deal with resolutions of singular varieties.

Proposition 1.15. LetX be a projective variety of dimensionandD a nefQ-divisor onX . ThenD is big if and
onlyif D™ > 0.

On the other hand, in the context of the construction of the coarse moduli space of curves M 4 and
its Deligne-Mumford compacti cation M g, the main objects are called stable curves, which are projective
curves C with singularities at worst nodal and ! ¢ ample. In [KSB88], Kollar and Shepherd-Barron gener-
alized this construction to the case of surfaces, where the main objects are calledstable surfaces, which are
projective surfaces X with semi-log-canonical singularities and Kyx ample. Thus, the notion of ampleness
arise naturally for our purpose.

Example 1.16. (Ample implies big)
If L be anample line bundle on X, thenthere existsm  OsuchthatL isveryample, so' ., isan embedding.

In general, to check ampleness is not easy. The next is a very famous result to check ampleness.

Theorem 1.17. (Nakai-Moishezon ampleness criterion) _
LetX be a proper variety over a eld, aida line bundle orX . ThenL is ample if and only i 9™V Vv > 0 for
any subvarietyy  X.

Kodaira dimension is a birational invariant, so we can classify varieties for its Kodaira dimension.

Example 1.18. (Classi cation of curves)
Let C be a smooth projective curve of genus g. Then:

« (C)= 1 ifandonlyif g=0,i.e,C isisomorphicto P.
e (C)=0ifandonlyif g=1,i.e,Cisan elliptic curve.
« (C)=1lifandonlyif g 2

The case of surfaces is a little more complicated. We conclude this subsection with the main result in the
birational classi cation of surfaces.

Theorem 1.19. LetX be a minimal surface. Thef falls in one of the following classes:

« If (X)= 1 ,thenX isP?, aHirzebruch surface different frof, or a ruled surface over a curve of genus at
leastl.

« If (X)=0,thenX belongs to one of the following:

(i) pg(X)=0 andqg(X)=0;in this caseX is called an Enrique surface.
(i) pg(X)=0 andq(X) = 1;inthis cases is called a bielliptic surface.
(i) pg(X)=1 andq(X) =0, inthis caseX is called & 3 surface.
(iv) pg(X) =1 andqg(X)=2;in this caseX is called an abelian surface.

e If (X)=1,thenX is an elliptic surface.

o If (X)=2,byde nition X is a surface of general type.



1.3 Cyclic quotient singularities

Let m > 1be aninteger, and let be anm-th primitive root of 1. Leta; > 0 be integers coprime to m, and
consider the action of Z=mZ in CY given by

T:Cll Ch(xq;  sxa) 7' ((Fxe; 5 Xq)

De nition 1.20. A cyclic quotient singularity (c:q:9 is a singularity isomorphic to the germ at 0 of the
quotient CY=HTi for some integer numbers m and a%. We will denote the singularity by %(al; ;ad)

Ford = 1, they are clearly not singular. In [Sch71], Schlessinger proved that if X has an isolated c.q.s for
d 3, then the spaceT of rstorder in nitesimal deformation of X is 0, so they are rigid. When d = 2
there exist non-trivial deformations.

Since the surfacesX; = f(x;y;z) 2 C3 : z" = x3y¥2gand X, = f(x;y;z) 2 C®: z" = xy™ g
with a;°+ a, = 0 (mod m) have isomorphic normalizations, it is enough to restrict our attention to the
cyclic quotient singularities %(1; ). Its resolution is made by toric methods, and we summarize the most
important result in the following theorem.

Theorem 1.21. Letp 2 X be a cyclic quotient singularity of typ%(l; q), whereX is some neighborhoodpand
Y ! X the minimal resolution. TheExc( ) consist of a collection of smooth rational curizgs  ; E; such
thatE; E;+; =1 fori 2f1; ;r1g, Ei2 = g andE; E; =0 for any other case, where

Malen cel=e
q 1, T e2 1

1

is the Hirzebruch-Jung continued fraction (edglis an integer bigger thad).

By Theorem , the minimal resolution of a cyclic quotient singularity is a chain of P%. Due to this
special geometry, we can understand this type of singularity by the information in the dual graph of Exc( ).
Ingeneral, when :Y ! X isthe minimal resolution of a singularity (x 2 X) and Exc( ) is a simple normal
crossing con guration of curves, it induces a graph called the weighted dual graph of Exc( ) whose vertices
correspond to the curves in the exceptional locus, the edges to the intersection points between them, and
where we associate to each vertex the corresponding genus and self-intersection of the curve respective. A
singularity (x 2 X) is called taut if for any other singularity (x°2 X 9 with the same weighted dual graph,
we have that (x 2 X) and (x°2 X) are analytically isomorphic. Namely, taut singularities are completely
determined by the weighted dual graph of its minimal resolution. In [Lau73], Laufer classi es all the taut
two-dimensional singularities over C, in particular c.q.s are taut.

Notethat [e;; ;e ]and[e; ;ei]de nethe same singularity, so itis natural to compare their respec-
tive fractions.

Lemma 1.22. Letle; ;e]= T andle; ;e]= ’g—f Thenm = m%andgqd® 1 (modm).
Proof. [UV22, p.42] O
The following result motivate the type of cyclic quotient singularities that will be important to us.
Proposition 1.23. LetX = %(1; g) be a cyclic quotient singularity. The following are equivalent:
(i) K2 isainteger.
(i) m=dn?andgq=dna 1withl a nandgcdn;a)=1.
(iii) W dividesgcdm;q+1).

Proof. [J.R22, Proposition 2.2.1] O

10



De nition 1.24. A T-singularity is a quotient singularity that admitsa Q-Gorenstein one parameter smooth-
ing.

Proposition 1.25. The T-singularities are either ADE singularities %#2(1; dna 1l)withO<a<n,d land
gcdn;a) =1. Whend = 1, we call them Wahl singularities.

Proof. [KSB88, Proposition 3.10] O

An important result of Wahl gives us an algorithm to obtain any T-singularity that is not ADE. Moreovet,
it tell us how a T-singularity may be recognized from its minimal resolution.

De nition 1.26. A T-chain is the exceptional divisor of the minimal resolution of a non-ADE T-singularity.
For a Wahl singularity, we called it a W-chain.

Proposition 1.27. For (non-ADE) T-singularitiesm%(l;dna 1) we have:

(i) f n =2, thenthey arg4]and[3;2; ;2; 3] where the number &% in the expansionigl 2, are T-chains.
(i) If [b;  ;blisaT-chain,thensoai@ by; ;b 1;b +1] and[by +1;bp; ;b ;2]
(iif) Every T-chain can be obtained by starting with one of the chaifijrand iterating the steps described(in).
Proof. [KSB88, Proposition 3.11] O

Remark 1.28. The T-chain associated todn%(l; dna 1) will be denoted by [d 2 ]. The operations in (i) will
be called L -operations and R -operations, respectively. The proof of the previous result shows that

2 +
¢t gl and d " 1f g""?
n a a a
Moreover, if % =[e;; ;e&l]=[d] lthen[e; ;el=[d "1

To explain the relation with minimal resolutions, we have to remember some important results.

P
Proposition 1.29. (Artin contractibility theorem). Let Exe= | E; be a connected collection of curves in a normal
surfaceY . The following are equivalent:

1. Excis contractible and if: Y ! X is the contraction, then(Oy) = (Ox).

2. The intersection matrix of Exc is negative de nite and for every cgcle 0 with support on Exc we have
p(z) O.

Moreover, ifY is projective, therX is also projective.
Proof. [Art62, Theorem 2.3] O

First, two-dimensional cyclic quotient singularities are rational singularities, and we know that two-
dimensional rational singularities are analytically Q-factorial. In particular, a rational singularity is a Q-
Gorenstein singularity (see [Ish18, Theorem 7.3.2]). LetX be a surface with T-singularities, by the previous
argument mK yx is a Cartier divisor for some integer m > 0. Let :Y ! X be a resolution of singularities
of X with exceptional divisor E;%. By [Har77, Proposition 6.5], we have the exact sequence

[Ei]! CIY! CIU! O

with U =Y [Ei]. Since isaisomorphism out of the exceptional locus, we have the following numerical
relation X
Ky (Kx)+ diEi

11



De nition 1.30. The rational numbers d; 2 ( 1; 0] from the previous discussion are called discrepancies.

As E; is -exceptional, we have that (Kx) E; = 0,so0Ky E; = jr:l(Ei E;). Moreover, by
adjunction formulaon Y, we havethatKy E; = 2 EZ. Thus, we get the linear system:

X
2 E?=  d(Ei E):
j=1

By Proposition , the matrix (E; E;j); is negative de nite, since is a resolution of singularities and
T-singularities are rational singularities. Therefore, this system has a unique solution. In addition, when

is the minimal resolution, by Theorem we can understand the previous system using the Hirzebruch-
Jung continued fraction associated to the chain. If the chain is represented by the H-J continued fraction
[e1; ;e then the system becomes

& 2=d 1 ed+d+«
where we setdg = dj+; =0.

It is very inconvenient to calculate the discrepancies using this system directly. By Proposition , for
T-singularities we can consider an inductive approach. We will de ne some auxiliary numbers that will
help us to compute discrepancies.

De nition 1.31. ( numbers)

Let[e;; ;e]beaT-chain. We will assign numbers ( 1; ; ) inductively as follows:
 For [4] we assign (1), and for [3;2; ;2;3] where the number of 2% in the middle is d 2 we assign
(1; ;1) where the number of 1% isd.
o If [e1; ;e]hasassigned( 1; ; (), thento[2;e;; ;e +1]weassign( 1+ ; 1; ; r)andfor
[ea+1;  e;2lweassign(1; 5o o1t o).
Lemma 1.32. Let[e;; ;&]= dﬁgz 7 be a T-chain whose delta numbers@e ;). Then:

cd= 1 )

n

Proof. See [N.V20, Propositions 2.20, 2.23] for W-chains. The same formulas are valid for the general case.
O

De nition 1.33.  For a (non-ADE) T-singularity dn%(l; dna 1), we de ne its center to be the collection of
exceptional divisors in the corresponding T-chain which have the lowest discrepancy, that is the curves in

the center all have discrepancy - L

Proposition 1.34. Let% =[e; ;& ] be a T-chain, then

X
r d+2= (& 2
i=1

Moreover, if : X ! W is the minimal resolution we hawe; +r d+1= K§
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Proof. For the initial chains [4]and [3; 2; : 2: 3] where the number of 2% in the expansionis d 2, we have
that r = d. Thus, the formula holds. By Proposition (i), we know that every T-chain can be obtained by
a nite number of L;R-operations, and since the formula is valid for the initial chains and each operation
keeps constant the number d and increases the length by one, the formula holds for every T-chain. On the
other hand, since is the minimal resolution, by [J.R22, lemma 2.28] we have:

X X
KZ K@ = GE; = (2 e)+1
i=1 i=1
Finally, putting it all together we have K3 +r d+1= Kg . O
P
Remqf,k 1.35. Note thatif W is a surface with ~ T-singularities, then we have K x (Kw)+ iril di;Eqi+
+ [, dy E-i.ThensinceEy; and Exoj are  exceptional and Ex; Exej =0 for k 6 k% we have
| |
X 2 X $ 2
K>2< = K\%, + di;i Ey;  + + di Evi
i=1 i=1

Finally, using the previous argument we have that
K& = KZ +(ry dy)+ i+ (r d)+

The following results will be useful in Chapter 3to nd the relevant cyclic quotient singularities for the
classi cation of small surfaces.

Theorem 1.36. (Numerical condition fo{ 1)-curves intersecting T-chains at the ends)
Consider two T-chains connected at the ends py B-curveE

n n°
[,] O [ 4]
and suchthakKy E = . Then
nn® no

In particular, if Kyy is nef, we have

n n%
a Pao'
Proof. By the numerical relation K (Kw) + diE; and adjunction formula on X, we have that
=Ky E= 1 ddfwhered and d? are the discrepancies of the curves at the ends of the T-chains.
By lemma , we have
9 n a a a
= 1+ 1 L + 1 1 = r — = — i
n no n n® n no

Reordering the terms we have what we wanted. Finally, if Ky is nef, then 0, and so
n nn® n_n0
a aa® a av
O

Remark 1.37. Note thatif d. + d = 1(i.e =0), by the previous result we have o= 2—2 By Proposition

, we havegedn;a) = gedn®%a® =1, andson = n®and a = a’ Therefore, each( 1)-curve E on W
intersecting two T-chains at the ends such that Kyyw E = 0 de nes a blow-down f:W ! W?0%such that
K& = K&oand Ko nef.
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Corollary 1.38. (There is no cycle of T-chains whKry is ample)
Consider a cycle of T-chains connected b$)-curves at the ends

_— Y T

[ ]1—@O—[2]1-0— —@—[3]
such thatK  is nef. Them; = n; anda; = & foranyi,j 2f1; ;rg. In particular, whenK, is ample such a
con guration cannot exist orX .
Proof. By Theorem , we have
n
e B nir and nir E
ap ap ar ar ap
becauseK is nef. Therefore 2t = 22 = = - By Proposition , we have gcdni;a) = 1, so
n = (2—:)aj implies that n; = n; and & = g for any i,j. On the other hand, if Ky is ample, then the
inequalities are strict, so we have a contradiction. O
By Theorem fD g%’ for some numbers n;n% a% a such that [ o land [ ’;3 ] are T-chains, they can
be connected at the ends for a( 1)-curve preserving the order.
De nition 1.39. Let[ ? ], [ gz ] be T-chains. The chains ofP!%
n n°® n°® n
1 1
[, O[] [ o1 @ [,]
will be called T-diagrams with ( 1)-endings.
By Theorem , we have a bijection
)
T-diagrams with ( %)-endings, | Inequalities g%’; where
. 0 .
(21 @ [%] [ 7117 ]are T-chains
In addition, Propositions and tell us exactly how we should think the algorithm of T-chains

in relation to T-diagrams with ( 1)-endings. Note that each R-operation [ ] ] ! [ "}? ] satis es that
o 0%2 whereas eachL -operation [ Z“n a [ ]satisesthat 222 1 (becauseO (n a)? for any

n;a 2 Z). Consider the following diagram of T-chains operations

[2na

[Sna] [n+a]

As 3n_2 122 (because0 (n a)?), the Theorem induces a diagram of T-diagrams of ( 1)-endings.

[*, %] 1) [3]

(1) )

l |

[ %] —— () — [ "]
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where the arrow symbolizes the direction of the inequalities. It is not immediate to compare [ 3”n & ]and
[ 2 ] If we assume that T 3”n—a thenn? 3na+ a?> 0. Therefore, the existence of the T-diagram of
( 1)-endings [ 3”n a1 @ [ 2 ], requires the existence of a positive solution to the Diophantine equation

n?> 3na+ a?= cforc 0. For example, the equationn? 3na+ a? = 11has as one of their solutions

(n;a) = (4;3), so we have the T-diagram of ( 1)-endings:

4 9

[ o 1=[2;26] (1) [B32272]=[ , ]

3 4
On the other hand, if we assume that 3“n—a Z,then 0 n? 3na+ a®. Here the existence of[ 3“n ]
(1) [ % 1requires the existence of a positive solution to the Diophantine equation n?> 3na+ a’ = cfor
¢ > 0. For example, the equationn? 3na+ a? = 1 has as one of their solutions (n; a) = (3 ; 1), so we have
the T-diagram of ( 1)-endings:

8 3
21 @ 0y

Note that the existence of a T-diagram with ( 1)-endings is related to the centers of the respective T-chains.

[ ]

Proposition 1.40. LetK be nef. Assume that we have T-diagram withl)-endings

If we contract the( 1)-curve and all new( 1)-curves after that, then no curve in the center of hehains is
contracted.

Proof. [FFaJRaGU23, Proposition 2.3] O

To conclude this section, we prove a lemma about T-diagrams with ( 1)-endings that will be important
soon.

Lemma 1.41. Leta;; ;a 2andm 3. Assume thaKy is nef, then the T-diagram with 1)-endings
[a1; az; ;ar;F;_{Z_;f] 1) [m;F;_ Z_:f]
m 3 m 4

is not possible oiX .

Proof. We will denote by d, and dr the discrepancies of the curves intersected by the ( 1)-curve on the

chains on the left and right, respectively. By lemma , we have
1 12 1 2 m 3 1 m 3
4]! ;2] 12 2] = 1 — = —_—
[4]! [52] [m;2 ;2] so dr — —
| 22 | y R
On the other hand, if [a;;a2; ;& ;2, ;2]is a T-chain, by Proposition (backwards), it is obtained
after (m 3) R-operations from the T-chain [a; (m 3);a2; ;a-]. Assume that the latter T-chain has a
vector ( 1; ; r),then by Proposition , we have
(u o (et T ™ (st 20 0 5(mo3) 1+ )
Then ( 3)
m 1t 1
= 1 - ‘- = = - -
d mi, 21+ mi; 21+ ¢
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Note that by construction of numbers they are always greater than O (for any T-chain). In particular, we
have ; > 0, so

= >d:
m 2 mi., 21 I

Therefore:

1= — >d, + dr:

3
N
3
N

1.4 P-resolutions

P-resolutions will be extremely important to the development of several arguments during this document.
They were introduced in [KSB88] to study the deformation space of a cyclic quotient singularity.

De nition 1.42. Let P 2 X be a cyclic quotient singularity. A P-resolution of P 2 X is a partial resolution
f:Y ! X overP suchthatY has only T-singularities and Ky is ample relative to f .

Example 1.43. (Not any partial resolution is a P-resolution). Consider the cyclic quotient singularity 9%(1; 8)
on X,and :Y ! X its minimal resolution. In the chain corresponding to the H-J continued fraction
8 =[11,;2;2,2;2;2;2; 2] we can do 9 blow-ups to get the following chain of P* %

[122,2,2,2,2;2;2;2;1;11;2;2;2;2; 2, 2; 2]

onasurfaceZ. Since% =[12;2;2;2;2;2;2;2;2]and %1 =[11;2; 2; 2; 2; 2; 2; 2] are connected by a( 1) curve
E at the ends, by Theorem it de nes a partial resolution f:Z ! X thatitis not a P-resolution of the
singularity g (1;8), becausel® 2.

The previous example shows us that it is quite inconvenient to try to nd P-resolutions by blowing up
some points blindly. Now we will introduce some tools to calculate P-resolutions more systematically.

De nition 1.44. Let % =[ey; ;e&]beaH-Jcontinued fraction. Its dual chain is qu =le; el

Dual chains have interesting properties, but undoubtedly the most important one is that they induce a

zero continued fraction. Namely, if % =[e;; ;e]and qu =[b; ;k]then

bs; bile; &]=0

where the expression on the left it is well-de ned, i.e, we did not divide by 0. This relation is understood

by the Riemenschneider’s dot diagram (see [Rie74]). Namely, given a chain [e;;  ;e/], we associate it a
diagram with dots in the form of a stair: the i-th stephase 1dots and the (i +1) -th step begins just below
the last dot on the previous step.

Example 1.45. The continued fraction [2;2;5; 5] = % has a dot diagram:

Reading the columns we have the expression for the dual chain, so % =1[4;2;3;2;2;2]. In particular, we
have that [2;2;2;3;2;4;1;2;2;5;5] = 0. Interestingly, these relations can be extend to the canonical repre-
sentation of % as a continued fraction. The dot diagram allows us to recover the canonical representation
of 4 fractions:
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and we have the equalities:
1,31,33 1;1,2,3,1,4)=0 and 4,1;3,3 1;1;2,3,1,4)=0:

There is an unexpected, but well known relation between zero continued fractions and triangulation of
polygons, so we will introduce some notations to exploit this relation.

De nition 1.46. Letr 2 a natural number. A triangulation of r + 1 sides correspond to draw some
diagonals over a convex polygon of r + 1 sides (with vertices Py;  ; P;) such that

» Diagonals do not intersect each other (except maybe over the vertices).
» The polygon is divided into triangles.
Given a triangulation, we de ne the index of a vertex as v; := ( number of diagonals from the vertex P;)+1.
By induction, we have the following one-to-one correspondence.

Proposition 1.47. Letfk;; ;k.gbe a sequence of positive numbers. Tken ; k] = 0 if and only if there
existsky such thatf ko; k1;  ; k;gis the set of indices of some triangulated polygan-of. sides.

Proof. [N.V20, Proposition 1.34] O
The previous proposition allows us to prove many useful properties of zero continued fractions.

Lemma 1.48. Consider a convex polygdhwith r + 1 sides. The indices from the vertices of will be taken matl.
Considefvy;  ;vy] =0 for a triangulation ofP, then

(a) Atleasttwov; must be equal td. Furthermore, for 3, the values of cannot be in consecutive positions.

(o) Letr 3. Thenv; r 1foranyO i r. Moreover, ifv; =r 1, thenv; 1 = visy =1 andy; =2 for
anyj 6 i 1;i;i +1.

(c) Letr 2. If [kyq; ki 11 Kisr ;ki]=0 fori 6 1;r, then[ky; ki 1 Lk 1 ke ]=0.If
[1; ko; ke ]1=0 or[ky; ke 1;1]=0,thenlky  1; ke ] =0 and[ky; ke 1 1] = 0 respectively.

Furthermore, Ifr 4 and[Kky; ki 11 Kisr ;ki] =0 fori 6 1;s, thenk; ; andkj+; cannot be both
equal to2.

(d) Letr 4. Assumev; = Vj41 = = vi+j = 2 for consecutive vertices. Consider the diagdh&,. Then
Pi+1 Pk; ; Pi+j Px are diagonals of the triangulation. Furthermoreyif;.; = 1, thenP;.j.; andPy are
consecutive.

Proof. For (a): see [N.V20, Proposition 1.31].For (b): Itis clear that given a polygon Pg;  ;Pr with r +1
sides, the maximum number of diagonals from a xed pointis r 1, then consider the triangulation given

by all these diagonals. For (c): If [k1;  ;ki 1;1;ki+1; ;ki] =0, then exists a triangulation of a polygon
with r + 1 sides such thatv; = k; for any j i,and vi = 1. After removing P; ;P; and P;Pj.; we
have a triangulation of a polygon with r sides, whose indices are such that0 = [ky; ;ki 1 1k
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1;  ;k:]. The other cases are analogousFor (d): Sincev; = 2, the diagonal P;P; divided the polygon into

two triangulated sub-polygons. Let P°be the one that contains the vertex P;.; , and assume that P;+; Pyo
is a diagonal on P?for some k 6 k% Asvi,; = 2, we divided PCin two triangulated sub-polygons.

Consider P%the one which contains the vertices P;; P;.1 ; Px and Pyo, then using the part (a) on P% we
must have a diagonal from P;.; or Pj.;, contradicting that v; = vj.; = 2. Finally, the general result is
obtained inductively. On the other hand, assume that vi+;+1 = 1. The diagonal P;.; Py divided P into two
triangulated sub-polygons. Consider P°the one containing the vertices Pi+j+1,Pi+j and Py. If Pi+j+1 and
Py are no consecutive vertices onP, in particular they are no consecutive on P° However, Pi+j and Pi+j+1
are vertices of degreel for P so by the part (a) we must have a diagonal from P, or Pi. .1, contradicting

the hypothesis. O
De nition 1.49. Let % =[e1; ;e]be a Hirzebruch-Jung continued fraction. We de ne the set of zero
continued fractions bounded for [e;; ;e]asthe set

K % = flky; ;ki]=0 suchthatl ki eg

A simple and useful lemma is the following.

Lemma 1.50. Letc ¢ 0. Consider the Hirzebruch-Jung continued fractions

Mi_rhe oo P - M2 e oo o P 0T
q b ,kg,g,_{cz_,gb?, W and = =(hy ,bs,g,_{%_,g,tfi, 7]

Then
mp my

K
m; @ m; G

Proof. Consecutive 2's correspond to vertical components in the Riemenschneider's dot diagram. Then, the

H-J continued fractions of mrlnlql and mg‘zqz have the same length and differ only in one entry.

O

These sets have other interesting properties, but the key observation was done by Christophersen and
Stevens (see [Chr91] and [Ste91]). They proved that there is a bijection between the set of P-resolutions of
% =[e;; ;e&]and the setK (qu). Furthermore, we have a geometric way to understand this corre-
spondence by using other type of partial resolutions called M-resolutions. They will allow us to obtain the
P-resolution associated to a zero continued fraction.

De nition 1.51. LetP 2 X be a cyclic quotient singularity. An M-resolution of P 2 X is a partial resoltuion
f:Y ! X suchthatyY has only Wahl singularities, and Ky is nef relative to f .

In general, an M-resolution looks like:

No

No ni
] [ 1 (&) [ ] [ 1 (c2) () [
| do j.7 g } | ap iz 1 } | ar jz ay }

where each (¢;) represents a curve ; such that its proper transform in the minimal resolution of W has
self-intersection ¢;. We interpret zero continued fractions as in [PPSU18, Corollary 10.1]. Note that, if we
have any M-resolution:

No
ao] [ao

" [™M ] (@ ) [ ™1 [

a a am am

1 (ca,) |
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over the chain [ey; ; & ], then we have the relation

Ng Ng Ny ni Nm Nm
v 1 i C =0
LSRRG e B S 0 R S B B G COR A B
where [bs; ] =[er; ; & |- (since the M-resolutions contracts to [e;; ;e ]Jand 0 = [hbyg; b1 e e ).
Proposition 1.52. (Algorithm for M-resolutions) Consider the chale;; ;e ] and an M-resolution:
No No ny Ny Nm Nm
[ o ] [ o] @) [ ] [, 1 () (Co,) [, ] [ o]
over the chaiffiey; e
(1) Assume that at the beginning we hagie W-chains| gg ], then:
b bl @ [°1 @ @ [°] (q,) =0 (1)
C ao Y E '
We can blow-down thé 1)-curves and new 1)-curves consecutively until we obtain the new chain
bs;  ;be;b, dijsh, L b
(2) Ifb, di, =1, thenwe contract thi¢ 1)-curve and all new{ 1)-curves in the subchaifs; b, +1;h,
di,;h,; bl
(3) Then the original curvé cq, )-curve becomes(a 1)-curve, and we have
M pb; b, sh, dgh, 1 b, 1]
nd‘l ad|1 ’ My 1L, Mg ipy My ’ y Mo

(4) We now repeat starting in (1.1) with the, .
(5) We end withl ;h, d; yb,  di,; ]= 0, which is the zero continued fraction corresponding to the

M-resolution.
De nition 1.53. A P-resolution

No ni

(a1) (an) [do a 1 (c) [do a 1 () (c) [d a 1 () (bm)
is called non-trivial if c¢; = =c =1.
ry, 2 Z_r 3

z}H — —
Example 1.54. Consider the chain [2; ;2;r 4] for r - 3. Its dual chain is [r; 2; : 2, 3;2; 2] (see Proposi-
tion 5.2). We note that 0 = [r; 1; l2; iz ;f] belongs to K ([r; F; iz ;?; 3;2; 2]). Note that we subtract 1in two

r 1 r 3
entries of the dual chain. By Proposition , we have:
No _ _ [ No — r .
el LAl AN SO o SR
ny ny 3
——=[rn L =3 so =
il F_{z;?] [3] [, 170 5]
r

Therefore, we have the P-resolution [ rrl ] @ [ 2 ] over [F; 2 ;%; r; 4] (note that it is non-trivial).

r 2
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1.5 Elliptic surfaces

De nition 1.55. An elliptic surface S over C is a smooth projective surface S with a surjective morphism
f: S ! C suchthat almostall bers are smooth curves of genus 1, and none of the bers containa ( 1)-
curve.

We will be interested in the singular bers. In [Kod63], Kodaira classi ed every possible singular bers
for elliptic brations counting multiplicities.

Theorem 1.56. (Kodaira's classi cation of singular bers)
Letf : S! C be a minimal elliptic surface arfé a singular ber. TherF is one of the following type:

In the table above, any singular ber that is not of tyfyeor Il consists of a con guration f 2)-curves. The ber
I'n hasn of them, whereas the beé, hasn + 5. On the other hand, the multiplicities of the curves are not included
(but they are alway$ for singular bers of typd , Il ,I1l andlV in an elliptic surface with section).

There are some constraints on the possible singular bers that an elliptic surface could have. In [Per90],
Persson classi ed all the possible combinations of bers when S is a rational elliptic surface.

De nition 1.57. An n-multi-section of S is a curve that intersects the general ber F n times. Rational
1-multi-sections, an 2-multi-sections will be called sections and double sections, respectively.

Broposition 1.58. LetS! P! be an elliptic bration. Then, 1p(S) = 12(pg(S) +1) andKs  (pg(S) 1+
is:1 . 1)F, wherem;; ;ms are the multiplicities of the multiple bers, anfd is the class of a ber. (If there

are not multiple bers, therKs  (pg(S) 1)F).

Proof. See [BHPVdV04, Theorem 12.1] for a more general result. O

Remark 1.59. The formula o (S) = 12(py(S) + 1) in the previous result can be understood by the under-
lying topology on the singular bers, and we have (see [SS10, Theorem 6.10] for a more general result)

X
12(pg(S)+1) = 10p(S) = top (F)

where 1 (F) represents the Euler characteristic of a ber F. Since ,(F) = 0 for a general ber, only
singular bers contribute to the sum on the right.
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1.6 Combinatorial tools

Let W be a normal projective surface with ~ T-singularities, and Ky, big and nef. Consider the diagram:

S/X\W

where the morphism  is the minimal resolution of W, a ) is a composition of blow-ups at non-singular
points startirrg with a non-singular projective S. LetC = ,_; C; be the exceptional(reduced) divisor of
where C; = [, Cj; is the T-chain of the singularity di%(l;diniaj 1).

Note that the divisor Exc ( ) on X consists of T-chains, then it can be thought of as a divisor obtained
after a sequence of blow-ups over the divisor (Exc( )) on S. In [JRaGU22], Reyes and UrZla gave some
explicit formulas relating K3, and the combinatorial structure of the divisor  (Exc( )), when the latter
satis es some conditions. Now, we summarize some of their results.

Proposition 1.60. The surfac& satis es one of the following:
 Itis arational surface.
 ltis a blow-up of either & 3 surface, or an Enrique surface.
* It has Kodaira dimension equal fcandb;, (S) = 0.
« Itis of general typey (S) =0, andK 2 <K & .

De nition 1.61. Let S be a nonsingular projective surface. A nodal simple crossings con guration ( N.s.c.¢
is a collection of projective curves Cq; ; C; such that:

* The curve C; is nodal an rational with ; nodes, and
» Atacommon point of C; and C; there are different tangent directions.

P
Thus, the divisor D = Ir Ci has only simple crossings singularities. A point which locally is of the form
(x ay)(x ay) (X ay)=0 \f_.gill be called a k-point, the number of k-pointsin D will be denoted by
tx, and the number of nodesas = i

For pairs (S; D) they introduced a number denoted by K (S; D), which measure K2, from the con gu-
ration of curves D on the surface S.

Proposition 1.62. LetD = C; + + C; be any con guration of curves on a nonsingular surfege If E
is a nonsingular curve not irD, intersecting it at n nonsingular points dd and m singular points ofD, then
K(S;D+E)=K(S;D) E? 3+n+m.

Proposition 1.63. LetD = C;+ + C, be any con guration of curves on a nonsingular surf&e.et8! S be
the blow-up at a poink in Sing(D) andD the strict transform of. ThenK ($;0) = K (S; D). In particular, if the
singularity of D atx is a node and is the exceptiondl 1)-curve, therk ($;0 + E) = K (S;D).
Proposition 1.64. LetS be a nonsingular surface afal = C; + + C; a(N.s.c.onS. Then:
X X
K(S;D)= K2 3r C2+ (k D +2
i k 2

On the other hand, when W has only one (non-ADE) T-chain dn%(l;dna 1), by looking pull-back
divisors on X of a point blown-up via , Rana and Urz(a discovered optimal bounds for r d depending
on the Kodaira dimension of S, see [RU19, Theorem 1.1].
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Theorem 1.65. Let (S) be the Kodaira dimension &f

« If (S)=0,thenr d 4k3

e« IfFK(S)=1,thenr d 4K? 2

o If (S)=2,thenr d 4(K3% K2) 4whenK3 K2Z>1r d 1otherwise.

In [FFaJRaGU23], they generalized their results to an arbitrary number of T-singularities.

All the previous notation requires the existence of the surface W beforehand. Now, we introduce the
notation when we start with a surface S.
Let S be a surface andD be a con guration of curves on S. Consider the diagram:

X

SN

S w

where is a composition of blow-ups at singular points of D, and is the contraction of the T-chains on X .

De nition 1.66. We denote by Gx ; the graph of the con guration of the T-chains on X, i.e., the one
whose components are the curves in the T-chains on X . In addition, when the reduced inverse image

divisor  (D)eq is a snc divisor on X, its dual graph will be denoted by Gy . In such a case, ifE isa( 1)-
curve on X, then Gx g is the graph obtained after removing the vertex E from Gy . In the same way, if D
is snc, we denote by Gp, its dual graph.

In general, we will use both notations interchangeably. Namely, the initial con guration of curves in
S will be denoted by (C). Assume that is a composition of m blow-ups. If (C) is not a snc divisor
onSand (D)q is asnc divisor on X, then we will consider a composition of m°(m°® m) of blow-up
f:81 Ssuchthatf (D)q issncon$,and then we use the previous de nitions on $.
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2 Some constructions of W with K2, =16

"The art of doing mathematics consists in
nding that special case which contains all the
germs of generality”.

David Hilbert

We know the example of Lee-Park [LP11], so we are interested in nding another one. The following is
a non-trivial example. Let S°! P! be a rational elliptic bration with a section and at least one singular
ber of type |1 and one singular ber of type 1,. We will take the point of P! corresponding to the I,
ber and some other point of P! (except the one corresponding to that 1; ber) and we make the base
change of degree11branched at those points, and so we can consider the11 cyclic cover S! SPbranched
at the two bers corresponding to the chosen two points in  P!. Therefore S is an elliptic surface with
pg(S)=11 1=10,witha ( 11) curve as a section and at least 111; bers and at least one |,, ber.

Figure 1: Relevant curvesin S

The divisor (C) consists of the ( 11)-curve and the singular bers 1, +71;,and : X ! Sisa
composition of 22 particular blow-ups.

Figure 2: Chains in X
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In X we can nd one W-chain corresponding to the H-J continued fraction [4;23;5; 2; _;2; 3;2;2], and
six W-chains corresponding to the H-J continued fraction [2;5]. Let : X ! W be the contraction of these 7
W-chains, so by Proposition ,W is a normal projective surface with 7 Wahl singularities.

Proposition 2.1. The canonical divisdK , is nef and<3v =16.

Proof. By Remark ,wehaveK2 =2+2+2+2+2+2+26 22 = 16. By lemma , we can calculate
the discrepancies through the delta numbers of the chains, so

1 1 2 312 5312 75312
[4]' [52]' [253]! [2254]! [222,55]!
We continue adding 2% to the left until we obtain 21 number 2% in a row. By the construction of delta
numbers, we get consecutive odd numbers for each of these 2% in the chain, therefore:

43413937353331292725232119171513119753
[2;2;2;2;2;2;2;2,2;2;2;2;2;2;2;2;2;2,2,2;2,5;23]

43413937353331292725232119171513119753
I [3;2 2;2,2,2;2,2;2;2;2;2;2;2;2;,2;2,2,2,2,5;23 2]

8843413937353331292725232119171513119753 45
1 [2;3;2;2;2;2;2;2;2;2;2;2;2;2;2;2;2,2;2,2,2,2,5; 23, 3]

13388434139373533312927252321191715131197531
' [2;2;3;2;2;2;2;2,2;2,2;2;2;2;2;2;2;2,2,2,2,2,2,5,23, 4]

We have to check the nef condition for all ( 1) curvesin X . Note that:

The ( 1) curve betweenthe ( 5)-curve and the ( 2)-curve in the large chain:

45 177
<

178 178° T

The ( 1) curvethatintersectsthe ( 4) curve twice:
133 133
178 178

e The ( 1)-curves betweenthe( 2) curvesandthe ( 23)-curve:

1 176 _ 706
= 2= e 1
3 178 534

The ( 1)-curves thatintersectsthe ( 5) curve twice:

2 2. 4.y

3 3 3
Since the unique ( 1)-curves in X come from the blow-ups, we conclude that Ky is nef. O

Naively we can notice that this example can be explained by studying the geometry of W-chains for
m cyclic coverings S! S°where SCis a rational elliptic bration. In particular, this example comes from
the construction of a surface W3 where S is obtained by a 3-cyclic covering S! S°such that py(S) = 2 and
K3, =2.
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Example 2.2. A surfaceWs with pg(S) = 2 andK 3, =2

Let S°! P! be a rational elliptic bration with a section and at least one singular ber of type 1, and one
singular ber of type 1,. Consider two points of P! (except the ones corresponding to these Yoansl make the
base change of degree3. So we get a3-cyclic cover S! S°with py(S)=3 1=2,witha ( 3)curveasa
section and at least one singular ber of type 15 and one singular ber of type 1I5.

Figure 3: Construction of W3 with K, =2

Inour rst K2 =16 example, after doing all the blow-ups on , we will have a similar situation.

Based in this example, we are motivated to study surfaces with low K 2 and pg, and then nd out if they
can be generalized (maybe by adding more chains). A rst result is the following:

Theorem 2.3. LetS be a surface with(S) = 1 (i.e an elliptic surface witly(S) = 0), without multiple bers and
pg(S) 2, W anormal projective surface with one (non-ADE) T-singularity obtained by contraction of etfeain
in X such thatK 3, =1, Ky big and nef. Then the possiilechains inX are the following:

« Ifpy(S)=2.

1. W-chain[2;5; 3]in X .

2. T-chain[4;3;2]in X. Thereis g 1)-curve that intersects thé 4)-curve twice.

3. T-chains inX corresponding to = 2, namely:[4]ford =1, [3;3]ford =2 and[3;2; ;2;3]ford > 2.
 Ifpy(S)=3

1. W-chain[4]in X . The( 4)-curve is a section.

Proof. SinceK 3, =1, by Theorem we haver d 2. The equality is classi ed by [RU19, Theorem 3.2],
soforr d= 2, the only possibility is the T-chain [2;5; 3] when the surface S satis es that py(S) = 2 and
q(S)=0.
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If r d=1: By Proposition , we have that KZ = 1, and the possible T-chains are [5; 2] and
[4;2; ;2;3;2], where the number of 2% in the expansionis d 2. By Propositions and and , we
have that Ks isnefand K2 = 0. ThereforeKZ = KZ 1, and sowe can understand : X ! Sasa single
blow-up, i.e, the surface X contains exactly one ( 1) curve E. Let € be one of the curves of the T-chain

(in particular it must rational), then Ky = (Ks)+ Eand ()= & mE with m the multiplicity of the
pointon inwhich we did the blow-up. Then Kyx ©=( (Ks)+ E) ( () mE)= Ks + m,soby
adjunction Formulaon X,wehaveKs = 2 €2 m. Therefore, E cannotintersectany ( 2)-curve of

the T-chain; otherwise, we would have a contradiction with the nefness of the canonical divisor.

e If the T-chainis [5;2]: Its vectoris ( %; %). By the previous calculations, we conclude that € must

be the ( 5)-curve. The nefness of K\ impliesthat E € 2, whereas the nefness ofK 5 implies that
E € 3. By Proposition ,the caseE ©=2 is not possible for pg(S) 3. If pg(S) = 2, by the same
Proposition, we have that must be a section of S, but a section cannot have a double point, so this case

is not possible. In the other case, ifE €=3 (i.e, has atriple point), by Proposition , the equality
Ks =0 impliesthat must be contained in a ber of S. However, by Kodaira's classi cation of
singular bers this is not possible.

« Ifthe T-chainis [4,2; ;2,32 Its vectoris( 2; 2; ; 2; 1y Letf,bethe( 4)-curve, andf;

be the ( 3) curve. Note that f ,and f 5 have the same discrepancy, therefore the nefness oK, requires
that E (f 4t fg) 2, whereas the nefness ofK s requires that E f, 2andE f; 1. We have three
cases forE:
) E fy,=2andE f;3=1
ThenKs 4=0,s0 4iscontainedina ber, but ﬁ =0 soitisindeed a ber. Since 4 hasadouble
point, we have that 4 mustbe al; beror Il ber. On the other hand, we have that Ks 3 =0,
so ziscontainedina berand %= 2but 3 mustintersect 4, since we contractE, and this is
absurd.
(i) E fo=2andE f3=0
As before, ,mustbeal; beror Il ber. Onthe other hand, we havethat Ks 3=1.1fpy(S) =2,
then g3isasection ofS. Since 3 mustintersect 4, we have that d = 2 is the only possible case. By

Proposition , the casepy(S)  3is not possible.
(i) E f4,=1andE f3=1
By Proposition , the casepy(S)  3is not possible. We have thatKs 4+ =1, 3= 2and

SO 3 is contained in a ber. The curves f4 and f3 are the only ones with self-intersection < 2
in the T-chain. Since we did a blow-up at the intersection point of 4 and 3, then 4 must be a
multi-section. However, Proposition implies that this is impossible for py(S) = 2.

P
If r d= 0: By Proposition , we have 2 = ir:l (b 2). Therefore n = 2, and the possible T-chains

are[4]and [3;2;, ;23]
O

Remark 2.4. Note that [4;3;2] = [5;2] (1) [5;2], with two Wahl singularities [5;2]. In addition, the
rst 2 cases can be generalized considering py(S) = 10 in order to obtain a surface Wg with K&vg =9 and
pg(W) =10.

A classi cation theorem like the previous one for bigger K3 is very complicated because the term
4K 3  2on Theorem grows rapidly. Thus, increasing K 3 will require checking many cases. This is
due to the nature of that result. It is very useful to justify the existence of certain con guration of T-chains,
but they do not worry about the conditions to obtain T-chains on X . Fortunately for surfaces with "low”
K Z , these conditions can be understood. In the next chapter, we will show some explicit constraints on

(C) to construct the T-chains on X.
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On the other hand, if our example with Ky = 16 had Ky ample, then we could use the following
result:

Theorem 2.5. Let W°be a normal projective surface with ofliysingularities and Du Val singularities such that
Kwo is ample. Let : W !  W?O°be theM -resolution ofw® and let : X ! W be the minimal resolution iV .
Then the rational blowdowN of Exc( ) is a (smoothly) minimal symplect& manifold.

Proof. [JRaGU22, Theorem 2.3]. O

Thus, through rational blowdown we obtain a symplectic  4-manifold with the invariants that we wanted
for the problem. Showing that an example like the previous one has a Q-Gorenstein smoothing can be com-
plicated. Given our symplectic 4-manifold, the following steps are to identify to which family of Horikawa
surfaces it belongs and then determine whether we can turn it into an algebraic surface. Each of these steps
are really technical and will require to work with branched double covers and Milnor bers. In general, we
do not have many tools to convert our symplectic 4-manifolds into an algebraic surface. In [LP11, Theorem
2.2], Lee and Park used the only known trick to do this step.

Theorem 2.6. Let X be a normal projective surface with T-singularities. Assume that a cyclic g&apts onX
such that:

(1) The surfac& = X=G is a hormal projective surface with-singularities
(2) pg(Y)=0a(Y)=0
(3) The surfac& has aQ-Gorenstein smoothing.

(4) Themap : X ! Y induced by a cyclic covering is at, and the branch lo€usurve lying outside the singular
locus ofY (resp. ofX)

(5) H(Y;Oy (D)) =0
Then there exists @-Gorenstein smoothing of that is compatible with @-Gorenstein smoothing of, and the
cyclic covering extends to tlig-Gorenstein smoothing.

. 2:1 .
For our example is not clear how to nd a branched double cover W! Y between singular surfaces

with T-singularities, such that Y has aQ-Gorenstein smoothing. For Horikawa surfaces, we should expect
to use the previous result with some branched double covering on some Hirzebruch surface (because of its
underlying double covering), but the (4) condition in the previous theorem, implies that each singularity
on W must appear in pairs. In the previous example, this happens with the W-chains [5; 2], but not with the
T-chain containing

Example 2.7. Let S be an elliptic bration with atleast 1,3+ |, + 711 singular bers, where n 2.

Figure 4: Relevant curves in S
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On the surface that we obtain after such blow-ups, we consider the following blow-ups.

Figure 5: Surface resulting from the rst 22 blow-ups

Now, we blow-up the 24 marked points in Figure

Figure 6: Chains in X

i —{
In X we can nd two W-chains corresponding to the H-J continued fraction [2;26;2; ;2;3]and seven
W-chains corresponding to the H-J continued fractions [2;5]. Let : X ! W be the contraction of these 9
Wabhl chains, soW is a normal projective surface with 9 Wahl singularities.

Proposition 2.8. The canonical divisoK \ is nefandk 3, = 16.
Proof. We have K3, =2+2+2+2+2+2+2+24+24 46 = 16. On the other hand, calculating the delta
numbers of the chains we have
1 12 123 1234
[41t 521 [6:22]! [7,222]!
Adding 2's to the right, inductively we have

67891011121314151617181920212223
2,2,2,2,2;2,2,2,2;,2,2;2;2;2;2;2;2;2]

56 7 91011121314151617181920212223
! [2 26‘2'2'2'2'2'2'2'2'2 2;2,2;2,2,2;2,2,2;2,2;2; 3]

We have to check the nef condition for all ( 1)-curves in X . Note that:

2 345
[26; 2:2:2,2;
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* The ( 1)-curve between the ( 26)-curve and the ( 3)-curve:

46 24
— =< L
47 47
» The ( 1)-curve between the ( 2)-curve and the ( 3)-curve:
23 24 _
47 47
* The ( 1)-curves between the ( 2)-curves and the ( 26)-curve:

46 1 138 47
= " " <

47 3 141

» The ( 1)-curves thatintersect the ( 5)-curves twice:

2 2 4
3 3- 3° ¢

Since the unique ( 1)-curves in X come from the blow-ups, we conclude that Ky is nef.
O

In this example, the largest T-chain appears an even number of times, but the number of W-chains [2; 5]
is odd. In this case, Ky cannot be ample (because there is g 1) curve E suchthat Ky, E =0). However,
contracting that ( 1)-curve and all new ( 1)-curve after that, we will have a ( d = 2) T-chain. We will show
some other constructions omitting some calculations.

Example 2.9. Let S be an elliptic bration with atleast 1,3 + 71 singular bers.

Figure 7: Relevant curvesin S

Now, we blow-up the 45marked points in Figure
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Figure 8: Chains in X

o 2

z_

In X we can nd one W-chain corresponding to the H-J continued fraction [25;26;2; ;2;3;2; ;2]
and seven W-chains corresponding to the H-J continued fraction [2;5]. Let : X ! W be the contraction of
these 8 Wahl chains, soW is a normal projective surface with 8 Wahl singularities.

Proposition 2.10. The canonical divisoK v is nef andK &, = 16.

Proof. We have K&V =2+2+2+42+2+2+2+47 45 = 16. On the other hand, calculating the delta
numbers of the chains we have

24 1 234567891011 12 13 14 15 16 17 18 19 20 21 22 23
[2:26;2;2;2;2;2;2;2;2;2;2;2;2;,2;2;2;2;2;2;2;2;2; 3]

Adding 2% to the right, inductively we have

24 1 2 3 45 19 20 21 22 23 47 71 95 119 503 527 551 575
[25; 26;2; 2; 2; 2; 12,2,2,2,3,2,2,2; 2; 1252 2, :

Example 2.11. Let S be an elliptic bration with at least 1,4+71; bers.

Figure 9: Relevant curvesin S
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Now, we blow-up the 25 marked points in Figure

Figure 10: Chains in X

[ —
In X we can nd one (d = 2) T-chain corresponding to the H-J continued fraction [2;26;3;2; 1 2; 3],
six W-chains corresponding to the H-J continued fractions [5; 2], and one W-chain corresponding to the H-J

continued fraction [2;6;2;3]. Let : X ! W be the contraction of these 8 chains, soW is a normal projective
surface with 8 T-singularities.

Proposition 2.12. The canonical divisoK v is nef andK &, = 16.

Proof. We have K3 = 25+ ((26 2)+(4 1)+6 (2 1))+8 = 16. Onthe other hand, we have the
following delta numbers

o
wr
[N
uNw
S

123456 7 89 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
[26,3,2,2,2,2,2,2,2,2,2;2;2;2;2;2;2;2;2;2;2;2,2;2; 2]

25 1 2 3456 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24
1 [2;26,3,2,2,2,2,2,2,2,2;,2;2;2;2;2;2;2;2;2;2;2;2;2;2; 3]

4 1 2 3 12
Moreover, [2; 6; 2; 3] and [5; 2]. O
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3 Small surfaces with T-singularities and its classi cation

"It is by logic that we prove, but by intuition
that we discover. To know how to criticize is
good, to know how to create is better”

Henri Poincar é

3.1 Adding multi-sectionsto  (C)

Given an elliptic surface S, to control the possible values of K3, we will try to understand how singular
bers and m multi sections contribute to this number. If we want to construct a surface W with certain
K Z , we should look for pairs (S;D) where D satis es some special conditions. The idea is the following:
Imagine that (C) is a "puzzle” that we construct over a board. We start this construction putting sub-
con gurations of singular bers (possible complete, and as much as we can) over the board, and then we
add the multi-sections one by one.

We can gain more control of this situation if we think about "connected sub-con guration of  ( 2)-
curves” rather than sub-con guration of singular bers.

Remark 3.1. If isrational curvein (C)and (S)=1 (for simplicity, assume there are no multiple bers),
we have two options:

e ispartofasingular ber.

« isaj-multi-section. Note thatif Sisa bration over P!, then Proposition and adjunction formula
onSimplythat 2= jpg(S)+j 2 Itisimportant note that the condition py(S) 2implies that

1+pg(S) < 2pg(S) < 3pg(S) 1<  <jpy(S)+2 j< (3.1
Therefore, If S! P!is an elliptic brationwith pg(S) 2,then 2  3for any multi-section.
The following lemma tells us the contribution to the number K (S; (C)) of the singular bersin  (C).

P
Lemma 3.2. LetS be a surface with(S) = 1. Assume thaD = inzl C; is a divisor representing components of
a singular ber.

1. If D represents a singular ber of typé , Il , oral, forn 1 we have thaK (S;D) = 0. Moreover, ifD
is only a sub-con guration of a singular ber of typle, forn 2, we have thaGp is not a cycle and has
connected components if and onlKi{S; D) = kfork 1

2. IfD isasingular beroftypdV ,I1l Il ,IV ,orl, foranyn O, thenK(S;D)= 1.

Proof. In any case, except for the bers of type Il and Ill , the divisor D is a (N.s.c.c)on S, so this is a direct
from Proposition . If D represents either a singular ber Il or Il ,let S°! S be the blow-up at the
singular point and D the strict transform of D. Then D de nes a (N.s.c.c) on S, so by Proposition we
have K (§;0) = 0; thus, by Proposition , we conclude that 0 = K (8;0) = K (S;D). O

Remark 3.3. If D is a divisor representing one singular ber of type 1V, S°! SCis the blow-up at the
singular point, D is the strict transform of D, and E is the exceptional ( 1)-curve. Then K ($;D + E) = 0.
We will prove that if S has singular bers of type 1V, then we must blow up the singular point of these
bers (because of the geometry of T-chains), each exceptional ( 1)-curve over the singular point must be
part of the T-chains on X (see Proposition ). Therefore, in the following result we will work with
K (S; D) instead of K ($;D + E).
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Now, we prove a lower bound for K (S; D) when the graph G (¢) has no isolated connected component
of ( 2)-curves. The key observation is that a connected con guration of ( 2)-curves with simple normal
crossings does not have any non-trivial P-resolutions (by lemma 3.2, or use the same argument as in the
Proposition ). Therefore, it is enough to reduce S to this case for our purpose.

Remark 3.4. From now on, the notation (C)nf g means consider the divisor associated to all curves of
(C) except .

Theorem 3.5. LetS ! P! be an elliptic surface witpy(S) 2. Assume thatG (c) has no isolated connected
components of 2)-curves, and that (C) consists of some sub-con gurations of singular bers(possibly complete)
and ong -multi-section . Then

K(S: (C) ipg(S) | L

Proof. Assume that (C) contains N complete singular bers and N °sub-con gurations of singular bers.
By Propositions and , we have

K(S (€)= K(S((C)nf @) (jpg(S)+] 2) 3+n+m

where n and m are the number of non-singular/singular points of  (C)nf gthatbelongsto , respectively.
By lemma (and Remark 3.3), we have

K(Si( (©)nf 9)=Q+ 1, +0 ki kns
N

where k; is the number of connected components of ( 2)-curves in the i-th sub-con guration. As G () has
no isolated cop gurations of ( 2)-curves, each connected component must be intersected by , so we have
thatn+ m '_, ki. Therefore, we have the bound. O

Corollary 3.6. LetS ! P! be an elliptic surface witpy(S) 2. Assume thatG (c) has no isolated connected
components of 2)-curves, and thak3, jpg(S) | 1forsomg 1. Then (C) cannot containk-multi-
sections withk > j .

Proof. Assume that (C) contains exactly one k-multi-section  with k > . By Theorem 3.5, we have
kpg(S) k 1 K(S; (C)) jpg(S) J 1

which is clearly a contradiction. On the other hand, if ~ (C) contains aj >multi-section € forsomej® 1, by
Proposition , we have

K(S; (C)= K(S; (C)nf g9 2 3+n+m
K(S; (C)nf ;€g)+( 2 3+n+m)+( € 3+n°+mY

(IK(S; (C)nf ;eg){7+ n+ m+ n%+ m‘?+(jpg(8) j 1)_,_(1_9{22_3;?
0

0

becauseG (c) has no isolated connected components of ( 2)-curves and pgy(S) 2 (see Remark 3.1).
Therefore, we have the same contradiction as before. For the general case, repeat the argument inductively.
O

Corollary 3.7. LetS! P! be an elliptic surface witpg(S) 2. Assume thatG (c) has no isolated connected
components df 2)-curves, and thak 3, 2pg(S) 4. Then (C) contains either two sections or one section, and
no other multi-sections. Moreover, i{ C) contains exactly one section, we have the formula

Kiv =(pg(S) 2)+ N

whereN is the number of complete bersi(C).
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Proof. By Corollary 3.6, (C) cannot have m-multi-sections with m 2. On the other hand, if (C) contains
exactly two sections, by the previous argument we conclude that K (S;D)  2py(S) 4. Therefore, we can
only have at most two sections. Finally, if (C) contains exactly one section , N complete singular bers

and N 9 sub-con gurations of singular bers; then does not intersect singular points of (C)nf g, and it
intersects exactly toN + N °non-singular points. O

The previous results motivate the next de nition:

De nition 3.8. A surface W is called small surface with T-singularities if S is an elliptic surface with Ko-
daira dimension equal to 1, and (C) contains one section and no other multi-sections.

Now, we prove an analogous result when S contains exactly two sections.

Theorem 3.9. LetS ! P! be an elliptic surface witpy(S) 2. Assume thatG (c) has no isolated connected
components df 2)-curves, and that (C) contains exactl2 sections and no other multi-sections. Then

K(S; (C)=(@2pg(S) 4)+2N; + N+,

whereN, is the number of bers in (C) such thatK (S;F) = 0; N%the number of sub-con guratiofr of
singular bers contained in (C), which are intersected by both sections &@;F) = 1; andt, the number of
intersection points between the sections, which not belong$ t@pcurve in (C). In particular, if K2 =2py 3,
then (C) cannot contain a complete singular ber F such tlatS; F) = 0, andt, at most is equal t4.

Remark 3.10. If F is a sub-con guration which is intersected by exactly one of the sections and K (S;F) =
1, then F does not increase the numberK (S; (C)).

Proof. Assume that (C) contains N complete singular bers and N °proper sub-con gurations of singular
bers. We denote by F; the sub-con guration of the j-th singular ber that belongsto  (C). We write

Wty =Wty + i+ Wty + 10+ Oty 4o

t3 =tz + ity il N e No

where (Vt,; is the number of intersection points between the i-th section with j -th sub-con guration (pos-
sibly complete) of a singular ber(which is only intersected by the i-th section), and ts; is the number
of triple points in the F; sub-con guration. Since W has no ADE-con gurations, lemma implies that
K(S;F) 2 for any j. Thus, we have three cases:

* IfK (S;Fj)= 2: Bylemma 3.2, we have thatF; consists of two disjoint connected con gurations of
( 2)-curves, so we have thatWt,; =1 =@ t,; (hencets; =0). Then

K(S;F)+® ty +@ tpy +2t3 =0:

* IfK (S;Fj)= 1:Bylemma 3.2, we have thatF; consists of a connected con guration of ( 2)-curves,
so we have four possibilities (which will be separated into two cases):

(@ If(Wtz; =1 and ty; =0)or (Pt =0 andty; = 1), we will have that ts; = 0. Then
K(S;Fj)+®W toy +@ ty; +2t3; =0:

(b) If (Dtyy =1 and @ty =1)or (Mt =0 and @ty = 0). Inthe rst case we have that tg; =0,
while in the second one we have that t3; = 1. In both cases, we have

K(S;F)+® tp +@ tyy +2t3; =1:
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« IfK (S;Fj) = 0: By lemma 3.2, we have thatF; is a complete singular ber, so (Mty; =1 =@ ty5)or
Wty =0=® tyy). Thus, we will have that t3; =0 or tz; =1, respectively. In both cases, we have

K(SiF)+® tgy +@ 1 + 2155 =2:
Using the previous cases, we have:

K(S;D)= K(S;Fy) + + K(S;F)+ + K(S;Fn+no)
3+(pg(S)+1) 3+(pg(S)+ 1+ Dt +@ t,+26+ 1,
=(2pg(S) 4)+2N; + N+

3.2 Structure of ( 2)-curves and special bers.
In this subsection, we identify some basic conditions that ( 2)-curvesin (C) must satisfy.

De nition 3.11. Let Gp be the associated graph of a simple normal crossing divisor D and v a vertex of
Gp . Assume that Gp is connected. If Gp  hask linear components, then v is called a k-star.

Figure 11: k-star

If we remove the vertex v, we will have k linear components. We will be denoted them by CK for
i2f1, ;kg, andv; will denote the edge connecting the component CK with the vertex v.

Theorem 3.12. LetW be a surface obtained through contraction of T-chainX oK, is big and nef, (C) a snc
divisor, andv ak-star onG (¢) for somek 1. Assume that there exists2 f 1, ; kg such that all the curves on
the componentk are( 2)-curves. Then we cannot blow-up the point associated to thevedge

Proof. Let v be the vertex corresponding to the k-star with k 1, § | S the blow-up at the point corre-
sponding to the edge v;, E the exceptional ( 1)-curve, and Ci" the strict transform associated to the chain
Cik. Since Cik is a linear component of ( 2)-curves, then the ( 1)-curve E connect the rest of the con-
guration with a chain [3;2; ;2] at the beginning. By Proposition 5.1, it does not have any non-trivial
P-resolution. Note that if we do a blow-up at the intersection point of E and the chain, we willhave a  k-star
with k  lagain. AsE isa( 1)-vertex of degree 2 connecting a chain at the beginning, the new ( 1)-curve
E %is connecting a chain of P1% at the beginning with the rest of the con guration. Now, assume that there
exists a sequence of blow-ups on singular points of (C) such that W is constructed from (C), and denote
by E a( 1)-curve intersecting the proper transform of CK. The graph Gx ¢ has a linear component, so
contracting any ( 1)-curve (and all the new ( 1)-curves after that) in this linear component, we have two
cases (By Proposition , that linear component cannot be contracted completely):
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« E intersects the linear component CK in a curve with self-intersection lower than 2.
In such a case, the T-chains in the componentCK can be obtained as a P-resolution of the chain[m; 2; ;2]
forsome m 3. By Proposition 5.1, it only has a non-trivial P-resolution when m 4 and the number
of 2%isequaltom 4. As Ky is nefand E only intersects this chain once, then E must intersect other
chain. By Proposition , this other chain must be [a;; (e ]2; iz ;%] for some ay; ;8 2, which

m 3
is not possible by lemma

+ E intersects the linear component C¥ in a curve with self-intersection 2. In such a case, the T-chains

in the component CK can be obtained as a P-resolution of a chain[2;  ;2;3;2; 2] However, by
Proposition 5.1, it does not have any non-trivial P-resolutions.
O
Corollary 3.13. LetW be a small surface. TherfC) cannot contain a singular ber of type,, Il ;111 orlV

Proof. Note that the graph of curves of each of them contains a 3-star such that all their linear components
are( 2)-chains. Assumethat (C)nf gcontains any ofthese bers, and denote by vthe 3-staron G (cynt g-
As W has exactly one section , then only one of these ( 2)-chains is intersected by (we will denote by
C3 this component), and so v is a 2-star on G (c). Sincev is a vertex of degree 3 in the latter graph, then
we must do some blow-ups on the edges v;. By Theorem , they cannot be done inv, or vs, so the
only possible case is a blow-up at the point corresponding to v;. Then the exceptional ( 1)-curve connects
the con guration with a chain [2; ;2;3;2; ;2], but Proposition tells us that it has no non-trivial P-
resolutions. Using the same arguments as before, the only possibility must be the chain [2; ;2;x;2; ;2]
with a 2% on the left, x 4, and b 2% on the right. However, by Proposition , the only non-trivial P-
resolutions are:

X 2 X 2
{z (Z} [x 3] fz_{z_(zg and FZ_{Z_(Z} [x 3] fz)_{z (2;

a x+4 b a b x+4

p

Note that, the only case where we do not have any ADE-con guration is when either a =0 or b= 0, but
this imply that v was nota 3-staron G (cyns g- O

3.3 Hanging, Residual and the Distinguished T-chain

To construct a surfaceW with K2 > 0and Ky nef, the most restrictive condition is the latter. P-resolutions
give us an effective way to keep track of the ( 1)-curves that could cause problems. With them we gain a
lot of control because all the geometric information about where we have to do the blow-ups is encoded in
zero continued fractions. However, to use this connection we require certain conditions in the geometry of
the curves where we look for P-resolutions. If W is a small surface, then there is adistinguished T-chain on
X, which contains  as one of their curves. The graph Gx ; does not have vertices of degree greater than
2,50 intersect at most two curves in that graph. This motivate the following de nition.

De nition 3.14. Let W be a small surface, with the section on S.
» The T-chain on X that contains is called distinguished .
« AT-chainon X thatis connected by a( 1)-curve to is called hanging .

» A T-chain on X is called residual if it is neither distinguished nor hanging and does not contain the
proper transform ofacurve F suchthat F =1.

We denote by the number of curves C; in the distinguished T-chain such that ~ Cj = 1, where C;
is either the proper transform of a curve in a complete singular ber of  (C) or an exceptional curve
over a point of a complete singular berin  (C).
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When W is a small surface with T-singularities, up to hanging T-chains it is enough to assume that
intersects at most two singular bers. By Corollary , when W is a small surface (C) does not contains
any singular ber of type I,;1l ;Ill  or IV . Therefore, by Kodaira's classi cation of singular bers we
only need to classify the possible situations for singular bers of type 11,1l ,IV,and |, with n 1. We
will begin this analysis by considering the case where (C) consists of exactly one sub-con guration of a
singular (possibly complete) and the section, i.e., (C)= F[ . We will call this case the local calculation.

Lemma 3.15. (Hanging T-chain, Relevant P-resolutions for the ckse |,)
LetW be a small surface with(C) = F[ . Assume thaF is a sub-con guration of a singular ber, withn 1.
If the surfacaV has a hanging T-chain, then it is obtained vi& aresolution:

1. The chair{F;_{Z_;}Z; a; F_{Z;_}Z; 3; F_{zi?] forb>0anda 4,whenn 2.
b n 2 a 4

2. The chair[F;_{Z_; ;a; F;—{Z—;?] forb>0anda 5,whenn=1.
b a 5
Proof. We will prove the case n 2, the casen = 1 is similar. We denote by A the curve (and its proper
transform) that  intersects in the ber, and by E the ( 1)-curve on X connecting  with the hanging T-
chain. If E intersects A, then the blow-ups in the ber de ne a cycle of T-chains. Since Ky is nef, the
Corollary implies that we can assume that it is just one T-chain with a ( 1)-curve Eintersecting their
ends. IfECintersectsA, thenitmustbe [a;2; ;2;3;2; ;2]with (a 4)2%ontheright, whereas if E°does
not intersect A it must be [a;2; 12,3, 2; :2:3:2. ;2]with (a 3) 2% on the right. However, using
the Proposition backwards, we conclude that this case is impossible because they are not T-chains.
Therefore, E cannot intersect A. Since the T-chains onX are disjoint, the graph Gx g0 has no vertices of
degree greater than 2, and so, there exists a( 1)-curve E®on X intersecting to A. As Ky is nef, then E
must intersect another curve inthe ber, so the graph Gy g is a chain of P!'s that only has T-singularities.
Contracting all the other ( 1)-curves and all new ( 1)-curves after that, we have a P-resolution f : W ! S
e P e e -
n

2 a
Lemma 3.16. (No hanging T-chain, Relevant P-resolution for cése 1,)

LetW be a small surface with(C) = F [ . AssumethaF = |, withn 1and 2= r. If the surfacaV does
not have a hanging T-chain, thé is obtained via a P-resolutions of:

(1) The chairr; a; 2; ; 2], whenn = 1.
e f

(2) The chairr; a; 2; 12,32 ; 2], whenn 2.
P ¥ e f

Proof. We will prove the case n 2, the casen = 1 is similar. We denote by A the curve (and its proper
transform) that intersects in the ber. Since the T-chains on X are disjoint, the graph Gx 1 has no vertices
of degree 3. In particular, there isa ( 1)-curve E in X intersectingto A. As (C) has only smooth curves
with nodes, then E has to intersect another T-chain. By the same argument as before, we cannot have a cy-
cle of T-chains, soE cannot separateA and . Therefore, E must intersect another chain in the ber, so the
graph Gy g is a chain of P*% with T-chains. Contracting all the other ( 1)-curves and all new ( 1)-curves

after that, we have a P-resolution f : W ! S over[r;a; 2; 12:3:2; ;2] forsomea 3.
[ F-{zz_? fgzf
n

O

In the previous cases, (C) consists of smooth curves with at most nodes (when F is an |1, simply blow-
up the node and then use the previous argument) and there exists a ( 1)-curve E on X such that the graph
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Gx g is a chain of P1%. However, when F isall , Il or IV, the situation turns out a little different. We
will prove that in this case there exists a ( 1)-curve on X such that the graph Gx g consists of two chains
of P1%. Therefore, the surfaceW is obtained by considering separately two P-resolutions, which satisfy the
condition K nefwith E.

The following result is useful to list the relevant chains for the singular bers of types Il ,I1l ,and IV .

Lemma 3.17. LetW be a small surface. Assume that after some blow-ups the graph of curves is given by

1

r a az as

forsomesy; 2and a( 1)-curve denoted b . If we blow-up the poinP, then the proper transform & must be
part of a T-chain orX . Moreover, if the sequence of blow-ups to constMotontainsP as one of these points, then
the surfac@V is obtained by considering separately two P-resolutions (for the chains of the diagram):

SN
[nagya;as] (1) %F;_ 2 f; az +1]

2

wherea 2 (after checking the conditidd, nef with the( 1)-curve in the middle).

Proof. Let D be the divisor associated to the graph on the gure, S the respective surface,S°! S the blow-
up at the point point corresponding to the edge P, and E°the exceptional ( 1)-curve. We will denote by C
the curve such that C2 =  a,. Note that E°separates the diagram into two chains:

7N
[ragp2;a3] (1) —[a +1]:

Since E° only intersects two curves transversely, the condition K, nef implies that E must be part of a
T-chain. In particular, blowing up repeatedly the intersection point of E with the new ( 1)-curves, we
have

SN
[naga;as] (1) %F;_ iz B f; ap +1]

2

where the same argument proves that E must be part of a T-chain. Now, assume that there exists a sequence
of blow-ups such that E is not part of the T-chains on X . Inthe graph Gx g, consider the linear component
which contains C. SinceE is not part of a T-chain, then thereisnoa ( 1)-curve connecting E with this chain
of P1%. However, at least one curve on this chain of P*% musta ( 1)-curve, because of the( 1)-curve E°.
Moreover, that ( 1)-curve must intersect at least two T-chains (because is a( 1)-curve in a chain of P%).
However, contracting this ( 1)-curve and all the new ( 1)-curve after that in this chain of P, only one
curve is not contracted in this process (the curve C), but any T-singularity has at least one center, so we
have a contradiction with Proposition . O

Remark 3.18. If we blow-up the intersection point of E and the curve of self-intersection a;, an analogous
argument shows that the relevant diagram is the following:

N
[rap+1; F;_{Z_;f] — Q) [aza;a3]:
a 2
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Otherwise, then E would be a vertex of degree 3in Gx 1, and so we must blow up the intersection point
of E with the curve with self-intersection  a, or az. Therefore, contracting any other ( 1)-curve and all
new ( 1)-curve after that, we are in the case of the previous lemma.

Lemma 3.19. (Relevant P-resolutions, special case)
LetW be a smallF a singular ber of typel , Il orlV ;and the sectionwith 2= r. ThenW is obtained by
P-resolutions of one of the following.

1. If F is of typell :

< 2 - ) RN
4 — (@) 52— @1) [r6;2;2] (1) —I[4]

SN N
[r; 7,2,2] — (1) — [5;2] 1) — [4] [r7,2,2,2] — (1) [3;5; 2]

2. IfF is of typelll :
N SN
[r;52] — (1) (23,4 [n4:3;2] (1) —[29]

4 D)
[r;3;3] — (1) 4] — (1) —[2] [4]
3. IfF is of typel V :
TN RN
4 — @) [323] [n3;2:;3] (1) —[4]

Proof. In this proof, all curves that can be intersected by the section are painted orange.

» If Fis a singular ber of type Il : (one component with a cusp).

Figure 12: Fiber of type II.

Itis clear that, omitting the ( 1)-curve in the rst two blow-ups in Figure 12, we have the chains [r; 4]
and [r; 5; 2], respectively, so these cases are possible. On the other hand, th€ 1)-curve in the third
blow-up intersects the chains [3],[2] (by Proposition 5.1, they have no non-trivial P-resolutions) and
[r; 6] once, so this case is not possible forK yy nef. Now we have two cases:

(1) A blow-up at the point B produces a ( 1)-curve E, which separates the con guration into two
chains. By lemma , the curveE must be part of a T-chain, and all the cases when Ky is nef are
given by the diagram:
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[r;6;m)—[: ;2 4]
F_{zz_?

By lemma 5.1, the chain on the right only has non-trivial P-resolutions when a=2.

(2) By the same argument, if we blow-up the point C, then all the cases whenKy is nef are given by
the diagram:

[r;G;m)—[; ;23]
F_a{zz_?

By lemma 5.1, the chain on the right has no non-trivial P-resolutions, so this case is not possible.

(3) By Remark , iIf we blow-up the point A, then all the cases whenKy is nef are given by the
diagram:

N
[r; 7;?:_ iz B %]— 1 [EBa2]
a 2

By proposition , the chain on the right has non-trivial P-resolutions only when a =15 (W-chain
[3;52),anda=4 ([4] (@) [52]! [3;4;2]). Therefore, the possibilities are:

SN
[r7,22]— (1) — [5 2] (1) —[4]

[r7,2,2,2] — (1) [3;5; 2]
N

» If Fis a singular ber of type Il : (two components meeting at one point with the same tangent).

Figure 13: Fiber of type lII.

It is clear that, omitting the ( 1)-curve in the rst blow-up in Figure 13, we have the chain [r; 3; 3], so
this case is possible. On the other hand, the( 1)-curve in the second blow-up intersects the chains [r; 4]
and [4] (it has non-trivial P-resolutions) once, so this case is also possible. We have to check two cases:

1. Ablow-up at A (or A9 produces a( 1)-curve E, which separates the con guration into two chains.

By lemma , the curve E must be part of a T-chain, and all the cases when Ky is nef are given
by the diagram:

n52, A () a4 1)

9 & a; :

fzf
a 2
4:a;2 (1) — [, :2:5] (1:2)
a 2
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Note that we have two cases here because there are two curves that can be intersected by . By
Propositions and 5.1, the chains on the right in the con gurations (1:1) and (1:2) only have
non-trivial P-resolutions when a=3.

2. By the same argument, if we blow-up the point B, then all the cases whenKy is nef are given by
the diagram:

mada L) — 23
F_{zz_?

By lemma 5.1, the chain on the right has no non-trivial P-resolutions, so this case is not possible.

» If Fis asingular ber of type IV . (three components meeting at one point).

Figure 14: Fiber of type IV.

The ( 1)-curve in the rst blow-up intersects the chains [3],[3] (by Proposition 5.1, they have no non-

trivial P-resolutions) and [r; 3] once, so this case is not possible. On the other hand, in the second
blow-up, we have two cases because there are three curves (two of them are a( 3)-curve) that can be
intersected by

naz, 2@ @ad (1)
42 — & :
Fiizf
a 2
[r3:a;3] (1) — [F;_{Z_;§;4] (1:2)
a 2
By Propositions and 5.1, the chains on the right only have non-trivial P-resolutions when a=2.

O
Remark 3.20. Checking the previous list, the only cases where the distinguished chain is not connected by
a( 1)-curve at the end are the following:
Type (m.11) Type (m.111) Type (m.1V)
SN 7N SN
[n6;2;2] (1) —[4] [n4:3:2] (1) —I[25 [r3;2;3] (1) —[4]

For the hanging T-chains we use the same argument, but separating from the ber. The same analysis
as before proves that the only possibilities are the Special con guration of type (l1l.1), see Figure

Remark 3.21. In any case except in[r; 7;2; 2], the distinguished T-chain comes from a particular case of
the relevant chains in lemma . By Proposition , we have thatK ([r; 7;2;2}) K(r; 7,2,2;2}).
Therefore, this case is also included in the local calculations.
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3.4 Building blocks for small surfaces with T-singularities

Let W be a small surface and the section of S. Note that py(S) 2 implies that each ( 2)-curve must
be contained in a ber. Since the graph of the T-chains on X does not have vertices of degree greater than
2, we have to blow-ups vertices of degree greater than 2in G (¢). After blowing ups some points, we can
reduce our analysis to the case where has attached at most2 singular bers (keeping track of the chains
that we could obtain in the components that were separated from ).

Consider := (number of proper transform of curves in singular bers contained in (C), which are
intersected by ) + (number of exceptional curves over points in singular bers completely contained in

(C), which are intersected by ) . Itis clear that 0 2.
Trivial con guration :When =0.

By Proposition 5.1, the only non-trivial P-resolution without ADE con gurations of the c.q.s  [r]iswhen s

a( 4)-curve. We consider this as a con guration of the rst type, which will be called Con guration (I :0).
This just gives us a more concise statement in Theorem
Firsttype: When = 1. We have two options: the distinguished T-chain is obtained via P-resolutions

of [r; F;—{Z—;?] or []2;_{2_;%; ra; F—{Zz—? 3; F;—{Z—;?] fora 3,n 2,b 0.Whenthe singular ber is of type
b b n a
I, or Il , we use the same argument.

» By Proposition 5.1, the c.q.s [r; 2 ;2] only has non-trivial P-resolution without ADE-con gurations
whenr 4andb=r 4

(1) For this construction we need a ( 2)-chain of length r 4, and a section such that 2= r.This
P-resolution gives us the W-chain [r; F; ;?].
_{24_
r

Figure 15: Con guration (1.1).

» By Proposition 5.3, the only non-trivial P-resolution without ADE con gurations where b= 0 is the
case(0). We will separate this case into two parts.

(2) For this construction we need a ber F oftype I, with n 1,11, or Il , and one section such that
—2
= 3

Figure 16: Con guration (l.2).
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Figure 17: Special con gurations (1.2).

2

2}

It is clear that after blowing up two marked points, we obtainthe c.q.s [3;4;2;  ;2;3;2]. When F
is either all or |, we have the W-chain [3; 5; 2]. By increasing n, we simply add a chain to the end.

In general, if n 3 we have the P-resolution

[3:52] (1) [4;F;_ . _;%;3;2]
n 3

When n = 2 the chain on the rightis a [5; 2]. If F isalll , we have the same P-resolution as whenF
is either a Il or |1, but the chain [3;5; 2] is connected to a[2; 3; 4] in the middle. The discrepancies
of the connected curves are -2 and -2 respectively (2 + £ = 18 > 1),

(3) For this construction we need a ber F oftype I, with n r 2, and a section such that B
r 4

Figure 18: Con guration (1.3).

Ak A T

It is clear that after blowing up some marked points, we obtain the c.q.s [r;r +1;2; :12,3;2; i 2].
Over it we have the P-resolution

[r;r +1;F;_{Z_; ;3;l2;_{z_;§] 1) [Hl;F;_{z_;f;?’;F;_{z_;?]:
r 4 r 2 nr r 2

Whenn =r 2, we only have the W-chain on the left, whereas when n = r 1 the chain on the right
is the W-chain [r + Z;F; iz ;f]-
2
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Second type: When = 2. We have three options: The distinguished T-chain is obtained via P-
resolutionsof [2; ;22 2L [ anarg 232 o s2lhory 232 o Zanbe 232 2.
P f T P P e a F 0 P F R b O S P SR AN (F I g
a b b n 2 a 3 a 3 n 2 no 2 b 3
3 2z N - ,
By Proposition5.1,the c.q.s[2;  ;2;r; 2;  ;2]has no non-trivial P-resolutions without ADE-con gurations
when a;b 1, sothe rstcase is ruled out.

o A | 2z 2Ny

» The distinguished T-chain is obtained via a P-resolution of [2;  ;2;ra;2;, ;2,3;2, ;2]forb 1,
ra 3andn 2.
By Proposition 5.3, the only non-trivial P-resolutions without ADE con gurations are the cases  (€),(9),(i)
and (m). Looking at the ends of these P-resolutions we have constraints for the variables. It is clear that
the non-ADE condition implies that a = 3. However, the case (g) is only valid for a 4, so this case
is not possible. In addition, we can notice that the case (€) is simply a con guration of First type (1.1)
after one Third type con guration.

(1) For this construction we need a ( 2)-chain of length 2,a ber F with n 1,11 ,1Il or IV ;andone
section suchthat > = 5.

Figure 19: Con guration (l1.1).

Figure 20: Special con gurations (11.1).

2

It is clear that after blowing up one marked point, we obtain the c.q.s [2;2;5;3;2; _;2; 3]. When F
is either all or I, we obtain the W-chain [2; 2;5; 4]. By increasing n, we simply add a chain to the
end. In general, if n 3 we have the P-resolution

[2,2,54] (1) [3 F;_ 2 ;3

When n = 2 the chain on the rightis a [4]. If F isalll or IV we have the same P-resolution as
when F is either all or |1, but the chain [2; 2; 5; 4] is connected to a[4] and one [2], or to a [3; 2; 3]
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in middle. The discrepancies of the connected curves are 2+ 1 = 17 respectively (2+ 1 = 12 > 1),
7 2 14 7 2 14

(2) For this construction we need a ( 2)-chain of length 1, a ber F of type I, with n  r 2,11 or

Il ;and a section such that R

Figure 21: Con guration (l1.2).

Figure 22: Special con gurations (11.2).

22

It is clear that after blowing up one marked point, we obtain the c.q.s [2;r; 3;2; _;2; 3]. When

n=r 2, we obtainthe (d =2) T-chain [2;r; 3; F; (z ; 2; 3]. By increasing n, we simply add a chain
ro4

to the end. In general, if n  r we have the P-resolution

[2;r; 3;Fi{'z: 5231 (1) [3;&{'2: 523k
r 4 nr

When n = r 1the chain ontherightisa [4]. If F isalll , then e 4, and we have the same

P-resolution aswhen F isal,. If F isalV and -2 iseither 4or 5we have the same P-resolution
as when F is al s, but the chain [2; 4; 3; 3] is connected at the end to another [4], whereas the chain
[2;5; 3;2; 3] is connected in the middle to a [4] respectively. The discrepancies of the connected
curves for the rst case are g and % (g + 1= % > 1), whereas for the second case they are %

2
1/(5 1 - 17
and 3 (3+ 3= 15> 1).

3 2 n? 2 3
o A | 2 R G L T 2 [ G (h
e The distinguished T-chain is obtained via a P-resolutionof [2; ;2;3;2;, ;2;a;r;b;2, ;2,3,2, ;2]
fora;r;b 3andn;n® 2.
By Proposition 5.8, the only non-trivial P-resolutions are given by the cases (n9,(19,( 9,(f 9,(h9,(w9,
(r9,(x9,(p9,(29. Looking at the ends of these P-resolutions we have constraints for the variables. Note
that the case(z9 is simply a con guration of First type (1.3) after one Third type con guration. We will

write the other cases in the order mentioned.
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(3) For this construction we need a ber F of type |, with n 2,11l or IV ;al,owith n® 3 ,anda
section suchthat - = 5.

Figure 23: Con guration (l1.3).

Figure 24: Special con gurations (I1.3).

224 2" 24

Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2;:::;2;3;4;4;2;:::;2;3;2].
When F is eitheral, or Il , and n®= 3 over it we have the P-resolution:

[3:3532] (1) [36232]

By increasing either n or n° we simply add chains to the ends. In general, if n  4andn® 5, we
have the P-resolution

[3;32 i3l () 33532 (1) (36232 (1) [4;?5 > ﬁ;S;Z]:
n 4 n® 5

When n = 3 the chain on the left is a [4], whereas when n° = 4 the chain on the right is a [5;2]. If
F is IV, we have the same P-resolution as whenF is a |3, but the chain [3;3;5; 3; 2] is connected

at the beginning to another [4]. The discrepancies of these curves are % and % respectively

8 1 _ 29
5t %> 1).

(4) For this construction we need a |, with n 4, a ber F of type l,owith n® 1,11 orlll ;anda
section suchthat - = 5.

Figure 25: Con guration (11.4).
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(5)

Figure 26: Special con gurations (11.4).

2 n? 2

—{ 2} <
Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2, ;2;3;4,4,2, ;2;3;2].
Whenn =4,andF iseitherall or |, over it we have the P-resolution

[3:22,7,2] (1) [322552]

By increasing either n or n% we simply add chains to the ends. In general, if n  4andn® 3we
have the P-resolution

[3;&{'2:&;3] 1 B2272] 1) [322552] (1) [4’l203’ ;3,2

When n = 5 the chain on the left is a [4], whereas when n® = 2 the chain on the right is a [5;2]. If
Fis a ber of type Il , we have the same P-resolution as whenF is either a Il or I, but the last
chain is connected at the end to the chain [2; 3; 4] in the middle. The discrepancies of these curves
are £ and % respectively ({5 + 5= 23> 1).

For this construction we need a |, with n 4, a ber F of type o with n® 1,11 orlll ;anda
section suchthat = 5,

Figure 27: Con guration (I1.5).

Figure 28: Special con gurations (11.5).
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2 n? 2
—{ -} —{
Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2, ;2;3;5;4,2, ;2;3;2].
When n =4 and F is eitherall or |1, we have the W-chain [3; 2; 2; 3; 5; 5; 2]. By increasing either n
or n% we simply add chains to the ends. In general,if n 6andn® 3we have the P-resolution
[S,F s ;23] (D) [3,2,23,552] (1) [4,F Lo %,3 2]
03

n

When n = 5 the chain on the left is [4], whereas when n® = 2 the chain on the right is [5;2]. If F
is of type Ill , we have the same P-resolution as whenF is either a Il or |1, but the last chain is
connected at the end to the chain [2; 3; 4] in the middle. The discrepancies of these curves are it

25
and 2 respectively (3t + 2 = 8> 1),

(6) For this construction we need a | ,, a ber F oftype I,owith n® 1,11 orlll ;andasection such
that °= (r+3),withn r+1.

Figure 29: Con guration (l1.6).

Figure 30: Special con gurations (11.6).

2
, , | , 2 2] _{

Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2;, ;2;3;r; 4;2; 2:3;2].
Whenn=r+1,andF iseitherall orl, we have the P-resolution

[3,F..,%3r+3 2] (1) [3;2,6;2]:

By increasing either n or n° we simply add chains to the ends. In general,if n  r+3 andn® 3
we have the P-resolution

[3;?2{'21 31 (D) [S,F,{ %,3 r+3;2] (1) [3262] Q) [4 F—{Z—? 3;2]:
nr 3 n® 3

When n = r + 2 the chain on the left is [4], whereas when n® = 2 the chain on the right is [5; 2]. If
F is a ber of type Il , we have the same P-resolution as whenF is either a Il or |, but the last
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chain is connected at the end to the chain [2; 3; 4] in the middle. The discrepancies of these curves

3 2 — 23
are sand 3 respectlvely(7 + £= > 1).

(7) For this construction we need a |,, a ber F of type 1,0 with n® 2or Il ; and a section such that

2= (r+2),with n .

Figure 31: Con guration (11.7).

Figure 32: Special con guration (11.7).

22 2 24

Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2,  ;2;3;r;4;,2, ;2;3;2].
When n = r and n°= 2, we have the P-resolution

[3,F. .,%,3r+2 21 () [3;5;3;2]

By increasing either n or n% we simply add chains to the ends. In generalif n  r+2 andn® 4, we
have the P-resolution

[3,F {z’?’ (1) [3,F { ;43r+2;21 (1) 3,532 (1) ? ?,3 2]

nr 2 n°4

When n = r + 1 the chain on the left is [4], whereas when n®= 3 the chain on the rightis [5;2]. If Fis a

ber of type 11l , we have the same P-resolution as whenF is al,, but the last chain is connected in the
middle to the begmnlng of achain [2;5]. The discrepancies of these curves are 3 S and % respectively
(4 1 — 13 > 1)

(8) For this construction we need alo,a ber F oftype I, with n 2, 1Il or IV ;andasection such that

= (r+2),with n® r.

Figure 33: Con guration (11.8).
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Figure 34: Special con guration (11.8).

2 02
_ _ _ | 27} 2 =
It is clear that after blowing up some marked points, we obtainthe c.q.s [3;2, ;2;3;r;4;2; ;2;3;2].
When F is either alll orl,, and n°= r we have the P-resolution

352 M) Br+2ig 232 (1) Br+dige £32)
r 3 r 2
By increasing either n or n% we simply add chains to the ends. In general, if n  4andn® r +2 we
have the P-resolution

[3;3%{'2}?;3] 1 3521 1) [Br +2;F;_r:{'z;ﬁ;3;2] 1)

[3r +3;F:{'Z:Lf;3;2] 1) [4;F:{'Z:Lf;3;2]:
r 2

no® r 2

When n = 3 the chain on the left is a [4], whereas when n®= r + 1 the chain on the rightis [5;2]. If F isa
IV , we have the same P-resolution as whenF is al 3, but the chain [3; 5; 2] is connected at the beginning
to another [4]. The discrepancies of these curves are 2 and  § respectively (2 + § > 1)

(9) For this construction we need a I 10, a ber F of type I,with n 1,1l ber, Il ,or IV ;and a section
suchthat = r,with n® r 1.

Figure 35: Con guration (11.9).
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Figure 36: Special con guration (11.9).

2 o 2
. . . _ 2} 2}
Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2; ;2;3;1;52, ;2,3;2;2].
When n®= r and F isall orl;, we have the Wahl chain [4;r; 5; F; iz ;%; 3;2; 2]. By increasing either n

r 3
or n% we simply add chains to the ends. In general,if n 3and n® r + 1, we have the P-resolution

[3;&{'2: 3ﬁ;S] 1 [4r S;Fifz;i§;3;2;2] (1) [S;Fi ; i§;3;2:2]:

n® r 1

When n = 2 the chain on the left is [4], whereas when n® = r + 1 the chain on the rightis [6;2;2]. If F
of type Il or IV, we have the same P-resolution as whenF is either a Il or |1, but the rst chain is
connected at the beginning to a[4] and a [2], or to a [3; 2; 3] in the middle respectively. The discrepancies

6r 5 1 H 6r 5 1 _ 20r 16 .
of the connected curves are g—= and 3 respectively (g—z + 5 = 75— > Lforr> 1).

(10) For this construction we need a |l o, @ ber F oftype I, with n 1,11 , 11l or IV ;and a section such
that > = (r+1),with n® r.

Figure 37: Con guration (11.10).
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Figure 38: Special con guration (11.10).

2 0 2
| | _ _ P | 2 24
Itis clear that after blowing up some marked points, we obtainthe c.q.s [3;2; 12,31, 5,2, 12, 3,2, 2].
When F is eitherall or 14, and n®= r we have the P-resolution

[Ar+1:2:052322] (1) [4r+3;2:52322)

By increasing either n or n% we simply add chains to the ends. In general, if n 3andn® r+2 we
have the P-resolution

[3;&{'23?;3] () [4;r+1;Fi{'z}.}2;3;2; 21

[Ar+3igi 2322 (1) B %322
r 2 no r 2
When n = 2 the chain on the left is a [4], whereas when n® = r + 1 the chain on the right is a [6; 2; 2].
When F isalll or IV, we have the same P-resolution as whenF eitherall or |4, butthe rst chain of
the P-resolution is connected at the beginning to a [4] and a [2], or to a [3; 2; 3] in the middle respectively.
The discrepancies of the connected curves are 32 and 3 respectively (3¢ + 1 = 1013 > 3 for

2r> 3).
(11) For this construction we need a ber F oftype 1, with n 2,111 orlV;a ber F%oftype I owith n® 2
or 1l ; and a section such that 2= 3

Figure 39: Con guration (I1.11).
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Figure 40: Special con gurations (I.11).

2 0 2
. . . . 27 —{ 2 =
It is clear that after blowing up some marked points, we obtainthe c.q.s [3;2; ;2;3;5;4;2; ;2;3;2].
When F is either al, or Ill , and FCis al, we have the (d = 2) T-chain [3;3;3; 4; 3; 2]. By increasing
either n or n® we simply add chains to the ends. Ingeneral,if n  4andn® 4we have the P-resolution.

[3,F ,,3] 1) 333432 (1) [4:F;_ iz _;?;3;2]:

no 4

When n = 3 the chain on the left is a [4], whereas when n° = 3 the chain on the right is a [5; 2]. When
F is alV we have the same P-resolution as whenF is a |l 3, but the chain [3; 3' 3;4;3;2] is connected
in the middle to another [4]. The discrepancies of the connected curves are 13 and % respectively

£+ 1= 2> 1), whereas when FCis alll , we have the same P-resolution as whenFis al,, but the
chain [3; 3; 3' 4; 3; 2] is connected in the mlddle to a [2;5]. The discrepancies of the connected curves are

10 10 1 — 43
mand 3 respectwely(l + 3= 35> 1).

Third type : The chains that were separated from . We have three options: was separated from a
( 2)-chain, from a singular ber of type I, with n 1, or from a singular ber of type II;1Il or V. By
Theorem , the rst case is ruled out.

e If was separated from asingular ber of type |, with n 1, we are interested in the P-resolutions of
[F; a2 123 ;2]forb>0,a 4andn 2
Lz L {zL { =
b n 2

By Proposition 5.9, all thelr pOSSIb|e P-resolutions without ADE con gurations are the cases (c) and (e).
Looking at the ends of these P-resolutions we have constraints for the variables. In both cases, it is clear
that the non-ADE condition impliesthat a=4 andb=1.

« If  was separated from a singular ber of type 11,1l , or IV . Then, the possibilities for the T-chains
that were separated from is analogous to the analysis of the previous subsection (see lemma ).
(1) For this construction we need a ber F oftype I, with n 1,11 ,Ill or IV ; and a section such

that = (r+2).
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Figure 41: Con guration (lll.1).

Figure 42: Special con gurations (l11.1).

It should be clear for the general case that after blowing up twice the intersection point of  with
the ber, and blowing up any other point we obtain the c.q.s [2;4; F; iz ; 2; 3] separated from .

n 2
When F is either a Il or |;, we have the W-chain [2;5]. By increasing either n or n° we simply
add chains to the ends. In general, if n 3 we have the following P-resolution for the hanging
con guration

5] 1) [3 F;_ iz B ?;3]:
n 3

When n = 2, the chain on the right is a [4]. When F is alll or IV we have the same P-resolution
aswhenF is eitherall or |4, butthe chain [2;5]is connected to a[4] and a [2], or to a [3; 2; 3] in the
middle respectively. The discrepancies of the connected curves are % and % respectively

(§+%:g> 1).

The following result implies that we can always add con gurations of third type.

Lemma 3.22. In any non-trivial con guration of rst or second type, except the con guration (1.2), the discrepancy

d of the proper transform of the sectiorsatis es thatd %
Proof. We will divide the proof into two parts.

1. First type con gurations.

(I.1) The W-chain[r; 2 ;2], where = r. Whenr = 4 we have the chain [4] (the trivial con gura-
tion). The discrepancy of the respective curve is % so this case does not satis es the condition.
From now on, consider r 5. Calculating the delta numbers we have:

[411]! [éé]! [(13;5;51 o F; 7 21
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Then
r 3

r 2
Sincer 5 ,wehavethat3r 9 2r 4. Therefore,d %

d=

(1.2) The W-chain [3; 5; 2], where 2= 3 Calculating the delta numbers we have

1 2 1 213
[4]! [25]! [3:5:2];
Therefored= 3 Z.
(1.3) The W-chain[r;r +1;2; ;2;3;2; ;2],where 2= r. Calculating the delta numbers we have

123

1 12 1 2 r 3 1 2 r 3r 2
[4]! [52]! [6:22] ! [r;F;_{Z;_z}]! [(r+1);F;_{Z;_2}; 2]
r 4 r

r1 1 2 r 3r 2 r 11 2 r 3r 2(r Hr 2
[2;r+1;2 ;23] [35r+1;2, ;25 3; 2 !
[r 1- T 3r32 (r 1)+2(r 2) (r 2)(r 21)+(r 2)]
r+ ; : : :
by iz )
r 4 r 2
Then
G= r 2)(r L+(r 2

r D+(r 2)(r D+(r 2
Whenr 4,wewillhavethat (r 2)(r 1) r> 0. After some calculations we see that

- 2
<
d 3

N

Second type con gurations.
(I.1) The W-chain [2; 2; 5; 4], where 2= 5 Calculating the delta numbers we have

1 12 312 5312
[4]! [5:2]! [2,5;3]! [2,2;5;4]
Thend= & -2,

7 3
(I.2) The (d=2) T-chain [2;1; 3; F; (z ; 2; 3], where 2= Calculating the delta numbers we have
ro4
11 112 r 1412 r3r 2
B3 4320 [ S,F, {' 2]' [2:;132 ;2,3
Then o 4
— r
= 33
Sincer 4,wehave6r 12> 4r 6. Therefore,d < %

(I.3) The W-chain [3;3;5; 3; 2], where ?=- 5 Calculating the delta numbers we have

1 21 2 1 3 5213 52138
[4]' [25]! [352]! [2353]! [33532]

F_ 12 2
Thend = < 35
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(11.4) The W-chain [3;2;2;5;5;2], where is the ( 5)-curve on the left. Calculating the delta numbers

we have
753129

12 312 5312 75312
[5:2]' [2;5;3]! [2,2;5;4]! [2,2;2;5;5]! [3;2;2,5;5;2]

q - 15 2
Thend= < 3.

(11.5) The W-chain [3;2;2;3;5;5; 2], where is the ( 5)-curve on the left. Calculating the delta numbers
we have

11 8 5 2 1 3
1" [2;2;2;3;5;5

Aw

W 213 5213 8521
[25]! [352]! [2353]! (2235

Thend= 31< 2
(11.6) The (d =2) T-chain [S;F

{z ; ?; 3:r+3;2], where 2= (r +3). Calculating the delta numbers we

have
B3 1 (25 2% 1 [9: 53r43]t [5:2 23143 2]
ol ! ; yo, S o B S ] I M2 M (e S I .
12(2—f 12z f
r 3 r
Then or 42
_ r+
d=
2r+3

Sincer 4, we have 6r +6 > 4r + 6. Therefore,d < %

(1.7) The T-chain [3; F; . ;%; 3;r +2;2)], where = (r +2). Replacingr by r 1in the previous
r 2

argument, we have

— 2r
4= 1

Sincer 4, we have that 6r > 4r + 1. Therefore,d < %

(11.8) The W-chain [3;r +2; F—{Z—? 3;2], where 2= (r +2). Calculating the delta numbers
r 3
520 2220 0 [z 2 o 2z 25 2)
L ri2:2 20" Bri2a 208NN

Then o 2

= 31

Sincer 4,wehavethat9 6 6r 2. Therefore,d< %

(11.9) The W-chain [4;r1; 5; ?; . ;%; 3;2; 2], where 2o Calculating the delta numbers we have

r 3
2 1 213 2 13 2r 3 2r 1,13 2r 52r 3
[2,5]! [3;52]! ! [r;S;f; ;2,10 [ 2152 ;2,3
{22}
r 2
2r 1213 2r 52r 3 4r 4 2r1213 2r 52r 3 4r 4 6r 5
[3:152 ;2;3;2]" [4,;1n52 ; 2; ;25 2
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Then
8 8

8 6
Sincer 4,wehavethat24r 24 16r 12 Therefore,d <

d=

wIN

(I.10) The W-chain [4;r +1; F; iz ;?; 3;2; 2] where e (r +1). Calculating the delta numbers we have
r 4

1 1 2 r 3 1 2 r 2 r 1 1 2 r 1r 2
[4]! ! [F; 2 P21 [r+1;2 ;2] [25r+1;2 ;25 3]
r 1 1 2 r 1r 22r 3 r 1 1 2 r 1r 22r 33 4
' [3;m+1;2 02;3; 21 [4;m+1;2 2.3 2 21
Then 4 5
- r
d=
4 5

Sincer 4,wehavethat1 18 8r 10. Thus,d< 3.

(1.11) The (d = 2) T-chain [3;3;3;4; 3; 2], where is the third ( 3)-curve (from left to right). Calculating
the delta numbers we have

52113

11 111 2113 52113 8
[3;3]" [2;3;4]! [3;3;4,2]! [2,3;3;4;3]! [3,3,3,4,3,2]

q — 12 2
Therefored= 35 < 3.

O

ry, 2

p A |
Remark 3.23. Note that the c.q.s [4;1; 5;2;  ;2;3;2;2]is special. It has two different P-resolutions corre-
sponding to two different building blocks. Quotient singularities with this property are special, and they
are called wormholes (see [UV22]).

Theorem 3.24. (Classi cation of small surfaces with T-singularities)
LetW be a small surface with (non-ADE) T-singularities. Thal, can be constructed vid3,  pg(S) + 2
con gurations of third type, followed by a con guration of rst or second type.

Proof. Since T-chains onX are disjoint, then there exists exactly one distinguished T-chain on X (see def-
inition ). As Gx 1 has no vertices of degree greater than2, we conclude that  only can intersect at
most two curves in that graph. These two curves can be of two types: proper transform of curvesin  (C)
intersected by , or exceptional curves over pointsin  (C)nf g\ (remember this notation in Remark 3.4).
By theorem , we cannot produce hanging/residual T-chains from sub-con guration of singular bers.

By Corollary 3.5, we have that K&, = (pg(S) 2)+ N where N is the number of complete singular bers
contained in (C).

Since any curve in  (C) must be part of a T-chain on X, it implies that curves in  (C)nf g must be
part of a residual or hanging T-chain on X. In the previous subsection, we classify all these cases locally
via P-resolutions. In Chapter 5, we give a complete list of all non-trivial P-resolutions for the relevant c.q.s
when W is a small surface, so the list of rst, second, and third type con gurations is complete. Moreover,
the number of third type con gurations must be equalto Ky pg(S) +2 . Finally, by lemma ,all
these con gurations can be glued to any no trivial con guration of rst or second type. O

Remark 3.25. Let H(W) (Kﬁ(w) = 2pg(H(W)) 4 and q(H(W)) = 0) be a general member of a Q-
Gorenstein smoothing. Under these conditions, the invariants K 2; ;q , and py are preserved in this family.
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We can understand the possibilities for the surface S via (S). The cases (S) = 1 ;0 are ruled out be-

causepy(S) = pg(H(W)) 3. If (S) =2, by Noether's inequality on S, we have a contradiction (we have
that Ks <K 3, see [JRaGU22)):

2pg(S) 4 KE<K§ =Kiw) =2p(S) 4

Therefore, we have that (S) = 1, i.e., there is an elliptic bration f:S ! B. Moreover, since Horikawa
surfaces are constructed via branched double cover over Hirzebruch surface, we must have that q(S) = 0

and B = P. Therefore, the following result gives us the complete classi cation for Horikawa surfaces with
T-singularities.

Theorem 3.26. (Classi cation of Horikawa surfaces with T-singularities)

Let W be a normal projective surface with (non-ADE) T-singularities obtained by contraction of T-chains on the
surfaceX , Ky is big and nef, an&k &, = 2pg(W) 4. Then the possible T-chains on the surface X are the following:

. Ifpg(S) =3.

(i) Two W-chaing4], where each 4)-curve is a section.
(i) One W-chain[2; 2; 6], one W-chair{2; 5] andn W-chaing[4], where0 n 43
(i) One W-chain[4;5; 3;2; 2] andn W -chaing[6; 2; 2], where0 n  44.
(iv) One (d = 2) T-chain[2; 4; 3; 3] andn W-chains[4], whereD n 43
* Ifpy(S)=4.

(i) Two W-chaing5; 2], where each 5)-curve is a section.
(i) One W-chain[9;2; 2; 2; 2; 2], two W-chain[2; 5], andn W-chains[4], where0 n 52

(i) OneW-chain[7;8;2;2;2;3;2;2;2;2; 2], one W-chairj2; 5], n; W-chaing4], andn, W-chaing?9; 2; 2; 2; 2; 2],
whereD ni+ n, 53

(iv) One (d =2) T-chain[2;7; 3; 2; 2; 2; 3], one W-chairj2; 5], andn W-chains[4] whereO n 52
(v) One W-chain[3; 2; 2; 3;5; 5; 2], n1 W-chaing[4], andn, W-chaing[5; 2] where0 n; + n, 54

(vi) One d = 2) T-chain[3; 2; 2; 2; 2; 3; 8; 2], one W-chaif{3; 2; 6; 2], n; W-chains[4], andn, W-chains[2; 5]
whereD ni+ n, 52

(vii) One (d = 2) T-chain[3;2;2;2; 3;7; 2], one W-chain3;5; 3; 2], n1 W-chains[4], and n, W-chains[2; 5],
whereD ni;+n, 52

(viii) One W-chain([3;7;2;2;3;2], one W-chaif{3; 8; 2; 2; 2; 3; 2], one W-chaif{3; 5; 2], n; W-chains[4], andn;
W-chaing[2; 5], whereD n;+ n, 52

(ix) One W-chain[4;5;5;2; 2; 3; 2; 2], n1 W-chaing[4], andn, W-chaing[6; 2; 2], whereD n; + n, 54
(x) One W-chain[4; 6; 2; 3; 2; 2], one W-chair[4; 8; 2; 2; 2; 3; 2; 2], n; W-chains[4], andn, W-chains[6; 2; 2],
whereO n;+n, 53
* Ifpg(S) 5.

(i) Two W-chaingpg(S)+1;2; ;2]where eacl (pq(S)+ 1)) -curve is a section.

(i) One W-chain[3py(S) 3;2; : 2] where the number &s on the right is3pg(S) 7, (py  2) W-chains
[2,5], andn chains[4], where0 n  8py(S) +20.

(iii) One W-chain[3pg(S) 5;3pg(S) 42 ;23,2 ;2]wherethe numbet’ in the middle is3py(S) 9
and the number a?'s on the right is3py(S) 7, (pg(S) 3) W-chains[2; 5], n; W-chains[4], andn, W-
chains[3pg(S) 3;2; ;2],where0 ni+ ny 8py(S)+22.

(iv) One d = 2) T-chain[2;3pg(S) 5;3;2; ;2 3] where the number &% in the middle is3py(S) 9,
(pg(S) 3) W-chains[2; 5], andn W-chains[4], where0 n  8pgy(S) +20.
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(v) One d = 2) T-chain[3;2; ;2;3;3p4(S) 4; 2] where the number s in the middle is3pg(S) 8,
(pg(S) 4+ ni) W-chains[2; 5], one W-chain3; 2; 6; 2], andn, W-chains[4], where0  ny + ny
8py(S) +21.

(vi) One d = 2) T-chain[3;2; ;2,3;3pg(S) 5;2] where the number o’ in the middle is3pg(S) 9,
(pg(S) 4+ ni) W-chains[2; 5], one W-chain3; 5; 3; 2], andn, W-chains[4], where0  ny + ny
8py(S) +21.

(vii) One W-chain[3;3py(S) 5;2; ;2 3;2] where the number &®s in the middle is3pg(S) 10, one W-
chain[3;3pg(S) 42,  ;2;3;2] where the number & in the middle is3py(S) 9, (Pg(S) 4+ ny)
W-chains[2; 5], one W-chairf3; 5; 2], andn, W-chains[4], where0 ni+ ny  8py(S) + 21.

(viii) One W-chain[4;3pg(S) 7,52 :2:3: 2: 2] where the number % in the middle is3pg(S) 10,
(pg(S) 4) W-chaing[2; 5], n; W-chains[4], andn, W-chaing[6; 2; 2], whereD ni+ n,  8py(S) +23.

(ix) One W-chain[4;3pg(S) 6,2, ;2;3;2;2] where the number di% in the middle is3py(S) 11, one
W-chain[4; 3py(S) 4;2; : 2;3; 2; 2] where the number @& in the middle is3pg(S) 9, (pg(S) 4)
W-chains[2; 5], n; W-chains[4], andn, W-chains[6; 2; 2], whereD ni + n,  8py(S) +22.

Proof. By Corollary 3.5, we have that (C) can contain either a section or two sections. If (C) contains two
sections, then Theorem implies that they cannot be in the same connected component. In particular,

(C) cannot contain complete bers. By Theorem , each section can be connected to at most two( 2)-
chains. By Proposition 5.1, the chain[2;  ;2;pg(S)+1;2; ;2]with a2% on the left and b2% on the right
only has no non-trivial P-resolutions when either ( a=0 and b= py(S) 3)or(a= py(S) 3andb=0).
Therefore, when (C) contains two sections the only possible case is Lee-Park's example.

If (C) contains exactly one section, then Corollary 3.5 tells us that:
K& =(pg(S) 2+ N

where N is the number of complete bersin (C). Now we just need to check the list of First and Second
type con gurations, after using an appropriate number of Third type con gurations.

« If the distinguished T-chain use 0 complete bers. The only possibility is the con guration | :1, and we
must have N = pg(S) 2 con gurations of third type.

« If the distinguished T-chain use 1 complete bers. The possibilities are the con gurations | :3and I1:2,
and we musthave N 1= py(S) 3 con gurations of third type.

« If the distinguished T-chain use 2 complete bers. The possibilities are the con gurations Il :6, 11:7, 11:8,
[1:9, 11:110, and we musthave N 2 = py(S) 4con gurations of third type. In addition, when  py(S) =4,
we have to consider the con guration Il :5.

O

Remark 3.27. The upper bound for the number of T-chains on the surface X is given by the formula
12(pg(S) + 1) = top (F) in Remark

Remark 3.28. By Proposition , to classify completely all the surfaces W with T-singularities we need
to mention what happens with the ADE singularities. By our construction, they can be of two types: They
appear as isolated con gurations of ( 2)-curves (or ( 2)-curves at the ends of P-resolutions), or from two
blow-ups at the singular point of a singular beroftype IlIl (see e.g. an special con guration of type (111.1)).
In the latter, we have a singularity A; (see Figure 42).
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Itis instructive to return to our rst example in Chapter 2, to visualize the theorem . In our examples
in Chapter 2, we found by hand some suitable pairs (; (C)) for the caseK ? = 16, and then describe the
T-chainson X .

Figure 43: First example with K ? = 16, again.

In Figure 43, we have one of these con gurations of T-chains on X . Note that each green con guration
corresponds to a con guration of the third type (so, we have 6 of these T-chain blocks). The distinguished T-
chain is the T-chain containing the ( 23)-curve. The blue curves correspond to proper transform of curves
in complete singular bersof (C), sowe havethat =2.

3.5 Geography of small surfaces with T-singularities

By Theorem , we can classify with ease all the possibleK 2, for a small surface with T-singularities W.
Theorem 3.29. (Geography of small surfaces) Métbe a small surface. Then

2 11

pg 2 K§ (4+§)pg+§.

We have equality on the left if and only p§(S) 3 and W is obtained by contraction of a W-chdipy(S) +
1,2, ;2] and we have the equality on the right if and onlpd{S)  2(mod3) andW is obtained by contraction
of a con guration (I1.9) together with a suitable number of con gurations (Ill.1).

Proof. By Theorem 3.5, we have thatK 3, = (pg(S) 2)+ N where N is the number of bers completely
contained in (C). As N 0, the lower bound is reached when N = 0. If p;(S) 3, the Theorem
implies that X = S and W is obtained by contracting the W-chain [pg(S)+1;2; ;2]. On the other hand,
to obtain the upper bound we have to nd an upper bound for the number N, with which we can construct
a surfaceW . By Noether's formula on S, we have

top (Fs) = 12(pg(S) +1)

where o (Fs) is the topological characteristic of the singular bers. The best way to maximize N, is by
maximizing the number of singular ber Fssuchthat i, (Fs) =1 (i.e, we need to maximize the number of
bers I;andIl ). AsN 1,wehavethat mustbe part of a First or Second type con guration. Let Nmayx be
the maximum number of 1, bersin (C) that we will use as a con guration of type (Ill.1). Fromnowon,
will denote the proper transform of  after Npax con gurations of type (I11.1). Note that each con guration

(11.1) decrease by 2 the self-intersection of the proper transform of | i.e, = (Pg(S)+1+2 Npax ). We
need to check7 cases:
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» The con guration (I.1) requires the existence of a ( 2)-chain of length py(S) 3+ 2Nmax on (C).
Namely, we require the existence ofa I, with n = pg(S) 2+2Nmax . ThenNmax +(Pg(S) 2+2Nmax ) =

12(pg(S)+1) implies that Nyax = w. Since thel, is not completely containedin  (C), we have
that N = Npnax , and s0K 25 = (Pg(S)  2)+ Npax = 22318

» The con guration (1.3) requires the existence ofan I, forn  pg(S)+2Nmax 1. ThenNmax +(pg(S)+
MNmax 1) = 12(pg(S) + 1) , implies that Npg = 2P Since thel, is contained in  (C), then

N = Nmax +1, therefore K 2., = 4Pe*10

« The con guration (I1.2) requires the existence ofan 1, with n  2,and an|? with n® pg+2Nnax 1.
Then Nmax +2+( Pg(S) +2Nmax 1) = 12(pg(S) + 1), implies that Nynax = 2L Since only the
I no is contained in  (C), we have that K 2, = 12Pa{318

« The con guration (11.6) requires the existence of a I, with N pg(S)+2+2 Nmax , and alpowith n® 1.
Then Nmax +1+( pg(S) +2+ 2 Nmax ) = 12(pg(S) + 1) , implies that Npax = M Both bers are
contained in  (C), so we have thatkK 2, = M

» The con guration (11.7) requires the existence of an |, with n r, and an I,o with n® 2. Then

Nmax + (1 + Pg(S) + 2Nmax ) + 2 = 12( pg(S) + 1), implies that Npmax = 223 Both bers are
contained in (C), so we have thatkK 2, = M

« The con guration (11.8) has the same constraints in the ber as the previous case. Therefore K2, =
14pg+9
=5

« The con gurations (I1.9) requires the existence of an |, with n 1, and an | ,o with n® r 1. Both
bers are contained in  (C), so we have thatK 2, = M
« The con guration (11.10) requires the existence of an 1, with n 1, and an I ,o with n® r. Both bers
are contained in  (C), so we have thatK 2., = w
O

Remark 3.30. We have to prove the existence of certain elliptic brations with a suitable number of singular
bers of type | to justify the existence of these surfaces.
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4 Classicationof K2=2p, 3for (S)=1

"One cannot invent the structure of an object.
The most we can do is patiently bring it to the
light of day, with humility.”.

Alexander Grothendieck
In this Chapter, we classify all the W surfaces that satisfy the conditions above. By Corollary 3.6, we
have that (C) contains one section, two sections or a double-section. If (C) contains exactly one section,

then we use theorem . If (C) contains exactly two sections or a double section, we need to calculate
some building blocks for this case. The latter is trivial, so we are focus in the case of 2 sections.

4.1 If (C) contains two sections

By Theorem 3.9, there is at most one connected component of(  2)-curves intersected by both sections.

Figure 44: Component of ( 2)-curves intersected by both sections.

By Theorem , any other connected component of(  2)-curvesin (C) mustbe a( 2)-chain. There-
fore, we just need to understand the possibilities for blow-ups in the diagram above. If a%k” b*%or ® are

62



greater than 0, Theorem implies that we cannot blow-up the points Pi; Q,; Q%%0r Rs, respectively.
Moreover, by Kodaira's classi cation of singular bers (see Theorem ), we must havethat 0 B%E° 2.
In the following analysis, we will denote by Cp ,Cq; Cqw, and Cg the proper transform of the respective col-
ored curves.

2 2 2N
o If %= BP’= b= °=0, thenwe haveachain[2;  ;2;r;2;  :;2;r;2; ;2] forsomex;d;y 0. By

Proposition , the non-trivial P-resolutions are the cases (i); (j); (k); (I); (m); (0); (p), and (q). It will
correspond to the con gurations of type  o:1; ; o5

« If a%> 0,°= W= c®= 0. We have two possibilities for the blow-ups.

(A) Blow-up at P ». We must have the following con guration:

Figure 45: Blow-up at P, when = %= °=0.

ok z Y
By Proposition 5.1, the chain [2; _;2; r+1;2 _;2] only has two non-trivial P-resolutions: when
(y=3andy®=r 3)orwhen(y=r andy®=0). We have two cases:
(A1) Ify =3 andy° = r 3. By Proposition , the non-trivial P-resolutions of the chain

[ﬁ; {z ? F {z ? F { f] are the cases(j); (k) and (0). The cases(j) and (0) imply that
ao— 0,so they are ruled out In the case (k), the P-resolution degenerates to the M-resolution:

@ , @y 1o TP @
X al r+3

Contracting the ( 1)-curve and all other ( 1)-curve after that, we will have the P-resolution:
r

@, @ (& +2) L @, @

X a% r+3

1 11 2
Therefore, we must have x=0,a=r 3,andthe (d= d°+2) T-chain [%; 2, ;232 ;2]
Note that d(Cp) = 7| 1' and forany r  3we have the inequality:

r 2 2r 4
d(Cp)+ —= =
(Cp) r 1 r 1

1

where the equality is reached when r = 3.
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(A.2) If y=r and y°= 0. By Proposition , the non-trivial P-resolutions of the chain

[ﬁ_{z R {z s { _f] are the cases(i); (1 ): (K); (1); (m); (0); (p), and (q).

Note that the cases(J) and (0) are ruled out, because they imply that a®=0.
(A.2.1) Inthe case(i), we have the P-resolution:

GRS YR C B RN S B C R

A
X r+3 ad r+3

Therefore, we musthavex = r 3anda=r 3.

Figure 46: Blow-up at P,. P-resolution (i) when b’ = 1?°= ¢°=0.

Contracting the ( 1)-curve that intersects C, and [2;  ;2;r + 1], and all other ( 1)-curve
after that, we have the con guration  :7 (see Figure 92).
(A.2.2) Inthe case(k), we have the P-resolution:
r 1 2r 4
2 O+1 1 2
f){z(lgl(d)ll()[llf){z(zg
X

ad 2r+6

Therefore, we must have that x =0 and a°=2r 6.

Figure 47: Blow-up at P,. P-resolution (k) when b°= b= °=0.

1 2 2r 5
Note that d(Cp) = 2,2, r2 ], and forany r 3 we have the

inequality:

1 2?2 5r+1

1 @ 4 1)
where the equality is reached when r = 3. This case corresponds to the con guration of
type o:8(see Figure 93).

d(Cy) + -
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(A.2.3) Inthe case(l), we have the P-resolution:

r 1 2 2r 5
P N G OB (CRE S N B I B I O .

X r+3 a® 1

p

Therefore, we musthavex =r 3,d® r 4,anda’=1.

Figure 48: Blow-up at P,. P-resolution (I) when i°= %= °=0.

2 r 3r 4 2 91 2
Note that d(Cp) = 28 (because[ 3; 2; ;27; 2], andforany r 3 we have the

X . 2r 5
inequality:

1 22 6r+1
+ =
d(Cp) r 1 (@ 5)(r 1)
where the equality is reached when r = 4. This case corresponds to the con guration of
type :9 (see Figure 94).
(A.2.4) Inthe case(m), we have the P-resolution:

2r 5 2 r 1
2 1 0 +4 1 2
f) iz (2}[r 2]() [(d” r )1]() [ 1 ]F) {z (2;
x 1 a® r+3
Therefore, we must havethatx =1,d® r 4anda’=r 3.
Figure 49: Blow-up at P,. P-resolution (m) when t°= b= ¢®=0.
Contracting the ( 1)-curve thatintersects C, and [2;  ;2;r + 1], and all other ( 1)-curve

after that, we obtain the con guration  :10(see Figure 95).
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(A.2.5) Inthe case(p), we have the P-resolution:

1 r2 4r+4

RGN R R

impliesthat x=0,d° r 5anda®=r 2.

] FZ)

Figure 50: Blow-up at P,. P-resolution (p) when b°= b= ¢°=0.

2, r2 5r+7 r 242
Note that d(Cp) = a3 (because[ 2 ; ; 21,2

.12 4r+4 14
r 4 we have the inequality:

1 r3 42+43r+1

+ =
dCo)+ 1 (r 22 1)
It corresponds to the con guration  o:11 (see Figure 96).
(A.2.6) Inthe case(q), we have the P-resolution:

2

X

Therefore, we musthavethatx =1,d 2r 8anda®=1.
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Figure 51: Blow-up at P,. P-resolution (g) when b°= b= ¢®°=0.

2 r 3r 4 2 91 2
Note that d(Cp) = 28 (because[ 3; 2; ;2;7; 2], andforany r 4 we have the

. . 2r 5
inequality:

1 22 6r+1

+ =

d(Cp) r 1 (@ 5)(r 1)

where the equality is reached for r = 4. This case corresponds to the con guration :12
(see Figure 97).

(B) Blow-up at P3. We must have the following con guration:

Figure 52: Blow-up at P3

dd 1 3
y . _ oz 2 2
By Proposition , the non-trivial P-resolutions of the chain [2; ;2;r;2,  ;2,3;2;, 2], are
the cases(j), (k), and (o).

(B.1) Inthe case(j), we have the P-resolution:
r 1 2
Pe®d 2 @ & P, Q

X r+3 a 3

Therefore, we must havethatx = r 3anda=3.
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Figure 53: Blow-up at P3. P-resolution (i) when B°= B°= ¢°=0.

0
. _ z il i
On the other hand, the only non-trivial P-resolution for [2;  ;2;3;r;2; ;2], are the cases

(1),(k), and (p). Sincea’> 0, the cases(k) and (p) are ruled out. The case(j) impliesthat r 4
(sincea®> 0),c®=r 3;y =0, and the P-resolution over the con guration with a dot in Figure

2 211 1
is the d = 2) T-chain [r2 ; 12,3, 2; 1 2; rl]. Note that d(Cp) = % and forany r 4
we have the inequality:

1
d(Cp)+ 5> 1

It will correspond to the con guration 0.7 (see Figure 92).
(B.2) Inthe case(0) (it requiresthat r  4), we have the P-resolution:

2r 5 2
@, T, O a7 @ . 0Q

x 1 a 3

Therefore, we must havethat x =1 anda= 3.

Figure 54: Blow-up at P3. P-resolution (0) when i°= b°= ¢°=0

By the same argument as in the previous case, the con guration with a dot must be the ( d =2)

r 2 211 1
T-chain[ 2; ;2,3,2;, ;2 rl], and so d(C,) = % Note that forany r 4, we have the
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inequality:
1
dCp+ =>1
(Co)+ 5
It will correspond to the con guration 0:10 (see Figure 95)

(B.3) Inthe case(k), the P-resolution degenerates to the M-resolution:

@, @ I BN @, @

ar

Contracting one ( 1)-curve, we have the P-resolution:
2 . @ (@ "t (
29 R S
X a r

Therefore, we must have that x =0 and a=r.

Figure 55: Blow-up at P3. P-resolution (k) when i°= b= ¢°=0.

0

g | S S
On the other hand, the non-trivial P-resolutions of the chain [2; V2;nr; 2, ; 2] ( by Propo-
sition ), are the cases (since® > 0 and we do not have any ADE-con guration) (i), (j),
(1),(m),(0), and (q).
(B.3.1) Inthe casg(i), we have the P-resolution:
r 1 r 1
1 2
P L, Qi 1ol 1P, 9
ad r+3 y r+3

Therefore, we musthave a®=r 3andy=r 3.
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Figure 56: Using the P-resolution (i) over the chain with dot in Figure

Contracting the ( 1)-curve thatintersects C, and [2; 12; 3,2, ;2;r], and all other ( 1)-
curve after that, we obtain the con guration  :6 (see Figure 91).
(B.3.2) In the case(j ), we have the P-resolution:

@ o @ly sl O 1 1P,
y

al 2r+6

Therefore, we must have a°=2r 6andy =0.

Figure 57: Using the P-resolution (j ) over the chain with dot in Figure

Note that d(C,) = 4—=,andforany r 3we have the inequality:

1

d(Cy) + -

It will correspond to the con guration 0:8 (see Figure 93).
(B.3.3) Inthe casg(l) (itrequires r  4), we have the P-resolution:

r 1 2 2r 5
P I G B I (C S R B R SR B R

a® r+3 y 1

2

We must have that r = 4; Otherwise, one of the terms in the P-resolution is absurd. There-
fore, the only possibilityis a®=1,r =4 andy =1.
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Figure 58: Using the P-resolution (1) over the chain with dot in Figure

Contracting the ( 1)-curve that intersects C, and [2,3;2;  ;2;4], and all other ( 1)-curve
after that, we obtain a particular case of the con guration  ¢:6 (see Figure 91), whenr = 4.
(B.3.4) Inthe casg(m) (it requires r  4), we have the P-resolution:
2r 5 2 r 1
1 4 1 2
S I R R G (C S R B B B R

a® 1 y r+3

p

We must have r = 4; Otherwise, one of the terms in the P-resolution is absurd. In such a
case, we have the same P-resolution as in the previous case.

(B.3.5) Inthe case0) (itrequires r  4), we have the P-resolution:

r2 4r+4 ro1

@ o AQl, g1 © GO 1R , @
a% r+2
We have two options: r =4 orr =5. Whenr =5, we have the P-resolution:
9
28 7 28
al y

Therefore, we must have that a°=3 andy = 0.

Figure 59: Using the P-resolution (0) over the chain with dot in Figure 55, when r =5.

Note that d(Cp) = %, and 8+ 2> 1. Itcorresponds to the con guration of type  o:13(see
Figure 98). Whenr = 4, we have the P-resolution:
4 3
2 1 2)
2 e 8 s O 2 Ped

a’ 2
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Therefore, we must have that a°=2 andy = 0.

Figure 60: Using the P-resolution (o) over the chain with dot in Figure 55, when r =5

Note that d(Cp) = 2, and 2 + £ > 1. It will be a particular case of the con guration ~ ¢:8
(see Figure 93), whenr = 4.

(B.3.6) The casdq) requiresr 4, and we have the P-resolution:

2r 5 2 2r 5
QL. ,lowieEe=2ni1o0Ii, 3102 ., @

2

ad 1 y 1

Therefore, we must have that r = 4,a%=1 and y = 1; so we have the same P-resolution as
in the case(l).

« If a®> 0,c°> 0and B°= B’°= 0. By Theorem , We have three cases.

(A) Blow-up at the points P ; and R,. We must have the following con guration:

Figure 61: Blow-up at P, and R,, when b°= b?°=0.

0
zJ a

By Proposition 5.1, the chain [2; 2r+1;2; ; 2] only has two non-trivial P-resolutions: when

x°=r 3andx = 3)orwhen (x°=0 and x = r). lItis clear that the options for the chain

T T
[F,_{ZS_, r+1; F'—{ZO—’?] are analogous. Thus, we have three cases.
y

y
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(A.1) None of the sections intersects any other ( 2) curve. ltimpliesthat (x°=0andx = r)
0 0
z il zflH

and (y = r and y°= 0). By Proposition , the non-trivial P-resolutions of [2; 12, X; 2, 12,2

are given by the cases(i),(j),(k); (1); (m); (0); (p), and (). Sincea® c®> 0, the cases(j ), (k), (0)
and (p) are ruled out. Moreover, since the case(m) represents the same zero continued fractions
as(l) (but backwards) and the diagram in Figure 61 is symmetric, we only need to consider the
cases(i),(l), and (q).
(A.1.i) The P-resolution (i) implies that a®=r 3and c®= r 3, and the chain in the middle is
exactly a con guration of type .1 (See Figure 84).

(A.1.l) The P-resolution (I) implies that a°=1 and c®= r 3, and the chain in the middle is exactly
a con guration of type .3 (see Figure 86)

(A.1.q) The P-resolution (q) implies that a® = c® = 1, and the chain in the middle is exactly a
con guration of type o5 (see Figure 90).

(A.2) Exactly one of the sections intersects some other ( 2) curve . Sincethe diagram in Fig-
ure 61 is symmetric, we can assume without loss of generality that , satis es the condition;
thus, we have (x = r and x°=0)and (y=3 andy°=r 3).
0 0 0
5 y _ 2 fi{ 2o zf
By Proposition , the non-trivial P-resolutions of [2;  ;2;r; 2; 12,3, 2; ; 2] are given by
the cases(j ); (k), and (0). However, each of them requires either a®= 0 or c®= 0, so they have
already been considered.

(A.3) Each section intersects some other  ( 2) curve. Using an analogous argument to the
previous one, this case has already been considered.

(B) Blow-up at the points P, and R;. We must have the following con guration:

Figure 62: Blow-up at P, and Ry, when b°= b?°=0.

3 d? 1 0
. . . 220z zf= _
By Proposition , the non-trivial P-resolutions of [2;  ;2;3;2; 12,2 ; 2] are given by the
cases(j); (k), and (p). Note that the case(j) implies that a®= 0, so it has already been considered.
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— In the case(k), we have the P-resolution:

G I B R O R

x 3 a® y+3

p

Therefore, we must have that x =3 and a®=y 3.

Figure 63: b’ = b°°= 0, blow-up at P, and Ry, P-resolution (k) in the middle.

0
y A G g -
By Proposition 5.1, the chain[2;  ;2;r+1;2;  ;2]only has non-trivial P-resolutions with no
( 2)-endingswhen (y = randy®=0)or(y=3 andy’=r 3). Inthe rst case, there exists
a( l)-curveintersectingto C, and [2;  ;2;r + 1]. Contracting this ( 1)-curve and any other
after that, we have the (d = 2) T-chain [2;  ;2;3;r], so this case is a particular case of the case

(C). On the other hand, the condition y = 3 in the second case contradicts thata®> 0.
— In the case(p) (it requires y  4), we have the P-resolution:

MG I G R R BN S IR

x 3 a® 1

p

Therefore, we must havethat x =3,d®> r 4anda®=1.
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Figure 64: b’ = b°°= 0, blow-up at P, and Ry, P-resolution (p) in the middle.

0
- o | TR S A B
Since this construction requiresy 4, then the only option for the chain [2;  ;2;r+1;2; ;2]
isy=r(sor 4)andy®=0. Onthe other hand, by Proposition ,thechain[2;, ;2;r;3;2 ;2]
(with x°2% on the left and c® 2% on the right) only has non-trivial P-resolutions withno  ( 2)-
endingsif (x°=0 and c®=r 3,sowe havethe d=2)T-chain[r; 3;2; ;2])or(x°=1,c°=0,

and r =5). The second case has already been considered since it requires®= 0.

r 3r 4 2 91 2 112
Notethat d(Cp,) = 3—2andd(C;)= 2 (because 3; 2; ;21 2]and[;3;2, ; 21,
and forany r 4 we have the inequalities:
1 1
dCp)+ — 1M and d(C)+ 5> 1 (2)

where the equality in (1) is reached whenr = 4.
(C) Blow-up at the points P 3 and R;. We must have the following con guration:
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Figure 65: Blow-up at P53 and Ry, when b= b°°=0.

3 d? 2 v, 3
N .. . p | D e Tl G A4 e
By Proposition , the non-trivial P-resolutions of [2; 12,32, 12,32 ; 2] are given by the

cases(j) and (k).
— In the case(j ), the P-resolution degenerates to the M-resolution:

f2) iz (2; [
3

X

RN

2
NN CE I O NP

y 3

Contracting the ( 1)-curve, we have the P-resolution

P, g pP , Q
3

X y 3

Therefore, we must have that x = y = 3.

Figure 66: Blow-up at P53 and R;. P-resolution (j) when B’ = 1?°=0.
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0 0

z—j| — 2}
By Proposition , the non-trivial P-resolutions of [2;  ;2;3;r; 2,  ;2]are given by the cases
(1).(k), and (p). Note that the cases(k) and (p) imply that a°= 0, so these case have already
been considered. The case(j) implies that a8 = r 3 and y° = 0, so we have the d = 2)
T-chain [2;  ;2;3;r]. Analogously, the only non-trivial P-resolution withno  ( 2)-endings for
thechain[2, ,_;2;r; 3,2, ,_ ;2 requiresthat x =0 andc®=r 3.
[?—{zo— F—{g—f] a
X C

o« If a%= %= ®=0 and b’> 0. By Theorem , We have two cases.

(A) Blow-up at Q 3. We must have the following con guration:

Figure 67: Blow-up at Q3 when a’= B°= °=0.

° dg, 1 3
y . . z 0 z W N
By Proposition , the non-trivial P-resolutions of [2; 120r 2; 12,3, 2; ; 2] are given by the
cases(j ),(k), and (o).

(A.1) Inthe case(j), we have the P-resolution:

r 1 2
P, L, ;1 &1 P , @
x0 r+3 x 3
Therefore, we have that x° = r 3 and x = 3. By Proposition , the only non-trivial P-
0
N P G | O G A L
resolutionof [2; ~ ;2;3;2 ° ;2;r; 2~ ;2]isthe case(j), sincel’> 0. In such a case, we have

that ®=r 3andy = 0, and the respective P-resolution over that chain is the (d = d; +2)

T-chain [F;_{Z_; ;3;F;_{Z_; irl.
r 3 dg
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Figure 68: Blow-up at Q3. P-resolution (j) when a®= b= °=0.

Note that d(Cq) = % and for any r 4, we have the inequality d(Cgq) + % > 1. By
Theorem ,we have thatt’=r 3 2. Thus, the only possible cases arer =4 andr =5. It
will correspond to the con guration 0:17 (see Figure ).

(A.2) Inthe case(0), we have the P-resolution:
2r 5 2
G S RO CI SR B ORI )

x0 1 x 3

p

Therefore, we must have that x°= 1 and x = 3. As in the previous case, the only non-trivial
P-resolution over [F_{bzo_? 3; F_gz_f r, F—{Z— ] requires ®=r 3andy=0.
1 y

Figure 69: Blow-up at Q3. P-resolution (0) when a®= ?°= ¢°=0.

Note that d(Cq) = 2, andforany r 4, we have the inequality d(Cq) + 5 > 1. By
Theorem ,we have thatt®=r 3 2. Thus, the only possible cases arer =4 andr =5. It

will correspond to the con guration  ¢:18(see Figure ).
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(A.3) Inthe case(k), the P-resolution degenerates to the M-resolution:
r 1 r 1
fZ_{z_(Zg[dzl](l)[l]fZ{z_(Z;
x0 X r
Contracting that ( 1)-curve, and all other after that, we have the P-resolution:
2 . @ (k) 1@
2 @ (& 12, 9
r

x0 X

Therefore, we must have that x°=0 and x = r.

Figure 70: Blow-up at Q3. P-resolution (k) when a®= b= °=0.

2 2

On the other hand, the non-trivial P-resolutions of the chain [2;  ;2;r;2;,  ;2;r;2;, ;2]
(by Proposition ) are the cases (sincé® > 0, and we do not have any ADE-con guration)
(1);(); (1); (m); (0), and (a).

(A.3.1) Inthe case(i), we have the P-resolution:
r 1 2 r 2
P B G B C R YO B I S I RS .

b r+3 y r+3

p

Therefore, we musthave ’=r 3andy=r 3.

Figure 71: Using the P-resolution (i) over the chain with dot in Figure
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Contracting the ( 1)-curve that intersects Cg and [2; 12,3, 2; ;2;r], and all other
( 1)-curve after that, we obtain the con guration  ¢:17 (see Figure ).
(A.3.2) Inthe case(j), we have the P-resolution:

2r 4 r 1
@, QL5 g1 O @y 1@ . @
b0 2r+6 y
Therefore, we must have that ®=2r 6andy =0.

Figure 72: Using the P-resolution (j) over the chain with dot in Figure

Note that d(Cr) = gﬁ i, and forany r 4 we have the inequality
1
d(Cgr) + >1
(Cr) r 1
By Theorem ,we have thatt®=2r 6 2. Thus, we have thatr = 4 and the component

of ( 2)-curves intersected by both sections must be a singular ber of type 1V . It will
correspond to the con guration  ¢:19(see Figure ).
(A.3.3) Inthe case(l), we have the P-resolution:
r 1 2 2r 5
G B B O R CRR I B O R SN B ORI
b r+3 y 1

p

Therefore, we must have that l°=r 3andy=1.

Figure 73: Using the P-resolution (I) over the chain with dot in Figure
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Contracting the ( 1)-curve that intersects Cg and [2; ;2;3;2; ;2;r], we obtain the
con guration  (:18(see Figure ).
(A.3.4) Inthe case(m), we have the P-resolution:

2r 5 2 r 1
@, QIT 1 O +9 71 01 1@, ¢

bo 1 y r+3

Therefore, we must have that °=1 andy=r 3.

Figure 74: Using the P-resolution (m) over the chain with dot in Figure

Note that d(Cr) = 52, andforany r 4 we have the inequality:

1

d(Cr) + —

where the equality is reached when r =4. Whenr 5, this construction will correspond to
the con guration  (:20 (see Figure ), whereas whenr = 4 the P-resolution transforms
into the special case in Figure )

(A.3.5) Inthe case(0) (it requires r  4), we have the P-resolution:

r> 4r+4 ro1
2 + 2
P o A ln g1 @+ 1@ @
b r+2 y
Therefore, we must have that = r  2andy = 0. By Theorem , we must have that

i’ 2, sothe only possible case isr = 4 and we must have a singular ber of type 1V .

Figure 75: Using the P-resolution (0) over the chain with dot in Figure
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It will correspond to the con guration 0:19 (see Figure ).
(A.3.6) Inthe case(q) (it requires r  4), we have the P-resolution:

2r 5 2 2r 5
QU5 ;1 @@ 28 71 O[] 51 @ , @

2
y 1

P

b0 1

Therefore, we must have that °=1 andy = 1.

Figure 76: Using the P-resolution (g) over the chain with dot in Figure

r 24,2 r 4r 3
Note that d(Cr) = 2 (because[ 2 ;1;2; ; 2; 3]),andforany r 4we have the
inequality:

1
r 1
where the equality is reached when r = 4. Whenr 5, this construction will correspond
to the con guration  :21 (see Figure ), whereas whenr = 4 it will correspond to the
special con guration of type  ¢:20 (see Figure ).

d(Cr) + 1

o If a°= ®=0 and % b’°> 0. By Theorem , we have three cases.

(A) Blow up at Q 3 and Q9. We must have the following con guration:
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Figure 77: Blow-up at Q3 and Qf when a°= c°=0.

3 dz, 2 Y2, 3
y . _ 2| N G A il (e D
By Proposition , the only non-trivial P-resolution of [2; 12,32, 12,32 ; 2] requires
that x = 3 and y = 3. On the other hand, the only non-trivial P-resolution of the chain

[F—{ZO—? r F—{Z—? 3 F;_{Z_;?] requires that x°=0 and b’°= r 3.

ds poo
Note that d(Cq) = d(Cqe) = 2, andforany r 4 we have the inequality L24+1>1 By
Theorem , the connected component of( 2)-curves must be a singular ber of type |, for

somen 1,so,b’= %=1 and d; = d; = 1. Therefore, we have thatr = 4, and this construction
will correspond to the con guration  ¢:22(see Figure ).

(B) Blow up at Q3 and QY. We must have the following con guration:

Figure 78: Blow-up at Q3 and Q§ when a°= ¢°=0.

0 dg, 1 3
y g | z i zHH
By Proposition , the only non-trivial P-resolutionof [2;  ;2;r; 2; 12,3, 2; ; 2] requires that
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ﬁ" dg, 1 ¥, 3

0 oz iz N
x”=0 and x = 3. On the other hand, the chain [2;  ;2;3;2; ;2;3;2; ;2] has no non-trivial
P-resolutions (since i®> 0), so this case is impossible.

(C) Blow-up at Q ; and QY. We must have the following con guration:

Figure 79: Blow-up at Q; and Q§ when a°= c°=0.

By Proposition , we must have that x = r and y = r. Then, by Proposition , the non-trivial
00 0
| oz oz f o 2y _ ,
P-resolutions of the chain [2; © ;2;r; 2, ;2r; 2, ;2] are given by the cases (sincet’, i’°> 0,

and we do not have any ADE-con guration) (i);(1); (m), and (q).
(C.1) Inthe case(i), we have the P-resolution:

r 1 2 r 1
SR S B I I B I T N I .

b0 r+3 b0 r+3

p

Therefore, we must have that °=r 3andb®=r 3.
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Figure 80: Using the P-resolution (i) over the chain in the middle in Figure

Contracting the (1) curves (and all other ( 1)-curve after that) connecting Cq and Cqo with
the T-chains[r; 2; ;2;3;2; ;2], we have the same situation as in the case(A).
(C.2) Inthe case(l), we have the P-resolution:
r 1 2 2r 5
2 1 d +4 1 2
@, @i, ;1 O+ 1 01771 0P , @

b% r+3 ko 1

Therefore, we must have that B°°= r  3and = 1.

Figure 81: Using the P-resolution (I) over the chain in the middle in Figure

By Theorem , the only possible case is = 4 (becauseb®™=r 3).
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Figure 82: Using the P-resolution (1) over the chain in the middle in Figure 79, r = 4.

Contracting the (1) curves (and all other ( 1)-curve after that) connecting Cq and Cqo with
the T-chains[4;2; ;2;3;2; 2], we have the same situation as in the case(A).
(C.3) Inthe case(m), we have the P-resolution:

2r 5 2 r 1
P C B B B O (CIL R N O R T A R

b 1 b0 r+3

p

Therefore, we must have that °°=1 and °= r 3. By Theorem , the only possible case is
r =4 (becausel®= r  3). In such a case, the P-resolution is the same as in the previous case.

(C.4) Inthe case(q), we have the P-resolution:

2r 5 2 2r 5
P C BN B B O (R BT B O N B I R

b 1 bo 1

p

Therefore, we must have that B°°=1 and b°=1.
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Figure 83: Using the P-resolution (q) over the chain in the middle in Figure

2 r 2

Note that d(Cq) = d(Cqmw) = 35— (because[ 3 2 2.1 2°),andforany r 4, we
have the inequality:
1
+
d(Co)+ — 1
where the equality is reached when r = 4. By Theorem , the connected component of(  2)-

curves must be a singular ber of type 1, with n 1, sods = d; = 1. It will correspond to the
con guration of type  ¢:23 (see Figure ).

On the other hand, when t, = 1, then each connected component of(  2)-curvesin (C)isa( 2)-chain.
0
. . . A (S 2
By Theorem , each section can intersect at most twq  2)-chains. Asthe chain[2;  ;2;r;2;  ;2]only
has non-trivial P-resolutions (withno ( 2) endings) when (x =0 andx°=r 4)or(x=r 4andx°=0),
then we conclude that each section can intersect only a( 2)-chain (different for each one). Therefore, we
only need to calculate the P-resolutions of the chain [E { ,?,r r; F { ?] foranyr 3,andx;y O.

By Proposition , the non-trivial P-resolutions of that chaln are given by the cases (i); (j); (kK); (1); (m); (0); (p),
and (q). Note that (k) represents the same zero continued fraction as(j ) (but backwards), and (p) represents
the same zero continued fraction as (0) (but backwards), so we only need to check the cases(i); (j ),(I),(m),(0),

and (g).
(1) Inthe case(i) (itrequires r  4), we have the P-resolution:
r 1 r 1
P, @i, 100 ,71pP ., @

X r+3 y r+3

Therefore, we must have that x = r 3andy = r 3. It corresponds to the con guration 1:1 (see
Figure ).

(2) Inthe case(j), we have the P-resolution:

p

2r 4 r 1
{z (2; [ 2r 5 @ r 2 ] fz)_{z_(zg
y

X 2r+6
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Therefore, we must have that x =2r 6andy = 0. It corresponds to the con guration  1:2 (see Figure

)

(3) Inthe case(l), we have the P-resolution:

1

r 2 2r 5
(2 @[, ;1 @ r+a 1170 51 @ 4,
y

3

Therefore,x = r 3andy = 1. In addition, we must have that r = 4; Otherwise, one of the terms in
the P-resolution is absurd. It corresponds to a particular case of the con guration  ;:1 (see Figure ),
whenr =4,

{z

X r+3

1

(4) Inthe case(m) (it requires r  4), we have the P-resolution:

2r 5 2 r 1
@, @I, ;] Oy 1O 71, @
1

X y r+3

Therefore,x =1 andy = r 3. In addition, we must have that r = 4; Otherwise, one of the terms in
the P-resolution is absurd. It corresponds to a particular case of the con guration  ;:1 (see Figure ),
whenr =4,

(5) Inthe case(0) (it requires r  4), we have the P-resolution:

r2 4r+4 ro1
fZ) iz (2; [ (2 547 1 @) [( r+5) " 2] fz_{z_(zg
y

X r+2

Therefore, we must have that x = r  2and y = 0. In addition, for r we have two options: r = 4 or
r =5. Whenr =4, we have a particular case of the con guration ;:2, whereas whenr =5 we obtain
the con guration  1:3 (see Figure ).

(6) Inthe case(q), we have the P-resolution:

2r 5 2 2r 5
P, @Iy ;1 O L2+ 1 O[] 71 P, ¢
1

y 1

X

Therefore, x = y = 1. In addition, we must have that r = 4; Otherwise, one of the terms in the P-
resolution is absurd. It corresponds to a particular case of the con guration  ;:1 (see Figure ), when
r=4.
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4.2 Building blocks of K2=2p, 3for (S)=1

By Theorem , the condition K2, = 2pg(S) 3implies that t, = 0 or 1. Using the previous analysis,
we will construct two families of building blocks denoted by 1, where i is the number of the respective
block.

If t, = 0:
o If &%= pP= 0= =0.

( 0:1) Forthis construction, we need two sections 1 and , with self-intersection r, one( 2)-chain

of length d 1 intersected by both sections, one( 2)-chain of length r  3intersected by 1,
and one ( 2)-chain of length r  3intersected by ».

Figure 84: Con guration of type  :1

( 0:2) For this construction, we need two sections with self-intersection r, one ( 2)-chain of length

d 1lintersected by both sections, and one( 2)-chain of length 2r 6 intersected by one of
the sections.

Figure 85: Con guration of type  ¢:2
Note that the T-chain on the leftis a (d + 1)-T-chain and the chain on the right is a W-chain.

( 0:3) Forthis construction, we need two sections 1 and , with self-intersection r, one( 2)-chain

oflength d r 4 intersected by both sections, one( 2)-chain of length r 3 intersected by
1, and one ( 2)-chain of length 1intersected by ».

Figure 86: Con guration of type  (:3

When d = r 3the T-chain in the middle is a [4], whereas whend = r 4 we do not have a
chain in the middle and we have the following special con guration.
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