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Introduction

The study of moduli spaces is a beautiful but complicated branch of algebraic geometry. In the last century,
several important results have arisen, encouraging more mathematicians to study them. We know that
there exists a moduli spaceMg , which parametrizes every smooth projective curve of genus g � 2 up to
isomorphism. Although it is not compact in general, Deligne and Mumford proved that it has a natural
compactification, which is known as the Deligne-Mumford compactificacion of Mg (see [DM69]). In an
analogous way for algebraic surfaces, fixing K2 (the self intersection of the canonical class) and � (the
holomorphic Euler characteristic of the structure sheaf), Gieseker [Gie77] proved that there exists a moduli
space MK2;�, whose points correspond to minimal surfaces of general type S with invariants K2

S = K2

and �(S) = �. There are different approaches to construct a compactification of that moduli space, for
example, GIT or KSBA. In this thesis we will be interested in the latter, which generalized the Deligne-
Mumford compactification of Mg . The construction of the KSBA compactification is due to the work of
Kollár, Shepherd-Barron and Alexeev (see [KSB88] and [Ale94]). Nowadays, very little is known about
these spaces, due to their complexity.

It is well known that compact minimal complex surfaces S of general type have to satisfy the Noether’s
inequality K2

S � 2pg(S)� 4. In [Hor76], Horikawa studied in detail all the surfaces that satisfy the equality.
Using arguments with the canonical map, he classified M2pg�4;pg+1. Moreover, fixing K2 he studied the
deformation type of the surfaces in that moduli space. The case K2 = 16‘ with ‘ � 1 is the most interesting
one in terms of differential geometry. He proved that the moduli space has two components, and we do
not know whether surfaces in different components are diffeomorphic because he proved that surfaces
in different components cannot be connected in a smooth way. This is known as the Horikawa problem.

This master’s thesis is inspired by this problem. Our approach to attack this problem is motivated by the
following observation: notice that if we can find a common degeneration with ”mild” singularities for these
two components, by Manetti’s theorem [Man01, Theorem 1.5], we could prove that the surfaces are diffeo-
morphic. Until now, the only known example of a degeneration of a Horikawa surface for the caseK2 = 16‘
was given by Lee and Park [LP11]. In this document the ”mild” singularities will be T-singularities. Our
main goal is to give a complete list of all possible singular surface with T-singularities on the boundary of
the moduli spaces of Horikawa surfaces.

Our general set-up. Let W be a projective surface with T-singularities such that KW is big and nef, and
consider the diagram:

X

S W

��

where � is the minimal resolution ofW , and � is a composition of blow-ups such that S has no (�1)-curves.

T-singularities are either ADE singularities or cyclic quotient singularities 1
dn2 (1; dna�1) with 0 < a < n,

d � 1 and gcd(n; a) = 1. When d = 1, we call them Wahl singularities. A T-chain is the exceptional divisor
of the minimal resolution of a (non-ADE) T-singularity. A W-chain is the exceptional divisor of a Wahl
singularity. Let C be the ��exceptional divisor. Note that the existence of a surface W such that KW is big
and nef induces through the previous diagram a configuration of curves �(C) on the surface S. Thus, our
strategy will be to identify configurations of curves on the surface S that can guarantee the existence of W .

The number of T-chains in X and K2
W can be recovered from the combinatorial structure of �(C). In

more generality, let fC1; � � � ; Crg be any configuration of curves on the surface S. IfD =
Pr
i=1 Ci, we define

P (S;D) :=

rX
i=1

0@C2
i + 5�

X
p2Sing(D)

mp(Ci)
2

1A and K(S;D) := K2
S + 2r � jSing(D)j � P (S;D);
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where mp(Ci) is the multiplicity of P 2 Ci and Sing D is the set of singular points of D. These numbers
were introduced by Reyes and Urzúa in [JRaGU22], and count the number of T-chains in X and K2

W that
could be obtained through the composition of blow-ups � over points in Sing D, respectively.

Because of the Horikawa problem, we are interested in Q-Gorenstein smoothings where our candidate
W corresponds to the central fiber. Let H(W ) (K2

H(W ) = 2pg(H(W )) � 4 and q(H(W )) = 0) be a general
member of a Q-Gorenstein smoothing. Under these conditions, the invariantsK2; �; q, and pg are preserved
in this family. We can understand the possibilities for the surface S via �(S). The cases �(S) = �1; 0
are ruled out because pg(S) = pg(H(W )) � 3. If �(S) = 2, by Noether’s inequality on S, we have a
contradiction (we have that KS < K2

W , see [JRaGU22]):

2pg(S)� 4 � K2
S < K2

W = K2
H(W ) = 2pg(S)� 4:

Therefore, we have that �(S) = 1, i.e., there is an elliptic fibration f : S ! B. Moreover, since Horikawa
surfaces are constructed via branched double cover over Hirzebruch surface, we must have that q(S) = 0
and B = P1. Thus, for the classification of Horikawa surfaces with T-singularities we are only interested in
surfaces S such that �(S) = 1.

In this context, we will see that we only need to focus on a special geometric situation, which motivates
the name of this document. When �(S) = 1 and �(C) contains exactly one section and no other multi-
sections, we say that W is a small surface with T-singularities. In such a case, we denote by � the section
of S, and by � its proper transform under �. Since the T-chains are disjoint, then � is contained in a unique
T-chain, called the distinguished T-chain. We denote by 	� the number of curves Cj in the distinguished
T-chain such that � � Cj = 1, where Cj is either the proper transform of a curve in a complete singular fiber
of �(C) or an exceptional curve over a point of a complete singular fiber in �(C).

The main results of this document are the following:

Theorem 0.1. (= Theorem 3:26). Let W be a normal projective surface with (non-ADE) T-singularities obtained
by contraction of T-chains on the surface X , KW is big and nef, and K2

W = 2pg(W )� 4. Then the possible T-chains
on the surface X are the following:

• If pg(S) = 3.

(i) Two W-chains [4], where each (�4)-curve is a section.
(ii) One W-chain [2; 2; 6], one W-chain [2; 5] and n W-chains [4], where 0 � n � 43.

(iii) One W-chain [4; 5; 3; 2; 2] and n W -chains [6; 2; 2], where 0 � n � 44.
(iv) One (d = 2) T-chain [2; 4; 3; 3] and n W-chains [4], where 0 � n � 43.

• If pg(S) = 4.

(i) Two W-chains [5; 2], where each (�5)-curve is a section.
(ii) One W-chain [9; 2; 2; 2; 2; 2], two W-chain [2; 5], and n W-chains [4], where 0 � n � 52.

(iii) One W-chain [7; 8; 2; 2; 2; 3; 2; 2; 2; 2; 2], one W-chain [2; 5], n1 W-chains [4], and n2 W-chains [9; 2; 2; 2; 2; 2],
where 0 � n1 + n2 � 53.

(iv) One (d = 2) T-chain [2; 7; 3; 2; 2; 2; 3], one W-chain [2; 5], and n W-chains [4] where 0 � n � 52.
(v) One W-chain [3; 2; 2; 3; 5; 5; 2], n1 W-chains [4], and n2 W-chains [5; 2] where 0 � n1 + n2 � 54.

(vi) One (d = 2) T-chain [3; 2; 2; 2; 2; 3; 8; 2], one W-chain [3; 2; 6; 2], n1 W-chains [4], and n2 W-chains [2; 5]
where 0 � n1 + n2 � 52.

(vii) One (d = 2) T-chain [3; 2; 2; 2; 3; 7; 2], one W-chain [3; 5; 3; 2], n1 W-chains [4], and n2 W-chains [2; 5],
where 0 � n1 + n2 � 52.

(viii) One W-chain [3; 7; 2; 2; 3; 2], one W-chain [3; 8; 2; 2; 2; 3; 2], one W-chain [3; 5; 2], n1 W-chains [4], and n2

W-chains [2; 5], where 0 � n1 + n2 � 52.
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(ix) One W-chain[4; 5; 5; 2; 2; 3; 2; 2], n1 W-chains[4], andn2 W-chains[6; 2; 2], where0 � n1 + n2 � 54.

(x) One W-chain[4; 6; 2; 3; 2; 2], one W-chain[4; 8; 2; 2; 2; 3; 2; 2], n1 W-chains[4], andn2 W-chains[6; 2; 2],
where0 � n1 + n2 � 53.

• If pg(S) � 5.

(i) Two W-chains[pg(S) + 1 ; 2; � � � ; 2] where each(� (pg(S) + 1)) -curve is a section.

(ii) One W-chain[3pg(S) � 3; 2; � � � ; 2] where the number of20s on the right is3pg(S) � 7, (pg � 2) W -chains
[2; 5], andn chains[4], where0 � n � 8pg(S) + 20 .

(iii) One W-chain[3pg(S) � 5; 3pg(S) � 4; 2; � � � ; 2; 3; 2; � � � ; 2] where the number20s in the middle is3pg(S) � 9
and the number of2's on the right is3pg(S) � 7, (pg(S) � 3) W-chains[2; 5], n1 W-chains[4], andn2 W-
chains[3pg(S) � 3; 2; � � � ; 2], where0 � n1 + n2 � 8pg(S) + 22 .

(iv) One (d = 2 ) T-chain [2; 3pg(S) � 5; 3; 2; � � � ; 2; 3] where the number of20s in the middle is3pg(S) � 9,
(pg(S) � 3) W-chains[2; 5], andn W-chains[4], where0 � n � 8pg(S) + 20 .

(v) One (d = 2 ) T-chain [3; 2; � � � ; 2; 3; 3pg(S) � 4; 2] where the number of20s in the middle is3pg(S) � 8,
(pg(S) � 4 + n1) W-chains[2; 5], one W-chain[3; 2; 6; 2], and n2 W-chains[4], where0 � n1 + n2 �
8pg(S) + 21 .

(vi) One (d = 2 ) T-chain [3; 2; � � � ; 2; 3; 3pg(S) � 5; 2] where the number of20s in the middle is3pg(S) � 9,
(pg(S) � 4 + n1) W-chains[2; 5], one W-chain[3; 5; 3; 2], and n2 W-chains[4], where0 � n1 + n2 �
8pg(S) + 21 .

(vii) One W-chain[3; 3pg(S) � 5; 2; � � � ; 2; 3; 2] where the number of20s in the middle is3pg(S) � 10, one W-
chain[3; 3pg(S) � 4; 2; � � � ; 2; 3; 2] where the number of20s in the middle is3pg(S) � 9, (pg(S) � 4 + n1)
W-chains[2; 5], one W-chain[3; 5; 2], andn2 W-chains[4], where0 � n1 + n2 � 8pg(S) + 21 .

(viii) One W-chain [4; 3pg(S) � 7; 5; 2; � � � ; 2; 3; 2; 2] where the number of20s in the middle is3pg(S) � 10,
(pg(S) � 4) W-chains[2; 5], n1 W-chains[4], andn2 W-chains[6; 2; 2], where0 � n1 + n2 � 8pg(S) + 23 .

(ix) One W-chain[4; 3pg(S) � 6; 2; � � � ; 2; 3; 2; 2] where the number of20s in the middle is3pg(S) � 11, one
W-chain[4; 3pg(S) � 4; 2; � � � ; 2; 3; 2; 2] where the number of20s in the middle is3pg(S) � 9, (pg(S) � 4)
W-chains[2; 5], n1 W-chains[4], andn2 W-chains[6; 2; 2], where0 � n1 + n2 � 8pg(S) + 22 .

The previous result is a simple conclusion from the classi�cation of small surfaces with T-singularities.
In Chapter 3, we give a complete list of T-chain blocks that will allow us to construct any small surface with
T-singularities. These blocks are separated into three families and we know exactly how they interact with
each other.

Theorem 0.2. (= Theorem 3 :24). Let W be a small surface with (non-ADE) T-singularities. Then,W can be
constructed viaK 2

W � pg(S)+2 � 	 � con�gurations of third type, followed by a con�guration of �rst or second type.

Since we can systematically construct small surfaces from the building blocks in Chapter 3, it is natural
to extend the geography problem to these surfaces. This problem was introduced by Persson (see [Per81]).
In simple words, we know that a non-singular surface of general type Y , it is characterized up to a �nite
number of families by its Chern numbers c2

1(Y ) and c2(Y ). The geography problem asks: Given (a; b) 2 Z2

satisfying BMY-inequality, Noether's inequality, c2
1; c2 > 0, and Noether's formula. Is there a minimal

surface Y such that c2
1(Y ) = a and c2(Y ) = b? The following result is an extension of this problem.

Theorem 0.3. (= Theorem 3 :29) LetW be a small surface. Then

pg � 2 � K 2
W � (4 +

2
3

)pg +
11
3

:

We have equality on the left if and only ifpg(S) � 3 and W is obtained by contraction of a W-chain[pg(S) +
1; 2; � � � ; 2]; and we have the equality on the right if and only ifpg(S) � 2(mod3) andW is obtained by contraction
of a con�guration (II.9) together with a suitable number of con�gurations (III.1).
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We were able to demonstrate this result because small surfaces with T-singularities induce a very strong
restriction on the con�guration of curves � (C). In Chapter 3, we studied more generally how restrictions
affect the number K (S; � (C)) under the assumption that G� (C ) has no isolated components of (� 2)-curves.
This assumption is just a technical condition on the graph of curves associated to the divisor � (C) to sim-
plify calculations. The following is the main bound in Chapter 3.

Theorem 0.4. (= Theorem 3 :5) Let S ! P1 be an elliptic surface withpg(S) � 2. Assume thatG� (C ) has
no isolated connected components of(� 2)-curves, and that� (C) consists of some sub-con�gurations of singular
�bers(possibly complete) and onej -multi-section� . Then

K (S; � (C)) � jp g(S) � j � 1:

When � (C) contains more than one multi-section the result is just a formal consequence (Corollary 3.6).
A more general bound was recently discovered by Vicente Monreal in his Master's thesis [V.M24]. The
previous inequality motivates the de�nition of small surfaces with T-singularities. A classi�cation of these
surfaces requires understanding the pairs (�; � (C)) associated toW . The conditions K W big and nef impose
numerical conditions on curves in T-chains that are connected by (� 1)-curves. These numbers are called
discrepancies and the key ingredient we use to track them throughout � is known as P-resolution. The
idea is that a linear con�guration of curves has naturally associate a P-resolution, which encode all possible
sequence of blow-ups over that con�guration of curves that satisfy the conditions K W big and nef. Thus,
given any candidate to a con�guration of curves � (C) on S we need to identify some obvious blow-ups
to split this con�guration in many linear con�gurations of curves connected by (� 1)-curves. Therefore, in
terms of discrepancies we only need to care about the ones associated to the curves in T-chains that intersect
the (� 1)-curves coming from the obvious blow-ups, which we calculate by hand. In chapter 3, we identify
all relevant con�guration of curves where we should look for P-resolutions.

In Chapter 4, we extend our results to the case K 2 = 2pg � 3. This numerical condition implies that
the surface S is either a surface of general type or an elliptic surface. We only consider the latter. By the
previous bound in the index of a multi-section, we have that � (C) contains at most 2 sections or a double
section. The case of one section has already been classi�ed becauseW is a small surface. The case of a
double section is trivial. However, if � (C) contains two sections we have many situations to analyze.

Theorem 0.5. (= Theorem 3 :9) Let S ! P1 be an elliptic surface withpg(S) � 2. Assume thatG� (C ) has no
isolated connected components of(� 2)-curves, and that� (C) contains exactly2 sections and no other multi-sections.
Then

K (S; � (C)) = (2 pg(S) � 4) + 2N I + N 00+ t2

whereN I is the number of �bersF in � (C) such thatK (S; F) = 0 ; N 00 the number of sub-con�gurationF of
singular �bers contained in� (C), which are intersected by both sections andK (S; F) = � 1; andt2 the number of
intersection points between the sections, which not belongs to a(� 2)-curve in � (C). In particular, if K 2 = 2pg � 3,
then� (C) cannot contain a complete singular �ber F such thatK (S; F) = 0 , andt2 at most is equal to1.

After a detailed analysis, we found 26 building blocks when � (C) contains two sections. They are
separated into two families of building blocks denoted by � t 2

:i where i is the number of the block and
t2 as in the previous theorem. Thus, we have nearly 35 different constructions of surfaces W such that
K 2 = 2pg � 3. These surfaces are of general interest to many mathematicians, for example, this include
I-surfaces and numerical quintic surfaces (see [FPRR22] and [Ran17]). The following result is the main
theorem in Chapter 4:

Theorem 0.6. (= Theorem 4 :1) Let W be a normal projective surface with (non-ADE) T-singularities obtained
by contraction of T-chains on the surfaceX , K W big and nef, andK 2

W = 2pg(W ) � 3. If � (C) contains two sections,
then the possible T-chains on the surfaceX are of the following type:

• A con�guration of type� 0:i wherei 2 f 1; � � � ; 23g.

• A con�guration of type� 1:i wherei 2 f 1; 2; 3g.
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1 Preliminaries

1.1 Basic De�nitions

We will assume several well-known facts about birational geometry (see [Har77] and [Bea96] for more
details). Let X be a smooth projective algebraic variety over C. These conditions induce a complex structure
on X , so it can be thought as a smooth complex manifold. Thus, it is naturally equipped with a cotangent
bundle 
 1

X , so its determinant de�nes a line bundle:

! X :=
dimX^


 1
X

known as the canonical line bundle.

The notion of a canonical line bundle is generalized to singular varieties through the dualizing sheaf
[Har77, p.241], which is also denoted by ! X . Given a morphism f : Y ! X and a line bundle � : L ! X ,
it induces a pullback line bundle � 0: f � L ! Y where the �ber over every y 2 Y is equal to � � 1(f (y)) . In a
similar way, Cartier divisors can be pulled-back as elements of Div X .

De�nition 1.1. Let X be a smooth variety of dimension n and x 2 X . The blow-up of X at x is a morphism
� : Bl x (X ) ! X such that: the restriction of � to � � 1(X nf xg) is an isomorphism onto X nf xg, and E :=
� � 1(x) parametrizes the tangent directions of X at x, so E is isomorphic to Pn � 1. We say that E is the
exceptional divisor of the blow-up.

In this document, we will work a lot with smooth surfaces, so we to introduce some useful notations for
this case.

De�nition 1.2. Let X be a smooth surface. A con�guration of curves is an effective reduced divisor D =
C1 + � � � + Cr . We say it has normal crossings if any singularity in D is locally analytically isomorphic to
the singularity f (x; y) j xy = 0g. We say it is simple normal crossing (s.n.c) if in addition, every curve Ci is
smooth.

De�nition 1.3. Let X be a smooth surface, and � : Bl x (X ) ! X the blow-up of X at x. For any curve
C � X , we de�ne its strict transform (or proper transform ) as C = � � 1(C � x). The strict transform of a
divisor is de�ned by linearity.

De�nition 1.4. Let C be an effective Cartier divisor on the surface X , and let f be a local equation for C at
the point X . We de�ne the multiplicity of C at x, denoted by � x (C), to be the largest integer r such that
f 2 mr

x where mx � O X;x is the maximal ideal.

Remark 1.5. Note that � x (C) � 1 if and only if x 2 C, and equality holds if and only if C is smooth at x.
In the following result, we summarize some of the most important facts about blow-ups at points on

smooth surfaces.

Proposition 1.6. LetX be a smooth surface,� : Bl x (X ) ! X the blow-up ofX at x, andE the exceptional divisor.
Then:

• The surfaceBl x (X ) is a smooth surface.

• There exists an isomorphismPic X � Z ! Pic(Bl x X ), (D; n ) 7! � � (D ) + nE .

• LetC; D be divisors onX . Then(� � C) � (� � D) = C � D ; (� � C) � E = 0 ; andE 2 = � 1.

• LetC 2 Pic X andD 2 Pic(Bl x (X )) . Then(� � C) � D = C � (� � D).

• The canonical divisor ofBl x (X ) is given byK Bl x (X ) = � � (K X ) + E . ThereforeK 2
Bl x (X ) = K 2

X � 1.

7



• LetC be an effective effective divisor onX , andx be a point of multiplictyr onC. Then� � C = eC + rE .

Theorem 1.7. (Castenuovo's Contraction Theorem).
Let E 2 Y be a smooth rational curve withE 2 = � 1. Then there exist a smooth surfaceX , and a pointx 2 X such
that: Y = Bl x (X ) andE is the exceptional divisor of a blow-up� : Y ! X .

De�nition 1.8. A smooth rational curve E with self-intersection � 1, is called a (� 1)-curve. In general a
smooth rational curve � with self-intersection � a, is called a (� a)-curve.

Theorem 1.9. (Embedded Resolution of Curves in Surfaces)
Let C be any curve in the surfaceX . Then there exists a �nite sequence of blow-ups (in suitable points)X 0 = X !
X n � 1 ! � � � ! X 0 = X , such that if� : X 0 ! X is their composition, then the total inverse image� � 1(C) is a
divisor with normal crossings.

De�nition 1.10. Given p 2 X a singular point in a variety. A resolution of p is a non-singular variety Y
with a morphism � : Y ! X , such that, out of Exc(� ) := � � 1(p) the morphism is an isomorphism. The
divisor Exc (� ) is called the exceptional divisor of p.

Remark 1.11. If X is a surface, then � is a minimal resolution if there are no (� 1)-curves in Exc(� ). By
Castelnuovo contraction theorem, minimal resolutions always exist and are unique.

1.2 Kodaira Dimension

Given a line bundle L on X , it is natural to ask ourselves about the existence of sections because of the
following one-to-one correspondence: (see e.g. [Gat02, lemma 7.5.14])

(

Morphisms f : X ! Pr

)

 !

( Line bundles L on X together with global
s0; � � � ; sr 2 �( X; L ) such that: for all P 2 X
there is somesi with si (P) 6= 0

)

As the set of the isomorphism classes of all line bundles on X form group Pic X , for each m � 0 such that
h0(X; L 
 m ) 6= ; , the linear system jL 
 m j induce a rational map from X to a projective space. In particular,
we have a morphism:

' m : X � Bl (L 
 m ) ! Ph0 (X; L 
 m ) � 1

where Bl (L 
 m ) is its base locus. We will denote by ' m (X ) the closure of the image of ' m in Ph0 (X; L 
 m ) � 1.

De�nition 1.12. Let L be a line bundle on X .

(i) The Iitaka dimension of L is � (X; L ) := max
m � 1

dim ' m (X ) if ' m (X ) 6= ; for some m. We set � (X; L ) :=

�1 otherwise (i.e when h0(X; L 
 m ) = 0 for all m � 0). Note that � (X; L ) 2 f�1 ; 0; 1; � � � ; dim X g.

(ii) The line bundle L is called big if � (X; L ) = dim X .

(iii) The Kodaira dimension of X is � (X ) := � (X; ! X ). Moreover, X is called of general type if � (X ) =
dim X , i.e, if ! X is big.

When we work with divisors on a surface, many important notions arise naturally. For instance, in the
minimal model program (MMP) the relevant divisors are called nef, whereas when we work with KSBA
surfaces the relevant ones are called ample divisors.
Given a smooth projective surface X of dimension two, we wonder if X contains a (� 1)-curve. In that case,
we contract that (� 1)-curve and repeat the process. Thus, we have a sequence of contractions:

X ! X 1 ! � � � ! X min

8



Since in each step� X (the Picard number of X ) decreases by one, this process have to �nish. Therefore,
X min does not contain any (� 1)-curve, and it will called a minimal model. For higher dimensions, it is
much more complicated. Mori's idea was to replace the condition on the existence of (� 1)-curves by the
condition K X nef.

We summary some relevant properties to our purpose.

Proposition 1.13. LetX be a smooth projective surface with� (X ) � 0. ThenX is minimal if and only ifK X is nef.

Proposition 1.14. LetX be is minimal surface with� (X ) = 0 ; 1. ThenK 2
X = 0 :

It is useful to consider the natural extension of Div X (or Pic X ) to Q-divisors in Div (X )Q := Div (X )
 ZQ
(or Pic X 
 Q), because they appear when we deal with resolutions of singular varieties.

Proposition 1.15. Let X be a projective variety of dimensionn, andD a nefQ-divisor onX . ThenD is big if and
only if D n > 0.

On the other hand, in the context of the construction of the coarse moduli space of curves M g and
its Deligne-Mumford compacti�cation M g, the main objects are calledstable curves, which are projective
curves C with singularities at worst nodal and ! C ample. In [KSB88], Koll ár and Shepherd-Barron gener-
alized this construction to the case of surfaces, where the main objects are calledstable surfaces, which are
projective surfaces X with semi-log-canonical singularities and K X ample. Thus, the notion of ampleness
arise naturally for our purpose.

Example 1.16. (Ample implies big)
If L be an ample line bundle on X , then there existsm � 0such that L is very ample, so ' m is an embedding.

In general, to check ampleness is not easy. The next is a very famous result to check ampleness.

Theorem 1.17. (Nakai-Moishezon ampleness criterion)
Let X be a proper variety over a �eld, andL a line bundle onX . ThenL is ample if and only ifL dimV � V > 0 for
any subvarietyV � X .

Kodaira dimension is a birational invariant, so we can classify varieties for its Kodaira dimension.

Example 1.18. (Classi�cation of curves)
Let C be a smooth projective curve of genus g. Then:

• � (C) = �1 if and only if g = 0 , i.e, C is isomorphic to P1.

• � (C) = 0 if and only if g = 1 , i.e, C is an elliptic curve.

• � (C) = 1 if and only if g � 2.

The case of surfaces is a little more complicated. We conclude this subsection with the main result in the
birational classi�cation of surfaces.

Theorem 1.19. LetX be a minimal surface. ThenX falls in one of the following classes:

• If � (X ) = �1 , thenX is P2, a Hirzebruch surface different fromF1, or a ruled surface over a curve of genus at
least1.

• If � (X ) = 0 , thenX belongs to one of the following:

(i) pg(X ) = 0 andq(X ) = 0 ; in this caseX is called an Enrique surface.

(ii) pg(X ) = 0 andq(X ) = 1 ; in this caseS is called a bielliptic surface.

(iii) pg(X ) = 1 andq(X ) = 0 , in this caseX is called aK 3 surface.

(iv) pg(X ) = 1 andq(X ) = 2 ; in this caseX is called an abelian surface.

• If � (X ) = 1 , thenX is an elliptic surface.

• If � (X ) = 2 , by de�nition X is a surface of general type.

9



1.3 Cyclic quotient singularities

Let m > 1 be an integer, and let � be an m-th primitive root of 1. Let ai > 0 be integers coprime to m, and
consider the action of Z=mZ in Cd given by

T : Cd ! Cd; (x1; � � � ; xd) 7! (� a i x1; � � � ; � ad xd)

De�nition 1.20. A cyclic quotient singularity (c:q:s) is a singularity isomorphic to the germ at 0 of the
quotient Cd=hTi for some integer numbers m and a0

i s. We will denote the singularity by 1
m (a1; � � � ; ad)

For d = 1 , they are clearly not singular. In [Sch71], Schlessinger proved that if X has an isolated c.q.s for
d � 3, then the spaceT1

X of �rst order in�nitesimal deformation of X is 0, so they are rigid. When d = 2
there exist non-trivial deformations.

Since the surfacesX 1 = f (x; y; z) 2 C3 : zn = xa1 ya2 g and X 2 = f (x; y; z) 2 C3 : zn = xym � q0
g

with a1q0 + a2 = 0 (mod m) have isomorphic normalizations, it is enough to restrict our attention to the
cyclic quotient singularities 1

m (1; q). Its resolution is made by toric methods, and we summarize the most
important result in the following theorem.

Theorem 1.21. Let p 2 X be a cyclic quotient singularity of type1m (1; q), whereX is some neighborhood ofp and
� : Y ! X the minimal resolution. ThenExc(� ) consist of a collection of smooth rational curvesE1; � � � ; E r such
that E i � E i +1 = 1 for i 2 f 1; � � � ; r � 1g, E 2

i = � ei andE i � E j = 0 for any other case, where

m
q

= [ e1; � � � ; er ] = e1 �
1

e2 � 1

... 1
er

is the Hirzebruch-Jung continued fraction (eachbi is an integer bigger than1).

By Theorem 1.21, the minimal resolution of a cyclic quotient singularity is a chain of P10s. Due to this
special geometry, we can understand this type of singularity by the information in the dual graph of Exc( � ).
In general, when � : Y ! X is the minimal resolution of a singularity (x 2 X ) and Exc(� ) is a simple normal
crossing con�guration of curves, it induces a graph called the weighted dual graph of Exc( � ) whose vertices
correspond to the curves in the exceptional locus, the edges to the intersection points between them, and
where we associate to each vertex the corresponding genus and self-intersection of the curve respective. A
singularity (x 2 X ) is called taut if for any other singularity (x0 2 X 0) with the same weighted dual graph,
we have that (x 2 X ) and (x0 2 X ) are analytically isomorphic. Namely, taut singularities are completely
determined by the weighted dual graph of its minimal resolution. In [Lau73], Laufer classi�es all the taut
two-dimensional singularities over C, in particular c.q.s are taut.

Note that [e1; � � � ; er ] and [er ; � � � ; e1] de�ne the same singularity, so it is natural to compare their respec-
tive fractions.

Lemma 1.22. Let [e1; � � � ; er ] = m
q and[er ; � � � ; e1] = m 0

q0 . Thenm = m0 andqq0 � 1 (modm).

Proof. [UV22, p.42]

The following result motivate the type of cyclic quotient singularities that will be important to us.

Proposition 1.23. LetX = 1
m (1; q) be a cyclic quotient singularity. The following are equivalent:

(i) K 2
X is a integer.

(ii) m = dn2 andq = dna � 1 with 1 � a � n andgcd(n; a) = 1 .

(iii) m
gcd(m;q +1) dividesgcd(m; q + 1) .

Proof. [J.R22, Proposition 2.2.1]
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De�nition 1.24. A T-singularity is a quotient singularity that admits a Q-Gorenstein one parameter smooth-
ing.

Proposition 1.25. The T-singularities are either ADE singularities or1dn 2 (1; dna � 1) with 0 < a < n , d � 1 and
gcd(n; a) = 1 . Whend = 1 , we call them Wahl singularities.

Proof. [KSB88, Proposition 3.10]

An important result of Wahl gives us an algorithm to obtain any T-singularity that is not ADE. Moreover,
it tell us how a T-singularity may be recognized from its minimal resolution.

De�nition 1.26. A T-chain is the exceptional divisor of the minimal resolution of a non-ADE T-singularity.
For a Wahl singularity, we called it a W-chain.

Proposition 1.27. For (non-ADE) T-singularities 1
dn 2 (1; dna � 1) we have:

(i) If n = 2 , then they are[4] and[3; 2; � � � ; 2; 3] where the number of20s in the expansion isd � 2, are T-chains.

(ii) If [b1; � � � ; br ] is a T-chain, then so are[2; b1; � � � ; br � 1; br + 1] and[b1 + 1 ; b2; � � � ; br ; 2].

(iii) Every T-chain can be obtained by starting with one of the chain in(i ) and iterating the steps described in(ii ).

Proof. [KSB88, Proposition 3.11]

Remark 1.28. The T-chain associated to 1
dn 2 (1; dna� 1) will be denoted by [d

� n
a

�
]. The operations in (ii ) will

be called L -operations and R-operations, respectively. The proof of the previous result shows that
�
d
�

2n � a
n

��
L �

�
d
�

n
a

��
and

�
d
�

n
a

��
R�!

�
d
�

n + a
a

��

Moreover, if dn 2

dna � 1 = [ e1; � � � ; er ] = [ d
� n

a

�
], then [er ; � � � ; e1] = [ d

� n
n � a

�
].

To explain the relation with minimal resolutions, we have to remember some important results.

Proposition 1.29. (Artin contractibility theorem). Let Exc:=
P

i E i be a connected collection of curves in a normal
surfaceY . The following are equivalent:

1. Exc is contractible and if� : Y ! X is the contraction, then� (OY ) = � (OX ).

2. The intersection matrix of Exc is negative de�nite and for every cycleZ > 0 with support on Exc we have
p(Z ) � 0.

Moreover, ifY is projective, thenX is also projective.

Proof. [Art62, Theorem 2.3]

First, two-dimensional cyclic quotient singularities are rational singularities, and we know that two-
dimensional rational singularities are analytically Q-factorial. In particular, a rational singularity is a Q-
Gorenstein singularity (see [Ish18, Theorem 7.3.2]). LetX be a surface with T-singularities, by the previous
argument mK X is a Cartier divisor for some integer m > 0. Let � : Y ! X be a resolution of singularities
of X with exceptional divisor E i

0s. By [Har77, Proposition 6.5], we have the exact sequence

� [E i ] ! Cl Y ! Cl U ! 0

with U = Y �� [E i ]. Since� is a isomorphism out of the exceptional locus, we have the following numerical
relation

K Y � � � (K X ) +
X

di E i

11



De�nition 1.30. The rational numbers di 2 (� 1; 0] from the previous discussion are called discrepancies.

As E i is � -exceptional, we have that � � (K X ) � E i = 0 , so K Y � E i =
P r

j =1 (E i � E j ). Moreover, by
adjunction formula on Y , we have that K Y � E i = � 2 � E 2

i . Thus, we get the linear system:

� 2 � E 2
i =

rX

j =1

dj (E i � E j ):

By Proposition 1.29, the matrix (E i � E j ) ij is negative de�nite, since � is a resolution of singularities and
T-singularities are rational singularities. Therefore, this system has a unique solution. In addition, when �
is the minimal resolution, by Theorem 1.21 we can understand the previous system using the Hirzebruch-
Jung continued fraction associated to the chain. If the chain is represented by the H-J continued fraction
[e1; � � � ; er ], then the system becomes

ei � 2 = di � 1 � ei di + di +1

where we set d0 = dl +1 = 0 .

It is very inconvenient to calculate the discrepancies using this system directly. By Proposition 1.27, for
T-singularities we can consider an inductive approach. We will de�ne some auxiliary numbers that will
help us to compute discrepancies.

De�nition 1.31. (� numbers)
Let [e1; � � � ; er ] be a T-chain. We will assign numbers (� 1; � � � ; � r ) inductively as follows:

• For [4] we assign (1), and for [3; 2; � � � ; 2; 3] where the number of 20s in the middle is d � 2 we assign
(1; � � � ; 1) where the number of 10s is d.

• If [e1; � � � ; er ] has assigned(� 1; � � � ; � r ), then to [2; e1; � � � ; er + 1] we assign (� 1 + � r ; � 1; � � � ; � r ) and for
[e1 + 1 ; � � � ; er ; 2] we assign (� 1; � � � ; � r ; � 1 + � r ).

Lemma 1.32. Let [e1; � � � ; er ] = dn 2

dna � 1 be a T-chain whose delta numbers are(� 1; � � � ; � r ). Then:

• n = � 1 + � r

• a = � 1

• di = � (1 � � i
n )

Proof. See [N.V20, Propositions 2.20, 2.23] for W-chains. The same formulas are valid for the general case.

De�nition 1.33. For a (non-ADE) T-singularity 1
dn 2 (1; dna � 1), we de�ne its center to be the collection of

exceptional divisors in the corresponding T-chain which have the lowest discrepancy, that is the curves in
the center all have discrepancy � n � 1

n .

Proposition 1.34. Let dn 2

dna � 1 = [ e1; � � � ; er ] be a T-chain, then

r � d + 2 =
rX

i =1

(ei � 2)

Moreover, if� : X ! W is the minimal resolution we haveK 2
X + r � d + 1 = K 2

W

12



Proof. For the initial chains [4] and [3; 2; � � � ; 2; 3] where the number of 20s in the expansion is d � 2, we have
that r = d. Thus, the formula holds. By Proposition 1.27(iii), we know that every T-chain can be obtained by
a �nite number of L ; R-operations, and since the formula is valid for the initial chains and each operation
keeps constant the number d and increases the length by one, the formula holds for every T-chain. On the
other hand, since � is the minimal resolution, by [J.R22, lemma 2.28] we have:

K 2
X � K 2

W =

 
rX

i =1

di E i

! 2

=
rX

i =1

(2 � ei ) + 1

Finally, putting it all together we have K 2
X + r � d + 1 = K 2

W .

Remark 1.35. Note that if W is a surface with ` T-singularities, then we have K X � � � (K W )+
P r 1

i =1 d1;i E1;i +
� � � +

P r `
i =1 d`;i E `;i . Then sinceEk;i and Ek 0;j are � � exceptional and Ek;i � Ek 0;j = 0 for k 6= k0, we have

K 2
X = K 2

W +

 
r 1X

i =1

d1;i E1;i

! 2

+ � � � +

 
r `X

i =1

d`;i E `;i

! 2

:

Finally, using the previous argument we have that

K 2
W = K 2

X + ( r 1 � d1) + : : : + ( r ` � d` ) + `:

The following results will be useful in Chapter 3 to �nd the relevant cyclic quotient singularities for the
classi�cation of small surfaces.

Theorem 1.36. (Numerical condition for(� 1)-curves intersecting T-chains at the ends)
Consider two T-chains connected at the ends by a(� 1)-curveE

[
�

n
a

�
] � (1) � [

�
n0

a0

�
]

and such thatK W � E = � . Then
n
a

+ �
nn0

aa0 =
n0

a0:

In particular, if K W is nef, we have
n
a

�
n0

a0:

Proof. By the numerical relation K X � � � (K W ) +
P

di E i and adjunction formula on X , we have that
� = K X � E = � 1 � dr � d0

1 where dr and d0
1 are the discrepancies of the curves at the ends of the T-chains.

By lemma 1.32, we have

� = � 1 +
�

1 �
� r

n

�
+

�
1 �

� 0
1

n0

�
=

�
n � � r

n

�
�

a0

n0 =
a
n

�
a0

n0:

Reordering the terms we have what we wanted. Finally, if K W is nef, then � � 0, and so

n
a

� �
nn0

aa0 +
n
a

=
n0

a0:

Remark 1.37. Note that if dr + d0
1 = � 1 (i.e � = 0 ), by the previous result we have n

a = n 0

a0 . By Proposition
1.25, we havegcd(n; a) = gcd(n0; a0) = 1 , and so n = n0 and a = a0. Therefore, each(� 1)-curve E on W
intersecting two T-chains at the ends such that K W � E = 0 de�nes a blow-down f : W ! W 0 such that
K 2

W = K 2
W 0 and K W 0 nef.
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Corollary 1.38. (There is no cycle of T-chains whenK W is ample)
Consider a cycle of T-chains connected by(� 1)-curves at the ends

[
� n 1

a1

�
] (1) [

� n 2
a2

�
] (1) � � � (1) [

� n r
ar

�
]

(1)

such thatK W is nef. Thenni = nj andai = aj for any i ,j 2 f 1; � � � ; r g. In particular, whenK W is ample such a
con�guration cannot exist onX .

Proof. By Theorem 1.36, we have

n1

a1
�

n2

a2
� � � � �

nr

ar
and

nr

ar
�

n1

a1

becauseK W is nef. Therefore n 1
a1

= n 2
a2

= � � � = n r
ar

. By Proposition 1.25, we have gcd(ni ; ai ) = 1 , so
nj = ( n i

a i
)aj implies that nj = ni and ai = aj for any i ,j . On the other hand, if K W is ample, then the

inequalities are strict, so we have a contradiction.

By Theorem 1.36, if n
a � n 0

a0 for some numbers n; n0; a0; a such that [
� n

a

�
] and [

� n 0

a0

�
] are T-chains, they can

be connected at the ends for a(� 1)-curve preserving the order.

De�nition 1.39. Let [
� n

a

�
], [

� n 0

a0

�
] be T-chains. The chains ofP10s

[
�

n
a

�
] � (1) � [

�
n0

a0

�
] [

�
n0

a0

�
] � (1) � [

�
n
a

�
]

will be called T-diagrams with (� 1)-endings.

By Theorem 1.36, we have a bijection
(

T-diagrams with ( � 1)-endings,
[
� n

a

�
] � (1) � [

� n 0

a0

�
]

)

 !

(
Inequalities n

a � n 0

a0 ; where
[
� n

a

�
]; [

� n 0

a0

�
] are T-chains

)

In addition, Propositions 1.32 and 1.27 tell us exactly how we should think the algorithm of T-chains
in relation to T-diagrams with (� 1)-endings. Note that each R-operation [

� n
a

�
] ! [

� n + a
a

�
] satis�es that

n
a � n + a

a , whereas eachL -operation [
� 2n � a

n

�
]  [

� n
a

�
] satis�es that 2n � a

n � n
a (because0 � (n � a)2 for any

n; a 2 Z). Consider the following diagram of T-chains operations

[
� 2n � a

n

�
] [

� n
a

�
]

[
� 3n � a

n

�
] [

� n + a
a

�
]

R R

L

As 3n � a
n � n + a

a (because0 � (n � a)2), the Theorem 1.36 induces a diagram of T-diagrams of (� 1)-endings.

[
� 2n � a

n

�
] (1) [

� n
a

�
]

(1) (1)

[
� 3n � a

n

�
] (1) [

� n + a
a

�
]
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where the arrow symbolizes the direction of the inequalities. It is not immediate to compare [
� 3n � a

n

�
] and

[
� n

a

�
]. If we assume that n

a � 3n � a
n , then n2 � 3na + a2 � 0. Therefore, the existence of the T-diagram of

(� 1)-endings [
� 3n � a

n

�
] � (1) � [

� n
a

�
], requires the existence of a positive solution to the Diophantine equation

n2 � 3na + a2 = c for c � 0. For example, the equation n2 � 3na + a2 = � 11 has as one of their solutions
(n; a) = (4 ; 3), so we have the T-diagram of (� 1)-endings:

[
�

4
3

�
] = [2 ; 2; 6] � (1) � [3; 2; 2; 7; 2] = [

�
9
4

�
]

On the other hand, if we assume that 3n � a
n � n

a , then 0 � n2 � 3na + a2. Here the existence of [
� 3n � a

n

�
] �

(1) � [
� n

a

�
] requires the existence of a positive solution to the Diophantine equation n2 � 3na + a2 = c for

c > 0. For example, the equation n2 � 3na + a2 = 1 has as one of their solutions (n; a) = (3 ; 1), so we have
the T-diagram of (� 1)-endings:

[
�

8
3

�
] � (1) � [

�
3
1

�
]

Note that the existence of a T-diagram with (� 1)-endings is related to the centers of the respective T-chains.

Proposition 1.40. LetK W be nef. Assume that we have T-diagram with(� 1)-endings

[
�

n
a

�
] � (1) � [

�
n0

a0

�
]

If we contract the(� 1)-curve and all new(� 1)-curves after that, then no curve in the center of theT-chains is
contracted.

Proof. [FFaJRaGU23, Proposition 2.3]

To conclude this section, we prove a lemma about T-diagrams with (� 1)-endings that will be important
soon.

Lemma 1.41. Leta1; � � � ; ar � 2 andm � 3. Assume thatK W is nef, then the T-diagram with(� 1)-endings

[a1; a2; � � � ; ar ; 2; � � � ; 2
| {z }

m � 3

] � (1) � [m; 2; � � � ; 2
| {z }

m � 4

]

is not possible onX .

Proof. We will denote by dI and dR the discrepancies of the curves intersected by the (� 1)-curve on the
chains on the left and right, respectively. By lemma 1.32, we have

[
1
4] ! [

1
5;

2
2] ! : : : ! [

1
m;

2
2; � � � ;

m � 3
2 ]; so dR = �

�
1 �

1
m � 2

�
= �

�
m � 3
m � 2

�
:

On the other hand, if [a1; a2; � � � ; ar ;

m � 3
z }| {
2; � � � ; 2] is a T-chain, by Proposition 1.27 (backwards), it is obtained

after (m � 3) R-operations from the T-chain [a1 � (m � 3); a2; � � � ; ar ]. Assume that the latter T-chain has a
� vector (� 1; � � � ; � r ), then by Proposition 1.32, we have

(� 1; � � � ; � r ) R�! (� 1; � � � ; � r ; � 1 + � r ) R�! : : : R�! (� 1; � � � ; � r ; � 1 + � r ; 2� 1 + � r ; � � � ; (m � 3)� 1 + � r )

Then

dI = �
�

1 �
(m � 3)� 1 + � r

m� 1 � 2� 1 + � r

�
= �

�
� 1

m� 1 � 2� 1 + � r

�
:
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Note that by construction of � numbers they are always greater than 0 (for any T-chain). In particular, we
have � r > 0, so

�
1

m � 2
=

d1

m� 1 � 2� 1
> d I :

Therefore:
� 1 = �

1
m � 2

�
m � 3
m � 2

> d I + dR :

1.4 P-resolutions

P-resolutions will be extremely important to the development of several arguments during this document.
They were introduced in [KSB88] to study the deformation space of a cyclic quotient singularity.

De�nition 1.42. Let P 2 X be a cyclic quotient singularity. A P-resolution of P 2 X is a partial resolution
f : Y ! X over P such that Y has only T-singularities and K Y is ample relative to f .

Example 1.43. (Not any partial resolution is a P-resolution). Consider the cyclic quotient singularity 1
92 (1; 8)

on X , and � : Y ! X its minimal resolution. In the chain corresponding to the H-J continued fraction
81
8 = [11; 2; 2; 2; 2; 2; 2; 2] we can do 9 blow-ups to get the following chain of P1 0s

[12; 2; 2; 2; 2; 2; 2; 2; 2; 1; 11; 2; 2; 2; 2; 2; 2; 2]

on a surfaceZ . Since100
9 = [12; 2; 2; 2; 2; 2; 2; 2; 2]and 81

8 = [11; 2; 2; 2; 2; 2; 2; 2]are connected by a(� 1)� curve
E at the ends, by Theorem 1.36 it de�nes a partial resolution f : Z ! X that it is not a P-resolution of the
singularity 1

92 (1; 8), because10
1 � 9

1 .

The previous example shows us that it is quite inconvenient to try to �nd P-resolutions by blowing up
some points blindly. Now we will introduce some tools to calculate P-resolutions more systematically.

De�nition 1.44. Let m
q = [ e1; � � � ; er ] be a H-J continued fraction. Its dual chain is m

m � q := [ e1; � � � ; er ]_ .

Dual chains have interesting properties, but undoubtedly the most important one is that they induce a
zero continued fraction. Namely, if m

q = [ e1; � � � ; er ] and m
m � q = [ b1; � � � ; bs] then

[bs; � � � ; b1; 1; e1; � � � ; er ] = 0

where the expression on the left it is well-de�ned, i.e, we did not divide by 0. This relation is understood
by the Riemenschneider's dot diagram (see [Rie74]). Namely, given a chain [e1; � � � ; er ], we associate it a
diagram with dots in the form of a stair: the i -th step hasei � 1 dots and the (i +1) -th step begins just below
the last dot on the previous step.

Example 1.45. The continued fraction [2; 2; 5; 5] = 62
43 has a dot diagram:

Reading the columns we have the expression for the dual chain, so 62
19 = [4 ; 2; 3; 2; 2; 2]. In particular, we

have that [2; 2; 2; 3; 2; 4; 1; 2; 2; 5; 5] = 0. Interestingly, these relations can be extend to the canonical repre-
sentation of m

q as a continued fraction. The dot diagram allows us to recover the canonical representation
of 4 fractions:
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and we have the equalities:

(1; 3; 1; 3; 3; � 1; 1; 2; 3; 1; 4) = 0 and (4; 1; 3; 3; � 1; 1; 2; 3; 1; 4) = 0 :

There is an unexpected, but well known relation between zero continued fractions and triangulation of
polygons, so we will introduce some notations to exploit this relation.

De�nition 1.46. Let r � 2 a natural number. A triangulation of r + 1 sides correspond to draw some
diagonals over a convex polygon of r + 1 sides (with vertices P0; � � � ; Pr ) such that

• Diagonals do not intersect each other (except maybe over the vertices).

• The polygon is divided into triangles.

Given a triangulation, we de�ne the index of a vertex as vi := ( number of diagonals from the vertex Pi )+1 .

By induction, we have the following one-to-one correspondence.

Proposition 1.47. Let f k1; � � � ; kr g be a sequence of positive numbers. Then[k1; � � � ; kr ] = 0 if and only if there
existsk0 such thatf k0; k1; � � � ; kr g is the set of indices of some triangulated polygon ofr + 1 sides.

Proof. [N.V20, Proposition 1.34]

The previous proposition allows us to prove many useful properties of zero continued fractions.

Lemma 1.48. Consider a convex polygonP with r + 1 sides. The indices from the vertices of will be taken modr + 1 .
Consider[v1; � � � ; vr ] = 0 for a triangulation ofP, then

(a) At least twovi must be equal to1. Furthermore, forr � 3, the values of1 cannot be in consecutive positions.

(b) Letr � 3. Thenvi � r � 1 for any0 � i � r . Moreover, ifvi = r � 1, thenvi � 1 = vi +1 = 1 andvj = 2 for
any j 6= i � 1; i; i + 1 .

(c) Letr � 2. If [k1; � � � ; ki � 1; 1; ki +1 ; � � � ; kr ] = 0 for i 6= 1 ; r , then[k1; � � � ; ki � 1 � 1; ki +1 � 1; � � � ; kr ] = 0 . If
[1; k2; � � � ; kr ] = 0 or [k1; � � � ; kr � 1; 1] = 0, then[k2 � 1; � � � ; kr ] = 0 and[k1; � � � ; kr � 1 � 1] = 0 respectively.
Furthermore, Ifr � 4 and [k1; � � � ; ki � 1; 1; ki +1 ; � � � ; kr ] = 0 for i 6= 1 ; s, thenki � 1 andki +1 cannot be both
equal to2.

(d) Let r � 4. Assumevi = vi +1 = � � � = vi + j = 2 for consecutive vertices. Consider the diagonalPi Pk . Then
Pi +1 Pk ; � � � ; Pi + j Pk are diagonals of the triangulation. Furthermore, ifvi + j +1 = 1 , thenPi + j +1 and Pk are
consecutive.

Proof. For (a): see [N.V20, Proposition 1.31].For (b): It is clear that given a polygon P0; � � � ; Pr with r + 1
sides, the maximum number of diagonals from a �xed point is r � 1, then consider the triangulation given
by all these diagonals. For (c): If [k1; � � � ; ki � 1; 1; ki +1 ; � � � ; kr ] = 0 , then exists a triangulation of a polygon
with r + 1 sides such that vj = kj for any j � i , and vi = 1 . After removing Pi � 1Pi and Pi Pi +1 we
have a triangulation of a polygon with r sides, whose indices are such that0 = [ k1; � � � ; ki � 1 � 1; ki +1 �
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1; � � � ; kr ]. The other cases are analogous.For (d): Sincevi = 2 , the diagonal Pi Pj divided the polygon into
two triangulated sub-polygons. Let P0 be the one that contains the vertex Pi +1 , and assume that Pi +1 Pk 0

is a diagonal on P0 for some k 6= k0. As vi +1 = 2 , we divided P0 in two triangulated sub-polygons.
Consider P00the one which contains the vertices Pi ; Pi +1 ; Pk and Pk 0, then using the part (a) on P00, we
must have a diagonal from Pi +1 or Pi +1 , contradicting that vi = vi +1 = 2 . Finally, the general result is
obtained inductively. On the other hand, assume that vi + j +1 = 1 . The diagonal Pi + j Pk divided P into two
triangulated sub-polygons. Consider P0 the one containing the vertices Pi + j +1 ,Pi + j and Pk . If Pi + j +1 and
Pk are no consecutive vertices onP, in particular they are no consecutive on P0. However, Pi + j and Pi + j +1

are vertices of degree1 for P0, so by the part (a) we must have a diagonal from Pi + j or Pi + j +1 , contradicting
the hypothesis.

De�nition 1.49. Let m
q = [ e1; � � � ; er ] be a Hirzebruch-Jung continued fraction. We de�ne the set of zero

continued fractions bounded for [e1; � � � ; er ] as the set

K
�

m
q

�
:= f [k1; � � � ; kr ] = 0 such that 1 � ki � ei g

A simple and useful lemma is the following.

Lemma 1.50. Let c � c0 � 0. Consider the Hirzebruch-Jung continued fractions

m1

q1
= [ b1; � � � ; bs; 2; � � � ; 2

| {z }
c

; b0
1; � � � ; b0

r ] and
m2

q2
= [ b1; � � � ; bs; 2; � � � ; 2

| {z }
c0

; b0
1; � � � ; b0

r ]:

Then

K
�

m2

m2 � q2

�
� K

�
m1

m1 � q1

�
:

Proof. Consecutive 2's correspond to vertical components in the Riemenschneider's dot diagram. Then, the
H-J continued fractions of m 1

m 1 � q1
and m 2

m 2 � q2
have the same length and differ only in one entry.

These sets have other interesting properties, but the key observation was done by Christophersen and
Stevens (see [Chr91] and [Ste91]). They proved that there is a bijection between the set of P-resolutions of
m
q = [ e1; � � � ; er ] and the set K ( m

m � q ). Furthermore, we have a geometric way to understand this corre-
spondence by using other type of partial resolutions called M-resolutions. They will allow us to obtain the
P-resolution associated to a zero continued fraction.

De�nition 1.51. Let P 2 X be a cyclic quotient singularity. An M-resolution of P 2 X is a partial resoltuion
f : Y ! X such that Y has only Wahl singularities, and K W is nef relative to f .

In general, an M-resolution looks like:

[
�

n0

a0

�
] � � � � � [

�
n0

a0

�
]

| {z }
di 0

� (c1) � [
�

n1

a1

�
] � � � � � [

�
n1

a1

�
]

| {z }
di 1

� (c2) � � � � � (cr ) � [
�

nr

ar

�
] � � � � � [

�
nr

ar

�
]

| {z }
di r

where each (ci ) represents a curve � i such that its proper transform in the minimal resolution of W has
self-intersection � ci . We interpret zero continued fractions as in [PPSU18, Corollary 10.1]. Note that, if we
have any M-resolution:

[
�

n0

a0

�
] � � � � � [

�
n0

a0

�
] � (cdi 1

) � [
�

n1

a1

�
] � � � � � [

�
n1

a1

�
] � (c2) � � � � � (cm ) � [

�
nm

am

�
] � � � � [

�
nm

am

�
]
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over the chain [e1; � � � ; er ], then we have the relation

[bs; � � � ; b1]� (1)� [
�

n0

a0

�
]�� � �� [

�
n0

a0

�
]� (cdi 1

)� [
�

n1

a1

�
]�� � �� [

�
n1

a1

�
]� (c2)�� � �� (cm )� [

�
nm

am

�
]�� � � [

�
nm

am

�
] = 0

where [bs; � � � ; b1] = [ e1; � � � ; er ]_ (since the M-resolutions contracts to [e1; � � � ; er ] and 0 = [bs; � � � ; b1; 1; e1; � � � ; er ]).

Proposition 1.52. (Algorithm for M-resolutions) Consider the chain[e1; � � � ; er ] and an M-resolution:

[
�

n0

a0

�
] � � � � � [

�
n0

a0

�
] � (cdi 1

) � [
�

n1

a1

�
] � � � � � [

�
n1

a1

�
] � (cdi 2

) � � � � � (cdi m
) � [

�
nm

am

�
] � � � � � [

�
nm

am

�
]

over the chain[e1; � � � ; er ].

(1) Assume that at the beginning we havedi 1 W-chains[
� n 0

a0

�
], then:

[bs; � � � ; b1] � (1) � [
�

n0

a0

�
] � (1) � � � � (1) � [

�
n0

a0

�
] � (cdi 1

) � � � � = 0 (1.1)

We can blow-down the(� 1)-curves and new(� 1)-curves consecutively until we obtain the new chain

[bs; � � � ; bi +1 ; bi 1 � di 1 ; bi 1 � 1; � � � ; b1]

(2) If bi 1 � di 1 = 1 , then we contract this(� 1)-curve and all new(� 1)-curves in the subchain[bs; � � � ; bi 1 + 1 ; bi 1 �
di 1 ; bi 1 ; � � � ; b1].

(3) Then the original curve(� cdi 1
)-curve becomes a(� 1)-curve, and we have

ndi 1

ndi 1
� adi 1

= [ b1; � � � ; bi 1 � 1; bi 1 � di 1 ; bi 1 + 1 ; � � � ; bi 2 � 1]

(4) We now repeat starting in (1.1) with thedi 2 .

(5) We end with[� � � ; bi e � di e ; � � � ; bi 1 � di 1 ; � � � ] = 0 , which is the zero continued fraction corresponding to the
M-resolution.

De�nition 1.53. A P-resolution

(a1) � � � � � (an ) � [d0

�
n0

a0

�
] � (c1) � [d1

�
n1

a1

�
] � (c2) � � � � � (cr ) � [dr

�
nr

ar

�
] � (b1) � � � � � (bm )

is called non-trivial if c1 = � � � = cr = 1 .

Example 1.54. Consider the chain [

r � 2
z }| {
2; � � � ; 2; r; 4] for r � 3. Its dual chain is [r;

r � 3
z }| {
2; � � � ; 2; 3; 2; 2] (see Proposi-

tion 5.2). We note that 0 = [ r; 1; 2; � � � ; 2
| {z }

r � 1

] belongs to K ([r; 2; � � � ; 2
| {z }

r � 3

; 3; 2; 2]). Note that we subtract 1 in two

entries of the dual chain. By Proposition 1.52, we have:

n0

n0 � a0
= [ r ] =

r
1

; so [
�

n0

a0

�
] = [

�
r

r � 1

�
:

n1

n1 � a1
= [ r; 1; 2; � � � ; 2

| {z }
r � 4

] = [3] ; so [
�

n1

a1

�
] = [

�
3
2

�
]:

Therefore, we have the P-resolution [
� r

r � 1

�
] � (1) � [

� 3
2

�
] over [2; � � � ; 2

| {z }
r � 2

; r; 4] (note that it is non-trivial).
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1.5 Elliptic surfaces

De�nition 1.55. An elliptic surface S over C is a smooth projective surface S with a surjective morphism
f : S ! C such that almost all �bers are smooth curves of genus 1, and none of the �bers contain a (� 1)-
curve.

We will be interested in the singular �bers. In [Kod63], Kodaira classi�ed every possible singular �bers
for elliptic �brations counting multiplicities.

Theorem 1.56. (Kodaira's classi�cation of singular �bers)
Let f : S ! C be a minimal elliptic surface andF a singular �ber. ThenF is one of the following type:

In the table above, any singular �ber that is not of typeI 1 or II consists of a con�guration of(� 2)-curves. The �ber
I n hasn of them, whereas the �berI �

n hasn + 5 . On the other hand, the multiplicities of the curves are not included
(but they are always1 for singular �bers of typeI n ,II ,III andIV in an elliptic surface with section).

There are some constraints on the possible singular �bers that an elliptic surface could have. In [Per90],
Persson classi�ed all the possible combinations of �bers when S is a rational elliptic surface.

De�nition 1.57. An n-multi-section of S is a curve that intersects the general �ber F n times. Rational
1-multi-sections, an 2-multi-sections will be called sections and double sections, respectively.

Proposition 1.58. Let S ! P1 be an elliptic �bration. Then,� top (S) = 12( pg(S) + 1) andK S � (pg(S) � 1 +P s
i =1

m 1 � 1
m )F , wherem1; � � � ; ms are the multiplicities of the multiple �bers, andF is the class of a �ber. (If there

are not multiple �bers, thenK S � (pg(S) � 1)F ).

Proof. See [BHPVdV04, Theorem 12.1] for a more general result.

Remark 1.59. The formula � top (S) = 12( pg(S) + 1) in the previous result can be understood by the under-
lying topology on the singular �bers, and we have (see [SS10, Theorem 6.10] for a more general result)

12(pg(S) + 1) = � top (S) =
X

� top (F )

where � top (F ) represents the Euler characteristic of a �ber F . Since� top (F ) = 0 for a general �ber, only
singular �bers contribute to the sum on the right.
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1.6 Combinatorial tools

Let W be a normal projective surface with ` T-singularities, and K W big and nef. Consider the diagram:

X

S W

��

where the morphism � is the minimal resolution of W , and � is a composition of blow-ups at non-singular
points starting with a non-singular projective S. Let C =

P `
i =1 Ci be the exceptional(reduced) divisor of � ,

where Ci =
P r i

j =1 Ci;j is the T-chain of the singularity 1
di n 2

i
(1; di ni ai � 1).

Note that the divisor Exc (� ) on X consists of T-chains, then it can be thought of as a divisor obtained
after a sequence of blow-ups over the divisor � (Exc(� )) on S. In [JRaGU22], Reyes and Urźua gave some
explicit formulas relating K 2

W and the combinatorial structure of the divisor � (Exc(� )) , when the latter
satis�es some conditions. Now, we summarize some of their results.

Proposition 1.60. The surfaceS satis�es one of the following:

• It is a rational surface.

• It is a blow-up of either aK 3 surface, or an Enrique surface.

• It has Kodaira dimension equal to1 andb1(S) = 0 .

• It is of general type,b1(S) = 0 , andK 2
S < K 2

W .

De�nition 1.61. Let S be a nonsingular projective surface. A nodal simple crossings con�guration ( N.s.c.c)
is a collection of projective curves C1; � � � ; Cr such that:

• The curve Ci is nodal an rational with � i nodes, and

• At a common point of Ci and Cj there are different tangent directions.

Thus, the divisor D =
P r

i Ci has only simple crossings singularities. A point which locally is of the form
(x � a1y)(x � a2y) � � � (x � ak y) = 0 will be called a k-point, the number of k-points in D will be denoted by
tk , and the number of nodes as � =

P
� i .

For pairs (S; D) they introduced a number denoted by K (S; D), which measure K 2
W from the con�gu-

ration of curves D on the surface S.

Proposition 1.62. Let D = C1 + � � � + Cr be any con�guration of curves on a nonsingular surfaceS. If E
is a nonsingular curve not inD , intersecting it at n nonsingular points ofD and m singular points ofD , then
K (S; D + E) = K (S; D) � E 2 � 3 + n + m.

Proposition 1.63. LetD = C1 + � � � + Cr be any con�guration of curves on a nonsingular surfaceS. LetŜ ! S be
the blow-up at a pointx in Sing(D) andD̂ the strict transform ofD . ThenK (Ŝ; D̂ ) = K (S; D). In particular, if the
singularity ofD at x is a node andE is the exceptional(� 1)-curve, thenK (Ŝ; D̂ + E) = K (S; D).

Proposition 1.64. LetS be a nonsingular surface andD = C1 + � � � + Cr a (N.s.c.c) onS. Then:

K (S; D) = K 2
S � 3r �

rX

i

C2
i +

X

k � 2

(k � 1)tk + 2 �

On the other hand, when W has only one (non-ADE) T-chain 1
dn 2 (1; dna � 1), by looking pull-back

divisors on X of a point blown-up via � , Rana and Urzúa discovered optimal bounds for r � d depending
on the Kodaira dimension of S, see [RU19, Theorem 1.1].
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Theorem 1.65. Let � (S) be the Kodaira dimension ofS.

• If � (S) = 0 , thenr � d � 4k2
W

• If K (S) = 1 , thenr � d � 4K 2 � 2.

• If � (S) = 2 , thenr � d � 4(K 2
W � K 2

S ) � 4 whenK 2
W � K 2

S > 1, r � d � 1 otherwise.

In [FFaJRaGU23], they generalized their results to an arbitrary number of T-singularities.

All the previous notation requires the existence of the surface W beforehand. Now, we introduce the
notation when we start with a surface S.
Let S be a surface andD be a con�guration of curves on S. Consider the diagram:

X

S W

��

where � is a composition of blow-ups at singular points of D , and � is the contraction of the T-chains on X .

De�nition 1.66. We denote by GX � 1 the graph of the con�guration of the T-chains on X , i.e., the one
whose components are the curves in the T-chains on X . In addition, when the reduced inverse image
divisor � � (D )red is a snc divisor on X , its dual graph will be denoted by GX . In such a case, ifE is a (� 1)-
curve on X , then GX � E is the graph obtained after removing the vertex E from GX . In the same way, if D
is snc, we denote by GD its dual graph.

In general, we will use both notations interchangeably. Namely, the initial con�guration of curves in
S will be denoted by � (C). Assume that � is a composition of m blow-ups. If � (C) is not a snc divisor
on S and � � (D )red is a snc divisor on X , then we will consider a composition of m0 (m0 � m) of blow-up
f : Ŝ ! S such that f � (D )red is snc on Ŝ, and then we use the previous de�nitions on Ŝ.
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2 Some constructions of W with K 2
W = 16

”The art of doing mathematics consists in
�nding that special case which contains all the
germs of generality”.

David Hilbert

We know the example of Lee-Park [LP11], so we are interested in �nding another one. The following is
a non-trivial example. Let S0 ! P1 be a rational elliptic �bration with a section and at least one singular
�ber of type I 1 and one singular �ber of type I 2. We will take the point of P1 corresponding to the I 2

�ber and some other point of P1 (except the one corresponding to that I 1 �ber) and we make the base
change of degree11branched at those points, and so we can consider the11� cyclic cover S ! S0 branched
at the two �bers corresponding to the chosen two points in P1. Therefore S is an elliptic surface with
pg(S) = 11 � 1 = 10, with a (� 11)� curve as a section and at least 11I 1 �bers and at least one I 22 �ber.

Figure 1: Relevant curves in S

The divisor � (C) consists of the (� 11)-curve � and the singular �bers I 22 + 7 I 1, and � : X ! S is a
composition of 22 particular blow-ups.

Figure 2: Chains in X
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In X we can �nd one W-chain corresponding to the H-J continued fraction [4; 23; 5;

20
z }| {
2; � � � ; 2; 3; 2; 2], and

six W-chains corresponding to the H-J continued fraction [2; 5]. Let � : X ! W be the contraction of these 7
W-chains, so by Proposition 1.29,W is a normal projective surface with 7 Wahl singularities.

Proposition 2.1. The canonical divisorK W is nef andK 2
W = 16.

Proof. By Remark 1.35, we haveK 2
W = 2 + 2 + 2 + 2 + 2 + 2 + 26 � 22 = 16. By lemma 1.32, we can calculate

the discrepancies through the delta numbers of the chains, so

[
1
4] ! [

1
5;

2
2] ! [

3
2;

1
5;

2
3] ! [

5
2;

3
2;

1
5;

2
4] ! [

7
2;

5
2;

3
2;

1
5;

2
5] ! � � �

We continue adding 20s to the left until we obtain 21 number 20s in a row. By the construction of delta
numbers, we get consecutive odd numbers for each of these20s in the chain, therefore:

[
43
2;

41
2;

39
2;

37
2;

35
2;

33
2;

31
2;

29
2;

27
2;

25
2;

23
2;

21
2;

19
2;

17
2;

15
2;

13
2;

11
2;

9
2;

7
2;

5
2;

3
2;

1
5;

2
23]

! [
43
3;

41
2;

39
2;

37
2;

35
2;

33
2;

31
2;

29
2;

27
2;

25
2;

23
2;

21
2;

19
2;

17
2;

15
2;

13
2;

11
2;

9
2;

7
2;

5
2;

3
2;

1
5;

2
23;

45
2 ]

! [
88
2;

43
3;

41
2;

39
2;

37
2;

35
2;

33
2;

31
2;

29
2;

27
2;

25
2;

23
2;

21
2;

19
2;

17
2;

15
2;

13
2;

11
2;

9
2;

7
2;

5
2;

3
2;

1
5;

2
23;

45
3 ]

! [
133
2 ;

88
2;

43
3;

41
2;

39
2;

37
2;

35
2;

33
2;

31
2;

29
2;

27
2;

25
2;

23
2;

21
2;

19
2;

17
2;

15
2;

13
2;

11
2;

9
2;

7
2;

5
2;

3
2;

1
5;

2
23;

45
4 ]:

We have to check the nef condition for all (� 1)� curves in X . Note that:

• The (� 1)� curve between the (� 5)-curve and the (� 2)-curve in the large chain:

�
45
178

�
177
178

< � 1:

• The (� 1)� curve that intersects the (� 4)� curve twice:

�
133
178

�
133
178

< � 1:

• The (� 1)-curves between the (� 2)� curves and the (� 23)-curve:

�
1
3

�
176
178

= �
706
534

< � 1:

• The (� 1)-curves that intersects the (� 5)� curve twice:

�
2
3

�
2
3

= �
4
3

< � 1:

Since the unique (� 1)-curves in X come from the blow-ups, we conclude that K W is nef.

Naively we can notice that this example can be explained by studying the geometry of W-chains for
m� cyclic coverings S ! S0 where S0 is a rational elliptic �bration. In particular, this example comes from
the construction of a surface W3 where S is obtained by a 3-cyclic covering S ! S0 such that pg(S) = 2 and
K 2

W 3
= 2 .
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Example 2.2. A surfaceW3 with pg(S) = 2 andK 2
W 3

= 2
Let S0 ! P1 be a rational elliptic �bration with a section and at least one singular �ber of type I 1 and one
singular �ber of type I 2. Consider two points of P1 (except the ones corresponding to these �bers) and make the
base change of degree3. So we get a3-cyclic cover S ! S0 with pg(S) = 3 � 1 = 2, with a (� 3) curve as a
section and at least one singular �ber of type I 1 and one singular �ber of type I 2.

Figure 3: Construction of W3 with K 2
W 3

= 2

In our �rst K 2
W = 16 example, after doing all the blow-ups on � , we will have a similar situation.

Based in this example, we are motivated to study surfaces with low K 2 and pg, and then �nd out if they
can be generalized (maybe by adding more chains). A �rst result is the following:

Theorem 2.3. Let S be a surface with� (S) = 1 (i.e an elliptic surface withq(S) = 0 ), without multiple �bers and
pg(S) � 2, W a normal projective surface with one (non-ADE) T-singularity obtained by contraction of oneT-chain
in X such thatK 2

W = 1 , K W big and nef. Then the possibleT-chains inX are the following:

• If pg(S) = 2 .

1. W -chain[2; 5; 3] in X .

2. T-chain[4; 3; 2] in X . There is a(� 1)-curve that intersects the(� 4)-curve twice.

3. T-chains inX corresponding ton = 2 , namely:[4] for d = 1 , [3; 3] for d = 2 and[3; 2; � � � ; 2; 3] for d > 2.

• If pg(S) = 3

1. W -chain[4] in X . The(� 4)-curve is a section.

Proof. SinceK 2
W = 1 , by Theorem 1.65 we haver � d � 2. The equality is classi�ed by [RU19, Theorem 3.2],

so for r � d = 2 , the only possibility is the T-chain [2; 5; 3] when the surface S satis�es that pg(S) = 2 and
q(S) = 0 .
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If r � d = 1: By Proposition 1.34, we have that K 2
X = � 1, and the possible T-chains are [5; 2] and

[4; 2; � � � ; 2; 3; 2], where the number of 20s in the expansion is d � 2. By Propositions 1.13 and and 1.14, we
have that K S is nef and K 2

S = 0 . Therefore K 2
X = K 2

S � 1, and so we can understand � : X ! S as a single
blow-up, i.e, the surface X contains exactly one (� 1)� curve E. Let e� be one of the curves of the T-chain
(in particular it must rational), then K X = � � (K S ) + E and � � (�) = e� + mE with m the multiplicity of the
point on � in which we did the blow-up. Then K X � e� = ( � � (K S ) + E) � (� � (�) � mE ) = K S � � + m, so by
adjunction Formula on X , we have K S � � = � 2 � e� 2 � m. Therefore, E cannot intersect any (� 2)-curve of
the T-chain; otherwise, we would have a contradiction with the nefness of the canonical divisor.

• If the T-chain is [5; 2]: Its � vector is (� 2
3 ; � 1

3 ). By the previous calculations, we conclude that e� must
be the (� 5)-curve. The nefness ofK W implies that E � e� � 2, whereas the nefness ofK S implies that
E � e� � 3. By Proposition 1.58, the caseE � e� = 2 is not possible for pg(S) � 3. If pg(S) = 2 , by the same
Proposition, we have that � must be a section ofS, but a section cannot have a double point, so this case
is not possible. In the other case, if E � e� = 3 (i.e, � has a triple point), by Proposition 1.58, the equality
K S � � = 0 implies that � must be contained in a �ber of S. However, by Kodaira's classi�cation of
singular �bers this is not possible.

• If the T-chain is [4; 2; � � � ; 2; 3; 2]: Its � vector is (� 2
3 ; � 2

3 ; � � � ; � 2
3 ; � 1

3 ). Let f� 4 be the (� 4)-curve, and f� 3

be the (� 3) curve. Note that f� 4 and f� 3 have the same discrepancy, therefore the nefness ofK W requires
that E � (f� 4 + f� 3) � 2, whereas the nefness ofK S requires that E � f� 4 � 2 and E � f� 3 � 1. We have three
cases forE :

(i) E � f� 4 = 2 and E � f� 3 = 1
Then K S � � 4 = 0 , so� 4 is contained in a �ber, but � 2

4 = 0 so it is indeed a �ber. Since � 4 has a double
point, we have that � 4 must be a I 1 �ber or II �ber. On the other hand, we have that K S � � 3 = 0 ,
so � 3 is contained in a �ber and � 2

3 = � 2 but � 3 must intersect � 4 since we contract E , and this is
absurd.

(ii) E � f� 4 = 2 and E � f� 3 = 0
As before, � 4 must be a I 1 �ber or II �ber. On the other hand, we have that K S � � 3 = 1 . If pg(S) = 2 ,
then � 3 is a section of S. Since� 3 must intersect � 4, we have that d = 2 is the only possible case. By
Proposition 1.58, the casepg(S) � 3 is not possible.

(iii) E � f� 4 = 1 and E � f� 3 = 1
By Proposition 1.58, the casepg(S) � 3 is not possible. We have that K S � � 4 = 1 , � 2

3 = � 2 and
so � 3 is contained in a �ber. The curves f� 4 and f� 3 are the only ones with self-intersection < � 2
in the T-chain. Since we did a blow-up at the intersection point of � 4 and � 3, then � 4 must be a
multi-section. However, Proposition 1.35 implies that this is impossible for pg(S) = 2 .

If r � d = 0 : By Proposition 1.34, we have 2 =
P r

i =1 (bi � 2). Therefore n = 2 , and the possible T-chains
are [4] and [3; 2; � � � ; 2; 3].

Remark 2.4. Note that [4; 3; 2] = [5; 2] � (1) � [5; 2], with two Wahl singularities [5; 2]. In addition, the
�rst 2 cases can be generalized considering pg(S) = 10 in order to obtain a surface W9 with K 2

W 9
= 9 and

pg(W ) = 10 .

A classi�cation theorem like the previous one for bigger K 2
W is very complicated because the term

4K 2
W � 2 on Theorem 1.65 grows rapidly. Thus, increasing K 2

W will require checking many cases. This is
due to the nature of that result. It is very useful to justify the existence of certain con�guration of T-chains,
but they do not worry about the conditions to obtain T-chains on X . Fortunately for surfaces with ”low”
K 2

W , these conditions can be understood. In the next chapter, we will show some explicit constraints on
� (C) to construct the T-chains on X .
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On the other hand, if our example with K W = 16 had K W ample, then we could use the following
result:

Theorem 2.5. Let W 0 be a normal projective surface with onlyT-singularities and Du Val singularities such that
K W 0 is ample. Let� : W ! W 0 be theM -resolution ofW 0, and let� : X ! W be the minimal resolution ofW .
Then the rational blowdownY ofExc(� ) is a (smoothly) minimal symplectic4� manifold.

Proof. [JRaGU22, Theorem 2.3].

Thus, through rational blowdown we obtain a symplectic 4-manifold with the invariants that we wanted
for the problem. Showing that an example like the previous one has a Q-Gorenstein smoothing can be com-
plicated. Given our symplectic 4-manifold, the following steps are to identify to which family of Horikawa
surfaces it belongs and then determine whether we can turn it into an algebraic surface. Each of these steps
are really technical and will require to work with branched double covers and Milnor �bers. In general, we
do not have many tools to convert our symplectic 4-manifolds into an algebraic surface. In [LP11, Theorem
2.2], Lee and Park used the only known trick to do this step.

Theorem 2.6. Let X be a normal projective surface with T-singularities. Assume that a cyclic groupG acts onX
such that:

(1) The surfaceY = X=G is a normal projective surface withT-singularities

(2) pg(Y ) = q(Y ) = 0

(3) The surfaceY has aQ-Gorenstein smoothing.

(4) The map� : X ! Y induced by a cyclic covering is �at, and the branch locusD curve lying outside the singular
locus ofY (resp. ofX )

(5) H 1(Y;OY (D )) = 0

Then there exists aQ-Gorenstein smoothing ofX that is compatible with aQ-Gorenstein smoothing ofY , and the
cyclic covering extends to theQ-Gorenstein smoothing.

For our example is not clear how to �nd a branched double cover W 2:1��! Y between singular surfaces
with T-singularities, such that Y has aQ-Gorenstein smoothing. For Horikawa surfaces, we should expect
to use the previous result with some branched double covering on some Hirzebruch surface (because of its
underlying double covering), but the (4) condition in the previous theorem, implies that each singularity
on W must appear in pairs. In the previous example, this happens with the W-chains [5; 2], but not with the
T-chain containing � .

Example 2.7. Let S be an elliptic �bration with at least I 23 + I n + 7 I 1 singular �bers, where n � 2.

Figure 4: Relevant curves in S
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On the surface that we obtain after such blow-ups, we consider the following blow-ups.

Figure 5: Surface resulting from the �rst 22blow-ups

Now, we blow-up the 24 marked points in Figure 5.

Figure 6: Chains in X

In X we can �nd two W-chains corresponding to the H-J continued fraction [2; 26;

21
z }| {
2; � � � ; 2; 3] and seven

W-chains corresponding to the H-J continued fractions [2; 5]. Let � : X ! W be the contraction of these 9
Wahl chains, so W is a normal projective surface with 9 Wahl singularities.

Proposition 2.8. The canonical divisorK W is nef andK 2
W = 16.

Proof. We have K 2
W = 2 + 2 + 2 + 2 + 2 + 2 + 2 + 24 + 24 � 46 = 16. On the other hand, calculating the delta

numbers of the chains we have

[
1
4] ! [

1
5;

2
2] ! [

1
6;

2
2;

3
2] ! [

1
7;

2
2;

3
2;

4
2] ! � � �

Adding 2's to the right, inductively we have

[
1

26;
2
2;

3
2;

4
2;

5
2;

6
2;

7
2;

8
2;

9
2;

10
2;

11
2;

12
2;

13
2;

14
2;

15
2;

16
2;

17
2;

18
2;

19
2;

20
2;

21
2;

22
2;

23
2 ]

! [
24
2;

1
26;

2
2;

3
2;

4
2;

5
2;

6
2;

7
2;

8
2;

9
2;

10
2;

11
2;

12
2;

13
2;

14
2;

15
2;

16
2;

17
2;

18
2;

19
2;

20
2;

21
2;

22
2;

23
3 ]:

We have to check the nef condition for all (� 1)-curves in X . Note that:
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• The (� 1)-curve between the (� 26)-curve and the (� 3)-curve:

�
46
47

�
24
47

< � 1:

• The (� 1)-curve between the (� 2)-curve and the (� 3)-curve:

�
23
47

�
24
47

= � 1:

• The (� 1)-curves between the (� 2)-curves and the (� 26)-curve:

�
46
47

�
1
3

=
� 138� 47

141
< � 1:

• The (� 1)-curves that intersect the (� 5)-curves twice:

�
2
3

�
2
3

= �
4
3

< � 1:

Since the unique (� 1)-curves in X come from the blow-ups, we conclude that K W is nef.

In this example, the largest T-chain appears an even number of times, but the number of W-chains [2; 5]
is odd. In this case, K W cannot be ample (because there is a(� 1) curve E such that K W � E = 0 ). However,
contracting that (� 1)-curve and all new (� 1)-curve after that, we will have a ( d = 2 ) T-chain. We will show
some other constructions omitting some calculations.

Example 2.9. Let S be an elliptic �bration with at least I 23 + 7 I 1 singular �bers.

Figure 7: Relevant curves in S

Now, we blow-up the 45marked points in Figure 7.
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Figure 8: Chains in X

In X we can �nd one W-chain corresponding to the H-J continued fraction [25; 26;

21
z }| {
2; � � � ; 2; 3;

23
z }| {
2; � � � ; 2],

and seven W-chains corresponding to the H-J continued fraction [2; 5]. Let � : X ! W be the contraction of
these8 Wahl chains, so W is a normal projective surface with 8 Wahl singularities.

Proposition 2.10. The canonical divisorK W is nef andK 2
W = 16.

Proof. We have K 2
W = 2 + 2 + 2 + 2 + 2 + 2 + 2 + 47 � 45 = 16. On the other hand, calculating the delta

numbers of the chains we have

[
24
2;

1
26;

2
2;

3
2;

4
2;

5
2;

6
2;

7
2;

8
2;

9
2;

10
2;

11
2;

12
2;

13
2;

14
2;

15
2;

16
2;

17
2;

18
2;

19
2;

20
2;

21
2;

22
2;

23
3 ]:

Adding 20s to the right, inductively we have

[
24
25;

1
26;

2
2;

3
2;

4
2;

5
2; � � � ;

19
2;

20
2;

21
2;

22
2;

23
3;

47
2;

71
2;

95
2;

119
2 ; � � � ;

503
2 ;

527
2 ;

551
2 ;

575
2 ]:

Example 2.11. Let S be an elliptic �bration with at least I 24+7I 1 �bers.

Figure 9: Relevant curves in S
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Now, we blow-up the 25 marked points in Figure 9.

Figure 10: Chains in X

In X we can �nd one ( d = 2 ) T-chain corresponding to the H-J continued fraction [2; 26; 3;

22
z }| {
2; � � � ; 2; 3],

six W-chains corresponding to the H-J continued fractions [5; 2], and one W-chain corresponding to the H-J
continued fraction [2; 6; 2; 3]. Let � : X ! W be the contraction of these8 chains, soW is a normal projective
surface with 8 T-singularities.

Proposition 2.12. The canonical divisorK W is nef andK 2
W = 16.

Proof. We have K 2
W = � 25 + ((26 � 2) + (4 � 1) + 6 � (2 � 1)) + 8 = 16 . On the other hand, we have the

following delta numbers

[
1
3;

1
3] ! [

1
4;

1
3;

2
2] ! [

1
5;

1
3;

2
2;

3
2] ! [

1
6;

1
3;

2
2;

3
2;

4
2] ! � � � � � �

Inductively we have

[
1

26;
1
3;

2
2;

3
2;

4
2;

5
2;

6
2;

7
2;

8
2;

9
2;

10
2;

11
2;

12
2;

13
2;

14
2;

15
2;

16
2;

17
2;

18
2;

19
2;

20
2;

21
2;

22
2;

23
2;

24
2 ]

! [
25
2;

1
26;

1
3;

2
2;

3
2;

4
2;

5
2;

6
2;

7
2;

8
2;

9
2;

10
2;

11
2;

12
2;

13
2;

14
2;

15
2;

16
2;

17
2;

18
2;

19
2;

20
2;

21
2;

22
2;

23
2;

24
3 ]:

Moreover, [
4
2;

1
6;

2
2;

3
3] and [

1
5;

2
2].
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3 Small surfaces with T-singularities and its classi�cation

”It is by logic that we prove, but by intuition
that we discover. To know how to criticize is
good, to know how to create is better”

Henri Poincar é

3.1 Adding multi-sections to � (C)

Given an elliptic surface S, to control the possible values of K 2
W we will try to understand how singular

�bers and m� multi sections contribute to this number. If we want to construct a surface W with certain
K 2

W , we should look for pairs (S; D) where D satis�es some special conditions. The idea is the following:
Imagine that � (C) is a ”puzzle” that we construct over a board. We start this construction putting sub-
con�gurations of singular �bers (possible complete, and as much as we can) over the board, and then we
add the multi-sections one by one.

We can gain more control of this situation if we think about ”connected sub-con�guration of (� 2)-
curves” rather than sub-con�guration of singular �bers.

Remark 3.1. If � is rational curve in � (C) and � (S) = 1 (for simplicity, assume there are no multiple �bers),
we have two options:

• � is part of a singular �ber.

• � is a j -multi-section. Note that if S is a �bration over P1, then Proposition 1.58 and adjunction formula
on S imply that � 2 = � jp g(S) + j � 2. It is important note that the condition pg(S) � 2 implies that

1 + pg(S) < 2pg(S) < 3pg(S) � 1 < � � � < jp g(S) + 2 � j < � � � (3.1)

Therefore, If S ! P1 is an elliptic �bration with pg(S) � 2, then � � 2 � 3 for any multi-section.

The following lemma tells us the contribution to the number K (S; � (C)) of the singular �bers in � (C).

Lemma 3.2. Let S be a surface with� (S) = 1 . Assume thatD =
P n

i =1 Ci is a divisor representing components of
a singular �ber.

1. If D represents a singular �ber of typeII , III , or aI n for n � 1 we have thatK (S; D) = 0 . Moreover, ifD
is only a sub-con�guration of a singular �ber of typeI n for n � 2, we have thatGD is not a cycle and hask
connected components if and only ifK (S; D) = � k for k � 1.

2. If D is a singular �ber of typeIV , II � , III � , IV � , or I �
n for anyn � 0, thenK (S; D) = � 1.

Proof. In any case, except for the �bers of type II and III , the divisor D is a (N.s.c.c) on S, so this is a direct
from Proposition 1.64. If D represents either a singular �ber II or III , let S0 ! S be the blow-up at the
singular point and D̂ the strict transform of D . Then D̂ de�nes a ( N.s.c.c) on Ŝ, so by Proposition 1.64 we
have K (Ŝ; D̂ ) = 0 ; thus, by Proposition 1.63, we conclude that 0 = K (Ŝ; D̂ ) = K (S; D).

Remark 3.3. If D is a divisor representing one singular �ber of type IV , S0 ! S0 is the blow-up at the
singular point, D̂ is the strict transform of D , and E is the exceptional (� 1)-curve. Then K (Ŝ; D̂ + E) = 0 .
We will prove that if S has singular �bers of type IV , then we must blow up the singular point of these
�bers (because of the geometry of T-chains), each exceptional (� 1)-curve over the singular point must be
part of the T-chains on X (see Proposition 3.17). Therefore, in the following result we will work with
K (S; D) instead of K (Ŝ; D̂ + E).
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Now, we prove a lower bound for K (S; D) when the graph G� (C ) has no isolated connected component
of (� 2)-curves. The key observation is that a connected con�guration of (� 2)-curves with simple normal
crossings does not have any non-trivial P-resolutions (by lemma 3.2, or use the same argument as in the
Proposition 3.13). Therefore, it is enough to reduce S to this case for our purpose.

Remark 3.4. From now on, the notation � (C)nf � g means consider the divisor associated to all curves of
� (C) except � .

Theorem 3.5. Let S ! P1 be an elliptic surface withpg(S) � 2. Assume thatG� (C ) has no isolated connected
components of(� 2)-curves, and that� (C) consists of some sub-con�gurations of singular �bers(possibly complete)
and onej -multi-section� . Then

K (S; � (C)) � jp g(S) � j � 1:

Proof. Assume that � (C) contains N complete singular �bers and N 0 sub-con�gurations of singular �bers.
By Propositions 1.62 and 1.58, we have

K (S; � (C)) = K (S;(� (C)nf � g)) � (� jp g(S) + j � 2) � 3 + n + m

where n and m are the number of non-singular/singular points of � (C)nf � g that belongs to � , respectively.
By lemma 3.2 (and Remark 3.3), we have

K (S;(� (C)nf � g)) = 0 + � � � + 0| {z }
N

� k1 � � � � � kN 0

where ki is the number of connected components of (� 2)-curves in the i-th sub-con�guration. As G� (C ) has
no isolated con�gurations of (� 2)-curves, each connected component must be intersected by� , so we have
that n + m �

P r
i =1 ki . Therefore, we have the bound.

Corollary 3.6. Let S ! P1 be an elliptic surface withpg(S) � 2. Assume thatG� (C ) has no isolated connected
components of(� 2)-curves, and thatK 2

W � jp g(S) � j � 1 for somej � 1. Then� (C) cannot containsk-multi-
sections withk > j .

Proof. Assume that � (C) contains exactly one k-multi-section � with k > j . By Theorem 3.5, we have

kpg(S) � k � 1 � K (S; � (C)) � jp g(S) � j � 1

which is clearly a contradiction. On the other hand, if � (C) contains a j 0-multi-section e� for some j 0 � 1, by
Proposition 1.62, we have

K (S; � (C)) = K (S; � (C)nf � g) � � 2 � 3 + n + m

= K (S; � (C)nf � ; e� g) + ( � � 2 � 3 + n + m) + ( � e� 2 � 3 + n0+ m0)

= ( K (S; � (C)nf � ; e� g) + n + m + n0+ m0)
| {z }

� 0

+( jp g(S) � j � 1) + ( � e� 2 � 3)
| {z }

� 0

becauseG� (C ) has no isolated connected components of (� 2)-curves and pg(S) � 2 (see Remark 3.1).
Therefore, we have the same contradiction as before. For the general case, repeat the argument inductively.

Corollary 3.7. Let S ! P1 be an elliptic surface withpg(S) � 2. Assume thatG� (C ) has no isolated connected
components of(� 2)-curves, and thatK 2

W � 2pg(S) � 4. Then� (C) contains either two sections or one section, and
no other multi-sections. Moreover, if� (C) contains exactly one section, we have the formula

K 2
W = ( pg(S) � 2) + N

whereN is the number of complete �bers in� (C).
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Proof. By Corollary 3.6, � (C) cannot have m-multi-sections with m � 2. On the other hand, if � (C) contains
exactly two sections, by the previous argument we conclude that K (S; D) � 2pg(S) � 4. Therefore, we can
only have at most two sections. Finally, if � (C) contains exactly one section � , N complete singular �bers
and N 0 sub-con�gurations of singular �bers; then � does not intersect singular points of � (C)nf � g, and it
intersects exactly to N + N 0 non-singular points.

The previous results motivate the next de�nition:

De�nition 3.8. A surface W is called small surface with T-singularities if S is an elliptic surface with Ko-
daira dimension equal to 1, and � (C) contains one section and no other multi-sections.

Now, we prove an analogous result when S contains exactly two sections.

Theorem 3.9. Let S ! P1 be an elliptic surface withpg(S) � 2. Assume thatG� (C ) has no isolated connected
components of(� 2)-curves, and that� (C) contains exactly2 sections and no other multi-sections. Then

K (S; � (C)) = (2 pg(S) � 4) + 2N I + N 00+ t2

whereN I is the number of �bersF in � (C) such thatK (S; F) = 0 ; N 00 the number of sub-con�gurationF of
singular �bers contained in� (C), which are intersected by both sections andK (S; F) = � 1; andt2 the number of
intersection points between the sections, which not belongs to a(� 2)-curve in � (C). In particular, if K 2 = 2pg � 3,
then� (C) cannot contain a complete singular �ber F such thatK (S; F) = 0 , andt2 at most is equal to1.

Remark 3.10. If F is a sub-con�guration which is intersected by exactly one of the sections and K (S; F) =
� 1, then F does not increase the numberK (S; � (C)) .

Proof. Assume that � (C) contains N complete singular �bers and N 0 proper sub-con�gurations of singular
�bers. We denote by Fj the sub-con�guration of the j -th singular �ber that belongs to � (C). We write

( i ) t2 = ( i ) t2;1 + : : : + ( i ) t2;j + : : : + ( i ) t2;N + N 0

t3 = t3;1 + : : : + t3;j + : : : + t3;N + N 0

where ( i ) t2;j is the number of intersection points between the i -th section with j -th sub-con�guration (pos-
sibly complete) of a singular �ber(which is only intersected by the i -th section), and t3;j is the number
of triple points in the Fj sub-con�guration. Since W has no ADE-con�gurations, lemma 3.2 implies that
K (S; Fj ) � � 2 for any j . Thus, we have three cases:

• If K (S; F j ) = � 2: By lemma 3.2, we have that Fj consists of two disjoint connected con�gurations of
(� 2)-curves, so we have that (1) t2;j = 1 = (2) t2;j (hencet3;j = 0) . Then

K (S; Fj ) + (1) t2;j + (2) t2;j + 2 t3;j = 0 :

• If K (S; F j ) = � 1: By lemma 3.2, we have that Fj consists of a connected con�guration of (� 2)-curves,
so we have four possibilities (which will be separated into two cases):

(a) If ((1) t2;j = 1 and t2;j = 0 ) or ((1) t2;j = 0 and t2;j = 1 ), we will have that t3;j = 0 . Then

K (S; Fj ) + (1) t2;j + (2) t2;j + 2 t3;j = 0 :

(b) If ( (1) t2;j = 1 and (2) t2;j = 1 ) or ((1) t2;j = 0 and (2) t2;j = 0 ). In the �rst case we have that t3;j = 0 ,
while in the second one we have that t3;j = 1 . In both cases, we have

K (S; Fj ) + (1) t2;j + (2) t2;j + 2 t3;j = 1 :
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• If K (S; F j ) = 0: By lemma 3.2, we have that Fj is a complete singular �ber, so ( (1) t2;j = 1 = (2) t2;j ) or
((1) t2;j = 0 = (2) t2;j ). Thus, we will have that t3;j = 0 or t3;j = 1 , respectively. In both cases, we have

K (S; Fj ) + (1) t2;j + (2) t2;j + 2 t3;j = 2 :

Using the previous cases, we have:

K (S; D) = K (S; F1) + � � � + K (S; Fj ) + � � � + K (S; FN + N 0)

� 3 + ( pg(S) + 1) � 3 + ( pg(S) + 1) + (1) t2 + (2) t2 + 2 t3 + t2

= (2 pg(S) � 4) + 2N I + N 00+ t2:

3.2 Structure of (� 2)-curves and special �bers.

In this subsection, we identify some basic conditions that (� 2)-curves in � (C) must satisfy.

De�nition 3.11. Let GD be the associated graph of a simple normal crossing divisor D and v a vertex of
GD . Assume that GD is connected. If GD � v has k linear components, then v is called a k-star.

Figure 11: k-star

If we remove the vertex v, we will have k linear components. We will be denoted them by Ck
i for

i 2 f 1; � � � ; kg, and vi will denote the edge connecting the component Ck
i with the vertex v.

Theorem 3.12. Let W be a surface obtained through contraction of T-chains onX , K W is big and nef,� (C) a snc
divisor, andv a k-star onG� (C ) for somek � 1. Assume that there existsi 2 f 1; � � � ; kg such that all the curves on
the componentCk

i are(� 2)-curves. Then we cannot blow-up the point associated to the edgevi .

Proof. Let v be the vertex corresponding to the k-star with k � 1, Ŝ ! S the blow-up at the point corre-
sponding to the edge vi , E the exceptional (� 1)-curve, and Ĉk

i the strict transform associated to the chain
Ck

i . Since Ck
i is a linear component of (� 2)-curves, then the (� 1)-curve E connect the rest of the con-

�guration with a chain [3; 2; � � � ; 2] at the beginning. By Proposition 5.1, it does not have any non-trivial
P-resolution. Note that if we do a blow-up at the intersection point of E and the chain, we will have a k-star
with k � 1 again. As E is a (� 1)-vertex of degree 2 connecting a chain at the beginning, the new (� 1)-curve
E 0 is connecting a chain of P10s at the beginning with the rest of the con�guration. Now, assume that there
exists a sequence of blow-ups on singular points of � (C) such that W is constructed from � (C), and denote
by E a (� 1)-curve intersecting the proper transform of Ck

i . The graph GX � E has a linear component, so
contracting any (� 1)-curve (and all the new (� 1)-curves after that) in this linear component, we have two
cases (By Proposition 1.40, that linear component cannot be contracted completely):
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• E intersects the linear component Ck
i in a curve with self-intersection lower than � 2.

In such a case, the T-chains in the componentCk
i can be obtained as a P-resolution of the chain[m; 2; � � � ; 2]

for some m � 3. By Proposition 5.1, it only has a non-trivial P-resolution when m � 4 and the number
of 20s is equal to m � 4. As K W is nef and E only intersects this chain once, then E must intersect other
chain. By Proposition 1.40, this other chain must be [a1; � � � ; ar ; 2; � � � ; 2

| {z }
m � 3

] for some a1; � � � ; ar � 2, which

is not possible by lemma 1.41.

• E intersects the linear component Ck
i in a curve with self-intersection � 2. In such a case, the T-chains

in the component Ck
i can be obtained as a P-resolution of a chain [2; � � � ; 2; 3; 2; � � � 2]. However, by

Proposition 5.1, it does not have any non-trivial P-resolutions.

Corollary 3.13. LetW be a small surface. Then� (C) cannot contain a singular �ber of typeI �
n , II � ; III � or IV � .

Proof. Note that the graph of curves of each of them contains a 3-star such that all their linear components
are (� 2)-chains. Assume that � (C)nf � g contains any of these �bers, and denote by v the 3-star on G� (C )nf � g.
As W has exactly one section� , then only one of these (� 2)-chains is intersected by � (we will denote by
C3

1 this component), and so v is a 2-star on G� (C ) . Sincev is a vertex of degree 3 in the latter graph, then
we must do some blow-ups on the edges vi . By Theorem 3.12, they cannot be done inv2 or v3, so the
only possible case is a blow-up at the point corresponding to v1. Then the exceptional (� 1)-curve connects
the con�guration with a chain [2; � � � ; 2; 3; 2; � � � ; 2], but Proposition 5.1 tells us that it has no non-trivial P-
resolutions. Using the same arguments as before, the only possibility must be the chain [2; � � � ; 2; x; 2; � � � ; 2]
with a 20s on the left, x � 4, and b 20s on the right. However, by Proposition 5.1, the only non-trivial P-
resolutions are:

(2) � � � � � (2)
| {z }

a� x +4

� [
�

x � 2
x � 3

�
] � (2) � � � � � (2)

| {z }
b

and (2) � � � � � (2)
| {z }

a

� [
�

x � 2
x � 3

�
] � (2) � � � � � (2)

| {z }
b� x +4

Note that, the only case where we do not have any ADE-con�guration is when either a = 0 or b = 0 , but
this imply that v was not a 3-star on G� (C )nf � g.

3.3 Hanging, Residual and the Distinguished T-chain

To construct a surfaceW with K 2 > 0 and K W nef, the most restrictive condition is the latter. P-resolutions
give us an effective way to keep track of the (� 1)-curves that could cause problems. With them we gain a
lot of control because all the geometric information about where we have to do the blow-ups is encoded in
zero continued fractions. However, to use this connection we require certain conditions in the geometry of
the curves where we look for P-resolutions. If W is a small surface, then there is adistinguished T-chain on
X , which contains � as one of their curves. The graph GX � 1 does not have vertices of degree greater than
2, so � intersect at most two curves in that graph. This motivate the following de�nition.

De�nition 3.14. Let W be a small surface, with � the section on S.

• The T-chain on X that contains � is called distinguished .

• A T-chain on X that is connected by a (� 1)-curve to � is called hanging .

• A T-chain on X is called residual if it is neither distinguished nor hanging and does not contain the
proper transform of a curve F such that � � F = 1 .

• We denote by 	 � the number of curves Cj in the distinguished T-chain such that � � Cj = 1 , where Cj

is either the proper transform of a curve in a complete singular �ber of � (C) or an exceptional curve
over a point of a complete singular �ber in � (C).
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When W is a small surface with T-singularities, up to hanging T-chains it is enough to assume that �
intersects at most two singular �bers. By Corollary 3.13, when W is a small surface � (C) does not contains
any singular �ber of type I �

n ; II � ; III � or IV � . Therefore, by Kodaira's classi�cation of singular �bers we
only need to classify the possible situations for singular �bers of type II , III , IV , and I n with n � 1. We
will begin this analysis by considering the case where � (C) consists of exactly one sub-con�guration of a
singular (possibly complete) and the section, i.e., � (C) = F [ � . We will call this case the local calculation.

Lemma 3.15. (Hanging T-chain, Relevant P-resolutions for the caseF = I n )
LetW be a small surface with� (C) = F [ � . Assume thatF is a sub-con�guration of a singular �berI n with n � 1.
If the surfaceW has a hanging T-chain, then it is obtained via aP-resolution:

1. The chain[2; � � � ; 2
| {z }

b

; a; 2 � � � ; 2
| {z }

n � 2

; 3; 2 � � � ; 2
| {z }

a� 4

] for b > 0 anda � 4, whenn � 2.

2. The chain[2; � � � ; 2
| {z }

b

; a; 2; � � � ; 2
| {z }

a� 5

] for b > 0 anda � 5, whenn = 1 .

Proof. We will prove the case n � 2, the casen = 1 is similar. We denote by A the curve (and its proper
transform) that � intersects in the �ber, and by E the (� 1)-curve on X connecting � with the hanging T-
chain. If E intersects A, then the blow-ups in the �ber de�ne a cycle of T-chains. Since K W is nef, the
Corollary 1.38 implies that we can assume that it is just one T-chain with a (� 1)-curve E 0 intersecting their
ends. If E 0 intersectsA, then it must be [a; 2; � � � ; 2; 3; 2; � � � ; 2] with (a� 4) 20s on the right, whereas if E 0does
not intersect A it must be [a; 2; � � � ; 2; 3; 2; � � � ; 2; 3; 2; � � � ; 2] with (a � 3) 20s on the right. However, using
the Proposition 1.27 backwards, we conclude that this case is impossible because they are not T-chains.
Therefore, E cannot intersect A. Since the T-chains onX are disjoint, the graph GX � E 0 has no vertices of
degree greater than 2, and so, there exists a(� 1)-curve E 00on X intersecting to A. As K W is nef, then E 00

must intersect another curve in the �ber, so the graph GX � E 00 is a chain of P1 's that only has T-singularities.
Contracting all the other (� 1)-curves and all new (� 1)-curves after that, we have a P-resolution f : W ! Ŝ
over [2; � � � ; 2

| {z }
b

; a; 2 � � � ; 2
| {z }

n � 2

; 3; 2 � � � ; 2
| {z }

a� 4

].

Lemma 3.16. (No hanging T-chain, Relevant P-resolution for caseF = I n )
Let W be a small surface with� (C) = F [ � . Assume thatF = I n with n � 1 and� 2 = � r . If the surfaceW does
not have a hanging T-chain, thenW is obtained via a P-resolutions of:

(1) The chain[r; a; 2; � � � ; 2
| {z }

a� 4

], whenn = 1 .

(2) The chain[r; a; 2; � � � ; 2
| {z }

n � 2

; 3; 2; � � � ; 2
| {z }

a� 3

], whenn � 2.

Proof. We will prove the case n � 2, the casen = 1 is similar. We denote by A the curve (and its proper
transform) that � intersects in the �ber. Since the T-chains on X are disjoint, the graph GX � 1 has no vertices
of degree 3. In particular, there is a (� 1)-curve E in X intersecting to A. As � (C) has only smooth curves
with nodes, then E has to intersect another T-chain. By the same argument as before, we cannot have a cy-
cle of T-chains, soE cannot separateA and � . Therefore, E must intersect another chain in the �ber, so the
graph GX � E is a chain of P10s with T-chains. Contracting all the other (� 1)-curves and all new (� 1)-curves
after that, we have a P-resolution f : W ! Ŝ over [r; a; 2; � � � ; 2

| {z }
n � 2

; 3; 2; � � � ; 2
| {z }

a� 3

] for some a � 3.

In the previous cases,� (C) consists of smooth curves with at most nodes (when F is an I 1, simply blow-
up the node and then use the previous argument) and there exists a (� 1)-curve E on X such that the graph
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GX � E is a chain of P10s. However, when F is a II , III or IV , the situation turns out a little different. We
will prove that in this case there exists a (� 1)-curve on X such that the graph GX � E consists of two chains
of P10s. Therefore, the surfaceW is obtained by considering separately two P-resolutions, which satisfy the
condition K W nef with E .

The following result is useful to list the relevant chains for the singular �bers of types II ,III , and IV .

Lemma 3.17. LetW be a small surface. Assume that after some blow-ups the graph of curves is given by

P

� r � a1 � a2

� 1

� a3

for someai � 2 and a(� 1)-curve denoted byE. If we blow-up the pointP, then the proper transform ofE must be
part of a T-chain onX . Moreover, if the sequence of blow-ups to constructW containsP as one of these points, then
the surfaceW is obtained by considering separately two P-resolutions (for the chains of the diagram):

[r; a1; a; a3] (1) [2; � � � ; 2
| {z }

a� 2

; a2 + 1]

wherea � 2 (after checking the conditionK W nef with the(� 1)-curve in the middle).

Proof. Let D be the divisor associated to the graph on the �gure, S the respective surface,S0 ! S the blow-
up at the point point corresponding to the edge P, and E 0 the exceptional (� 1)-curve. We will denote by C
the curve such that C2 = � a2. Note that E 0 separates the diagram into two chains:

[r; a1; 2; a3] (1) [a2 + 1] :

Since E 0 only intersects two curves transversely, the condition K W nef implies that E must be part of a
T-chain. In particular, blowing up repeatedly the intersection point of E with the new (� 1)-curves, we
have

[r; a1; a; a3] (1) [2; � � � ; 2
| {z }

a� 2

; a2 + 1]

where the same argument proves that E must be part of a T-chain. Now, assume that there exists a sequence
of blow-ups such that E is not part of the T-chains on X . In the graph GX � E , consider the linear component
which contains C. SinceE is not part of a T-chain, then there is no a (� 1)-curve connecting E with this chain
of P10s. However, at least one curve on this chain of P10s must a (� 1)-curve, because of the(� 1)-curve E 0.
Moreover, that (� 1)-curve must intersect at least two T-chains (because is a(� 1)-curve in a chain of P10s).
However, contracting this (� 1)-curve and all the new (� 1)-curve after that in this chain of P10s, only one
curve is not contracted in this process (the curve C), but any T-singularity has at least one center, so we
have a contradiction with Proposition 1.40.

Remark 3.18. If we blow-up the intersection point of E and the curve of self-intersection � a1, an analogous
argument shows that the relevant diagram is the following:

[r; a1 + 1 ; 2; � � � ; 2
| {z }

a� 2

] (1) [a2;a; a3]:
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Otherwise, then E would be a vertex of degree 3 in GX � 1, and so we must blow up the intersection point
of E with the curve with self-intersection � a2 or � a3. Therefore, contracting any other (� 1)-curve and all
new (� 1)-curve after that, we are in the case of the previous lemma.

Lemma 3.19. (Relevant P-resolutions, special case)
Let W be a small,F a singular �ber of typeII , III or IV ; and� the section with� 2 = � r . ThenW is obtained by
P-resolutions of one of the following.

1. If F is of typeII :

[r; 4] (1) [r; 5; 2] (1) [r; 6; 2 ; 2] (1) [4]

[r; 7; 2; 2] (1) [5; 2] (1) [4] [r; 7; 2; 2; 2] (1) [3; 5; 2]

2. If F is of typeIII :

[r; 5; 2] (1) [2;3; 4] [r; 4; 3 ; 2] (1) [2; 5]

[r; 3; 3] (1) [r; 4] (1) [2] [4]

3. If F is of typeIV :

[r; 4] (1) [3;2; 3] [r; 3; 2 ; 3] (1) [4]

Proof. In this proof, all curves that can be intersected by the section � are painted orange.

• If F is a singular �ber of type II : (one component with a cusp).

Figure 12: Fiber of type II.

It is clear that, omitting the (� 1)-curve in the �rst two blow-ups in Figure 12, we have the chains [r; 4]
and [r; 5; 2], respectively, so these cases are possible. On the other hand, the(� 1)-curve in the third
blow-up intersects the chains [3],[2] (by Proposition 5.1, they have no non-trivial P-resolutions) and
[r; 6] once, so this case is not possible forK W nef. Now we have two cases:

(1) A blow-up at the point B produces a (� 1)-curve E, which separates the con�guration into two
chains. By lemma 3.17, the curveE must be part of a T-chain, and all the cases when K W is nef are
given by the diagram:
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[r; 6; a ; 2] (1) [2; � � � ; 2
| {z }

a� 2

; 4]

By lemma 5.1, the chain on the right only has non-trivial P-resolutions when a = 2 .

(2) By the same argument, if we blow-up the point C, then all the cases whenK W is nef are given by
the diagram:

[r; 6; a ; 3] (1) [2; � � � ; 2
| {z }

a� 2

; 3]

By lemma 5.1, the chain on the right has no non-trivial P-resolutions, so this case is not possible.

(3) By Remark 3.18, if we blow-up the point A, then all the cases when K W is nef are given by the
diagram:

[r; 7;2; � � � ; 2
| {z }

a� 2

] (1) [3;a; 2]

By proposition 5.15, the chain on the right has non-trivial P-resolutions only when a = 5 (W-chain
[3; 5; 2]), and a = 4 ([4] � (1) � [5; 2] ! [3; 4; 2]). Therefore, the possibilities are:

[r; 7; 2; 2] (1) [5; 2] (1) [4]

[r; 7; 2; 2; 2] (1) [3; 5; 2]

• If F is a singular �ber of type III : (two components meeting at one point with the same tangent).

Figure 13: Fiber of type III.

It is clear that, omitting the (� 1)-curve in the �rst blow-up in Figure 13, we have the chain [r; 3; 3], so
this case is possible. On the other hand, the(� 1)-curve in the second blow-up intersects the chains [r; 4]
and [4] (it has non-trivial P-resolutions) once, so this case is also possible. We have to check two cases:

1. A blow-up at A (or A0) produces a (� 1)-curve E, which separates the con�guration into two chains.
By lemma 3.17, the curveE must be part of a T-chain, and all the cases when K W is nef are given
by the diagram:

[r; 5; 2; � � � 2
| {z }

a� 2

] (1) [2;a; 4] (1:1)

[r; 4; a ; 2] (1) [2; � � � ; 2
| {z }

a� 2

; 5] (1:2)
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Note that we have two cases here because there are two curves that can be intersected by� . By
Propositions 5.15 and 5.1, the chains on the right in the con�gurations (1:1) and (1:2) only have
non-trivial P-resolutions when a = 3 .

2. By the same argument, if we blow-up the point B , then all the cases whenK W is nef are given by
the diagram:

[r; 4; a ; 4] (1) [2; � � � ; 2
| {z }

a� 2

; 3]

By lemma 5.1, the chain on the right has no non-trivial P-resolutions, so this case is not possible.

• If F is a singular �ber of type IV : (three components meeting at one point).

Figure 14: Fiber of type IV.

The (� 1)-curve in the �rst blow-up intersects the chains [3],[3] (by Proposition 5.1, they have no non-
trivial P-resolutions) and [r; 3] once, so this case is not possible. On the other hand, in the second
blow-up, we have two cases because there are three curves (two of them are a(� 3)-curve) that can be
intersected by � :

[r; 4; 2; � � � 2
| {z }

a� 2

] (1) [3;a; 3] (1:1)

[r; 3; a ; 3] (1) [2; � � � ; 2
| {z }

a� 2

; 4] (1:2)

By Propositions 5.12 and 5.1, the chains on the right only have non-trivial P-resolutions when a = 2 .

Remark 3.20. Checking the previous list, the only cases where the distinguished chain is not connected by
a (� 1)-curve at the end are the following:

Type (m.II) Type (m.III) Type (m.IV)

[r; 6; 2 ; 2] (1) [4] [r; 4; 3 ; 2] (1) [2; 5] [r; 3; 2 ; 3] (1) [4]

For the hanging T-chains we use the same argument, but separating � from the �ber. The same analysis
as before proves that the only possibilities are the Special con�guration of type (III.1), see Figure 42.

Remark 3.21. In any case except in [r; 7; 2; 2], the distinguished T-chain comes from a particular case of
the relevant chains in lemma 3.16. By Proposition 1.50, we have that K ([r; 7; 2; 2]_ ) � K ([r; 7; 2; 2; 2]_ ).
Therefore, this case is also included in the local calculations.
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3.4 Building blocks for small surfaces with T-singularities

Let W be a small surface and � the section of S. Note that pg(S) � 2 implies that each (� 2)-curve must
be contained in a �ber. Since the graph of the T-chains on X does not have vertices of degree greater than
2, we have to blow-ups vertices of degree greater than 2 in G� (C ) . After blowing ups some points, we can
reduce our analysis to the case where� has attached at most2 singular �bers (keeping track of the chains
that we could obtain in the components that were separated from � ).

Consider � := (number of proper transform of curves in singular �bers contained in � (C), which are
intersected by � ) + (number of exceptional curves over points in singular �bers completely contained in
� (C), which are intersected by �) . It is clear that 0 � � � 2.

Trivial con�guration : When � = 0 .

By Proposition 5.1, the only non-trivial P-resolution without ADE con�gurations of the c.q.s [r ] is when � is
a (� 4)-curve. We consider this as a con�guration of the �rst type, which will be called Con�guration (I :0).
This just gives us a more concise statement in Theorem 3.24.

First type : When � = 1 . We have two options: the distinguished T-chain is obtained via P-resolutions
of [r; 2; � � � ; 2

| {z }
b

] or [2; � � � ; 2
| {z }

b

; r; a; 2; � � � ; 2
| {z }

n � 2

; 3; 2; � � � ; 2
| {z }

a� 3

] for a � 3, n � 2, b � 0. When the singular �ber is of type

I 1 or II , we use the same argument.

• By Proposition 5.1, the c.q.s [r; 2 � � � ; 2] only has non-trivial P-resolution without ADE-con�gurations
when r � 4 and b = r � 4.

(1) For this construction we need a (� 2)-chain of length r � 4, and a section � such that �
2

= � r . This
P-resolution gives us the W-chain [r; 2; � � � ; 2

| {z }
r � 4

].

Figure 15: Con�guration (I.1).

• By Proposition 5.3, the only non-trivial P-resolution without ADE con�gurations where b = 0 is the
case(o). We will separate this case into two parts.

(2) For this construction we need a �ber F of type I n with n � 1, II , or II , and one section� such that

�
2

= � 3.

Figure 16: Con�guration (I.2).
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Figure 17: Special con�gurations (I.2).

It is clear that after blowing up two marked points, we obtain the c.q.s [3; 4;

n � 2
z }| {
2; � � � ; 2; 3; 2]. When F

is either a II or I 1 we have the W-chain [3; 5; 2]. By increasing n, we simply add a chain to the end.
In general, if n � 3 we have the P-resolution

[3; 5; 2] � (1) � [4; 2; � � � ; 2
| {z }

n � 3

; 3; 2]

When n = 2 the chain on the right is a [5; 2]. If F is a III , we have the same P-resolution as whenF
is either a II or I 1, but the chain [3; 5; 2] is connected to a [2; 3; 4] in the middle. The discrepancies
of the connected curves are -25 and - 2

3 respectively ( 2
5 + 2

3 = 16
15 > 1).

(3) For this construction we need a �ber F of type I n with n � r � 2, and a section � such that � �
2

=
r � 4.

Figure 18: Con�guration (I.3).

It is clear that after blowing up some marked points, we obtain the c.q.s [r; r + 1 ;

n � 2
z }| {
2; � � � ; 2; 3;

r � 2
z }| {
2; � � � ; 2].

Over it we have the P-resolution

[r; r + 1 ; 2; � � � ; 2
| {z }

r � 4

; 3; 2; � � � ; 2
| {z }

r � 2

] � (1) � [r + 1 ; 2; � � � ; 2
| {z }

n � r

; 3; 2; � � � ; 2
| {z }

r � 2

]:

When n = r � 2, we only have the W-chain on the left, whereas when n = r � 1 the chain on the right
is the W-chain [r + 2 ; 2; � � � ; 2

| {z }
r � 2

].
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Second type: When � = 2 . We have three options: The distinguished T-chain is obtained via P-
resolutions of [2; � � � ; 2

| {z }
a

; r; 2; � � � ; 2
| {z }

b

], [2; � � � ; 2
| {z }

b

; r; a; 2; � � � ; 2
| {z }

n � 2

; 3; 2; � � � ; 2
| {z }

a� 3

], or [2; � � � ; 2
| {z }

a� 3

; 3; 2; � � � ; 2
| {z }

n � 2

; a; r; b;2; � � � ; 2
| {z }

n 0� 2

; 3; 2; � � � ; 2
| {z }

b� 3

].

By Proposition 5.1, the c.q.s[

a
z }| {
2; � � � ; 2; r;

b
z }| {
2; � � � ; 2]has no non-trivial P-resolutions without ADE-con�gurations

when a; b � 1, so the �rst case is ruled out.

• The distinguished T-chain is obtained via a P-resolution of [

b
z }| {
2; � � � ; 2; r; a;

n � 2
z }| {
2; � � � ; 2; 3;

a� 3
z }| {
2; � � � ; 2] for b � 1,

r; a � 3, and n � 2.
By Proposition 5.3, the only non-trivial P-resolutions without ADE con�gurations are the cases (e),(g),(i )
and (m). Looking at the ends of these P-resolutions we have constraints for the variables. It is clear that
the non-ADE condition implies that a = 3 . However, the case (g) is only valid for a � 4, so this case
is not possible. In addition, we can notice that the case (e) is simply a con�guration of First type (I.1)
after one Third type con�guration.

(1) For this construction we need a (� 2)-chain of length 2, a �ber F with n � 1, II , III or IV ; and one

section � such that �
2

= � 5.

Figure 19: Con�guration (II.1).

Figure 20: Special con�gurations (II.1).

It is clear that after blowing up one marked point, we obtain the c.q.s [2; 2; 5; 3;

n � 2
z }| {
2; � � � ; 2; 3]. When F

is either a II or I 1 we obtain the W-chain [2; 2; 5; 4]. By increasing n, we simply add a chain to the
end. In general, if n � 3 we have the P-resolution

[2; 2; 5; 4] � (1) � [3; 2; � � � ; 2
| {z }

n � 3

; 3]:

When n = 2 the chain on the right is a [4]. If F is a III or IV we have the same P-resolution as
when F is either a II or I 1, but the chain [2; 2; 5; 4] is connected to a [4] and one [2], or to a [3; 2; 3]
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in middle. The discrepancies of the connected curves are � 5
7 + 1

2 = 17
14 respectively ( 5

7 + 1
2 = 17

14 > 1).

(2) For this construction we need a (� 2)-chain of length 1, a �ber F of type I n with n � r � 2, II or

III ; and a section � such that � �
2

= r � 4.

Figure 21: Con�guration (II.2).

Figure 22: Special con�gurations (II.2).

It is clear that after blowing up one marked point, we obtain the c.q.s [2; r; 3;

n � 2
z }| {
2; � � � ; 2; 3]. When

n = r � 2, we obtain the (d = 2 ) T-chain [2; r; 3; 2; � � � ; 2
| {z }

r � 4

; 3]. By increasing n, we simply add a chain

to the end. In general, if n � r we have the P-resolution

[2; r; 3; 2; : : : ; 2
| {z }

r � 4

; 3] � (1) � [3; 2; : : : ; 2
| {z }

n � r

; 3]:

When n = r � 1 the chain on the right is a [4]. If F is a III , then �
2

= � 4, and we have the same

P-resolution as when F is a I 2. If F is a IV and �
2

is either � 4 or � 5 we have the same P-resolution
as when F is a I 3, but the chain [2; 4; 3; 3] is connected at the end to another [4], whereas the chain
[2; 5; 3; 2; 3] is connected in the middle to a [4] respectively. The discrepancies of the connected
curves for the �rst case are � 3

5 and � 1
2 ( 3

5 + 1
2 = 11

10 > 1), whereas for the second case they are� 5
7

and � 1
2 ( 5

7 + 1
2 = 17

14 > 1).

• The distinguished T-chain is obtained via a P-resolution of [

a� 3
z }| {
2; � � � ; 2; 3;

n � 2
z }| {
2; � � � ; 2; a; r; b;

n 0� 2
z }| {
2; � � � ; 2; 3;

b� 3
z }| {
2; � � � ; 2]

for a; r; b � 3 and n; n0 � 2.
By Proposition 5.8, the only non-trivial P-resolutions are given by the cases (n0),(l0),(j 0),(f 0),(h0),(w0),
(r 0),(x0),(p0),(z0). Looking at the ends of these P-resolutions we have constraints for the variables. Note
that the case(z0) is simply a con�guration of First type (I.3) after one Third type con�guration. We will
write the other cases in the order mentioned.
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(3) For this construction we need a �ber F of type I n with n � 2, III or IV ; a I n 0 with n0 � 3, and a

section � such that �
2

= � 5.

Figure 23: Con�guration (II.3).

Figure 24: Special con�gurations (II.3).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; : : : ; 2; 3; 4; 4;

n 0� 2
z }| {
2; : : : ; 2; 3; 2].

When F is either a I 2 or II , and n0 = 3 over it we have the P-resolution:

[3; 3; 5; 3; 2] � (1) � [3; 6; 2; 3; 2]:

By increasing either n or n0, we simply add chains to the ends. In general, if n � 4 and n0 � 5, we
have the P-resolution

[3; 2; : : : ; 2
| {z }

n � 4

; 3] � (1) � [3; 3; 5; 3; 2] � (1) � [3; 6; 2; 3; 2] � (1) � [4; 2; : : : ; 2
| {z }

n 0� 5

; 3; 2]:

When n = 3 the chain on the left is a [4], whereas when n0 = 4 the chain on the right is a [5; 2]. If
F is IV , we have the same P-resolution as when F is a I 3, but the chain [3; 3; 5; 3; 2] is connected
at the beginning to another [4]. The discrepancies of these curves are� 8

13 and � 1
2 respectively

( 8
13 + 1

2 = 29
26 > 1).

(4) For this construction we need a I n with n � 4, a �ber F of type I n 0 with n0 � 1, II or III ; and a

section � such that �
2

= � 5.

Figure 25: Con�guration (II.4).
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Figure 26: Special con�gurations (II.4).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; 4; 4;

n 0� 2
z }| {
2; � � � ; 2; 3; 2].

When n = 4 , and F is either a II or I 1, over it we have the P-resolution

[3; 2; 2; 7; 2] � (1) � [3; 2; 2; 5; 5; 2]:

By increasing either n or n0, we simply add chains to the ends. In general, if n � 4 and n0 � 3 we
have the P-resolution

[3; 2; : : : ; 2
| {z }

n � 6

; 3] � (1) � [3; 2; 2; 7; 2] � (1) � [3; 2; 2; 5; 5; 2] � (1) � [4; 2; : : : ; 2
| {z }

n 0� 3

; 3; 2]:

When n = 5 the chain on the left is a [4], whereas when n0 = 2 the chain on the right is a [5; 2]. If
F is a �ber of type III , we have the same P-resolution as when F is either a II or I 1, but the last
chain is connected at the end to the chain [2; 3; 4] in the middle. The discrepancies of these curves
are � 7

16 and � 2
3 respectively ( 7

16 + 2
3 = 53

48 > 1).

(5) For this construction we need a I n with n � 4, a �ber F of type I n 0 with n0 � 1, II or III ; and a

section � such that �
2

= � 5.

Figure 27: Con�guration (II.5).

Figure 28: Special con�gurations (II.5).
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It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; 5; 4;

n 0� 2
z }| {
2; � � � ; 2; 3; 2].

When n = 4 and F is either a II or I 1, we have the W-chain [3; 2; 2; 3; 5; 5; 2]. By increasing either n
or n0, we simply add chains to the ends. In general, if n � 6 and n0 � 3 we have the P-resolution

[3; 2; : : : ; 2
| {z }

n � 6

; 3] � (1) � [3; 2; 2; 3; 5; 5; 2] � (1) � [4; 2; : : : ; 2
| {z }

n 0� 3

; 3; 2]:

When n = 5 the chain on the left is [4], whereas when n0 = 2 the chain on the right is [5; 2]. If F
is of type III , we have the same P-resolution as when F is either a II or I 1, but the last chain is
connected at the end to the chain [2; 3; 4] in the middle. The discrepancies of these curves are � 11

25
and � 2

3 respectively ( 11
25 + 2

3 = 83
75 > 1).

(6) For this construction we need a I n , a �ber F of type I n 0 with n0 � 1, II or III ; and a section� such

that �
2

= � (r + 3) , with n � r + 1 .

Figure 29: Con�guration (II.6).

Figure 30: Special con�gurations (II.6).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; r; 4;

n 0� 2
z }| {
2; � � � ; 2; 3; 2].

When n = r + 1 , and F is either a II or I 1, we have the P-resolution

[3; 2; : : : ; 2
| {z }

r � 1

; 3; r + 3 ; 2] � (1) � [3; 2; 6; 2]:

By increasing either n or n0, we simply add chains to the ends. In general, if n � r + 3 and n0 � 3
we have the P-resolution

[3; 2; : : : ; 2
| {z }
n � r � 3

; 3] � (1) � [3; 2; : : : ; 2
| {z }

r � 1

; 3; r + 3 ; 2] � (1) � [3; 2; 6; 2] � (1) � [4; 2; : : : ; 2
| {z }

n 0� 3

; 3; 2]:

When n = r + 2 the chain on the left is [4], whereas when n0 = 2 the chain on the right is [5; 2]. If
F is a �ber of type III , we have the same P-resolution as when F is either a II or I 1, but the last
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chain is connected at the end to the chain [2; 3; 4] in the middle. The discrepancies of these curves
are � 3

7 and � 2
3 respectively ( 3

7 + 2
3 = 23

21 > 1).

(7) For this construction we need a I n , a �ber F of type I n 0 with n0 � 2 or III ; and a section � such that

�
2

= � (r + 2) , with n � r .

Figure 31: Con�guration (II.7).

Figure 32: Special con�guration (II.7).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; r; 4;

n 0� 2
z }| {
2; � � � ; 2; 3; 2].

When n = r and n0 = 2 , we have the P-resolution

[3; 2; : : : ; 2
| {z }

r � 2

; 3; r + 2 ; 2] � (1) � [3; 5; 3; 2]:

By increasing either n or n0, we simply add chains to the ends. In general if n � r + 2 and n0 � 4, we
have the P-resolution

[3; 2; : : : ; 2
| {z }
n � r � 2

; 3] � (1) � [3; 2; : : : ; 2
| {z }

r � 2

; 3; r + 2 ; 2] � (1) � [3; 5; 3; 2] � (1) � [4; 2; : : : ; 2
| {z }

n 0� 4

; 3; 2]:

When n = r + 1 the chain on the left is [4], whereas when n0 = 3 the chain on the right is [5; 2]. If F is a
�ber of type III , we have the same P-resolution as whenF is a I 2, but the last chain is connected in the
middle to the beginning of a chain [2; 5]. The discrepancies of these curves are� 3

4 and � 1
3 respectively

( 3
4 + 1

3 = 13
12 > 1).

(8) For this construction we need a I n 0, a �ber F of type I n with n � 2, III or IV ; and a section� such that
� = � (r + 2) , with n0 � r .

Figure 33: Con�guration (II.8).
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Figure 34: Special con�guration (II.8).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; r; 4;

n 0� 2
z }| {
2; � � � ; 2; 3; 2].

When F is either a III or I 2, and n0 = r we have the P-resolution

[3; 5; 2] � (1) � [3; r + 2 ; 2; : : : ; 2
| {z }

r � 3

; 3; 2] � (1) � [3; r + 3 ; 2; : : : ; 2
| {z }

r � 2

; 3; 2]:

By increasing either n or n0, we simply add chains to the ends. In general, if n � 4 and n0 � r + 2 we
have the P-resolution

[3; 2; : : : ; 2
| {z }

n � 4

; 3] � (1) � [3; 5; 2] � (1) � [3; r + 2 ; 2; : : : ; 2
| {z }

r � 3

; 3; 2] � (1)�

[3; r + 3 ; 2; : : : ; 2
| {z }

r � 2

; 3; 2] � (1) � [4; 2; : : : ; 2
| {z }
n 0� r � 2

; 3; 2]:

When n = 3 the chain on the left is a [4], whereas when n0 = r + 1 the chain on the right is [5; 2]. If F is a
IV , we have the same P-resolution as whenF is a I 3, but the chain [3; 5; 2] is connected at the beginning
to another [4]. The discrepancies of these curves are� 3

5 and � 1
2 respectively ( 3

5 + 1
2 > 1)

(9) For this construction we need a I n 0, a �ber F of type I n with n � 1, II �ber, III , or IV ; and a section �

such that �
2

= � r , with n0 � r � 1.

Figure 35: Con�guration (II.9).
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Figure 36: Special con�guration (II.9).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; r; 5;

n 0� 2
z }| {
2; � � � ; 2; 3; 2; 2].

When n0 = r and F is a II or I 1, we have the Wahl chain [4; r; 5; 2; � � � ; 2
| {z }

r � 3

; 3; 2; 2]. By increasing either n

or n0, we simply add chains to the ends. In general, if n � 3 and n0 � r + 1 , we have the P-resolution

[3; 2; : : : ; 2
| {z }

n � 3

; 3] � (1) � [4; r; 5; 2; : : : ; 2
| {z }

r � 3

; 3; 2; 2] � (1) � [5; 2; : : : ; 2
| {z }
n 0� r � 1

; 3; 2; 2]:

When n = 2 the chain on the left is [4], whereas when n0 = r + 1 the chain on the right is [6; 2; 2]. If F
of type III or IV , we have the same P-resolution as when F is either a II or I 1, but the �rst chain is
connected at the beginning to a [4] and a [2], or to a [3; 2; 3] in the middle respectively. The discrepancies
of the connected curves are� 6r � 5

8r � 6 and � 1
2 respectively ( 6r � 5

8r � 6 + 1
2 = 20r � 16

16r � 12 > 1; for r > 1).

(10) For this construction we need a I n 0, a �ber F of type I n with n � 1, II , III or IV ; and a section � such

that �
2

= � (r + 1) , with n0 � r .

Figure 37: Con�guration (II.10).
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Figure 38: Special con�guration (II.10).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; r; 5;

n 0� 2
z }| {
2; � � � ; 2; 3; 2; 2].

When F is either a II or I 1, and n0 = r we have the P-resolution

[4; r + 1 ; 2; : : : ; 2
| {z }

r � 4

; 3; 2; 2] � (1) � [4; r + 3 ; 2; : : : ; 2
| {z }

r � 2

; 3; 2; 2]:

By increasing either n or n0, we simply add chains to the ends. In general, if n � 3 and n0 � r + 2 we
have the P-resolution

[3; 2; : : : ; 2
| {z }

n � 3

; 3] � (1) � [4; r + 1 ; 2; : : : ; 2
| {z }

r � 4

; 3; 2; 2] � (1)�

[4; r + 3 ; 2; : : : ; 2
| {z }

r � 2

; 3; 2; 2] � (1) � [5; 2; : : : ; 2
| {z }
n 0� r � 2

; 3; 2; 2]:

When n = 2 the chain on the left is a [4], whereas when n0 = r + 1 the chain on the right is a [6; 2; 2].
When F is a III or IV , we have the same P-resolution as whenF either a II or I 1, but the �rst chain of
the P-resolution is connected at the beginning to a [4] and a [2], or to a [3; 2; 3] in the middle respectively.
The discrepancies of the connected curves are� 3r � 4

4r � 5 and � 1
2 respectively ( 3r � 4

4r � 5 + 1
2 = 10r � 13

8r � 10 > 1, for
2r > 3).

(11) For this construction we need a �ber F of type I n with n � 2, III or IV; a �ber F 0 of type I n 0 with n0 � 2

or III ; and a section � such that �
2

= � 3.

Figure 39: Con�guration (II.11).
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Figure 40: Special con�gurations (II.11).

It is clear that after blowing up some marked points, we obtain the c.q.s [3;

n � 2
z }| {
2; � � � ; 2; 3; 5; 4;

n 0� 2
z }| {
2; � � � ; 2; 3; 2].

When F is either a I 2 or III , and F 0 is a I 2 we have the (d = 2 ) T-chain [3; 3; 3; 4; 3; 2]. By increasing
either n or n0, we simply add chains to the ends. In general, if n � 4 and n0 � 4 we have the P-resolution.

[3; 2; : : : ; 2
| {z }

n � 4

; 3] � (1) � [3; 3; 3; 4; 3; 2] � (1) � [4; 2; � � � ; 2
| {z }

n 0� 4

; 3; 2]:

When n = 3 the chain on the left is a [4], whereas when n0 = 3 the chain on the right is a [5; 2]. When
F is a IV we have the same P-resolution as when F is a I 3, but the chain [3; 3; 3; 4; 3; 2] is connected
in the middle to another [4]. The discrepancies of the connected curves are� 8

13 and � 1
2 respectively

( 8
13 + 1

2 = 29
26 > 1), whereas when F 0 is a III , we have the same P-resolution as whenF 0 is a I 2, but the

chain [3; 3; 3; 4; 3; 2] is connected in the middle to a [2; 5]. The discrepancies of the connected curves are
� 10

13 and � 1
3 respectively ( 10

13 + 1
3 = 43

39 > 1).

Third type : The chains that were separated from � . We have three options: � was separated from a
(� 2)-chain, from a singular �ber of type I n with n � 1, or from a singular �ber of type II; III or IV . By
Theorem 3.12, the �rst case is ruled out.

• If � was separated from a singular �ber of type I n with n � 1, we are interested in the P-resolutions of
[2; � � � ; 2
| {z }

b

; a; 2; � � � ; 2
| {z }

n � 2

; 3; 2; � � � ; 2
| {z }

a� 4

] for b > 0, a � 4 and n � 2.

By Proposition 5.9, all their possible P-resolutions without ADE con�gurations are the cases (c) and (e).
Looking at the ends of these P-resolutions we have constraints for the variables. In both cases, it is clear
that the non-ADE condition implies that a = 4 and b = 1 .

• If � was separated from a singular �ber of type II , III , or IV . Then, the possibilities for the T-chains
that were separated from � is analogous to the analysis of the previous subsection (see lemma 3.19).

(1) For this construction we need a �ber F of type I n with n � 1, II , III or IV ; and a section � such

that �
2

= � (r + 2) .
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Figure 41: Con�guration (III.1).

Figure 42: Special con�gurations (III.1).

It should be clear for the general case that after blowing up twice the intersection point of � with
the �ber, and blowing up any other point we obtain the c.q.s [2; 4; 2; � � � ; 2

| {z }
n � 2

; 3] separated from � .

When F is either a II or I 1, we have the W-chain [2; 5]. By increasing either n or n0, we simply
add chains to the ends. In general, if n � 3 we have the following P-resolution for the hanging
con�guration

[2; 5] � (1) � [3; 2; � � � ; 2
| {z }

n � 3

; 3]:

When n = 2 , the chain on the right is a [4]. When F is a III or IV we have the same P-resolution
as when F is either a II or I 1, but the chain [2; 5] is connected to a[4] and a [2], or to a [3; 2; 3] in the
middle respectively. The discrepancies of the connected curves are � 2

3 and � 1
2 respectively

( 2
3 + 1

2 = 7
6 > 1).

The following result implies that we can always add con�gurations of third type.

Lemma 3.22. In any non-trivial con�guration of �rst or second type, except the con�guration (I.2), the discrepancy
d of the proper transform of the section� satis�es thatd � � 2

3 .

Proof. We will divide the proof into two parts.

1. First type con�gurations.

(I.1) The W-chain [r; 2 � � � ; 2], where �
2

= � r . When r = 4 we have the chain [4] (the trivial con�gura-
tion). The discrepancy of the respective curve is � 1

2 , so this case does not satis�es the condition.
From now on, consider r � 5. Calculating the delta numbers we have:

[
1
4] ! [

1
5;

2
2] ! [

1
6;

2
2;

3
2] � � � ! [

1
r;

2
2; � � � ;

r � 3
2

| {z }
r � 4

]:
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Then

d = �
�

r � 3
r � 2

�
:

Sincer � 5, we have that 3r � 9 � 2r � 4. Therefore, d � � 2
3 .

(I.2) The W-chain [3; 5; 2], where �
2

= � 3. Calculating the delta numbers we have

[
1
4] ! [

2
2;

1
5] ! [

2
3;

1
5;

3
2]:

Therefore d = � 3
5 � � 2

3 .

(I.3) The W-chain [r; r + 1 ; 2; � � � ; 2; 3; 2; � � � ; 2], where � 2 = � r . Calculating the delta numbers we have

[
1
4] ! [

1
5;

2
2] ! [

1
6;

2
2;

3
2] � � � ! [

1
r;

2
2; � � � ;

r � 3
2

| {z }
r � 4

] ! [
1

(r + 1) ;
2
2; � � � ;

r � 3
2

| {z }
r � 4

;
r � 2
2 ]:

[
r � 1
2 ;

1
r + 1 ;

2
2; � � � ;

r � 3
2 ;

r � 2
3 ] ! [

r � 1
3 ;

1
r + 1 ;

2
2; � � � ;

r � 3
2 ;

r � 2
3 ;

( r � 1)+( r � 2)
2 ] ! � � �

[
r � 1
r ;

1
r + 1 ;

2
2; � � � ;

r � 3
2

| {z }
r � 4

;
r � 2
3 ;

( r � 1)+( r � 2)
2 ; � � � ;

( r � 2)( r � 1)+( r � 2)
2

| {z }
r � 2

]:

Then

d = �
�

(r � 2)(r � 1) + ( r � 2)
(r � 1) + ( r � 2)(r � 1) + ( r � 2)

�
:

When r � 4, we will have that (r � 2)(r � 1) � r > 0. After some calculations we see that

d < �
2
3

:

2. Second type con�gurations.

(II.1) The W-chain [2; 2; 5; 4], where �
2

= � 5. Calculating the delta numbers we have

[
1
4] ! [

1
5;

2
2] ! [

3
2;

1
5;

2
3] ! [

5
2;

3
2;

1
5;

2
4]:

Then d = � 6
7 � � 2

3 .

(II.2) The (d = 2 ) T-chain [2; r; 3; 2; � � � ; 2
| {z }

r � 4

; 3], where � �
2

= � r . Calculating the delta numbers we have

[
1
3;

1
3] ! [

1
4;

1
3;

2
2] ! � � � ! [

1
r;

1
3;

2
2; � � � ;

r � 2
2

| {z }
r � 3

] ! [
r � 1
2 ;

1
r;

1
3;

2
2; � � � ;

r � 3
2 ;

r � 2
3 ]:

Then

d = �
�

2r � 4
2r � 3

�
:

Sincer � 4, we have 6r � 12 > 4r � 6. Therefore, d < � 2
3 .

(II.3) The W-chain [3; 3; 5; 3; 2], where �
2

= � 5. Calculating the delta numbers we have

[
1
4] ! [

2
2;

1
5] ! [

2
3;

1
5;

3
2] ! [

5
2;

2
3;

1
5;

3
3] ! [

5
3;

2
3;

1
5;

3
3;

8
2]:

Then d = � 12
13 < � 2

3 .
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(II.4) The W -chain [3; 2; 2; 5; 5; 2], where � is the (� 5)-curve on the left. Calculating the delta numbers
we have

[
1
5;

2
2] ! [

3
2;

1
5;

2
3] ! [

5
2;

3
2;

1
5;

2
4] ! [

7
2;

5
2;

3
2;

1
5;

2
5] ! [

7
3;

5
2;

3
2;

1
5;

2
5;

9
2]:

Then d = � 15
16 < � 2

3 .

(II.5) The W -chain [3; 2; 2; 3; 5; 5; 2], where � is the (� 5)-curve on the left. Calculating the delta numbers
we have

[
2
2;

1
5] ! [

2
3;

1
5;

3
2] ! [

5
2;

2
3;

1
5;

3
3] ! [

8
2;

5
2;

2
3;

1
5;

3
4] ! [

11
2;

8
2;

5
2;

2
3;

1
5;

3
5] ! [

11
3;

8
2;

5
2;

2
3;

1
5;

3
5;

14
2 ]:

Then d = � 24
25 < � 2

3 .

(II.6) The (d = 2 ) T-chain [3; 2; � � � ; 2
| {z }

r � 1

; 3; r + 3 ; 2], where � 2 = � (r + 3) . Calculating the delta numbers we

have

[
1
3;

1
3] ! � � � ! [

r � 2
2 ; � � �

2
2

| {z }
r � 3

;
1
3;

1
r ] ! � � � ! [

r +1
2 ; � � � ;

2
2

| {z }
r

;
1
3;

1
r + 3] ! [

r +1
3 ;

r
2; � � � ;

2
2;

1
3;

1
r + 3 ;

r +2
2 ]:

Then

d = �
�

2r + 2
2r + 3

�
:

Sincer � 4, we have 6r + 6 > 4r + 6 . Therefore, d < � 2
3 .

(II.7) The T-chain [3; 2; � � � ; 2
| {z }

r � 2

; 3; r + 2 ; 2], where �
2

= � (r + 2) . Replacing r by r � 1 in the previous

argument, we have

d = �
�

2r
2r + 1

�

Sincer � 4, we have that 6r > 4r + 1 . Therefore, d < � 2
3

(II.8) The W-chain [3; r + 2 ; 2; � � � ; 2
| {z }

r � 3

; 3; 2], where � 2 = � (r + 2) . Calculating the delta numbers

[
1
5;

2
2] ! [

6
2;

2
2;

3
2] ! � � � ! [

1
r;

2
2; � � � ;

r � 3
2 ] ! � � � ! [

1
r + 2 ;

2
2; � � � ;

r � 2
2 ;

r � 1
2 ]

! [
r
2;

1
r + 2 ;

2
2; � � � ;

r � 2
2 ;

r � 1
3 ] ! [

r
3;

1
r + 2 ;

2
2; � � � ;

r � 2
2 ;

r � 1
3 ;

2r � 1
2 ]:

Then

d = �
�

3r � 2
3r � 1

�
:

Sincer � 4, we have that 9r � 6 � 6r � 2. Therefore, d < � 2
3 .

(II.9) The W-chain [4; r; 5; 2; � � � ; 2
| {z }

r � 3

; 3; 2; 2], where �
2

= � r . Calculating the delta numbers we have

[
2
2;

1
5] ! [

2
3;

1
5;

3
2] ! � � � ! [

2
r;

1
5;

3
2; � � � ;

2r � 3
2

| {z }
r � 2

] ! [
2r � 1

2 ;
2
r;

1
5;

3
2; � � � ;

2r � 5
2 ;

2r � 3
3 ]

! [
2r � 1

3 ;
2
r;

1
5;

3
2; � � � ;

2r � 5
2 ;

2r � 3
3 ;

4r � 4
2 ] ! [

2r � 1
4 ;

2
r;

1
5;

3
2; � � � ;

2r � 5
2 ;

2r � 3
3 ;

4r � 4
2 ;

6r � 5
2 ]:
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Then

d = �
�

8r � 8
8r � 6

�
:

Sincer � 4, we have that 24r � 24 � 16r � 12. Therefore, d < � 2
3 .

(II.10) The W-chain [4; r + 1 ; 2; � � � ; 2
| {z }

r � 4

; 3; 2; 2] where �
2

= � (r + 1) . Calculating the delta numbers we have

[
1
4] ! � � � ! [

1
r;

2
2; � � � ;

r � 3
2 ] ! [

1
r + 1 ;

2
2; � � � ;

r � 2
2 ] ! [

r � 1
2 ;

1
r + 1 ;

2
2; � � � ;

r � 1
2 ;

r � 2
3 ]

! [
r � 1
3 ;

1
m + 1 ;

2
2; � � � ;

r � 1
2 ;

r � 2
3 ;

2r � 3
2 ] ! [

r � 1
4 ;

1
m + 1 ;

2
2; � � � ;

r � 1
2 ;

r � 2
3 ;

2r � 3
2 ;

3r � 4
2 ]:

Then

d =
�

4r � 6
4r � 5

�
:

Sincer � 4, we have that 12r � 18 � 8r � 10. Thus, d < � 2
3 .

(II.11) The (d = 2 ) T-chain [3; 3; 3; 4; 3; 2], where � is the third (� 3)-curve (from left to right). Calculating
the delta numbers we have

[
1
3;

1
3] ! [

1
2;

1
3;

1
4] ! [

2
3;

1
3;

1
4;

3
2] ! [

5
2;

2
3;

1
3;

1
4;

3
3] ! [

5
3;

2
3;

1
3;

1
4;

3
3;

8
2]:

Therefore d = � 12
13 < � 2

3 .

Remark 3.23. Note that the c.q.s [4; r; 5;

r � 2
z }| {
2; � � � ; 2; 3; 2; 2] is special. It has two different P-resolutions corre-

sponding to two different building blocks. Quotient singularities with this property are special, and they
are called wormholes (see [UV22]).

Theorem 3.24. (Classi�cation of small surfaces with T-singularities)
Let W be a small surface with (non-ADE) T-singularities. Then,W can be constructed viaK 2

W � pg(S) + 2 � 	 �

con�gurations of third type, followed by a con�guration of �rst or second type.

Proof. Since T-chains onX are disjoint, then there exists exactly one distinguished T-chain on X (see def-
inition 3.14). As GX � 1 has no vertices of degree greater than2, we conclude that � only can intersect at
most two curves in that graph. These two curves can be of two types: proper transform of curves in � (C)
intersected by � , or exceptional curves over points in � (C)nf � g \ � (remember this notation in Remark 3.4).
By theorem 3.12, we cannot produce hanging/residual T-chains from sub-con�guration of singular �bers.
By Corollary 3.5, we have that K 2

W = ( pg(S) � 2) + N where N is the number of complete singular �bers
contained in � (C).

Since any curve in � (C) must be part of a T-chain on X , it implies that curves in � (C)nf � g must be
part of a residual or hanging T-chain on X . In the previous subsection, we classify all these cases locally
via P-resolutions. In Chapter 5, we give a complete list of all non-trivial P-resolutions for the relevant c.q.s
when W is a small surface, so the list of �rst, second, and third type con�gurations is complete. Moreover,
the number of third type con�gurations must be equal to K W � pg(S) + 2 � 	 � . Finally, by lemma 3.22, all
these con�gurations can be glued to any no trivial con�guration of �rst or second type.

Remark 3.25. Let H (W ) (K 2
H (W ) = 2pg(H (W )) � 4 and q(H (W )) = 0 ) be a general member of a Q-

Gorenstein smoothing. Under these conditions, the invariants K 2; �; q , and pg are preserved in this family.
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We can understand the possibilities for the surface S via � (S). The cases� (S) = �1 ; 0 are ruled out be-
causepg(S) = pg(H (W )) � 3. If � (S) = 2 , by Noether's inequality on S, we have a contradiction (we have
that K S < K 2

W , see [JRaGU22]):

2pg(S) � 4 � K 2
S < K 2

W = K 2
H (W ) = 2pg(S) � 4:

Therefore, we have that � (S) = 1 , i.e., there is an elliptic �bration f : S ! B . Moreover, since Horikawa
surfaces are constructed via branched double cover over Hirzebruch surface, we must have that q(S) = 0
and B = P1. Therefore, the following result gives us the complete classi�cation for Horikawa surfaces with
T-singularities.

Theorem 3.26. (Classi�cation of Horikawa surfaces with T-singularities)
Let W be a normal projective surface with (non-ADE) T-singularities obtained by contraction of T-chains on the
surfaceX , K W is big and nef, andK 2

W = 2pg(W ) � 4. Then the possible T-chains on the surface X are the following:

• If pg(S) = 3 .

(i) Two W-chains[4], where each(� 4)-curve is a section.

(ii) One W-chain[2; 2; 6], one W-chain[2; 5] andn W-chains[4], where0 � n � 43.

(iii) One W-chain[4; 5; 3; 2; 2] andn W -chains[6; 2; 2], where0 � n � 44.

(iv) One (d = 2 ) T-chain[2; 4; 3; 3] andn W-chains[4], where0 � n � 43.

• If pg(S) = 4 .

(i) Two W-chains[5; 2], where each(� 5)-curve is a section.

(ii) One W-chain[9; 2; 2; 2; 2; 2], two W-chain[2; 5], andn W-chains[4], where0 � n � 52.

(iii) One W-chain[7; 8; 2; 2; 2; 3; 2; 2; 2; 2; 2], one W-chain[2; 5], n1 W-chains[4], andn2 W-chains[9; 2; 2; 2; 2; 2],
where0 � n1 + n2 � 53.

(iv) One (d = 2 ) T-chain[2; 7; 3; 2; 2; 2; 3], one W-chain[2; 5], andn W-chains[4] where0 � n � 52.

(v) One W-chain[3; 2; 2; 3; 5; 5; 2], n1 W-chains[4], andn2 W-chains[5; 2] where0 � n1 + n2 � 54.

(vi) One (d = 2 ) T-chain[3; 2; 2; 2; 2; 3; 8; 2], one W-chain[3; 2; 6; 2], n1 W-chains[4], andn2 W-chains[2; 5]
where0 � n1 + n2 � 52.

(vii) One (d = 2 ) T-chain [3; 2; 2; 2; 3; 7; 2], one W-chain[3; 5; 3; 2], n1 W-chains[4], and n2 W-chains[2; 5],
where0 � n1 + n2 � 52.

(viii) One W-chain[3; 7; 2; 2; 3; 2], one W-chain[3; 8; 2; 2; 2; 3; 2], one W-chain[3; 5; 2], n1 W-chains[4], andn2

W-chains[2; 5], where0 � n1 + n2 � 52.

(ix) One W-chain[4; 5; 5; 2; 2; 3; 2; 2], n1 W-chains[4], andn2 W-chains[6; 2; 2], where0 � n1 + n2 � 54.

(x) One W-chain[4; 6; 2; 3; 2; 2], one W-chain[4; 8; 2; 2; 2; 3; 2; 2], n1 W-chains[4], andn2 W-chains[6; 2; 2],
where0 � n1 + n2 � 53.

• If pg(S) � 5.

(i) Two W-chains[pg(S) + 1 ; 2; � � � ; 2] where each(� (pg(S) + 1)) -curve is a section.

(ii) One W-chain[3pg(S) � 3; 2; � � � ; 2] where the number of20s on the right is3pg(S) � 7, (pg � 2) W -chains
[2; 5], andn chains[4], where0 � n � 8pg(S) + 20 .

(iii) One W-chain[3pg(S) � 5; 3pg(S) � 4; 2; � � � ; 2; 3; 2; � � � ; 2] where the number20s in the middle is3pg(S) � 9
and the number of2's on the right is3pg(S) � 7, (pg(S) � 3) W-chains[2; 5], n1 W-chains[4], andn2 W-
chains[3pg(S) � 3; 2; � � � ; 2], where0 � n1 + n2 � 8pg(S) + 22 .

(iv) One (d = 2 ) T-chain [2; 3pg(S) � 5; 3; 2; � � � ; 2; 3] where the number of20s in the middle is3pg(S) � 9,
(pg(S) � 3) W-chains[2; 5], andn W-chains[4], where0 � n � 8pg(S) + 20 .
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(v) One (d = 2 ) T-chain [3; 2; � � � ; 2; 3; 3pg(S) � 4; 2] where the number of20s in the middle is3pg(S) � 8,
(pg(S) � 4 + n1) W-chains[2; 5], one W-chain[3; 2; 6; 2], and n2 W-chains[4], where0 � n1 + n2 �
8pg(S) + 21 .

(vi) One (d = 2 ) T-chain [3; 2; � � � ; 2; 3; 3pg(S) � 5; 2] where the number of20s in the middle is3pg(S) � 9,
(pg(S) � 4 + n1) W-chains[2; 5], one W-chain[3; 5; 3; 2], and n2 W-chains[4], where0 � n1 + n2 �
8pg(S) + 21 .

(vii) One W-chain[3; 3pg(S) � 5; 2; � � � ; 2; 3; 2] where the number of20s in the middle is3pg(S) � 10, one W-
chain[3; 3pg(S) � 4; 2; � � � ; 2; 3; 2] where the number of20s in the middle is3pg(S) � 9, (pg(S) � 4 + n1)
W-chains[2; 5], one W-chain[3; 5; 2], andn2 W-chains[4], where0 � n1 + n2 � 8pg(S) + 21 .

(viii) One W-chain [4; 3pg(S) � 7; 5; 2; � � � ; 2; 3; 2; 2] where the number of20s in the middle is3pg(S) � 10,
(pg(S) � 4) W-chains[2; 5], n1 W-chains[4], andn2 W-chains[6; 2; 2], where0 � n1 + n2 � 8pg(S) + 23 .

(ix) One W-chain[4; 3pg(S) � 6; 2; � � � ; 2; 3; 2; 2] where the number of20s in the middle is3pg(S) � 11, one
W-chain[4; 3pg(S) � 4; 2; � � � ; 2; 3; 2; 2] where the number of20s in the middle is3pg(S) � 9, (pg(S) � 4)
W-chains[2; 5], n1 W-chains[4], andn2 W-chains[6; 2; 2], where0 � n1 + n2 � 8pg(S) + 22 .

Proof. By Corollary 3.5, we have that � (C) can contain either a section or two sections. If � (C) contains two
sections, then Theorem 3.9 implies that they cannot be in the same connected component. In particular,
� (C) cannot contain complete �bers. By Theorem 3.12, each section can be connected to at most two(� 2)-
chains. By Proposition 5.1, the chain [2; � � � ; 2; pg(S) + 1 ; 2; � � � ; 2] with a 20s on the left and b20s on the right
only has no non-trivial P-resolutions when either ( a = 0 and b = pg(S) � 3) or (a = pg(S) � 3 and b = 0 ).
Therefore, when � (C) contains two sections the only possible case is Lee-Park's example.

If � (C) contains exactly one section, then Corollary 3.5 tells us that:

K 2
W = ( pg(S) � 2) + N

where N is the number of complete �bers in � (C). Now we just need to check the list of First and Second
type con�gurations, after using an appropriate number of Third type con�gurations.

• If the distinguished T-chain use 0 complete �bers. The only possibility is the con�guration I :1, and we
must have N = pg(S) � 2 con�gurations of third type.

• If the distinguished T-chain use 1 complete �bers. The possibilities are the con�gurations I :3 and II :2,
and we must have N � 1 = pg(S) � 3 con�gurations of third type.

• If the distinguished T-chain use 2 complete �bers. The possibilities are the con�gurations II :6, II :7, II :8,
II :9, II :10, and we must have N � 2 = pg(S)� 4 con�gurations of third type. In addition, when pg(S) = 4 ,
we have to consider the con�guration II :5.

Remark 3.27. The upper bound for the number of T-chains on the surface X is given by the formula
12(pg(S) + 1) =

X
� top (F ) in Remark 1.59.

Remark 3.28. By Proposition 1.25, to classify completely all the surfaces W with T-singularities we need
to mention what happens with the ADE singularities. By our construction, they can be of two types: They
appear as isolated con�gurations of (� 2)-curves (or (� 2)-curves at the ends of P-resolutions), or from two
blow-ups at the singular point of a singular �ber of type III (see e.g. an special con�guration of type (III.1)).
In the latter, we have a singularity A1 (see Figure 42).
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It is instructive to return to our �rst example in Chapter 2, to visualize the theorem 3.24. In our examples
in Chapter 2, we found by hand some suitable pairs (�; � (C)) for the caseK 2 = 16, and then describe the
T-chains on X .

Figure 43: First example with K 2 = 16, again.

In Figure 43, we have one of these con�gurations of T-chains on X . Note that each green con�guration
corresponds to a con�guration of the third type (so, we have 6 of these T-chain blocks). The distinguished T-
chain is the T-chain containing the (� 23)-curve. The blue curves correspond to proper transform of curves
in complete singular �bers of � (C), so we have that 	 � = 2 .

3.5 Geography of small surfaces with T-singularities

By Theorem 3.24, we can classify with ease all the possibleK 2
W for a small surface with T-singularities W .

Theorem 3.29. (Geography of small surfaces) LetW be a small surface. Then

pg � 2 � K 2
W � (4 +

2
3

)pg +
11
3

:

We have equality on the left if and only ifpg(S) � 3 and W is obtained by contraction of a W-chain[pg(S) +
1; 2; � � � ; 2]; and we have the equality on the right if and only ifpg(S) � 2(mod3) andW is obtained by contraction
of a con�guration (II.9) together with a suitable number of con�gurations (III.1).

Proof. By Theorem 3.5, we have that K 2
W = ( pg(S) � 2) + N where N is the number of �bers completely

contained in � (C). As N � 0, the lower bound is reached when N = 0 . If pg(S) � 3, the Theorem 3.13
implies that X = S and W is obtained by contracting the W-chain [pg(S) + 1 ; 2; � � � ; 2]. On the other hand,
to obtain the upper bound we have to �nd an upper bound for the number N , with which we can construct
a surfaceW . By Noether's formula on S, we have

X
� top (Fs) = 12( pg(S) + 1)

where � top (Fs) is the topological characteristic of the singular �bers. The best way to maximize N , is by
maximizing the number of singular �ber Fs such that � top (Fs) = 1 (i.e, we need to maximize the number of
�bers I 1 and II ). As N � 1, we have that � must be part of a First or Second type con�guration. Let Nmax be
the maximum number of I 1 �bers in � (C) that we will use as a con�guration of type (III.1). From now on, �
will denote the proper transform of � after Nmax con�gurations of type (III.1). Note that each con�guration

(III.1) decrease by2 the self-intersection of the proper transform of � , i.e, �
2

= � (pg(S) + 1 + 2 Nmax ). We
need to check7 cases:
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• The con�guration (I.1) requires the existence of a (� 2)-chain of length pg(S) � 3 + 2Nmax on � (C).
Namely, we require the existence of a I n with n � pg(S) � 2+2Nmax . Then Nmax +( pg(S) � 2+2Nmax ) =
12(pg(S)+1) implies that Nmax = 11pg (S)+14

3 . Since theI n is not completely contained in � (C), we have

that N = Nmax , and so K 2
max = ( pg(S) � 2) + Nmax = 14pg (S)+8

3 .

• The con�guration (I.3) requires the existence of an I n for n � pg(S) + 2 Nmax � 1. Then Nmax + ( pg(S) +
2Nmax � 1) = 12(pg(S) + 1) , implies that Nmax = 11pg (S)+13

3 . Since theI n is contained in � (C), then
N = Nmax + 1 , therefore K 2

max = 14pg +10
3 .

• The con�guration (II.2) requires the existence of an I n with n � 2, and an I 0
n with n0 � pg+ 2Nmax � 1.

Then Nmax + 2 + ( pg(S) + 2 Nmax � 1) = 12(pg(S) + 1) , implies that Nmax = 11pg (S)+11
3 . Since only the

I n 0 is contained in � (C), we have that K 2
max = 14pg (S)+8

3 .

• The con�guration (II.6) requires the existence of a I n with n � pg(S) + 2 + 2 Nmax , and a I n 0 with n0 � 1.
Then Nmax + 1 + ( pg(S) + 2 + 2 Nmax ) = 12( pg(S) + 1) , implies that Nmax = 11pg (S)+9

3 . Both �bers are

contained in � (C), so we have that K 2
max = 14pg (S)+9

3

• The con�guration (II.7) requires the existence of an I n with n � r , and an I n 0 with n0 � 2. Then
Nmax + (1 + pg(S) + 2 Nmax ) + 2 = 12( pg(S) + 1) , implies that Nmax = 14pg (S)+9

3 . Both �bers are

contained in � (C), so we have that K 2
max = 14pg (S)+9

3

• The con�guration (II.8) has the same constraints in the �ber as the previous case. Therefore K 2
max =

14pg +9
3 .

• The con�gurations (II.9) requires the existence of an I n with n � 1, and an I n 0 with n0 � r � 1. Both
�bers are contained in � (C), so we have that K 2

max = 14pg (S)+11
3

• The con�guration (II.10) requires the existence of an I n with n � 1, and an I n 0 with n0 � r . Both �bers
are contained in � (C), so we have that K 2

max = 14pg (S)+10
3

Remark 3.30. We have to prove the existence of certain elliptic �brations with a suitable number of singular
�bers of type I 1 to justify the existence of these surfaces.
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4 Classi�cation of K 2 = 2pg � 3 for � (S) = 1

”One cannot invent the structure of an object.
The most we can do is patiently bring it to the
light of day, with humility.”.

Alexander Grothendieck

In this Chapter, we classify all the W surfaces that satisfy the conditions above. By Corollary 3.6, we
have that � (C) contains one section, two sections or a double-section. If � (C) contains exactly one section,
then we use theorem 3.24. If � (C) contains exactly two sections or a double section, we need to calculate
some building blocks for this case. The latter is trivial, so we are focus in the case of 2 sections.

4.1 If � (C) contains two sections

By Theorem 3.9, there is at most one connected component of(� 2)-curves intersected by both sections.

Figure 44: Component of (� 2)-curves intersected by both sections.

By Theorem 3.12, any other connected component of(� 2)-curves in � (C) must be a (� 2)-chain. There-
fore, we just need to understand the possibilities for blow-ups in the diagram above. If a0,b0; b00or c0 are
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greater than 0, Theorem 3.12 implies that we cannot blow-up the points P1; Q2; Q00
2 or R3, respectively.

Moreover, by Kodaira's classi�cation of singular �bers (see Theorem 1.56), we must have that 0 � b0; b00� 2.
In the following analysis, we will denote by CP ,CQ ; CQ 00, and CR the proper transform of the respective col-
ored curves.

• If a0 = b0 = b00= c0 = 0 , then we have a chain [

x
z }| {
2; � � � ; 2; r;

d
z }| {
2; � � � ; 2; r;

y
z }| {
2; � � � ; 2], for some x; d; y � 0. By

Proposition 5.15, the non-trivial P-resolutions are the cases (i ); (j ); (k); (l ); (m); (o); (p), and (q). It will
correspond to the con�gurations of type � 0:1; � � � ; � 0:5.

• If a0 > 0, b0 = b00= c0 = 0 . We have two possibilities for the blow-ups.

(A) Blow-up at P 2. We must have the following con�guration:

Figure 45: Blow-up at P2 when b0 = b00= c0 = 0 .

By Proposition 5.1, the chain [

y � 3
z }| {
2; � � � ; 2; r + 1 ;

y0

z }| {
2; � � � ; 2] only has two non-trivial P-resolutions: when

(y = 3 and y0 = r � 3) or when (y = r and y0 = 0 ). We have two cases:

(A.1) If y = 3 and y0 = r � 3. By Proposition 5.15, the non-trivial P-resolutions of the chain
[2; � � � ; 2
| {z }

x

; r; 2; � � � ; 2
| {z }

d0

; 3; 2; � � � ; 2
| {z }

a0

] are the cases(j ); (k), and (o). The cases(j ) and (o) imply that

a0 = 0 , so they are ruled out. In the case (k), the P-resolution degenerates to the M-resolution:

(2) � � � � � (2)
| {z }

x

� [(d0+ 1)
�

r � 1
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
a0� r +3

Contracting the (� 1)-curve and all other (� 1)-curve after that, we will have the P-resolution:

(2) � � � � � (2)
| {z }

x

� [(d0+ 2)
�

r � 1
1

�
] � (2) � � � � � (2)

| {z }
a0� r +3

Therefore, we must have x = 0 , a0 = r � 3, and the (d = d0+2 ) T-chain [
1
r;

1
2; � � � ;

1
2;

1
3;

2
2; � � � ;

r � 2
2 ].

Note that d(Cp) = � r � 2
r � 1 , and for any r � 3 we have the inequality:

� d(Cp) +
r � 2
r � 1

=
2r � 4
r � 1

� 1

where the equality is reached when r = 3 .
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(A.2) If y = r and y0 = 0 . By Proposition 5.15, the non-trivial P-resolutions of the chain
[2; � � � ; 2
| {z }

x

; r; 2; � � � ; 2
| {z }

d0

; r; 2; � � � ; 2
| {z }

a0

] are the cases(i ); (j ); (k); (l ); (m); (o); (p), and (q).

Note that the cases(j ) and (o) are ruled out, because they imply that a0 = 0 .
(A.2.1) In the case(i ), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � r +3

� [
�

r � 1
r � 2

�
] � (1) � [d0

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
a0� r +3

Therefore, we must have x = r � 3 and a0 = r � 3.

Figure 46: Blow-up at P2. P-resolution (i ) when b0 = b00= c0 = 0 .

Contracting the (� 1)-curve that intersects Cp and [2; � � � ; 2; r + 1] , and all other (� 1)-curve
after that, we have the con�guration � 0:7 (see Figure 92).

(A.2.2) In the case(k), we have the P-resolution:

(2) � � � � � (2)
| {z }

x

� [(d0+ 1)
�

r � 1
1

�
] � (1) � [

�
2r � 4

1

�
] � (2) � � � � � (2)

| {z }
a0� 2r +6

Therefore, we must have that x = 0 and a0 = 2 r � 6.

Figure 47: Blow-up at P2. P-resolution (k) when b0 = b00= c0 = 0 .

Note that d(Cp) = � 2r � 5
2r � 4 (because[

1
2r � 2;

2
2; � � � ;

2r � 5
2 ]), and for any r � 3 we have the

inequality:

� d(Cp) +
1

r � 1
=

2r 2 � 5r + 1
(2r � 4)(r � 1)

� 1

where the equality is reached when r = 3 . This case corresponds to the con�guration of
type � 0:8 (see Figure 93).
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(A.2.3) In the case(l), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � r +3

� [
�

r � 1
r � 2

�
� (1) � [(d � r + 4)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
a0� 1

Therefore, we must have x = r � 3, d0 � r � 4, and a0 = 1 .

Figure 48: Blow-up at P2. P-resolution (l) when b0 = b00= c0 = 0 .

Note that d(Cp) = � 2r � 6
2r � 5 (because[

r � 3
3 ;

r � 4
2 ; � � � ;

2
2;

1
r;

r � 2
2 ]), and for any r � 3 we have the

inequality:

� d(Cp) +
1

r � 1
=

2r 2 � 6r + 1
(2r � 5)(r � 1)

� 1

where the equality is reached when r = 4 . This case corresponds to the con�guration of
type � 0:9 (see Figure 94).

(A.2.4) In the case(m), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d0 � r + 4)

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
a0� r +3

Therefore, we must have that x = 1 , d0 � r � 4 and a0 = r � 3.

Figure 49: Blow-up at P2. P-resolution (m) when b0 = b00= c0 = 0 .

Contracting the (� 1)-curve that intersects Cp and [2; � � � ; 2; r + 1] , and all other (� 1)-curve
after that, we obtain the con�guration � 0:10 (see Figure 95).
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(A.2.5) In the case(p), we have the P-resolution:

(2) � � � � � (2)
| {z }

x

� [(d0 � r + 5)
�

r � 1
1

�
] � (1) � [

�
r 2 � 4r + 4

r � 3

�
] � (2) � � � � � (2)

| {z }
a0� r +2

implies that x = 0 , d0 � r � 5 and a0 = r � 2.

Figure 50: Blow-up at P2. P-resolution (p) when b0 = b00= c0 = 0 .

Note that d(Cp) = � r 2 � 4r +3
r 2 � 4r +4 (because[

r 2 � 5r +7
2 ; � � � ;

r � 2
2 ;

1
r;

2
2; � � � ;

r � 4
2 ;

r � 3
r ]), and for any

r � 4 we have the inequality:

d(Cp) +
1

r � 1
=

r 3 � 4r 2 + 3 r + 1
(r � 2)2(r � 1)

> 1

It corresponds to the con�guration � 0:11 (see Figure 96).
(A.2.6) In the case(q), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d � 2r + 8)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
c� 1

Therefore, we must have that x = 1 , d � 2r � 8 and a0 = 1 .
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Figure 51: Blow-up at P2. P-resolution (q) when b0 = b00= c0 = 0 .

Note that d(Cp) = � 2r � 6
2r � 5 (because[

r � 3
3 ;

r � 4
2 ; � � � ;

2
2;

1
r;

r � 2
2 ]), and for any r � 4 we have the

inequality:

� d(Cp) +
1

r � 1
=

2r 2 � 6r + 1
(2r � 5)(r � 1)

� 1

where the equality is reached for r = 4 . This case corresponds to the con�guration � 0:12
(see Figure 97).

(B) Blow-up at P3. We must have the following con�guration:

Figure 52: Blow-up at P3

By Proposition 5.15, the non-trivial P-resolutions of the chain [

x
z }| {
2; � � � ; 2; r;

d0� 1
z }| {
2; � � � ; 2; 3;

a� 3
z }| {
2; � � � ; 2], are

the cases(j ), (k), and (o).

(B.1) In the case(j ), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � r +3

�
��

r � 1
r � 2

��
� (1) �

�
d0

�
2
1

��
� (2) � � � � � (2)

| {z }
a� 3

Therefore, we must have that x = r � 3 and a = 3 .
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Figure 53: Blow-up at P3. P-resolution (i ) when b0 = b00= c0 = 0 .

On the other hand, the only non-trivial P-resolution for [

a0

z }| {
2; � � � ; 2; 3; r;

y
z }| {
2; � � � ; 2], are the cases

(j ),(k), and (p). Sincea0 > 0, the cases(k) and (p) are ruled out. The case(j ) implies that r � 4
(sincea0 > 0), c0 = r � 3; y = 0 , and the P-resolution over the con�guration with a dot in Figure

53 is the (d = 2 ) T-chain [
r � 2
2 ; � � � ;

2
2;

1
3;

1
2; � � � ;

1
2;

1
r ]. Note that d(Cp) = � r � 2

r � 1 , and for any r � 4
we have the inequality:

� d(Cp) +
1
2

> 1

It will correspond to the con�guration � 0:7 (see Figure 92).
(B.2) In the case(o) (it requires that r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 1

�
��

2r � 5
r � 2

��
� (1) �

�
(d0 � r + 4)

�
2
1

��
� (2) � � � � � (2)

| {z }
a� 3

Therefore, we must have that x = 1 and a = 3 .

Figure 54: Blow-up at P3. P-resolution (o) when b0 = b00= c0 = 0

By the same argument as in the previous case, the con�guration with a dot must be the ( d = 2 )

T-chain [
r � 2
2 ; � � � ;

2
2;

1
3;

1
2; � � � ;

1
2;

1
r ], and so d(Cp) = � r � 2

r � 1 . Note that for any r � 4, we have the
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inequality:

� d(Cp) +
1
2

> 1

It will correspond to the con�guration � 0:10 (see Figure 95)
(B.3) In the case(k), the P-resolution degenerates to the M-resolution:

(2) � � � � � (2)
| {z }

x

� [d0
�

r � 1
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
a� r

Contracting one (� 1)-curve, we have the P-resolution:

(2) � � � � � (2)
| {z }

x

� [(d0+ 1)
�

r � 1
1

�
] � (2) � � � � � (2)

| {z }
a� r

Therefore, we must have that x = 0 and a = r .

Figure 55: Blow-up at P3. P-resolution (k) when b0 = b00= c0 = 0 .

On the other hand, the non-trivial P-resolutions of the chain [

a0

z }| {
2; � � � ; 2; r; r;

y
z }| {
2; � � � ; 2] ( by Propo-

sition 5.15), are the cases (sincea0 > 0 and we do not have any ADE-con�guration) (i ), (j ),
(l ),(m),(o), and (q).

(B.3.1) In the case(i ), we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� r +3

� [
�

r � 1
r � 2

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
y � r +3

Therefore, we must have a0 = r � 3 and y = r � 3.
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Figure 56: Using the P-resolution (i ) over the chain with dot in Figure 55.

Contracting the (� 1)-curve that intersects Cp and [2; � � � ; 2; 3; 2; � � � ; 2; r ], and all other (� 1)-
curve after that, we obtain the con�guration � 0:6 (see Figure 91).

(B.3.2) In the case(j ), we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� 2r +6

� [
�

2r � 4
2r � 5

�
] � (1) � [

�
r � 1
r � 2

�
] � (2) � � � � � (2)

| {z }
y

Therefore, we must have a0 = 2 r � 6 and y = 0 .

Figure 57: Using the P-resolution (j ) over the chain with dot in Figure 55.

Note that d(Cr ) = � 2r � 5
2r � 4 , and for any r � 3 we have the inequality:

� d(Cp) +
1

r � 1
� 1

It will correspond to the con�guration � 0:8 (see Figure 93).
(B.3.3) In the case(l) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� r +3

� [
�

r � 1
r � 2

�
] � (1) � [(4 � r )

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
y � 1

We must have that r = 4 ; Otherwise, one of the terms in the P-resolution is absurd. There-
fore, the only possibility is a0 = 1 , r = 4 and y = 1 .
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Figure 58: Using the P-resolution (l) over the chain with dot in Figure 55.

Contracting the (� 1)-curve that intersects Cp and [2; 3; 2; � � � ; 2; 4], and all other (� 1)-curve
after that, we obtain a particular case of the con�guration � 0:6 (see Figure 91), whenr = 4 .

(B.3.4) In the case(m) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(4 � r )

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
y � r +3

We must have r = 4 ; Otherwise, one of the terms in the P-resolution is absurd. In such a
case, we have the same P-resolution as in the previous case.

(B.3.5) In the case(o) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� r +2

� [
�

r 2 � 4r + 4
r 2 � 5r + 7

�
] � (1) � [(5 � r )

�
r � 1
r � 2

�
] � (2) � � � � � (2)

| {z }
y

We have two options: r = 4 or r = 5 . When r = 5 , we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� 3

�
��

9
7

��
� (2) � � � � � (2)

| {z }
y

Therefore, we must have that a0 = 3 and y = 0 .

Figure 59: Using the P-resolution (o) over the chain with dot in Figure 55, when r = 5 .

Note that d(Cp) = � 8
9 , and 8

9 + 1
4 > 1. It corresponds to the con�guration of type � 0:13(see

Figure 98). When r = 4 , we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� 2

�
��

4
3

��
� (1) �

��
3
2

��
� (2) � � � � � (2)

| {z }
y
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Therefore, we must have that a0 = 2 and y = 0 .

Figure 60: Using the P-resolution (o) over the chain with dot in Figure 55, when r = 5

Note that d(Cp) = � 3
4 , and 3

4 + 1
3 > 1. It will be a particular case of the con�guration � 0:8

(see Figure 93), whenr = 4 .
(B.3.6) The case(q) requires r � 4, and we have the P-resolution:

(2) � � � � � (2)
| {z }

a0� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(8 � 2r )

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
y � 1

Therefore, we must have that r = 4 , a0 = 1 and y = 1 ; so we have the same P-resolution as
in the case(l).

• If a0 > 0, c0 > 0 and b0 = b00= 0 . By Theorem 3.12, we have three cases.

(A) Blow-up at the points P 2 and R2. We must have the following con�guration:

Figure 61: Blow-up at P2 and R2, when b0 = b00= 0 .

By Proposition 5.1, the chain [

x 0

z }| {
2; � � � ; 2; r + 1 ;

x � 3
z }| {
2; � � � ; 2] only has two non-trivial P-resolutions: when

(x0 = r � 3 and x = 3 ) or when ( x0 = 0 and x = r ). It is clear that the options for the chain
[2; � � � ; 2
| {z }

y � 3

; r + 1 ; 2; � � � ; 2
| {z }

y0

] are analogous. Thus, we have three cases.
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(A.1) None of the sections intersects any other (� 2) � curve . It implies that ( x0 = 0 and x = r )

and (y = r and y0 = 0 ). By Proposition 5.15, the non-trivial P-resolutions of [

c0

z }| {
2; � � � ; 2; x;

d0

z }| {
2; � � � ; 2; y;

a0

z }| {
2 � � � ; 2]

are given by the cases(i ),(j ),(k); (l ); (m); (o); (p), and (q). Sincea0; c0 > 0, the cases(j ), (k), (o)
and (p) are ruled out. Moreover, since the case(m) represents the same zero continued fractions
as(l) (but backwards) and the diagram in Figure 61 is symmetric, we only need to consider the
cases(i ),(l ), and (q).

(A.1.i) The P-resolution (i ) implies that a0 = r � 3 and c0 = r � 3, and the chain in the middle is
exactly a con�guration of type � 0:1 (see Figure 84).

(A.1.l) The P-resolution (l) implies that a0 = 1 and c0 = r � 3, and the chain in the middle is exactly
a con�guration of type � 0:3 (see Figure 86)

(A.1.q) The P-resolution (q) implies that a0 = c0 = 1 , and the chain in the middle is exactly a
con�guration of type � 0:5 (see Figure 90).

(A.2) Exactly one of the sections intersects some other (� 2) � curve . Since the diagram in Fig-
ure 61 is symmetric, we can assume without loss of generality that � 2 satis�es the condition;
thus, we have (x = r and x0 = 0 ) and (y = 3 and y0 = r � 3).

By Proposition 5.15, the non-trivial P-resolutions of [

c0

z }| {
2; � � � ; 2; r;

d0

z }| {
2; � � � ; 2; 3;

a0

z }| {
2; � � � ; 2] are given by

the cases(j ); (k), and (o). However, each of them requires either a0 = 0 or c0 = 0 , so they have
already been considered.

(A.3) Each section intersects some other (� 2) � curve . Using an analogous argument to the
previous one, this case has already been considered.

(B) Blow-up at the points P 2 and R1. We must have the following con�guration:

Figure 62: Blow-up at P2 and R1, when b0 = b00= 0 .

By Proposition 5.15, the non-trivial P-resolutions of [

x � 3
z }| {
2; � � � ; 2; 3;

d0� 1
z }| {
2; � � � ; 2; y;

a0

z }| {
2; � � � ; 2] are given by the

cases(j ); (k), and (p). Note that the case(j ) implies that a0 = 0 , so it has already been considered.
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– In the case(k), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 3

� [d0
�

2
1

�
] � (1) � [

�
y � 1

1

�
] � (2) � � � � � (2)

| {z }
a0� y+3

Therefore, we must have that x = 3 and a0 = y � 3.

Figure 63: b0 = b00= 0 , blow-up at P 2 and R1, P-resolution (k) in the middle.

By Proposition 5.1, the chain [

y � 3
z }| {
2; � � � ; 2; r + 1 ;

y0

z }| {
2; � � � ; 2] only has non-trivial P-resolutions with no

(� 2)-endings when (y = r and y0 = 0 ) or (y = 3 and y0 = r � 3). In the �rst case, there exists
a (� 1)-curve intersecting to Cp and [2; � � � ; 2; r + 1] . Contracting this (� 1)-curve and any other
after that, we have the (d = 2 ) T-chain [2; � � � ; 2; 3; r ], so this case is a particular case of the case
(C). On the other hand, the condition y = 3 in the second case contradicts thata0 > 0.

– In the case(p) (it requires y � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 3

� [(d0 � r + 4)
�

2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
a0� 1

Therefore, we must have that x = 3 , d0 � r � 4 and a0 = 1 .
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Figure 64: b0 = b00= 0 , blow-up at P 2 and R1, P-resolution (p) in the middle.

Since this construction requires y � 4, then the only option for the chain [

y � 3
z }| {
2; � � � ; 2; r +1 ;

y0

z }| {
2; � � � ; 2]

is y = r (sor � 4) and y0 = 0 . On the other hand, by Proposition 5.15, the chain [2; � � � ; 2; r; 3; 2 � � � ; 2]
(with x0 20s on the left and c0 20s on the right) only has non-trivial P-resolutions with no (� 2)-
endings if ( x0 = 0 and c0 = r � 3, so we have the (d = 2 ) T-chain [r; 3; 2; � � � ; 2]) or (x0 = 1 , c0 = 0 ,
and r = 5 ). The second case has already been considered since it requiresc0 = 0 .

Note that d(Cp) = � 2r � 6
2r � 5 and d(Cr ) = � r � 2

r � 1 (because[
r � 3
3 ;

r � 4
2 ; � � � ;

2
2;

1
r;

r � 2
2 ]and [

1
r;

1
3;

2
2; � � � ;

r � 2
2 ]),

and for any r � 4 we have the inequalities:

d(Cp) +
1

r � 1
� 1 (1) and d(Cr ) +

1
2

> 1 (2)

where the equality in (1) is reached when r = 4 .

(C) Blow-up at the points P 3 and R1. We must have the following con�guration:
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Figure 65: Blow-up at P3 and R1, when b0 = b00= 0 .

By Proposition 5.15, the non-trivial P-resolutions of [

x � 3
z }| {
2; � � � ; 2; 3;

d0� 2
z }| {
2; � � � ; 2; 3;

y � 3
z }| {
2; � � � ; 2] are given by the

cases(j ) and (k).

– In the case(j ), the P-resolution degenerates to the M-resolution:

(2) � � � � � (2)
| {z }

x � 3

� [
�

2
1

�
] � (1) � [(d0 � 1)

�
2
1

�
] � (2) � � � � � (2)

| {z }
y � 3

Contracting the (� 1)-curve, we have the P-resolution

(2) � � � � � (2)
| {z }

x � 3

� [d0
�

2
1

�
] � (2) � � � � � (2)

| {z }
y � 3

Therefore, we must have that x = y = 3 .

Figure 66: Blow-up at P3 and R1. P-resolution (j ) when b0 = b00= 0 .
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By Proposition 5.15, the non-trivial P-resolutions of [

a0

z }| {
2; � � � ; 2; 3; r;

y0

z }| {
2; � � � ; 2]are given by the cases

(j ),(k), and (p). Note that the cases(k) and (p) imply that a0 = 0 , so these case have already
been considered. The case(j ) implies that a0 = r � 3 and y0 = 0 , so we have the (d = 2 )
T-chain [2; � � � ; 2; 3; r ]. Analogously, the only non-trivial P-resolution with no (� 2)-endings for
the chain [2; � � � ; 2

| {z }
x 0

; r; 3; 2; � � � ; 2
| {z }

c0

] requires that x = 0 and c0 = r � 3.

• If a0 = b00= c0 = 0 and b0 > 0. By Theorem 3.12, we have two cases.

(A) Blow-up at Q 3. We must have the following con�guration:

Figure 67: Blow-up at Q3 when a0 = b00= c0 = 0 .

By Proposition 5.15, the non-trivial P-resolutions of [

x 0

z }| {
2; � � � ; 2; r;

d2 � 1
z }| {
2; � � � ; 2; 3;

x � 3
z }| {
2; � � � ; 2] are given by the

cases(j ),(k), and (o).

(A.1) In the case(j ), we have the P-resolution:

(2) � � � � � (2)
| {z }

x 0� r +3

� [
�

r � 1
r � 2

�
] � (1) � [d2

�
2
1

�
] � (2) � � � � � (2)

| {z }
x � 3

Therefore, we have that x0 = r � 3 and x = 3 . By Proposition 5.15, the only non-trivial P-

resolution of [

b0

z }| {
2; � � � ; 2; 3;

d1z }| {
2; � � � ; 2; r;

y
z }| {
2; � � � ; 2] is the case(j ), sinceb0 > 0. In such a case, we have

that b0 = r � 3 and y = 0 , and the respective P-resolution over that chain is the (d = d1 + 2 )
T-chain [2; � � � ; 2

| {z }
r � 3

; 3; 2; � � � ; 2
| {z }

d1

; r ].
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Figure 68: Blow-up at Q3. P-resolution (j ) when a0 = b00= c0 = 0 .

Note that d(CQ ) = � r � 2
r � 1 , and for any r � 4, we have the inequality � d(CQ ) + 1

2 > 1. By
Theorem 1.56, we have thatb0 = r � 3 � 2. Thus, the only possible cases arer = 4 and r = 5 . It
will correspond to the con�guration � 0:17 (see Figure 103).

(A.2) In the case(o), we have the P-resolution:

(2) � � � � � (2)
| {z }

x 0� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d2 � r + 4)

�
2
1

�
] � (2) � � � � � (2)

| {z }
x � 3

Therefore, we must have that x0 = 1 and x = 3 . As in the previous case, the only non-trivial
P-resolution over [2; � � � ; 2

| {z }
b0

; 3; 2; � � � ; 2
| {z }

d1

; r; 2; � � � ; 2
| {z }

y

] requires b0 = r � 3 and y = 0 .

Figure 69: Blow-up at Q3. P-resolution (o) when a0 = b00= c0 = 0 .

Note that d(CQ ) = � r � 2
r � 1 , and for any r � 4, we have the inequality � d(CQ ) + 1

2 > 1. By
Theorem 1.56, we have thatb0 = r � 3 � 2. Thus, the only possible cases arer = 4 and r = 5 . It
will correspond to the con�guration � 0:18 (see Figure 104).
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(A.3) In the case(k), the P-resolution degenerates to the M-resolution:

(2) � � � � � (2)
| {z }

x 0

� [d2

�
r � 1

1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
x � r

Contracting that (� 1)-curve, and all other after that, we have the P-resolution:

(2) � � � � � (2)
| {z }

x 0

� [(d2 + 1)
�

r � 1
1

�
] � (2) � � � � � (2)

| {z }
x � r

Therefore, we must have that x0 = 0 and x = r .

Figure 70: Blow-up at Q3. P-resolution (k) when a0 = b00= c0 = 0 .

On the other hand, the non-trivial P-resolutions of the chain [

b0

z }| {
2; � � � ; 2; r;

d1z }| {
2; � � � ; 2; r;

y
z }| {
2; � � � ; 2]

(by Proposition 5.15) are the cases (sinceb0 > 0, and we do not have any ADE-con�guration)
(i ); (j ); (l ); (m); (o), and (q).

(A.3.1) In the case(i ), we have the P-resolution:

(2) � � � � � (2)
| {z }

b0� r +3

� [
�

r � 1
r � 2

�
] � (1) � [d1

�
2
1

�
] � (1) � [

�
r � 2

1

�
] � (2) � � � � � (2)

| {z }
y � r +3

Therefore, we must have b0 = r � 3 and y = r � 3.

Figure 71: Using the P-resolution (i ) over the chain with dot in Figure 70.

79



Contracting the (� 1)-curve that intersects CR and [2; � � � ; 2; 3; 2; � � � ; 2; r ], and all other
(� 1)-curve after that, we obtain the con�guration � 0:17 (see Figure 103).

(A.3.2) In the case(j ), we have the P-resolution:

(2) � � � � � (2)
| {z }

b0� 2r +6

� [
�

2r � 4
2r � 5

�
] � (1) � [(d1 + 1)

�
r � 1
r � 2

�
] � (2) � � � � � (2)

| {z }
y

Therefore, we must have that b0 = 2 r � 6 and y = 0 .

Figure 72: Using the P-resolution (j ) over the chain with dot in Figure 70.

Note that d(CR ) = � 2r � 5
2r � 4 , and for any r � 4 we have the inequality

� d(CR ) +
1

r � 1
> 1

By Theorem 1.56, we have thatb0 = 2 r � 6 � 2. Thus, we have that r = 4 and the component
of (� 2)-curves intersected by both sections must be a singular �ber of type IV � . It will
correspond to the con�guration � 0:19 (see Figure 105).

(A.3.3) In the case(l), we have the P-resolution:

(2) � � � � � (2)
| {z }

b0� r +3

� [
�

r � 1
r � 2

�
] � (1) � [(d1 � r + 4)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
y � 1

Therefore, we must have that b0 = r � 3 and y = 1 .

Figure 73: Using the P-resolution (l) over the chain with dot in Figure 70.
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Contracting the (� 1)-curve that intersects CR and [2; � � � ; 2; 3; 2; � � � ; 2; r ], we obtain the
con�guration � 0:18 (see Figure 104).

(A.3.4) In the case(m), we have the P-resolution:

(2) � � � � � (2)
| {z }

b0� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d1 � r + 4)

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
y � r +3

Therefore, we must have that b0 = 1 and y = r � 3.

Figure 74: Using the P-resolution (m) over the chain with dot in Figure 70.

Note that d(CR ) = � 2r � 6
2r � 5 , and for any r � 4 we have the inequality:

� d(CR ) +
1

r � 1
� 1

where the equality is reached when r = 4 . When r � 5, this construction will correspond to
the con�guration � 0:20 (see Figure 106), whereas whenr = 4 the P-resolution transforms
into the special case in Figure 107)

(A.3.5) In the case(o) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

b0� r +2

� [
�

r 2 � 4r + 4
r 2 � 5r + 7

�
] � [(d1 � r + 5)

�
r � 1
r � 2

�
] � (2) � � � � � (2)

| {z }
y

Therefore, we must have that b0 = r � 2 and y = 0 . By Theorem 1.56, we must have that
b0 � 2, so the only possible case isr = 4 and we must have a singular �ber of type IV � .

Figure 75: Using the P-resolution (o) over the chain with dot in Figure 70.
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It will correspond to the con�guration � 0:19 (see Figure 105).
(A.3.6) In the case(q) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

b0� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d1 � 2r + 8)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
y � 1

Therefore, we must have that b0 = 1 and y = 1 .

Figure 76: Using the P-resolution (q) over the chain with dot in Figure 70.

Note that d(CR ) = � 2r � 6
2r � 5 (because[

r � 2
2 ;

1
r;

2
2; � � � ;

r � 4
2 ;

r � 3
3 ]), and for any r � 4 we have the

inequality:

� d(CR ) +
1

r � 1
� 1

where the equality is reached when r = 4 . When r � 5, this construction will correspond
to the con�guration � 0:21 (see Figure 108), whereas whenr = 4 it will correspond to the
special con�guration of type � 0:20 (see Figure 107).

• If a0 = c0 = 0 and b0; b00> 0. By Theorem 3.12, we have three cases.

(A) Blow up at Q 3 and Q0
1. We must have the following con�guration:

82



Figure 77: Blow-up at Q3 and Q0
1 when a0 = c0 = 0 .

By Proposition 5.15, the only non-trivial P-resolution of [

x � 3
z }| {
2; � � � ; 2; 3;

d2 � 2
z }| {
2; � � � ; 2; 3;

y � 3
z }| {
2; � � � ; 2] requires

that x = 3 and y = 3 . On the other hand, the only non-trivial P-resolution of the chain
[2; � � � ; 2
| {z }

x 0

; r; 2; � � � ; 2
| {z }

d3

; 3; 2; � � � ; 2
| {z }

b00

] requires that x0 = 0 and b00= r � 3.

Note that d(CQ ) = d(CQ 0) = � r � 2
r � 1 , and for any r � 4 we have the inequality r � 2

r � 1 + 1
2 > 1. By

Theorem 1.56, the connected component of(� 2)-curves must be a singular �ber of type I �
n for

some n � 1, so,b0 = b00= 1 and d1 = d3 = 1 . Therefore, we have that r = 4 , and this construction
will correspond to the con�guration � 0:22 (see Figure 109).

(B) Blow up at Q 3 and Q0
3. We must have the following con�guration:

Figure 78: Blow-up at Q3 and Q0
3 when a0 = c0 = 0 .

By Proposition 5.15, the only non-trivial P-resolution of [

x 0

z }| {
2; � � � ; 2; r;

d3 � 1
z }| {
2; � � � ; 2; 3;

x � 3
z }| {
2; � � � ; 2] requires that
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x0 = 0 and x = 3 . On the other hand, the chain [

b0

z }| {
2; � � � ; 2; 3;

d2 � 1
z }| {
2; � � � ; 2; 3;

y � 3
z }| {
2; � � � ; 2] has no non-trivial

P-resolutions (since b0 > 0), so this case is impossible.

(C) Blow-up at Q 1 and Q0
3. We must have the following con�guration:

Figure 79: Blow-up at Q1 and Q0
3 when a0 = c0 = 0 .

By Proposition 5.15, we must have that x = r and y = r . Then, by Proposition 5.15, the non-trivial

P-resolutions of the chain [

b00

z }| {
2; � � � ; 2; r;

d2z }| {
2; � � � ; 2; r;

b0

z }| {
2; � � � ; 2] are given by the cases (sinceb0; b00 > 0,

and we do not have any ADE-con�guration) (i ); (l ); (m), and (q).

(C.1) In the case(i ), we have the P-resolution:

(2) � � � � � (2)
| {z }

b00� r +3

� [
�

r � 1
r � 2

�
] � (1) � [d2

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
b0� r +3

Therefore, we must have that b0 = r � 3 and b00= r � 3.
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Figure 80: Using the P-resolution (i) over the chain in the middle in Figure 79.

Contracting the (� 1) curves (and all other (� 1)-curve after that) connecting CQ and CQ 0 with
the T-chains [r; 2; � � � ; 2; 3; 2; � � � ; 2], we have the same situation as in the case(A).

(C.2) In the case(l), we have the P-resolution:

(2) � � � � � (2)
| {z }

b00� r +3

� [
�

r � 1
r � 2

�
] � (1) � [(d � r + 4)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
b0� 1

Therefore, we must have that b00= r � 3 and b0 = 1 .

Figure 81: Using the P-resolution (l) over the chain in the middle in Figure 79.

By Theorem 1.56, the only possible case isr = 4 (becauseb00= r � 3).
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Figure 82: Using the P-resolution (l) over the chain in the middle in Figure 79, r = 4 .

Contracting the (� 1) curves (and all other (� 1)-curve after that) connecting CQ and CQ 0 with
the T-chains [4; 2; � � � ; 2; 3; 2; � � � ; 2], we have the same situation as in the case(A).

(C.3) In the case(m), we have the P-resolution:

(2) � � � � � (2)
| {z }

b00� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d � r + 4)

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
b0� r +3

Therefore, we must have that b00= 1 and b0 = r � 3. By Theorem 1.56, the only possible case is
r = 4 (becauseb0 = r � 3). In such a case, the P-resolution is the same as in the previous case.

(C.4) In the case(q), we have the P-resolution:

(2) � � � � � (2)
| {z }

b00� 1

� [
�

2r � 5
r � 2

�
] � (1) � [(d � 2r + 8)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
b0� 1

Therefore, we must have that b00= 1 and b0 = 1 .
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Figure 83: Using the P-resolution (q) over the chain in the middle in Figure 79.

Note that d(CQ ) = d(CQ 00) = � 2r � 6
2r � 5 (because[

r � 3
3 ;

r � 4
2 ; � � � ;

2
2;

1
r;

r � 2
2 ]), and for any r � 4, we

have the inequality:

� d(CQ ) +
1

r � 1
� 1

where the equality is reached when r = 4 . By Theorem 1.56, the connected component of(� 2)-
curves must be a singular �ber of type I �

n with n � 1, so d3 = d1 = 1 . It will correspond to the
con�guration of type � 0:23 (see Figure 111).

On the other hand, when t2 = 1 , then each connected component of(� 2)-curves in � (C) is a (� 2)-chain.

By Theorem 3.12, each section can intersect at most two(� 2)-chains. As the chain [

x
z }| {
2; � � � ; 2; r;

x 0

z }| {
2; � � � ; 2] only

has non-trivial P-resolutions (with no (� 2) endings) when (x = 0 and x0 = r � 4) or (x = r � 4 and x0 = 0 ),
then we conclude that each section can intersect only a (� 2)-chain (different for each one). Therefore, we
only need to calculate the P-resolutions of the chain [2; � � � ; 2

| {z }
x

; r; r; 2; � � � ; 2
| {z }

y

], for any r � 3, and x; y � 0.

By Proposition 5.15, the non-trivial P-resolutions of that chain are given by the cases (i ); (j ); (k); (l ); (m); (o); (p),
and (q). Note that (k) represents the same zero continued fraction as(j ) (but backwards), and (p) represents
the same zero continued fraction as (o) (but backwards), so we only need to check the cases(i ); (j ),(l ),(m),(o),
and (q).

(1) In the case(i ) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � r +3

� [
�

r � 1
r � 2

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
y � r +3

Therefore, we must have that x = r � 3 and y = r � 3. It corresponds to the con�guration � 1:1 (see
Figure 112).

(2) In the case(j ), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 2r +6

� [
�

2r � 4
2r � 5

�
] � (1) � [

�
r � 1
r � 2

�
] � (2) � � � � � (2)

| {z }
y
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Therefore, we must have that x = 2 r � 6 and y = 0 . It corresponds to the con�guration � 1:2 (see Figure
113)

(3) In the case(l), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � r +3

� [
�

r � 1
r � 2

�
] � (1) � [(� r + 4)

�
2
1

�
] � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
y � 1

Therefore, x = r � 3 and y = 1 . In addition, we must have that r = 4 ; Otherwise, one of the terms in
the P-resolution is absurd. It corresponds to a particular case of the con�guration � 1:1 (see Figure 112),
when r = 4 .

(4) In the case(m) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 1

� [
�

2r � 5
r � 2

�
] � (1) � [(� r + 4)

�
2
1

�
] � (1) � [

�
r � 1

1

�
] � (2) � � � � � (2)

| {z }
y � r +3

Therefore, x = 1 and y = r � 3. In addition, we must have that r = 4 ; Otherwise, one of the terms in
the P-resolution is absurd. It corresponds to a particular case of the con�guration � 1:1 (see Figure 112),
when r = 4 .

(5) In the case(o) (it requires r � 4), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � r +2

� [
�

r 2 � 4r + 4
r 2 � 5r + 7

�
] � (1) � [(� r + 5)

�
r � 1
r � 2

�
] � (2) � � � � � (2)

| {z }
y

Therefore, we must have that x = r � 2 and y = 0 . In addition, for r we have two options: r = 4 or
r = 5 . When r = 4 , we have a particular case of the con�guration � 1:2, whereas when r = 5 we obtain
the con�guration � 1:3 (see Figure 114).

(6) In the case(q), we have the P-resolution:

(2) � � � � � (2)
| {z }

x � 1

� [
�

2r � 5
r � 2

�
] � (1) � [(� 2r + 8)

�
2
1

�
] � (1) � [

�
2r � 5
r � 3

�
] � (2) � � � � � (2)

| {z }
y � 1

Therefore, x = y = 1 . In addition, we must have that r = 4 ; Otherwise, one of the terms in the P-
resolution is absurd. It corresponds to a particular case of the con�guration � 1:1 (see Figure 112), when
r = 4 .
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4.2 Building blocks of K 2 = 2pg � 3 for � (S) = 1

By Theorem 3.9, the condition K 2
W = 2pg(S) � 3 implies that t2 = 0 or 1. Using the previous analysis,

we will construct two families of building blocks denoted by � t 2
:i , where i is the number of the respective

block.

If t 2 = 0:

• If a0 = b0 = b00= c0 = 0 .

(� 0:1) For this construction, we need two sections � 1 and � 2 with self-intersection � r , one (� 2)-chain
of length d � 1 intersected by both sections, one(� 2)-chain of length r � 3 intersected by � 1,
and one (� 2)-chain of length r � 3 intersected by � 2.

Figure 84: Con�guration of type � 0:1

(� 0:2) For this construction, we need two sections with self-intersection � r , one (� 2)-chain of length
d � 1 intersected by both sections, and one (� 2)-chain of length 2r � 6 intersected by one of
the sections.

Figure 85: Con�guration of type � 0:2

Note that the T-chain on the left is a ( d + 1 )-T-chain and the chain on the right is a W-chain.
(� 0:3) For this construction, we need two sections � 1 and � 2 with self-intersection � r , one (� 2)-chain

of length d � r � 4 intersected by both sections, one(� 2)-chain of length r � 3 intersected by
� 1, and one (� 2)-chain of length 1 intersected by � 2.

Figure 86: Con�guration of type � 0:3

When d = r � 3 the T-chain in the middle is a [4], whereas when d = r � 4 we do not have a
chain in the middle and we have the following special con�guration.
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