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Chapter 1

Introduction

When quantum computing was rst proposed in the 1980s, it faced considerable skepticism
within the scienti c community. A signi cant part of this doubt stemmed from concerns
about the inherent errors that were expected to arise in the operation of quantum
computers. Due to the delicate and fragile nature of quantum states, even the slightest
interaction with the external environment can disrupt their functioning. This interaction

can induce errors that render quantum computers unreliable for practical use, making
them appear far less feasible than their classical counterparts.

The causes of such errors can be varied and complex. For instance, unwanted interactions
with the environment can induce errors in the quantum state. These interactions
might be due to uctuations in temperature, electromagnetic interference, or even
cosmic radiation. Furthermore, errors can arise from unintended interactions between
gubits within the quantum computer, which may cause cross-talk between the qubits or
misalignment of quantum gates. In addition to these, errors can also occur during
the preparation or measurement of quantum states, where the system may not be
initialized properly or the measurement process may introduce inaccuracies. Even slight
imperfections in the physical apparatus of the quantum computer can contribute to these
errors, further complicating the process of obtaining the desired quantum state.

While it would be ideal to capture the full complexity of all possible errors, this is
often impractical. Instead, we will base our analysis on one of the most widely used
and versatile models to describe quantum errors: the Pauli Error Model. This model
provides a simpli ed yet e ective framework to represent a broad class of quantum errors.
In this model, we assume that any error can be decomposed in a sum of operators of
the form c( *)I( 2)* with ¢ 2 C, j;k 2 f0;1g and *, Z the usual Pauli matrices.
Therefore we only have to study two types of errors, theX type and the Z type. In



fact, if j i = ajOi + bjli is a general single qubit state, applying * result in the state:
Xj i = ajli + bjoi
This is, a bit- ip to our state. If we apply %, we obtain

z

j i=ajoi bjli
that is, a phase ip.

Consequently, in this framework, there are only two primary types of errors that we need
to focus on: the bit- ip error ( X -type) and the phase- ip error (Z-type). Although in
reality, quantum errors may be much more complex, involving entanglement and multi-
qubit interactions, the Pauli Error Model provides a su ciently general approach to
capture a wide range of error scenarios while maintaining mathematical simplicity. This
simpli cation allows researchers to focus on the most basic and fundamental types of
errors, and develop techniques|such as quantum error-correcting codes|to protect
guantum information against these common forms of noise.

It is important to note that in classical computing, errors are generally more straightforward
to handle, and crucially, phase- ip errors do not exist. In classical systems, errors are
typically limited to bit- ip errors where a 0 is ipped to a 1, or vice versa. There is no
analogous concept of a phase- ip error in classical computing. This is one of the key
distinctions between classical and quantum error models. In quantum computing, both
bit- ip and phase- ip errors must be considered, as quantum bits (qubits) can exist in
superpositions of states, where phase di erences play a crucial role.

Over the years, extensive research has led to the development of sophisticated error
correction methods, which rely on redundancy and the repetition of data to correct
mistakes. These methods are e ective because classical bits can be copied or repeated
without violating any fundamental principles of computation. However, when it comes

to quantum computing, these classical strategies are not directly applicable due to the
unique nature of quantum information. In particular, the no-cloning theorem ([1])
prohibits the copying of quantum states, which limits the ability to simply repeat and
check information as is done in classical systems.

However, the landscape of quantum error correction began to shift dramatically with
the work of Peter Shor in 1995 [2], followed by contributions from Aharonov and Ben-Or
in 1996 [3]. Their groundbreaking research demonstrated that quantum codes, akin to
classical error-correcting codes, could be developed to address both bit- ip and phase
errors. Shor's quantum error correction code speci cally showed that it is possible to



encode logical qubits|qubits that represent quantum information|by spreading them

out across a larger set of physical qubits. This encoding allows errors that might
a ect individual qubits to be detected and corrected without corrupting the overall
computation (see [4]). The success of Shor's work was a turning point in the development
of quantum computing, as it proved that error correction is theoretically possible in
guantum systems, thus opening the door to practical quantum computation.

Another alternative method for error correction was proposed by Kitaev in 1996 [5],
known as Quantum Double Models. In this approach, information is encoded in the
nonlocal degrees of freedom of topologically ordered physical systems, such as certain
gauge theories. The advantage of this model is that the physical properties of the
system allow for the protection of information. These properties arise from interactions
described by Hamiltonians on lattices embedded in surfaces with non-trivial topology.
Speci cally, the ground space of these Hamiltonians is robust against local errors as
a gap protects it from the rest of the spectrum. Furthermore, the degeneracy of the
ground space, which is crucial for error correction, depends on the underlying topology
of the surface, meaning that the system's topology itself dictates the degree of protection
against errors. The robustness of these systems to local noise makes them an attractive
option for building fault-tolerant quantum computers.

1.1 Quantum Double Models

The primary focus of this thesis will be an in-depth study of the properties of quantum
double models. However, before delving into the detailed analysis, we will provide a
brief introductory overview. It is important to begin by recognizing that there exist two
distinct types of errors in the context of these models. Inspired by this fact, Kitaev
proposed the idea of de ning two families of operators, which we shall refer to as
stabilizer operators. These operators are speci cally designed to measure each type
of error independently.

A key feature of these stabilizer operators is that they mutually commute, meaning that
the order in which they are applied does not a ect the outcome. With these operators
we create the Hamiltonian, de ned as the sum of these stabilizer operators. The ground
space of this Hamiltonian serves as a robust environment where logical qubits can be
encoded and stored.

The commutation property of the stabilizer operators has two signi cant implications.
First, it ensures that the Hamiltonian is exactly solvable, which allows for an explicit
characterization of its ground space. Second, it permits the application of stabilizer



operators without disturbing the encoded logical information within the ground space.
This commutation property is fundamental to the functionality and stability of the
system and will serve as a cornerstone for the analysis conducted throughout this thesis.

Those models are de ned on a square lattice on a surface. On the edges of the lattice,
we associate an element of an abelian nite groupG. The simplest of these models
is the Toric Code which will be thoroughly presented on the next chapter. Here, we
work on a torus, and we associate elements af=2Z to the edges. Taking sums of those
associations, we can think them as a lattice where each edge has a spin (or a qubit).
This is analogous to some models of quantum statistical mechanics, where atoms are
considered to be pinned down at each lattice site. However, the quantum degree of
freedom of the atoms can interact with nearby atoms and generate dynamics.

In those systems, it is convenient to work in the thermodynamic limit. This approach

o0 ers several advantages, such as providing a clear distinction between global and local
properties while also eliminating the need to consider boundary conditions. One way
to achieve this is through the operator algebra approach. Notably, Alicki, Fannes, and
Horodecki employed this method in [6, 7] to investigate the e ects of thermal baths on
the dynamics.

The signi cance of the quantum double models extends beyond quantum computing,
impacting other areas of physics as well. For example, in condensed matter physics,
these models exemplify topological phases of matter. Moreover, their excited states,
which exhibit intriguing braiding statistics, have been the focus of extensive study.

Motivated by these developments, Naajikens explored the problem in the plane, focusing
on both the ground space of the model and the braiding of excitations [8{10]. By
adopting a local physics perspective, he was able to analyze the excitations of the model
in a mathematically rigorous manner. This work leveraged advanced techniques from
algebraic quantum eld theory, providing a robust framework for his study (see [11] for
a comprehensive treatment of these techniques).

These models are not limited to two dimensions and can be generalized to the cellulation
of any manifold in any dimension. Vrana and Farkas extended the results obtained by
Naajikens for the plane and expanded them to CW complexes, associating an element
of an abelian nite group G (that can be thought as a qudit) to each n-cell [12]. They
successfully identi ed the states that minimized each term of interaction. However, one
signi cant challenge in generalizing these models to higher dimensions was adapting the
concept of braiding. This is because, in the plane, the de nition of braiding requires
considering the relative orientation of cones, which does not apply to arbitrary CW



complexes. To address this, they proposed a variant of the braiding operators, which
could be interpreted in the usual way when the space is plane-like.

Meanwhile, in [13] Costa de Almeida et al. explored the problem within the context
of nitely generated simplicial complexes, replacing the abelian gauge group by a chain
complex of nite abelian groups. Additionally, they presented a systematic method
for calculating the degeneracy of the ground space utilizing cohomology techniques
presented by Brown in [14]. This work further expanded the toolbox available for
studying the topological properties of such quantum systems, especially for more complex
and higher-dimensional structures.

1.2 Our Work

Motivated by the works of Vrana [12] and Costa de Almeida et al. [13], this thesis revisits
the proofs presented in [12] and incorporates the language and techniques introduced
in [13]. Given a simplicial complex (not necessarily nite generated), denoted byK , the
set of all n simplex. To each non-negative integem, associate a nite abelian group
G where these groups form a chain complex. As we are working on generalizations
of Abelian Quantum Double Models to higher dimensions, we called our modeHigher
Abelian Quantum Double ModelgHA-QDM). Usingthe C  algebra approach to quantum
spin systems, we will de ne our Hamiltonian, classify its frustration-free ground states
and study the excited states and the braiding of them.

This framework allows us to systematically explore topological models in higher dimensions
and on general manifolds, extending the existing body of research and providing new
insights into the structure of quantum systems. Through this approach, we aim to
deepen our understanding of quantum double models and their generalizations, o ering
a clearer mathematical foundation for their study in diverse physical contexts. The work
presented here contributes to both the theoretical development of quantum computing
models and the broader exploration of topological phases of matter, with potential
applications in elds ranging from condensed matter physics to quantum information
science.

This thesis is structured as follows: In Chapter 2, we study the toric code, the simplest
of all the models presented by Kitaev. We will put special emphasis on the ground
space of this model, exploring its structure in detail, and we will also discuss how to
perform the error correction procedure using stabilizer codes. Additionally, we will

examine the properties of the planar toric code, as proposed by Naajikens. We are



especially interested in the excitations, and in how these excitations can be braided in
two-dimensional space.

In Chapter 3, we will present our model in full detail and investigate how this new
framework recovers the quantum double models. We will discuss the connections between
the quantum double construction and our model's algebraic structure. One of the major
results of this work is the characterization of the frustration-free ground states, which
are central to our analysis. This characterization will be explored in depth in Chapter
4, where we will provide both qualitative and quantitative results. We will prove that
the set of frustration free ground states are in bijection with the sets of states on a
C algebraAqgicai - We also will show that these states depend completely on the nite
cohomology and homology groupstO(C;G), H(‘;(C;G). Also, for nitely generated
simplicial complex (as the one used in coding theory) we can identifyAjqgicar With an
algebra of matrices tensored with a power ofC (see Theorem 4.6).

In Chapter 5, we will study the excitations of the model. These excitations are created
by composing a frustration-free ground state with an endomorphism of the algebra of
observables. This will also lay the groundwork for section 5.2, where we will present a
variant of braiding, similar to the one proposed by Vrana and Farkas in [12]. We will

explore how this braiding generates exotic statistics and recovers the usual plane one.

After this, we will conclude with a series of appendices. In Appendix A, we will present
a preliminary study of the KMS-states of our model, investigating their properties and
relevance to thermal states in quantum systems. In Appendix B, we will provide a
concrete example of the braiding process we de ne in the main body of the thesis,
demonstrating how it operates in practice. Finally, we conclude with a brief introduction
to simplicial complexes andC -algebras, which will be useful for readers interested in
the algebraic foundations of our model.

1.2.1 What we will not covert

The models presented in this work open the door to various avenues of exploration, many
of which are beyond the scope of this study. In particular, while we will discuss how
to correct errors in the toric code model, we will not delve into error correction for the
model we are presenting. This is an important direction for future work, and we hope
to explore this in more detail in subsequent studies, where we will propose methods for
error correction speci ¢ to our framework.

Although error-correcting codes have been successfully implemented experimentally [15].The
practical realization of these models presents signi cant challenges that go beyond the



scope of this work, as it requires addressing issues related to the physical realization,
stability, and scalability of such systems. We will remain on a theoretical description.

Our focus is understanding the properties of quantum double models as quantum memories,
rather than as computational devices. This distinction is crucial, as quantum memories

o er valuable insights into the storage and manipulation of quantum information, but
they do not directly address the computational complexities involved in gate operations

or error correction at the scale required for fault-tolerant quantum computing. Being

so, we will not investigate the implementation of quantum computational gates, which

is a key aspect of fault tolerance in the broader context of quantum computing.

Another aspect that we aim to explore in future work is the behavior of our model when
we replace the nite Abelian groups with other algebraic structures, such as non-Abelian
groups or Hopf algebras. While the original Kitaev model for topological quantum
computation has been extensively studied for nite Abelian groups, there are also notable
developments extending the model to non-Abelian groups [16] and to the case involving
Hopf algebras [17]. These extensions open the door to richer topological phases and
more complex anyonic structures. However, despite these signi cant advances, none of
the existing works have considered a chain complex structure of groups (or Hopf algebras)
as we do. The combination of these models with chain complexes could o er a fresh
perspective on the robustness and fault tolerance of quantum error-correcting codes.
This could lead to new classes of error-correcting codes that are inherently more resilient
to noise, thereby improving the feasibility of large-scale quantum computation. In future
investigations, we want to understand the topological and computational properties that
arise when non-Abelian groups and Hopf algebras are combined with chain complex
frameworks.

Finally, an important aspect of any quantum system, especially in the context of quantum
memories and the thermodynamic behavior of the models we are studying, is the e ect of
temperature. The behavior of the system at non-zero temperatures is a key consideration,
as thermal e ects can have a signi cant impact on the properties of the excitations, the
stability of the ground states, and the overall behavior of the system. To explore these
e ects, the study of KMS-states becomes highly relevant. KMS-states, which describe
the equilibrium states of a system at nite temperature, are critical in understanding
how temperature in uences the dynamics of quantum models. In the appendix, we will
provide a brief mention of these states and demonstrate that under certain conditions,
and for su ciently high temperatures, the KMS-states exist and are unique. However, a
more comprehensive investigation into the e ects of temperature, including interactions
with thermal baths, remains an important task for future work. Studies similar to those
presented in [6, 7, 18] will be necessary to understand the full implications of thermal



e ects on our model, and we hope to extend our research in this direction in future
studies.



Chapter 2

Toric Code

In this chapter, we will focus on the toric code model, which serves as the simplest
example of the broader framework we will present in the following chapter. The rst
part of this chapter will employ an analytical approach, where we will introduce the
toric code on a torus, explicitly calculate its ground state space, and demonstrate how
guantum information can be encoded within it. We will also explore the error correction
mechanisms within the model, investigating how errors can lead to the creation of
excited states (or charges). To generalize these results to higher dimensions, an algebraic
approach will be more convenient. In Section 2.2, we will apply this algebraic framework
to study the toric code, as it proves especially useful for analyzing the excitations and
their braiding properties.

Before proving our results, it is useful to provide some heuristic motivation behind this
kind of model (for more details, see [19]). In quantum computing, errors are inevitable,
and as a method for error correction, Kitaev proposed a framework in [5]. Building on
his approach, we will work with the Pauli matrices

These matrices are Hermitian and unitary, and they obey the following commutation
relations:

[ 11=2i0 i

wherei;j;k 2fx;y;zg, and ji is the Levi-Civita symbol.
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Then, we de ne the n-qubit Pauli group P, as

Phi=f 1 ig f1; % Y ?g"

For example, the two-qubit Pauli group is

FU1 %] Yol Z X[ X Xe X Y. X Zo Y. Y X. Y Y.y Z.oZ]. Z X. ZY. zzg

where A B is denoted by AB .
De nition 2.1  (Stabilizers). The n-qubit stabilizer group S is de ned as an abelian
subgroup of the n-qubit Pauli group that satis es the following properties:

1. If S2 S, then S is Hermitian.

2. 1f §;S¢ 2 S, then [Sj;S¢] = 0.

3. | "2S.
We de ne the protected space, denotedC, as the common +1 eigenspace of all the
operators in the stabilizer group S. This is why we exclude | " from S. Explicitly,

we have
C= ji:Sji=ji 8s2s: (2.1)

This space represents the subspace of states that are protected from errors.

Example 2.1. Consider the group
S=fl; *X, YV¥Y 29

Then, the protected space is generated by

.. jo0 + j11i
)= 4927
where I [
jOi := ;o jdi=
If we just consider
S=fll; **g

the protected space is the two dimensional space generated jogi and j11i.
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A logical gate L is a unitary operator that commutes with all the stabilizers in S. Note
thatif S2 S, thenforall j i2 C, we have

SLji=LSji=Lji;

which implies that L j i remains in the protected spaceC. Furthermore, we observe that
Lj i = LSj i, and hence, we can identifyL with LS for any stabilizer S. The algebra
of logical operators, denoted byAqgical, iS the algebra generated by the cosets of the
stabilizers. This algebra depends only on the topology and determines the topologically
protected qubits available.

2.1 Toric Code

The toric code is a fundamental example of the quantum double models introduced by
Kitaev. It is based on ak Kk square lattice that is embedded on a torus, with a spin
(or qubit) placed on each edge of the lattice. As a result, the system consists of a total
of n = 2k? qubits.

Let also introduce the concept ofdual lattice. This is a lattice that connects the center
of the faces, and in the case of the Toric Code, results in a square lattice, as shown in
Fig. 2.1.

1 1 1 1 1

1 1 1 1 1
F=-t=-=--fFr-"---=-T=-=-l-=-F=% - -

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1
L R D R e A e i R

1 1 1 1 1

1 1 1 1 1
(TN T Y N AN P B R

1 1 1 1 1

1 1 1 1 1

T T T T T

1 1 1 1 1
S e P ™ ™ S R i S T

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1
F-t-={--r-"-"---T--"1--F—-*1--

1 1 1 1 1

1 1 1 1 1

Figure 2.1: Dual Lattice (in red)

The lattice will be thought as having the usual orientation: horizontal edges are orientated
from left to right (! ) and the vertical edges are orientated from down to up ().

Now, de ne the star operator centered inv (denoted A,) as the operator that applies *
to all edges with v in their boundaries. This operator will detect the phase- ip errors.
(See Fig. 2.2).



12

Figure 2.2: A, operator

De ne also the plaquette operator centered inp (denoted B ) as the operator that applies
Z to all the edges in the boundary ofp. This operator will detect the bit- ip errors.
(Shown in Fig 2.3)

Figure 2.3: B, operator

It is straightforward to verify that these operators are Hermitian and satisfy
[Av;Bp] =0 for all v;pin the lattice;

as required by the stabilizer conditions in Def. 2.1. Furthermore, each operatoA, and
Bp has eigenvalues 1.

With these operators, we de ne the Hamiltonian as

X X
H = Ay Bp
v p
Notice that
! X X
kH k kA k + kBpk=T

v p
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whereT = jf Ay : visavertexg[f Bp: pis a plaquettegj. With this, we see
minf : 2 (H)g T

where (H) is the spectrum of H. In fact, this is a equality and we will construct in
Fig.(2.7) a family of states that are in the protected space (2.1), i.e. these states are
eigenvectors of all the star and plaquette operators with eigenvalue 1 and therefore are
eigenvectors ofH with eigenvalue T. This shows that minf : 2 (H)g= T. An
eigenvector ofH with the lowest possible eigenvalue (in this cased j i = Tj i) will
be called aground state

Moreover, the following lemma shows that all the ground states ofH have to be
eigenstates of all the operatorsA, and B, at the same time.

Lemma 2.2. j i is a ground state of the Hamiltonian if and only ifAyj i = Bpj i =
j i for all vertices v and plaquettesp in the lattice.

Proof. It is clear to notice that if Ayj i = Bpj i =] i forall vertex v and plaquette p
in the lattice, then Hj i = Tj i. Therefore,j i is a ground state ofH.
On the other hand, if there existj i suchthatHj i= Tj i, then
X X
T=hH i= h;A .y i h;Bp i
v p

Notice that on the right side we haveT terms andjh ;A  ij kK kkAyk=1;jh;B p i
k kkByk=1. Hence,h;A , i=h;B p i =1 forall vertex and plaquette.

Let us concentrate on a single star operatorA, and decompose as = a 1+ b >
whereAyj 1i =j 1i; Ayj 21 = j 2 andjaj®+ jb?=1. Then,

1=h;A, i=ha 1+bjai bai=ja?jh?

from this, we see thatb =0, i.e. Ayj i = j i. By applying this to all the star and
plaguette operators, we arrive at the desired conclusion.

This means that a ground state has to be stabilized by all star and plaquette operators.
Physically, this indicates that the ground state contains no phase-ip (Z-type) errors

or bit- ip (X-type) errors, as those would correspond to violations of these stabilizer

conditions.
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We will show that the ground space of this Hamiltonian is four-fold degenerate. We will
rst use an operator algebra approach, and then present the same result from a more
diagrammatic perspective (see (2.7)).

Let N be the Hilbert space of alln = 2k? qubits. Let Aag betheC algebra generated
by the operators A, and B, (the stabilizers of the model). The protected subspace of
N is C constructed as mentioned before in (2.1). To nd out the dimension of this
protected subspace, let us study the algebra (C) of all the linear operators on the space
C. This algebra is isomorphic to AQ; =J where A%y is the algebra of all the operators
which commute with A, and By, and J is the ideal generated byA, |,Bp |I.

Notice that the algebra A%; is generated by operators of the formz = QjZI { and

X = "0 jX where jz means a matrix Z applied in the site j, | is a loop in the lattice
and 1%is a dual loop (a loop in the dual lattice). When the loop | is contractible,
Z is a product of plaquette operators. Therefore, Z I (mod J). So only the
non-contractible loops are relevant. It follows that L(C) is generated by 4 operators
Z1,Z7; X 1; X2 corresponding to the two non-contractible loops and dual loops. These
operators have the same commutation relation as {; 5; I; 3. So, the algebralL (C) is
isomorphic to M2(C) M2(C). In conclusion, Cis a four-dimensional space, and a state

j 12 Ccorresponds to a state of 2 qubits.

We can understand this space in the following diagrammatic description: de ne a
con guration as an assignment that associates every edge withOi or jli. We will
represent the edges that havgQOi with gray and the ones that have j1i with a diamond
of blue color.

Figure 2.4: A con guration

A string is a continuous path of edges such that all those edges haydi. For example,
the con guration in Fig.2.4 has two strings (the two blue paths).
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A dual string is a string in the dual lattice. This means that it is a path connecting the
center of the faces such that when this path intersects an edge of the lattice, that edge
hasjli. In Fig. 2.5 the dual string is shown in red.

Figure 2.5: A dual string (in red)

Now, recall that #jOi = jOi and ?#jli = j 1li. Therefore, Byj i = j i implies that
in the boundary of p there are an even number ofili. In other words, if a dual string
entersp, it has to go out (a dual string can not start or end in p). As this has to happen
for all the operators By, the only possibility is that in j i the dual string form loops.

On the other hand, if we have a statej i such that its dual strings form loops and apply
an operator A,, the new statej 4 also satis es that its dual strings are loops. This can
be seen in Fig 2.6

.
"

Ay

e
N

Figure 2.6: Applying A, to a dual loop

So, we can say that an operatorA, takes dual loops to dual loops. Notice that this
operator transforms a dual loop to another one in the same homotopy class. Therefore,
if Ayj i1 =] ithenj i mustbe a sum of loops in the same topology class. Due to the
fundamental group of the torus, the ground space is 4-fold generatéd

Yimagen taken from https://dom-kufel.github.io/blog/2023-05-13-toric  _code-intro/
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