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Abstract

Graph databases have become a standard for modeling complex rela-
tionships, with Regular Path Queries (RPQs) serving as the fundamental
mechanism for navigation and pattern matching. In this work, we investigate
an extension of RPQs capable of capturing specific edges along a path using
list variables, modeled formally through automata with list variables. We
provide a comprehensive study of the theoretical properties of this model,
with a particular focus on determinism and computational complexity.

Regarding determinism, we introduce and compare three distinct notions:
standard determinism, I/O unambiguity, and determinism*. We demonstrate
that, unlike classical automata, automata with list variables cannot always
be determinized or converted into an I/O unambiguous form, although an
equivalent deterministic* automaton can always be constructed via a Powerset-
like construction.

Furthermore, we analyze the decision problems associated with the output
of these automata. We establish that while the Emptiness and Path Mem-
bership problems remain in the complexity class NL-complete, problems
involving the verification of specific output mappings exhibit higher complex-
ity. Specifically, we prove that the Path Mapping Membership and Mapping
Membership problems are NL-complete for single-variable mappings, and
where the path is a trail, but become NP-complete in the general case with
multiple variables. Finally, we present algorithmic solutions for retrieving
shortest paths, trails, simple paths, and acyclic paths with their mappings
based on the product graph construction, for practical application.
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1 Introduction

Graph databases have emerged for modelling complex, highly interconnected
data in domains ranging from social networks to biological systems. The
most common way to navigate these structures are Regular Path Queries
(RPQs) [2, 1], which allow users to discover pairs of nodes connected by paths
labelled with sequences satisfying a regular expression. Indeed, RPQs form the
backbone of modern graph query standards such as GQL and SQL/PGQ [3].
However, classical RPQs suffer from a significant limitation: they are typically
existential, returning only the source and target nodes while discarding the
path itself and the specific data associated with the edges traversed.

In many practical scenarios, obtaining the specific sequence of edges, or
capturing specific data edges along the path, is as important as reachability
itself. To address this, we investigate an extension of RPQs that incorporates
list variables. This mechanism allows the query to bind a sequence of edges
to variables, during traversal, enabling data extraction and pattern matching
capabilities beyond simple reachability. The semantics of RPQs with list
variables was firs formally defined in |3, 5], but was not studied in detail in
the research literature.

In this thesis, we formally model this extension using automata with
list variables(Section 3). Our primary contribution is a rigorous theoretical
analysis of this model, with a specific emphasis on its structural properties
and computational limits.

Firsts, we address the fundamental question of determinism (Section 4).
We explore different notions of determinism—including I/O Unambiguity and
a simplified projection-based determinism—proving that full determinization
is not always possible.

Second, we analyze the decidability and complexity of evaluating these
automata (Section 5). We define and solve the Emptiness, Path Member-
ship, and Mapping Membership problems. A key finding of our work is the
complexity boundary governed by the number of variables: while problems
involving single-variable mappings remain tractable within NL-complete,
the general case with multiple variables becomes NP-complete.

Finally, to bridge the gap between theory and practice, we provide algo-
rithms(Section 6) based on product graph constructions to retrieve shortest
paths and their mappings. This work provides the necessary theoretical
foundations for implementing efficient path extraction in graph database
systems.



2 Preliminaries

In this section, we formally define graph databases, describe the structure
of paths, and introduce their main classifications and related definitions,
following the GQL and SQL/PGQ standards. Furthermore, we will define
the concept of Regular Path Queries (RPQ), which forms the basis for graph
pattern matching. This definition will be extended to a type of RPQ capable
of capturing edges through list variables.

2.1 Graph databases and Paths.

Let Nodes be a set of node identifiers, and Edges be a set of edge identifiers,
with Nodes and Edges being disjoint. Additionally, let Lab be a set of labels.
We define graph databases, paths and their fundamental components using
conventional definitions established in the field [2].

Definition 1. A graph database G is a tuple (N, E, p,\), where
e N C Nodes is a finite set of nodes,
e F C Edges is a finite set of edges,
e p: E— N X N is a total function, and
e \: I — Lab is a total function assigning a label to each edge.

Intuitively, p(e) = (v1,v2) means that e is a directed edge going from v,
to vy, and e : a denotes \(e) = a.

Definition 2. In a graph database G = (N, E, p, \), the sequence
P = Vp€1V1€202 - - Epyp
is called a path if n >0, e; € E, and p(e;) = (vi—1,v;) for 1 <i <n.

If p is a path in G, we write lab(p) = A(e1) - - - A(e,,) for the sequence of
labels that occur on the edges of p. We write src(p) for the starting node vy
of p, and tgt(p) for the end node v, of p. The length of a path p, denoted
len(p), is defined as the number n of edges that it uses.

Next, we distinguish between the following types of paths.



Definition 3. We say that a path p is a WALK, for every p; is a TRAIL, if
p does not repeat an edge, that is, (e; # e; for every i # j); is SIMPLE, if p
does not repeat a node, except that possibly src(p) = tgt(p) and is ACYCLIC,
if p does not repeat a any node (v; # v; for every i # j).

Additionally, given a set of paths P over a graph database GG, we say that
p € P is a SHORTEST path in P if len(p) < len(p’) for each p’ € P. We use
Paths(G) to denote the (possibly infinite) set of all paths in a graph database
G.

Finally, we define the operation between paths called concatenation.

Definition 4. Let p; = vpeqvy - - - epvp and py = ug fruq - - - fru; be two paths,
not necessarily distinct, in some graph G; such that tgt(p1) = vp = up =
src(pe). We define their concatenation as

D1 P2 = Voe1V1 - - exUk f1u - - fiy

From now on, whenever we define a concatenation between p; and ps, it
is assumed that tgt(p;) = src(p2).

2.2 RPQ

To ensure consistency with emerging graph query language standards, such
as GQL [3], we define the basic building blocks for graph path queries, the
regular path queries, RPQs [1], based on regular expressions.

Definition 5. A path query is expressed using the following syntactic
structure:

(x, rege, y)
where x and y are node variables. And regex is the reqular expression that
specifies the allowed sequence of edge labels on the path.

The core expressive power of the RPQ is based on the component regex.
We now provide a formal, inductive definition for these expressions over the
graph’s labelling alphabet.

Definition 6. Let Lab be the finite set of edge labels in the graph. Regular
expressions, regex, are inductively defined over this set:

1. Every label a € Lab is a regular expression.
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2. The empty string € is a reqular expression.

3. If r1 and ry are reqular expressions, then the following operations are
also reqular expressions

e Union: ri + ro.
e Concatenation: ry - ra.

o Kleene Closure: ry.

By convention, the dot notation for concatenation (-) is often omitted, and
parentheses are simplified where possible. Additionally, the following common
abbreviations are used to simplify expression writing:

e " is the abbreviation for (r+¢€), which denotes zero or more occurrence

of r.

2 . . . .
e 1’ is the abbreviation for (r + €), which denotes zero or one occurrence

of r.

e 1" is the abbreviation for (r-r*), which denotes one or more occurrences

of r.

Finally, for each regular expression, we are interested in capturing all
paths whose sequence of edge labels is allowed by the regular expression,
independently of the source and target nodes. We will call this set the output
of the regular expression regex over the graph GG, and we define it inductively
as follows.

Definition 7. The output [r]g generated by a reqular expression r,ry,ry is
inductively defined. For each label a € Lab and € the empty string

o [ele={p|p=v,ve N}
e [ac ={p|p=wvievy and v;,v, € N,e € E, \(e) = a}
e The output of the union is [ry + ra]la = [r1]e U [r2]¢

e The output of the concatenation is

[ri-ra]a={p|lp=p1-p2.n € [r1]c,p2 € [r2]c}



o The output of the Kleene Clousure is
["le ={plp=p1-- pr,pi € [r]c}

Lets analyze the following example

Example 1. Let G be the following graph database

For the reqular expression r = a*b, its output [r]q is infinite since, using edge
es, paths of arbitrary length can be constructed whose labels are permitted by
the expression r.

Note that if the query is restricted to, for example, a shortest path or a
trail, the output is immediately finite.

To avoid situations like the example presented above, restrictors and
selectors are defined for regular expressions.

Definition 8. The grammar for restrictors in the RP(Q is as follows:
restrictor = TRAIL | SIMPLE | ACYCLIC

And the output of queries with any restrictor and regex any reqular expression,
18
[restrictor (z,regex,y)]e = [regex]e N Paths(G, restrictor)

Here, the notation Paths(G,restrictor) denotes the set of all paths in G
that are valid according to restrictor.



Definition 9. The grammar for selectors in the RP(Q) is as follows:
selector = ANY SHORTEST | ALL SHORTEST

And the output of queries with any selector are defined case by case. For
regex any reqular expression:

o [ANY SHORTEST (x,regex,y)]q returns, for each pair of nodes (n,n’)
in G, a single path p € [regex]c such that src(p) = n,tgt(p) = n'
and p is SHORTEST among all paths p' € [regez]q, chosen non-
determanistically.

o [ANY SHORTEST restrictor(xz,regex,y)]q returns, for each pair of
nodes (n,n') in G, a single path p € [restrictor(x,regex,y)]e such
that src(p) = n,tgt(p) = n' and p is SHORTEST among all paths
p € [restrictor(x,regex,y)]a, chosen non-deterministically.

o [ALL SHORTEST (z,regex,y)]c returns, for each pair of nodes (n,n’)
in G, the set of all paths p € [regex]a such that src(p) = n,tgt(p) =n'
and p is SHORTEST among all paths p' € [regex]q.

o [ALL SHORTEST restrictor(xz,regex,y)]e returns, for each pair of
nodes (n,n') in G, the set of all paths p € [restrictor(x,regex,y)]a
such that src(p) = n,tgt(p) =n' and p is SHORTEST among all paths
P € [restrictor(z,regex,y)]q.

Example 2. Let G be the same graph database in the last example

For the same reqular expression regex = a*b, the following outputs are
obtained given the next examples using restrictors and selectors



o [ALL SHORTEST (z,regex,y)]c returns for the pair of nodes (ng, ng)
the two shortest paths p1 = ngeiniesns and py = ngesngesng

o [ANY SHORTEST (x,regex,y)]q returns for the pair of nodes (ng, n3)
the path py or the path ps chosen non-deterministically

o [TRAIL (z,regex,y)]|a = {p1, p2, p3} where ps = ngeiniesniesns

2.3 RPQs with list variables

RPQs can be extended to the case where we are interested in capturing some
graph edge through the query; this is achieved by adding list variables to the
regular expressions. In this section, we will define that extension.

The main and only difference from an RPQ is based on the component
regex. We now provide a formal, inductive definition for these expressions in
the new labelling alphabet with variables.

Definition 10. The regular expressions with list variables are defined
exactly like the previous ones, with only one exception.

e [or every label a € Lab and every variable z € V' the set of variables.
a”® is a reqular expression.

e Fvery label a € Lab and the empty string € are reqular expressions.

o Ifr1 and ry are reqular expressions, then the union, concatenation, and
Kleene Closure are also reqular expressions.

The regular expression a® is the one that captures an edge with a label a
on the variable z.

Then, as before, we define the output of these regular expressions over a
graph G, which is the set of pairs (p, 1) such that p is a path whose sequence
of edge labels is allowed by the regular expression, and p is the mapping that
captures the path edges as indicated by the regular expression.

Definition 11. The output [r]c generated by a regular expression with
list variables r,r,ro is inductively defined. For each label a € Lab, each
variable z € V' and € the empty string

o [e]e ={(p, o) | p=v,v € N}



la]la = {(p, o) | p = vieve and vy,v3 € N,e € E, \(e) = a}

[a*]c = {(p,z — [a]) | p = vievy and vi,v3 € N,e € E, \(e) = a}

The output of the union is [r1 + r]e = [ri]e U [r2]e

The output of the concatenation is

[71-ro]a = {(p1 - P2y pia - p2) | (p1, 1) € [rila, (P2, p2) € [ro]a}

The output of the Kleene Clousure s
[rle ={.w) [p=p1----- Phy b= fi -+ s (pis pi) € [rlc}

Here pq is the empty mapping; that is, the mapping such that Dom/(u) = 0.
The concatenation of two mappings is defined as follows.

Definition 12. Let uq, ps be two arbitrary mappings. We define their con-
catenation = p1 - o So that

p1(z) if z € Dom(p) \ Dom(pz)
1(z) = g pa(2) if 2 € Dom(pz) \ Dom(pu)
p(2) - pa(z) if 2 € Dom(pa) N Dom(pz)

where p1(2) - po(z) denotes the standard concatenation of lists.

For these queries, it is also possible to use restrictors and selectors, as in the
previous section. The output definition remains the same, but now considers
pairs (p, p) instead of only a path p. However, selectors and restrictors are
applied only to the path.



3 Automaton with list variables

Given that a standard construction can be performed for every regular ex-
pression regex to obtain an equivalent automaton [6], the same is possible
for regular expressions containing labels with variables, simply by treating
labels a* and a as distinct labels. This construction yields an automaton with
list variables, which is the principal object we will study because it offers a
simpler, yet equivalent, abstraction for analyzing the semantics of RPQs with
list variables.

Next, we define an automaton with list variables, and we also define the
output of this type of automaton.

Definition 13. An automaton with list variables is an NFA over an
alphabet 3V, it is a tuple (Q, XV, 6, qo, F), where:

e () is a finite set of states.
e X is a finite set of edge labels .
o V is a finite set of variables.

YW =YU{a*:a€X 2z V}.

5§ CQ x XV x Q the transition relation.

qo € Q 1s the initial state.

o F C @ is the set of final states.
For each o € ¥V, the projection of o in X is defined by
o if o€,

(o) =
a if o=a® forsomea€X, zeV.

If A=(Q,%Y,6, qo, F) is an automaton with list variables, then a config-
uration of A is a pair (¢, u) such that ¢ € @ and p: V — Edges”.

For a path p = vgejviesvs - - - €,v, on a graph G, we define a run r of A
over p, which is a sequence of configurations

ri= (5107#0) iL) (q1a,ul) 12_> o (Qn—la,un—l) U_n> (Qnaﬂn)

such that for every index 1 < i < n:
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(¢i-1,04,¢) €6 .
Ae;) = ms(0y).

fo is the initial mapping such that Dom(pg) = ()

if 0, = a then p; = p; 4.

o if 0; = a* then p; = ;1 and p;(2) := [pui—1(2) - €.

A run r is accepted if and only if ¢, € F. In that case u, is denoted by
iy

Definition 14. An Output of A over p is the set of all mappings p such
that there is an accepting run; this is

[Al, :=={p.| r is an accepting run of A over p}.

Using this, we define the Output of A over a graph database G as
follows:

[Ale :=A{(p.m)| nelAly, p isapath of G}.

Proposition 1. For any RPQ with list variables with regular expression
regex, there exists an equivalent automaton with list variables A, such that
their outputs are equal; that is, [regex]c = [A]q-

Proof. Given the regular expression regex with list variables, the standard
construction from a regular expression to an automaton is performed [6]. In
this specific case, we simply treat a and a* as distinct labels for any label a
and variable z. with this, we obtain an automaton with list variables that
accepts only the paths allowed by the regular expression. O]

Now we analyze an illustrative example that is relevant to the preceding

discussion. Let us consider the following automaton for all the examples we
will study, A, = (Q, %", 6, qo, F) where:

¢ Q={q:0<i<k}U{qei1,q9;1:0<0<k—1}
o ¥V ={a,a*}.
e For0<i<k-—1,
0= {(Q% a, CJ2¢+1), (CI% a’, ﬁziﬂ), (Q2z'+1> a’, Q2¢+2), (§2i+1, a, QQH-Q)}

11



This automaton has the following structure:

Note that for this particular automaton Ay, there are 2¥ possible runs.

Example 3. For the first example, let us define the graph database Gi =
(N, E, p,\) such that:

o N ={ng,...,nox}
o ={ey,...,ea}
o p(e;) = (ni—1,m:)
e \Ne))=ua

This graph database is represented as follows:

er:a e a ez a egk,lzame,:a
Now for the path p = ngeinies - - - Nop_1€axnok. How many pairs (r, u) exist

such that (p, p) € [Ale and p = p, € [A],?

In the case of the graph G = G the answer is clear, each run determines
a unique mapping. Therefore, there are 2% distinct pairs (r, ) for the path p.
And there is a one-to-one correspondence between mappings and runs.

Example 4. For the second example consider the case with the graph database
G

€1 :a

12



defined as follows Gy = (N, E, p, \) where:
e N ={ng}
o E={e}
* p(e1) = (ng,no)
e \Ney)=a

For the path p = ngey - - - nperng where len(p) = 2k there is only one mapping
po = [z = e1, -+ ,e1] for all possible runs. Therefore, there are 2% pairs
(r, o), and the mapping is the same for all runs.

Example 5. For the final example, let us consider the following automaton, a
simplified version of the one analyzed previously: A = (Q,X", 6, qo, F) where:

L4 Q - {QO7QI757 q27£]37%7 Q4}
o XV = {a,a*}.

o For0<i1 <1,
0= {(Q% a, Q2i+1)7 (CI% a’, §2i+1)7 (Q2z'+1> a’, Q2¢+2), (§2i+17 a, C]2¢+2)}

® do = qo-
o F'={q}.

The automaton looks like this:

And let G be the graph database

13



where G5 = (N, E, p, \) and:

o N ={ng,n}

o F={e, 69,63}

o pler) = (no,no), ple2) = (no,n1), ples) = (n1,n1)
e M) =a,Ae2) =a,\(e3) =a

Let us list all possible paths in this graph from ng to n; that have length

1. p1 = eseseses

2. py = ejegeses

3. p3 = ejereses

4. py = ejejeieq

Let us also list all possible accepting runs of the automaton A
Lrn=aSaseSaSa

R R TR N

3. =0 g @

R X T X R A

The possible mappings for each path are as follows, derived from the
unique accepting runs.

1. For path p; there are 1y = [z +— e, €3] for the runs r1, 7 and puy = [z —
es, eg] for the runs rs, ry.

14



2. For path ps there are pu; = [z + ey, e3] for the runs ri, 79 and ps = [z +—
ey, €3] for the runs rs, ry.

3. For path ps there are pu; = [z — ey, ey] for the runs ry, r3 and py = [z —
ey, eg] for the runs rq, ry.

4. For path py there are 1 = [z — ey, e1] for the runs ry, r3 and py = [z —
e1, es] for the runs ro, 4.

For each mapping, there exist exactly two runs that produce it. Let us observe
the following particular features in this example.
For the mapping p = [z — ey, e3]:

o (po, 1) € [A]le and p = p, € [A],, for the runs r =7y and r = 7rs.
e (p3, 1) € [A]¢ and p = p, € [A]p, for the runs r = 7y and r = ry.

A similar situation occurs for the mappings [z — eg,e3] and [z — ey, e].
However, for this particular case u, something special occurs, for the pair
(i, 72) there are 2 paths p = py or p = p3 such that (p,u) € [A]e and
1= pr € [A],.

We conclude from the examples that, given an automaton A, a graph G,
and a mapping u, there may exist more than one distinct path such that
(p, ) € [A]g. Moreover, there may exist more than one possible run for each
path.

Another interesting conclusion is that, given a mapping u, and a run r,
there may exist more than one path such that (p,u) € [A]g and u, = p.

15



4 Determinism

In this section, we will study different notions of determinism that may exist
for automatons with list variables.

4.1 Classic Determinism

For this purpose, we first define the projection of an automaton, as a simplifi-
cation of the automaton with list variables to a normal automaton.

Definition 15. A projection of an automaton with list variables A is
the tuple

W(A) = (Qazad*aqmF)
where A = (Q,%XV,8,q0, F), and if (¢,a,q) € & or (q,a%,¢') € 6, then
(q,a,q") € 0.

With this definition, we define the strongest notion of determinism for
automata with list variables.

Definition 16. We call an automaton with list variables A determin-
istic if and only if its projection w(A) is deterministic.

A deterministic automaton has the following property.

Proposition 2. Let A be a deterministic automaton with list variables and G
be a graph database. Then for every path p € G there is at most one accepting
run of A over p.

Proof. Let A be a deterministic automaton with a list of variables, G any
graph, and p = vpejvy - - - v,_1€,0, a path in G. Then, there is only one run
of A over p given by:

7= (qo, tto) = (g1, 11) =+ (G, 1) ~= (s fin)

where g is the initial mapping with Dom(ug) = 0 and ms(0;) = A(e;). Then o;
and y; are uniquely determined by A, since m(A) is deterministic. If this unique
run is an accepting run of A over p, then u, = p,. and (p, u,) € [A]c- ]

Let us now consider the case where we know p instead of the path p. Is
there a unique path p associated with u? The answer is no, as shown by the
following example.

16



Example 6. Let G be the graph (N, E, p, \) where:
o N = {ng,n1,n9,n3,n4,n5}
[ ] E = {el, 62763764765766}

o ple1) = (no,m); plez) = (no, n2); ples) = (n1,m3); ples) = (n2,n3); ples) =
(13, m4); p(es) = (14, 15)

o Aer) =b;A(e2) = ¢; A(e3) = by Aea) = ¢; Ales) = a; Aes) = a

Let A =(Q,%V, 8, qy, F) with:

L Q - {q07q17QQ7 Q37q47q5}
o XV ={a,b,c,a*}

o= {(q07 b7 QI>) (QO7 ¢, CI2)7 (Qh b7 q3)7 (q27 ¢, q3)7 (q37 az’ Q4)’ (q47 az) Q5)}
F={g}

This automaton is deterministic; however, given the mapping p : [z —
es, €g), there exist two paths in G,
P1 = Mpe1niezngesngegns and py = Ngeangesnzesngegns such that (pi,p) €
[Ale and (p2, 1) € [Alc-

17



4.2 1/0 Unambiguous

Definition 17. We say that an Automaton with list variables A is I/0
Unambiguous if and only if for every path p and every output p such that
p € [A], there exists exactly one accepting run r with p, = p

Proposition 3. If A is a deterministic automaton, then A is also 1/0
Unambiguous.

Proof. This proposition is a direct consequence of the result in proposition
1. Because determinism implies that for each path p, there is at most one
accepting run. O

The converse result of the proposition is false; the following automaton is
I/O Unambiguous, but not deterministic.

The next natural question that arises is, given an arbitrary automaton,
is it always possible to find an equivalent I/O Unambiguous? If the answer
were affirmative, this would yield an important result. However, as stated in
the following proposition, this is not the case.

Proposition 4. There exists an automaton with list variables for which there
is no equivalent 1/0 Unambiguous automaton with list variables.

Proof. Let A = ({qo,q1, g2, q3},{a,a?},d,qo,{q3}) be the following automaton
with list variables

18



where § = {<QO7 aza QI)J <QO7 a, Q2); <QI7 a, Q3>7 <(J27 az7 %)} Andlet G = ({,n'lu nQ}; {617 62}7 P, )\)
be the graph database:

where p(e1) = (n1,n1), p(e2) = (n1,n2) and A(e;) = A(e2) = a. Now note that
for the path p = njeinieang, it holds that [A], = {p, pe} for uy = [z —
e, p2 = [z — ea).

Assume, for contradiction, that for A there exists an equivalent 1/0O
Unambiguous automaton with list variables B = {Q, XV, ¢, F'}.

For p € G, it holds that (p, u1) € [B]g because B is equivalent to A, and
this implies that there exists a run r; of B over p such that

re=(q),0) = (¢ 1) = (a5, 1)

where ¢}, ¢ € Q and g5 € F.
And the same applies for (p, u2) € [B]g, there exists a second run ry of
B over p such that

T2 = (q67®> = (q;,@) - (q}a,u2)
where ¢, ¢; € Q and ¢} € F.

Finally consider the path p’ € G as p = njeynieiny, then the following
two runs of B over p’ exist

= (g0, 0) = (¢}, 1) = (g5, 1)

19



ry = (g0, 0) = (g5, 0) = (¢}, 1)
where pu = [z +— e].

The runs r] and 74 are distinct sequences of configurations and transitions,
yet both yield the same final mapping p = [z — e;1]. Since u € [B], and
there are two distinct accepting runs that result in this mapping, B is not
I/O Unambiguous. This is a contradiction.

We conclude that the automaton A has no equivalent 1/O Unambiguous
automaton. O

Proposition 5. There exists an automaton with list variables for which there
1s no equivalent deterministic automaton with list variables.

Proof. Suppose that there is an equivalent deterministic automaton for any
given automaton. Then there exists an equivalent I/O Unambiguous automa-
ton, which contradicts the result of proposition 4. O
4.3 Determinism*

We also have the following definition of determinism

Definition 18. Let A = (Q,%V, 4, qo, F) be an automaton with list variables,
we call A deterministic® if and only if for all qi,¢2,q35 € Q and 0,0’ € ¥V

(q1,0,02), (1,0, q3) €6 = o # 0

Proposition 6. If A is an automaton with list variables such that A is
deterministic then A is also deterministic*

We would like to compare which notion of determinism is the stronger of
[/O Unambiguous and Determinism*, however, the following proposition tells
us that neither is stronger than the other.

Proposition 7. The following statements are true

e There exists an automaton with list variables A such that A is 1/0
Unambiguous but A is not deterministic*.

o There exists an automaton with list variables B such that B is deterministic*
but B is not 1/O Unambiguous.

Proof. For the first statement, let A be the following automaton
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A is clearly not deterministic*, but A is I/O Unambiguous because the only
one accepting run is the following

z

(40,0) = (q1, 1)

then, for every accepting path there is only one mapping.

For the second statement let B be the automaton

This automaton is deterministic* but is not I/O Unambiguous, consider the
path p = vpegupeovg with A(eg) = a then for the mapping u = [z — €] there
are two different accepting runs. O

Proposition 8. Let A be any finite automaton with list variables; then there
exists B an equivalent automaton such that B is deterministic*.

The proof of this proposition is based on the Powerset Construction [6] in
the automaton A, forming an equivalent automaton that is deterministic*.

Proposition 9. Let A be any automaton with list variables such that A is
deterministic* then A is also 1/O Unambiguous for every pair of input and
output, (p, i) where p is a trail and p € [A],.
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Proof. Let A be an deterministic* automaton with list variables. Assume p
is a trail and p € [A],. We show that the run r such that p, = g is unique.

Suppose that there are two accepting runs, r and ', over p such that
i = iy = p. The output mapping p uniquely determines the sequence of XV
transition labels oy - - - 0, used in p. This is because an edge e; is associated
with a specific variable z (i.e., o; = @) if and only if e; is recorded in p(z).
Since the final mappings are identical, the transition label sequences must be
equal: 0y ---0, =0} 0!

ne

Then let the runs r and r’ be given by the following:

= (qos o) == (g1, 11) =2+ (Gt 1) ~= (G, i)

7 := (o, tto) = (q1, 11) e (Gt M) - (g0, 1)

We already know that for all i € [1,n], o; = o} and u; =

Since both runs start in state gy and oy = o7, therefore, the determinism*
of the automaton guaranties that ¢; = ¢}, the same argument shows that
¢2 = ¢4 and for induction until n it is demonstrated that ¢; = ¢ for all
i € [1,n]. So, the entire sequence of configurations (g;, 11;) that constitutes
the run r is entirely fixed. Therefore, r and 7’ must be identical.

This shows that for a fixed input p and output pu, there is exactly one run
r, which means that A is I/O Unambiguous.

Thus, for every fixed input path p and output u, there is exactly one
accepting run. O
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5 Decidability Problems

In this section, we will study several decidability problems related to the
output of an automaton with list variables.

Given a graph database G and an automaton A with list variables, we
recall that the output of A over GG is defined as

[Ale :=A{(p.m)| ne[Al,, p Iisapathof G}.

where, [A], == {p,| r is an accepting run of A over p}..

We now introduce the first decidability problem we consider in this section.

5.1 The Emptiness Problem

Definition 19 (Emptiness Problem). Given a graph database G and an
automaton A with list variables, the Emptiness Problem asks whether the
output of A over G is empty; in other words, whether [A]q = 0.

Emptiness Problem
Input: G, A.
Question: Exists a pair (p, u) € [A]¢ ?

To solve this problem, we will use the following result.

Proposition 10. Let G be a graph database, and let A be an automaton with
list variables. If [A]g # 0, then there exists a pair (p, ) € [A]g such that
len(p) < |4] x |G

Proof. Suppose that [A]g # 0, and let (p, ) be some element in this set,

(p, 1) € [Ale-

By definition of the output of A over G, we have that u € [A], and
P = Vg€ - - - Up_1€,0, 18 a path in G. By the definition of the output of A
over p, there exists an accepting run of A over p such that u = u,. Let the
accepting run r be the following sequence

7= (qo, o) = (g1, 1) 2 (Guts fino1) = (Gns fn)

and we have for every index 1 <i < n:
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(¢, 0i41, Giy1) €6

A(e;i) = mx(0:)

o jig=1
e if 0; = a then ;1 = p;
e if 0; = a® then ;11 = pi[z — pi(2)[e]]

And g, € F because this run r is accepted.

Now, let us construct the product graph between GG and the automaton
A, and let M = |A| x |G| denote its number of vertices. Since p is a path in
G accepted by A, we can construct the corresponding path p; € G x A.

p1 = (vo,q0)(e1, (g0, 01, 1)) (v1,q1) =+ (Vn—1, Gn—1)(€ns (@n—1, Ons Gn)) (Vn, @)

If len(py) > M, the path p; must contain a cycle in G’ x A that begins and
ends at some node (v;, ¢;) = (vj,¢;). By removing the subpath corresponding
to this cycle, we obtain a shorter path ps in G x A. Since variables are not
tracked on the product graph and the transitions are compatible, the resulting
path py in G still has an accepting run in A. Observe that from the path py,
(n — j) — i vertices are removed, from which it follows that the length of the
path po is n > len(ps) =n — ((n —j) —i) = j +i. We repeat this process
until the path ps has length < M.

Let us note that ps is a path in the product graph ps € G x A so
if p3 = (vo,q0)(e1, (¢0,01,¢1))(v1,q1) -+ * (U, @) its corresponds to a path
Py = V€1V - - - Uy, in G that has the same length m as p3 and takes the
automaton A from the initial state ¢p to the final state ¢, € F.

We conclude that py € G is a path with an accepting run r in A and there
is a mapping p, such that (ps, 1) € [A]c and len(ps) < |A] x |G]. O

Now we can answer the emptiness problem using this proposition.

Proposition 11. Let G be a graph database and A an automaton with list
variables. Then the Emptiness Problem is decidable, and is solved by
Algorithm 1, therefore, it belongs to the complexity class NL — complete.

Proof. From the previous proposition, we see that it is sufficient to check for
the existence of a path of at most length |A| x |G|. If no such path exists,
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then by the proposition we conclude that [A]g = 0. On the other hand, if
such a path exists, we will have an explicit element in [A]q.

Given a graph G = (V, E, p,\) and an automaton A = (Q, %V, 4, qy, F),
we will use the following algorithm to find a possible element in the output of
A over G.

This algorithm give us the answer of the Emptiness Problem for an arbi-
trary graph G and an automata A, if accepts then the set [A]s is not empty,
and if rejects then is empty.

Furthermore, the algorithm operates within nondeterministic logarithmic
space, as it only requires keeping track of the current state, the current
node in G, and a counter bounded by |A| x |G|, all of which can be stored
using logarithmic space. Therefore, the Emptiness Problem belongs to the
complexity class NL.

To prove NL-hardness, we reduce the Graph Reachability Problem,
which is NL-complete [6], to the Emptiness Problem.

Let (G, s,t) be an instance of the Reachability Problem. Then (G’, A) is
an instance for the Emptiness Problem where:

e The graph database G’ is a single node vy and a single self-loop edge ¢
labelled with a symbol a.

e The automaton A uses the nodes of G as its states. The initial state
is s, and the set of final states is the singleton {t}. For every directed
edge in GG, we define an a-labelled transition.

The automaton A accepts if and only if there is a path from s to t in the
graph G, where the automaton is constructed on the fly [6] and the reduction
is performed in logarithmic space, so we conclude that the Emptiness Problem
is NL-hard, and thus NL-complete.

O
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Algorithm 1 Emptiness Problem

1: function EMPTINESSPROBLEM(G, A)

2 A+ A > qo initial, F' final states

3 m < |A| x |G|

4 for v € V do

5: startState < (v, qp)

6 current < startState > current = (v, q)

7 counter <— 0

8 while counter < m do

0: if ¢ € I then

10: Accept

11: Non-deterministically choose v' € V and ¢’ € @

12: if there exists e € F and d € § such that p(e) = (v,v') and
d = (q,0,q") then

13: if A(e) = m=(0) then

14: current < (v, ¢’)

15: counter <— counter +1

16: Reject

5.2 The Path Membership Problem

The following decidability problem is an analogue of the problem just proven,
but for the set [A],

Definition 20 (Path Membership Problem). Given a graph database G, an
automaton with list variables A, and a path p in G, the Path Membership
Problem asks whether there exists a mapping p such that the pair (p, i) is in
the output of A over G, i.e., (p,u) € [A]c-

Path Membership Problem
Input: G, A, p.
Question: Exists a mapping u such that (p,u) € [A]g ?

Proposition 12. Let G be a graph database, A an automaton with list
variables, and p a path in G. Then the Path Membership Problem is
decidable, and is solved by Algorithm 2, therefore, it belongs to the complezity
class NL — complete.
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Proof. Let G be a graph database, A an automaton with list variables, and
let p = vpeqvy -+ v,_1€,v, be a path in G with initial node vy and final
node v,. We aim to determine whether there exists a mapping p such that
(p 1) € [A]e-

By definition, this holds if and only if there exists an accepting run of A
over p. That is, a sequence of configurations:

(g0, 110) = (@1, 111) = -+ 2 (G 1)
such that:

e (¢i_1,0i,q;) €0 forevery i =1,...,n,
e \(¢;) = mx(o0;) for every i,
e and ¢, € F.

The algorithm simulates this run non-deterministically. It traverses the
path p = vgeqvy - --v,_1€,v,, and at each step ¢, it non-deterministically
selects a transition (¢;_1,0;,¢;) € d that is compatible with the label A(e;) of
the graph, i.e., such that 7s(0;) = A(e;). Then it updates the current state to
4q;-

At the end of the path, the algorithm accepts if the resulting state ¢, is
final (i.e., ¢, € F), and rejects otherwise.

Thus, the algorithm accepts exactly when there exists an accept run of
the automaton A on the path p, which is equivalent to the existence of a pair
(p, ) € [A]g for some mapping p.

This shows that the algorithm correctly decides the Path Membership
Problem.

The algorithm maintains only the current position in the path, that is, the
current state of the automaton, and the current vertex in the graph, which
can all be represented using logarithmic space. Hence, the Path Membership
Problem is solvable in non-deterministic logarithmic space, and belongs to
the class NL.

To prove NL-hardness, we again reduce the Reachability Problem, to
the Path Membership Problem.

Let (G, s,t) be an instance of the Reachability Problem with G = (N, F).
Then (G', A, p) is an instance for the Path Membership Problem where:

e The graph database G’ is a single node vy and a single self-loop edge e
labeled with a symbol a.
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e The automaton A uses the nodes IV as its states. The initial state is s,
and the set of final states is a singleton {t}. For every directed edge
in GG, we define an a-labelled transition in A. In addition, we add an
a-labelled self-transition in the final state.

e The path p is p = vgepvp - - - vy and its length is len(p) = |N|

The automaton A accepts the path p if and only if there is a path from s
to t in the original graph GG, and as in the previous proof, it is constructed on
the fly [6]. The self-loop on ¢ allows one to extend any such path to exactly
length | N|.

In the path we only count the vertex, and with this, the reduction can
be performed in logarithmic space, we conclude that the Path Membership
Problem is NL-complete. O]

Algorithm 2 Path Membership Problem

1: function PATHMEMBERSHIPPROBLEM(A, p)

2 Let p = vgeqvy - - - v,_1€,0, be the given path in G

3 A+ A > qo initial, F' final states
4: startState < (vo, qo)

5: current < startState > current = (v, q)
6 for i € [1,n] do

7 Let a; := A(e;) > label of edge ¢;
8 Non-deterministically choose d = (¢,0,q') € 6

9: if m5(0) = a; then
10: current < (v;,q’)
11: else
12: Reject
13: if ¢ € F then
14: Accept
15: else
16: Reject
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5.3 The Path Mapping Membership Problem

The next problem is when the mapping and the path are given.

Definition 21 (Path Mapping Membership Problem). Given a graph database
G, an automaton with list variables A, a path p in G, and a mapping i, the
Path Mapping Membership Problem asks whether the pair (p,p) is in the
output of A over G, that is, (p, ) € [A]g-

Path Mapping Membership Problem
Input: G, A, p, u.
Question: Is (p,u) € [A]g ?

Proposition 13. Let G be a graph database, A an automaton with list
variables, p a path in G, and p a mapping with only one variable z. Then
the Path Mapping Membership Problem is decidable, and is solved by
Algorithm 3, therefore, it belongs to the complexity class NL — complete.

Proof. We prove that the algorithm correctly decides whether (p, u) € [A]q.

Given the path p = vpejvy - - - €,v, and a mapping p with a single variable
z, the algorithm iterates through the edges ey, - , e, of p while simulating a
run of the automaton A over this path. At each step, it non-deterministically
selects a transition (g, o,q’) such that the label of the edge matches the
observable part of o. If the label involves storing into variable z (i.e., 0 = a?),
it checks whether the current edge e; is consistent with the k-th entry in u(z).
The index £ is incremented accordingly.

At the end of the path, the algorithm accepts if the final state is accepting
(¢ € F) and the full mapping j(z) has been consumed, i.e., k = m + 1, where
m = len(u(z)). This guarantees that the mapping p is exactly reconstructed
by the run, and the run is accepting.

Hence, the algorithm accepts if and only if there exists an accepting run r
of A over p such that u, = p, i.e. (p,p) € [A]c-

Therefore, the Path Mapping Membership Problem is decidable.

The algorithm only needs to store the current edge index, the automaton
state, and the current position in the mapping u(z), all of which require
logarithmic space. Therefore, the Path Mapping Membership Problem (with
a single variable) lies in the complexity class NL.
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To prove NL-hardness, let (G, A,p) be an instance of the Path Mem-
bership Problem. Then (G, A’,p, o) is an instance for the Path Mapping
Membership Problem where p is the empty mapping.

Since solving this instance is equivalent to deciding the original Path
Membership instance, which is NL-complete (Proposition 12), the Path
Mapping Membership Problem is also NL-complete. O

Algorithm 3 Path Mapping Membership Problem

1: function PATHMAPPINGMEMBERSHIPPROBLEM(A, p, 1)
2 Let p = vpeqvy - - - U160,
3 A+ A > qo initial, F' final states
4: m < len(pu(z))

5: startState < (vo, qo)
6 current < startState > current = (v, q)
7 k<1

8 for i € [1,n] do

9 Let a; := A(e;)

10: Non-deterministically choose (¢, 0,q’) € §
11: if o =a? then

12: if u(2)r =e; then

13: current < (v;,¢’)
14: E<+—k+1

15: else

16: Reject

17: else if 0o = q; then

18: current < (v;,¢)

19: else

20: Reject

21: if g€ F and kK =m + 1 then
22: Accept

23: else

24: Reject

Now, we consider the more general case of the Path Mapping Membership
Problem where the mapping p may contain multiple variables.
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Recall that the problem has already been defined for an arbitrary mapping
i, and the previous results addressed the case where p contains only one
variable. However, when p contains multiple variables, the complexity of
verifying the correctness of the mapping over a given path increases, but with
one extra condition the complexity is the same.

For this next proposition we need the following definition,

Definition 22. Let p be a mapping. We define the set
E,={e|e€ u(z) for some z € Dom(u)}.

Proposition 14. Let G be a graph database, A an automaton with list
variables, p a path in G, and p a mapping, such that each edge e € E|,
occurs exactly once in the path p. Then the Path Mapping Membership
Problem is decidable, and is solved by Algorithm 4, therefore, it belongs to
the complexity class NL — complete.

Note that the imposed condition is satisfied if the path p is a trail; however,
it is even more general since the path could not be a trail and the condition
remains true.

Proof. We prove that the algorithm correctly decides whether (p, u) € [A]¢q.
We first define an auxiliary list L that arranges the edges of E, in the order
in which they appear along the path p. This construction is well-defined,
since each edge occurs exactly once in this path.

The algorithm then iterates through the edges eq,--- , e, of p while sim-
ulating a run of the automaton A over this path. At each step, it non-
deterministically selects a transition (g, 0,¢q’) such that the label of the edge
matches the observable part of o. If the label involves storing into some
variable z € Dom(u) (i.e., 0 = a?), it checks whether the current edge e; is
consistent with the k-th entry in L. The index k is incremented accordingly.

At the end of the path, the algorithm accepts if the final state is accepting
(¢ € F) and the full mapping p(z) has been consumed, i.e., k = m + 1, where
m = |E,|. This guarantees that the mapping p is exactly reconstructed by
the run, and the run is accepting.

Hence, the algorithm accepts if and only if there exists an accepting run r
of A over p such that u, = p, i.e. (p,p) € [A]c-

Therefore, the Path Mapping Membership Problem is decidable.
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The algorithm only needs to store the current edge index, the automaton
state, and the current position in the list L, all of which require logarithmic
space. Therefore, the Path Mapping Membership Problem in this case also
lies in the complexity class NL.

NL — hardness follows as this generalizes the NL — complete Path
Membership Problem in proposition 13 O
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Algorithm 4 Path Mapping Membership Problem (Multiple Variables)

1: function PMMP2(A, p, 1)

2: Let p = vpe vy - - - U160,

3 A+ A > qo initial, F' final states
4 m < |E,|

5: if m > n then

6 Reject

7 startState < (vo, qo)

8 current <— startState > current = (v, q)
9: L = NewList()

10: for j € [1,n] do

11: if e; € E, then

12: L.append(e;)

13: k+1

14 for i € [1,n] do

15: Let a; := A(e;)

16: Non-deterministically choose (¢,0,¢) € ¢
17: if o =a?, for some z € Dom(u) then

18: if Ly =¢; and ¢; € u(z) then

19: current < (v;,¢)
20: k< k+1
21 else
22: Reject
23: else if 0 = a; then
24: current < (v;,¢)
25: else
26: Reject
27: if g€ Fand k =m + 1 then
28: Accept
29: else
30: Reject
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In the most general case of this problem, where the conditions established
in the previous propositions are not satisfied, the problem belongs to NP, as
stated in the following proposition, which will be demonstrated below.

Proposition 15. The general case of the Path Mapping Membership Problem
1s NP-complete.

Proof. We reduce the directed Hamiltonian path problem, which is known
to be NP-complete [6]. Let G* = (N*, E*) be a directed graph and s,t € N*.
We ask whether there exists a Hamiltonian path from s to ¢, that is, a path
that visits each node exactly once, starting at s and ending at .

We construct an instance of the Path Mapping Membership problem, that
is, a graph (G, an automaton with list variables A, a path p, and a mapping
4, such that:

G™ has a Hamiltonian path from s to t <= (p, ) € [4]c-

We begin the construction by defining n = |N*|, and let the nodes of
G* be enumerated as {vy,vs,...,v,} such that v; = s and v, = ¢t. Then we
define the following components:

e Automaton with list variables A = (Q,%V,d, gy, F):

— The set of states is @ = {q1,..., ¢} U{q, .., T}
— The set of variables is V' = {z1,29,...,2,} and ¥ = {a}.

— The transition relation ¢ is defined by listing the triplets that
compose it:

« For each 1 <1 <mn, (¢;,a",q).
* For each directed edge (v;,v;) € E*, we create a transition in
A: (G, a,q;).
— The initial state is go = ¢1, and the set of final states is F' = {q,}.

For each directed edge (v;,v;) € E* the automaton has the following
structure:

34



)
B3

e Graph G = (N, E,p, \):
— The set of nodes is N = {ng}.
— The set of edges is E = {e;}, where p(e1) = (ng,ng) and A(e1) = a.

€1 :a

—

e Mapping p: The mapping is fixed to bind each variable x; to its
corresponding edge e;. That is, u = ([z7 — e1], [va = e1],..., [xn —

61]).

e Path p: The path is p = ng, e, ng, .. ., €1, no with len(p) = 2n.

The construction of this instance is clearly polynomial in the size of the
original graph G*.

The next part of the proof is the equivalence proof, where we show both
directions of the equivalence.

G* has a Hamiltonian path from s to t < (p, ) € [A]c.

(=) Suppose that G* has a Hamiltonian path vy,v;,,...,v; _,,v, from s
to t. We can construct a corresponding accepting run of the automaton A
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over the path p in G as follows: the run begins at ¢;, consumes the subpath
wu(xy) = eq, and transitions to qi; then, since (vy,v;,) € E*, there exists a
transition (qr, a, ¢;,) € d. The automaton proceeds analogously for each edge
(Viy, Vi, ) in the Hamiltonian path, following the corresponding transitions
(Tig» @, @iy, )- Finally, the automaton reaches @,, which is a final state. There-
fore, the run is accepting and (p, u) € [A]c-

(<) Conversely, suppose that (p, ) € [A]e. Then there exists an ac-
cepting run of A over p. By construction, any valid run of A must alternate
between states ¢; and @;, where each transition (g;, a, g;) corresponds to an
edge (v;,v;) € E* in the original graph G*. Moreover, the automaton must
traverse exactly one pair (g;,q;) for each variable z;, since the mapping
assigns all variables to the same edge e; and the automaton structure forces
visiting each z; exactly once to reach the final state g,. Hence, the sequence
of indices visited by the automaton determines a path vy, vs,,...,v; _,, v, in
G* that visits each vertex exactly once, i.e., a Hamiltonian path from s to .

Since the reduction is polynomial and the membership of (p, u) in [A]s
can be verified in polynomial time given the mapping, the problem belongs
to NP. Thus, the general case of the Path Mapping Membership Problem is
NP-complete. O

36



5.4 The Mapping Membership Problem

Finally, the last decidability problem is analogous to the Path Membership
Problem, but in this case, the path is unknown and the mapping is given.

Definition 23 (Mapping Membership Problem). Given a graph database G,
an automaton with list variables A, and a mapping p, the Mapping Membership
Problem asks if exists a path p € G such that the pair (p, ) is in the output
of A over G, i.e., (p,p) € [A]g-

Mapping Membership Problem

Input: G, A, u.
Question: Exists p a path in G such that (p, u) € [A]g ?

To solve this problem, we will use an algorithm similar to Algorithm 3.
For this, we must consider a bound on the length of a possible path associated
with the mapping, which depends on the size of the mapping as well as on
the automaton and the graph.

Proposition 16. Let A be an automaton with list variables and G a graph.
If u is a mapping with one variable z such that there exists a path p € G
with 1 € [A], then there exists a path p' € G such that p € [A]y and
len(p’) < (|A] x |G]) x (len(u(2)) +1).

Proof. Assume there exists a path p = vgeqvy -+ v,_1€,v, in G such that
w € [A]p, where p is a mapping with Dom(u) = {z}.
By the semantics of [A],, this means there exists an accepting run

<QO7M0) 0—1> (qhﬂl) O_2> Tt 0_n> (Qn>ﬂn)

of the automaton A over the path p, where p,, = p. Moreover, s (0;) = A(e;).

Let m := len(u(z)) be the number of times the variable z is updated in
the run (i.e., the number of transitions labeled with a?).

We now consider the product graph G x A, whose nodes are pairs (v, q)
with v € V and ¢ € Q. The number of such pairs is |G| x |A|, which we
denote by M.

The accepting run over p corresponds to a path in the product graph:

(U0> QO)(€17 (QOa 01, %))(Ul; ql)(e27 ((hv 02, QQ)) e (em (qnflv On, QH))(UW Qn>
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We now observe the following key fact:

- Between two successive updates to the variable z, the run may contain
cycles in G x A that do not affect the accumulated value of 1(z). In particular,
these cycles can be removed without changing the overall mapping u, as long
as we preserve the sequence of edges stored in pu(z).

Thus, we can partition the run into at most m + 1 segments: - One
segment before the first a® transition, - One segment between each pair of a*
transitions, - One segment after the last a* transition.

Each such segment is a run in the product graph from some state (v, q) to
another, without appending to z. Therefore, each segment can be shortened
(by removing cycles) to have length at most M = |A| x |G].

It follows that the entire run can be compressed to a path p’ in G with
corresponding run in A over p’ such that p € [A], and len(p’) < M x(m+1) =
(1A} x |G]) x (len(p(z)) 4 1).

Hence, the desired path p’ exists. H

Proposition 17. Let G be a graph database, A an automaton with list
variables, and . a mapping with only one variable z. Then the Mapping
Membership Problem is decidable, and is solved by Algorithm 5, therefore,
it belongs to the complexity class NL — complete.

Proof. Let A be an automaton with list variables, G’ a graph database, and
let 1 be a mapping with Dom(u) = {z}.

We aim to decide whether there exists a path p in G such that (p, 1) € [A] -
By definition of the output of A over GG, this means that there exists a path
p such that p € [A],, that is, there exists an accepting run of A over p such
that the resulting mapping pu, coincides with pu.

Let n :=len(u(2)) be the number of edges in the list assigned to z by the
mapping. Then, since every a® operation appends one edge to u(z) during an
accepting run, any such run must contain exactly n transitions labeled a* for
some a € . Moreover, the total number of transitions in the run (and thus
the total length of the path p) is at least n and could be longer if there are
transitions that do not contribute to the mapping (e.g., transitions labeled a
instead of a?).

Let us denote M = |A| x |G|, the number of states in the product graph
G x A. Since each configuration in a run is determined by a node in G and a
state in A, the run can be compressed (by removing cycles) to a length of at
most M for each edge in p(z). Therefore, we can bound the total length of
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the path by M x (n+ 1).

The algorithm performs a non-deterministic search through all possible
runs of A over paths of G, trying to match the given mapping u(z) along
the way. At each step, the algorithm selects a transition (¢,0,¢") € § and
an edge e € E such that the edge label matches the transition symbol, and
the edge’s source and target match the current and next graph nodes. The
algorithm keeps track of a position index k to ensure that the sequence of
edges assigned to z matches exactly the one given by pu(z).

Whenever the automaton reaches a final state and the complete mapping
has been matched (i.e., kK = n + 1), the algorithm accepts. Otherwise, it
continues the search, stopping once the maximum bound |A| X |G| x (n + 1)
is exceeded.

Because the search is exhaustive up to this bound, and because all valid
accepting runs with the given mapping are guaranteed to lie within it, the algo-
rithm correctly decides whether there exists a path p such that (p, u) € [A]e.
Therefore, the Mapping Membership Problem is decidable for mappings with
a single variable.

The algorithm keeps track of the current node, automaton state, and an
index counter over j(z), which are all logarithmic in size. Thus, the Mapping
Membership Problem (with a single variable) is solvable in nondeterministic
logarithmic space and is in the class NL.

NL — hardness follows, as this generalizes the NL — complete Empti-
ness Problem in proposition 11 with the mapping p being the empty map-
ping. 0
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Algorithm 5 Mapping Membership Problem

1: function MAPPINGMEMBERSHIPPROBLEM(A, G, )

2 A+ A > qo initial, F' final states
3 n < len(u(2))

4 m <+ (|A] x |G]|) x (n+1)

5; forv eV do
6
7
8
9

startState < (v, qo)

current < startState > current = (v, q)
counter <— 0
: k<1

10: while counter < m do

11: if g€ Fand k =n+1 then

12: Accept

13: Non-deterministically choose v" € V and ¢’ € Q)

14 if there exists e € E and d € ¢ such that p(e) = (v,v') and

d = (q,0,q") then

15: if o =a* and A(e) = a then

16: if u(2)r = e then

17: current « (v, ¢’)

18: counter <— counter +1

19: k«k+1

20: else if o = a and A(e) = a then

21: current < (v, ¢’)

22: counter < counter +1

23: Reject

40



Now we consider a more general case of the Mapping Membership Problem,
where the mapping p may contain multiple variables.

Recall that the problem is already defined for an arbitrary mapping u, and
the previous results addressed the case where p contains only one variable.
However, when p contains multiple variables, the situation becomes more
complicated.

To address the general case, we begin with a result that establishes a
bound on the length of paths that need to be considered. This bound depends
on the automaton, the graph, and the total size of the mapping.

Proposition 18. Let A be an automaton with list variables and G a graph.
If v is a mapping such that there exists a path p € G with u € [A], then there
exists a path p' € G such that p € [A]y and len(p’) < (JA] x |G|) x (Jju| + 1)

where |1l == 3. pomg 1€0(1(2)).

Proof. The proof is analogous to the single-variable case Proposition 16.
The only difference is that now the total number of variable updates is
|ﬂ’| = ZzeDom(u) |en(,u(z))

As before, we can divide the accepting run of A over p into |u|+1 segments,
each bounded in length by |A| x |G|, by removing cycles between consecutive
variable updates. Therefore, the total length of the path can be bounded by
(1A X 1GI) x (Ju] +1). 0

Despite the fact that a similar decision procedure can still be applied, the
space requirements increase significantly. The algorithm must simultaneously
track the positions within each list p(z) for every variable z € Dom(u), and
ensure that the edges used in the run correspond exactly to the prescribed
lists in the correct order. This additional bookkeeping results in space usage
that is no longer logarithmic in the input size, and therefore, the problem is
not guaranteed to lie in the class NL under this general setting.

We then show that the problem is NP complete.

Proposition 19. The General case of the Mapping Membership problem is
NP-Complete.

Proof. Membership in NP is immediate: a nondeterministic verifier can guess
a path p (of polynomial length by Proposition 18) and a run of A over p, then
verify in polynomial time that the run is accepting and that it reconstructs
the mapping pu.
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For NP-hardness, observe that the reduction from the Directed Hamil-
tonian Path problem given in the proof of the proposition 14 produces in
polynomial time an instance (G, A, p, 1) such that

G* has a Hamiltonian path <= (p,u) € [A]e.

Dropping the explicit path p yields an instance (G, A, ) of the Mapping
Membership problem with the property that there exists some p’ with (p/, u) €
[A] if and only if G* has a Hamiltonian path, showing that the problem is
NP-hard.

Combining both facts, we conclude that the general Mapping Membership
problem is NP-complete. O]
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6 Algorithms

Finally, we are interested in how to practically find elements in the output
of an arbitrary automaton with list variables. In this section, we adapt the
algorithms already developed for the general case [4], converting them into
algorithms for automata with list variables. These will allow us to find paths
with their respective mappings in the output of A to a list-variable automaton
with certain restrictions.

First, let us observe that for the general case, the problem is not so simple
since the output could be infinite.

Example 7. Consider the following graph database G

defined as follows G = (N, E, p, \) where:
o N ={ng,ni}
o F={ej, e}
o pler) = (no,m), p(e2) = (n1,no)
e \ep) =a= Ae)
And let us consider the following automaton A = (Q,%V 6, qo, F) where:
° Q={q}

o YV = {az}.
e §={(q,a% q)}-
o F'={q}.

The automaton looks like this:
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For this automaton, there are infinitely many output pairs, which makes listing
and finding all of them impossible.

The claim that they are infinite stems from the following. For every k € N,
there exists the pair (pg, ux) where py is a path of length k that alternates
between ey and eq, and its corresponding mapping py 1S the one that assigns
to z the list of all edges in py.

As we see in the example, the output of an automaton could be infinite;
however, if we restrict ourselves to the shortest paths in the previous example,
we would only have two possible output pairs.

Therefore, we will first focus on developing algorithms that find the
shortest paths. For this, we will need the following definition.

Definition 24. Given a graph database G = (N, E, p,\) and an automaton
with list variables A = (Q, %Y, 6, qo, F)

The product graph G x A is then defined as the graph database G X A =
(Ny, Ex, px, Ax), where

e Ny, =N xQ;
o B, ={(e,d) € Ex 5| Ne)=ms(d)};
e pi(e,d) = ((n1,q1), (n2,q2)) if:

— ple) = (n1,m2)

- Ae)=a

—d=(q1,0a,q) ord=(q1,a%, ¢2)
e A\ ((e.d)) = Ae).

Intuitively, the product graph is the graph database obtained by the cross
product of the graph G and the automaton A. And each node of the form
(n,q) in Gy corresponds to the node n in G, with a state ¢ in the automaton
A and, furthermore, each path P of the form (v, q), (vi,q1), ..., (Un,@n) in
G« corresponds to a path p=wv,vy,...,v, in G that has the same length as
P and brings the automaton A from state ¢y to g,.

As such, when ¢, € F then this path in G matches A. In other words, all
nodes v’ that can be reached from v by a path that matches A can be found
by graph search algorithms on G x A starting in node (v, qp).
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6.1 Any Shortest

Given an automaton A and a graph G, using the product graph, we can
determine any shortest path starting at a given vertex v of G with the following
algorithm. The idea is that we can perform a graph search algorithm starting
at the node (v, qo) of the product graph G x A.

Algorithm 6 Any Shortest Path in G that matches A starting in node v.
1: function ANYWALK(G, A)
2: A+ A > qo initial, F' final states
3 Open.init(); Visited.init(); ReachedFinal.init()
4: startState < (v, qo, null, 1)
5: Visited.push(startState); Open.push(startState)
6
7
8
9

while Open # @ do
current < Open.pop() > current = (n,q, e, prev)
if ¢ € F' and n ¢ ReachedFinal then
Solutions.add(current)

10: ReachedFinal.add(n)

11: for each (¢,0,¢') € § do

12: for each ¢’ € E such that p;(¢’) =n and A(¢/) = 7(o) do
13: n' < pa(€e’)

14 if (n',q,*,%*) ¢ Visited then

15: if 7w(0) = o then

16: newState < (n/, ¢/, €, current)
17: else

18: newState < (n/, ¢/, z : €, current)
19: Visited.push(newState);

20: Open.push(newState)

The basic object we manipulate in this algorithm is a search state, i.e., a
quadruple of the form (n, g, e, prev), where n is the node of G we are currently
exploring, ¢ is the current state of A, while e is the edge of G we used to reach
n, and prev is a pointer to the search state we used to reach (n,q) in G x A.
Intuitively, the (n, g)-part of the search state allows us to track the node of
G x A we are traversing, while e, together with prev allows to reconstruct
the path from (v, qp) that we used to reach (n,q). The algorithm uses four
data structures:
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e Open, which is a queue (in case of BFS), or stack (in case of DFS) of
search states, with usual push() and pop() methods.

e Visited, which is a dictionary of search states we have already visited
in our traversal, maintained so that we do not end up in an infinite
loop. We assume that (n,q) can be used as a search key to check if
some (n,q,e,prev) € Visited. We remark that prev always points to a
state stored in Visited.

e Solutions, which is a set containing (pointers to) search states in Visited
that encode a solution path to be returned; and

e ReachedFinal, a set containing nodes we already returned as query
answers, in case we re-discover them via a different end state (recall
that an NFA can have several end states).

The algorithm explores the product G x A using either BF'S (Open is a
queue) or DFS (Open is a stack), starting from (v, o). It starts by initializing
the data structures and setting up the start node in G x A (lines 2-5). The
main loop of line 6 is the classical BFS/DFS algorithm that pops an element
(n,q,e,prev) from Open (line 7) and starts exploring its neighbors in G x A
(lines 11-13). When exploring (n,q, e, prev), we scan all the transitions
(q,0,q") of A that originate from ¢ (line 11), and look for neighbors of n in G
reachable by an 7y (c0)-labeled edge (line 12).

Here (n/, ¢, €') is a neighbour of (n,q) in G x A, that is, p(e’) = (n,n’) in
G, and (g, A(€¢'),q') or (q,\(€)?,¢’) is a transition of A, when A(¢/) = 7x(0).

If the pair (n/,¢’) has not been visited yet, we add it to Visited and Open
(lines 14-20), which allows it to be expanded later on in the algorithm.

Depending on the form of the transition (g, o, q’) we define the new state
with simply the edge €', (n', ¢, €', current), or z : e to mark the existence of
a transition (¢, A(e)?, ¢') (lines 15-18).

When popping from Open in line 7, we also check if ¢ is a final state and
that n has not been reached by a solution path yet(line 8). In this case we
found a new solution; i.e., a path from v to n which matches A, so we add it
to Solutions (line 9) and record it as reached (line 10). The ReachedFinal set
is used to ensure that each solution is returned only once.
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Figure 1: A sample property graph representing a (part of a) social network.

Example 8. Consider the graph G in Figure 1, and the following query
ANY SHORTEST WALK (John, (follows®)" - lives, z).

Namely, we wish to find places where people that John follows live. Looking
at the graph in Figure 1, we see that Rome is such a place, and the shortest
path reaching it starts with John, and loops back to him using the edges e;
and eq, before reaching Rome (via eq), as required. To compute the answer,
Algorithm 6 first needs to convert the reqular expression (follows®)" - lives
into the following automaton A:

follows®

follows® % lives
q0 >@ qr

To find shortest paths, we use Algorithm 6 and explore the product graph
starting at (n1,qo). The algorithm then explores the only neighbor that can be
reached (na, q1), and continues by visiting (n1, q1), (N3, q1) and (ng, q1). When
expanding (n1,q,) the first solution, ny, is found and recorded in Solutions.
The algorithm continues by reaching (ng, q1) and (ns,q1) from (n3,q1). When
the (n4, q1) node is then expanded, it would try to reach (ns,q1) again, which
is blocked in line 14. Ezpanding (ng,q1) would try to revisit ny, but since this
solution was already returned, we ignore it.
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Figure 2: Visited after running Algorithm 6 in Example 8.

The structure of Visited after performing the algorithm is illustrated in
Figure 2. Here we represent the pointer prev as an arrow to other search states
in Visited, and annotate the arrow with the edge witnessing the connection.
Notice that we can revisit a node of G (e.g. my), but not a node of G x A
(e.g. (ns,q1)). Since Solutions contains only (n7,qr), we enumerate a single
path traced by the edges el — €2 — €9, and the mapping p = z — leq, es].

This example illustrates how the algorithm effectively finds a shortest
path if one exists.

6.2 All Shortest Paths

We know that we can find any shortest path; however, the path delivered
by the algorithm is arbitrary and might even lack an associated mapping,
which would not be convenient if we required the path to have an associated
mapping with specific characteristics. Therefore, the next algorithm finds all
possible shortest paths.
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Algorithm 7 All Shortest Paths in G' that matches A starting in node v.

1: function ALLSHORTESTWALK(G, A)

2 A <+ Unambiguousautomaton(A) > qo initial, F' final states
3 Open.init(); Visited.init(); ReachedFinal.init()

4: startState < (v, qo,0, L)

5: Visited.push(startState); Open.push(startState)

6

7

8

9

while Open # @ do

current <— Open.pop() > current = (n, q, depth, prevList)
if ¢ € I then

: if n ¢ ReachedFinal then
10: ReachedFinal.add((n, depth))
11: Solutions.add(current)
12: else if ReachedFinal.get(n).depth = depth then
13: Solutions.add(current)
14: for each (¢,a,¢') € 0 do
15: for each ¢’ € E such that pi(¢/) = n and A(¢/) = 7(a) do
16: n' = pa(€’)
17: if (n/,¢,*,%*) € Visited then
18: (n',q', depth’, prevList’) < Visited.get(n', ¢')
10: if depth +1 = depth’ then > New shortest path to (7, ¢')
20: if 7(a) = a then
21: prevList’.add((current, e’))
22: else
23: prevList’.add((current, z : ¢'))
24: else
25: prevList.init()
26: if 7(a) = a then
21 prevList.add((current, ¢’))
28: else
20: prevList.add((current, z : €'))
30: newState < (n/, ¢/, depth + 1, prevList)
31: Visited.push(newState);
32: Open.push(newState)

49



This algorithm finds all the shortest walks and, like the first explores
the product G x A using either BFS (Open is a queue) or DFS (Open is a
stack), starting from (v, qo). Again, it starts by initializing the data structures
and setting up the start node in G x A (lines 2-5). The main loop of line
6 is the same, pops an element (n,q,depth, prevList) from Open (line 7)
and starts exploring its neighbors in G x A (lines 14-16). When exploring
(n,q,depth, prevList), we scan all the transitions (¢, a,q’) or (¢,a?,¢') of A
that originate from ¢ (line 14), and look for neighbors of n in G reachable by
an a-labeled edge (line 15).

If the pair (n’, ¢’) has not been visited yet, first we create the list prevList,
then depending on the form of the transition (g, a,q’) we add to prevList
the pair (current,e’), or the pair (current, z : €’) to mark the existence of a
transition (g, A(e)?, ¢') (lines 24-29).

If the pair (n/,q’) has been visited, we call the state that had already
been stored in Visited as (n’, ¢, depth’, prevList’), then if depth + 1 = depth’
we find another new shortest path to (n’,¢") (lines 17-19). And the pair
(current,e') or (current,z : €'), depending on the transition, is added to
prevList’(lines 20-23)

Then a new state (n/, ¢/, depth+ 1, prevList) is defined only when the pair
(n’,q") has not been visited yet, then we add it to Visited and Open (lines
30-32)

When popping from Open in line 7, we also check if ¢ is a final state, and
if n has not been reached by a solution path yet (lines 8-9). In this case we
found a new solution; i.e., a WALK from v to n which matches A, so we add
it to Solutions (line 11) and record it as reached with the length of the path
(n, depth) (line 10).

If g € F and n € ReachedF'inal, then we check if
depth = ReachedFinal.get(n).depth i.e. if the new path has the same mini-
mal length of the previous path that reached n. If the equality holds, then
current is added to Solutions. (lines 12-13).

Let us now look at some examples of how this algorithm works.

Example 9. Let us return to the social network graph G in Figure 1 and
consider the following query

ALL SHORTEST WALK (Joe, (follows®)" - works, ).

As we can see, there are three shortest paths connecting Joe to ENS Paris
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matching the query. To compute these, Algorithm 7 first converts the expres-
sion follows® - works into the following automaton A:

follows®

@ s
—>

Algorithm 7 then starts traversing the product graph G x A from the node
(na,qo). After executing the algorithm, the structure of Visited is as follows

773 qo, 1 (n6, g0, 2
(n27(107 n47q07 n57Q07 ”87qF73)
< -
“eo
(n1, 40, 1)

Here we represent prevList as a series of arrows to other states in Visited,
and only draw (n,q,depth) in each node. For instance, (ns,qo,2) has two
outgoing edges, representing two pointers in its prevList. The arrow is also
annotated with the edge witnessing the connection (as stored in prevList).

To build this structure, Algorithm 7 explores the neighbors of (ns, qo);
namely, (ns,qo), (N4, qo) and (n1,qo) and puts them to Visited and Open, with
depth = 1. The algorithm proceeds by wvisiting (ng,qo) and (ns,qo) from
(n3,qo). The interesting thing happens in the next step when (ny,qo) is the
node being expanded to its neighbour (ns,qo), which is already present in
Visited. Here we trigger lines 17-23 of the algorithm for the first time, and
update the prevList for (ns,qo), instead of ignoring this path. When we try
to explore neighbors of (ny,qv), we try to revisit (n2,qp), so lines 17-23 are
triggered again. This time the depth test in line 19 fails (we visited ny with a
length 0 path already), so this path is abandoned. We then explore the node
(ng, qr) in G X A by traversing the neighbors of (ng, qo). Finally, (ns,qr) will
be revisited as a neighbor of (ns,qo) on a previously unexplored shortest path.
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Finally, we can then enumerate all the 3 pairs (p, ) € [A]g, such that
the path has a starting node ns, by only following the arrows from (ng,qr).

1. (p1 = ngegngerngering, z — [es, e7]) € [A]a
2. (pa = noesnsesnzeions, 2 — les, es5]) € [A]a
3. (pg = N9€yNyEgNs€E1oNg, 2 > [64, 66]) S [[A]]G

We can observe that there are only three different paths from node ny to node
ng where each one is associated with its respective mapping.

Example 10. Another example with the social network graph G in Figure 1
and the query

ALL SHORTEST WALK (Joe, (follows®: follows + follows - follows® )-works,x).

First converts the expression (follows®- follows + follows - follows® )-
works into the following automaton A:

Algorithm 7 then starts traversing the product graph G x A from the node
(na, qo). And after executing the algorithm, the structure of Visited is the
following
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This structure allows us to reconstruct and enumerate all the 6 pairs
(p, 1) € [Alg, such that the path has a starting node ns, by only following the
arrows from (ng, qr).

~

(p1 = noesnzerngenns, 2 — [es]) € [Ale

2. (pa = naesngesnseions, 2 — les]) € [A]a
3. (p1, 2 = led]) € [Ale
4. (P2, 2= [es]) € [A]e
5. (p3s = naesngegnserons, z — [ed]) € [A]a
6. (ps,z = [ee]) € [A]c

Note that the paths found are the same three unique paths found in the
previous example; however, for each path there are two possible mappings,
which results in a total of siz possible pairs in the output of A over G.
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6.3 TRAIL, SIMPLE and ACYCLIC

We now adapt algorithm for finding trails, simple paths, or acyclic paths from
[4] to automatons with list variables.

We will be dealing with queries of the form:

q = restrictor (v, regex, 7x)

where restrictor is TRAIL, SIMPLE, or ACYCLIC. The Algorithm 8 shows how

to evaluate such queries.

Algorithm 8 Evaluation for query = restrictor (v, regex, ).

1:
2
3
4.
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

21:
22:

function RESTRICTEDPATHS(G, query)
A «+ UnambiguousAutomaton(regex) > qo initial, F' final states
Open.init(); Visited.init(); ReachedFinal.init()
startState < (v, qo, null, L)
Visited.push(startState); Open.push(startState)
while Open # @ do

current <— Open.pop() > current = (n,q, e, prev)
if ¢ € F' and n ¢ ReachedFinal then

ReachedFinal.add(n)
Solutions.add(current)

for each (¢,0,¢') € § do
for each ¢’ € F such that p;(¢’) =n and A(¢/) = 7(0) do
n' < pa(€)
for next « (n/,¢,¢’) do
if ISVALID(current, next, restrictor) then
if (n',q,*,x*) ¢ Visited then
if 7x(0) = o then
newState < (n/, ¢, ¢, current)
else
newState < (n/, ¢,z : €, current)

Visited.push(newState)
Open.push(newState)

Here, our search state is a tuple (n,q, e, prev), where n is a node, ¢ an

automaton state, e an edge used to reach the node n, and prev a pointer to
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another search state stored in Visited, which is a set storing already visited
search states.

The function ISVALID (line 15) is the core component that enforces the
restrictions. Since every search state contains a prev pointer to its predecessor,
the algorithm can reconstruct the full path from the start node v to the current
node n. Specifically, given a current state current = (n,q,e,prev) and a
candidate next step next = (n/, ¢, ¢'), the function performs the following
checks by traversing the prev pointers backwards:

e If restrictor is SIMPLE (or ACYCLIC), ISVALID returns true if and only
if the node n’ does not appear in the sequence of nodes implicitly stored
in the history of current. This prevents the path from visiting the same
node twice.

o If restrictor is TRAIL, ISVALID returns true if and only if the edge ¢’ does
not appear in the sequence of edges stored in the history of current.
This ensures that no edge is repeated, although nodes may be revisited.

It is important to note that the usage of the Visited set (line 16) in this
context serves to prune the search space of the product graph G x A to avoid
redundant computations, while ISVALID handles the topological constraints
of the path in G.
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7 Conclusions

In this work, we have established a formal framework for automata with list
variables, providing a robust model for analyzing Regular Path Queries with
data extraction capabilities.

A major theoretical implication of our study concerns the nature of
determinism. The demonstration that there exist automata for which
no equivalent deterministic or I/O Unambiguous automaton exists implies
that standard optimization techniques based on determinization cannot be
directly applied to this model. However, our introduction of Determinism®
provides a valuable canonical form, offering a partial solution that preserves
the path structure while managing variable assignments via a powerset-like
construction and this for trails is the same as I/O Unambiguity.

Regarding computational complexity, our results delineate a precise bound-
ary for efficient query evaluation. We confirmed that the foundational prob-
lems of Emptiness and Path Membership are efficiently solvable in non-
deterministic logarithmic space (NL). Crucially, however, we identified that
the complexity of the Mapping Membership problem is sensitive to the number
of variables used. The transition from NL-complete (for single variables) to
NP-complete (for multiple variables) serves as a vital guardrail for query
language designers: while the language allows for capturing multiple data
lists simultaneously, doing so incurs a significant algorithmic cost that must
be managed, potentially through the restriction to simple paths or trails as
discussed.

Finally, the algorithmic solutions presented to find the shortest paths
demonstrate that despite these theoretical hardness results, practical execution
is feasible for optimization-focused queries. Future work may explore the
integration of these automata into existing query engines and the definition
of additional syntactic restrictions to ensure polynomial-time evaluation for
the multi-variable case.
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