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CHAPTER I
MAIN QUESTION

§1. Introduction
Let E be an elliptic curve over Q with minimal Weierstrass equation
2 _ .3 2
Y© F+ a1y + a3y = 7 + aax” + aax + ag

and conductor N. By the Mordell-Weil theorem, the group of rational points
E(Q) is finitely generated and decomposes as

E(Q) = E(Q)tors X Zr;

where r := rank £(Q) < oo is the rank of the elliptic curve E, and E(Q)ors
denotes its torsion subgroup. Furthermore, by the modularity theorem [35],
there exists a non-constant morphism

¢E: X()(N) — F

defined over Q, where X((N) is the modular curve associated with the con-
gruence subgroup I'g(N) C SLg(Z). This morphism is called a modular
parametrization. If it has minimal degree, we say that ¢ is minimal, and
we denote its degree by deg ¢ .

The present thesis is concerned with the following question:

Question 1.1:1Is the rank F(Q) bounded as E varies over all elliptic
curves over Q7

Question 1.1 was implicitly posed by Poincaré in 1901 [23, p. 173], even
before it was known that F(Q) is finitely generated. Several heuristics have
been proposed to support the existence of such a bound [3, 22, 24, 25,
26, 33]. Notice that if the rank is bounded, then E(Q) has finitely many
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possibilities (up to isomorphism). A promising approach to addressing the
main question is to consider the following conjecture by Watkins.

Congeture 1 (Watkins, [32]): For every elliptic curve E over Q we
have rank F(Q) < va(deg ¢ ).

However, our main result in this thesis is that the 2-adic valuation of
modular degree is unbounded and, in fact, we show it can grow like the
logarithm of the conductor.

Given an arbitrary elliptic curve E over Q with con-
ductor N. Then there is a sequence of quadratic twists EPn) of E by fun-
damental (quadratic) discriminant Dy, such that

log NE(Dn) < V2 (deg ¢E‘(Dn) )

This result allows us to conclude that Watkins’ conjecture does not imply
the existence of a uniform bound to the rank. To prove the main theorem,
we set up a family of twists of a fixed elliptic curve through the fundamental
discriminants involved and use the arithmetic properties related to its in-
variants. Finally, we apply a tool from analytic number theory to establish
an inequality between the 2-adic valuation of the modular degree and the
logarithm of the conductor.
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CHAPTER II
PRELIMINARIES

§1. Notations

Let us record the basic notation used throughout this thesis. If f and
g are functions on N, with f complex-valued and ¢ positive real-valued,
Landau’s notation f = O(g) means that there exists a constant ¢ > 0 and
an integer ng such that [f(n)| < ¢- g(n) for all n > ng. This is equivalent
to Vinogradov’s notation f < g. The constant ¢ in the previous definition
is referred to as the tmplicit constant.

We will denote by (a,b) = 1 to indicate that a and b are coprime. The
p-adic valuation is denoted by vp.

Further notation will be introduced as needed.

§2. Modular Curves

Let E be an elliptic curve over Q with conductor N, and let ¢ : Xo(N) —
FE be the corresponding modular parametrization. Take a minimal Weier-
strass equation for E/Q as in the introduction, and let

dx

w = -——
E 2y +a1x + as

be the Néron differential (It is unique up to sign). We have that the
pull-back

dpwr = 2micg fr(z) dz, (2.1)

is a regular differential on Xy(N), where fg is a newform of weight 2 for
I'o(N), and cg € Q* is the Manin constant. We assume that the signs of ¢g
and wg are chosen such that cg > 0.

Let us recall the following result due to B. Edixhoven about cg:
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The Manin constant cg is an integer.

Proof. See [11]. O

For more results about the constant see Apendix 1.
The Faltings’ height of E over Q is defined as a certain Arakelov degree,
c.f. [6], §5, which in our case takes the simpler form, c.f. [27], §3.

hE) = —%log <; /E(C) wE /\wE> . (2.2)

Let us recall the Ramanujan A-function
A(r)=q -,
n=1

where g = exp(27i7) is defined on the upper half-plane h = {r € C: (1) >
0}.

For F/Q with discriminant Ag, we let 75 € h be the point in the fun-
damental domain of SLy(Z) acting on h (see [10] for basic definitions) such
that j(7g) = jg, the j-invariant of E.

Therefore, a more explicit formula to the height is the following;:

With the notation as abowve,
1
h(E) = 3 (log |Ag| — log |A(TE)%(TE)6|) —log(2m).

Proof. See |27], prop. 1.1. O

The Petersson’s norm of f relative to I'g(N) is defined by

1/2
1flly = (/X (N)!f(z)lzdm/\dy) ,  z=z+iyeb. (2.3)

Therefore, by integrating both sides of equation (2.1) using (2.2) and (2.3),
we obtain

2 * Tx .
42 | fI2 = / o 1 T

Xo
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= deg ¢p / wg NWE,
E(C)
= deg ¢ exp(—2h(E)).

This gives the following result:

With the notation as above,

deg ¢ = dm’cly || f|[}y exp(2h(E)).

§3. Linnik’s Theorem

A famous theorem of Dirichlet asserts that any arithmetic progression
a, a+b, a+2b,..., where (a,b) = 1, contains infinitely many primes. How-
ever, this theorem does not provide information regarding the least prime
that appears in the progression. For this, we use a theorem due to Linnik:

Let pqp be the smallest prime satisfying
p=a mod b, where a and b are coprime integers. Then there exists
an effectively computable absolute constant L > 0 such that

Pab < bL-

To prove the theorem 5 one must study the zero-free region, the log-free
zero-density estimate and the exceptional zero of the Dirichlet L-functions,
the proof of which are covered in [15] without determining the constant L
but this could have been computed. Here is a selected list of the Linnik
constant produced by various researchers.

L Name Year
10000 Pan |21] 1957
77 Chen [16] 1965
80 Jutila [17] 1977
20 Graham [13] 1981
8 Wang [34] 1991
5.5 | Heath-Brown [14] | 1992
5.18 Xylouris [36] 2009

TABLE II.1: Estimates For Linnik’s Constant
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§4. Quadratic twists

For an elliptic curve E over Q with conductor N, and an integer D # 1,
the quadratic twist of E by D is a non-isomorphic elliptic curve that is
isomorphic to E over the quadratic extension Q(v/d)/Q, where d is a square-
free integer and D = dif d =1 (mod 4), and D =4d if d =2 or 3 (mod 4).
We will refer to D as the fundamental discriminant. The quadratic twist
of E by D will be denoted by E(P) and its conductor by N(P),

With the hypothesis of (D, N) = 1, we have ND) =

203°D2 . N where a,b are uniformed bounded integers.

Proof. By Proposition VIIL.8.7 of [28], the elliptic curve E admits a Weier-
strass equation of the form

E: v’ =23+ Az + B (4.1)

with A, B € Z[1/2,1/3] and discriminant A, which is minimal at any prime
p # 2,3. Then, the quadratic twist EWD) ig given by the following equation:

ED) . =23+ d*Ax + d*B

We claim that this equation remain minimal at p. First, notice that as
(4.1) is minimal at p, we have that either v,(A) < 12 or v,(A) < 4 (see
Remark VIL1.1, [28]). The discriminant A(P) of E(P) is d°A. And as A
and d are prime to each other, we see that v,(A) < 12 implies v, (AP)) < 12
as well. If v,(A) > 12, then p | N and v,(d) = 0, so v,(d?A) = v,(A) < 4.

We analyze the following cases:

° Since p | d, the reduction of £ (D) modulo p is the cuspidal

curve y? = 23, implying that v,(NP)) = 2.

° By definition, E has bad reduction at p, so E(P) does as

well, since p | AP Conversely, if E(P) has bad reduction at p, then
E must also have bad reduction at p, given that p 1 d, which implies
p|A.
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Recall that E has additive reduction if and only if p | A and p | B
(exercise VIL.7.1 (b) (iii) of [28]). Since D is coprime to N, we have
p1 D. Therefore, F has additive reduction if and only if E®) does as
well. Consequently, F and E(P) share the same type of bad reduction
at p. Specifically, v,(NP)) = v,(N).

In the cases p = 2 and p = 3 we can find a simple p-adic bound to
N By definition of conductor (cite silverman) we have vo(N(P)) < 5 and
v3(NP)) < 3. If we set a := vo(NP) /D2N) = vo(N(P)) — 209(D) — va(N)
then we have |a| < 5. Similarly, for p = 3, we have |b| < 3. O

If two elliptic curves are quadratic twists of each other
then they have the same j-invariant.

Proof. See |28| prop. 1.4(b). O



CHAPTER III

ARITHMETIC RESULTS FOR QUADRATIC
TWISTS

§1. Arithmetic of the twist under 2-adic valuation

The following results are based on Esparza-Lozano & Pasten [12], and
this section is largely derived from that article.

Let E be an elliptic curve over Q, let D be a fundamental discriminant,
and let E(P) be the quadratic twist of E by D. Given elliptic curves E; and
Es over Q, we define

5(E1, EQ) = exXp (2h(E1) — 2h(E2)).

The value
S(EP)E) is a rational number satisfying: |v,(3(EP), E))| = 1 for every
odd prime p dividing D, and |vy(6(EP), E))| < 3.

Proof. We apply Lemma 3 to both E and E(®). Since E and E(P) have
the same j-invariant, it follows that 7 = 7hmp). Therefore, §(F, ED)y =
Ap/A g

By Proposition 2.4 of [20], we have the following:

1. For an odd prime p dividing the square-free d of the implicit quadratic
extension:

(a) If min{3v,(ca(F)),2vp(c6(E)),vp(AE)} < 6, or if p = 3 and
vp(cg(E)) =5, then v,(Agw)/AE) = 6.

(b) Otherwise, v,(A gy /AE) = —6.
2. For p = 2:

(a) If d=1 (mod 4), then v2(Agxw)/Ag) =0.
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(b) If d = 3 (mod 4), then vo(Apw)/AE) € {—12,0,12}.
(c) If d =2 (mod 4), then va2(Agwm)/AE) € {—18,—6,6,18}.

From these results, it follows that (AE(D)/AE)1/6 is a rational number,
completing the proof. O

Let us introduce some notation for the following result by Delaunay [9]
(allowing D and N to have common prime factors): We have

NP = MD?D22% and N = MD,2*,
where Dy (resp. D3) is the product of the odd primes p such that p | D and

ptN (vesp. p| D and p || N), A = v3(N), k = va(NP)) so that A < k and
M, Dy, D5y are odd. Then:

We have || fpo) |5 /|1 fBl% € Q% and

2
: (”J‘Miww> F12 Y walp— Do+ 1 a(E)p+ 1+ ap(E)).

2
IR =

Proof. The quadratic Dirichlet character attached to D has conductor |D|.
By Theorem 1 in [9], and following its notation, we have

1 v =13 51 [[r-Dp+1-a)(E))(p+1+ay(E))

p|D1

1
X 5o [Te-De+1)

2

p|D2

26=3(3 — ay(E))(3 4+ az(E)) if A=0, k> 4,
x ¢ 2F3 % 3 ifA=1, k#\,

2k—A if2<A<korifA\=Fk=1.

Since Dy and Ds are odd, we analyze the integer factors: The first term
directly contributes to the ratio. The second term has a positive contribution
to the 2-adic valuation. And in the third term, the 2-adic valuation is at
least —1.

This concludes the proof. O
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CHAPTER IV
PROOF OF MAIN THEOREM

Let us fix an integer a@ > max{2,logy, N}. By Dirichlet’s theorem on
arithmetic progressions, there exists a prime of the form ¢ = 2%m + 1 with
m a positive integer such that N < ¢ so that (¢, N) = 1 and ¢ # 2,3. Let now
E be an elliptic curve over Q and let D = ¢ be a fundamental discriminant.
By Lemma 9, we have

2
” <HfE<q> I

2 > +1>02((g = D(g+1—ag(E)(g+ 1+ ag(E))).
Ifely

Since v2(¢—1) > aand aa — 1 > %a, we have

vl f g v /1 fElR) > o (0.1)

Now, recall the formula for computing the modular degree in Proposition
4. Thus,

deg ¢pw _ o lfs0 @ S(EW, E)
deg op gl fel% ’

Therefore, using equation (0.1) above, by Lemma 2, and by Lemma 8,
we conclude va(deg ¢,/ deg pr) > a.

On the other hand, by Proposition 6, N is bounded by 2%3¢*N, so
log N9 < loggq (recall that a and b are bounded). By Linnik’s theorem,
g < 2°L. Thus log N9 < «. Finally,

log N9 < a < vp(deg ¢ o))
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APPENDIX

§1. Manin Constant (based on the introduction in [2])

Let E be an elliptic curve defined over the rational numbers @Q, and let
N denote its conductor. As discussed in §2, the Manin constant cg is the
constant appearing in the relation

opwr = 2micpf(z)dz.

It is known that cg is an integer (lemma 2), and significant work has been
done to restrict the primes that may divide cg.

The Manin constant plays a crucial role in the Birch and Swinnerton-Dyer
conjecture (see, e.g., [37], p. 130) and in the study of modular parametriza-
tions (see |30, 29, 31]).

By the results of [4], E can be realized as a quotient of the modular
Jacobian Jo(N). After possibly replacing E by an isogenous curve, we may
assume that the kernel of the map Jo(N) — E is connected. In this case, E
is referred to as an optimal quotient of Jo(N) (or a strong Weil curve in
older terminology).

Manin made the following influential conjecture:

Congeture 1 (Manin, cf. [18]): For any optimal elliptic curve E over
Q, the Manin constant cg is equal to 1.

The conjecture is proven in the case when E has semi-stable reduction
(i.e., N is square-free). First, we mention previous results which cover many

special cases:

19]): For an odd prime p. We have if p | cg,
then p* | 4N.

The following results refine the above result at p = 2.
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1/): If p|cg, thenp| N.

2/): If p | cg, then p* | N or
plmg.

The following result contains all cases of semistable curves

5/): The conjecture 1 holds in
the case when E is semistable.

The following theorem verifies Manin’s conjecture in a wide range of
cases:

8]): If E is an optimal elliptic curve
over Q with conductor at most 130000, then the Manin constant cg satisfies
cp = 1.
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