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Introduction

Superconductivity is a property achieved by some materials characterized by a com-
plete loss of electrical resistance when they are cooled below a critical temperature.

This property was discovered by K. Ohnes in 1911.

A striking feature of superconductors is the so-called Meissner effect, which states
that superconductors repel applied external magnetic fields and levitate over mag-
netic sources. However, this property may be lost if the intensity of the external fields
is sufficiently large. A particular family of superconductors, called type-II supercon-
ductors, are characterized by the existence of a mized phase where superconductivity
coexists with magnetic defects given by the partial penetration of the external field.

These defects are called wvortices.

These vortices might move because of their interactions or by external forces. This
motion causes energy dissipation due to vortices generating an electric field, which
generates an electric resistance and the loss of superconductivity. We can control the
motion of vortices by introducing an inhomogeneity like varying the width or tem-
perature across the material. This can create pinning sites for the vortices as it may
be less efficient in an energetical sense for vortices to move through inhomogeneous

regions.

The Ginzburg—Landau functional in 2D. Critical fields.

The behaviour of superconductors under a pinning effect is modeled by the inhomo-

geneous Ginzburg—Landau energy functional. In the two-dimensional framework, the



Ginzburg-Landau energy functional corresponds to

Here

1 () — |ul?)?
GL.(u, A) = 5/Q|v,4u|2+ (a (x)%?’ul = o (0.0.1)

Q) C R? is a smooth, bounded, and simply connected domain.

u: Q — Cis called the order parameter and its squared modulus (the density
of Cooper pairs of superconducting electrons in the Bardeen—Cooper—Schrieffer
(BCS) quantum theory [BCS57]) indicates the local state (normal or supercon-

ducting) of the material.

A Q — R? is the electromagnetic vector potential of the induced magnetic
field h = curl A := 9,, Ay — 0,,A;. Note that in R?, the curl operator yields a
scalar field which agrees with the x3-coordinate of the usual three-dimensional

curl.
V 4 denotes the covariant gradient V — i A.

hex > 01is a constant that represents the intensity of the external magnetic field

in the direction perpendicular to €2.

e > 0 is the inverse of the Ginzburg—Landau parameter usually denoted &, a
nondimensional parameter depending only on the material. We will be inter-
ested in the regime of small ¢, corresponding to extreme type-II superconduc-

tors.

a. is the pinning function that accounts for inhomogeneities in the material. We
will assume that a. € L*>(Q2) and that it takes values in [b, 1], where b € (0, 1)
is a constant independent of €. The regions where a. = 1 correspond to sites

without inhomogeneities (we also say that there is no pinning in these regions).

The configuration (u., A.) which minimizes (0.0.1) indicates the electromagnetic pro-

file of the superconductor exposed to an external field, while vorticity regions are
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represented by u ~ 0. The vortices themselves are codimension 2 topological defects
and they are the limiting set of the vorticity regions as ¢ — 0. Vortices also have an
associated topological degree (winding number). Heuristically, vortices appear as an
intermediate phase in a competition between superconductivity, which is represented
by a. ~ |u|?, and the abscense of Meissner effect, which is represented by h & hey.

The term |V qu| seeks to enforce regularity.

Many particular models of a. have been studied through the literature. For example
a. can be a step function taking only two values (say, b and 1) where € controls the
regions where a. = b, or a periodic function with oscillations controlled by . We
refer to [LM99, Kacl0,DS21, DSRS23] for results in the aformentioned cases. There
are also models where the pinning function can go near or even below zero. We refer
to [ABP03, AABOS] for these particular cases. We additionally refer to the works of
A. Aftalion, E. Sandier and S. Serfaty [ASS01], which studies the limiting behaviour

of a. through the lens of homogenization theory.

The homogeneous case a. = 1 corresponds to the classical Ginzburg—Landau func-
tional, which was first introduced by V. Ginzburg and L. Landau in [GL50]. Interest
from mathematicians started in the 90’s after the pioneering works from F. Bethuel,
H. Brezis and F. Hélein in [BBH94], where they developed tools for systematic vor-
tex analysis. Research on the homogeneous functional with magnetic field is well
documented in the book of S. Serfaty and E. Sandier [S507].

As the intensity of the external field he, is increased, the superconducting system
undergoes several phase transitions which drastically affects the behaviour of mini-

mizers. There are three main values H.,, H,.,, H., called critical fields for which these

29

phase transitions occur.

e When hey is below H., which is of order O(|loge|), the Meissner effect is

present and the material is in the superconducting phase.

o As he surpasses H,. , the external magnetic field starts to penetrate the ma-
terial. When H., < hex < H,

rations are allowed, where the number of vortices increases with h,. Vortices

,, we are in the mized phase and vortex configu-
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repel each other and, in the homogeneous case, they arrange themselves in a
triangular lattice to minimize repulsion. As he, starts approaching the second
critical field H,,, the vortices start to overlap. This means that superconduc-

tivity is lost in the bulk of the material.

e Between H,., and H.,, superconductivity remains only near the boundary. After

hex surpasses H.,, superconductivity is completely destroyed.

It is important to note that these phases present hysteretic behaviour. For example,
if we initially observe a superconducting phase and steadily increase hey, we will not
observe vortices even when surpassing the first critical field H.,. Mathematically, this
happens because the local minimality of vortexless configurations remains even when
hex > H.,. The value Hy, that hey has to surpass to break the stability of vortexless
configurations is called superheating field and it satisfies Hy, > H.. We refer to
[Ser99, Rom19a] for stability results of vortexless configurations in the homogeneous

problem.

Mathematical tools in the Ginzburg—Landau theory

Before we state the main results of this work, we have to give an overview of the
mathematical tools used for this problem. We will fill out the details in the corre-

sponding sections.

Gauge invariance

The Ginzburg-Landau energy admits an invariance under transformations of the

form

(u, A) = (ue'®, A+ Vo),

for a given scalar function ¢. This is called a gauge transformation and the invariance
induced is referred to as gauge invariance. Many of the physically meaningful quan-

tities in this theory are gauge invariant, including but not limited to the (weighted)
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free energy for a weight function n defined in 2

1 1 _ 2\2
F.,(u,A) = —/QT]QIVAUF + | curl A|* + 7]4%,

2

the superconducting current

Jlu, A) == (iu, V qu),

the vorticity measure
p(u, A) == curl(j(u, A) + A) = curl(iu, V 4u) + h,

where (z,w) = #2225 the scalar product in C identified with R?. We also say
that two configurations (ug, Ag), (u1, A1) are gauge equivalent if (uy, A;) can be gauge
transformed to (ug, Ag). Every configuration is gauge equivalent to a special config-

uration called Coulomb gauge, which is characterized by A satisfying

divA = 0 inQ
(0.0.2)

A-v = 0 on 0f

Energy decoupling

Consider the simpler energy functional without magnetic field in H*(Q2, C).

L [y a2

Using direct methods of calculus of variations, we can prove that E. admits a min-
imizer. Moreover, this functional has a unique positive minimizer which we will

denote by p.. By using the Euler-Lagrange equation solved by p.

. ps(as_pg) .
—Ap, = — = in (2 (0.0.3)

Vp.-v = 0 on 012,



L. Lassoued and P. Mironescu proved in [LM99] that for any u € H'(Q,C), the
following energy decoupling holds for any u € H'(Q, C)

(1= [uP)?.

= (0.0.4)

1
Ee(peu) = Ee(p:) + 5 / p2|Vul? + p?
Q

This is a powerful result in the inhomogeneous theory, because this indicates that a

inhomogeneous configuration rescaled by p. behaves like an homogeneous one.

Meissner configuration and Energy splitting

One of the main results of this work is an estimation of the leading order of the first
critical field H,,, which is equivalent to determine for which values of he, the global
minimizer for (0.0.1) corresponds to a vortexless configuration. A good starting
point is to look for the configuration which minimizes the energy amongst vortexless
configurations. Since, heuristically, vortexless configurations are characterized by
a. ~ |ul?, it may be a good idea to find A which minimizes GL.(y/a., A) in a suitable
space, but this is not always possible, since a. might not be in H*(2,C). Hence, a
good alternative is to minimize GL(p., A), since p? is essentially a regularization of

e

We identify this minimizer as he, A2, where the he, rescaling is added for convenience’s
sake. This special configuration (p.,hexA%) is called the Meissner configuration.
There are two very important features of the Meissner configuration. First, the
energy of any vortexless minimizer is close to the energy of the Meissner configuration.

Second, the Ginzburg-Landau energy decomposes as follows

Proposition 0.0.1. For any configuration (u, A) € H'(Q,C)x H' (2, R?) and (u, A)
such that
(0, A) = (peu, A+ he A),

we have

GL.(w, A) = GL.(po, hoeA%) + ., (u, A) — / i(u, AYE. + R, (0.0.5)
Q
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where & 1s the unique solution of the following Dirichlet elliptic problem

—divvga—i-é} = 1 inQ
Pz (0.0.6)
& = 0 on 09,
and
h? VE?
Ry := ?/ #(\uﬁ —1). (0.0.7)
Q ps

In the regime of he, that we are interested in, the term Ry = Ry(e) is negligible.
Considering that the energy of the Meissner solution is a good approximation of the
energy of vortexless minimizers, this indicates that the presence of vortices strongly
depends on the sign of the term (F. ,, (u, A) — hex [ pi(u, A)E.).

It is worth mentioning that this splitting was strongly prompted by [BR95, LM99,
SS07, Kac10].

Vorticity estimate and Vortex ball construction

The previously introduced vorticity measure j(u, A) indicates the density of vorticity
regions. We have mentioned previously that, as ¢ — 0, vorticity regions become
point-like. The worticity estimate, popularized by the works on the homogeneous
case of R. Jerrard and H. Soner in [JS02] captures this idea. The vorticity estimates
states that p(u, A) approaches a sum of Dirac masses in a weak sense. These Dirac
masses are centered at the vortices and the weight of each vortex is equal to 27d,
where d is the associated degree. This indicates that vortices are quantized. We
also point out that the presence of inhomogeneities affects only the positions of the

vortices and not their degrees.

On the other hand, the vortex ball construction gives us a lower bound for F; , (u, A),
the free energy with weight p., in terms of p. and degrees of the vortices. In the
homogeneous case, this construction was introduced independently by E. Sandier
[San98] and by R. Jerrard [Jer09]. It can be roughly described as finding a lower

bound for F; , (u, A) restricted to an initial collection of balls covering the vortices
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and letting the balls increase in radii in a way that preserves the lower bound. If
during the growth process two balls intersect each other, they are merged into one
ball in a way that the bound is preserved. This gives us a precise estimate on the
energetic cost of each vortex, which is 7 (ming p?) |d|| log e| + O(log | log ¢]) and does
not depend on the number of vortices. One of our results will be to indicate the

necessary modifications to generalize the construction to the inhomogeneous case.

The Ginzburg—Landau functional in 3D

The Ginzburg-Landau energy functional in three dimensions is defined as

GLP(u, A) /yv ul? + |“| y % \H — H.|? (0.0.8)
R3

Compared to the 2D functional,
e () C R? is assumed to be smooth, bounded, simply connected domain.

o A:R?® — R3 is the electromagnetic vector potential of the magnetic field H =

curl A, which now is a vector field that extends beyond (2.

o H..:R?® — R3is the applied external magnetic field. Its intensity hex is now
defined as its norm in an adequate space. Since H., represents a magnetic
field, it is natural to impose that div H,, = 0. This means that H., admits
a vector potential A, which satisfies curl Aoy = He. The intensity he, now
corresponds to the norm of H,, in an appropriate space and we introduce the
normalized external magnetic field Hy ey as ﬁHex and its normalized potential
Apex as iAo,ex- Acx 1s not unique and it can be chosen such that div Ao, = 0
in Q and Ae - v =0 on 0f).

Note that the 2D functional is a particular case of (0.0.8), where 2 is a cylinder of
infinite length with the 2D domain being its cross-section, while H,, is constant and

directed perpendicularly to 2.

The first noticeable difference between the 2D and 3D functionals is that the magnetic
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component |H — He|? is now defined in all of R?. On the other hand, vortices now
have a more geometrically complex structure, as they are 1-dimensional objects now.
Some of the tools can be slightly modified to hold in the 3D case, like the energy
decoupling or the Meissner configuration. However, some of them, like the vortex
ball construction, have to be replaced by more sophisticated tools. We refer to
[Riv95, IMS04, BJOS13, RSS23] for further results in the homogeneous problem.

Meissner configuration and Energy splitting in 3D

One of the main difficulties in adapting the energy splitting (0.0.1) is the redefinition
of the Meissner configuration. In particular, the functional minimized by the Meiss-
ner configuration now includes the energy of the magnetic field |H — He|?* extended
beyond €. To ensure more regular behavior near the boundary, we minimize in a
Coulomb-like gauge (ue4, A) ~ (u, A — V), where ¢4 is such that

divp?(A—V¢s) = 0 inQ
pE(A—=Va)-v = 0 on

This is equivalent to writing A — V¢, as C“;%B , where B satisfies

divB = 0 in{
Bxv = 0 ondf

. . ihex¢”
Thus, the Meissner configuration in 3D corresponds to (pgeZ ¢67f>§,heXA2), where
hex A2 minimizes GLEP (pee'®4, A) and ¢? , 1= a0 2. We also denote BY the vector

field given by the previously stated relation

curl B?

2

A — vl , =
P2

5 =
&Pz

The reason we bring attention to B? is that this vector field is related to the energy

splitting result in 3D, which is one of our new results stated in a work-in-progress
[DVR].
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Proposition 0.0.2. For any configuration (u,A) € H'(Q, C) X [Aex + Heun (R?, R?)]
and (u, A) such that

ihex¢? 5
(u, A) = (up.e hexd: 2 LA+ e AY),

we have
GLl1t, A) = GLelpec" ™52 oA+ Py, ) = s | s 4)- B2+ o (0.0
where BY is the unique vector field such that
divB? = 0 in Q
C“];lgB L - o4 Ve, inQ
Bxv =0 on 09,

and
h? curl BY|?
Ry = ﬂ/ —’ 5 | (Jul* —1).
2 Q pa

Remark 0.0.1. Note that, in contrast to the 2D case, the vorticity p(u, A) is now

a vector field since the curl of a vector field returns a vector field in 3D.

Main results

The main results of this work are concerned with wvortezless configurations. We

formally define them as follows

Definition 0.0.1. We say (u., A.) = (poue, Ac + hex AY) is a weakly vorterless con-

figuration if it satisfies the following asymptotic estimate.

H/’L(u87 AE)H(CS’I(Q))* = 0(1)

Additionally, we say that a weakly vortexless configuration (u., A;) is strongly vor-



texless if it also satisfies

lus| > ¢
for some ¢ > 0 independent of <.

From here on out, we drop the € subscript for these configurations, but keep in mind

the dependence on «.

Main results in 2D

The first couple of results are a characterization of the first critical field. These are the
main results of our paper [DVR24]. As we have stated before, the presence of vortices
is strongly determined by (F. . (u, A) — hex [, (u, A):), since the Meissner config-
uration will no longer be near a minimizer when (F. , (u, A) — hex [, p1(u, A)&) < 0.
Using the previously mentioned vortex ball construction and vorticity estimate, by

ignoring lower order terms, we deduce that this is possible when
w3l (gt iogel ~2h £ ) <0

If & is sufficiently regular, which is expected from elliptic regularity on (0.0.6), we
can set & and p? in the same point while adding a negligible error to the energy. We
conclude that this is equivalent to hey > %, where 1), = i—;. Our first result

formalizes this characterization of the first critical field. We define the approzimated

first critical field HY, as

ge o 110gel

4 2maxq Y.

Theorem 1. There exist g > 0 and Ko > 0 such that, for any e < g9 and any hey <
H: — Kolog|logel, the global minimizers (u, A) of GL. in H'(Q,C) x H'(2,R?)

are strongly vortezless configurations and satisfy the following asymptotic estimate

GL.(u,A) = GL.(ps, hex A%) + 0(1).
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The preceding result characterizes the behavior of global minimizers below H¢ .

Moreover, an explicit construction also provides a characterization above this value.

Theorem 2. Assume [p:]coa) < [loge|™ for some m > 0 and a € (0, 1], where
[ - Jeoa(q) denotes the Holder seminorm. Then, there exist eo > 0 and K° > 0 such
that, for any e < eo and any hex such that HS, + K°log|loge| < hex < [loge|™ for
some N > 2, the global minimizers (u, A) of GL. in H(2,C) x H'(Q,R?) are not
vortexless configurations. More specifically, there exists a configuration (u, A) which
is not weakly vortexless such that GL.(u, A) < GL.(p-, hexA).

Thus, under the assumptions of the previous two theorems, we conclude that

H. = H; + O(log|logel).

The reason we show that the energy of vortexless minimizers approaches the energy of
the Meissner configuration is that vortexless configurations themselves approach the
Meissner configuration in an adequate Banach space. This is proved in the following

result, which includes values for h., above the first critical field.

Theorem 3. Let a € (0,%). There exists €9 > 0 such that, for any ¢ < ¢y and

hex < =%, there exists a vortexless local minimizer (u, A) for GL.. Furthermore, if
(u,A) is in the Coulomb gauge, it approximates the Meissner configuration. More

formally,
(1) GL.(u, A) = GL.(p-, hey A°) + 0(1).

(2) The configuration (u, A) such that (u, A) = (pZtu, A — he, A) satisfies

: i0 _
061[1&2#] |u—e HHI(Q,(C) + || All g1 r2y = o(1)- (0.0.10)

(3) The configuration (u, A) satisfies

|A - hexAQHHI(Q’RQ) = o(1). (0.0.11)
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Moreover, if ||V pe|| p2qpey < €77 for some v < 1—2a, we have for any r € [1,2)

ot [u = pee”|| o) = 01 (0.0.12)

Moreover, we also prove that these locally minimizing vortexless configurations are

unique up to gauge equivalence.

Theorem 4. Assume E.(p.) < 8% Let o € (0,1) and B > 0. There exists g9 > 0
such that for any € < g, if hex < €7 then a pair (u, A) = (p-u, A + hex A%) which
locally minimizes GL. in H(Q,C) x H'(,R?) and satisfies F., (u,A) < &, is

unique up to a gauge transformation.

Remark 0.0.2. The hypotheses of this theorem are verified by the vortexless local
manimizer found in Theorem 3. More precisely, given o € (O, %), the vortexless local
minimizer (u, A) given by Theorem 3 is such that F. , (u, A) < £°, for some constant
8> 0.

As far as we know, analogous results to Theorem 3 and Theorem 4 have only been
stated in the homogeneous functional. We refer to [Ser99] and [Rom19a] for these
results in 2D and 3D respectively. The preceding theorems also indicate the hysteretic
property of the Meissner state, which states that configurations that start vortexless

remain vortexless even for some values of hey > H,,.

Main result in 3D

Our final result is a lower estimate of the first critical field, which is a result from
a work in preparation [DVR]. This is an analogous version of Theorem 1 for the 3D
problem. This result is more limited in comparison, which shows the limitations of
the 2D tools in the 3D framework. Our lower bound approximant changes in the

following way: We define

o lloge]
“ 2maxren () R:(T)’

xiil



where R.(I") is, roughly speaking, the ratio of the circulation of I' on the vector field
B? and its length. This is what is recently referred to as an isofluz problem. In the
inhomogeneous framework, we work on a weighted variant of the isoflux problem
studied by C. Romén, E. Sandier and S. Serfaty in [RS5523, Section 1.2].

Now we state our 3D result

Theorem 5. Assume [p:|coe) < M|loge|™ for some M,m > 0 and o € (0,1].

Additionally, assume that there ezists k = k(e) such that p. is constant in {z €

Q: dist(z,09) < k}. There exist €9, Ko > 0 such that for any ¢ < g¢ and hex <
ihexd?

Ho%P — Kylog|loge| such that any global minimizer (u,A) = (pgueh (bW?,A +

hex AY) € HY(Q,C) X [Aex + Heunt(R3, R3] for GL. is weakly vortezless and satisfies

the following asymptotic estimate

GL (1, A) = GLPP (poe" %52 hoe AV + o(1)

An important remark is that in the homogeneous case, strong vortexlessness holds
(see [Rom19a, Theorem 1.1]). Therefore, we can add that Theorem 1 directly gen-

eralizes to the 3D problem in the homogeneous case.

This document is organized as follows: In Chapter 1, we present the mathematical
tools for the 2D functional G L., including notation and some preliminary results
on topics like function spaces, norms and differential forms. Chapter 2 presents the
tools for vortex analysis like the vortex ball construction and the energy splitting.
Chapter 3 contains the proofs of the estimations for the first critical field, Theorem
1 and Theorem 2. In Chapter 4 we prove results on the stability of the Meissner
configurations, Theorem 3 and Theorem 4. Finally, Chapter 5 contains an overview

of the 3D problem and a proof of Theorem 5 that characterizes the first critical field.
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Chapter 1

Mathematical theory for the 2D
inhomogeneous (Ginzburg—Landau

functional

Our main goal in this chapter is to characterize the minimizers of GL. and develop
on relevant estimates for minimizing configurations which will be used throughout

the following chapters.

1.1 Notation and Preliminaries

1.1.1 Vector Algebra and Calculus

We denote the dot product in R™ by z - y and the usual Euclidean norm by |z|. We
can also identify the inner product of C
2W + Zw

(z,w) = 5

in R?. The interaction between C and R? appears in terms like the expansion of
|V Au|2.



The divergence operator in R" is defined in Cartesian coordinates by
divA=> "0, A
i=1

In R3, the curl (rotational) operator in Cartesian coordinates corresponds
curl A = (0, As — Opy Ag, Ony Ay — Ouy Ag, Opy Ao — 01y Av).
In R?, the curl operator is the x3 coordinate of the 3D curl
curl A = 0., Ay — 0., A1

curl can be understood as the dual of the operator V* := (—0,,, 0,, ), since it satisfies

the following identity for any A and compactly supported ¢

/QA-v%:/chrlAd).

The preceding equation can be used as the definition of the curl operator in the
sense of distributions. Moreover, we have the following operator identity for any

scalar function ¢
curl(¢pV+) = div(¢V) (1.1.1)

We will use V as the gradient operator for scalar-valued functions and D as the total

derivative (Jacobian) operator for vector-valued functions.

1.1.2 Function spaces and Norms

In this section, €2 is an open subset of R” with smooth boundary and X represents
a Banach algebra (like R” or C™). We will describe the most common spaces in this

theory, which are LP spaces, Holder spaces and Sobolev spaces.

Given a Banach space X, we denote its dual space, the space of bounded linear



functionals in X, by X* and we use (-,-) to denote the duality product. The norm
of the dual space is defined by

Wl = sup 2~ g (70,

vex ||zl x _mGX,HzHX:l

For p € [1,00), we define the space LP(2, X) as

70, X) i {f: Q5 X / IfIE < oo}.
Q
For p = oo, L>(£2, X) is the space of functions f: Q@ — X which are bounded when

excluding measure zero sets. In the particular case X = R, we use the simpler
notation LP(Q2). LP(2, X) is a Banach space with the norm

1l = ( / ||fr|’;()”

Il 7= 55 sup .

for p € [1,00) and

where ess supy, is the supremum in 2 excluding measure zero sets. For any p € [1, o],
LP(€2, X)) is a Banach space.

If p € [1,00), the dual space of LP(2, X) is isometrically isomorphic to L9(2, X),
where %Jr% = 1. Thus, if p € (1,00), LP(Q, X) is reflexive. Moreover, L*(2, X) is a

Hilbert space with inner product

(f,9)20.x) = /Qfﬁ-

For a € (0,1], we define the space of a-Hélder continuous functions C%%(€, X) as

Co(Q, X) = {f: Q— X: sup 1/() = Jw)llx < oo}.

ety T —yl®



This is a nonreflexive Banach space with the norm

1f(x) — f(y)llx
fll 0. = ||fll; + sup .
oo = Mllmian + o HEp =0
We also denote the a-Holder seminorm as
Flommons, o sup W0 =Wl
wtyeq  |lT—yl®

For k € N,p € [1, 00], we define the Sobolev space W*?(Q, X) as
WEP(Q, X) = {f: Q= X: D*f € LP(Q, X) for all |a| < k},

where the derivatives are taken in the sense of distributions. This is a Banach space

with the norm

||fHWk»P(Q,X) = Z HDaf“LP(Q,X)‘

la|<k

If p e (1,00), WFP(Q, X) is reflexive. Moreover, W*2(Q, X) is a Hilbert space,
denoted by H*(Q2, X), with inner product

(fs 9 ar@.x) 12/ Z D“fDeg.

2 |al<k

The following spaces are present in the 3D problem. The space He,i(f2,R3) is the
space of L? vector fields with L? curl. This is a Hilbert space with associated inner

product
(A, V) Hom(@r3) i= / curl A-curlV + A-V.
Q
We denote the space of compactly supported infinitely differentiable functions by
Ce(92,X). This is a dense space in LP(€2, X). The closure of C§°(2, X) in the
WHFP(Q, X) norm is denoted by W(f P(Q, X), which essentially corresponds to the

space of W*? functions which vanish in Q. More specifically, these functions do not



leave a boundary term when they are integrated by parts.

We use the suffix o to indicate that the elements of a vector field have zero diver-
gence. We dedicate a special mention to the space Cg%, (€2, R"), the space of com-
pactly supported vector fields with zero divergence, which we explore in the following

subsection.

1.1.3 Boundary conditions

One of the most useful tools in this work is integration by parts, which comes in
multiple forms depending on the differential operator and the boundary condition.
The notion of boundary conditions in the framework of Sobolev spaces is given by
trace operators. In this work, we will mainly use the following forms of integration

by parts
/A~Vf:—/(divA)f+ fA v,
Q Q o9

/B-Cuer:/curlB-V—/ (BxV)-v,
Q Q o9

where v is the unit normal vector on 0f) pointing outwards.
This motivates the following characterization of boundary conditions.

e If a vector field satisfies A - v = 0 on 012, then for any function f

/QA-sz—/Q(divA)f.

e If a vector field satisfies B x v = 0 on 0f), then for any vector field V

/B-cuer:/C,urlB-V.
Q Q

We will use the suffix N on a space to indicate that their elements satisfy A-v = 0 on
99, while we will use the suffix T if they satisfy A x v = 0. For example, Wy (Q, R?)
denotes the space of vector fields in W'P(2,R3) such that A-v = 0 on 9Q. A



particularly important subspace is L? (€, R?), the space of zero divergence vector
fields with tangential boundary conditions, since it is used for decomposition purposes
in Section 5. We take this opportunity to state a couple of classical characterizations

of this space which are satisfied under certain topological conditions on 2.
Lemma 1.1.1. Let A € L}, \(Q,R?).

1. [AS13, Theorem 4.3] If 2 is a simply connected bounded domain, there ezists a
unique By € Wi’%(Q,R:”) such that A = curl By.

2. [Gal94, Lemma IT1.2.2] The space Cg%, (2, R?) is LP-dense in LY (0, R?).
1.1.4 Important inequalities
e Holder inequality: For % + % =1, fel’(QX), ge LI, X):

||f9||L1(Q,X) < ||f||Lp(Q,X) ||9||Lq(Q,X) :

e Poincaré inequality: For p € [1,00), there exists C' = C(£2,n,p) > 0 such that
for any f € W, ()
”f”LP(Q) <C vaHLP(Q,R”) :

o Poincaré-Wirtinger inequality: For p € [1,00), there exists C' = C(2,n,p) > 0
such that for any f € W?(Q)

- (al)

e Sobolev embedding, p < n: For p € [1,n), p* such that ;% =
C' = C(,n,p) such that

< CIVIll@rn -
Lr(Q)

1 _ 1 there exists
P n

1l o ) < ClFllwrnoy -

Moreover, for any ¢ < p*, the embedding W'?(Q) — L%(Q) is compact, that



is, any bounded sequence in W?(£2) has a convergent subsequence in L4((2).

e Sobolev embedding, p = n: For p = n and any ¢ € (1,00), there exists C' =
C(€, p, q) such that

1 agey < C 1 ey -

Moreover, the embedding W1P(Q) < L?(Q) is compact, that is, any bounded

sequence in W1P(Q) has a convergent subsequence in L?(Q).

e Sobolev embedding, p > n (also known as Morrey inequality): For p € (n, 00),
ps =1 — 2 there exists C' = C(Q,n,p) such that

||f||007P*(Q) S C ||f||W1,p(Q)

1.1.5 Differential forms and currents

An n-current I" is a bounded linear functional defined on the space of smooth n-
forms with the L*° norm. As before, we denote the duality product between I' and
an n-form w by (I',w). We will mostly work with 1-forms and 2-forms in R?, which
means that we can extrapolate the LP theory for vector spaces to these forms, since

1-forms and 2-forms can be identified as vector fields in R3.

The mass of I is defined by

r
|F| — sup &
weD™(,R3) ||W||Loo(Q,R3)

Y

where D"(£2,R3) is the space of compactly supported n-forms.

n-currents are a generalization of n-dimensional manifolds that act on n-forms through
integration. We say I' is an integer multiplicity rectifiable n-current if there exists an
n-dimensional manifold M, an orientation n-form ¢ and an integer-valued function
0 such that

(M, w) = / 6(c) (wla) . £ (2))dH" (2),



where H" is the n-dimensional Hausdorff measure. The pair (M, ) is associated to

a geometrical object called varifold and is denoted by v(M,0).

The boundary of an n-current I" is denoted by OI'. This is an (n — 1)-current and its

definition is motivated by Stokes’ theorem

(0T, w) :== (T, dw).

1.2 Ginzburg—Landau equations

A natural starting point to study the minimization of a functional is to deduce
its Euler—Lagrange equations, which are solved by minimizing configurations. The

Euler-Lagrange equations associated to G L. are

¢ 2
—(Va)u = u(a. — Jul") = ) in Q
h = hex on 02
Vau-v = 0 on 0f),

\

where (Va)? = (div—iA)(Va) = (A +|A]? —i(divA + 2A - V)) and v is the unit
normal vector pointing outward from Q. We will refer to (1.2.1) as the Ginzburg—
Landau equations. Just like GL., these equations are also gauge invariant. This
means that any solution of (1.2.1) can be gauge-transformed into a solution (u, A)
on the Coulomb gauge. One of the advantages of this particular choice of gauge lies in
some elliptic regularity estimates, as we shall see later on. We can also immediately

deduce from the second boundary condition that in the Coulomb gauge

Vu-v =0 on 0 (1.2.2)

The elliptic structure of (1.2.1) also gives us a useful estimate on |ul.



Proposition 1.2.1. Let (u, A) be a solution of (1.2.1). Then we have in Q
mgx]u|2 < [laell poo oy < 1 (1.2.3)

Proof. The proof is an adaptation of the proof for [SS07, Proposition 3.9]. By gauge
invariance, we may assume that A satisfies (0.0.2). By expanding (V 4)?u in the first
equation and rearranging, we obtain

u(ae — [uf?)

—Au = — 2i(A - V)u — |A]*u. (1.2.4)

2

If we take inner product with u on both sides, we get

(ac — [ul*)
52

—(Au,u) = |ul? — 2(i(A - V)u,u) — |AP|ul?.

Now, consider the identity
1 2 2
5A]u| = (Au,u) + |Vul*.
By inserting (1.2.4) and considering that
Vaul* = [Vul® +2(i(A - V)u, u) + AP [ul?,

we deduce

[ul*(ac — Jul*)

lul*(a. — |ul?) < ’U‘Q(HasHLw(Q) — [uf?)
g2 '

= [Vaul* < o2 = o2

1
5 Al =
2

If 2o € Q is a maximal point of |u|?, then V|u|(x¢) = 0 and —A|ul?(zq) > 0.

On the other hand, if x( is a maximal point of |u|? in 99, then V|u|-7 = 0, where 7
is the unit tangent vector of 9. On the other hand, (1.2.2) implies that Vu-v = 0.

In particular, V|u| - v = 0. Therefore,

Viu| = (V|u| - 7)1 + (V]u| - v)v = 0.



We may argue similarly to deduce that —Alu|(z) > 0. Thus, we conclude similarly
that

[ul* < lac|l ooy -

1.3 Lassoued—Mironescu energy decoupling

As we have mentioned in the overview of the tools, there is a particular minimizer
in H'(Q,C) that plays a role in an energy decoupling result. Recall the energy

functional without magnetic components.
u
/|Vu|2 | o : (1.3.1)

Proposition 1.3.1. There exists a unique non-negative minimizer p. for (1.3.1).

This minimizer is a solution of (0.0.3) and satisfies the following decoupling property
for any u € H'(Q2,C)

1 1 — |ul?)?
Bu(p = Bupo) + 3 [ 1o+t B (132)

Proof. To prove that a minimizer exists, we aim to use the direct methods of the

calculus of variations. The energy E. is clearly coercive in H'(£2, C). Moreover, the

term [, |[Vu|® is H'-continuous and convex, which implies that is H'-weakly lower

(ac—|ul?)?
2¢2

implies that it is H!-weakly continuous by the Rellich-Kondrachov theorem. There-

semicontinuous. On the other hand, the term fQ is L*-continuous, which

fore, E. is weakly lower semicontinuous and coercive in H!(Q, C) and we conclude
that it must admit a minimizer in this space. Moreover, if v, minimizes F., we have

E.(|u:]) < E.(u.). Therefore, E. admits a non-negative minimizer.

Now we prove the energy decoupling. Let p. be a non-negative minimizer for FE..

10



We start by determining E.(p.u)

U
/|vpE ’2 |p |>

e — 52 201 — |ul?))2
=2/Ymuv&ﬁ+p4vm%gm&v& O e X )i

2e2

After expanding the rightmost square terma and rearranging, we obtain that

(1 —Jul)

1
Blpo) = E.(p)+ 5 [ AIVuP 4t
Q 19

(a = lp:P)(1 — Ju?)?*

> (1.3.3)

1
+§/(|u|2_1)|V,05|2+2U,OEV,OE-VU—|—,0§
Q

While on the other hand, by using p.(1 — |u|?) as a test function in (0.0.3), we have
the equality

90 T )~ 2pwag = [ e A0
& Q

e2

By inserting this term into (1.3.3), we see that the second integral vanishes, which

yields our decoupling result.

(1= Ju)

1
Eulpa) = Bulpd) + 5 [ 2Vl + 55
QO 19

Finally, we prove that there exists a unique non-negative minimizer. Suppose p1, po

are non-negative minimizers for E.. Using the decoupling result (1.3.2)

0=E.(p1) — E.(p) = E. (m%) — E.(p2)

2

11



Thus, we have g—;

= 1. Since py, po are non-negative, we deduce that p; = p,.

[

This decoupling result holds even if Vu is replaced by the covariant gradient V su

instead, that is, if we consider the following energy functional

=3 [+ L

Lemma 1.3.1. For any (u, A) € H'(Q,C) x H'(Q,R?), we have

we have the following result.

E A) = E 1 2\ 4 ul? 4% 1.3.4
5<p5u, >_ E(p€)+2 Qpal Au‘ +p5 282 . ( )

Proof. Expanding the square on |V 4(p.u)|*> we have
Valpeu)* = [V (p)|* + pZ| AP [u]* — 20 (V (peu) ,iAu).
Combining with (1.3.2), we find

1 1 — |ul?)2
Ex(peu, A) = Ex(p:) + 5//)§IVU|2 y by 2|2| )
Q 9

+ 2| AP ul® = 20.({p-Vu,iAu) + (uVp. i Au)).

Since (u,iu) = 0 and Vp. and A are real-valued vector fields, (uVp.,1Au) = 0.
Thus, the RHS is equal to

E 1 200wl = 1ARIul? — 2(Vau . iA 2 (1= Juf?)?
o)+ 5 [ P20V AR = 2(Tu. i) + pl
1 (1 —[ul?)?
— E.(p. + 2 2 AN L VA
<p>+2/ﬂpa|v,4u| Ak
n

12



1.3.1 Regularity properties of p.
The following are a couple of useful estimates for p..

Proposition 1.3.2. For any x € €, we have
Vb < pe(x) <1 (1.3.5)

Furthermore, we have

HVPEHLOO(Q,RQ) <

o Q

for some C' > 0 which does not depend on €.

Proof. Observe that max{p., 1} € H'(Q2,C). We are thus allowed to use it as a test
function in (0.0.3), which yields

— 52 2
o< [ qweps [ plesBL [ )
{pe>1} {pe>1} € {pe<1} €

Since (a. — p?) < 0 when p. > 1, we deduce that

a. — p? a. — p?
/ pz( € 2p5> S/ ps( 3 2p6)'
{pe>1} € {pe>1} €

Inserting this into (1.3.6) and using the equation solved by p. yields

2
a/ JR—

/ IVpe|2§/p€—( : Qp‘g)
{p>1} Q €

(0.0.3)
= / _Ape
Q

=— Vp:-v
o9

00

13



Therefore we have

/ Vo l? = 0,
{pe>1}

which implies [{p. > 1}| = 0 and thus, p. < 1. The other inequality follows analo-
gously by using min{p., vb} as a test function and that p?(a. — p?) < Vbp.(a. — p?)
whenever p. < Vb.

The estimate on the gradient follows from the Gagliardo-Nirenberg type inequality
for functions u € H*(Q,C) such that 2% =0 on 99 (see [DS21, Lemma 3.2))

2
HVUHLOO(Q,(C) <cC (HAUHLOO(Q,(C) + HUHLoo(Q,C)> HUHLOO(Q,(C) : (1.3.7)

Indeed, since ||pe|| oo (g » el ooy < 1, from (0.0.3) we obtain that ||Ape|| o0y <

5%7 which leads to

o Q

HVPsHLoo(Q,R2) <

1.4 Ciritical points in the Coulomb gauge

Suppose (u, A) minimizes GL.. A consequence of the gauge invariance property of
GL. is that estimates on A could vary considerably, since (ue’®, A + V¢) is also a

minimizer for any ¢. Hence, it is natural to fix a particular gauge for (u, A).

To obtain the Coulomb gauge, we choose ¢ as the solution of the following elliptic
problem
Ap = divA in ()
{ Vo-v = A-v on 09,

which has a unique solution modulo a constant (in particular, V¢ is uniquely deter-
mined) since it satisfies the compatibility condition fQ divA= | oo A - v. The reason

we choose to fix the Coulomb gauge is the following crucial regularity result

Proposition 1.4.1. Suppose A € H'(Q,R?) satisfies the Coulomb gauge condition

14



(0.0.2). Then, there exists C' = C(Q2) > 0 such that
HAHH1(Q,R2) < HCUﬂAHLz(Q)- (1.4.1)
Moreover, if A € H*(2,R?), we also have
HAHHQ(Q,RQ) <C chrlAHHl(Q) : (1.4.2)

Proof. Suppose divA =0 and A-v = 0 on 0f). Since we assume ) is simply con-
nected, we deduce that there exists ¢ such that A = V(. Moreover, the boundary
condition means that V(-7 = 0. This implies that ( is constant on 92 and, with-
out losing generality, take that constant as 0. Thus, (¢ solves the following elliptic

problem

A = curlA in Q)
¢ = 0 on 012,

Therefore, we obtain estimates (1.4.1) and (1.4.2) by elliptic regularity, since
1Al o2y = IVCl o rey < C lleurl Af 2
and
[All 2 0.p2) = IVCll g2 pey < C lleurl A g q)
[
The regularity results given by the Coulomb gauge, combined with the Ginzburg—

Landau equations (1.2.1) allow us to deduce more favorable bounds for minimizing

configurations.

Proposition 1.4.2. Let (u, A) = (p.u, A) be a solution of (1.2.1), where A satisfies
(0.0.2). Then
[ ANl oo or2) < C(Ee(pe) + Fepp. (u, A)V2, (1.4.3)

where C'= C(Q2) > 0.

15



Proof. From the second equation in (1.2.1) and the Cauchy—Schwarz inequality, we
deduce that

IV Cur1A||L2(Q,R2) - ||<iuaVAu>||L2(Q,C) < HuHL?(SL(C) ||vAu||L2(Q,(C2)‘
Since |u| < 1 (recall (1.2.3)), it follows that
1A% CurlAHi?(Q,R?) < ||VAU||iZ(Q,<c2) < CE.(u, A).
The decoupling (1.3.4) then yields
||VCUT1A||22(Q,R2) < C(Ee(ps) + Frp.(u, A)) .
Moreover, since ||cur1A||ig(Q) < 2F,, (u,A), we deduce that
||Cur1AH§{1(Q) < C(Ea(pe) + Fep.(u, A)).
Finally, by (1.4.2) and Sobolev embedding, we obtain (1.4.3). O

We use the preceding result in tandem with the following proposition

Proposition 1.4.3. Let (u, A) = (p-u, A) be a solution of (1.2.1), where A satisfies
(0.0.2) and [|Al|pre) < € for some C > 0 not depending on . Then
C

C
||Vu||Loo(Q,<c2) < = and ||VU||L<>0(Q,(C2) < e (1.4.4)

where C' > 0 does not depend on €.

Proof. By expanding the first equation in (1.2.1) and using div A = 0 from (0.0.2),

we get

12
—Au= “(a—J“') — %(A-V)u — |APu.

€

16



Moreover, from the boundary conditions V u-v =0 and A-v =0 on 0f2, we get
Vu-v =0 on 0f.

Therefore, u satisfies (1.3.7). Combining this with (1.2.3) and our bound on || A|| e (o r2),

we deduce that

IVulf oo < < + [ All e r2) Hvu||L°°(Q(C2)+HAHLOO(Q]R?))

C
C
s—( +HVuHMC2)),

€

from where it follows that

C
||vu||L°°(Q,(C2) < P

Finally, using (1.3.5), we get

u
HVUHLw(Q’Cz) = HV (p_) C (Hvu||Loo(Q’C2) + ||Vp5|\Loo(Q,R2)) <
e

o|Q

Lo (Q,C2)

17



Chapter 2

Characterization of vortex

configurations

In this chapter we prepare the necessary tools to estimate the first critical field.
We develop on the previously introduced necessary tools for identifying vortices and
estimating their energetic cost, the vortex ball construction and the vorticity esti-
mate. We also introduce the Meissner configuration to help us characterize vortexless

configurations.

2.1 Approximation of the vortexless state

We have previously stated that a good approximation of a vortexless configuration
follows from minimizing on A the energy G L.(p, hexA). Using the energy decoupling

(1.3.1), we can write the energy as

1
GLo(pey hexA) = GLo(pe - 1, hex A) = E.(p.) + = / p2h2 |A|? + k2 |curl A — 1%
Q

2
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Thus, we only have to look for minimizers of

1
J(A) = §/p§]A\2—|- |curl A — 1]2,
Q

An adequate space for minimization is the space of vector fields which satisfies the
Coulomb gauge condition (0.0.2) H, = {A € HY(Q,R?): A satisfies (0.0.2)} with
the inherited H! norm. We can immediately deduce that J is strictly convex and
H'-continuous. Moreover, by H! estimates of the Coulomb gauge (1.4.1), we also
deduce that J is coercive in H,. Therefore, J admits a unique minimizer in H, which

we will denote by AY.

The Euler-Lagrange equation solved by AY corresponds to

£

—V4teurl A2+ p2A%2 = 0 inQ
curl A; +p g n (2.1.1)
curlA, = 1 on 09,

Let us define h? := curl A%. If we divide (2.1.1) by p? and take curl on both sides,

we see that h? solves the following Dirichlet problem (here we use (1.1.1))

ho
—divv—;—i—hg = 0 inQ

Y = 1 on 09,

This leads us to the previously mentioned solution of (0.0.6) which appears in the

energy splitting (0.0.5), since we have the relation & =1 — hY.

2.1.1 Properties of £ and 7!

First of all, we deduce from the maximum principle for 9 that, in Q

0 < 0 <
h, < max (max{h2,0}) <1

19



and
hg > — max (— min{hg, 0}) > 0.

09
Thus, we have the following bounds on
0<h<I1.

Analogously, we have the same bounds for & in 2.

0<é <1

We also naturally deduce H' bounds. By using & as a test function in (0.0.6) and

integrating by parts, we have

AE%E+@P=A&.

Therefore, since p. < 1, we have

2
1617y < 1912 1€l 2y -

This implies
[Ayel
where C' > 0 does not depend on &.

Furthermore, we have a rather surprising Cg 1 bound for &..

Proposition 2.1.1. We have that
IVEllpo () < C,

where C' > 0 does not depend on €.

Proof. Note that V*curl A2 = —V1£.. Equation (2.1.1) implies that A2 =

20

(2.1.2)

(2.1.3)

_vie
Pz




Therefore, using (1.3.5), we have

IV Lo@rz) = 1242 Lo r2) < |A2]| Lo r2) (2.1.4)

On the other hand, since A? satisfies the Coulomb gauge condition (0.0.2), (1.4.2)
yields

1420 2 ey < € llewr A2} s ) = Ol 1

Combining with (2.1.2), we deduce that

142 ]| 2 .2y < ©

which, by Sobolev embedding, yields
142

|2y < €

Inserting this in (2.1.4) concludes the proof. O

Finally, we will prove that & stays sufficiently far from 0 as ¢ — 0.
Proposition 2.1.2. We have that
111811_>1§1f max & > 0.

Proof. Let us assume towards a contradiction that, passing to a subsequence if nec-
essary, we have

mgxfs —0 ase—0.

By using & as a test function in (0.0.6) and integrating by parts, we find

/!Vé}!Q /62 /65
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Since p? < 1, we deduce that

||§a||%11(9) < /Qfg < |Q|mgxfa,

Thus, H@H?{l(m — 0 as € — 0. On the other hand, by using an arbitrary v € H'(Q)

as a test function and integrating by parts, we find

/Q%?vvvt/ﬂ&vz/gv. (2.1.5)

Using b < p? and the Cauchy-Scharwz inequality, we find

/WE—QVU /V§€~Vv
Q  Pe Q

Similarly,
e
Q

Hence, passing to the limit e — 0 in (2.1.5), we find [,v = 0 for any v € H'(Q),

S bil S biluv&gHLZ(Q’Rz)HVUHLQ(QJRQ) — 0 as € — 0

< Hfz—:HLQ(Q)HUHm(Q) —0 ase—0.

which is a contradiction. O]

Remark 2.1.1. This result immediately yields lim inf, o max 1. = lim inf._,; max i—; >
0. Moreover, since &, = 0 on 0N2, we have . = 0 on 0. We then deduce that there
exists d > 0, independently of e, such that dist (argmaxg(1.),0Q) > d for any e > 0.

2.2 Energy splitting

Now we have the necessary tools to prove one of the most important tools for our

work: The splitting of the Ginzburg-Landau energy (0.0.5).
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Proof of Proposition 0.0.1. From (1.3.4), we have
GL:(u,A) = E.(p-u, A) + / |curl A — hey|? (2.2.1)

_ 1 2 o a1 —=ul?)? _ 2
- E€(p6) + p€|VAU| + pe 2 + |CU_1"1A h€X| .
2 Jq 2e

By expanding the square |V au|?* and integrating by parts (recall from (0.0.6) that
& =0 on 092), we find

2

2 2 _ 2 L Vi
PeAVaul® = | pZ |Vau+ihec—5—u (2.2.2)
Q Q €
2 h
— / P’ <|V,4u|2 + h2, V& 2 ful? 2= 5 (Vau,iu) - VL&)
Q p? Pz
— 2 2 2 |V€a| 2 .
= [ pi|Vau|* + hZ, o |u]® — 2hex curl((iu, V qu))E..
Q €
We now expand the square | curl A — he,|?, which yields
/ |curl A — hey|* = / |curl A + hey curl A? — hex|2 (2.2.3)
Q Q

— / !curlA—i—hexhg —hexf
Q

= / | curl A + hey (1 — €2) — hex|?
Q

:/|cu1r1A—heX§5|2
Q

= / | curl A|? + h2 |&.|* — 2hexé. curl A.
0

Inserting (2.2.2) and (2.2.3) into (2.2.1), we deduce that

GL(0,A) = E(p) + Fop (0. 4) ~ s [ il A)g+ (' Vel mw)
(2.2.4)
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Let us now write GL.(p., hexAY) in terms of the energies of p. and .. We have

GLe(pe, hex AY) = E.(pz, hex AY) + ex/ |curl AY — 1

(1.3.4)

h2,
Bulp) + 22 [ A + 1 -1

h, |VEI? 2 ha [ IVEL )
:Ee )+ — / 2 + ga Pe +ﬂ/—+ 65 .
o+ [ el = B + 2 [ Rl

£

(2.2.5)

Therefore, by writing |ul? as 1 + (Ju|? — 1), we have

B [ (ISE ) <t [ (IS ) B [ 1968
o [ (e vier) =% [ (EEier) + B [ L qup -y

2.2.5)&(0.0.7
FEOED QL (e e A) — Bx(pe) + Ro.
By inserting this into (2.2.4), we obtain (0.0.5). O

Note that from (2.2.5) in the preceding proof, we deduce the following bound for the

energy of the Meissner configuration.

2.1.2)

(
GLe(pey hex A°) < Eo(pe, hex A°) + ChZ,

2.3 Vortex ball construction

Before we obtain the first critical field, we need to quantify the energetic cost of
vortices. To this end, we introduce the aforementioned vortex ball construction,
which gives us a lower bound on the free energy of the configuration, which is the
Ginzburg-Landau energy without the external field. In line with the decoupling
(1.3.1), we consider the free energy in B C Q with a weight 1: Q — [v/b, 1]

1 1 — 2\2
F.,(u,A; B) == 5/}37]2|VAU|2 + 774% + | curl A|?
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Our plan of action is the following;:

Step 1 State a lower bound for F.,(u, A; B) for an arbitrary ball B C €., where
Q. = {z € Q: dist(z,09) > e}. This is also the step where the presence of the

weight makes the most difference.

Step 2 Construct an initial ball configuration B; = B(x;, r;) which covers the essen-
tially null set Sg, which is the union of the connected components of {u < %} with
non-zero boundary degree and such that F,,(u, A; B;) satisfies a particular lower
bound. We also obtain a lower bound for a function A., which will be used in the

ball growth process.

Step 3 Increase the radii of the balls in such a way that the lower bound of the
collection is preserved. If two balls overlap during the process, they are replaced by

a singular ball containing both of them which also preserves the lower bound.

By following these steps, we will obtain the main result from this section.

Proposition 2.3.1. There exist g9, C' > 0 such that for any ¢ < €9 and (u, A) such
that
F.y(u, A;Q) <&,

where 8 € (0,1), the following holds. For every r € (Ce'~? 1) there ezists a collec-
tion of disjoint closed balls B = {B;}; = {B(a;,r;)} such that

(1) {z € Qe |ju] = 1] > 3} CU;B;.
(2) 2yri <.
(3) For any2b < C < (g)% it holds that either

F., (u,A;Qﬂ U B) > Ulogg,

BeB
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or, for each B € B such that B C ).,
F.,(u, A; B) > mp*(B)|ds| (log % - c) ,
- €

where n°(B) = ming n* and dp = deg(u,dB).

The proof of Proposition 2.3.1 is an adaptation of [SS11, Section 5], which is a more
up-to-date version of Jerrard’s construction in [Jer99]. The proof is mostly identical,
so we will refer to [SS11, Section 5] for details and indicate the differences caused by
the presence of the weight 1. We will also use the same notation for the constants

as in the referred papers for an easier read.

Step 1 We start by obtaining a lower bound for an energy defined on a circle, which
actually is the cornerstone of this new version of the ball construction method. In

the following, we use the notation 7*(©) := ming n?, for any closed subset © of Q.

Lemma 2.3.1. Let r > 0 and a € Q such that B = B(a,r) € . Define m =

mingg |u|. Then, for any ¢ such that 0 < <r, we have

n°(B(a,r))

1 2 2 4(1 - |U|2)2 2 (1- m)2
- V - > B)——, 2.3.1
2 /BB(a,r) ! | IUH K 2¢e? = L ( ) € ( )

where ¢y 18 a universal constant.

Proof. We follow the proof of [Jer99, Lemma 2.3]. Within this proof, C' denotes a

positive constant that does not depend on r and that may change from line to line.

Let z,, € 0B(a,r) such that |u(z,,)| = m and define

1
vimg [l
OB(a,r)

Note that if v = 0, then |u| is constant on 0B(a,r) and therefore (2.3.1) follows

immediately from the hypothesis on . Thus, we assume from now on that v > 0.
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From Morrey’s inequality, we have, for any x,y € 0B(a, ), that

1 1 1
lu(@)] = [u@)ll < CIVIulll2@pen) [ —yl2 = Cyzlz —y[>.

[1—m]|
Cvyz

Therefore, for any = € dB(a, r) such that |z — z,,|z < , we have

1+m

ju(@)] < Julwn)| + Cv2le — wu|® < —5

Since r > for any o > 0, the arclength of 0B(z,r) N B(x,,, c) must be greater

s> (1=m)?
C

2(B
than C' min{o, B } Moreover, since (1 — |u|?)? >

(1 )2
n2(B)y”’

whenever |u| < 2™ by

we find

choosing o =

1 2 (1= Jul®)?
- Vu|Panti—1 2
5 )y IV

> (B + (B o min {nafo <717an3 }

=n*(B) (7 + %min {5, (1_77"2)}) .

Ife<d Wm) we obtaln (2.3.1). Otherwise, we can minimize v + K—2 with respect to
(

v, where K = . Since v = K is a stationary point and v + —2 is convex, we

conclude that 2K is the minimum, which means v > 2K. Therefore

1 2 2 41— u?)? (1—m)?
= \Y% — > COn*(B)———,
2 /BB(:E,T) ! | |U|| K 2e? : ( ) €
which means (2.3.1) holds in all cases. O

Step 2 For a compact set K C € such that 9K N Sg # (), we define

degp(u, 0K) Zdeg u, S;),
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where S; are the connected components of Sg compactly contained in K. Applying

the previous lemma, we obtain the following result.

Lemma 2.3.2. There exists a (finite) collection of disjoint closed balls {B;}; =
{B(a;, i) }i such that
(1) For each i, r; > AR

(3) There exists a universal constant ¢, > 0 such that, for each i, we have

Fop(u, A;, QN By) > eyf’(B) =
g

Proof. The proof is a slight modification of the proof of [Jer99, Proposition 3.3].
Indeed, by noting that from [Jer99, Lemma 3.2], we have

2
n°(Si)
[ v = (s [ (vup 2 £ 22 deg(w. 05,
Si Si

the proof is exactly as the proof of [Jer99, Lemma 3.3], using of course (2.3.1) instead
of the lower bound in [Jer99, Lemma 2.5] and the fact that 7°(01) > 1*(©;) for any
closed sets such that ©; C ©,. The constant ¢; is the same as the constant ¢y in

Jerrard’s proof. ]
From now on, we closely follow [SS11, Section 5].

Proposition 2.3.2. For a small enough co € (0,¢1), let

Cy T 1
A — .
5<l’) min (5 71 + n Cox>

Then, for any closed ball B = B(a,r) such that B C ., 90BN Sg =0, and
r < where d = degy(u, OB) # 0, we have

%/wnﬂwmun& 5 [lewtal = (L), es2)
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Ac(s)

S

Moreover, A (s) = fos A is increasing, the function s — i1s decreasing and it

satisfies
A A
lim -(5) < 2, 30 > 0—3,
s—=0 S e e €

for some sufficiently small constant c3. Finally, for any s € (5, %) and some Cy > 0

we have
A(s) > ﬂlogg — Cp.

Proof. The proof is almost exactly as the proof of [SS11, Proposition 5.3]. In fact, the
functions A, A, are the same as in this proof, and since n < 1, we have | curl A|*> >
n°(B)|curl A]>. Hence, we only need to carry around the weight n*(B) and mimic
the proof of [SS11, Proposition 5.3]. O

Step 3 With these estimates at hand, the ball construction procedure of growing

and merging balls yields the following result.

1
]
balls B(s), depending only on u, such that

Proposition 2.3.3. For any s € (0 ), there exists a collection of disjoint closed

(1) B(s) C B(t) for s <t and the total radius of the collection is continuous with

respect to s.
(2) Sg C B(s), for any s.

(3) For any B = B(a,r) € B(s),

F.(u, A; B) > 772(B)TAE(S).

T S

(4) For any B = B(a,r) € B(s) such that B C Q., we have r > s|dg|, where
dp = degg(u,0B).

Proof. The proof follows the process of growing and merging balls described in [Jer99,
Proposition 4.1] and [SS11, Proposition 5.4]. Let B = {B;}; = {B(a;,r;)} be the

collection given by Lemma 2.3.2. We start by choosing sy < % small enough so that
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the balls in B satisfy items 3 and 4 (item 2 is obviously also satisfied). In particular,

for each B = B(a,r) € B we have

AE(S(})‘

Fa,n(u> A; B) Z C177_2(£3) S
0

> n°(B)r

oM |3

We construct the collection B(s) as follows. For s < sy, we let B(s) = B. Then, as
s increases, we let the radius of each ball grow so that r; = s|dpg,|. Observe that the
bound of item 3 is preserved during the growth process, which follows from (2.3.2) and
the fact that *(B;(s)) > n*(B;(t)) for s <t (since B;i(s) C B;(t)). If at a moment
two balls By = B(ay,r1) and By = B(ag, r9) intersect each other, we merge these balls
into a larger ball that contains them with a radius equal to the sum of the radii of the
merged balls. This ball can be explicitly written as B = B (%, r -+ 7"2). The
bound of item 3 still holds after the merging process, since we have dg = dp, + dp,
and therefore |dg| < |dp,| + |dg,|, and n*(B) < 1*(Bi) 4+ n*(Bz). This process
of growing and merging continues as long as (2.3.2) can be satisfied, that is, until
5§ = % 0
With these tools at hand, the proof of Proposition 2.3.1 is exactly as the proof of
[SS11, Proposition 2.1]. We only need to carry around the weight 7°(B) throughout

the argument.
Some important remarks to mention are the following.

Remark 2.3.1. Let us remark that [SS11, Proposition 2.1] states that the ball col-
lection covers the set {x € Q.: |u(z)| < i}, contrary to what we have written here.
Howewver, a careful inspection of the proof reveals that the ball collection is obtained
by merging with a cover of the set {x € Qe: [1—|u|| > 1} given by [SSO7, Proposition
4.8]. This proposition also holds in the inhomogeneous case, since b < n? < 1, which
in turn gives F.,(u, A;Q) < F.(u,A;Q) < b7'E.,(u, A;Q), where F.(u, A) is the
particular case for F, ,(u, A) with n = 1.

Remark 2.3.2. In the situation where dg # 0 for some B C )., a natural choice
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for C is wD, where D = > pesna. W (B)|dp|. With this choice, in all cases we have

F., <u Aan B) > 7D <log % - C> . (2.3.3)
19

BeB

Notice that this choice is possible since in this case C' > 7b > 2b. Moreover, if dg = 0
for every B C Q., then (2.3.3) still holds, since the RHS vanishes. Moreover, under
the assumptions of Proposition 2.3.1, we deduce from (2.3.3) and r > Ce'=P, that

Z |de

where C' > 0 s a constant that does not depend on ¢.

< OFa,pe(U7 A)7
Bllogel

(2.3.4)

Remark 2.3.3. In [SS11, Proposition 2.1], C must be larger than or equal to 2.
However, a careful inspection reveals that one can replace 2 by any universal constant
in (0,7) and the argument of proof holds exactly the same. Notice that when n =1,
7D > w, and therefore we need to be able to choose C > 7 in order to obtain (2.3.3).
Of course, the condition C > 2 makes this choice possible, but the same holds for

any constant in (0,).

2.4 Vorticity estimate

We follow the preceding construction with a vorticity estimate for the constructed
balls. This estimate is also referred to as the Jacobian estimate, since the measure

p(u, A) is considered a gauge-invariant version of the Jacobian determinant.

This result gives us an approximation for y(u, A) in the dual norm (Cg™")* depending

on the free energy F. ,(u, A).

Proposition 2.4.1. Let B = {B;}; = {B(ai, i) }i be a finite collection of disjoint
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closed balls and € > 0 such that
1
{:UGQE: |u(z)| — 1] 25} gLiJBi, (2.4.1)

where Q. = {x € Q: dist(x,0Q) > e}. Then, for anyr =), 1, < 1,e <1, there
exists C' = C(Q) > 0 such that

< C'max{e,r} (1 + %) : (2.4.2)

w—27 Z dp,0q,
‘ (et @)

where dg, = deg(u, 0B;) if B; C Q. and 0 otherwise, M = F. ,(u, A), n: Q — [v/b, 1],
and (0871(9))* is the dual space of C'(Q).

Proof. First, we state the proof in the particular case n = 1 and b = 1. Once we

prove the estimate in this particular case, we deduce (2.4.2) by noting that

1 — |ul?)? 1 1 — |ul?)?
/|VAU|2—|—< ‘ ’ ) < /772|VAU|2+7’}4< ‘ ’ ) ]
Q Q

2e2 = p2 2e2

We denote the free energy in this case by F.(u, A) and follow the proof of [SS07,
Theorem 6.1]. We let x: RT — RT be the continuous piece-wise affine function,

defined via

2t if t €[0,3].
1 ifte (s, 2].
£ — 272
M= 1ho0-2) itee 22
t if t € [2,00).

This function is such that, for any ¢ > 0, x(¢) < 2¢, X'(t) < 2, |x(t) —¢| < |1 — ],
and
() = %] = Ix(t) + tlIx(t) — ] < 3t[1—¢].

We now define p = |u|, a = @u, and fi = p(a, A) = curl((ia, Vau) + A). Note

that || = 1 when |Ju| — 1| < 1/2 (in particular, in Q. \ U;B;). We proceed in several
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steps.

Step 1 (Closeness of p and fi). We claim that there exists a universal constant
C > 0 such that
[ — /j«H(Cg’l)*(Q) < CeM. (2.4.3)

In fact, let ¢ € Cg'(Q) such that ||C||C§’1(Q) = V¢l ~pe) < 1. Integration by

parts yields
/ (b — )¢ ‘ =
Q

Arguing as in the proof of [SS07, Lemma 6.2], we find

/Q(<iu, Vau) — (i, V 40)) - V(]

|(iu, Vau) — (i, Vau)| < 3|1 — p||Vaul.

Therefore, using the definition of F.(u, A) and the general inequality |1 — |z|| <
1= 2]

[ mc\ < O = oy IV sl 19€ sy
1
S C Hl - p2HL2(Q) M:z HgHCg’I(Q)

< CeM.

Step 2 (The advantage of working with fi). A direct computation shows that
=0 in Q. \U;B; and / f = 2ndeg(u, 0B;) if B; C Q.. (2.4.4)
B;

Since we have that i = 0 whenever |u| = 1, i.e. when [[u] — 1| < 1/2, using (2.4.1),

/Q ac =Y /B e /U e (2.4.5)

%

where U = {z € Q\ Q.: ||u| — 1| > 1/2}.

we deduce that
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To estimate the vorticity in U, we need an estimate of || near the boundary. Since

¢ =0o0n 09, for z € Q\ Q. we have

C(@)] < V¢l o @preye < C ||C||cg’1(9) £

Hence
[ | < e lclegr [ 1 (2.46)
U U
Analogously, if B; is such that B; N\ Q. # 0, we have that

¢(z)] < ||C||cgv1(9) (e+2r) <C HCHcg»l(Q) (€ +ri),

for any z € B; N ). Therefore, for any such ball B;, we have

[ =ceenClge [ 1l 247)
B;NQ B;NQ

K3

In particular, by combining (2.4.5) with (2.4.6) and (2.4.7), we deduce that

Aﬂc—Eléfm

jed

< Clmaxter D) [Cloney [ il (249

where J is the set of indices j such that B; C (..

Since |4 = 1 on 9B; for each j € J, in view of (2.4.4), we have that [, i = 2md;.
Thus

/ ¢ — 2md;¢(ay)
B.

J

[ -t

J

<O ellegris, [ 11 < CriClegey [ Vil (249)

Finally, we need a bound for [|i]|;.q). An explicit calculation shows that o =
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2(01 —iA1)u x (Oy —iA2)u + curl A. In particular

/}mfa/vam+¢wﬂm.
Q Q

Using the Cauchy-Schwarz inequality and the fact that

2
+X'(p)*Vpl* < 4p

2

[V aul?* = x(p)? +4|Vp|? = 4|V 4ul’,

vi_4
p

vei_ 4
p

we deduce

[ < e
Q

By inserting this into (2.4.8) and (2.4.9), we deduce that

/QﬂC - QWZdz‘C(ai>

< C(max{e,}) [[¢llcor ) M (2.4.10)

Step 3 (Conclusion) Finally, by combining (2.4.3) and (2.4.10), we deduce that

‘/ﬂuc—zwgdi«ai) < ‘/Q(u—ﬂ)é‘ n /Qm—zwgdiqai)
< CeM |Gl oy + Cmax{e, M [ICll o g
< C'max{e,r} M ”C”Cg‘l(ﬂ) :

This concludes the proof.
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Chapter 3

Estimation of the first critical field

We have developed the necessary tools to start proving our main results. In this
chapter we prove Theorem 1 and Theorem 2, related to the characterization of the
first critical field.

3.1 Lower bound

We begin with the proof of Theorem 1, which characterizes minimizers below H¢ .
First, we need a tool to characterize strongly vortexless minimizers. This is referred

to in the literature as a clearing out result.

Proposition 3.1.1. Let (u, A) € H'(Q,C) x HY(Q,R?) be a configuration such that

C
HV|U|HLO<>(Q,R2) < - and  F., (u, A) = o(1).

Then |1 ful (0 = o(1).

Proof. The proof follows [BBH94, Theorem II1.3]. Suppose by contradiction that we

have some ¢ > 0 such that ||u(xg)| — 1| > ¢ for some zy € Q. Then, for every z in a
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closed ball B = B(xg,r.) C €2, where r. = o(1) will be chosen later, we have
Te
[lu(@)] = fu(@o)l| < 1V ]ulll oo oy & — 2ol < =

Thus
Te
1 = Ju(@)]| =1 = u(zo)]]| < ~
From this we deduce that

T T
1= Ju(@)] 2 [1 = Juao)l| - = > = =

If we choose . = & we have

1= Ju(@)P| 2 1 = u@)]] > 5.
Squaring both sides and multiplying by p? yields
2
pE(L = [u?)? = !
Integrating over B and using that p. > b, we obtain
[ =y 2wt S =

Finally, we divide by 42, to get
4

mh o < Py (u, A) = o(1),

which is a contradiction since the left hand side is a positive constant that does not

depend on «. O

Proof of Theorem 1. Note that all the results in this theorem are gauge-invariant.
Therefore, we may assume without loss of generality that (u, A) is in the Coulomb

gauge, that is, A satisfies (0.0.2). Also, in this proof, C' > 0 denotes a constant
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independent of € that might change from line to line.

Step 1 (Proving that F. , (u, A) < ChZ_ for some C' > 0 independent of ). Since
(u, A) is a global minimizer, we have GL.(u, A) < GL.(p., hexA?). By integrating
by parts the third term in the RHS of (0.0.5) (recall that £ = 0 on 0f2) and inserting

the previous inequality, we deduce that

Fop (1, A) = (GLo(1, A) — GLe(per hex A%)) + hes / 1w, A — Ry
Q

< hex/(<iU,VAU> + A) : VLSE + |RU|
Q

By using the Cauchy-Schwarz inequality, we obtain

Fep(u, A) < hex(”“”p(ﬂ,c) HVAUHL2(Q,<C2) ||v§sHLoo(Q,R2) +
1A 2 p2) 1VEN 2 p2)) + [Bol- - (3.1.1)

Since (u, A) solves (1.2.1), we have (1.2.3). Combining this with ||V au|[;2q c2) <
F. ,.(u, A)z and (2.1.3), yields that

[SIE

||u||L2(Q,(C) ||VAU||L2(Q,<C2) ||V55||Loo(Q,R2) < CF.p. (u,A)>. (3.1.2)

Moreover, since both A and A? are in the Coulomb gauge, we deduce that A is as
well, that is, it satisfies (0.0.2). Hence, using (1.4.1), we get that

D=

||AHL2(Q,1R2) < ||AHH1(Q,R2) <C ||CUT1A||L2(Q) < CF.p (u, A)2,

which combined with (2.1.2) yields

N

1Al 2 2y VEell L2 2y < CF e (1, A)2. (3.1.3)
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Meanwhile, for Ry

|Ro| < ChZ ||[ul” = 1| oy < ChEEF- (u, A)2. (3.1.4)

Finally, by combining (3.1.1) with (3.1.2), (3.1.3), and (3.1.4), we obtain

Frpo (10, 4) < C (hoxFlp (0, A + B (u, A)F)

<C (hzx + hex Py (1, A)%) .

It follows that
F., (u,A) < ChZ. (3.1.5)

Step 2 (Estimates for F; , (u, A) and ||p(u, A) H(CO,I)*. Proof of weak vortexlessness.
0
From (3.1.5) and he, = O(

logel), we have
F.,.(u,A) < Cllogel|?. (3.1.6)

We can therefore apply Proposition 2.3.1 considering Remark 2.3.2 to obtain a finite
collection of disjoint balls {B;}; = {B(a;,r;)}; with Y, r; < r = |loge|™, where
B > 0 will be chosen later, containing {||u| — 1| > 3} such that

-8
(log M — C)
De

— 3 p2(a)ldg, (| log | — Blog |log | — log D — C)

Fop(u, A) 27y pl(ai)|dp,

(2.3.4) E. A

=" 3 tlain) (|1ogs| - Ao loge] - Clog T2 —0)
(3.1.6) )

=" 57 2 (as)ldp| (| log 2| — Clog | log ), (3.17)

where a; € B; is such that p?(a;) = ming, p2.
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On the other hand, applying Proposition 2.4.1, we have

Pex /Q p(u, A&

(2.4.2)
< 2mhex Z |di|&(ai) + Chexr(1 + Fr . (u, A)) HV&HLOO(Q)

(2.1.3)&(3.1.6)
< 27 ey Z |d;|&:(a;) + O] 10g£|3*5)

It also follows from (2.1.3) that
[€-(a:) — &(ai)] < V€l oy lai — as] < Cry < Clloge|™.

Therefore, we have

hex /Q pi(u, A&

< 2hex Y |diléc(as) + Clloge| Phec Y |di| + O(|logel*™?)

(2.3.4) - F., (u,A) B
) ) By Z&pe\T 7 3-8
< 27Thex; |dz|£a(&) +O|10g5| hex Hogaf —I—O(|10g€| )
(3.1.6)
< 2mhex Y |dilé-(a;) + O(|loge[*™).
Thus, by choosing 3 > 3, we get
- / i, A)ee| < 2mhee 3 |dif€n(ar) + (1), (3.1.8)
Q i

Combining (3.1.7) and (3.1.8), we deduce that

Fup (0, A) = hox / (u, AYe, >
Q

) p2(a)ld| (|loge| — Clog|loge| — 2hextho(as)) +o(1), (3.1.9)

where we recall that ¢, was defined as i—%. Therefore, since hey < H; — Kylog|loge|,
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we have

|loge| — Clog|loge| — 2hexthe(a;) > |loge| — Clog|loge| — 2hex mgxwg

> log | log | (2 mgwaKo — C’) :
Proposition 2.1.2 allows us to choose Ky > 0, independently of ¢, so that
QmSLXwEKO —-C>1.

Inserting this into (3.1.9), we find

&Mmm—%JﬁwﬂmZWXp%wwmmmm+dn
Q i

Moreover, since GL.(u, A) < GL.(p., hex AY), it follows from (0.0.5) that

Py, (0 A4) = o [ (. )+ Ro < 0.
Q

In addition,
3.1.6

(3.1.6)
|Ro| < ChgxeFapa(u,A)% < C¢f log5]3 =o(1).

Hence,

Py, 4) = hox |l A)6. < o(0).

Q

(3.1.10)

(3.1.11)

(3.1.12)

By combining (3.1.10) and (3.1.12), using also p? > b, we deduce that Y . |d;| = 0

and thus d; = 0 for all ¢. In turn, from (2.4.2) it follows that
B (0, A) | g1y < Chsr(1+ Fop (3, 4)) < Cllog e = o(1).

Therefore, we deduce that (u, A) is weakly vortexless.

(3.1.13)

Step 3 (Clearing out. Proof of strong vortexlessness and Meissner energy approxi-
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mation.) Since (u, A) is in the Coulomb gauge, we have

=

(1.4.3)
HAHLOO(Q,R?) < CO(Eu(pe) + Frp.(u, A))
(3.1.6) 1 2
< C (—2 + |logs|2)
3

<

=

o Q

Then, it follows from (1.4.4) that

C
HV‘UH‘L‘X’(Q,R?) < HVUHLW(Q,CQ) < e’

On the other hand, by combining (3.1.12) with (3.1.13), we find

Fep.(u, A) < hex/ plu, A +o(1) T
Q

(1). (3.1.14)

Hence, Proposition 3.1.1 yields strong vortexlessness for (u, A).

Finally, we can directly deduce the Meissner energy approximation result.

GLL(0, &) = GLulpes hxA2) + Frp (1.4) ~ s [ s A)E + o
Q

(3.111)&(3.1.13)&(3.1.14) GL:(pe, hexA2) + 0(1)

Thus, we have concluded the proof of Theorem 1.
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3.2 Upper bound

In this proof, we will construct a configuration of the form (u, A) = (p.u, 0+ he A),

with a vortex of degree 1 centered at z¥ € ), where 2V is such that

wg(xg) = max ,.

We will prove that the energy of this particular configuration is much lower than the
energy of the Meissner configuration, which in turn guarantees that global minimizers

of GL. in this regime have vortices.

Proof of Theorem 2. We follow several steps for the proof.

Step 1 (Constructing the configuration). Let ® be a multiple of the fundamental

solution of the Laplace’s equation centered at x?, that is,

1
d(xr) =log ———.
We begin by constructing a phase ¢ in Q\ {22} as follows. Let © be the phase of

0
z—x

2 =2

Since

—A® = 2716,0 = curl VO  in Q,

we have that, in the sense of distributions,
curl(—V+® —VO) =0 in Q.

Therefore, there exists g such that Vg = —V+® — VO. We let ¢ = © + g. Observe
that ¢ is well defined modulo 27 in Q \ {2} and satisfies the following relation

Vip=-V'd. (3.2.1)
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Let 7. = |loge|™, where M > 0 will be chosen later on, and consider the ball
B. = B(2?,r.) C Q. Notice that this condition holds for any e sufficiently small in

view of Remark 2.1.1.

We can now define u. For z € Q\ B, we let u(z) = ¢**®) and, for x € B., we define

_ 1 2 =2\ o)
)= gyt ()

where R. is such that r. = eR. and f: Ry — R, is a function such that f(0) = 0,

f(r) — 1 as r — oo and satisfies the following asymptotic estimate

1 (R 2 1_ 2\2

5/ (f’(r)2 + f(? + ( ];(7“) ) ) 2mrdr = mlog R+O(1) as R — 0. (3.2.2)
0 r

The function f is the modulus of what is referred to as the degree-one radial solution

[SS07, Definition 3.6], and its existence and properties are given by [SS07, Proposition

3.11].

Step 2 (Estimating the energy inside B.). Let k. = sup,cp_|p2(x) — p2(2?)|. Using
that p? < 1, We have

L (L—fu?)? _ 1 (1 — uf?)?
Fepp.(u,0) = §/B P2 Vul* + 1032—82 < 5/}3 P2 (| Vul? + i
1 (1— |u|2)2
< Z 270 k 2 .
= Z(ps(xs) + s) 5 |VU’ + —282

We now estimate the integral that appears in the RHS of the last inequality. Since
|Vul? = [V]ul|* + |u’|V¢|?, it follows by letting r = M_—fg' and performing a direct

calculation that

Ul A=faPP 1 [ (PGP S0P o e L (6P
Tt T A <€2f(Re)2 * SVl + 5 (1 7 >d‘”

Note that |[V®(z)| = ‘:E_—{E()' = L. By changing the variable of integration to r, we
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obtain

L € e 71 S S Rl O ALCO SN GO G SR O S (o Gl W DY
v S g <f<RE>2+f<RE>2r2+2(1 f(REV))Q o

Since R. — oo as ¢ — 0, we have f(R.) — 1 as ¢ — 0. Therefore, it follows from
(3.2.2) that

1 2 o (1= Ju?)? 2/,0
S [ IV T < (20 + k) log R+ O(1)
Be

= (p2(22) + ko) (mlogr. — wloge + O(1))
— (#2(a?) + k.)(m|loge] — mM log |loge).

From the hypothesis on p. we have k. < [p?]coa@yre < |loge|™ M. Therefore, by

choosing a sufficiently large M, we have

1 2 2 4(1_|u’2)2 < 2/.0 1 o Ml 1
> /. PEIVUl” + per—— 5 < pi(xc) ([ loge| — mM log [loge]) .

Step 3 (Estimating the energy outside B.). Let C(2) = diam(Q2). Since |u| =1

outside B., we have V|u| = 0 and thus

[owal = [ VIl P
Q\B. O\B.

O\ Be
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Therefore, using once again that p? < 1, we have
1 1—|u®)? 1
Frpow 0 =3 [ givup+ i <2 o
2 O\ B. 2e 2 Q\B.

1 1
= —/ T op®
2 Q\Bs ’l' - xE’

1 [ q
< 5/ —27rdr

< 2
= —mlogr. + O(1)
= M log|loge| + O(1).

Hence, by combining the estimates obtained in Step 2 and Step 3, we obtain the

following upper bound for the free energy

Fep (u,0) < 7 (p2(22)|loge| + (1 — p2(22)) M log |loge]) + O(1). (3.2.3)

Step 4 (Computation of the full Ginzburg—Landau energy of the constructed config-
uration). Consider the configuration (u, A) = (p.u, 0 — hex A%). We split GL.(u, A)
using (0.0.5), to obtain

GLE(U, A) - GLs(pa hexAg) - Fs,pg (U, O) - hex/ M<u7 0)5& + RO
Q

(3.2.3)
< mpt(at)] oge] + (1 — p2(a)) wM log | loge]

- hex /Q ,u(uv 0)55 + RO-
(3.2.4)

Here is where the hypothesis on hey

H: + K"log|loge| < hex < |loge|™Y (3.2.5)

46



plays its role. First, we have

(3.2.3)&(3.2.5) 2N _

S

|Ro| < Ch2 eF., (u,0)

On the other hand, since |u] = 1 in Q \ B., from (2.4.2) it follows that (recall
re = |loge|™)

/Q (1, 0)6- > 27€.(22) — 1Py (1, 0) [ VE e
(3.2.3)

> 21é(20) — C|loge| ]| loge.

Therefore, we have

heX/ p(u, 0)E. > 2mhek. (2°) — Cllog e[V M+,
Q

By choosing a larger M if necessary, we get

hex/ p(u, 0)€e > 2mhe (22) 4 o(1). (3.2.7)
Q
Finally, by combining (3.2.4), (3.2.6), (3.2.7), and —p?(z?) < —b, we are led to

GL.(u,A) — GL.(pe, hex AY)

< (p2(a?)|log el + (1 — p2(x2)) M log |log e| — 2hexée(22)) + o(1)

(7))
< 7|loge] <p§( 0) — )6 > + mlog|loge| (1 —b)M — 2K . (22)) + o(1).

maxg

Since 9. = 55 achieves its maximum at 22, the term of order | log e| in the RHS of the
last inequahty is equal to 0. Therefore, since lim inf._,y maxq & > 0 (see Proposition

2.1.2), we may choose Ky, independently of €, such that we have

GLE<u7 A) - GL€<p€7 heXAg) < - lOg ‘ lOge’fl.
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Step 5 (Conclusion). Let (ug, Ag) = (peuo, Ao + hexA2) be a vortexless configura-
tion, that is, |ug| > ¢ for some ¢ > 0 independent of ¢, such that G'L.(ug, Ag) <
GL:(pe, hex A2). We split its Ginzburg-Landau energy with (0.0.5) to obtain

O > GL€<u07 AO) - GLE(p€7 hexAg> = Fz—:,pg (u0> AO) - hex/ N(u07 AO)£€ + RO-
Q

By integration by parts, we have (recall £, = 0 on 012)

/ ,u(uo, AO)ga = /(<iUO,VAOUO> + Ao) . VLfa.
Q

Q

Since |ug| > ¢, we can write ug = |ug|e’?°. A direct calculation shows that
(iug, Vaguo) + Ao = (1 — |uol*)(Vipo — Ag) + Vig.
Integration by parts then yields
/ VQD(] : VJ_fg = — / fe curl V(Po =0.
Q Q
Hence, from the Cauchy—-Schwarz inequality it follows that

hex = hex

/m%mm
Q

/u—m%w%—m>
Q

< Chex ||1 - |Uo|2HL2(Q) Vo — Aoll 2o re)

(3.2.5)
S C| 10g €|N€FE7PE (U,O,Ao) = 0(1)}754)E (Uo, Ao)

On the other hand,

(3.1.4) ) , (3.2.5) 9N 1
’RO‘ S ChengE,Ps<u07A0>§ S C€| lOg€| FE,Ps(u07A0)§'
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Therefore, we have

0> GLE(U(), Ao) - GL€<IOE, heXAg)
> F.,(ug, Ag)(1 — 0(1)) — e|loge|*N F. ,._(uo, Ag)?.

This implies that F ,_(uo, Ag)z < Celloge|®™ = o(1) and therefore
GL.(ug, Ag) — GL.(pe, hex A) = o(1).

This means that GL.(u, A) < GL.(ug, Ay) for every vortexless configuration (ug, Ag).
Hence, global minimizers of GL. in the regime (3.2.5) do have vortices. This con-

cludes the proof of the theorem.

]

Remark 3.2.1. Notice that the hypothesis on p. only plays a role at the end of Step
2. Moreover, we can replace [p?|coaiqy < |loge|™ by [pZlcoap) < |loge|™, that
18, we only need a control over the Holder seminorm around the points where the

function v achieves its maximum in Q.
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Chapter 4

Stability of the Meissner

configuration

The goal of this chapter is to see that the Meissner configuration (p., hexA?) still
characterizes vortexless configurations for some regimes of he, that could go above
the first critical field. Although vortexless configurations can no longer minimize
GL., they can still minimize locally, which means that they solve the Ginzburg—
Landau equations (1.2.1). These proofs follow the steps described in Sections 2 and
3 from [Ser99).

4.1 Existence of a vortexless local minimizer

Proof of Theorem 3. In this proof, we use C' to denote a generic positive constant

independent of € that might change in each line.

Step 1 (Construction of the locally minimizing vortexless configuration. Proof vor-
texlessness and Item (1).) Fix f € (0,2 — 4«) and let

U={(u,A)e H(Q,C)x H(QR*): divA=0inQ, A-v=00n0Q, F., (u,A) <e’},
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which is a relatively open set of the configurations in the Coulomb Gauge in H'(£2, C) x
H'(92,R?). First, let us prove that there exists a configuration (u., A.) that min-
imizes GL. over U. Note that if (1, A) = (p., hexA%), then (u, A) = (1,0). This
means that £, (1,0) = 0 and A = 0 (trivially) satisfies (0.0.2). It follows that
(pe, hex AY) € U and therefore, U # 0.

On one hand, using Sobolev embedding and the Cauchy—Schwarz inequality, we find
that each (u, A) = (p.u, A + he A%) € U satisfies

(1.4.1)
1A opey < Cllewl Al ) < OF,, (u, A) < Ce,

) < C(1+£7),

NI

2
||u||L4(Q,(C) = Hu2HL2(Q7C) < C+ ||1 - |u|2||L2(Q) < C(1+€F€,pe<u7 A)

1
||vu||L2(Q7(C2) <C ”VAUHLQ(Q,(C2)+I|AUHL2(Q,(C) < Fe,ps(uaA)2+||A||L4(Q,R2) ||U||L4(Q,<C)
< Fp (1, A)? + C || Al gpe) (1 +€75) < Ce? 45,

Hence, U is bounded.

On the other hand, by writing

1 _
GL.(u,A) = 5 /(|Vu|2 + AP [u? — 2(Vu,iAw)) + |curl A — he,|* + (a. — [ul')"
Q

we deduce that GL, is H'-weakly lower semicontinuous, since:

e The term [, |Vu|> 4+ [curl A — he|* is convex and H'-strongly continuous.

Therefore, it is H'-weakly lower semicontinuous.

e The term 5 [, % is L4-strongly continuous and, by the Rellich-Kondrachov

theorem, also H'-weakly continuous.

e By the Cauchy-Schwarz inequality, the term [, [A[*|u|? is L*-strongly contin-
uous and, once again, by the Rellich-Kondrachov theorem it is also H'-weakly

continuous.
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e The term [,(Vu,iAu) is also H'-weakly continuous. To see this, if (u,, A,)
weakly converges to (u, A) in H'(Q2,C) x H'(Q,R?), then, by the Rellich-
Kondrachov theorem, (u,,, A,,) strongly converges to (u, A) in L*(Q2, C)x L*(Q2, R?)
and therefore, A,u, strongly converges to Au in L?*(2). This means that
Jo(Vu, ,iA,u,) converges to [,(Vu,iAu).

Since GL. is H'-weakly lower semicontinuous in a nonempty bounded set U, it

follows that there exists (u., A.) that minimizes G L. over U. Moreover, we have
., (us, A) < €5 (4.1.1)

We claim that (u., A.) € U, which in turn implies that (u., A.) is a critical point

and thus, a solution of (1.2.1). From now on we drop the € subscript.

Since (u, A) is a minimizing configuration in U,
GL.(u,A) < GL(pe, hex A?). (4.1.2)

By combining (0.0.1) with (4.1.2), we deduce that

Fope (. 4) < s [, )5 = R (4.1.3)

First, let us bound the vorticity term. Since F. ,_(u, A) < &”, we can apply Proposi-
tion 2.3.1, which provide us with a collection of balls B = {B;}; = {B(a;,r;)}, with

> ;1 <r=¢t and where 1 € (o, 1) is a fixed number.

By combining (4.1.1) and (2.3.4), we obtain

Z |de

It follows that . |dp,| = 0, which implies dp, = 0 for all ¢. Hence, it follows from

ngps(u,A)< P B
[loge|  ~ " [loge|

<C

o(1).
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(2.4.2) and the hypothesis he, < 7%, that

hex /ﬂ p(u, A)&e

< Ce™e!F, , (u, A) ||V§s||Loo(Q)

(2.1.3)
< Cg—a+5+li
2 o). (4.1.4)
An analogous argument shows that we have weak vortexlessness, that is,

118, 4) | - = (1)

Let us now provide an upper bound for |Ry|. Combining he, < ¢~* with (4.1.1),
(2.1.3) and (3.1.4) yields

|Rol < CR2eF . (u, A) | VE| ooy

< C€§+1—2a

Observe that since < 2 — 4«, we have

B g B
E +1 200 > 5 + 5 = ﬁ,
which means that
|Ro| = o(£). (4.1.5)

Therefore, inserting (4.1.4) and (4.1.5) into (4.1.3), we deduce that

/Q plu, A)E.

The claim is thus proved, that is, (u, A) € U for small enough . Moreover, since U

Fp (u, A) < hex + |Ro| < o(e?). (4.1.6)

is open, the configuration (u, A) must be a local minimizer of GL..

Finally, by combining (4.1.1), (4.1.4) and (4.1.5), we conclude that Item (1) holds,
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since (recall (4.1.2))

GLo(pe, hex A%) > GL.(u, A) = GL(pe, hex A) + O(£P).

Let us now prove that (u, A) is a strongly vortexless configuration. Since (u, A) is
a local minimizer, it solves the Ginzburg-Landau equations (1.2.1). Since we have
(4.1.6), it follows from (1.4.3) that [[Al| ) < € and therefore, from (1.4.4), that

C

- .

|IV|U’|HL°°(Q) < ||VU||Loo(Q) <
Thus, by Proposition 3.1.1, [|[1 — |ul|| o () = o(1)-

Step 2 (Closeness to the Meissner configuration. Proof of Item (2) and Item (3)).
We start by estimating ||[Vul| ;2. Note that

/ |Vul? <2 (/ |V aul® + |A|2|u|2> :
Q Q

On the other hand, the Coulomb gauge estimate (1.4.1) yields

1 (4.1.6)

1Al 1) < Cllewl All o) < CFp. (u, A)2 7= o(e

B
2

). (4.1.7)

This together with the uniform convergence from the strong vortexlessness ||1 — [ul|| ;oo (q

o(1), leads us to

190 <€ (Fopnlu. )+ 1A ) = 0fe?) (4.1.8)

Let us now provide an estimate for [|u||;2(q,. Defining u = ﬁ Jo u, by the Poincaré-

Wirtinger inequality, we have
/ lu —a|* < C’/ |Vul|? = o(¢”)
Q Q
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We then deduce that
/(1 — \ﬂ])Q <2 (/ 11— u|2 + |u —E\Q) < CF,, (u,A) = 0(5’5).
Q Q

Since W is constant in 2, we deduce that u = e’ + 0(52). Combining this with
(4.1.7) and (4.1.8) yields that (0.0.10) holds, since

inf_[lu— e[| 1 o) HIAl 1120y =

i0 _ 4
nf_ nt = ¢l g HIVul oy HI ALy = 0(e?).

0€(0,27] ( )
4.1.9

Finally, we prove (0.0.11) and (0.0.12). The estimate on [|A — hexA2|| 1 (g follows
immediately, since A — he, A2 = A. On the other hand, for r € [1,2), let s > 2
such that % = % + % Then, using Holder’s inequality and a Sobolev embedding, we

deduce that (recall u = p.u)

Hu - p&?eigHWI,r(Q) < Hp€<u - ei@)‘ Q) + Hp€quLT(Q) + H(u - ew)Vpel

Lr()
< O ([lu= el o + IVull o)) + flu =€)

< Clu— e[l oy (14 190120

(4'1<'9)C a0 1 —y
< Cllu—e HHl(Q)( +e),

Ls(Q) ||VPEHL2(Q)

where in the last inequality we used the hypothesis || V.|| j2(q) < €77, for v < 1—2a.

Since, until this point, the choice of § € (0,2 — 4«) was arbitrary, we may change it
if necessary, so that g € (7,1 —2a). Hence

(419) 4

2

inf ||u — peeieHer(Q) < (Ce™™ inf Hu — ewHHl(Q) < o(e

7 =o(1).
0€[0,2n] 0€[0,27] )e o(1)

This concludes the proof.
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4.2 Uniqueness modulo gauge equivalence

We now prove the uniqueness (up to a gauge transformation) of a vortexless mini-

mizing configuration.

Proof of Theorem /J. To prove uniqueness up to a gauge transformation, we will
prove that there is a unique minimizer in the Coulomb gauge. Suppose (u;, A;) =
(peuj, Aj+he A?) are distinet local minimizers, where A ; satisfies the Coulomb gauge
condition (0.0.2) for j = 1,2. Since A? also satisfies (0.0.2), we deduce that A; does

it as well.

By (1.4.4) and Proposition 3.1.1, we have that |u;| converges uniformly to 1. In
particular, we have |u;| > % for small enough e'. Therefore, we can write u; =
n;€e'%, where 1; = |u;|. Note that (u;, A;) is gauge-equivalent to (n;, A}), where
AL =A; — Vg, Let A = A; + hex AY — V¢, which is gauge-equivalent to (u;, A;)
and therefore is a local minimizer.

Step 1 (Proving that HA;’ = o(e™1)). Observe that

Lo (Q,R2)

145

0
L (Q,R2) < HAJ + heXAsHLoo(Q’H@) + ‘|v¢j||Loo(Q7R2) .
From (1.4.3), we have that

|4 + hex A

[ ey = 0™, (4.2.1)

since we are assuming E.(p.) < % and F.,_(u;, A;) < ’. We are then left to prove
||v¢j||Loo(Q) =o(e™!).

By gauge-invariance, (p.n;, A;’) is also a local minimizer and thus, it satisfies (1.2.1).

!Actually, any ¢ in the domain of convexity of (1 — 2?)? will do, that is |u;| > ¢ > % We
3

choose 7 as in [Ser99].
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In particular, we have
—V*cwrl A = (ipon;, Vas(peny)) = —(peny)? A5 in Q,
which implies that
div (pZn;A3) = div (p2n7 (A; + hex A2 — V) = div (V' curl A3) =0 in Q.

Moreover, since p2A? = —V+¢., we have that div (p?A%) = 0 in Q. Recalling that A;
satisfies (0.0.2), a direct calculation then yields

2020V, - AS + 277]2-p5Vp5 . A; — n?p?A@ =0 1in .

On the other hand, from the second boundary condition in (1.2.1), we have that
VA; (pemj) -v =0 on ON.

Recalling the boundary condition in (0.0.3) and that both A and A? satisfy (0.0.2),
we deduce that
(Vn; —iVe¢;)-v=0 on 09

and, in particular, Vg; - v = 0 on 0§

Hence, ¢, solves the following elliptic PDE

—A¢; = —Q(E-A;?JrE-A;) in 0
8 nj Pe

9 _ on 9.
ov

Since n; > % > 0 and p. > Vb > 0, we have, for any ¢ > 1, that

1865150y < € (I, - 45

L1(Q) + vae ) A;HLQ(Q)>

We now estimate the terms in the RHS by interpolating between L?(Q) and L>((2).
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The L*°-bounds come from our estimates for critical points of GL. in the Coulomb

gauge, whereas the L?-bounds follow from the smallness of F. ,_ (u;, 4;), since we

have
1 2 2 2 2 2 J(1=7%)? B
Fopo(uy 45) = 5 N IV + niP14; = Vo, ) + [eurl Aj]* + pi— 5= < &7,
(4.2.2)
First, for any ¢ > 2, we have
1—2 2
anj”Lq(Q) < HVUJ'HLOOQ(Q) HVUJ'HZ%Q)
1
(1.4.4) e (1 q
< C(eh)a (ng,pE(uj,Aj))
(4.2.2)
< CeiTleT = o, (4.2.3)
Second, for any ¢ > 2, we have
1—2 2
||V¢J“Lq Q,R2) < ||V¢J||L q(QR2 qusjnz?(g,[g?)
(144) - 2 2
F (185 = Aill o) + 14z
(1.4.1) 1 . 2
< Cei” EFa pe (g, Aj)2 + |leurl Ayl 12
(4.2.2)
< Cg%_lgq —052Jg5 1 (4.2.4)

Hence, from (4.2.1), (4.2.3), and (4.2.4), we conclude that, for any ¢ € (2,2 + f3), we

have

[V, - A

< HVUJ A + hexAg)HLq(Q) + ||V77] ’ v¢jl|Lq(Q)

S an] HLq(Q’RQ) HA] + hexAg”Loo(Q’RQ) + anj “LlI(Q,RZ) Hv¢] HLOO(Q,RQ)
(1.4.4)&(4.2.1)&(4.2.3)
<

La(Q) —

o(e™1)
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and, recalling that || Ve || g2y < 7, We have

HvPa : A‘IjHLq(Q’RQ) < ||Vp€||L°°(Q,R2) ||Aj||Lq(Q,R2) + ||vp8||L0<>(Q7]R2) ||v¢j||Lq(Q7R2)
(4.2.4) O ~

< = HAJ'HHl(Q,RZ) +o(e 1)

nC B
< . HCUﬂAJ’Hm(Q) +o(e™")

(4.2.2)
< o),

where after the first inequality we used Proposition 1.3.2 and Sobolev embedding.

It follows that
||A¢jHLq(Q) =o(c™")

and, since ¢ > 2, by elliptic regularity and a Sobolev embedding, we have
HV¢J'HL°°(Q,R2) =o(c™).
This finally yields that

143

0 -1
Loo(£,R2) HAJ + hean HLOO(Q,RQ) + ”v¢jHL°°(Q,R2) = 0(6 )
Step 2 (Convezity argument) By gauge-invariance, we have

GL-(u;, Aj) = GLc(peny, A7) = Ec(penj, A / | curl A7 — hex|?.

Using (1.3.4), we have

(1—n7)?

[¢] 1 o
GLs(psnj,Aj)zEs(ps)+§/Qpﬁ(lvnj\ern?IAjF)erﬁ 5oz

+ | curl A7 — Pex?.
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Let us define

Y =

Gh@ﬁwﬁ%Hﬂd%%A@_GL<pM+%xﬁ+A%
2 g 3 2 Y 2 *

We claim that Y > 0. To prove this, let us write Y = (V] + Y5 4 Y3), where

([ () e (252

@ 0

+</ |CUY1AC{—heX\2—|—|curlA§—heX\2_/ Cuﬂ(A‘f+Ag)_hex
2
2 (A =n)’+ (1 =) ! L\ 2

YQ—/'O—Q (1—n)*+ (1 —m) _/P_2 1 (Mt and

Q2€ 2 928 9
%:i/poAﬂ%hP+pﬁmmP)_i/p2 2‘A}+A;2.

Q 2 0 °

2
By convexity, we have that Y; > 0.
Let us now provide an estimate for Y5. A direct calculation yields (see [Ser99, Section

2] for the details)

(1= m)" + (1= mp)” — (1 — <771 h 772) ) = i(771 —12)2(7(1n + 12)? — 4y — 8).

)

m + 2
2

2 2 16

Therefore, we have

1

Y, = ——
27 392

pe(m — m2)*(T(m 4 m2)? — 4 — 8),
Q

which combined with % <n; <1and pg > 1?, yields

b2 3 3 ’ 2 Cl 2
}623%?<7(Z+Z)'_H>Hm—nﬂpmf’gﬂm—ﬂﬂpmw (4.2.5)
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where C > 0 is a constant that depends on b only.

Let us now estimate Y3. A direct calculation shows that (see [Ser99, Section 2] for
the details)

2 2

AT P + [ASP mel® [+ me|” | AT + AS
2 2 2
]‘ 2 o 0|2 1 2 o o2
= §<771 - 772) |A1 + A2| + 5771|A1 - A2|
1 [0) o (o] o
- g(ﬁl —m2) (A} — A3) - (AT(2m + 4ng) + A3(6m1 + 8m2)) -

Therefore
1 (0] (o] (0] (o]
Y; = g/gp?((m - 772)2|A1 + A2|2 + 477%’A1 - A2|2)
1

= 5 | 2o = m) (AT = 45) - (A5 -+ ) + A5G+ 1)

which combined with p.n; <1, yields
1 o o (¢} [¢]
Y; > ] / p?((m - 772)2‘141 + A2|2 + 477%‘141 - A2|2)
Q

1 o o [¢] o
— 5 Lol = mll s = A516145) + 14143). - (1.26)

Note that Y3 > 0 if 9, = n, or A} = A3, which in turn yields that Y > 0. Indeed, if
m =1, A} # A3, we have Y3 > 1 [ n?|A; — A3|> > 0. Hence, Y > 1Y; > 0. On the
other hand, if A} = A3, then 7, # 19, and therefore Y > %YQ > 0. For this reason,

we assume from now on that 7, # 7, and A7 # A3.
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From the L*°-bound obtained in Step 1, we deduce that

/Q peli — ol | AS — AZ)(6]42] + 14]43))
< = ol e 145 = A3l sy (A0S ey + 1431 o)

< o(e™) Im = m2ll 20y 147 = A3l 2o e - (4.2.7)

On the other hand, using once again that n; > % and p? > b, from Young’s inequality,

we deduce that

%/Qp?nflfli’ - 14(2)|2 + % [ — 7]2”%2(9) 2 % [ — 7I2HL2(Q) AT — ASHL?(Q,R?) 5
(4.2.8)

where Cy > 0 is a constant that depends on b only. Finally, by combining (4.2.5),

(4.2.6), (4.2.7), and (4.2.8), we are led to

o o C _
Yok Ya 2 s — lls 145~ A5l (S — o).
Hence, for sufficiently small €, we have Y > 0 on all cases.
Step 3 (Contradiction) Assume without loss of generality that

GL:(pm1, A7) < GL(pema, A3).

Since Y > 0, we have

GL-(p-m1, A3) + G L(pena, AS)
2

GLE(PW% A;) 2

-~ GL. (pgm + 02 AT"‘A;) .

2 2
A standard argument then shows that, for any ¢ € (0,1), we have
GLs(pen% Ag) > GLE (ps(tnl =+ (1 - t)Th)’ tAfI + (1 - t)A;),

which contradicts the local minimality of (p.n2, AS). Therefore, (uy, A;) = (ug, Ag),
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which concludes the proof.
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Chapter 5

The Ginzburg—Landau problem in
3D

We dedicate this section to the 3D problem and the required tools. We also indi-
cate the differences with the 2D problem and how to adapt their tools in the 3D
framework. Most of the tools from Chapter 1 directly generalize to the 3D problem,
including the Lassoued—Mironescu decoupling result (Proposition 1.3.2 and Lemma
1.3.1), the regularity properties from p. (Proposition 1.3.2), and the gauge invariance

of physically relevant quantities.

The space of minimization changes to H* (€2, C) x [Aex + Heun (R, R?)]. The Ginzburg-
Landau equations are similar in nature, but now we have to keep in mind that the
magnetic component |H — H,,|* extends outside Q. The 3D Ginzburg-Landau equa-

tions solved by minimizers of GL3P are

(

@ = M) g
curl(H — Hey) = xaliu,Vau) in R?
[H—Hy xv = 0 on 0f)

Vau-v = 0 on 0,
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Here, [-] denotes the jump across 9€2. Thus, the first boundary condition essentially
means that H — H,, crosses the boundary continuously in the normal direction. The
rest of this chapter is essentially a generalization of Chapter 2, which starts with a
useful tool from LP-analysis of vector fields to derive the Meissner configuration and

ends with a proof of Theorem 5.

5.1 Helmholtz-Hodge decomposition of vector fields

The fact that we can gauge transform any configuration into one in the Coulomb
gauge follows from a deeper result in LP-analysis of vector fields. It is a well-known
fact that any vector field defined in R® can be decomposed as A = curl B + V¢,
that is, A can be decomposed into solenoidal and potential components. This result
also holds for bounded domains, but there is a dependence on the topological struc-
ture of the domain and its boundary. The main result of this section the following

proposition.

Proposition 5.1.1 (Helmholtz-Hodge decomposition). Let 2 be a smooth simply
connected domain. For every A € L?(2,R3), there exists a unique pair (B, Voa),
By € H) (0, R?) and ¢ € H'(Q) such that

A=curl B4+ V¢a (5.1.1)

This decomposition is continuous in L*(2,R3), that is, there exists C = C(Q2) > 0
such that for any A € L*(Q,R3)

IV@all2ps) + 1 Ballgiorsy < CllANlL2 0 ps) (5.1.2)

Remark 5.1.1. This decomposition holds for any bounded or exterior domain with

smooth boundary. In particular, it also holds for R3.

Proof. The proof follows from a nontrivial inequality [AS13, Theorem 3.1] (the ad-

ditional terms in the referred Theorem come from holes in the domain which are
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not present in this case): There exists C' = C(Q) such that for B € H'(Q, R?) with
B x v =0 on 00

||B||H1(Q,R3) < C(||diVB||L2(Q) + ||Cur1B||L2(Q,R3))' (5.1.3)

Now fix A € C*(2,R?) and consider the following PDE

cur®> B4 = curlA inQ
divBy = 0 in (5.1.4)
Baxv =0 on 0f2,

We can define a weak formulation using the bilinear form a: H} -(Q,R?*)x H_ (2, R?)
a(V,IW) = / curl V- curl W.
0

Equation (5.1.4) is equivalent to finding By € H, (Q,R?) such that for any V' €
H;,T(Q7 R3)
a(Ba,V) = / A-curl V.
Q
The bilinear form a is continuous with the inherited H'-norm and coercivity follows
from inequality (5.1.3). Thus, we deduce using Lax—Milgram that there exists Ba
such that

a(BA,V):/curlA-V:/A~cuer
Q Q

for any V' € H} (Q,R?). In particular, we can take the L*-closure on A to deduce
that this result holds for any A € L?(Q, R3). Moreover, we have

1

||BA||H1(Q,R3) < 5 ||AHL2(Q,R3) )

where C' is the coercivity constant from (5.1.3).

Finally, note that curl(A — curl B4) = 0. Since 2 is simply connected, there exists

¢4 such that A — curl By = V¢4. Moreover, we deduce from the triangle inequality
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that

1
VOl 20r2) < 1Al 2 psy + lleurl Bl 2 g gay < (1 + 5) Al 20 rs) -

Uniqueness of the pair (Ba, V@4) follows from the L?-orthogonality of VH!(2) and
L2 v (€, R?), since we have for any B € H, (€2, R?) and ¢ € H'(Q) that

/chrlB-ngS:/QB-cuergzﬁ—i-/m(Bxu)-qu:O.

5.2 Meissner configuration in 3D

The derivation of the Meissner configuration in 3D follows a similar idea to the
derivation of its 2D counterpart: We minimize GL3P while fixing |u| = p.. We
can choose an adequate gauge transformation to ensure coercivity with respect to A
and thus the existence of a minimizer. However, this means that we cannot choose
favorable boundary conditions on 0f) for the minimizer, which are crucial for the
splitting result. We can solve this problem by preemptively choosing a particular
phase (p.e'?4, A) ~ (p.,A — V¢,). Before we state our result, let us give some

context for our choices of gauge and admissible space.

To deduce the structure of this gauge, we start by deriving A? as in 2D: Using the

energy decoupling (1.3.1), we can write the energy as

2

h
GL(peshoc) = GLu(p.  Lhesd) = Eup) + 7 [ AP+ [ Jeuld = oo
Q R3

Minimizing this functional is equivalent to minimize

1 1
J(A) = —/p§|A|2—|——/ |curl A — Hy ex|?.
2 Q 2 R3 '
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If we preemptively enforce a gauge (p.'®4, A) ~ (p., A — V), J(A) becomes

1 1
J(A) ::—/p§|A—V¢|2+—/ |curl A — Hy o|?.
2 [9) 2 R3 ’

Furthermore, if ¢4 depends linearly on A and take the associated Euler—Lagrange
equation solved by a minimizer A, we would have for any A in the space of admissible

functions

/ p2(AY = Vdao) - (A—Voa) + / (curl A? — Hy o) - curl A = 0.
Q

R3

The appropriate choice for ¢4 is to take it as the unique solution with zero average

in H'(Q) of
{ divp?(A—V¢s) = 0 inQ (52.1)

p2(A—Veoa)-v = 0 on 09,
The existence of ¢4 follows by a standard application of the Poincaré—Wirtinger
inequality and the Lax—Milgram theorem. This choice of ¢4 ensures that, by Lemma
1.1.1, we can write p?(A?—V¢ 40) = curl BY for B? € H}. (Q,R?). Thus, by replacing
it in (5.2.1) and using L*-orthogonality, we have

/ curl BY - A + / (curl AY — Hy o) - curl A = 0.
Q

R?)

On the other hand, the adequate space for minimization is the homogeneous Sobolev
space H'(R3,R?), which is the closure of C5°(R3 R?) with respect to the norm
[ D) p2(gs gs)- Essentially, this enforces a Dirichlet condition at infinity to allow

integration by parts. Moreover, this norm is equivalent to

) 2 2 3
(Ndiv ()l 72 ey + [leurl()][72e pay) 2

To additionally ensure coercivity, we will restrict ourselves to the subspace H!(R?, R?)
of vector fields in H'(R3, R?) with zero divergence. The norm in H!(R? R?) inherited
from H'(R? R?) is just [lcurl(-)|| ;2 (gs ps)-
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Now, we formalize the previous explanation in the following proposition.
Proposition 5.2.1. Let

1

1
J(A) =1 / RIA—Vénl+ 1 / eurl A — Hool,
2 Jo N 2 Jgrs

where ¢4 p2 15 the unique solution modulo R of

{ div p2(A = Voa,z) = 0 inQ (5.2.2)

PE(A - V¢A,pg) v = 0 on 0f.

There exists a unique minimizer AY € [Agex + HL(R3 R?)] for J. AY satisfies
(1) J(AY) < C | Hoexll 121 ps) for some C = C(2) > 0.

(2) The Euler-Lagrange equation solved by the minimizer A is given by
curl(curl A2 — Hyex) + xocurl BY =0 in R?,

where xq denotes the indicator function of the set 2.

£

(3) The vector field BY given by the relation curl BY = p?(A% — ngﬁg’pg) solves the
following variational equation for all V € L2 (€, R?).

1B?
/ <curlcur—2€+Bg> Vo= /HO,QX-V in
0

on Of?

Before proving this proposition, we introduce the notation H? := curl A.

Proof. Step 1 (Ewistence and uniqueness. Proof of item (1)) Since ||A| 1 s g3y =
[lcurl Al 2 gs gy, the coercivity for J in [Agex + H(R?,R?)] follows directly. On the
other hand, by the linearity of equation (5.2.2), we deduce that the map A — V¢, 2

is linear. Furthermore, by using ¢, 2 as a test function in (5.2.2)
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/ AV, = / AVl
Q Q

By the Cauchy-Schwarz inequality and the uniform bounds for p., we conclude that
the map A — V@, 2 is a bounded linear operator from L*(Q2, R?) to L*(Q,R?). We
conclude that J is both (strongly) continuous and strictly convex, which implies it is
also weakly lower semicontinuous. It follows from the direct method of the calculus
of variations that .J admits a unique minimizer in [Ag e + H:(R? R?)] denoted by
A% that is, A — Ay € HL(R3 R?). Finally, we see that item (1) is satisfied by

noticing that Agex is admissible for J. Therefore

1

J(Ag> < J(Ao,ex) = 5 / p§|A079X - V¢A0,ex,p§|2
Q

<C ”AO,eXHLQ(Q7R3)

<C ”HO,eX||L2(Q,R3) ’

where we recall that we chose Agex € L2 (92, R?) to use (5.1.2) for the last inequality.

Step 2 (Euler-Lagrange equation for AY. Proof of items (2) and (3)) Since AY

minimizes J, it satisfies the following weak equation for all A € H!(R?, R?)
/ p2(AY — V¢27pg) (A=Vou,) +/ (H? — Hy ) - curl A = 0. (5.2.4)
Q R3

Since p?(A? — V¢g’p2) € L2 y(Q,R?), it follows from Lemma 1.1.1 that we can write
p2(A2 — V¢ ) as curl B, where BY € H, 1(Q,R?). To recap, BY satisfies

divB! = 0 in &
0o _ 2( A0 0 i
curl BY = p2(AL— V¢l ,) inQ (5.2.5)
Bxv = 0 on 0f)
curlB v = 0 on 0f2.
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Additionally, we have for any ¢ € H'(Q)

/ PA-V o) P2 / curl BV = / Bcurl Vo— | V- (B xv) P27 0
Q Q Q o0
5.2.6)
Using (5.2.6) with ¢ = ¢4 2, equation (5.2.4) becomes
/ curl BY - A + / (H? — Hyey) - curl A = 0. (5.2.7)
Q R3

By the Helmholtz-Hodge decomposition (see Remark 5.1.1), we conclude that equa-
tion (5.2.7) holds for any A € H'(R? R?). An integration by parts on (5.2.7) yields

the Euler-Lagrange equation for J, which is the equation stated in item (2).

xa curl BY + curl(HY — Hy o) =0 (5.2.8)

The remaining item follows from using vector fields supported in €2 as test vector
fields. If ® € C5°(Q,R3), it follows from equation (5.2.7) and integration by parts
that
/(BS + H? — Hp ) - curl @ = 0.
Q

In particular, for any ® € C5°(2,R?) such that div® =0
/(BQ + H? — Hyey) - ® = 0.
Q

Therefore, by Lemma 1.1.1, we have that for any A € L? \(Q,R?)

2. 1B°
/(Bg + Hg - HO,ex) : A (5i5) /(BS + Curl Cu];2 £ HO,ex) . A = 0
Q Q Z

This concludes the proof of item (3).
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5.2.1 Regularity of the Meissner configuration
Regarding regularity, we are looking for bounds that do not depend on €. We can
deduce from item (1) in the preceding proposition that

||cur1 BSHLQ(Q,R'«‘) + HAS - oneXHHl(Ri”,Ri”) <C ||HO,eX||L2(Q,]R3) ’

where C' = C(Q) > 0. As for B, we can deduce C3:" regularity analogous to (2.1.3).

Proposition 5.2.2. Let A% be the minimizer of J given by Proposition 5.2.1 and
BY, Gep2 given by the relation pZ(AY — V. 2) = curl BY. For any p > 3 there exists
C > 0 not depending on £ such that

0
chrl B; HLOO(QR?)) < C[|Hoex|l oo p3) - (5.2.9)
In particular, B € W1°°(Q,R3) and ||curl BSHLOO(Q’R;,») are uniformly bounded.

Proof. In this proof, C' will denote a generic constant independent of € which might
change from line to line. By interior elliptic regularity on equation (5.2.8), we have
for any W C R?

142 = Aoex| 2 rgeny < C llewrd B2| 2 oy - (5:2.10)
On the other hand,
leurl B, 0, (5:2.5) ) PAAL =Vl )| -
S C(”ASHLZD(Q,R3) + ngg,pg Lp(Q7R3))'

We would like to bound the term HVQSO

o2 in terms of AY. Recall equation

Lr(Q,R3)
(5.2.2) which relates A? and ¢ ,2- Using the dual characterization of the norm, we
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have for any p € [1, 00| and ¢ such that % + % =1

e,p?

vt

1
= sup —/V-V¢g,pg
Q

LP(QR3)  yera(QR3) ||VHL<1 (Q,R3)

Using the Helmholtz-Hodge decomposition (5.1.1) to write
V =W+ Ve,

where Vg € LY (€2, R?) and using the L*-orthogonality relation between the compo-

nents, we deduce that

1
Vel . <C sup / V- Ve?
H Pl e (ms) V=Vo+VpeLd(QR3) ||V0||Lq(sz,R3) + ||v90||Lq(Q,]R3) Q &
1
<C sup

VeLa(Q,R3) HVSOHLq Q,R3)

Thus, we obtain

/ V- p2VeL

<C sup F=—F——
LP(Q,R3) Ve La(Q,R3) HVSOHLq QR3

(622) ¢ sup = / V- P2A0
Ve Ld(,R3) ||V90”Lq Q,R3)

<A

0
Vet

o ps)

This yields the following bound for curl B?

|| curl BY < CA2 (5.2.11)

HLPQR3 HLPQR3)’

where C' > 0 is independent of . Finally, combining these estimates with a Sobolev
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embedding, we conclude that for p > 3

(

5.2.11)
lw@rsy < CllA2

0
chrl B, HLoo(QvRa)
S C(HAS - AO’QXHLN(Q,R% + ||A0,ex||Loo(Q7]R3))
p>3 0
< O(HAa - AO,exHHz(R:sRs) + HA076X||WLP(Q,R3))
(5.2.10) 0
< C’(||cur1 B; HL2(Q,R3) + ”HoveXHLP(Q,RS))
S C(HHO,exHLz(QR:s) + HHO,QX||L17(Q7R3))
S C ||H079X||Lp(Q7R3)

This concludes the proof. O

5.2.2 Energy splitting

Now we present a proof for the energy splitting result in 3D (0.0.5).

Proof of Proposition 0.0.2. We start by using the Lassoued-Mironescu decoupling
(0.0.4) on the integral in €.

_ 1 2 ihex®, 212 4 (1= Ju?)?
GL&(u7 A) - EE(pa) _I_ 2 p6|vAue vps| +p€ 2 2
Q 19

1
+ 5 | curl A + hey curl(A2 — Ago)]?. (5.2.12)
R3

First, by expanding the square in the second term of (5.2.12) we have

[ A aue = [ (T a0~ (96,5~ Al
Q Q

L0 [ IS a4 g9t = AP + 2, ¥ ) curd 52
Q
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On the other hand, by expanding the square in the rightmost term of (5.2.12)

/ |curl A]> 4+ hZ | curl(A? — Agex)|* + 2hex curl A - curl(AY — Ag o)

527

|curl A|? + A2 | curl(AY — Ago)]* — 2hex/ curl BY - A.
Q

R3

Since B? x v =0 on 92, we have

/CurlBg-A:/Bg-curlA.
Q Q

By replacing in (5.2.12), we obtain

GL.(w,A) =E.(p.) + Fop(t, A) — hes / u(u, A) - BY
Q

w960~ APl 4 [ el - o).

Finally, recall that

i hzx
GL.(pec™ st hsA?) = Eup) + 55 ([ 2960, — 42 [ Jeut(42 — o).

Thus, we conclude the proof by writing |u|? as 1 + (Jul? — 1). O

5.3 Vortex balls on a surface and s-level estimates

Because vortices are one-dimensional objects, it is not possible to directly extend
the vortex ball construction from Section 2.3 since they can no longer be covered by
3D balls. The tool for estimating the energy of vortices are e-level estimates, which
refer to a polyhedral approximation of vortices with e-quantitative estimates. This
construction is based on the Federer-Fleming deformation theorem. The main result

of this section is the following.

Theorem 6. [Work in preparation] For any M, m,n > 0 there exist C, ey depending
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only on M, m,n, 0 such that, for any € < €y, there exists kK = k() such that, if
(u, A) satisfies Fr, (u, A) < M|loge|™, [pelcoa < M|loge|™ for some a € (0,1] and
pe s constant in {x € Q: dist(z,0Q) > Kk} , then there exists a polyhedral 1-current
v. which satisfies the following.

(1) v./m is integer multiplicity.
(2) Ov = 0 relative to §).

(3) There exists S,. C S such that supp v C S,. and |S,.| < C|loge|~?, where

g(m,n) :=3(m+n).

(4) (Weighted lower bound)

1 — |ul?)?
[ 9l + oS et ap
s, 2e

C

where 0 is the multiplicity of v/m and H' is the one dimensional Hausdorff

measure.

(5) (Vorticity estimate) For any v € (0,1], there exists C,, > 0 depending only on
v, 08) such that

F., (u,A)+1

5.3.2
[ogelr (53.2)

H/L(U,A) - I/SH(C%”)* S C’Y

This result was developed in [Rom19b] by C. Romén, where the vorticity was ap-
proximated using an appropiately positioned grid of small cubes where the vortex is
linearized in each cube and the restriction to the edges are approximated by Dirac
masses using similar vorticity estimates as (2.4.2). The proof in the inhomogeneous

case uses a similar strategy, but we need to impose additional hypothesis on p..

One of the main tools used to prove these e-level estimates is an extension of the

vortex ball construction for surfaces in R®. The construction follows the same prin-
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ciples as the one in Section 2.3: Capture the vorticity regions {|u| < 1} in balls to
obtain an initial lower bound for the free energy functional, then increase the radius
of each ball in a way that preserves the bound and merges them when they overlap.

We also have to consider the curvature of the surface in this construction.

Let ¥ C Q be a complete oriented surface with a distance function 9(-,-) and with
bounded second fundamental form. We also introduce the weighted free energy

without magnetic component in > C .

(1= [uP)?.

1
Pyl ) = 5 [ 190+

We assume the following hypothesis on u, ¥ and ¥:

Hypothesis 5.3.1. ¥ has a second fundamental form bounded by 1 and X C > is
open and bounded. Also, we let u = u. € H' (X, C) such that for any m, M > 0 there

exists eg = eo(m, M) such that

E.o(w:X) < M., lu(@)] > 5 if o(x,05) < 1,

where M, := M|loge|™.
Our main energy estimate is the following.

Proposition 5.3.1. If (u,X) are such that they satisfy Hypothesis 5.3.1, then we

have

1
E.,(u,2) > mm*(2)|d| (log - ME) ,
where d is the winding number of u/|u| in 03.

The structure of the proof is similar to the 2D case: we state an initial lower bound
for the energy in a ball, construct an initial configuration with an adequate lower
bound and apply a growing and merging process. We will follow the structure of
[Rom19b, Section 3.1], which generalizes the proof of [San01] to include the case of a

possibly unbounded number of vortices. In what follows, the sets B(z,t) and S(z,t)

7



denote respectively a geodesic (closed) ball and a geodesic sphere of radius ¢ centered
at z € ¥. We will also use S, (x,t) and B.(z,t) to denote, respectively, the Euclidean

sphere and the Euclidean ball of radius ¢ centered at x in the tangent space T,X.

Lemma 5.3.1. Suppose u, > satisfy Hypothesis 5.3.1. There exist €9,79,C > 0
depending only on X such that, for any € < €y, any x € X, and any t > 0 such that
oy <t <ro, if |u] <1 in S(x,t), we have

L(B(

|d| o
answw>7mm<wﬁ(7—c b)),
where m = infg(, 4 |u|, and

g deg <%,S(w,t)> if m#0

0 otherwise.

Proof. This result is an extension of [DVR24, Lemma A.1], which states that in
Q C R?, for any u € H'(Q,C) and any (Euclidean) ball B.(x,t) C €, we have

! ! 2(B.(x.0)
I R T PR CE )
Se(z,t) €

where C' > 0 is a universal constant.

We extrapolate this result to surfaces in R? using the exponential map defined locally
in ¥. Fixing v € HY(X,C), z € ¥, t > 0 small enough, and using (5.3.3) with
Q =exp,1(X) CT,%, @ :=uoexp,, and 7 := n o exp,, yields

1 . i°(Be(2,1)) -
s[owwars La-per e Tt ae Ga)
Se(z,t) €

where 1 := infg(s |@. The bound on the second fundamental form of 3 implies

that there exists rp > 0 depending only on X such that, for ¢t < ry, exp, is a quasi-
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isometry in Be(z,t) and exp,(Sc(z,t)) is a geodesic sphere in ¥ centered at z. By

performing a change of variables on (5.3.4), we obtain

=

1 2 2 774 2\2 2 2(~>
\V4 1 > " "°(1 - >
2 /s(a:,t)n | |u|| 252( |u| ) - Ce ( m) - C

(1—m)?, (5.3.5)

€

with potentially different values for the constants ro and C, after the change of

coordinates. This yields the lower bound

1
Pyl S(e.0) =5 [ o (|V|u||2 + Juf?
x,t

2 4
u n 212
V— —(1 —
M' ) + 55— fuf)
(5.3.5)

> (%) (é(l —m)* +m? /S( , ) : (5.3.6)

For the second term in the RHS of (5.3.6), we use the following result used in the

v
Jul

proof of [San01, Lemma 3.12], which states that for small enough ¢,

2 +
/ > 7 (M - C) . (5.3.7)
S(z,t) t

By inserting (5.3.7) into (5.3.6), we complete the proof. O

u

\Y

Jul

With this modification at hand, the proof of Proposition 5.3.1 follows almost verba-

tim [Rom19b, Section 3.1], the only difference being that the lower bound 7*(%) is

carried through the subsequent steps.

5.4 The isoflux problem

Using the e-level estimates with the energy splitting (0.0.9), we can heuristically
try to deduce the leading order of the first critical field. If GL3P is minimized

ihex? ihex@?
by (W, A) = (upee" %ot A + he A?), then GLP(u, A) < GLP(pee” ™ er? hoe A).
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Thus, we have

FEvPe(ua A) - hex/ M<U7 A) : Bg + Ry < 0.
Q

Reasoning as in the 2D approach, vortices will appear when the Meissner configura-

tion is not near a minimizer, that is,

Fop (u, A) — he / i, A) - BY < 0,
Q

Using items (4) and (5) of Theorem 6 and ignoring lower order terms, we deduce this

is possible when
g (/ pg@d%l) |10g6| - heX<VE7B(E‘)> < 0’

that is,

(7 J,, p20a34?)
2(ve, BY)

hex > |loge|. (5.4.1)
This motivates the definition of the so-called isoflux problem to remove the depen-
dence of v, from the bound. This problem is an isoperimetric-like problem where,
given a 1-form, we find a 1-current which maximizes the ratio between the duality

product with the 1-form and the mass of the 1-current.

In line with the inhomogeneous framework, we work on the following weighted variant
of the isoflux problem: Let N(Q) be the space of 1-currents supported in © with
finite mass and boundary supported on 02 with finite mass as well. Given a vector
field B: Q — R® B = (B,, By, B.), identified with the 1-form B,dx + B,dy + B.dz
and a nonnegative nonzero weight function 7, we seek to maximize over N () the

following functional
I, B)
RL(T ::< . 5.4.2

where the product nl' is defined by duality: For any 1-form w supported in €2

(nT", B) := (", nB).

80



To see that (5.4.1) is related to this problem, we can determine |nI'| in the case that

" is an integer multiplicity rectifiable 1-current with associated varifold (T, 6).

InT'| = sup /Fn(x)w(x)ﬁ(x)d?-[l(x) (5.4.3)

weD! (Q)»HWHLOO(Q,R%:l

_ sup / n()(@)0(x)dH (z)

WGDl(FLHW”Loo(p’Rg):I
= /n(m)@(m)d’;‘—[l(m).
r
This last integral is the integral of n respect to the weight measure of the varifold

o(I',0). We will write this last integral as [|n]| .1, and also keep in mind that there

is an implicit dependence on the multiplicity of the varifold as well.

5.4.1 1-current associated to a 2-form

The following is a useful family of 1-currents to obtain lower bounds for the maxi-
mizing value of the isoflux functional (5.4.2). Any 2-form « supported on € induces

a l-current ] defined by the following action on a 1-form w.

(al.w) = [ ane

In order for [a] to be an admissible current, we will require that « is a closed 2-form,

that is, da = 0. This is formalized in the following proposition.

Proposition 5.4.1. If « is a smooth, continuous up to the boundary, closed 2-form
supported on Q, then [a] € N(Q) and

<a[a]7f>: fa.

o0

Proof. (1) [a] has finite mass: Note that by the duality characterization of L? norms,

the mass of a current generalizes the L' norm, as we will see in the following
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argument.

o] = sup ({[o], @)
weDH (), |l oo (6 231

= sup / aNw
wepl(Q%”w”Loo(Q’RB):l Q

= ||04HL1(Q,R3)

< Q.

Note that « is integrable since it is continuous in Q.

(2) Boundary of [a] has finite mass and is supported on 02: Let f be a smooth
0-form, that is, f is a smooth function. In particular, the wedge product is just

standard multiplication. Thus, we have

(Olal, f) = (la], df)

:/Qa/\df

::LdmAf%wMAf
— [ dtsa) - sda

“= [ diro)

Finally, by Stokes’ theorem

Ola], f)=[ fo,
o9
which is supported on 0€). We conclude analogously that

9la]] = lledl 1 oe,rs) < o0
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We can conclude that [a] satisfies all the conditions of N (). ]

Now we can state a lower bound for the maximal energy of (5.4.2) in the special case

where B is a solenoidal vector field.

Proposition 5.4.2. Suppose div B = 0. Then we have

s ) o VBl

> (5.4.4)
FeN(Q) 7]l 20

Proof. If B = Bydx + B,dy + B.dz, then xB is the 2-form B,dy A dz + B,dz N\
dx 4+ B.dx N dy, where x is the Hodge star operator. Moreover, xB is closed since
d(xB) = (divB)dz A dy A dz = 0. Additionally, we have [*B] A B = (|B,|* +
|By|? + |B.|*)dxz A dy A dz and, |[n* B]| = 7Bl 11 (qrs) Thus, by Proposition 5.4.1,
[xB] € N(Q). By using [xB] as a competitor for the maximal energy of Rp, we
deduce that

{(xB], B)
r>+—-r
we e D) 2 5
o )
=—————— [[*B]AB
||nB||L1(Q7]R3) Q
IBIIz2 0.z

B HUHL?(Q) HBHL2(Q,R3)
1Bl
||77||L2(Q)

5.5 Lower bound for the first critical field in 3D

We delegate this section to the proof of the lower bound for the first critical field
in 3D, Theorem 5. With the tools we have developed, the proof will be similar to

the proof of Theorem 1, the 2D lower bound. We need one additional result, and
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that is to prove that the maximizer of the isoflux problem for the Ginzburg-Landau

setting does not go to zero under an additional hypothesis. We will use RY to denote
2
maXFeN(Q) RPBEQ (F)

Proposition 5.5.1. Assume curl Hyex # 0 in Q. Then we have

lim inf R? > 0. (5.5.1)

e—0t

Proof. Assume liminf._,o+ maxren o) Re(I') = 0. It follows by (5.4.4) that, by pass-
ing to a subsequence if necessary, B? — 0 in L?*(Q, R?). On the other hand, by using
an arbitrary (but fixed in €) vector field ® € C§°(Q2,R?) with div® = 0 as a test

vector field in equation (5.2.3) we have

/ HO,ex : (I)' =
Q

<C

/ curl B? - curl @

Q P2

/ curl BY - curl @ + BY - q)’
Q

+B§-q>‘

<C

/ BY - curlcurl ® + BY - CI>‘
Q
< C ||Bg||L2(Q7R3) ||®||H2(Q7R3) :

As ¢ — 0, the right-hand side goes to zero while the left-hand side remains un-
changed. This implies fQ Hpex - ® = 0. Taking the L*-closure, we deduce that
Hoyex L L2 5(9,R?). We deduce from the Helmholtz-Hodge decomposition (5.1.1)
that Hpex € VHY(Q). Thus, curl Hy e = 0 on Q. O

Proof of Theorem 5. The sequence of steps is similar to the proof of 1, sans the strong
vortexlessness. We will additionally assume that curl Hyx # 0, which is required to

use Proposition 5.5.1.

Step 1 (Free energy bound) Since we are assuming that (u, A) minimizes G L., we
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ihex®?

have GL.(u,A) < GL.(p-¢ 2 hex A?) This implies that

(0.0.9)
Fep.(u,A) < hex/u(u,A)-BQJrRo. (5.5.2)
Q

On the other hand, the boundary condition B? x v = 0 implies that we can integrate

by parts to obtain

F.,. (u,A) < hex/((iu, Vau) - curl BY + curl A - BY) + Ry
0

< Chex HuHLQ(Q,(C) HVAUHLQ(Q,(C3) chrl BgHLoo(QvRs)

+ ||CU1"1A||L2(Q,R3) HBgHLz(Q,Rg) + | Rol)
(5.2.9)
< Clhex ||u||L2(Q,(C) ||VAU||L2(Q,(C3) + ||Cur1AHL2(Q,R3) + [ Rol)-

Let us bound the terms on the right hand side individually. For [|ul| 2 ¢y, We have

L= [ ==
<cq+ [ =)

< O+ eFey(u, A)P).

Thus, we have
ull 20,0 < O+ eFrp, (u, A2, (5.5.3)

In the case of ||V .aul| 2 cs). We have
||VAU||L2(Q,<C3) < CFp.(u, A)l/z- (5.5.4)
Similarly, for [lcurl Al| 2 gs),

leurl Al > gy < CF . (u, A)Y2. (5.5.5)
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Finally, we have for |Ry| that
h? curl BY|?
|Ro| < ?/ﬂ%MuF — 1)] < Ch2 eFL, (u, A)Y2 (5.5.6)

Thus, we conclude from (5.5.3), (5.5.4), (5.5.5) and (5.5.6) that

FE (U, A) == O(hexFa,ps (u7 A)l/Z)’

»Pe

which implies that there exists C' > 0 not depending on ¢ such that

Fa7p€ (u7 A) S Chzx.

Step 2 (Proof of weak vortezlessness) As we have stated that he, = O(|logel), the

conclusion of the previous step yields
E.,.(u,A) < Cllogel|? (5.5.7)

for some C' > 0 not depending on ¢.

We proceed to use the tools from the e-level estimates. Using (5.3.2), we can deduce
that

[t 2B < . ) = v e v BY(558)

(5.2.9)&(5.5.7) 0 9_ _
< (e, B+ C(|logel™ + [ loge| ™)

Nl +

By inserting (5.3.1) and (5.5.8) in (5.5.2) and using (5.5.6) to control | Ry|, we deduce
by choosing a large enough n that

Fopn . 4) = by [ i, ) B

T _
> S 1021l 1 . ) (Hogel — Clog [log e]) — hex(ve, B) + o(|log e[ 7). (5.5.9)
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On the other hand, by the definition of R as a maximizer
(v, BY) < [P . (55.10)
Since v. /7 is an integer valued current, we follow (5.4.3) to obtain
2 1 2 _ 2
20 = 2w/ = 7 02 o (55.11)
We return to (5.5.9) with (5.5.10) and (5.5.11), where we find that

g HngLl(%/ﬂ) (’ 10g€| - C’log | lOg€|) - hGX<V€7Bg>

> g Hp?HLl(VE/W) (Jloge| — 2hexRY — C'log | loge|) + o(|log g|~2).

Using the hypothesis on hex we can remove the the leading term |loge| from the

bound, which leaves us with
s
Fg,ps(u,A)—hGX/M(u,A)-Bg > 21102l ) (2R — C) log [log 2] +-0( | log | 2).
Q

Using the limiting behaviour of R? (5.5.1), we can choose Kj independently of & such
that 2KyR? — C' > 1 to deduce

™ —
Fop A) = s [ ) 822 T2, o o+ of o).

Combining this bound with the following upper bound given by the minimizer
o (5:2) (5.5.6) 3
F., (u,A) —hex | plu,A)-B; < |Ry| "="0(e|logel’), (5.5.12)
Q
yields

HngLl(Vg/ﬂ-) < 0(1)
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Moreover, we also have a similar bound for |v]|

s
Vel < 3 llpella.my = 0(1). (5.5.13)

Thus, we can conclude that weak vortexlessness is satisfied following another use of
the vorticity estimate (5.3.2), since for any B € C57 (2, R?)

/QM(%A) B < |lp(u, A) — Vs”(cgﬁ)* ||B||C%V(Q,R3) + |l ||B||Loo(Q,R3) (5.5.14)

(5.3.2)&(5.5.13)
< o(1) ”BHc%V(Q,H@) :

Step 3 (Meissner configuration approximation) The Meissner approximation follows
after (5.5.14), since equation (5.5.12) implies that

F., (u, A) = o(1). (5.5.15)

Finally, as we have proven in (5.5.15), (5.5.14) and (5.5.6) that all the terms from
the energy splitting (0.0.5) are o(1), we conclude that
thex®® o

GL.(u,A) = GL.(p-e ~"502 hey A?) + o(1).

This finishes the proof.
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