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los profesores de la facultad de matemáticas de los cuales fui alumno o ayudante,

con una mención especial a los profesores Pedro Gaspar, Gregorio Moreno y Nikola

Kamburov.

Estoy inmensamente agradecido con el apoyo de mi familia, particularmente de

quienes han estado apoyándome desde siempre: mi mamá Ximena y mi papá Max-
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Introduction

Superconductivity is a property achieved by some materials characterized by a com-

plete loss of electrical resistance when they are cooled below a critical temperature.

This property was discovered by K. Ohnes in 1911.

A striking feature of superconductors is the so-called Meissner effect, which states

that superconductors repel applied external magnetic fields and levitate over mag-

netic sources. However, this property may be lost if the intensity of the external fields

is sufficiently large. A particular family of superconductors, called type-II supercon-

ductors, are characterized by the existence of a mixed phase where superconductivity

coexists with magnetic defects given by the partial penetration of the external field.

These defects are called vortices.

These vortices might move because of their interactions or by external forces. This

motion causes energy dissipation due to vortices generating an electric field, which

generates an electric resistance and the loss of superconductivity. We can control the

motion of vortices by introducing an inhomogeneity like varying the width or tem-

perature across the material. This can create pinning sites for the vortices as it may

be less efficient in an energetical sense for vortices to move through inhomogeneous

regions.

The Ginzburg–Landau functional in 2D. Critical fields.

The behaviour of superconductors under a pinning effect is modeled by the inhomo-

geneous Ginzburg–Landau energy functional. In the two-dimensional framework, the
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Ginzburg-Landau energy functional corresponds to

GLε(u,A) :=
1

2

∫
Ω

|∇Au|2 +
(aε(x)− |u|2)2

2ε2
+ |h− hex|2. (0.0.1)

Here

• Ω ⊂ R2 is a smooth, bounded, and simply connected domain.

• u : Ω → C is called the order parameter and its squared modulus (the density

of Cooper pairs of superconducting electrons in the Bardeen–Cooper–Schrieffer

(BCS) quantum theory [BCS57]) indicates the local state (normal or supercon-

ducting) of the material.

• A : Ω → R2 is the electromagnetic vector potential of the induced magnetic

field h = curlA := ∂x1A2 − ∂x2A1. Note that in R2, the curl operator yields a

scalar field which agrees with the x3-coordinate of the usual three-dimensional

curl.

• ∇A denotes the covariant gradient ∇− iA.

• hex > 0 is a constant that represents the intensity of the external magnetic field

in the direction perpendicular to Ω.

• ε > 0 is the inverse of the Ginzburg–Landau parameter usually denoted κ, a

nondimensional parameter depending only on the material. We will be inter-

ested in the regime of small ε, corresponding to extreme type-II superconduc-

tors.

• aε is the pinning function that accounts for inhomogeneities in the material. We

will assume that aε ∈ L∞(Ω) and that it takes values in [b, 1], where b ∈ (0, 1)

is a constant independent of ε. The regions where aε = 1 correspond to sites

without inhomogeneities (we also say that there is no pinning in these regions).

The configuration (uε, Aε) which minimizes (0.0.1) indicates the electromagnetic pro-

file of the superconductor exposed to an external field, while vorticity regions are
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represented by u ≈ 0. The vortices themselves are codimension 2 topological defects

and they are the limiting set of the vorticity regions as ε→ 0. Vortices also have an

associated topological degree (winding number). Heuristically, vortices appear as an

intermediate phase in a competition between superconductivity, which is represented

by aε ≈ |u|2, and the abscense of Meissner effect, which is represented by h ≈ hex.

The term |∇Au| seeks to enforce regularity.

Many particular models of aε have been studied through the literature. For example

aε can be a step function taking only two values (say, b and 1) where ε controls the

regions where aε ≡ b, or a periodic function with oscillations controlled by ε. We

refer to [LM99,Kac10,DS21,DSRS23] for results in the aformentioned cases. There

are also models where the pinning function can go near or even below zero. We refer

to [ABP03,AAB05] for these particular cases. We additionally refer to the works of

A. Aftalion, E. Sandier and S. Serfaty [ASS01], which studies the limiting behaviour

of aε through the lens of homogenization theory.

The homogeneous case aε ≡ 1 corresponds to the classical Ginzburg–Landau func-

tional, which was first introduced by V. Ginzburg and L. Landau in [GL50]. Interest

from mathematicians started in the 90’s after the pioneering works from F. Bethuel,

H. Brezis and F. Hélein in [BBH94], where they developed tools for systematic vor-

tex analysis. Research on the homogeneous functional with magnetic field is well

documented in the book of S. Serfaty and E. Sandier [SS07].

As the intensity of the external field hex is increased, the superconducting system

undergoes several phase transitions which drastically affects the behaviour of mini-

mizers. There are three main values Hc1 , Hc2 , Hc3 called critical fields for which these

phase transitions occur.

• When hex is below Hc1 , which is of order O(| log ε|), the Meissner effect is

present and the material is in the superconducting phase.

• As hex surpasses Hc1 , the external magnetic field starts to penetrate the ma-

terial. When Hc1 < hex < Hc2 , we are in the mixed phase and vortex configu-

rations are allowed, where the number of vortices increases with hex. Vortices
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repel each other and, in the homogeneous case, they arrange themselves in a

triangular lattice to minimize repulsion. As hex starts approaching the second

critical field Hc2 , the vortices start to overlap. This means that superconduc-

tivity is lost in the bulk of the material.

• BetweenHc2 andHc3 , superconductivity remains only near the boundary. After

hex surpasses Hc3 , superconductivity is completely destroyed.

It is important to note that these phases present hysteretic behaviour. For example,

if we initially observe a superconducting phase and steadily increase hex, we will not

observe vortices even when surpassing the first critical fieldHc1 . Mathematically, this

happens because the local minimality of vortexless configurations remains even when

hex > Hc1 . The value Hsh that hex has to surpass to break the stability of vortexless

configurations is called superheating field and it satisfies Hsh ≫ Hc1 . We refer to

[Ser99,Rom19a] for stability results of vortexless configurations in the homogeneous

problem.

Mathematical tools in the Ginzburg–Landau theory

Before we state the main results of this work, we have to give an overview of the

mathematical tools used for this problem. We will fill out the details in the corre-

sponding sections.

Gauge invariance

The Ginzburg–Landau energy admits an invariance under transformations of the

form

(u,A) → (ueiϕ, A+∇ϕ),

for a given scalar function ϕ. This is called a gauge transformation and the invariance

induced is referred to as gauge invariance. Many of the physically meaningful quan-

tities in this theory are gauge invariant, including but not limited to the (weighted)
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free energy for a weight function η defined in Ω

Fε,η(u,A) :=
1

2

∫
Ω

η2|∇Au|2 + | curlA|2 + η4
(1− |u|2)2

2ε2
,

the superconducting current

j(u,A) := ⟨iu ,∇Au⟩,

the vorticity measure

µ(u,A) := curl(j(u,A) + A) = curl⟨iu ,∇Au⟩+ h,

where ⟨z , w⟩ := zw+zw
2

is the scalar product in C identified with R2. We also say

that two configurations (u0, A0), (u1, A1) are gauge equivalent if (u1, A1) can be gauge

transformed to (u0, A0). Every configuration is gauge equivalent to a special config-

uration called Coulomb gauge, which is characterized by A satisfying{
divA = 0 in Ω

A · ν = 0 on ∂Ω
(0.0.2)

Energy decoupling

Consider the simpler energy functional without magnetic field in H1(Ω,C).

Eε(u) =
1

2

∫
Ω

|∇u|2 + (aε − |u|2)2

2ε2
.

Using direct methods of calculus of variations, we can prove that Eε admits a min-

imizer. Moreover, this functional has a unique positive minimizer which we will

denote by ρε. By using the Euler–Lagrange equation solved by ρε −∆ρε =
ρε(aε − ρ2ε)

ε2
in Ω

∇ρε · ν = 0 on ∂Ω,
(0.0.3)
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L. Lassoued and P. Mironescu proved in [LM99] that for any u ∈ H1(Ω,C), the
following energy decoupling holds for any u ∈ H1(Ω,C)

Eε(ρεu) = Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2
. (0.0.4)

This is a powerful result in the inhomogeneous theory, because this indicates that a

inhomogeneous configuration rescaled by ρε behaves like an homogeneous one.

Meissner configuration and Energy splitting

One of the main results of this work is an estimation of the leading order of the first

critical field Hc1 , which is equivalent to determine for which values of hex the global

minimizer for (0.0.1) corresponds to a vortexless configuration. A good starting

point is to look for the configuration which minimizes the energy amongst vortexless

configurations. Since, heuristically, vortexless configurations are characterized by

aε ≈ |u|2, it may be a good idea to find A which minimizes GLε(
√
aε, A) in a suitable

space, but this is not always possible, since aε might not be in H1(Ω,C). Hence, a

good alternative is to minimize GL(ρε, A), since ρ
2
ε is essentially a regularization of

aε.

We identify this minimizer as hexA
0
ε, where the hex rescaling is added for convenience’s

sake. This special configuration (ρε, hexA
0
ε) is called the Meissner configuration.

There are two very important features of the Meissner configuration. First, the

energy of any vortexless minimizer is close to the energy of the Meissner configuration.

Second, the Ginzburg–Landau energy decomposes as follows

Proposition 0.0.1. For any configuration (u,A) ∈ H1(Ω,C)×H1(Ω,R2) and (u,A)

such that

(u,A) = (ρεu,A+ hexA
0
ε),

we have

GLε(u,A) = GLε(ρε, hexA
0
ε) + Fε,ρε(u,A)−

∫
Ω

µ(u,A)ξε +R0, (0.0.5)
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where ξε is the unique solution of the following Dirichlet elliptic problem − div
∇ξε
ρ2ε

+ ξε = 1 in Ω

ξε = 0 on ∂Ω,
(0.0.6)

and

R0 :=
h2ex
2

∫
Ω

|∇ξε|2

ρ2ε
(|u|2 − 1). (0.0.7)

In the regime of hex that we are interested in, the term R0 = R0(ε) is negligible.

Considering that the energy of the Meissner solution is a good approximation of the

energy of vortexless minimizers, this indicates that the presence of vortices strongly

depends on the sign of the term (Fε,ρε(u,A)− hex
∫
Ω
µ(u,A)ξε).

It is worth mentioning that this splitting was strongly prompted by [BR95, LM99,

SS07,Kac10].

Vorticity estimate and Vortex ball construction

The previously introduced vorticity measure µ(u,A) indicates the density of vorticity

regions. We have mentioned previously that, as ε → 0, vorticity regions become

point-like. The vorticity estimate, popularized by the works on the homogeneous

case of R. Jerrard and H. Soner in [JS02] captures this idea. The vorticity estimates

states that µ(u,A) approaches a sum of Dirac masses in a weak sense. These Dirac

masses are centered at the vortices and the weight of each vortex is equal to 2πd,

where d is the associated degree. This indicates that vortices are quantized. We

also point out that the presence of inhomogeneities affects only the positions of the

vortices and not their degrees.

On the other hand, the vortex ball construction gives us a lower bound for Fε,ρε(u,A),

the free energy with weight ρε, in terms of ρε and degrees of the vortices. In the

homogeneous case, this construction was introduced independently by E. Sandier

[San98] and by R. Jerrard [Jer99]. It can be roughly described as finding a lower

bound for Fε,ρε(u,A) restricted to an initial collection of balls covering the vortices
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and letting the balls increase in radii in a way that preserves the lower bound. If

during the growth process two balls intersect each other, they are merged into one

ball in a way that the bound is preserved. This gives us a precise estimate on the

energetic cost of each vortex, which is π (minB ρ
2
ε) |d|| log ε|+O(log | log ε|) and does

not depend on the number of vortices. One of our results will be to indicate the

necessary modifications to generalize the construction to the inhomogeneous case.

The Ginzburg–Landau functional in 3D

The Ginzburg–Landau energy functional in three dimensions is defined as

GL3D
ε (u,A) :=

1

2

∫
Ω

|∇Au|2 +
(aε − |u|2)2

2ε2
+

1

2

∫
R3

|H −Hex|2 (0.0.8)

Compared to the 2D functional,

• Ω ⊆ R3 is assumed to be smooth, bounded, simply connected domain.

• A : R3 → R3 is the electromagnetic vector potential of the magnetic field H =

curlA, which now is a vector field that extends beyond Ω.

• Hex : R3 → R3 is the applied external magnetic field. Its intensity hex is now

defined as its norm in an adequate space. Since Hex represents a magnetic

field, it is natural to impose that divHex = 0. This means that Hex admits

a vector potential Aex, which satisfies curlAex = Hex. The intensity hex now

corresponds to the norm of Hex in an appropriate space and we introduce the

normalized external magnetic field H0,ex as 1
hex
Hex and its normalized potential

A0,ex as 1
hex
A0,ex. Aex is not unique and it can be chosen such that divAex = 0

in Ω and Aex · ν = 0 on ∂Ω.

Note that the 2D functional is a particular case of (0.0.8), where Ω is a cylinder of

infinite length with the 2D domain being its cross-section, while Hex is constant and

directed perpendicularly to Ω.

The first noticeable difference between the 2D and 3D functionals is that the magnetic
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component |H −Hex|2 is now defined in all of R3. On the other hand, vortices now

have a more geometrically complex structure, as they are 1-dimensional objects now.

Some of the tools can be slightly modified to hold in the 3D case, like the energy

decoupling or the Meissner configuration. However, some of them, like the vortex

ball construction, have to be replaced by more sophisticated tools. We refer to

[Riv95,JMS04,BJOS13,RSS23] for further results in the homogeneous problem.

Meissner configuration and Energy splitting in 3D

One of the main difficulties in adapting the energy splitting (0.0.1) is the redefinition

of the Meissner configuration. In particular, the functional minimized by the Meiss-

ner configuration now includes the energy of the magnetic field |H −Hex|2 extended
beyond Ω. To ensure more regular behavior near the boundary, we minimize in a

Coulomb-like gauge (ueiϕA , A) ∼ (u,A−∇ϕA), where ϕA is such that{
div ρ2ε(A−∇ϕA) = 0 in Ω

ρ2ε(A−∇ϕA) · ν = 0 on ∂Ω

This is equivalent to writing A−∇ϕA as curlB
ρ2ε

, where B satisfies

{
divB = 0 in Ω

B × ν = 0 on ∂Ω

Thus, the Meissner configuration in 3D corresponds to (ρεe
ihexϕ0

ε,ρ2ε , hexA
0
ε), where

hexA
0
ε minimizes GL3D

ε (ρεe
iϕA , A) and ϕ0

ε,ρ2ε
:= ϕA0

ε,ρ
2
ε
. We also denote B0

ε the vector

field given by the previously stated relation

A0
ε −∇ϕ0

ε,ρ2ε
=

curlB0
ε

ρ2ε
.

The reason we bring attention to B0
ε is that this vector field is related to the energy

splitting result in 3D, which is one of our new results stated in a work-in-progress

[DVR].
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Proposition 0.0.2. For any configuration (u,A) ∈ H1(Ω,C)× [Aex+Hcurl(R3,R3)]

and (u,A) such that

(u,A) = (uρεe
ihexϕ0

ε,ρ2ε , A+ hexA
0
ε),

we have

GLε(u,A) = GLε(ρεe
ihexϕ0

ε,ρ2ε , hexA
0
ε) +Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε +R0 (0.0.9)

where B0
ε is the unique vector field such that

divB0
ε = 0 in Ω

curlB0
ε

ρ2ε
= A0

ε −∇ϕ0
ε,ρ2ε

in Ω

B0
ε × ν = 0 on ∂Ω,

and

R0 :=
h2ex
2

∫
Ω

| curlB0
ε |2

ρ2ε
(|u|2 − 1).

Remark 0.0.1. Note that, in contrast to the 2D case, the vorticity µ(u,A) is now

a vector field since the curl of a vector field returns a vector field in 3D.

Main results

The main results of this work are concerned with vortexless configurations. We

formally define them as follows

Definition 0.0.1. We say (uε,Aε) = (ρεuε, Aε + hexA
0
ε) is a weakly vortexless con-

figuration if it satisfies the following asymptotic estimate.

∥µ(uε, Aε)∥(C0,1
0 (Ω))∗ = o(1).

Additionally, we say that a weakly vortexless configuration (uε,Aε) is strongly vor-

x



texless if it also satisfies

|uε| > c

for some c > 0 independent of ε.

From here on out, we drop the ε subscript for these configurations, but keep in mind

the dependence on ε.

Main results in 2D

The first couple of results are a characterization of the first critical field. These are the

main results of our paper [DVR24]. As we have stated before, the presence of vortices

is strongly determined by (Fε,ρε(u,A)− hex
∫
Ω
µ(u,A)ξε), since the Meissner config-

uration will no longer be near a minimizer when (Fε,ρε(u,A)−hex
∫
Ω
µ(u,A)ξε) ≪ 0.

Using the previously mentioned vortex ball construction and vorticity estimate, by

ignoring lower order terms, we deduce that this is possible when

π
∑
i

|di|
(
(min
Bi

ρ2ε)| log ε| − 2hex⟨δi , ξε⟩
)
< 0.

If ξε is sufficiently regular, which is expected from elliptic regularity on (0.0.6), we

can set ξε and ρ
2
ε in the same point while adding a negligible error to the energy. We

conclude that this is equivalent to hex >
| log ε|

2maxΩ ψε
, where ψε = ξε

ρ2ε
. Our first result

formalizes this characterization of the first critical field. We define the approximated

first critical field Hε
c1

as

Hε
c1
:=

| log ε|
2maxΩ ψε

,

Theorem 1. There exist ε0 > 0 and K0 > 0 such that, for any ε < ε0 and any hex ≤
Hε
c1
− K0 log | log ε|, the global minimizers (u,A) of GLε in H1(Ω,C) × H1(Ω,R2)

are strongly vortexless configurations and satisfy the following asymptotic estimate

GLε(u,A) = GLε(ρε, hexA
0
ε) + o(1).
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The preceding result characterizes the behavior of global minimizers below Hε
c1
.

Moreover, an explicit construction also provides a characterization above this value.

Theorem 2. Assume [ρε]C0,α(Ω) ≤ | log ε|m for some m > 0 and α ∈ (0, 1], where

[ · ]C0,α(Ω) denotes the Hölder seminorm. Then, there exist ε0 > 0 and K0 > 0 such

that, for any ε < ε0 and any hex such that Hε
c1
+K0 log | log ε| ≤ hex ≤ | log ε|N for

some N ≥ 2, the global minimizers (u,A) of GLε in H
1(Ω,C)×H1(Ω,R2) are not

vortexless configurations. More specifically, there exists a configuration (u,A) which

is not weakly vortexless such that GLε(u,A) ≪ GLε(ρε, hexA).

Thus, under the assumptions of the previous two theorems, we conclude that

Hc1 = Hε
c1
+O(log | log ε|).

The reason we show that the energy of vortexless minimizers approaches the energy of

the Meissner configuration is that vortexless configurations themselves approach the

Meissner configuration in an adequate Banach space. This is proved in the following

result, which includes values for hex above the first critical field.

Theorem 3. Let α ∈
(
0, 1

2

)
. There exists ε0 > 0 such that, for any ε < ε0 and

hex < ε−α, there exists a vortexless local minimizer (u,A) for GLε. Furthermore, if

(u,A) is in the Coulomb gauge, it approximates the Meissner configuration. More

formally,

(1) GLε(u,A) = GLε(ρε, hexA
0
ε) + o(1).

(2) The configuration (u,A) such that (u,A) = (ρ−1
ε u,A− hexA

0
ε) satisfies

inf
θ∈[0,2π]

∥∥u− eiθ
∥∥
H1(Ω,C) + ∥A∥H1(Ω,R2) = o(1). (0.0.10)

(3) The configuration (u,A) satisfies

∥∥A− hexA
0
ε

∥∥
H1(Ω,R2)

= o(1). (0.0.11)

xii



Moreover, if ∥∇ρε∥L2(Ω,R2) < ε−γ for some γ < 1−2α, we have for any r ∈ [1, 2)

inf
θ∈[0,2π]

∥∥u− ρεe
iθ
∥∥
W 1,r(Ω,C) = o(1). (0.0.12)

Moreover, we also prove that these locally minimizing vortexless configurations are

unique up to gauge equivalence.

Theorem 4. Assume Eε(ρε) ≪ 1
ε2
. Let α ∈ (0, 1) and β > 0. There exists ε0 > 0

such that for any ε < ε0, if hex ≤ ε−α then a pair (u,A) = (ρεu,A + hexA
0
ε) which

locally minimizes GLε in H1(Ω,C) × H1(Ω,R2) and satisfies Fε,ρε(u,A) < εβ, is

unique up to a gauge transformation.

Remark 0.0.2. The hypotheses of this theorem are verified by the vortexless local

minimizer found in Theorem 3. More precisely, given α ∈
(
0, 1

2

)
, the vortexless local

minimizer (u,A) given by Theorem 3 is such that Fε,ρε(u,A) < εβ, for some constant

β > 0.

As far as we know, analogous results to Theorem 3 and Theorem 4 have only been

stated in the homogeneous functional. We refer to [Ser99] and [Rom19a] for these

results in 2D and 3D respectively. The preceding theorems also indicate the hysteretic

property of the Meissner state, which states that configurations that start vortexless

remain vortexless even for some values of hex > Hc1 .

Main result in 3D

Our final result is a lower estimate of the first critical field, which is a result from

a work in preparation [DVR]. This is an analogous version of Theorem 1 for the 3D

problem. This result is more limited in comparison, which shows the limitations of

the 2D tools in the 3D framework. Our lower bound approximant changes in the

following way: We define

Hε,3D
c1

:=
| log ε|

2maxΓ∈N (Ω)Rε(Γ)
,
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where Rε(Γ) is, roughly speaking, the ratio of the circulation of Γ on the vector field

B0
ε and its length. This is what is recently referred to as an isoflux problem. In the

inhomogeneous framework, we work on a weighted variant of the isoflux problem

studied by C. Román, E. Sandier and S. Serfaty in [RSS23, Section 1.2].

Now we state our 3D result

Theorem 5. Assume [ρε]C0,α(Ω) ≤ M | log ε|m for some M,m > 0 and α ∈ (0, 1].

Additionally, assume that there exists κ = κ(ε) such that ρε is constant in {x ∈
Ω: dist(x, ∂Ω) ≤ κ}. There exist ε0, K0 > 0 such that for any ε < ε0 and hex ≤
Hε,3D
c1

− K0 log | log ε| such that any global minimizer (u,A) = (ρεue
ihexϕ0

ε,ρ2ε , A +

hexA
0
ε) ∈ H1(Ω,C)× [Aex +Hcurl(R3,R3)] for GLε is weakly vortexless and satisfies

the following asymptotic estimate

GL3D
ε (u,A) = GL3D

ε (ρεe
ihexϕ0

ε,ρ2ε , hexA
0
ε) + o(1)

An important remark is that in the homogeneous case, strong vortexlessness holds

(see [Rom19a, Theorem 1.1]). Therefore, we can add that Theorem 1 directly gen-

eralizes to the 3D problem in the homogeneous case.

This document is organized as follows: In Chapter 1, we present the mathematical

tools for the 2D functional GLε, including notation and some preliminary results

on topics like function spaces, norms and differential forms. Chapter 2 presents the

tools for vortex analysis like the vortex ball construction and the energy splitting.

Chapter 3 contains the proofs of the estimations for the first critical field, Theorem

1 and Theorem 2. In Chapter 4 we prove results on the stability of the Meissner

configurations, Theorem 3 and Theorem 4. Finally, Chapter 5 contains an overview

of the 3D problem and a proof of Theorem 5 that characterizes the first critical field.
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Chapter 1

Mathematical theory for the 2D

inhomogeneous Ginzburg–Landau

functional

Our main goal in this chapter is to characterize the minimizers of GLε and develop

on relevant estimates for minimizing configurations which will be used throughout

the following chapters.

1.1 Notation and Preliminaries

1.1.1 Vector Algebra and Calculus

We denote the dot product in Rn by x · y and the usual Euclidean norm by |x|. We

can also identify the inner product of C

⟨z , w⟩ := zw + zw

2

in R2. The interaction between C and R2 appears in terms like the expansion of

|∇Au|2.
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The divergence operator in Rn is defined in Cartesian coordinates by

divA =
n∑
i=1

∂xiAi.

In R3, the curl (rotational) operator in Cartesian coordinates corresponds

curlA = (∂x2A3 − ∂x3A2, ∂x3A1 − ∂x1A3, ∂x1A2 − ∂x2A1).

In R2, the curl operator is the x3 coordinate of the 3D curl

curlA = ∂x1A2 − ∂x2A1.

curl can be understood as the dual of the operator∇⊥ := (−∂x2 , ∂x1), since it satisfies
the following identity for any A and compactly supported ϕ∫

Ω

A · ∇⊥ϕ =

∫
Ω

curlAϕ.

The preceding equation can be used as the definition of the curl operator in the

sense of distributions. Moreover, we have the following operator identity for any

scalar function ϕ

curl(ϕ∇⊥) = div(ϕ∇) (1.1.1)

We will use ∇ as the gradient operator for scalar-valued functions and D as the total

derivative (Jacobian) operator for vector-valued functions.

1.1.2 Function spaces and Norms

In this section, Ω is an open subset of Rn with smooth boundary and X represents

a Banach algebra (like Rn or Cn). We will describe the most common spaces in this

theory, which are Lp spaces, Hölder spaces and Sobolev spaces.

Given a Banach space X, we denote its dual space, the space of bounded linear
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functionals in X, by X∗ and we use ⟨· , ·⟩ to denote the duality product. The norm

of the dual space is defined by

∥f∥X∗ := sup
x∈X

⟨f , x⟩
∥x∥X

= sup
x∈X,∥x∥X=1

⟨f , x⟩.

For p ∈ [1,∞), we define the space Lp(Ω, X) as

Lp(Ω, X) :=

{
f : Ω → X :

∫
Ω

∥f∥pX <∞
}
.

For p = ∞, L∞(Ω, X) is the space of functions f : Ω → X which are bounded when

excluding measure zero sets. In the particular case X = R, we use the simpler

notation Lp(Ω). Lp(Ω, X) is a Banach space with the norm

∥f∥Lp(Ω,X) :=

(∫
Ω

∥f∥pX
) 1

p

for p ∈ [1,∞) and

∥f∥L∞(Ω,X) := ess sup
Ω

f,

where ess supΩ is the supremum in Ω excluding measure zero sets. For any p ∈ [1,∞],

Lp(Ω, X) is a Banach space.

If p ∈ [1,∞), the dual space of Lp(Ω, X) is isometrically isomorphic to Lq(Ω, X),

where 1
p
+ 1

q
= 1. Thus, if p ∈ (1,∞), Lp(Ω, X) is reflexive. Moreover, L2(Ω, X) is a

Hilbert space with inner product

⟨f , g⟩L2(Ω,X) :=

∫
Ω

fg.

For α ∈ (0, 1], we define the space of α-Hölder continuous functions C0,α(Ω, X) as

C0,α(Ω, X) :=

{
f : Ω → X : sup

x ̸=y∈Ω

∥f(x)− f(y)∥X
|x− y|α

<∞
}
.
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This is a nonreflexive Banach space with the norm

∥f∥C0,α(Ω,X) := ∥f∥L∞(Ω,X) + sup
x ̸=y∈Ω

∥f(x)− f(y)∥X
|x− y|α

.

We also denote the α-Hölder seminorm as

[f ]C0,α(Ω,X) := sup
x ̸=y∈Ω

∥f(x)− f(y)∥X
|x− y|α

.

For k ∈ N, p ∈ [1,∞], we define the Sobolev space W k,p(Ω, X) as

W k,p(Ω, X) := {f : Ω → X : Dαf ∈ Lp(Ω, X) for all |α| ≤ k} ,

where the derivatives are taken in the sense of distributions. This is a Banach space

with the norm

∥f∥Wk,p(Ω,X) :=
∑
|α|≤k

∥Dαf∥Lp(Ω,X) .

If p ∈ (1,∞), W k,p(Ω, X) is reflexive. Moreover, W k,2(Ω, X) is a Hilbert space,

denoted by Hk(Ω, X), with inner product

⟨f , g⟩Hk(Ω,X) :=

∫
Ω

∑
|α|≤k

DαfDαg.

The following spaces are present in the 3D problem. The space Hcurl(Ω,R3) is the

space of L2 vector fields with L2 curl. This is a Hilbert space with associated inner

product

⟨A, V ⟩Hcurl(Ω,R3) :=

∫
Ω

curlA · curlV + A · V.

We denote the space of compactly supported infinitely differentiable functions by

C∞
0 (Ω, X). This is a dense space in Lp(Ω, X). The closure of C∞

0 (Ω, X) in the

W k,p(Ω, X) norm is denoted by W k,p
0 (Ω, X), which essentially corresponds to the

space ofW k,p functions which vanish in ∂Ω. More specifically, these functions do not
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leave a boundary term when they are integrated by parts.

We use the suffix σ to indicate that the elements of a vector field have zero diver-

gence. We dedicate a special mention to the space C∞
0,σ(Ω,Rn), the space of com-

pactly supported vector fields with zero divergence, which we explore in the following

subsection.

1.1.3 Boundary conditions

One of the most useful tools in this work is integration by parts, which comes in

multiple forms depending on the differential operator and the boundary condition.

The notion of boundary conditions in the framework of Sobolev spaces is given by

trace operators. In this work, we will mainly use the following forms of integration

by parts ∫
Ω

A · ∇f = −
∫
Ω

(divA)f +

∫
∂Ω

fA · ν.∫
Ω

B · curlV =

∫
Ω

curlB · V −
∫
∂Ω

(B × V ) · ν,

where ν is the unit normal vector on ∂Ω pointing outwards.

This motivates the following characterization of boundary conditions.

• If a vector field satisfies A · ν = 0 on ∂Ω, then for any function f∫
Ω

A · ∇f = −
∫
Ω

(divA)f.

• If a vector field satisfies B × ν = 0 on ∂Ω, then for any vector field V∫
Ω

B · curlV =

∫
Ω

curlB · V.

We will use the suffix N on a space to indicate that their elements satisfy A ·ν = 0 on

∂Ω, while we will use the suffix T if they satisfy A×ν = 0. For example, W 1,p
N (Ω,R3)

denotes the space of vector fields in W 1,p(Ω,R3) such that A · ν = 0 on ∂Ω. A
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particularly important subspace is Lpσ,N(Ω,R3), the space of zero divergence vector

fields with tangential boundary conditions, since it is used for decomposition purposes

in Section 5. We take this opportunity to state a couple of classical characterizations

of this space which are satisfied under certain topological conditions on Ω.

Lemma 1.1.1. Let A ∈ Lpσ,N(Ω,R3).

1. [AS13, Theorem 4.3] If Ω is a simply connected bounded domain, there exists a

unique BA ∈ W 1,p
σ,T (Ω,R3) such that A = curlBA.

2. [Gal94, Lemma III.2.2] The space C∞
0,σ(Ω,R3) is Lp-dense in Lpσ,N(Ω,R3).

1.1.4 Important inequalities

• Hölder inequality: For 1
p
+ 1

q
= 1, f ∈ Lp(Ω, X), g ∈ Lq(Ω, X):

∥fg∥L1(Ω,X) ≤ ∥f∥Lp(Ω,X) ∥g∥Lq(Ω,X) .

• Poincaré inequality: For p ∈ [1,∞), there exists C = C(Ω, n, p) > 0 such that

for any f ∈ W 1,p
0 (Ω)

∥f∥Lp(Ω) ≤ C ∥∇f∥Lp(Ω,Rn) .

• Poincaré–Wirtinger inequality: For p ∈ [1,∞), there exists C = C(Ω, n, p) > 0

such that for any f ∈ W 1,p(Ω)∥∥∥∥f −
(
1

Ω

∫
Ω

f

)∥∥∥∥
Lp(Ω)

≤ C ∥∇f∥Lp(Ω,Rn) .

• Sobolev embedding, p < n: For p ∈ [1, n), p∗ such that 1
p∗

= 1
p
− 1

n
, there exists

C = C(Ω, n, p) such that

∥f∥Lp∗ (Ω) ≤ C ∥f∥W 1,p(Ω) .

Moreover, for any q < p∗, the embedding W 1,p(Ω) ↪→ Lq(Ω) is compact, that
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is, any bounded sequence in W 1,p(Ω) has a convergent subsequence in Lq(Ω).

• Sobolev embedding, p = n: For p = n and any q ∈ (1,∞), there exists C =

C(Ω, p, q) such that

∥f∥Lq(Ω) ≤ C ∥f∥W 1,p(Ω) .

Moreover, the embedding W 1,p(Ω) ↪→ Lq(Ω) is compact, that is, any bounded

sequence in W 1,p(Ω) has a convergent subsequence in Lq(Ω).

• Sobolev embedding, p > n (also known as Morrey inequality): For p ∈ (n,∞),

p∗ = 1− n
p
there exists C = C(Ω, n, p) such that

∥f∥C0,p∗ (Ω) ≤ C ∥f∥W 1,p(Ω)

1.1.5 Differential forms and currents

An n-current Γ is a bounded linear functional defined on the space of smooth n-

forms with the L∞ norm. As before, we denote the duality product between Γ and

an n-form ω by ⟨Γ , ω⟩. We will mostly work with 1-forms and 2-forms in R3, which

means that we can extrapolate the Lp theory for vector spaces to these forms, since

1-forms and 2-forms can be identified as vector fields in R3.

The mass of Γ is defined by

|Γ| := sup
ω∈Dn(Ω,R3)

⟨Γ , ω⟩
∥ω∥L∞(Ω,R3)

,

where Dn(Ω,R3) is the space of compactly supported n-forms.

n-currents are a generalization of n-dimensional manifolds that act on n-forms through

integration. We say Γ is an integer multiplicity rectifiable n-current if there exists an

n-dimensional manifold M , an orientation n-form ξ and an integer-valued function

θ such that

⟨M ,ω⟩ :=
∫
Γ

θ(x)⟨ω(x) , ξ(x)⟩dHn(x),
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where Hn is the n-dimensional Hausdorff measure. The pair (M, θ) is associated to

a geometrical object called varifold and is denoted by v(M, θ).

The boundary of an n-current Γ is denoted by ∂Γ. This is an (n− 1)-current and its

definition is motivated by Stokes’ theorem

⟨∂Γ , ω⟩ := ⟨Γ , dω⟩.

1.2 Ginzburg–Landau equations

A natural starting point to study the minimization of a functional is to deduce

its Euler–Lagrange equations, which are solved by minimizing configurations. The

Euler–Lagrange equations associated to GLε are
−(∇A)

2u =
u(aε − |u|2)

ε2
in Ω

−∇⊥h = ⟨iu ,∇Au⟩ in Ω

h = hex on ∂Ω

∇Au · ν = 0 on ∂Ω,

(1.2.1)

where (∇A)
2 = (div−iA)(∇A) = (∆ + |A|2 − i(divA + 2A · ∇)) and ν is the unit

normal vector pointing outward from Ω. We will refer to (1.2.1) as the Ginzburg–

Landau equations. Just like GLε, these equations are also gauge invariant. This

means that any solution of (1.2.1) can be gauge-transformed into a solution (u,A)

on the Coulomb gauge. One of the advantages of this particular choice of gauge lies in

some elliptic regularity estimates, as we shall see later on. We can also immediately

deduce from the second boundary condition that in the Coulomb gauge

∇u · ν = 0 on ∂Ω (1.2.2)

The elliptic structure of (1.2.1) also gives us a useful estimate on |u|.
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Proposition 1.2.1. Let (u,A) be a solution of (1.2.1). Then we have in Ω

max
Ω

|u|2 ≤ ∥aε∥L∞(Ω) ≤ 1. (1.2.3)

Proof. The proof is an adaptation of the proof for [SS07, Proposition 3.9]. By gauge

invariance, we may assume that A satisfies (0.0.2). By expanding (∇A)
2u in the first

equation and rearranging, we obtain

−∆u =
u(aε − |u|2)

ε2
− 2i(A · ∇)u− |A|2u. (1.2.4)

If we take inner product with u on both sides, we get

−⟨∆u, u⟩ = |u|2 (aε − |u|2)
ε2

− 2⟨i(A · ∇)u, u⟩ − |A|2|u|2.

Now, consider the identity

1

2
∆|u|2 = ⟨∆u, u⟩+ |∇u|2.

By inserting (1.2.4) and considering that

|∇Au|2 = |∇u|2 + 2⟨i(A · ∇)u, u⟩+ |A|2|u|2,

we deduce

−1

2
∆|u|2 = |u|2(aε − |u|2)

ε2
− |∇Au|2 ≤

|u|2(aε − |u|2)
ε2

≤
|u|2(∥aε∥L∞(Ω) − |u|2)

ε2
.

If x0 ∈ Ω is a maximal point of |u|2, then ∇|u|(x0) = 0 and −∆|u|2(x0) ≥ 0.

On the other hand, if x0 is a maximal point of |u|2 in ∂Ω, then ∇|u| · τ = 0, where τ

is the unit tangent vector of ∂Ω. On the other hand, (1.2.2) implies that ∇u · ν = 0.

In particular, ∇|u| · ν = 0. Therefore,

∇|u| = (∇|u| · τ)τ + (∇|u| · ν)ν = 0.
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We may argue similarly to deduce that −∆|u|(x0) ≥ 0. Thus, we conclude similarly

that

|u|2 ≤ ∥aε∥L∞(Ω) .

1.3 Lassoued–Mironescu energy decoupling

As we have mentioned in the overview of the tools, there is a particular minimizer

in H1(Ω,C) that plays a role in an energy decoupling result. Recall the energy

functional without magnetic components.

Eε(u) =
1

2

∫
Ω

|∇u|2 + (aε − |u|2)2

2ε2
. (1.3.1)

Proposition 1.3.1. There exists a unique non-negative minimizer ρε for (1.3.1).

This minimizer is a solution of (0.0.3) and satisfies the following decoupling property

for any u ∈ H1(Ω,C)

Eε(ρεu) = Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2
. (1.3.2)

Proof. To prove that a minimizer exists, we aim to use the direct methods of the

calculus of variations. The energy Eε is clearly coercive in H1(Ω,C). Moreover, the

term
∫
Ω
|∇u|2 is H1-continuous and convex, which implies that is H1-weakly lower

semicontinuous. On the other hand, the term
∫
Ω

(aε−|u|2)2
2ε2

is L4-continuous, which

implies that it is H1-weakly continuous by the Rellich-Kondrachov theorem. There-

fore, Eε is weakly lower semicontinuous and coercive in H1(Ω,C) and we conclude

that it must admit a minimizer in this space. Moreover, if uε minimizes Eε, we have

Eε(|uε|) ≤ Eε(uε). Therefore, Eε admits a non-negative minimizer.

Now we prove the energy decoupling. Let ρε be a non-negative minimizer for Eε.
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We start by determining Eε(ρεu)

Eε(ρεu) =
1

2

∫
Ω

|∇(ρεu)|2 +
(aε − |ρεu|2)2

2ε2

=
1

2

∫
Ω

(|u|2|∇ρε|2 + ρ2ε|∇u|2 + 2uρε∇ρε · ∇u) +
(aε − |ρε|2 + ρ2ε(1− |u|2))2

2ε2
.

After expanding the rightmost square terma and rearranging, we obtain that

Eε(ρεu) = Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)

2ε2

+
1

2

∫
Ω

(|u|2 − 1)|∇ρε|2 + 2uρε∇ρε · ∇u+ ρ2ε
(a− |ρε|2)(1− |u|2)2

ε2
. (1.3.3)

While on the other hand, by using ρε(1− |u|2) as a test function in (0.0.3), we have

the equality∫
Ω

∇ρε · (∇ρε(1− |u|2)− 2ρεu∇u) =
∫
Ω

ρ2ε
(aε − ρ2ε)(1− |u|2)2

ε2

By inserting this term into (1.3.3), we see that the second integral vanishes, which

yields our decoupling result.

Eε(ρεu) = Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)

2ε2
.

Finally, we prove that there exists a unique non-negative minimizer. Suppose p1, p2

are non-negative minimizers for Eε. Using the decoupling result (1.3.2)

0 = Eε (p1)− Eε(p2) = Eε

(
p2
p1
p2

)
− Eε(p2)

(1.3.2)
=

1

2

∫
Ω

p22

∣∣∣∣∇p1
p2

∣∣∣∣2 + p42

(
1−

∣∣∣p1p2 ∣∣∣2)2

2ε2
.
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Thus, we have
∣∣∣p1p2 ∣∣∣ = 1. Since p1, p2 are non-negative, we deduce that p1 = p2.

This decoupling result holds even if ∇u is replaced by the covariant gradient ∇Au

instead, that is, if we consider the following energy functional

Eε(u,A) :=
1

2

∫
Ω

|∇Au|2 +
(aε − |u|2)2

2ε2
,

we have the following result.

Lemma 1.3.1. For any (u,A) ∈ H1(Ω,C)×H1(Ω,R2), we have

Eε(ρεu,A) = Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇Au|2 + ρ4ε
(1− |u|2)2

2ε2
. (1.3.4)

Proof. Expanding the square on |∇A(ρεu)|2 we have

|∇A(ρεu)|2 = |∇(ρεu)|2 + ρ2ε|A|2|u|2 − 2ρε⟨∇(ρεu) , iAu⟩.

Combining with (1.3.2), we find

Eε(ρεu,A) = Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2

+ ρ2ε|A|2|u|2 − 2ρε(⟨ρε∇u, iAu⟩+ ⟨u∇ρε , iAu⟩).

Since ⟨u, iu⟩ = 0 and ∇ρε and A are real-valued vector fields, ⟨u∇ρε , iAu⟩ = 0.

Thus, the RHS is equal to

Eε(ρε) +
1

2

∫
Ω

ρ2ε(|∇u|2 + |A|2|u|2 − 2⟨∇u, iAu⟩) + ρ4ε
(1− |u|2)2

2ε2

= Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇Au|2 + ρ4ε
(1− |u|2)2

2ε2
.
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1.3.1 Regularity properties of ρε

The following are a couple of useful estimates for ρε.

Proposition 1.3.2. For any x ∈ Ω, we have

√
b ≤ ρε(x) ≤ 1 (1.3.5)

Furthermore, we have

∥∇ρε∥L∞(Ω,R2) ≤
C

ε

for some C > 0 which does not depend on ε.

Proof. Observe that max{ρε, 1} ∈ H1(Ω,C). We are thus allowed to use it as a test

function in (0.0.3), which yields

0 ≤
∫
{ρε>1}

|∇ρε|2 =
∫
{ρε>1}

ρ2ε
(aε − ρ2ε)

ε2
+

∫
{ρε<1}

ρε
(aε − ρ2ε)

ε2
. (1.3.6)

Since (aε − ρ2ε) < 0 when ρε > 1, we deduce that∫
{ρε>1}

ρ2ε
(aε − ρ2ε)

ε2
≤
∫
{ρε>1}

ρε
(aε − ρ2ε)

ε2
.

Inserting this into (1.3.6) and using the equation solved by ρε yields∫
{ρε>1}

|∇ρε|2 ≤
∫
Ω

ρε
(aε − ρ2ε)

ε2

(0.0.3)
=

∫
Ω

−∆ρε

= −
∫
∂Ω

∇ρε · ν

(0.0.3)
= 0.
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Therefore we have ∫
{ρε>1}

|∇ρε|2 = 0,

which implies |{ρε > 1}| = 0 and thus, ρε ≤ 1. The other inequality follows analo-

gously by using min{ρε,
√
b} as a test function and that ρ2ε(aε− ρ2ε) ≤

√
bρε(aε− ρ2ε)

whenever ρε ≤
√
b.

The estimate on the gradient follows from the Gagliardo–Nirenberg type inequality

for functions u ∈ H2(Ω,C) such that ∂u
∂ν

= 0 on ∂Ω (see [DS21, Lemma 3.2])

∥∇u∥2L∞(Ω,C) ≤ C
(
∥∆u∥L∞(Ω,C) + ∥u∥L∞(Ω,C)

)
∥u∥L∞(Ω,C) . (1.3.7)

Indeed, since ∥ρε∥L∞(Ω) , ∥aε∥L∞(Ω) ≤ 1, from (0.0.3) we obtain that ∥∆ρε∥L∞(Ω,C) ≤
C
ε2
, which leads to

∥∇ρε∥L∞(Ω,R2) ≤
C

ε
.

1.4 Critical points in the Coulomb gauge

Suppose (u,A) minimizes GLε. A consequence of the gauge invariance property of

GLε is that estimates on A could vary considerably, since (ueiϕ, A + ∇ϕ) is also a

minimizer for any ϕ. Hence, it is natural to fix a particular gauge for (u,A).

To obtain the Coulomb gauge, we choose ϕ as the solution of the following elliptic

problem {
∆ϕ = divA in Ω

∇ϕ · ν = A · ν on ∂Ω,

which has a unique solution modulo a constant (in particular, ∇ϕ is uniquely deter-

mined) since it satisfies the compatibility condition
∫
Ω
divA =

∫
∂Ω
A · ν. The reason

we choose to fix the Coulomb gauge is the following crucial regularity result

Proposition 1.4.1. Suppose A ∈ H1(Ω,R2) satisfies the Coulomb gauge condition

14



(0.0.2). Then, there exists C = C(Ω) > 0 such that

∥A∥H1(Ω,R2) ≤ ∥curlA∥L2(Ω) . (1.4.1)

Moreover, if A ∈ H2(Ω,R2), we also have

∥A∥H2(Ω,R2) ≤ C ∥curlA∥H1(Ω) . (1.4.2)

Proof. Suppose divA = 0 and A · ν = 0 on ∂Ω. Since we assume Ω is simply con-

nected, we deduce that there exists ζ such that A = ∇⊥ζ. Moreover, the boundary

condition means that ∇ζ · τ = 0. This implies that ζ is constant on ∂Ω and, with-

out losing generality, take that constant as 0. Thus, ζ solves the following elliptic

problem {
∆ζ = curlA in Ω

ζ = 0 on ∂Ω,

Therefore, we obtain estimates (1.4.1) and (1.4.2) by elliptic regularity, since

∥A∥H1(Ω,R2) = ∥∇ζ∥H1(Ω,R2) ≤ C ∥curlA∥L2(Ω)

and

∥A∥H2(Ω,R2) = ∥∇ζ∥H2(Ω,R2) ≤ C ∥curlA∥H1(Ω)

The regularity results given by the Coulomb gauge, combined with the Ginzburg–

Landau equations (1.2.1) allow us to deduce more favorable bounds for minimizing

configurations.

Proposition 1.4.2. Let (u, A) = (ρεu,A) be a solution of (1.2.1), where A satisfies

(0.0.2). Then

∥A∥L∞(Ω,R2) ≤ C(Eε(ρε) + Fε,ρε(u,A))
1/2, (1.4.3)

where C = C(Ω) > 0.
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Proof. From the second equation in (1.2.1) and the Cauchy–Schwarz inequality, we

deduce that

∥∇ curlA∥L2(Ω,R2) = ∥⟨iu ,∇Au⟩∥L2(Ω,C) ≤ ∥u∥L2(Ω,C) ∥∇Au∥L2(Ω,C2) .

Since |u| ≤ 1 (recall (1.2.3)), it follows that

∥∇ curlA∥2L2(Ω,R2) ≤ ∥∇Au∥2L2(Ω,C2) ≤ CEε(u, A).

The decoupling (1.3.4) then yields

∥∇ curlA∥2L2(Ω,R2) ≤ C (Eε(ρε) + Fε,ρε(u,A)) .

Moreover, since ∥curlA∥2L2(Ω) ≤ 2Fε,ρε(u,A), we deduce that

∥curlA∥2H1(Ω) ≤ C(Eε(ρε) + Fε,ρε(u,A)).

Finally, by (1.4.2) and Sobolev embedding, we obtain (1.4.3).

We use the preceding result in tandem with the following proposition

Proposition 1.4.3. Let (u, A) = (ρεu,A) be a solution of (1.2.1), where A satisfies

(0.0.2) and ∥A∥L∞(Ω,R2) ≤ C
ε
for some C > 0 not depending on ε. Then

∥∇u∥L∞(Ω,C2) ≤
C

ε
and ∥∇u∥L∞(Ω,C2) ≤

C

ε
, (1.4.4)

where C > 0 does not depend on ε.

Proof. By expanding the first equation in (1.2.1) and using divA = 0 from (0.0.2),

we get

−∆u =
u(aε − |u|2)

ε2
− 2i(A · ∇)u− |A|2u.
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Moreover, from the boundary conditions ∇Au · ν = 0 and A · ν = 0 on ∂Ω, we get

∇u · ν = 0 on ∂Ω.

Therefore, u satisfies (1.3.7). Combining this with (1.2.3) and our bound on ∥A∥L∞(Ω,R2),

we deduce that

∥∇u∥2L∞(Ω,C2) ≤ C

(
1

ε2
+ ∥A∥L∞(Ω,R2) ∥∇u∥L∞(Ω,C2) + ∥A∥2L∞(Ω,R2)

)
≤ C

ε

(
1

ε
+ ∥∇u∥L∞(Ω,C2)

)
,

from where it follows that

∥∇u∥L∞(Ω,C2) ≤
C

ε
.

Finally, using (1.3.5), we get

∥∇u∥L∞(Ω,C2) =

∥∥∥∥∇( u

ρε

)∥∥∥∥
L∞(Ω,C2)

≤ C
(
∥∇u∥L∞(Ω,C2) + ∥∇ρε∥L∞(Ω,R2)

)
≤ C

ε
.
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Chapter 2

Characterization of vortex

configurations

In this chapter we prepare the necessary tools to estimate the first critical field.

We develop on the previously introduced necessary tools for identifying vortices and

estimating their energetic cost, the vortex ball construction and the vorticity esti-

mate. We also introduce the Meissner configuration to help us characterize vortexless

configurations.

2.1 Approximation of the vortexless state

We have previously stated that a good approximation of a vortexless configuration

follows from minimizing on A the energy GLε(ρε, hexA). Using the energy decoupling

(1.3.1), we can write the energy as

GLε(ρε, hexA) = GLε(ρε · 1, hexA) = Eε(ρε) +
1

2

∫
Ω

ρ2εh
2
ex|A|2 + h2ex| curlA− 1|2.
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Thus, we only have to look for minimizers of

J(A) :=
1

2

∫
Ω

ρ2ε|A|2 + | curlA− 1|2.

An adequate space for minimization is the space of vector fields which satisfies the

Coulomb gauge condition (0.0.2) Hσ := {A ∈ H1(Ω,R2) : A satisfies (0.0.2)} with

the inherited H1 norm. We can immediately deduce that J is strictly convex and

H1-continuous. Moreover, by H1 estimates of the Coulomb gauge (1.4.1), we also

deduce that J is coercive in Hσ. Therefore, J admits a unique minimizer in Hσ which

we will denote by A0
ε.

The Euler–Lagrange equation solved by A0
ε corresponds to{

−∇⊥ curlA0
ε + ρ2εA

0
ε = 0 in Ω

curlA0
ε = 1 on ∂Ω,

(2.1.1)

Let us define h0ε := curlA0
ε. If we divide (2.1.1) by ρ2ε and take curl on both sides,

we see that h0ε solves the following Dirichlet problem (here we use (1.1.1)) − div
∇h0ε
ρ2ε

+ h0ε = 0 in Ω

h0ε = 1 on ∂Ω,

This leads us to the previously mentioned solution of (0.0.6) which appears in the

energy splitting (0.0.5), since we have the relation ξε = 1− h0ε.

2.1.1 Properties of ξε and h0ε

First of all, we deduce from the maximum principle for h0ε that, in Ω

h0ε ≤ max
∂Ω

(
max{h0ε, 0}

)
≤ 1
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and

h0ε ≥ −max
∂Ω

(
−min{h0ε, 0}

)
≥ 0.

Thus, we have the following bounds on Ω

0 ≤ h0ε ≤ 1.

Analogously, we have the same bounds for ξε in Ω.

0 ≤ ξε ≤ 1.

We also naturally deduce H1 bounds. By using ξε as a test function in (0.0.6) and

integrating by parts, we have∫
Ω

|∇ξε|2

ρ2ε
+ |ξε|2 =

∫
Ω

ξε.

Therefore, since ρε ≤ 1, we have

∥ξε∥2H1(Ω) ≤ |Ω|1/2 ∥ξε∥L2(Ω) .

This implies

∥ξε∥H1(Ω) ≤ C, (2.1.2)

where C > 0 does not depend on ε.

Furthermore, we have a rather surprising C0,1
0 bound for ξε.

Proposition 2.1.1. We have that

∥∇ξε∥L∞(Ω) ≤ C, (2.1.3)

where C > 0 does not depend on ε.

Proof. Note that ∇⊥ curlA0
ε = −∇⊥ξε. Equation (2.1.1) implies that A0

ε = −∇⊥ξε
ρ2ε

.
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Therefore, using (1.3.5), we have

∥∇ξε∥L∞(Ω,R2) = ∥ρ2εA0
ε∥L∞(Ω,R2) ≤ ∥A0

ε∥L∞(Ω,R2) (2.1.4)

On the other hand, since A0
ε satisfies the Coulomb gauge condition (0.0.2), (1.4.2)

yields ∥∥A0
ε

∥∥
H2(Ω,R2)

≤ C
∥∥curlA0

ε

∥∥
H1(Ω)

= C
∥∥h0ε∥∥H1(Ω)

.

Combining with (2.1.2), we deduce that

∥∥A0
ε

∥∥
H2(Ω,R2)

≤ C,

which, by Sobolev embedding, yields

∥∥A0
ε

∥∥
L∞(Ω,R2)

≤ C.

Inserting this in (2.1.4) concludes the proof.

Finally, we will prove that ξε stays sufficiently far from 0 as ε→ 0.

Proposition 2.1.2. We have that

lim inf
ε→0

max
Ω

ξε > 0.

Proof. Let us assume towards a contradiction that, passing to a subsequence if nec-

essary, we have

max
Ω

ξε → 0 as ε→ 0.

By using ξε as a test function in (0.0.6) and integrating by parts, we find∫
Ω

|∇ξε|2

ρ2ε
+

∫
Ω

ξ2ε =

∫
Ω

ξε.
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Since ρ2ε ≤ 1, we deduce that

∥ξε∥2H1(Ω) ≤
∫
Ω

ξε ≤ |Ω|max
Ω

ξε.

Thus, ∥ξε∥2H1(Ω) → 0 as ε→ 0. On the other hand, by using an arbitrary v ∈ H1(Ω)

as a test function and integrating by parts, we find∫
Ω

∇ξε · ∇v
ρ2ε

+

∫
Ω

ξεv =

∫
Ω

v. (2.1.5)

Using b ≤ ρ2ε and the Cauchy–Scharwz inequality, we find∣∣∣∣∫
Ω

∇ξε · ∇v
ρ2ε

∣∣∣∣ ≤ b−1

∣∣∣∣∫
Ω

∇ξε · ∇v
∣∣∣∣ ≤ b−1∥∇ξε∥L2(Ω,R2)∥∇v∥L2(Ω,R2) → 0 as ε→ 0.

Similarly, ∣∣∣∣∫
Ω

ξεv

∣∣∣∣ ≤ ∥ξε∥L2(Ω)∥v∥L2(Ω) → 0 as ε→ 0.

Hence, passing to the limit ε → 0 in (2.1.5), we find
∫
Ω
v = 0 for any v ∈ H1(Ω),

which is a contradiction.

Remark 2.1.1. This result immediately yields lim infε→0maxψε = lim infε→0max ξε
ρ2ε
>

0. Moreover, since ξε = 0 on ∂Ω, we have ψε = 0 on ∂Ω. We then deduce that there

exists d > 0, independently of ε, such that dist (argmaxΩ(ψε), ∂Ω) > d for any ε > 0.

2.2 Energy splitting

Now we have the necessary tools to prove one of the most important tools for our

work: The splitting of the Ginzburg–Landau energy (0.0.5).
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Proof of Proposition 0.0.1. From (1.3.4), we have

GLε(u,A) = Eε(ρεu,A) +
1

2

∫
Ω

| curlA− hex|2 (2.2.1)

= Eε(ρε) +
1

2

∫
Ω

ρ2ε|∇Au|2 + ρ4ε
(1− |u|2)2

2ε2
+ | curlA− hex|2.

By expanding the square |∇Au|2 and integrating by parts (recall from (0.0.6) that

ξε = 0 on ∂Ω), we find

∫
Ω

ρ2ε|∇Au|2 =
∫
Ω

ρ2ε

∣∣∣∣∇Au+ ihex
∇⊥ξε
ρ2ε

u

∣∣∣∣2 (2.2.2)

=

∫
Ω

ρ2ε

(
|∇Au|2 + h2ex

|∇ξε|2

ρ4ε
|u|2 + 2

hex
ρ2ε

⟨∇Au, iu⟩ · ∇⊥ξε

)
=

∫
Ω

ρ2ε|∇Au|2 + h2ex
|∇ξε|2

ρ2ε
|u|2 − 2hex curl(⟨iu ,∇Au⟩)ξε.

We now expand the square | curlA− hex|2, which yields∫
Ω

| curlA− hex|2 =
∫
Ω

∣∣curlA+ hex curlA
0
ε − hex

∣∣2 (2.2.3)

=

∫
Ω

∣∣curlA+ hexh
0
ε − hex

∣∣2
=

∫
Ω

| curlA+ hex(1− ξε)− hex|2

=

∫
Ω

| curlA− hexξε|2

=

∫
Ω

| curlA|2 + h2ex|ξε|2 − 2hexξε curlA.

Inserting (2.2.2) and (2.2.3) into (2.2.1), we deduce that

GLε(u,A) = Eε(ρε) + Fε,ρε(u,A)− hex

∫
Ω

µ(u,A)ξε +
h2ex
2

(
|∇ξε|2

ρ2ε
|u|2 + |ξε|2

)
.

(2.2.4)
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Let us now write GLε(ρε, hexA
0
ε) in terms of the energies of ρε and ξε. We have

GLε(ρε, hexA
0
ε) = Eε(ρε, hexA

0
ε) +

h2ex
2

∫
Ω

| curlA0
ε − 1|2

(1.3.4)
= Eε(ρε) +

h2ex
2

∫
Ω

ρ2ε|A0
ε|2 + |h0ε − 1|2

= Eε(ρε) +
h2ex
2

∫
Ω

ρ2ε
|∇ξε|2

ρ4ε
+ |ξε|2 = Eε(ρε) +

h2ex
2

∫
Ω

|∇ξε|2

ρ2ε
+ |ξε|2.

(2.2.5)

Therefore, by writing |u|2 as 1 + (|u|2 − 1), we have

h2ex
2

∫
Ω

(
|∇ξε|2

ρ2ε
|u|2 + |ξε|2

)
=
h2ex
2

∫
Ω

(
|∇ξε|2

ρ2ε
+ |ξε|2

)
+
h2ex
2

∫
Ω

|∇ξε|2

ρ2ε
(|u|2 − 1)

(2.2.5)&(0.0.7)
= GLε(ρε, hexA

0
ε)− Eε(ρε) +R0.

By inserting this into (2.2.4), we obtain (0.0.5).

Note that from (2.2.5) in the preceding proof, we deduce the following bound for the

energy of the Meissner configuration.

GLε(ρε, hexA
0
ε)

(2.1.2)

≤ Eε(ρε, hexA
0
ε) + Ch2ex

2.3 Vortex ball construction

Before we obtain the first critical field, we need to quantify the energetic cost of

vortices. To this end, we introduce the aforementioned vortex ball construction,

which gives us a lower bound on the free energy of the configuration, which is the

Ginzburg–Landau energy without the external field. In line with the decoupling

(1.3.1), we consider the free energy in B ⊆ Ω with a weight η : Ω → [
√
b, 1]

Fε,η(u,A;B) :=
1

2

∫
B

η2|∇Au|2 + η4
(1− |u|2)2

2ε2
+ | curlA|2
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Our plan of action is the following:

Step 1 State a lower bound for Fε,η(u,A;B) for an arbitrary ball B ⊂ Ωε, where

Ωε := {x ∈ Ω: dist(x, ∂Ω) > ε}. This is also the step where the presence of the

weight makes the most difference.

Step 2 Construct an initial ball configuration Bi = B(xi, ri) which covers the essen-

tially null set SE, which is the union of the connected components of
{
u ≤ 1

2

}
with

non-zero boundary degree and such that Fε,η(u,A;Bi) satisfies a particular lower

bound. We also obtain a lower bound for a function Λε, which will be used in the

ball growth process.

Step 3 Increase the radii of the balls in such a way that the lower bound of the

collection is preserved. If two balls overlap during the process, they are replaced by

a singular ball containing both of them which also preserves the lower bound.

By following these steps, we will obtain the main result from this section.

Proposition 2.3.1. There exist ε0, C > 0 such that for any ε < ε0 and (u,A) such

that

Fε,η(u,A; Ω) ≤ ε−β,

where β ∈ (0, 1), the following holds. For every r ∈ (Cε1−β, 1
2
) there exists a collec-

tion of disjoint closed balls B = {Bi}i = {B(ai, ri)} such that

(1) {x ∈ Ωε : ||u| − 1| ≥ 1
2
} ⊆ ∪iBi.

(2)
∑

i ri ≤ r.

(3) For any 2b ≤ C ≤
(
r
ε

) 1
2 it holds that either

Fε,η

(
u,A; Ω ∩

⋃
B∈B

B

)
≥ C log

r

ε
,
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or, for each B ∈ B such that B ⊂ Ωε,

Fε,η(u,A;B) ≥ πη2(B)|dB|
(
log

r

εC
− C

)
,

where η2(B) = minB η
2 and dB = deg(u, ∂B).

The proof of Proposition 2.3.1 is an adaptation of [SS11, Section 5], which is a more

up-to-date version of Jerrard’s construction in [Jer99]. The proof is mostly identical,

so we will refer to [SS11, Section 5] for details and indicate the differences caused by

the presence of the weight η. We will also use the same notation for the constants

as in the referred papers for an easier read.

Step 1 We start by obtaining a lower bound for an energy defined on a circle, which

actually is the cornerstone of this new version of the ball construction method. In

the following, we use the notation η2(Θ) := minΘ η
2, for any closed subset Θ of Ω.

Lemma 2.3.1. Let r > 0 and a ∈ Ω such that B = B(a, r) ∈ Ω. Define m =

min∂B |u|. Then, for any ε such that 0 < ε
η2(B(a,r))

≤ r, we have

1

2

∫
∂B(a,r)

η2|∇|u||2 + η4
(1− |u|2)2

2ε2
≥ c0η

2(B)
(1−m)2

ε
, (2.3.1)

where c0 is a universal constant.

Proof. We follow the proof of [Jer99, Lemma 2.3]. Within this proof, C denotes a

positive constant that does not depend on r and that may change from line to line.

Let xm ∈ ∂B(a, r) such that |u(xm)| = m and define

γ :=
1

2

∫
∂B(a,r)

|∇|u||2.

Note that if γ = 0, then |u| is constant on ∂B(a, r) and therefore (2.3.1) follows

immediately from the hypothesis on ε. Thus, we assume from now on that γ > 0.
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From Morrey’s inequality, we have, for any x, y ∈ ∂B(a, r), that

||u(x)| − |u(y)|| ≤ C ∥∇|u|∥L2(∂B(a,r)) |x− y|
1
2 = Cγ

1
2 |x− y|

1
2 .

Therefore, for any x ∈ ∂B(a, r) such that |x− xm|
1
2 ≤ |1−m|

Cγ
1
2

, we have

|u(x)| ≤ |u(xm)|+ Cγ
1
2 |x− xm|

1
2 ≤ 1 +m

2
.

Since r ≥ ε
η2(B)

, for any σ > 0, the arclength of ∂B(x, r)∩B(xm, σ) must be greater

than Cmin{σ, ε
η2(B)

}. Moreover, since (1 − |u|2)2 ≥ (1−m)2

C
whenever |u| ≤ 1+m

2
, by

choosing σ = (1−m)2

η2(B)γ
, we find

1

2

∫
∂B(x,r)

η2|∇|u||2+η4 (1− |u|2)2

2ε2

≥ η2(B)γ + η2(B)2
(1−m)2

Cε2
min

{
ε

η2(B)
,
(1−m)2

η2(B)γ

}
= η2(B)

(
γ +

(1−m)2

Cε2
min

{
ε,
(1−m2)

γ

})
.

If ε ≤ (1−m)2

γ
, we obtain (2.3.1). Otherwise, we can minimize γ + K2

γ
with respect to

γ, where K = (1−m)2

Cε
. Since γ = K is a stationary point and γ + K2

γ
is convex, we

conclude that 2K is the minimum, which means γ ≥ 2K. Therefore

1

2

∫
∂B(x,r)

η2|∇|u||2 + η4
(1− |u|2)2

2ε2
≥ Cη2(B)

(1−m)2

ε
,

which means (2.3.1) holds in all cases.

Step 2 For a compact set K ⊆ Ω such that ∂K ∩ SE ̸= ∅, we define

degE(u, ∂K) :=
∑
i

deg(u, Si),
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where Si are the connected components of SE compactly contained in K. Applying

the previous lemma, we obtain the following result.

Lemma 2.3.2. There exists a (finite) collection of disjoint closed balls {Bi}i =

{B(ai, ri)}i such that

(1) For each i, ri ≥ ε
η2(Bi)

.

(2) SE ∩ Ωε ⊆ ∪iBi.

(3) There exists a universal constant c1 > 0 such that, for each i, we have

Fε,η(u,A; ,Ω ∩Bi) ≥ c1η
2(B)

ri
ε
.

Proof. The proof is a slight modification of the proof of [Jer99, Proposition 3.3].

Indeed, by noting that from [Jer99, Lemma 3.2], we have∫
Si

η2|∇u|2 ≥ η2(Si)

∫
Si

|∇u|2 ≥
η2(Si)

C
| deg(u, ∂Si)|,

the proof is exactly as the proof of [Jer99, Lemma 3.3], using of course (2.3.1) instead

of the lower bound in [Jer99, Lemma 2.5] and the fact that η2(Θ1) ≥ η2(Θ2) for any

closed sets such that Θ1 ⊆ Θ2. The constant c1 is the same as the constant c0 in

Jerrard’s proof.

From now on, we closely follow [SS11, Section 5].

Proposition 2.3.2. For a small enough c2 ∈ (0, c1), let

λε(x) = min

(
c2
ε
,
π

x

1

1 + x
2
+ πε

c0x

)
.

Then, for any closed ball B = B(a, r) such that B ⊂ Ωε, ∂B ∩ SE = ∅, and ε
η2(B)

≤
r ≤ |d|

2
, where d = degE(u, ∂B) ̸= 0, we have

1

2

∫
∂B

η2|∇Au|2 + η4
(1− |u|2)2

2ε2
+

1

2

∫
B

| curlA|2 ≥ η2(B)λε

(
r

|d|

)
. (2.3.2)
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Moreover, Λε(s) :=
∫ s
0
λε is increasing, the function s → Λε(s)

s
is decreasing and it

satisfies

lim
s→0

Λε(s)

s
<
c1
ε
,

Λε(ε)

ε
>
c3
ε
,

for some sufficiently small constant c3. Finally, for any s ∈
(
ε, 1

2

)
and some C0 > 0

we have

Λε(s) ≥ π log
s

ε
− C0.

Proof. The proof is almost exactly as the proof of [SS11, Proposition 5.3]. In fact, the

functions λε,Λε are the same as in this proof, and since η ≤ 1, we have | curlA|2 ≥
η2(B)| curlA|2. Hence, we only need to carry around the weight η2(B) and mimic

the proof of [SS11, Proposition 5.3].

Step 3 With these estimates at hand, the ball construction procedure of growing

and merging balls yields the following result.

Proposition 2.3.3. For any s ∈
(
0, 1

2

)
, there exists a collection of disjoint closed

balls B(s), depending only on u, such that

(1) B(s) ⊂ B(t) for s < t and the total radius of the collection is continuous with

respect to s.

(2) SE ⊆ B(s), for any s.

(3) For any B = B(a, r) ∈ B(s),

Fε,η(u,A;B) ≥ η2(B)r
Λε(s)

s
.

(4) For any B = B(a, r) ∈ B(s) such that B ⊂ Ωε, we have r ≥ s|dB|, where

dB = degE(u, ∂B).

Proof. The proof follows the process of growing and merging balls described in [Jer99,

Proposition 4.1] and [SS11, Proposition 5.4]. Let B = {Bi}i = {B(ai, ri)} be the

collection given by Lemma 2.3.2. We start by choosing s0 <
1
2
small enough so that
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the balls in B satisfy items 3 and 4 (item 2 is obviously also satisfied). In particular,

for each B = B(a, r) ∈ B we have

Fε,η(u,A;B) ≥ c1η
2(B)

r

ε
≥ η2(B)r

Λε(s0)

s0
.

We construct the collection B(s) as follows. For s ≤ s0, we let B(s) = B. Then, as

s increases, we let the radius of each ball grow so that ri = s|dBi
|. Observe that the

bound of item 3 is preserved during the growth process, which follows from (2.3.2) and

the fact that η2(Bi(s)) ≥ η2(Bi(t)) for s < t (since Bi(s) ⊂ Bi(t)). If at a moment

two balls B1 = B(a1, r1) and B2 = B(a2, r2) intersect each other, we merge these balls

into a larger ball that contains them with a radius equal to the sum of the radii of the

merged balls. This ball can be explicitly written as B = B
(
a1r1+a2r2
r1+r2

, r1 + r2

)
. The

bound of item 3 still holds after the merging process, since we have dB = dB1 + dB2

and therefore |dB| ≤ |dB1| + |dB2|, and η2(B) ≤ η2(B1) + η2(B2). This process

of growing and merging continues as long as (2.3.2) can be satisfied, that is, until

s = 1
2
.

With these tools at hand, the proof of Proposition 2.3.1 is exactly as the proof of

[SS11, Proposition 2.1]. We only need to carry around the weight η2(B) throughout

the argument.

Some important remarks to mention are the following.

Remark 2.3.1. Let us remark that [SS11, Proposition 2.1] states that the ball col-

lection covers the set {x ∈ Ωε : |u(x)| < 1
2
}, contrary to what we have written here.

However, a careful inspection of the proof reveals that the ball collection is obtained

by merging with a cover of the set {x ∈ Ωε : |1−|u|| ≥ 1
2
} given by [SS07, Proposition

4.8]. This proposition also holds in the inhomogeneous case, since b ≤ η2 ≤ 1, which

in turn gives Fε,η(u,A; Ω) ≤ Fε(u,A; Ω) ≤ b−1Fε,η(u,A; Ω), where Fε(u,A) is the

particular case for Fε,η(u,A) with η ≡ 1.

Remark 2.3.2. In the situation where dB ̸= 0 for some B ⊂ Ωε, a natural choice
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for C is πD̃, where D̃ :=
∑

B∈B∩Ωε
η2(B)|dB|. With this choice, in all cases we have

Fε,η

(
u,A; Ω ∩

⋃
B∈B

B

)
≥ πD̃

(
log

r

εD̃
− C

)
. (2.3.3)

Notice that this choice is possible since in this case C̄ ≥ πb > 2b. Moreover, if dB = 0

for every B ⊂ Ωε, then (2.3.3) still holds, since the RHS vanishes. Moreover, under

the assumptions of Proposition 2.3.1, we deduce from (2.3.3) and r > Cε1−β, that

∑
i

|dBi
| ≤ C

Fε,ρε(u,A)

β| log ε|
, (2.3.4)

where C > 0 is a constant that does not depend on ε.

Remark 2.3.3. In [SS11, Proposition 2.1], C must be larger than or equal to 2.

However, a careful inspection reveals that one can replace 2 by any universal constant

in (0, π) and the argument of proof holds exactly the same. Notice that when η ≡ 1,

πD̃ ≥ π, and therefore we need to be able to choose C ≥ π in order to obtain (2.3.3).

Of course, the condition C ≥ 2 makes this choice possible, but the same holds for

any constant in (0, π).

2.4 Vorticity estimate

We follow the preceding construction with a vorticity estimate for the constructed

balls. This estimate is also referred to as the Jacobian estimate, since the measure

µ(u,A) is considered a gauge-invariant version of the Jacobian determinant.

This result gives us an approximation for µ(u,A) in the dual norm (C0,1
0 )∗ depending

on the free energy Fε,η(u,A).

Proposition 2.4.1. Let B = {Bi}i = {B(ai, ri)}i be a finite collection of disjoint
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closed balls and ε > 0 such that{
x ∈ Ωε : ||u(x)| − 1| ≥ 1

2

}
⊆
⋃
i

Bi, (2.4.1)

where Ωε := {x ∈ Ω: dist(x, ∂Ω) > ε}. Then, for any r =
∑

i ri ≤ 1, ε ≤ 1, there

exists C = C(Ω) > 0 such that∥∥∥∥∥µ− 2π
∑
i

dBi
δai

∥∥∥∥∥
(C0,1

0 (Ω))
∗
≤ Cmax{ε, r}

(
1 +

M

b2

)
, (2.4.2)

where dBi
= deg(u, ∂Bi) if Bi ⊂ Ωε and 0 otherwise, M = Fε,η(u,A), η : Ω → [

√
b, 1],

and
(
C0,1

0 (Ω)
)∗

is the dual space of C0,1
0 (Ω).

Proof. First, we state the proof in the particular case η ≡ 1 and b = 1. Once we

prove the estimate in this particular case, we deduce (2.4.2) by noting that∫
Ω

|∇Au|2 +
(1− |u|2)2

2ε2
≤ 1

b2

∫
Ω

η2|∇Au|2 + η4
(1− |u|2)2

2ε2
.

We denote the free energy in this case by Fε(u,A) and follow the proof of [SS07,

Theorem 6.1]. We let χ : R+ → R+ be the continuous piece-wise affine function,

defined via

χ(t) =


2t if t ∈

[
0, 1

2

]
.

1 if t ∈
[
1
2
, 3
2

]
.

1 + 2
(
t− 3

2

)
if t ∈

[
3
2
, 2
]

t if t ∈ [2,∞).

This function is such that, for any t > 0, χ(t) ≤ 2t, χ′(t) ≤ 2, |χ(t) − t| ≤ |1 − t|,
and

|χ(t)2 − t2| = |χ(t) + t||χ(t)− t| ≤ 3t|1− t|.

We now define ρ = |u|, ũ = χ(ρ)
ρ
u, and µ̃ = µ(ũ, A) = curl(⟨iũ ,∇Aũ⟩ + A). Note

that |ũ| = 1 when ||u| − 1| < 1/2 (in particular, in Ωε \∪iBi). We proceed in several
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steps.

Step 1 (Closeness of µ and µ̃). We claim that there exists a universal constant

C > 0 such that

∥µ− µ̃∥(C0,1
0 )∗(Ω) ≤ CεM. (2.4.3)

In fact, let ζ ∈ C0,1
0 (Ω) such that ∥ζ∥C0,1

0 (Ω) = ∥∇ζ∥L∞(Ω,R2) ≤ 1. Integration by

parts yields ∣∣∣∣∫
Ω

(µ− µ̃)ζ

∣∣∣∣ = ∣∣∣∣∫
Ω

(⟨iu ,∇Au⟩ − ⟨iũ ,∇Aũ⟩) · ∇⊥ζ

∣∣∣∣ .
Arguing as in the proof of [SS07, Lemma 6.2], we find

|⟨iu ,∇Au⟩ − ⟨iũ ,∇Aũ⟩| ≤ 3|1− ρ||∇Au|.

Therefore, using the definition of Fε(u,A) and the general inequality |1 − |x|| ≤
|1− |x|2| ∣∣∣∣∫

Ω

(µ− µ̃)ζ

∣∣∣∣ ≤ C ∥1− ρ∥L2(Ω) ∥∇Au∥L2(Ω,C2) ∥∇ζ∥L∞(Ω,R2)

≤ C
∥∥1− ρ2

∥∥
L2(Ω)

M
1
2 ∥ζ∥C0,1

0 (Ω)

≤ CεM.

Step 2 (The advantage of working with µ̃). A direct computation shows that

µ̃ = 0 in Ωε \ ∪iBi and

∫
Bi

µ̃ = 2πdeg(u, ∂Bi) if Bi ⊂ Ωε. (2.4.4)

Since we have that µ̃ = 0 whenever |ũ| = 1, i.e. when ||u| − 1| ≤ 1/2, using (2.4.1),

we deduce that ∫
Ω

µ̃ζ =
∑
i

∫
Bi∩Ω

µ̃ζ +

∫
U

µ̃ζ, (2.4.5)

where U = {x ∈ Ω \ Ωε : ||u| − 1| ≥ 1/2}.
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To estimate the vorticity in U , we need an estimate of |ζ| near the boundary. Since

ζ = 0 on ∂Ω, for x ∈ Ω \ Ωε we have

|ζ(x)| ≤ ∥∇ζ∥L∞(Ω,R2) ε ≤ C ∥ζ∥C0,1
0 (Ω) ε.

Hence ∣∣∣∣∫
U

µ̃ζ

∣∣∣∣ ≤ Cε ∥ζ∥C0,1
0 (Ω)

∫
U

|µ̃|. (2.4.6)

Analogously, if Bi is such that Bi ∩ Ω \ Ωε ̸= ∅, we have that

|ζ(x)| ≤ ∥ζ∥C0,1
0 (Ω) (ε+ 2ri) ≤ C ∥ζ∥C0,1

0 (Ω) (ε+ ri),

for any x ∈ Bi ∩ Ω. Therefore, for any such ball Bi, we have∣∣∣∣∫
Bi∩Ω

µ̃ζ

∣∣∣∣ ≤ C(ε+ ri) ∥ζ∥C0,1
0 (Ω)

∫
Bi∩Ω

|µ̃|, (2.4.7)

In particular, by combining (2.4.5) with (2.4.6) and (2.4.7), we deduce that∣∣∣∣∣
∫
Ω

µ̃ζ −
∑
j∈J

∫
Bj

µ̃ζ

∣∣∣∣∣ ≤ C(max{ε, r}) ∥ζ∥C0,1(Ω)

∫
Ω

|µ̃|, (2.4.8)

where J is the set of indices j such that Bj ⊆ Ωε.

Since |ũ| = 1 on ∂Bj for each j ∈ J , in view of (2.4.4), we have that
∫
Bj
µ̃ = 2πdj.

Thus∣∣∣∣∣
∫
Bj

µ̃ζ − 2πdjζ(aj)

∣∣∣∣∣ =
∣∣∣∣∣
∫
Bj

µ̃(ζ − ζ(aj))

∣∣∣∣∣
≤ Crβj ∥ζ∥C0,1

0 (Bj)

∫
Bj

|µ̃| ≤ Crj ∥ζ∥C0,1
0 (Ω)

∫
Bj

|µ̃|. (2.4.9)

Finally, we need a bound for ∥µ̃∥L1(Ω). An explicit calculation shows that µ̃ =
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2(∂1 − iA1)ũ× (∂2 − iA2)ũ+ curlA. In particular∫
Ω

|µ̃| ≤
∫
Ω

2|∇Aũ|2 + | curlA|.

Using the Cauchy-Schwarz inequality and the fact that

|∇Au|2 = χ(ρ)2
∣∣∣∣∇u

ρ
− A

∣∣∣∣2 + χ′(ρ)2|∇ρ|2 ≤ 4ρ2
∣∣∣∣∇u

ρ
− A

∣∣∣∣2 + 4|∇ρ|2 = 4|∇Au|2,

we deduce ∫
Ω

|µ̃| ≤ CM.

By inserting this into (2.4.8) and (2.4.9), we deduce that∣∣∣∣∣
∫
Ω

µ̃ζ − 2π
∑
i

diζ(ai)

∣∣∣∣∣ ≤ C(max{ε, r}) ∥ζ∥C0,1
0 (Ω)M (2.4.10)

Step 3 (Conclusion) Finally, by combining (2.4.3) and (2.4.10), we deduce that∣∣∣∣∣
∫
Ω

µζ − 2π
∑
i

diζ(ai)

∣∣∣∣∣ ≤
∣∣∣∣∫

Ω

(µ− µ̃)ζ

∣∣∣∣+
∣∣∣∣∣
∫
Ω

µ̃ζ − 2π
∑
i

diζ(ai)

∣∣∣∣∣
≤ CεM ∥ζ∥C0,1

0 (Ω) + C(max{ε, r})M ∥ζ∥C0,1
0 (Ω)

≤ Cmax{ε, r}M ∥ζ∥C0,1
0 (Ω) .

This concludes the proof.
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Chapter 3

Estimation of the first critical field

We have developed the necessary tools to start proving our main results. In this

chapter we prove Theorem 1 and Theorem 2, related to the characterization of the

first critical field.

3.1 Lower bound

We begin with the proof of Theorem 1, which characterizes minimizers below Hε
c1
.

First, we need a tool to characterize strongly vortexless minimizers. This is referred

to in the literature as a clearing out result.

Proposition 3.1.1. Let (u,A) ∈ H1(Ω,C)×H1(Ω,R2) be a configuration such that

∥∇|u|∥L∞(Ω,R2) ≤
C

ε
and Fε,ρε(u,A) = o(1).

Then ∥1− |u|∥L∞(Ω) = o(1).

Proof. The proof follows [BBH94, Theorem III.3]. Suppose by contradiction that we

have some c > 0 such that ||u(x0)| − 1| > c for some x0 ∈ Ω. Then, for every x in a
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closed ball B = B(x0, rε) ⊂ Ω, where rε = o(1) will be chosen later, we have

||u(x)| − |u(x0)|| ≤ ∥∇|u|∥L∞(Ω)|x− x0| ≤
rε
ε
.

Thus

||1− |u(x)|| − |1− |u(x0)||| ≤
rε
ε
.

From this we deduce that

|1− |u(x)|| ≥ |1− |u(x0)|| −
rε
ε
> c− rε

ε
.

If we choose rε =
c
2
ε we have

|1− |u(x)|2| ≥ |1− |u(x)|| ≥ c

2
.

Squaring both sides and multiplying by ρ4ε yields

ρ4ε(1− |u|2)2 ≥ ρ4ε
c2

4
.

Integrating over B and using that ρε ≥ b, we obtain

∫
B

ρ4ε(1− |u|2)2 ≥ πr2εb
4 c

2

4
= πb4

c4

16
ε2.

Finally, we divide by 4ε2, to get

πb4
c4

64
≤ Fε,ρε(u,A) = o(1),

which is a contradiction since the left hand side is a positive constant that does not

depend on ε.

Proof of Theorem 1. Note that all the results in this theorem are gauge-invariant.

Therefore, we may assume without loss of generality that (u,A) is in the Coulomb

gauge, that is, A satisfies (0.0.2). Also, in this proof, C > 0 denotes a constant
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independent of ε that might change from line to line.

Step 1 (Proving that Fε,ρε(u,A) ≤ Ch2ex for some C > 0 independent of ε). Since

(u,A) is a global minimizer, we have GLε(u,A) ≤ GLε(ρε, hexA
0
ε). By integrating

by parts the third term in the RHS of (0.0.5) (recall that ξε = 0 on ∂Ω) and inserting

the previous inequality, we deduce that

Fε,ρε(u,A) = (GLε(u,A)−GLε(ρε, hexA
0
ε)) + hex

∫
Ω

µ(u,A)ξε −R0

≤ hex

∫
Ω

(⟨iu ,∇Au⟩+ A) · ∇⊥ξε + |R0|.

By using the Cauchy-Schwarz inequality, we obtain

Fε,ρε(u,A) ≤ hex(∥u∥L2(Ω,C) ∥∇Au∥L2(Ω,C2) ∥∇ξε∥L∞(Ω,R2)+

∥A∥L2(Ω,R2) ∥∇ξε∥L2(Ω,R2)) + |R0|. (3.1.1)

Since (u,A) solves (1.2.1), we have (1.2.3). Combining this with ∥∇Au∥L2(Ω,C2) ≤
Fε,ρε(u,A)

1
2 and (2.1.3), yields that

∥u∥L2(Ω,C) ∥∇Au∥L2(Ω,C2) ∥∇ξε∥L∞(Ω,R2) ≤ CFε,ρε(u,A)
1
2 . (3.1.2)

Moreover, since both A and A0
ε are in the Coulomb gauge, we deduce that A is as

well, that is, it satisfies (0.0.2). Hence, using (1.4.1), we get that

∥A∥L2(Ω,R2) ≤ ∥A∥H1(Ω,R2) ≤ C ∥curlA∥L2(Ω) ≤ CFε,ρε(u,A)
1
2 ,

which combined with (2.1.2) yields

∥A∥L2(Ω,R2) ∥∇ξε∥L2(Ω,R2) ≤ CFε,ρε(u,A)
1
2 . (3.1.3)

38



Meanwhile, for R0

|R0| ≤ Ch2ex
∥∥|u|2 − 1

∥∥
L2(Ω)

≤ Ch2exεFε,ρε(u,A)
1
2 . (3.1.4)

Finally, by combining (3.1.1) with (3.1.2), (3.1.3), and (3.1.4), we obtain

Fε,ρε(u,A) ≤ C
(
hexFε,ρε(u,A)

1
2 + h2exεFε,ρε(u,A)

1
2

)
≤ C

(
h2ex + hexFε,ρε(u,A)

1
2

)
.

It follows that

Fε,ρε(u,A) ≤ Ch2ex. (3.1.5)

Step 2 (Estimates for Fε,ρε(u,A) and ∥µ(u,A)∥(C0,1
0 )

∗. Proof of weak vortexlessness.

From (3.1.5) and hex = O(| log ε|), we have

Fε,ρε(u,A) ≤ C| log ε|2. (3.1.6)

We can therefore apply Proposition 2.3.1 considering Remark 2.3.2 to obtain a finite

collection of disjoint balls {Bi}i = {B(ai, ri)}i with
∑

i ri ≤ r = | log ε|−β, where
β > 0 will be chosen later, containing

{
||u| − 1| ≥ 1

2

}
such that

Fε,ρε(u,A) ≥ π
∑
i

ρ2ε(ai)|dBi
|
(
log

| log ε|−β

D̃ε
− C

)
= π

∑
i

ρ2ε(ai)|dBi
|(| log ε| − β log | log ε| − log D̃ − C)

(2.3.4)

≥ π
∑
i

ρ2ε(ai)|dBi
|
(
| log ε| − β log | log ε| − C log

Fε,ρε(u,A)

| log ε|
− C

)
(3.1.6)

≥ π
∑
i

ρ2ε(ai)|dBi
|(| log ε| − C log | log ε|), (3.1.7)

where ai ∈ Bi is such that ρ2ε(ai) = minBi
ρ2ε.
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On the other hand, applying Proposition 2.4.1, we have∣∣∣∣hex ∫
Ω

µ(u,A)ξε

∣∣∣∣ (2.4.2)≤ 2πhex
∑
i

|di|ξε(ai) + Chexr(1 + Fε,ρε(u,A)) ∥∇ξε∥L∞(Ω)

(2.1.3)&(3.1.6)

≤ 2πhex
∑
i

|di|ξε(ai) +O(| log ε|3−β)

It also follows from (2.1.3) that

|ξε(ai)− ξε(ai)| ≤ ∥∇ξε∥L∞(Ω) |ai − ai| ≤ Cri ≤ C| log ε|−β.

Therefore, we have∣∣∣∣hex ∫
Ω

µ(u,A)ξε

∣∣∣∣ ≤ 2πhex
∑
i

|di|ξε(ai) + C| log ε|−βhex
∑
i

|di|+O(| log ε|3−β)

(2.3.4)

≤ 2πhex
∑
i

|di|ξε(ai) + C| log ε|−βhex
Fε,ρε(u,A)

| log ε|
+O(| log ε|3−β)

(3.1.6)

≤ 2πhex
∑
i

|di|ξε(ai) +O(| log ε|3−β).

Thus, by choosing β > 3, we get∣∣∣∣hex ∫
Ω

µ(u,A)ξε

∣∣∣∣ ≤ 2πhex
∑
i

|di|ξε(ai) + o(1). (3.1.8)

Combining (3.1.7) and (3.1.8), we deduce that

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A)ξε ≥

π
∑
i

ρ2ε(ai)|di|
(
| log ε| − C log | log ε| − 2hexψε(ai)

)
+ o(1), (3.1.9)

where we recall that ψε was defined as ξε
ρ2ε
. Therefore, since hex ≤ Hε

c1
−K0 log | log ε|,
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we have

| log ε| − C log | log ε| − 2hexψε(ai) ≥ | log ε| − C log | log ε| − 2hex max
Ω

ψε

≥ log | log ε|
(
2max

Ω
ψεK0 − C

)
.

Proposition 2.1.2 allows us to choose K0 > 0, independently of ε, so that

2max
Ω

ψεK0 − C > 1.

Inserting this into (3.1.9), we find

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A)ξε ≥ π
∑
i

ρ2ε(ai)|di| log | log ε|+ o(1). (3.1.10)

Moreover, since GLε(u,A) ≤ GLε(ρε, hexA
0
ε), it follows from (0.0.5) that

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A)ξε +R0 ≤ 0.

In addition,

|R0| ≤ Ch2exεFε,ρε(u,A)
1
2

(3.1.6)

≤ Cε| log ε|3 = o(1). (3.1.11)

Hence,

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A)ξε ≤ o(1). (3.1.12)

By combining (3.1.10) and (3.1.12), using also ρ2ε ≥ b, we deduce that
∑

i |di| = 0

and thus di = 0 for all i. In turn, from (2.4.2) it follows that

hex ∥µ(u,A)∥(C0,1
0 (Ω))

∗ ≤ Chexr(1 + Fε,ρε(u,A)) ≤ C| log ε|3−β = o(1). (3.1.13)

Therefore, we deduce that (u,A) is weakly vortexless.

Step 3 (Clearing out. Proof of strong vortexlessness and Meissner energy approxi-
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mation.) Since (u,A) is in the Coulomb gauge, we have

∥A∥L∞(Ω,R2)

(1.4.3)

≤ C(Eε(ρε) + Fε,ρε(u,A))
1
2

(3.1.6)

≤ C

(
1

ε2
+ | log ε|2

) 1
2

≤ C

ε
.

Then, it follows from (1.4.4) that

∥∇|u|∥L∞(Ω,R2) ≤ ∥∇u∥L∞(Ω,C2) ≤
C

ε
.

On the other hand, by combining (3.1.12) with (3.1.13), we find

Fε,ρε(u,A) ≤ hex

∫
Ω

µ(u,A)ξε + o(1)
(2.1.3)&(3.1.13)

= o(1). (3.1.14)

Hence, Proposition 3.1.1 yields strong vortexlessness for (u,A).

Finally, we can directly deduce the Meissner energy approximation result.

GLε(u,A) = GLε(ρε, hexA
0
ε) + Fε,ρε(u,A)− hex

∫
Ω

µ(u,A)ξε +R0

(3.1.11)&(3.1.13)&(3.1.14)
= GLε(ρε, hexA

0
ε) + o(1)

Thus, we have concluded the proof of Theorem 1.
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3.2 Upper bound

In this proof, we will construct a configuration of the form (u,A) = (ρεu, 0+hexA
0
ε),

with a vortex of degree 1 centered at x0ε ∈ Ω, where x0ε is such that

ψε(x
0
ε) = max

Ω
ψε.

We will prove that the energy of this particular configuration is much lower than the

energy of the Meissner configuration, which in turn guarantees that global minimizers

of GLε in this regime have vortices.

Proof of Theorem 2. We follow several steps for the proof.

Step 1 (Constructing the configuration). Let Φ be a multiple of the fundamental

solution of the Laplace’s equation centered at x0ε, that is,

Φ(x) = log
1

|x− x0ε|
.

We begin by constructing a phase φ in Ω \ {x0ε} as follows. Let Θ be the phase of

z − x0ε
|z − x0ε|

.

Since

−∆Φ = 2πδx0ε = curl∇Θ in Ω,

we have that, in the sense of distributions,

curl(−∇⊥Φ−∇Θ) = 0 in Ω.

Therefore, there exists g such that ∇g = −∇⊥Φ−∇Θ. We let φ = Θ+ g. Observe

that φ is well defined modulo 2π in Ω \ {x0ε} and satisfies the following relation

∇φ = −∇⊥Φ. (3.2.1)
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Let rε = | log ε|−M , where M > 0 will be chosen later on, and consider the ball

Bε = B(x0ε, rε) ⊂ Ω. Notice that this condition holds for any ε sufficiently small in

view of Remark 2.1.1.

We can now define u. For x ∈ Ω \Bε, we let u(x) = eiφ(x) and, for x ∈ Bε, we define

u(x) =
1

f(Rε)
f

(
|x− x0ε|

ε

)
eiφ(x),

where Rε is such that rε = εRε and f : R+ → R+ is a function such that f(0) = 0,

f(r) → 1 as r → ∞ and satisfies the following asymptotic estimate

1

2

∫ R

0

(
f ′(r)2 +

f(r)2

r2
+

(1− f(r)2)2

2

)
2πrdr = π logR+O(1) asR → ∞. (3.2.2)

The function f is the modulus of what is referred to as the degree-one radial solution

[SS07, Definition 3.6], and its existence and properties are given by [SS07, Proposition

3.11].

Step 2 (Estimating the energy inside Bε). Let kε = supx∈Bε
|ρ2ε(x)− ρ2ε(x

0
ε)|. Using

that ρ2ε ≤ 1, We have

Fε,ρε,Bε(u, 0) =
1

2

∫
Bε

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2
≤ 1

2

∫
Bε

ρ2ε

(
|∇u|2 + (1− |u|2)2

2ε2

)
≤ 1

2
(ρ2ε(x

0
ε) + kε)

∫
Bε

|∇u|2 + (1− |u|2)2

2ε2
.

We now estimate the integral that appears in the RHS of the last inequality. Since

|∇u|2 = |∇|u||2 + |u|2|∇φ|2, it follows by letting r = |x−x0ε|
ε

and performing a direct

calculation that

1

2

∫
Bε

|∇u|2 + (1− |u|2)2

2ε2
=

1

2

∫
Bε

(
f ′(r)2

ε2f(Rε)2
+

f(r)2

f(Rε)2
|∇Φ(x)|2 + 1

2ε2

(
1− f(r)2

f(Rε)2

)2
)
dx.

Note that |∇Φ(x)| = 1
|x−x0ε|

= 1
εr
. By changing the variable of integration to r, we
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obtain

1

2

∫
Bε

|∇u|2 + (1− |u|2)2

2ε2
=

1

2

∫ Rε

0

(
f ′(r)2

f(Rε)2
+

f(r)2

f(Rε)2
1

r2
+

1

2

(
1− f(r)2

f(Rε)2

)2
)
2πrdr.

Since Rε → ∞ as ε → 0, we have f(Rε) → 1 as ε → 0. Therefore, it follows from

(3.2.2) that

1

2

∫
Bε

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2
≤ (ρ2ε(x

0
ε) + kε)(π logRε +O(1))

= (ρ2ε(x
0
ε) + kε)(π log rε − π log ε+O(1))

= (ρ2ε(x
0
ε) + kε)(π| log ε| − πM log | log ε|).

From the hypothesis on ρε we have kε ≤ [ρ2ε]C0,α(Ω)r
α
ε ≤ | log ε|m−αM . Therefore, by

choosing a sufficiently large M , we have

1

2

∫
Bε

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2
≤ ρ2ε(x

0
ε) (π| log ε| − πM log | log ε|) .

Step 3 (Estimating the energy outside Bε). Let C(Ω) = diam(Ω). Since |u| = 1

outside Bε, we have ∇|u| = 0 and thus∫
Ω\Bε

|∇u|2 =
∫
Ω\Bε

|∇|u||2 + |u|2|∇φ|2

(3.2.1)
=

∫
Ω\Bε

|∇Φ|2.
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Therefore, using once again that ρ2ε ≤ 1, we have

Fε,ρε,Ω\Bε(u, 0) =
1

2

∫
Ω\Bε

ρ2ε|∇u|2 + ρ4ε
(1− |u|2)2

2ε2
≤ 1

2

∫
Ω\Bε

|∇Φ|2

=
1

2

∫
Ω\Bε

1

|x− x0ε|2
dx

≤ 1

2

∫ C(Ω)

rε

1

r2
2πrdr

= −π log rε +O(1)

= πM log | log ε|+O(1).

Hence, by combining the estimates obtained in Step 2 and Step 3, we obtain the

following upper bound for the free energy

Fε,ρε(u, 0) ≤ π
(
ρ2ε(x

0
ε)| log ε|+ (1− ρ2ε(x

0
ε))M log | log ε|

)
+O(1). (3.2.3)

Step 4 (Computation of the full Ginzburg–Landau energy of the constructed config-

uration). Consider the configuration (u,A) = (ρεu, 0− hexA
0
ε). We split GLε(u,A)

using (0.0.5), to obtain

GLε(u,A)−GLε(ρε, hexA
0
ε) = Fε,ρε(u, 0)− hex

∫
Ω

µ(u, 0)ξε +R0

(3.2.3)

≤ πρ2ε(x
0
ε)| log ε|+

(
1− ρ2ε(x

0
ε)
)
πM log | log ε|

− hex

∫
Ω

µ(u, 0)ξε +R0.

(3.2.4)

Here is where the hypothesis on hex

Hε
c1
+K0 log | log ε| ≤ hex ≤ | log ε|N (3.2.5)
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plays its role. First, we have

|R0|
(3.1.4)

≤ Ch2exεFε,ρε(u, 0)
1
2

(3.2.3)&(3.2.5)

≤ Cε| log ε|
1
2
+2N = o(1). (3.2.6)

On the other hand, since |u| = 1 in Ω \ Bε, from (2.4.2) it follows that (recall

rε = | log ε|−M) ∫
Ω

µ(u, 0)ξε ≥ 2πξε(x
0
ε)− CrεFε,ρε(u, 0) ∥∇ξε∥L∞(Ω)

(3.2.3)

≥ 2πξε(x
0
ε)− C| log ε|−M | log ε|.

Therefore, we have

hex

∫
Ω

µ(u, 0)ξε ≥ 2πhexξε(x
0
ε)− C| log ε|N−M+1.

By choosing a larger M if necessary, we get

hex

∫
Ω

µ(u, 0)ξε ≥ 2πhexξε(x
0
ε) + o(1). (3.2.7)

Finally, by combining (3.2.4), (3.2.6), (3.2.7), and −ρ2ε(x0ε) ≤ −b, we are led to

GLε(u,A)−GLε(ρε, hexA
0
ε)

≤ π
(
ρ2ε(x

0
ε)| log ε|+ (1− ρ2ε(x

0
ε))M log | log ε| − 2hexξε(x

0
ε)
)
+ o(1)

≤ π| log ε|

(
ρ2ε(x

0
ε)−

ξε(x
0
ε)

maxΩ
ξε
ρ2ε

)
+ π log | log ε|

(
(1− b)M − 2K0ξε(x

0
ε)
)
+ o(1).

Since ψε =
ξε
ρ2ε

achieves its maximum at x0ε, the term of order | log ε| in the RHS of the

last inequality is equal to 0. Therefore, since lim infε→0maxΩ ξε > 0 (see Proposition

2.1.2), we may choose K0, independently of ε, such that we have

GLε(u,A)−GLε(ρε, hexA
0
ε) < − log | log ε|.
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Step 5 (Conclusion). Let (u0,A0) = (ρεu0, A0 + hexA
0
ε) be a vortexless configura-

tion, that is, |u0| > c for some c > 0 independent of ε, such that GLε(u0,A0) ≤
GLε(ρε, hexA

0
ε). We split its Ginzburg–Landau energy with (0.0.5) to obtain

0 > GLε(u0,A0)−GLε(ρε, hexA
0
ε) = Fε,ρε(u0, A0)− hex

∫
Ω

µ(u0, A0)ξε +R0.

By integration by parts, we have (recall ξε = 0 on ∂Ω)∫
Ω

µ(u0, A0)ξε =

∫
Ω

(⟨iu0 ,∇A0u0⟩+ A0) · ∇⊥ξε.

Since |u0| > c, we can write u0 = |u0|eiφ0 . A direct calculation shows that

⟨iu0 ,∇A0u0⟩+ A0 = (1− |u0|2)(∇φ0 − A0) +∇φ0.

Integration by parts then yields∫
Ω

∇φ0 · ∇⊥ξε = −
∫
Ω

ξε curl∇φ0 = 0.

Hence, from the Cauchy–Schwarz inequality it follows that

hex

∣∣∣∣∫
Ω

µ(u0, A0)ξε

∣∣∣∣ = hex

∣∣∣∣∫
Ω

(1− |u0|2)(∇φ0 − A0)

∣∣∣∣
≤ Chex

∥∥1− |u0|2
∥∥
L2(Ω)

∥∇φ0 − A0∥L2(Ω,R2)

(3.2.5)

≤ C| log ε|NεFε,ρε(u0, A0) = o(1)Fε,ρε(u0, A0).

On the other hand,

|R0|
(3.1.4)

≤ Ch2exεFε,ρε(u0, A0)
1
2

(3.2.5)

≤ Cε| log ε|2NFε,ρε(u0, A0)
1
2 .
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Therefore, we have

0 > GLε(u0,A0)−GLε(ρε, hexA
0
ε)

> Fε,ρε(u0, A0)(1− o(1))− ε| log ε|2NFε,ρε(u0, A0)
1
2 .

This implies that Fε,ρε(u0, A0)
1
2 ≤ Cε| log ε|2N = o(1) and therefore

GLε(u0,A0)−GLε(ρε, hexA
0
ε) = o(1).

This means thatGLε(u,A) ≪ GLε(u0,A0) for every vortexless configuration (u0,A0).

Hence, global minimizers of GLε in the regime (3.2.5) do have vortices. This con-

cludes the proof of the theorem.

Remark 3.2.1. Notice that the hypothesis on ρε only plays a role at the end of Step

2. Moreover, we can replace [ρ2ε]C0,α(Ω) ≤ | log ε|m by [ρ2ε]C0,α(Bε) ≤ | log ε|m, that

is, we only need a control over the Hölder seminorm around the points where the

function ψ achieves its maximum in Ω.
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Chapter 4

Stability of the Meissner

configuration

The goal of this chapter is to see that the Meissner configuration (ρε, hexA
0
ε) still

characterizes vortexless configurations for some regimes of hex that could go above

the first critical field. Although vortexless configurations can no longer minimize

GLε, they can still minimize locally, which means that they solve the Ginzburg–

Landau equations (1.2.1). These proofs follow the steps described in Sections 2 and

3 from [Ser99].

4.1 Existence of a vortexless local minimizer

Proof of Theorem 3. In this proof, we use C to denote a generic positive constant

independent of ε that might change in each line.

Step 1 (Construction of the locally minimizing vortexless configuration. Proof vor-

texlessness and Item (1).) Fix β ∈ (0, 2− 4α) and let

U =
{
(u,A) ∈ H1(Ω,C)×H1(Ω,R2) : divA = 0 in Ω, A · ν = 0 on ∂Ω, Fε,ρε(u,A) < εβ

}
,
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which is a relatively open set of the configurations in the Coulomb Gauge inH1(Ω,C)×
H1(Ω,R2). First, let us prove that there exists a configuration (uε,Aε) that min-

imizes GLε over U . Note that if (u,A) = (ρε, hexA
0
ε), then (u,A) = (1, 0). This

means that Fε,ρε(1, 0) = 0 and A = 0 (trivially) satisfies (0.0.2). It follows that

(ρε, hexA
0
ε) ∈ U and therefore, U ̸= ∅.

On one hand, using Sobolev embedding and the Cauchy–Schwarz inequality, we find

that each (u,A) = (ρεu,A+ hexA
0
ε) ∈ U satisfies

∥A∥2H1(Ω,R2)

(1.4.1)

≤ C ∥curlA∥2L2(Ω) ≤ CFε,ρε(u,A) < Cεβ,

∥u∥2L4(Ω,C) =
∥∥u2∥∥

L2(Ω,C) ≤ C+ ∥1−|u|2∥L2(Ω) ≤ C(1+ εFε,ρε(u,A)
1
2 ) < C(1+ ε1+

β
2 ),

∥∇u∥L2(Ω,C2) ≤ C ∥∇Au∥L2(Ω,C2)+∥Au∥L2(Ω,C) ≤ Fε,ρε(u,A)
1
2+∥A∥L4(Ω,R2) ∥u∥L4(Ω,C)

≤ Fε,ρε(u,A)
1
2 + C ∥A∥H1(Ω,R2) (1 + ε1+

β
2 ) ≤ Cε

β
2 + ε1+β.

Hence, U is bounded.

On the other hand, by writing

GLε(u,A) =
1

2

∫
Ω

(|∇u|2 + |A|2|u|2 − 2⟨∇u , iAu⟩) + | curlA− hex|2 +
(aε − |u|2)2

2ε2
,

we deduce that GLε is H
1-weakly lower semicontinuous, since:

• The term
∫
Ω
|∇u|2 + | curlA − hex|2 is convex and H1-strongly continuous.

Therefore, it is H1-weakly lower semicontinuous.

• The term 1
2

∫
Ω

(aε−|u|2)2
2ε2

is L4-strongly continuous and, by the Rellich–Kondrachov

theorem, also H1-weakly continuous.

• By the Cauchy–Schwarz inequality, the term
∫
Ω
|A|2|u|2 is L4-strongly contin-

uous and, once again, by the Rellich-Kondrachov theorem it is also H1-weakly

continuous.
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• The term
∫
Ω
⟨∇u , iAu⟩ is also H1-weakly continuous. To see this, if (un,An)

weakly converges to (u,A) in H1(Ω,C) × H1(Ω,R2), then, by the Rellich-

Kondrachov theorem, (un,An) strongly converges to (u,A) in L4(Ω,C)×L4(Ω,R2)

and therefore, Anun strongly converges to Au in L2(Ω). This means that∫
Ω
⟨∇un , iAnun⟩ converges to

∫
Ω
⟨∇u , iAu⟩.

Since GLε is H1-weakly lower semicontinuous in a nonempty bounded set U , it

follows that there exists (uε,Aε) that minimizes GLε over U . Moreover, we have

Fε,ρε(uε, Aε) ≤ εβ. (4.1.1)

We claim that (uε,Aε) ∈ U , which in turn implies that (uε,Aε) is a critical point

and thus, a solution of (1.2.1). From now on we drop the ε subscript.

Since (u,A) is a minimizing configuration in U ,

GLε(u,A) ≤ GLε(ρε, hexA
0
ε). (4.1.2)

By combining (0.0.1) with (4.1.2), we deduce that

Fε,ρε(u,A) ≤ hex

∫
Ω

µ(u,A)ξε −R0. (4.1.3)

First, let us bound the vorticity term. Since Fε,ρε(u,A) ≤ εβ, we can apply Proposi-

tion 2.3.1, which provide us with a collection of balls B = {Bi}i = {B(ai, ri)}, with∑
i ri ≤ r = εµ and where µ ∈ (α, 1) is a fixed number.

By combining (4.1.1) and (2.3.4), we obtain

∑
i

|dBi
| ≤ C

Fε,ρε(u,A)

| log ε|
≤ C

εβ

| log ε|
= o(1).

It follows that
∑

i |dBi
| = 0, which implies dBi

= 0 for all i. Hence, it follows from
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(2.4.2) and the hypothesis hex ≤ ε−α, that

hex

∣∣∣∣∫
Ω

µ(u,A)ξε

∣∣∣∣ ≤ Cε−αεµFε,ρε(u,A) ∥∇ξε∥L∞(Ω)

(2.1.3)

≤ Cε−α+β+µ

µ>α
= o(εβ). (4.1.4)

An analogous argument shows that we have weak vortexlessness, that is,

∥µ(u,A)∥(C0,1
0 (Ω))

∗ = o(1).

Let us now provide an upper bound for |R0|. Combining hex ≤ ε−α with (4.1.1),

(2.1.3) and (3.1.4) yields

|R0| ≤ Ch2exεFε,ρε(u,A)
1
2 ∥∇ξε∥L∞(Ω)

≤ Cε
β
2
+1−2α.

Observe that since β < 2− 4α, we have

β

2
+ 1− 2α >

β

2
+
β

2
= β,

which means that

|R0| = o(εβ). (4.1.5)

Therefore, inserting (4.1.4) and (4.1.5) into (4.1.3), we deduce that

Fε,ρε(u,A) ≤ hex

∣∣∣∣∫
Ω

µ(u,A)ξε

∣∣∣∣+ |R0| ≤ o(εβ). (4.1.6)

The claim is thus proved, that is, (u,A) ∈ U for small enough ε. Moreover, since U

is open, the configuration (u,A) must be a local minimizer of GLε.

Finally, by combining (4.1.1), (4.1.4) and (4.1.5), we conclude that Item (1) holds,
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since (recall (4.1.2))

GLε(ρε, hexA
0
ε) ≥ GLε(u,A) = GLε(ρε, hexA

0
ε) +O(εβ).

Let us now prove that (u,A) is a strongly vortexless configuration. Since (u,A) is

a local minimizer, it solves the Ginzburg–Landau equations (1.2.1). Since we have

(4.1.6), it follows from (1.4.3) that ∥A∥L∞(Ω) ≤
C
ε
and therefore, from (1.4.4), that

∥∇|u|∥L∞(Ω) ≤ ∥∇u∥L∞(Ω) ≤
C

ε
.

Thus, by Proposition 3.1.1, ∥1− |u|∥L∞(Ω) = o(1).

Step 2 (Closeness to the Meissner configuration. Proof of Item (2) and Item (3)).

We start by estimating ∥∇u∥L2(Ω). Note that

∫
Ω

|∇u|2 ≤ 2

(∫
Ω

|∇Au|2 + |A|2|u|2
)
.

On the other hand, the Coulomb gauge estimate (1.4.1) yields

∥A∥H1(Ω) ≤ C ∥curlA∥L2(Ω) ≤ CFε,ρε(u,A)
1
2

(4.1.6)
= o(ε

β
2 ). (4.1.7)

This together with the uniform convergence from the strong vortexlessness ∥1− |u|∥L∞(Ω) =

o(1), leads us to ∫
Ω

|∇u|2 ≤ C
(
Fε,ρε(u,A) + ∥A∥2L2(Ω)

)
= o(εβ). (4.1.8)

Let us now provide an estimate for ∥u∥L2(Ω). Defining u = 1
|Ω|

∫
Ω
u, by the Poincaré–

Wirtinger inequality, we have∫
Ω

|u− u|2 ≤ C

∫
Ω

|∇u|2 = o(εβ)
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We then deduce that∫
Ω

(1− |u|)2 ≤ 2

(∫
Ω

|1− u|2 + |u− u|2
)

≤ CFε,ρε(u,A) = o(εβ).

Since u is constant in Ω, we deduce that u = eiθε + o(ε
β
2 ). Combining this with

(4.1.7) and (4.1.8) yields that (0.0.10) holds, since

inf
θ∈[0,2π]

∥∥u− eiθ
∥∥
H1(Ω)

+∥A∥H1(Ω) = inf
θ∈[0,2π]

∥∥u− eiθ
∥∥
L2(Ω)

+∥∇u∥L2(Ω)+∥A∥H1(Ω) = o(ε
β
2 ).

(4.1.9)

Finally, we prove (0.0.11) and (0.0.12). The estimate on ∥A− hexA
0
ε∥H1(Ω) follows

immediately, since A − hexA
0
ε = A. On the other hand, for r ∈ [1, 2), let s > 2

such that 1
r
= 1

s
+ 1

2
. Then, using Hölder’s inequality and a Sobolev embedding, we

deduce that (recall u = ρεu)∥∥u− ρεe
iθ
∥∥
W 1,r(Ω)

≤
∥∥ρε(u− eiθ)

∥∥
Lr(Ω)

+ ∥ρε∇u∥Lr(Ω) +
∥∥(u− eiθ)∇ρε

∥∥
Lr(Ω)

ρε≤1

≤ C
(∥∥u− eiθ

∥∥
L2(Ω)

+ ∥∇u∥L2(Ω)

)
+
∥∥u− eiθ

∥∥
Ls(Ω)

∥∇ρε∥L2(Ω)

≤ C
∥∥u− eiθ

∥∥
H1(Ω)

(
1 + ∥∇ρε∥L2(Ω)

)
(4.1.9)

≤ C
∥∥u− eiθ

∥∥
H1(Ω)

(1 + ε−γ),

where in the last inequality we used the hypothesis ∥∇ρε∥L2(Ω) ≤ ε−γ, for γ < 1−2α.

Since, until this point, the choice of β ∈ (0, 2− 4α) was arbitrary, we may change it

if necessary, so that β
2
∈ (γ, 1− 2α). Hence

inf
θ∈[0,2π]

∥∥u− ρεe
iθ
∥∥
W 1,r(Ω)

≤ Cε−γ inf
θ∈[0,2π]

∥∥u− eiθ
∥∥
H1(Ω)

(4.1.9)

≤ o(ε
β
2 )ε−γ = o(1).

This concludes the proof.
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4.2 Uniqueness modulo gauge equivalence

We now prove the uniqueness (up to a gauge transformation) of a vortexless mini-

mizing configuration.

Proof of Theorem 4. To prove uniqueness up to a gauge transformation, we will

prove that there is a unique minimizer in the Coulomb gauge. Suppose (uj,Aj) =

(ρεuj, Aj+hexA
0
ε) are distinct local minimizers, whereAj satisfies the Coulomb gauge

condition (0.0.2) for j = 1, 2. Since A0
ε also satisfies (0.0.2), we deduce that Aj does

it as well.

By (1.4.4) and Proposition 3.1.1, we have that |uj| converges uniformly to 1. In

particular, we have |uj| ≥ 3
4
for small enough ε1. Therefore, we can write uj =

ηje
iϕj , where ηj = |uj|. Note that (uj, Aj) is gauge-equivalent to (ηj, A

′
j), where

A′
j = Aj −∇ϕj. Let A◦

j = Aj + hexA
0
ε −∇ϕj, which is gauge-equivalent to (uj,Aj)

and therefore is a local minimizer.

Step 1 (Proving that
∥∥A◦

j

∥∥
L∞(Ω,R2)

= o(ε−1)). Observe that

∥∥A◦
j

∥∥
L∞(Ω,R2)

≤
∥∥Aj + hexA

0
ε

∥∥
L∞(Ω,R2)

+ ∥∇ϕj∥L∞(Ω,R2) .

From (1.4.3), we have that

∥∥Aj + hexA
0
ε

∥∥
L∞(Ω)

= o(ε−1), (4.2.1)

since we are assuming Eε(ρε) ≪ 1
ε2

and Fε,ρε(uj, Aj) < εβ. We are then left to prove

∥∇ϕj∥L∞(Ω) = o(ε−1).

By gauge-invariance, (ρεηj, A
◦
j) is also a local minimizer and thus, it satisfies (1.2.1).

1Actually, any c in the domain of convexity of (1 − x2)2 will do, that is |uj | ≥ c > 1√
3
. We

choose 3
4 as in [Ser99].
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In particular, we have

−∇⊥ curlA◦
j = ⟨iρεηj ,∇A◦

j
(ρεηj)⟩ = −(ρεηj)

2A◦
j in Ω,

which implies that

div
(
ρ2εη

2
jA

◦
j

)
= div

(
ρ2εη

2
j (Aj + hexA

0
ε −∇ϕj)

)
= div

(
∇⊥ curlA◦

j

)
= 0 in Ω.

Moreover, since ρ2εA
0
ε = −∇⊥ξε, we have that div (ρ

2
εA

0
ε) = 0 in Ω. Recalling that Aj

satisfies (0.0.2), a direct calculation then yields

2ρ2εη∇ηj · A◦
j + 2η2jρε∇ρε · A′

j − η2jρ
2
ε∆ϕj = 0 in Ω.

On the other hand, from the second boundary condition in (1.2.1), we have that

∇A◦
j
(ρεηj) · ν = 0 on ∂Ω.

Recalling the boundary condition in (0.0.3) and that both A and A0
ε satisfy (0.0.2),

we deduce that

(∇ηj − i∇ϕj) · ν = 0 on ∂Ω

and, in particular, ∇ϕj · ν = 0 on ∂Ω.

Hence, ϕj solves the following elliptic PDE
−∆ϕj = −2

(
∇ηj
ηj

· A◦
j +

∇ρε
ρε

· A′
j

)
in Ω

∂ϕj
∂ν

= 0 on ∂Ω.

Since ηj ≥ 3
4
> 0 and ρε ≥

√
b > 0, we have, for any q > 1, that

∥∆ϕj∥Lq(Ω) ≤ C
(∥∥∇ηj · A◦

j

∥∥
Lq(Ω)

+
∥∥∇ρε · A′

j

∥∥
Lq(Ω)

)

We now estimate the terms in the RHS by interpolating between L2(Ω) and L∞(Ω).
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The L∞-bounds come from our estimates for critical points of GLε in the Coulomb

gauge, whereas the L2-bounds follow from the smallness of Fε,ρε(uj, Aj), since we

have

Fε,ρε(uj, Aj) =
1

2

∫
Ω

ρ2ε
(
|∇ηj|2 + |ηj|2|Aj −∇ϕj|2

)
+ | curlAj|2 + ρ4ε

(1− η2)2

2ε2
< εβ.

(4.2.2)

First, for any q > 2, we have

∥∇ηj∥Lq(Ω) ≤ ∥∇ηj∥
1− 2

q

L∞(Ω) ∥∇ηj∥
2
q

L2(Ω)

(1.4.4)

≤ C(ε−1)1−
2
q

(
1

b
Fε,ρε(uj, Aj)

) 1
q

(4.2.2)

≤ Cε
2
q
−1ε

β
q = Cε

2+β
q

−1. (4.2.3)

Second, for any q > 2, we have

∥∇ϕj∥Lq(Ω,R2) ≤ ∥∇ϕj∥
1− 2

q

L∞(Ω,R2) ∥∇ϕj∥
2
q

L2(Ω,R2)

(1.4.4)

≤ C(ε−1)1−
2
q

(
∥∇ϕj − Aj∥L2(Ω,R2) + ∥Aj∥L2(Ω,R2)

) 2
q

(1.4.1)

≤ Cε
2
q
−1

(
1

b
Fε,ρε(uj, Aj)

1
2 + ∥curlAj∥L2(Ω)

) 2
q

(4.2.2)

≤ Cε
2
q
−1ε

β
q = Cε

2+β
q

−1. (4.2.4)

Hence, from (4.2.1), (4.2.3), and (4.2.4), we conclude that, for any q ∈ (2, 2+ β), we

have

∥∥∇ηj · A◦
j

∥∥
Lq(Ω)

≤
∥∥∇ηj · (Aj + hexA

0
ε)
∥∥
Lq(Ω)

+ ∥∇ηj · ∇ϕj∥Lq(Ω)

≤ ∥∇ηj∥Lq(Ω,R2)

∥∥Aj + hexA
0
ε

∥∥
L∞(Ω,R2)

+ ∥∇ηj∥Lq(Ω,R2) ∥∇ϕj∥L∞(Ω,R2)

(1.4.4)&(4.2.1)&(4.2.3)

≤ o(ε−1)
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and, recalling that ∥∇ρε∥L∞(Ω,R2) ≤
C
ε
, we have

∥∥∇ρε · A′
j

∥∥
Lq(Ω,R2)

≤ ∥∇ρε∥L∞(Ω,R2) ∥Aj∥Lq(Ω,R2) + ∥∇ρε∥L∞(Ω,R2) ∥∇ϕj∥Lq(Ω,R2)

(4.2.4)

≤ C

ε
∥Aj∥H1(Ω,R2) + o(ε−1)

(1.4.1)

≤ C

ε
∥curlAj∥L2(Ω) + o(ε−1)

(4.2.2)

≤ o(ε−1),

where after the first inequality we used Proposition 1.3.2 and Sobolev embedding.

It follows that

∥∆ϕj∥Lq(Ω) = o(ε−1)

and, since q > 2, by elliptic regularity and a Sobolev embedding, we have

∥∇ϕj∥L∞(Ω,R2) = o(ε−1).

This finally yields that

∥∥A◦
j

∥∥
L∞(Ω,R2)

≤
∥∥Aj + hexA

0
ε

∥∥
L∞(Ω,R2)

+ ∥∇ϕj∥L∞(Ω,R2) = o(ε−1).

Step 2 (Convexity argument) By gauge-invariance, we have

GLε(uj,Aj) = GLε(ρεηj, A
◦
j) = Eε(ρεηj, A

◦
j) +

1

2

∫
Ω

| curlA◦
j − hex|2.

Using (1.3.4), we have

GLε(ρεηj, A
◦
j) = Eε(ρε) +

1

2

∫
Ω

ρ2ε
(
|∇ηj|2 + η2j |A◦

j |2
)
+ ρ4ε

(1− η2j )
2

2ε2
+ | curlA◦

j − hex|2.
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Let us define

Y :=
GLε(ρεη1, A

◦
1) +GLε(ρεη2, A

◦
2)

2
−GLε

(
ρε
η1 + η2

2
,
A◦

1 + A◦
2

2

)
.

We claim that Y > 0. To prove this, let us write Y = 1
2
(Y1 + Y2 + Y3), where

Y1 =

(∫
Ω

ρ2ε

(
|∇η1|2 + |∇η2|2

2

)
−
∫
Ω

ρ2ε

∣∣∣∣∇(η1 + η2
2

)∣∣∣∣2
)

+

(∫
Ω

| curlA◦
1 − hex|2 + | curlA◦

2 − hex|2

2
−
∫
Ω

∣∣∣∣curl(A◦
1 + A◦

2

2

)
− hex

∣∣∣∣2
)
,

Y2 =

∫
Ω

ρ4ε
2ε2

(
(1− η21)

2 + (1− η22)
2

2

)
−
∫
Ω

ρ4ε
2ε2

(
1−

(
η1 + η2

2

)2
)2

, and

Y3 =

∫
Ω

ρ2ε

(
|A◦

1|2|η1|2 + |A◦
2|2|η2|2

2

)
−
∫
Ω

ρ2ε

(∣∣∣∣η1 + η2
2

∣∣∣∣2 ∣∣∣∣A◦
1 + A◦

2

2

∣∣∣∣2
)
.

By convexity, we have that Y1 ≥ 0.

Let us now provide an estimate for Y2. A direct calculation yields (see [Ser99, Section

2] for the details)

(1− η21)
2 + (1− η22)

2

2
−

(
1−

(
η1 + η2

2

)2
)2

=
1

16
(η1 − η2)

2(7(η1 + η2)
2 − 4η1η2 − 8).

Therefore, we have

Y2 =
1

32ε2

∫
Ω

ρ4ε(η1 − η2)
2(7(η1 + η2)

2 − 4η1η2 − 8),

which combined with 3
4
≤ ηj ≤ 1 and ρ4ε ≥ b2, yields

Y2 ≥
b2

32ε2

(
7

(
3

4
+

3

4

)2

− 12

)
∥η1 − η2∥2L2(Ω) =

C1

ε2
∥η1 − η2∥2L2(Ω) , (4.2.5)
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where C1 > 0 is a constant that depends on b only.

Let us now estimate Y3. A direct calculation shows that (see [Ser99, Section 2] for

the details)

|A◦
1|2|η1|2 + |A◦

2|2|η2|2

2
−
∣∣∣∣η1 + η2

2

∣∣∣∣2 ∣∣∣∣A◦
1 + A◦

2

2

∣∣∣∣2
=

1

8
(η1 − η2)

2|A◦
1 + A◦

2|2 +
1

2
η21|A◦

1 − A◦
2|2

− 1

8
(η1 − η2)(A

◦
1 − A◦

2) · (A◦
1(2η1 + 4η2) + A◦

2(6η1 + 8η2)) .

Therefore

Y3 =
1

8

∫
Ω

ρ2ε
(
(η1 − η2)

2|A◦
1 + A◦

2|2 + 4η21|A◦
1 − A◦

2|2
)

− 1

8

∫
Ω

ρ2ε
(
(η1 − η2)(A

◦
1 − A◦

2) · (A◦
1(2η1 + 4η2) + A◦

2(6η1 + 8η2)
)

which combined with ρεηj ≤ 1, yields

Y3 ≥
1

8

∫
Ω

ρ2ε
(
(η1 − η2)

2|A◦
1 + A◦

2|2 + 4η21|A◦
1 − A◦

2|2
)

− 1

8

∫
Ω

ρε|η1 − η2||A◦
1 − A◦

2|(6|A◦
1|+ 14|A◦

2|). (4.2.6)

Note that Y3 ≥ 0 if η1 ≡ η2 or A◦
1 ≡ A◦

2, which in turn yields that Y > 0. Indeed, if

η1 ≡ η2, A
◦
1 ̸≡ A◦

2, we have Y3 >
1
2

∫
Ω
η21|A◦

1 −A◦
2|2 > 0. Hence, Y ≥ 1

2
Y3 > 0. On the

other hand, if A◦
1 ≡ A◦

2, then η1 ̸≡ η2, and therefore Y ≥ 1
2
Y2 > 0. For this reason,

we assume from now on that η1 ̸≡ η2 and A◦
1 ̸≡ A◦

2.
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From the L∞-bound obtained in Step 1, we deduce that∫
Ω

ρε|η1 − η2||A◦
1 − A◦

2|(6|A◦
1|+ 14|A◦

2|)

≤ ∥η1 − η2∥L2(Ω) ∥A
◦
1 − A◦

2∥L2(Ω,R2)

(
14(∥A◦

1∥L∞(Ω,R2) + ∥A◦
2∥L∞(Ω,R2))

)
≤ o(ε−1) ∥η1 − η2∥L2(Ω) ∥A

◦
1 − A◦

2∥L2(Ω,R2) . (4.2.7)

On the other hand, using once again that η1 ≥ 3
4
and ρ2ε ≥ b, from Young’s inequality,

we deduce that

1

2

∫
Ω

ρ2εη
2
1|A◦

1 − A◦
2|2 +

C1

ε2
∥η1 − η2∥2L2(Ω) ≥

C2

ε
∥η1 − η2∥L2(Ω) ∥A

◦
1 − A◦

2∥L2(Ω,R2) ,

(4.2.8)

where C2 > 0 is a constant that depends on b only. Finally, by combining (4.2.5),

(4.2.6), (4.2.7), and (4.2.8), we are led to

Y2 + Y3 ≥ ∥η1 − η2∥L2(Ω) ∥A
◦
1 − A◦

2∥L2(Ω,R2)

(
C

ε
− o(ε−1)

)
.

Hence, for sufficiently small ε, we have Y > 0 on all cases.

Step 3 (Contradiction) Assume without loss of generality that

GLε(ρεη1, A
◦
1) ≤ GLε(ρεη2, A

◦
2).

Since Y > 0, we have

GLε(ρεη2, A
◦
2) ≥

GLε(ρεη1, A
◦
1) +GLε(ρεη2, A

◦
2)

2
> GLε

(
ρε
η1 + η2

2
,
A◦

1 + A◦
2

2

)
.

A standard argument then shows that, for any t ∈ (0, 1), we have

GLε(ρεη2, A
◦
2) > GLε

(
ρε(tη1 + (1− t)η2), tA

◦
1 + (1− t)A◦

2

)
,

which contradicts the local minimality of (ρεη2, A
◦
2). Therefore, (u1,A1) = (u2,A2),
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which concludes the proof.
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Chapter 5

The Ginzburg–Landau problem in

3D

We dedicate this section to the 3D problem and the required tools. We also indi-

cate the differences with the 2D problem and how to adapt their tools in the 3D

framework. Most of the tools from Chapter 1 directly generalize to the 3D problem,

including the Lassoued–Mironescu decoupling result (Proposition 1.3.2 and Lemma

1.3.1), the regularity properties from ρε (Proposition 1.3.2), and the gauge invariance

of physically relevant quantities.

The space of minimization changes toH1(Ω,C)×[Aex +Hcurl(R3,R3)]. The Ginzburg–

Landau equations are similar in nature, but now we have to keep in mind that the

magnetic component |H −Hex|2 extends outside Ω. The 3D Ginzburg–Landau equa-

tions solved by minimizers of GL3D
ε are

−(∇A)
2u =

u(aε − |u|2)
ε2

in Ω

curl(H −Hex) = χΩ⟨iu ,∇Au⟩ in R3

[H −Hex]× ν = 0 on ∂Ω

∇Au · ν = 0 on ∂Ω,
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Here, [·] denotes the jump across ∂Ω. Thus, the first boundary condition essentially

means that H−Hex crosses the boundary continuously in the normal direction. The

rest of this chapter is essentially a generalization of Chapter 2, which starts with a

useful tool from Lp-analysis of vector fields to derive the Meissner configuration and

ends with a proof of Theorem 5.

5.1 Helmholtz-Hodge decomposition of vector fields

The fact that we can gauge transform any configuration into one in the Coulomb

gauge follows from a deeper result in Lp-analysis of vector fields. It is a well-known

fact that any vector field defined in R3 can be decomposed as A = curlB + ∇ϕ,
that is, A can be decomposed into solenoidal and potential components. This result

also holds for bounded domains, but there is a dependence on the topological struc-

ture of the domain and its boundary. The main result of this section the following

proposition.

Proposition 5.1.1 (Helmholtz-Hodge decomposition). Let Ω be a smooth simply

connected domain. For every A ∈ L2(Ω,R3), there exists a unique pair (BA,∇ϕA),
BA ∈ H1

σ,T (Ω,R3) and ϕA ∈ H1(Ω) such that

A = curlBA +∇ϕA (5.1.1)

This decomposition is continuous in L2(Ω,R3), that is, there exists C = C(Ω) > 0

such that for any A ∈ L2(Ω,R3)

∥∇ϕA∥L2(Ω,R3) + ∥BA∥H1(Ω,R3) ≤ C ∥A∥L2(Ω,R3) . (5.1.2)

Remark 5.1.1. This decomposition holds for any bounded or exterior domain with

smooth boundary. In particular, it also holds for R3.

Proof. The proof follows from a nontrivial inequality [AS13, Theorem 3.1] (the ad-

ditional terms in the referred Theorem come from holes in the domain which are
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not present in this case): There exists C = C(Ω) such that for B ∈ H1(Ω,R3) with

B × ν = 0 on ∂Ω

∥B∥H1(Ω,R3) ≤ C(∥divB∥L2(Ω) + ∥curlB∥L2(Ω,R3)). (5.1.3)

Now fix A ∈ C∞(Ω,R3) and consider the following PDE
curl2BA = curlA in Ω

divBA = 0 in Ω

BA × ν = 0 on ∂Ω,

(5.1.4)

We can define a weak formulation using the bilinear form a : H1
σ,T (Ω,R3)×H1

σ,T (Ω,R3)

a(V,W ) :=

∫
Ω

curlV · curlW.

Equation (5.1.4) is equivalent to finding BA ∈ H1
σ,T (Ω,R3) such that for any V ∈

H1
σ,T (Ω,R3)

a(BA, V ) =

∫
Ω

A · curlV.

The bilinear form a is continuous with the inherited H1-norm and coercivity follows

from inequality (5.1.3). Thus, we deduce using Lax–Milgram that there exists BA

such that

a(BA, V ) =

∫
Ω

curlA · V =

∫
Ω

A · curlV

for any V ∈ H1
σ,T (Ω,R3). In particular, we can take the L2-closure on A to deduce

that this result holds for any A ∈ L2(Ω,R3). Moreover, we have

∥BA∥H1(Ω,R3) ≤
1

C
∥A∥L2(Ω,R3) ,

where C is the coercivity constant from (5.1.3).

Finally, note that curl(A − curlBA) = 0. Since Ω is simply connected, there exists

ϕA such that A− curlBA = ∇ϕA. Moreover, we deduce from the triangle inequality
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that

∥∇ϕ∥L2(Ω,R3) ≤ ∥A∥L2(Ω,R3) + ∥curlB∥L2(Ω,R3) ≤
(
1 +

1

C

)
∥A∥L2(Ω,R3) .

Uniqueness of the pair (BA,∇ϕA) follows from the L2-orthogonality of ∇H1(Ω) and

L2
σ,N(Ω,R3), since we have for any B ∈ H1

σ,T (Ω,R3) and ϕ ∈ H1(Ω) that∫
Ω

curlB · ∇ϕ =

∫
Ω

B · curl∇ϕ+

∫
∂Ω

(B × ν) · ∇ϕ = 0.

5.2 Meissner configuration in 3D

The derivation of the Meissner configuration in 3D follows a similar idea to the

derivation of its 2D counterpart: We minimize GL3D
ε while fixing |u| = ρε. We

can choose an adequate gauge transformation to ensure coercivity with respect to A

and thus the existence of a minimizer. However, this means that we cannot choose

favorable boundary conditions on ∂Ω for the minimizer, which are crucial for the

splitting result. We can solve this problem by preemptively choosing a particular

phase (ρεe
iϕA , A) ∼ (ρε, A − ∇ϕA). Before we state our result, let us give some

context for our choices of gauge and admissible space.

To deduce the structure of this gauge, we start by deriving A0
ε as in 2D: Using the

energy decoupling (1.3.1), we can write the energy as

GLε(ρε, hexA) = GLε(ρε · 1, hexA) = Eε(ρε) +
h2ex
2

∫
Ω

ρ2ε|A|2 +
∫
R3

| curlA−H0,ex|2.

Minimizing this functional is equivalent to minimize

J(A) :=
1

2

∫
Ω

ρ2ε|A|2 +
1

2

∫
R3

| curlA−H0,ex|2.
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If we preemptively enforce a gauge (ρεe
iϕA , A) ∼ (ρε, A−∇ϕA), J(A) becomes

J(A) :=
1

2

∫
Ω

ρ2ε|A−∇ϕ|2 + 1

2

∫
R3

| curlA−H0,ex|2.

Furthermore, if ϕA depends linearly on A and take the associated Euler–Lagrange

equation solved by a minimizer A0
ε, we would have for any A in the space of admissible

functions∫
Ω

ρ2ε(A
0
ε −∇ϕA0

ε
) · (A−∇ϕA) +

∫
R3

(curlA0
ε −H0,ex) · curlA = 0.

The appropriate choice for ϕA is to take it as the unique solution with zero average

in H1(Ω) of {
div ρ2ε(A−∇ϕA) = 0 in Ω

ρ2ε(A−∇ϕA) · ν = 0 on ∂Ω,
(5.2.1)

The existence of ϕA follows by a standard application of the Poincaré–Wirtinger

inequality and the Lax–Milgram theorem. This choice of ϕA ensures that, by Lemma

1.1.1, we can write ρ2ε(A
0
ε−∇ϕA0

ε
) = curlB0

ε for B
0
ε ∈ H1

σ,T (Ω,R3). Thus, by replacing

it in (5.2.1) and using L2-orthogonality, we have∫
Ω

curlB0
ε · A+

∫
R3

(curlA0
ε −H0,ex) · curlA = 0.

On the other hand, the adequate space for minimization is the homogeneous Sobolev

space Ḣ1(R3,R3), which is the closure of C∞
0 (R3,R3) with respect to the norm

∥D(·)∥L2(R3,R3). Essentially, this enforces a Dirichlet condition at infinity to allow

integration by parts. Moreover, this norm is equivalent to

(∥div(·)∥2L2(R3) + ∥curl(·)∥2L2(R3,R3))
1
2 .

To additionally ensure coercivity, we will restrict ourselves to the subspace Ḣ1
σ(R3,R3)

of vector fields in Ḣ1(R3,R3) with zero divergence. The norm in Ḣ1
σ(R3,R3) inherited

from Ḣ1(R3,R3) is just ∥curl(·)∥L2(R3,R3).
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Now, we formalize the previous explanation in the following proposition.

Proposition 5.2.1. Let

J(A) :=
1

2

∫
Ω

ρ2ε|A−∇ϕA,ρ2ε |
2 +

1

2

∫
R3

| curlA−H0,ex|2,

where ϕA,ρ2ε is the unique solution modulo R of{
div ρ2ε(A−∇ϕA,ρ2ε) = 0 in Ω

ρ2ε(A−∇ϕA,ρ2ε) · ν = 0 on ∂Ω.
(5.2.2)

There exists a unique minimizer A0
ε ∈ [A0,ex + Ḣ1

σ(R3,R3)] for J . A0
ε satisfies

(1) J(A0
ε) ≤ C ∥H0,ex∥L2(Ω,R3) for some C = C(Ω) > 0.

(2) The Euler–Lagrange equation solved by the minimizer A0
ε is given by

curl(curlA0
ε −H0,ex) + χΩ curlB0

ε = 0 in R3,

where χΩ denotes the indicator function of the set Ω.

(3) The vector field B0
ε given by the relation curlB0

ε = ρ2ε(A
0
ε − ∇ϕ0

ε,ρ2ε
) solves the

following variational equation for all V ∈ L2
σ,N(Ω,R3).

∫
Ω

(
curl

curlB0
ε

ρ2ε
+B0

ε

)
· V =

∫
Ω

H0,ex · V in Ω

B0
ε × ν = 0 on ∂Ω

(5.2.3)

Before proving this proposition, we introduce the notation H0
ε := curlA0

ε.

Proof. Step 1 (Existence and uniqueness. Proof of item (1)) Since ∥A∥Ḣ1
σ(R3,R3) =

∥curlA∥L2(R3,R3), the coercivity for J in [A0,ex + Ḣ1
σ(R3,R3)] follows directly. On the

other hand, by the linearity of equation (5.2.2), we deduce that the map A→ ∇ϕA,ρ2ε
is linear. Furthermore, by using ϕA,ρ2ε as a test function in (5.2.2)
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∫
Ω

ρ2εA · ∇ϕA,ρ2ε =
∫
Ω

ρ2ε|∇ϕA,ρ2ε |
2

By the Cauchy-Schwarz inequality and the uniform bounds for ρε, we conclude that

the map A→ ∇ϕA,ρ2ε is a bounded linear operator from L2(Ω,R3) to L2(Ω,R3). We

conclude that J is both (strongly) continuous and strictly convex, which implies it is

also weakly lower semicontinuous. It follows from the direct method of the calculus

of variations that J admits a unique minimizer in [A0,ex + Ḣ1
σ(R3,R3)] denoted by

A0
ε, that is, A0

ε − A0,ex ∈ Ḣ1
σ(R3,R3). Finally, we see that item (1) is satisfied by

noticing that A0,ex is admissible for J . Therefore

J(A0
ε) ≤ J(A0,ex) =

1

2

∫
Ω

ρ2ε|A0,ex −∇ϕA0,ex,ρ2ε
|2

≤ C ∥A0,ex∥L2(Ω,R3)

≤ C ∥H0,ex∥L2(Ω,R3) ,

where we recall that we chose A0,ex ∈ L2
σ,N(Ω,R3) to use (5.1.2) for the last inequality.

Step 2 (Euler-Lagrange equation for A0
ε. Proof of items (2) and (3)) Since A0

ε

minimizes J , it satisfies the following weak equation for all A ∈ Ḣ1
σ(R3,R3)∫

Ω

ρ2ε(A
0
ε −∇ϕ0

ε,ρ2ε
) · (A−∇ϕA,ρ2ε) +

∫
R3

(H0
ε −H0,ex) · curlA = 0. (5.2.4)

Since ρ2ε(A
0
ε −∇ϕ0

ε,ρ2ε
) ∈ L2

σ,N(Ω,R3), it follows from Lemma 1.1.1 that we can write

ρ2ε(A
0
ε −∇ϕ0

ε,ρ2ε
) as curlB0

ε , where B
0
ε ∈ H1

σ,T (Ω,R3). To recap, B0
ε satisfies

divB0
ε = 0 in Ω

curlB0
ε = ρ2ε(A

0
ε −∇ϕ0

ε,ρ2ε
) in Ω

B0
ε × ν = 0 on ∂Ω

curlB0
ε · ν = 0 on ∂Ω.

(5.2.5)
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Additionally, we have for any ϕ ∈ H1(Ω)∫
Ω

ρ2ε(A
0
ε−∇ϕ0

ε,ρ2ε
)·∇ϕ (5.2.5)

=

∫
Ω

curlB0
ε ·∇ϕ =

∫
Ω

B0
ε ·curl∇ϕ−

∫
∂Ω

∇ϕ·(B0
ε×ν)

(5.2.5)
= 0

(5.2.6)

Using (5.2.6) with ϕ = ϕA,ρ2ε , equation (5.2.4) becomes∫
Ω

curlB0
ε · A+

∫
R3

(H0
ε −H0,ex) · curlA = 0. (5.2.7)

By the Helmholtz-Hodge decomposition (see Remark 5.1.1), we conclude that equa-

tion (5.2.7) holds for any A ∈ Ḣ1(R3,R3). An integration by parts on (5.2.7) yields

the Euler-Lagrange equation for J , which is the equation stated in item (2).

χΩ curlB0
ε + curl(H0

ε −H0,ex) = 0 (5.2.8)

The remaining item follows from using vector fields supported in Ω as test vector

fields. If Φ ∈ C∞
0 (Ω,R3), it follows from equation (5.2.7) and integration by parts

that ∫
Ω

(B0
ε +H0

ε −H0,ex) · curl Φ = 0.

In particular, for any Φ ∈ C∞
0 (Ω,R3) such that div Φ = 0∫
Ω

(B0
ε +H0

ε −H0,ex) · Φ = 0.

Therefore, by Lemma 1.1.1, we have that for any A ∈ Lpσ,N(Ω,R3)∫
Ω

(B0
ε +H0

ε −H0,ex) · A
(5.2.5)
=

∫
Ω

(B0
ε + curl

curlB0
ε

ρ2ε
−H0,ex) · A = 0.

This concludes the proof of item (3).
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5.2.1 Regularity of the Meissner configuration

Regarding regularity, we are looking for bounds that do not depend on ε. We can

deduce from item (1) in the preceding proposition that

∥∥curlB0
ε

∥∥
L2(Ω,R3)

+
∥∥A0

ε − A0,ex

∥∥
H1(R3,R3)

≤ C ∥H0,ex∥L2(Ω,R3) ,

where C = C(Ω) > 0. As for B0
ε , we can deduce C0,1

T regularity analogous to (2.1.3).

Proposition 5.2.2. Let A0
ε be the minimizer of J given by Proposition 5.2.1 and

B0
ε , ϕε,ρ2ε given by the relation ρ2ε(A

0
ε −∇ϕε,ρ2ε) = curlB0

ε . For any p > 3 there exists

C > 0 not depending on ε such that

∥∥curlB0
ε

∥∥
L∞(Ω,R3)

≤ C ∥H0,ex∥Lp(Ω,R3) . (5.2.9)

In particular, B0
ε ∈ W 1,∞(Ω,R3) and ∥curlB0

ε∥L∞(Ω,R3) are uniformly bounded.

Proof. In this proof, C will denote a generic constant independent of ε which might

change from line to line. By interior elliptic regularity on equation (5.2.8), we have

for any W ⊂ R3

∥∥A0
ε − A0,ex

∥∥
H2(W,R3)

≤ C
∥∥curlB0

ε

∥∥
L2(Ω,R3)

. (5.2.10)

On the other hand,

∥∥curlB0
ε

∥∥
Lp(Ω,R3)

(5.2.5)
=

∥∥∥ρ2ε(A0
ε −∇ϕ0

ε,ρ2ε
)
∥∥∥
Lp(Ω,R3)

≤ C(
∥∥A0

ε

∥∥
Lp(Ω,R3)

+
∥∥∥∇ϕ0

ε,ρ2ε

∥∥∥
Lp(Ω,R3)

).

We would like to bound the term
∥∥∥∇ϕ0

ε,ρ2ε

∥∥∥
Lp(Ω,R3)

in terms of A0
ε. Recall equation

(5.2.2) which relates A0
ε and ϕ0

ε,ρ2ε
. Using the dual characterization of the norm, we
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have for any p ∈ [1,∞] and q such that 1
p
+ 1

q
= 1

∥∥∥∇ϕ0
ε,ρ2ε

∥∥∥
Lp(Ω,R3)

= sup
V ∈Lq(Ω,R3)

1

∥V ∥Lq(Ω,R3)

∫
Ω

V · ∇ϕ0
ε,ρ2ε

Using the Helmholtz-Hodge decomposition (5.1.1) to write

V = V0 +∇φ,

where V0 ∈ Lqσ,N(Ω,R3) and using the L2-orthogonality relation between the compo-

nents, we deduce that∥∥∥∇ϕ0
ε,ρ2ε

∥∥∥
Lp(Ω,R3)

≤ C sup
V=V0+∇φ∈Lq(Ω,R3)

1

∥V0∥Lq(Ω,R3) + ∥∇φ∥Lq(Ω,R3)

∫
Ω

∇φ · ∇ϕ0
ε,ρ2ε

≤ C sup
∇φ∈Lq(Ω,R3)

1

∥∇φ∥Lq(Ω,R3)

Thus, we obtain∥∥∥∇ϕ0
ε,ρ2ε

∥∥∥
Lp(Ω,R3)

≤ C sup
∇φ∈Lq(Ω,R3)

1

∥∇φ∥Lq(Ω,R3)

∫
Ω

∇φ · ρ2ε∇ϕ0
ε,ρ2ε

(5.2.2)
= C sup

∇φ∈Lq(Ω,R3)

1

∥∇φ∥Lq(Ω,R3)

∫
Ω

∇φ · ρ2εA0
ε

≤ C
∥∥A0

ε

∥∥
Lp(Ω,R3)

.

This yields the following bound for curlB0
ε∥∥curlB0

ε

∥∥
Lp(Ω,R3)

≤ C
∥∥A0

ε

∥∥
Lp(Ω,R3)

, (5.2.11)

where C > 0 is independent of ε. Finally, combining these estimates with a Sobolev
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embedding, we conclude that for p > 3

∥∥curlB0
ε

∥∥
L∞(Ω,R3)

(5.2.11)

≤ C
∥∥A0

ε

∥∥
L∞(Ω,R3)

≤ C(
∥∥A0

ε − A0,ex

∥∥
L∞(Ω,R3)

+ ∥A0,ex∥L∞(Ω,R3))

p>3

≤ C(
∥∥A0

ε − A0,ex

∥∥
H2(R3,R3)

+ ∥A0,ex∥W 1,p(Ω,R3))

(5.2.10)

≤ C(
∥∥curlB0

ε

∥∥
L2(Ω,R3)

+ ∥H0,ex∥Lp(Ω,R3))

≤ C(∥H0,ex∥L2(Ω,R3) + ∥H0,ex∥Lp(Ω,R3))

≤ C ∥H0,ex∥Lp(Ω,R3)

This concludes the proof.

5.2.2 Energy splitting

Now we present a proof for the energy splitting result in 3D (0.0.5).

Proof of Proposition 0.0.2. We start by using the Lassoued-Mironescu decoupling

(0.0.4) on the integral in Ω.

GLε(u,A) = Eε(ρε) +
1

2

∫
Ω

(
ρ2ε|∇Aue

ihexϕε,ρ2ε |2 + ρ4ε
(1− |u|2)2

2ε2

)
+

1

2

∫
R3

| curlA+ hex curl(A
0
ε − A0,ex)|2. (5.2.12)

First, by expanding the square in the second term of (5.2.12) we have∫
Ω

ρ2ε|∇Aue
ihexϕε,ρ2ε |2 =

∫
Ω

ρ2ε(|∇Au− ihex(∇ϕε,ρ2ε − A0
ε)u|2)

(5.2.5)
=

∫
Ω

ρ2ε|∇Au|2 + h2exρ
2
ε|∇ϕ0

ε,ρ2ε
− A0

ε|2|u|2 + 2hex⟨iu ,∇Au⟩ curlB0
ε .

74



On the other hand, by expanding the square in the rightmost term of (5.2.12)

=

∫
R3

| curlA|2 + h2ex| curl(A0
ε − A0,ex)|2 + 2hex curlA · curl(A0

ε − A0,ex)

(5.2.7)
=

∫
R3

| curlA|2 + h2ex| curl(A0
ε − A0,ex)|2 − 2hex

∫
Ω

curlB0
ε · A.

Since B0
ε × ν = 0 on ∂Ω, we have∫

Ω

curlB0
ε · A =

∫
Ω

B0
ε · curlA.

By replacing in (5.2.12), we obtain

GLε(u,A) =Eε(ρε) + Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε

+
h2ex
2

∫
Ω

(
ρ2ε|∇ϕ0

ε,ρ2ε
− A0

ε|2|u|2 +
∫
R3

| curl(A0
ε − A0,ex)|2

)
.

Finally, recall that

GLε(ρεe
ihexϕε,ρ2ε , hexA

0
ε) = Eε(ρε) +

h2ex
2

(∫
Ω

ρ2ε|∇ϕ0
ε,ρ2ε

− A0
ε|2 +

∫
R3

| curl(A0
ε − A0,ex)|2

)
.

Thus, we conclude the proof by writing |u|2 as 1 + (|u|2 − 1).

5.3 Vortex balls on a surface and ε-level estimates

Because vortices are one-dimensional objects, it is not possible to directly extend

the vortex ball construction from Section 2.3 since they can no longer be covered by

3D balls. The tool for estimating the energy of vortices are ε-level estimates, which

refer to a polyhedral approximation of vortices with ε-quantitative estimates. This

construction is based on the Federer-Fleming deformation theorem. The main result

of this section is the following.

Theorem 6. [Work in preparation] For any M,m, n > 0 there exist C, ε0 depending
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only on M,m, n, ∂Ω such that, for any ε < ε0, there exists κ = κ(ε) such that, if

(u,A) satisfies Fε,ρε(u,A) ≤M | log ε|m, [ρε]C0,α ≤M | log ε|m for some α ∈ (0, 1] and

ρε is constant in {x ∈ Ω: dist(x, ∂Ω) > κ} , then there exists a polyhedral 1-current

νε which satisfies the following.

(1) νε/π is integer multiplicity.

(2) ∂ν = 0 relative to Ω.

(3) There exists Sνε ⊂ Ω such that supp ν ⊂ Sνε and |Sνε| ≤ C| log ε|−q, where

q(m,n) := 3
2
(m+ n).

(4) (Weighted lower bound)

∫
Sν

ρ2ε|∇Au|2 + ρ4ε
(1− |u|2)2

2ε2
+ | curlA|2

≥ π

(∫
νε

ρ2εθdH1

)
(| log ε| − C log | log ε|)− C

| log ε|n
, (5.3.1)

where θ is the multiplicity of ν/π and H1 is the one dimensional Hausdorff

measure.

(5) (Vorticity estimate) For any γ ∈ (0, 1], there exists Cγ > 0 depending only on

γ, ∂Ω such that

∥µ(u,A)− νε∥(C0,γ
T )∗ ≤ Cγ

Fε,ρε(u,A) + 1

| log ε|qγ
(5.3.2)

This result was developed in [Rom19b] by C. Román, where the vorticity was ap-

proximated using an appropiately positioned grid of small cubes where the vortex is

linearized in each cube and the restriction to the edges are approximated by Dirac

masses using similar vorticity estimates as (2.4.2). The proof in the inhomogeneous

case uses a similar strategy, but we need to impose additional hypothesis on ρε.

One of the main tools used to prove these ε-level estimates is an extension of the

vortex ball construction for surfaces in R3. The construction follows the same prin-
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ciples as the one in Section 2.3: Capture the vorticity regions {|u| ≤ 1
2
} in balls to

obtain an initial lower bound for the free energy functional, then increase the radius

of each ball in a way that preserves the bound and merges them when they overlap.

We also have to consider the curvature of the surface in this construction.

Let Σ̃ ⊆ Ω be a complete oriented surface with a distance function d(·, ·) and with

bounded second fundamental form. We also introduce the weighted free energy

without magnetic component in Σ ⊂ Σ̃.

Eε,η(u,Σ) :=
1

2

∫
Σ

η2|∇u|2 + η4
(1− |u|2)2

2ε2
.

We assume the following hypothesis on u, Σ̃ and Σ:

Hypothesis 5.3.1. Σ̃ has a second fundamental form bounded by 1 and Σ ⊆ Σ̃ is

open and bounded. Also, we let u = uε ∈ H1(Σ,C) such that for any m,M > 0 there

exists ε0 = ε0(m,M) such that

Eε,η(u; Σ) ≤Mε, |u(x)| ≥ 1

2
if d(x, ∂Σ) < 1,

where Mε :=M | log ε|m.

Our main energy estimate is the following.

Proposition 5.3.1. If (u,Σ) are such that they satisfy Hypothesis 5.3.1, then we

have

Eε,η(u,Σ) ≥ πη2(Σ)|d|
(
log

1

ε
−Mε

)
,

where d is the winding number of u/|u| in ∂Σ.

The structure of the proof is similar to the 2D case: we state an initial lower bound

for the energy in a ball, construct an initial configuration with an adequate lower

bound and apply a growing and merging process. We will follow the structure of

[Rom19b, Section 3.1], which generalizes the proof of [San01] to include the case of a

possibly unbounded number of vortices. In what follows, the sets B(x, t) and S(x, t)
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denote respectively a geodesic (closed) ball and a geodesic sphere of radius t centered

at x ∈ Σ̃. We will also use Se(x, t) and Be(x, t) to denote, respectively, the Euclidean

sphere and the Euclidean ball of radius t centered at x in the tangent space TxΣ.

Lemma 5.3.1. Suppose u,Σ satisfy Hypothesis 5.3.1. There exist ε0, r0, C > 0

depending only on Σ such that, for any ε < ε0, any x ∈ Σ, and any t > 0 such that
ε

η2(B(x,t))
< t < r0, if |u| ≤ 1 in S(x, t), we have

Eε,η(u, S(x, t)) ≥ η2(Σ̃)

(
πm2

(
|d|
t

− C

)+

+
1

Cε
(1−m)2

)
,

where m := infS(x,t) |u|, and

d :=

deg

(
u

|u|
, S(x, t)

)
if m ̸= 0

0 otherwise.

Proof. This result is an extension of [DVR24, Lemma A.1], which states that in

Ω ⊂ R2, for any u ∈ H1(Ω,C) and any (Euclidean) ball Be(x, t) ⊆ Ω, we have

1

2

∫
Se(x,t)

η2|∇|u||2 + η4

2ε2
(1− |u|2)2 ≥

η2(Be(x, t))

Cε
(1−m)2, (5.3.3)

where C > 0 is a universal constant.

We extrapolate this result to surfaces in R3 using the exponential map defined locally

in Σ̃. Fixing u ∈ H1(Σ,C), x ∈ Σ, t > 0 small enough, and using (5.3.3) with

Ω = exp−1
x (Σ) ⊆ TxΣ, ũ := u ◦ expx, and η̃ := η ◦ expx, yields

1

2

∫
Se(x,t)

η̃2|∇|ũ||2 + η̃4

2ε2
(1− |ũ|2)2 ≥

η̃2(Be(x, t))

Cε
(1− m̃)2, (5.3.4)

where m̃ := infS(x,t) |ũ|. The bound on the second fundamental form of Σ̃ implies

that there exists r0 > 0 depending only on Σ such that, for t < r0, expx is a quasi-
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isometry in Be(x, t) and expx(Se(x, t)) is a geodesic sphere in Σ centered at x. By

performing a change of variables on (5.3.4), we obtain

1

2

∫
S(x,t)

η2|∇|u||2 + η4

2ε2
(1− |u|2)2 ≥

η2(B(x, t))

Cε
(1−m)2 ≥

η2(Σ̃)

Cε
(1−m)2, (5.3.5)

with potentially different values for the constants r0 and C, after the change of

coordinates. This yields the lower bound

Eε,η(u, S(x, t)) =
1

2

∫
S(x,t)

η2

(
|∇|u||2 + |u|2

∣∣∣∣∇ u

|u|

∣∣∣∣2
)

+
η4

2ε2
(1− |u|2)2

(5.3.5)

≥ η2(Σ̃)

(
1

Cε
(1−m)2 +m2

∫
S(x,t)

∣∣∣∣∇ u

|u|

∣∣∣∣2
)
. (5.3.6)

For the second term in the RHS of (5.3.6), we use the following result used in the

proof of [San01, Lemma 3.12], which states that for small enough t,∫
S(x,t)

∣∣∣∣∇ u

|u|

∣∣∣∣2 ≥ π

(
|d|
t

− C

)+

. (5.3.7)

By inserting (5.3.7) into (5.3.6), we complete the proof.

With this modification at hand, the proof of Proposition 5.3.1 follows almost verba-

tim [Rom19b, Section 3.1], the only difference being that the lower bound η2(Σ̃) is

carried through the subsequent steps.

5.4 The isoflux problem

Using the ε-level estimates with the energy splitting (0.0.9), we can heuristically

try to deduce the leading order of the first critical field. If GL3D
ε is minimized

by (u,A) = (uρεe
ihexϕ0

ε,ρ2ε , A + hexA
0
ε), then GL

3D
ε (u,A) ≤ GL3D

ε (ρεe
ihexϕ0

ε,ρ2ε , hexA
0
ε).
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Thus, we have

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε +R0 ≤ 0.

Reasoning as in the 2D approach, vortices will appear when the Meissner configura-

tion is not near a minimizer, that is,

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε ≪ 0.

Using items (4) and (5) of Theorem 6 and ignoring lower order terms, we deduce this

is possible when
π

2

(∫
νε

ρ2εθdH1

)
| log ε| − hex⟨νε , B0

ε ⟩ ≤ 0,

that is,

hex ≥

(
π
∫
νε
ρ2εθdH1

)
2⟨νε , B0

ε ⟩
| log ε|. (5.4.1)

This motivates the definition of the so-called isoflux problem to remove the depen-

dence of νε from the bound. This problem is an isoperimetric-like problem where,

given a 1-form, we find a 1-current which maximizes the ratio between the duality

product with the 1-form and the mass of the 1-current.

In line with the inhomogeneous framework, we work on the following weighted variant

of the isoflux problem: Let N (Ω) be the space of 1-currents supported in Ω with

finite mass and boundary supported on ∂Ω with finite mass as well. Given a vector

field B : Ω → R3, B = (Bx, By, Bz), identified with the 1-form Bxdx+ Bydy + Bzdz

and a nonnegative nonzero weight function η, we seek to maximize over N (Ω) the

following functional

Rη
B(Γ) :=

⟨Γ , B⟩
|ηΓ|

, (5.4.2)

where the product ηΓ is defined by duality: For any 1-form ω supported in Ω

⟨ηΓ , B⟩ := ⟨Γ , ηB⟩.
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To see that (5.4.1) is related to this problem, we can determine |ηΓ| in the case that

Γ is an integer multiplicity rectifiable 1-current with associated varifold v(Γ, θ).

|ηΓ| = sup
ω∈D1(Ω),∥ω∥L∞(Ω,R3)=1

∫
Γ

η(x)ω(x)θ(x)dH1(x) (5.4.3)

= sup
ω∈D1(Γ),∥ω∥L∞(Γ,R3)=1

∫
Γ

η(x)ω(x)θ(x)dH1(x)

=

∫
Γ

η(x)θ(x)dH1(x).

This last integral is the integral of η respect to the weight measure of the varifold

v(Γ, θ). We will write this last integral as ∥η∥L1(Γ), and also keep in mind that there

is an implicit dependence on the multiplicity of the varifold as well.

5.4.1 1-current associated to a 2-form

The following is a useful family of 1-currents to obtain lower bounds for the maxi-

mizing value of the isoflux functional (5.4.2). Any 2-form α supported on Ω induces

a 1-current [α] defined by the following action on a 1-form ω.

⟨[α] , ω⟩ :=
∫
Ω

α ∧ ω

In order for [α] to be an admissible current, we will require that α is a closed 2-form,

that is, dα = 0. This is formalized in the following proposition.

Proposition 5.4.1. If α is a smooth, continuous up to the boundary, closed 2-form

supported on Ω, then [α] ∈ N (Ω) and

⟨∂[α] , f⟩ =
∫
∂Ω

fα.

Proof. (1) [α] has finite mass: Note that by the duality characterization of Lp norms,

the mass of a current generalizes the L1 norm, as we will see in the following
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argument.

|[α]| = sup
ω∈D1(Ω),∥ω∥L∞(Ω,R3)=1

⟨[α] , ω⟩

= sup
ω∈D1(Ω),∥ω∥L∞(Ω,R3)=1

∫
Ω

α ∧ ω

= ∥α∥L1(Ω,R3)

<∞.

Note that α is integrable since it is continuous in Ω.

(2) Boundary of [α] has finite mass and is supported on ∂Ω: Let f be a smooth

0-form, that is, f is a smooth function. In particular, the wedge product is just

standard multiplication. Thus, we have

⟨∂[α] , f⟩ = ⟨[α] , df⟩

=

∫
Ω

α ∧ df

=

∫
Ω

d(α ∧ f)− dα ∧ f

=

∫
Ω

d(fα)− fdα

dα=0
=

∫
Ω

d(fα)

Finally, by Stokes’ theorem

⟨∂[α] , f⟩ =
∫
∂Ω

fα,

which is supported on ∂Ω. We conclude analogously that

|∂[α]| = ∥α∥L1(∂Ω,R3) <∞.
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We can conclude that [α] satisfies all the conditions of N (Ω).

Now we can state a lower bound for the maximal energy of (5.4.2) in the special case

where B is a solenoidal vector field.

Proposition 5.4.2. Suppose divB = 0. Then we have

max
Γ∈N (Ω)

Rη
B(Γ) ≥

∥B∥L2(Ω,R3)

∥η∥L2(Ω)

(5.4.4)

Proof. If B = Bxdx + Bydy + Bzdz, then ⋆B is the 2-form Bxdy ∧ dz + Bydz ∧
dx + Bzdx ∧ dy, where ⋆ is the Hodge star operator. Moreover, ⋆B is closed since

d(⋆B) = (divB)dx ∧ dy ∧ dz = 0. Additionally, we have [⋆B] ∧ B = (|Bx|2 +

|By|2 + |Bz|2)dx ∧ dy ∧ dz and, |[η ⋆ B]| = ∥ηB∥L1(Ω,R3) Thus, by Proposition 5.4.1,

[⋆B] ∈ N (Ω). By using [⋆B] as a competitor for the maximal energy of RB, we

deduce that

max
Γ∈N

RB(Γ) ≥
⟨[⋆B] , B⟩
|η ⋆ B|

=
1

∥ηB∥L1(Ω,R3)

∫
Ω

[⋆B] ∧B

≥
∥B∥2L2(Ω,R3)

∥η∥L2(Ω) ∥B∥L2(Ω,R3)

=
∥B∥L2(Ω,R3)

∥η∥L2(Ω)

.

5.5 Lower bound for the first critical field in 3D

We delegate this section to the proof of the lower bound for the first critical field

in 3D, Theorem 5. With the tools we have developed, the proof will be similar to

the proof of Theorem 1, the 2D lower bound. We need one additional result, and
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that is to prove that the maximizer of the isoflux problem for the Ginzburg–Landau

setting does not go to zero under an additional hypothesis. We will use R0
ε to denote

maxΓ∈N (Ω)R
ρ2ε
B0

ε
(Γ).

Proposition 5.5.1. Assume curlH0,ex ̸= 0 in Ω. Then we have

lim inf
ε→0+

R0
ε > 0. (5.5.1)

Proof. Assume lim infε→0+ maxΓ∈N (Ω)Rε(Γ) = 0. It follows by (5.4.4) that, by pass-

ing to a subsequence if necessary, B0
ε → 0 in L2(Ω,R3). On the other hand, by using

an arbitrary (but fixed in ε) vector field Φ ∈ C∞
0 (Ω,R3) with div Φ = 0 as a test

vector field in equation (5.2.3) we have∣∣∣∣∫
Ω

H0,ex · Φ
∣∣∣∣ = ∣∣∣∣∫

Ω

curlB0
ε · curl Φ
ρ2ε

+B0
ε · Φ

∣∣∣∣
≤ C

∣∣∣∣∫
Ω

curlB0
ε · curl Φ +B0

ε · Φ
∣∣∣∣

≤ C

∣∣∣∣∫
Ω

B0
ε · curl curl Φ +B0

ε · Φ
∣∣∣∣

≤ C
∥∥B0

ε

∥∥
L2(Ω,R3)

∥Φ∥H2(Ω,R3) .

As ε → 0, the right-hand side goes to zero while the left-hand side remains un-

changed. This implies
∫
Ω
H0,ex · Φ = 0. Taking the L2-closure, we deduce that

H0,ex ⊥ L2
σ,N(Ω,R3). We deduce from the Helmholtz-Hodge decomposition (5.1.1)

that H0,ex ∈ ∇H1(Ω). Thus, curlH0,ex = 0 on Ω.

Proof of Theorem 5. The sequence of steps is similar to the proof of 1, sans the strong

vortexlessness. We will additionally assume that curlH0,ex ̸= 0, which is required to

use Proposition 5.5.1.

Step 1 (Free energy bound) Since we are assuming that (u,A) minimizes GLε, we
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have GLε(u,A) ≤ GLε(ρεe
ihexϕ0

ε,ρ2ε , hexA
0
ε) This implies that

Fε,ρε(u,A)
(0.0.9)

≤ hex

∫
Ω

µ(u,A) ·B0
ε +R0. (5.5.2)

On the other hand, the boundary condition B0
ε×ν = 0 implies that we can integrate

by parts to obtain

Fε,ρε(u,A) ≤ hex

∫
Ω

(⟨iu ,∇Au⟩ · curlB0
ε + curlA ·B0

ε ) +R0

≤ C(hex ∥u∥L2(Ω,C) ∥∇Au∥L2(Ω,C3)

∥∥curlB0
ε

∥∥
L∞(Ω,R3)

+ ∥curlA∥L2(Ω,R3)

∥∥B0
ε

∥∥
L2(Ω,R3)

+ |R0|)
(5.2.9)

≤ C(hex ∥u∥L2(Ω,C) ∥∇Au∥L2(Ω,C3) + ∥curlA∥L2(Ω,R3) + |R0|).

Let us bound the terms on the right hand side individually. For ∥u∥L2(Ω,C), we have∫
Ω

|u|2 =
∫
Ω

1− (1− |u|2)

≤ C(1 +

∫
Ω

|1− |u|2|)

≤ C(1 + εFε,ρε(u,A)
1/2).

Thus, we have

∥u∥L2(Ω,C) ≤ C(1 + εFε,ρε(u,A)
1/2)1/2. (5.5.3)

In the case of ∥∇Au∥L2(Ω,C3), we have

∥∇Au∥L2(Ω,C3) ≤ CFε,ρε(u,A)
1/2. (5.5.4)

Similarly, for ∥curlA∥L2(Ω,R3),

∥curlA∥L2(Ω,R3) ≤ CFε,ρε(u,A)
1/2. (5.5.5)
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Finally, we have for |R0| that

|R0| ≤
h2ex
2

∫
Ω

| curlB0
ε |2

ρ2ε
|(|u|2 − 1)|

(5.2.9)

≤ Ch2exεFε,ρε(u,A)
1/2. (5.5.6)

Thus, we conclude from (5.5.3), (5.5.4), (5.5.5) and (5.5.6) that

Fε,ρε(u,A) = O(hexFε,ρε(u,A)
1/2),

which implies that there exists C > 0 not depending on ε such that

Fε,ρε(u,A) ≤ Ch2ex.

Step 2 (Proof of weak vortexlessness) As we have stated that hex = O(| log ε|), the
conclusion of the previous step yields

Fε,ρε(u,A) ≤ C| log ε|2 (5.5.7)

for some C > 0 not depending on ε.

We proceed to use the tools from the ε-level estimates. Using (5.3.2), we can deduce

that∫
Ω

µ(u,A) ·B ≤ ∥µ(u,A)− νε∥(C0,1
T (Ω,R3))∗

∥∥curlB0
ε

∥∥
L∞(Ω,R3)

+ ⟨νε , B0
ε ⟩ (5.5.8)

(5.2.9)&(5.5.7)

≤ ⟨νε , B0
ε ⟩+ C(| log ε|2−q + | log ε|−q)

By inserting (5.3.1) and (5.5.8) in (5.5.2) and using (5.5.6) to control |R0|, we deduce
by choosing a large enough n that

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε

≥ π

2

∥∥ρ2ε∥∥L1(νε/π)
(| log ε| − C log | log ε|)− hex⟨νε , B0

ε ⟩+ o(| log ε|−2). (5.5.9)
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On the other hand, by the definition of R0
ε as a maximizer

⟨νε , B0
ε ⟩ ≤ |ρ2ενε|R0

ε. (5.5.10)

Since νε/π is an integer valued current, we follow (5.4.3) to obtain

|ρ2ενε| = π|ρ2ε(νε/π)| = π
∥∥ρ2ε∥∥L1(νε/π)

. (5.5.11)

We return to (5.5.9) with (5.5.10) and (5.5.11), where we find that

π

2

∥∥ρ2ε∥∥L1(νε/π)
(| log ε| − C log | log ε|)− hex⟨νε , B0

ε ⟩

≥ π

2

∥∥ρ2ε∥∥L1(νε/π)

(
| log ε| − 2hexR

0
ε − C log | log ε|

)
+ o(| log ε|−2).

Using the hypothesis on hex we can remove the the leading term | log ε| from the

bound, which leaves us with

Fε,ρε(u,A)−hex
∫
Ω

µ(u,A) ·B0
ε ≥

π

2

∥∥ρ2ε∥∥L1(νε/π)
(2K0R

0
ε−C) log | log ε|+o(| log ε|−2).

Using the limiting behaviour of R0
ε (5.5.1), we can choose K0 independently of ε such

that 2K0R
0
ε − C > 1 to deduce

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε ≥

π

2

∥∥ρ2ε∥∥L1(νε/π)
log | log ε|+ o(| log ε|−2).

Combining this bound with the following upper bound given by the minimizer

Fε,ρε(u,A)− hex

∫
Ω

µ(u,A) ·B0
ε

(5.5.2)

≤ |R0|
(5.5.6)
= O(ε| log ε|3), (5.5.12)

yields ∥∥ρ2ε∥∥L1(νε/π)
≤ o(1).
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Moreover, we also have a similar bound for |νε|

|νε| ≤
π

b
∥ρε∥L1(νε/π)

= o(1). (5.5.13)

Thus, we can conclude that weak vortexlessness is satisfied following another use of

the vorticity estimate (5.3.2), since for any B ∈ C0,γ
T (Ω,R3)∫

Ω

µ(u,A) ·B ≤ ∥µ(u,A)− νε∥(C0,γ
T )∗ ∥B∥C0,γ

T (Ω,R3) + |νε| ∥B∥L∞(Ω,R3) (5.5.14)

(5.3.2)&(5.5.13)

≤ o(1) ∥B∥C0,γ
T (Ω,R3) .

Step 3 (Meissner configuration approximation) The Meissner approximation follows

after (5.5.14), since equation (5.5.12) implies that

Fε,ρε(u,A) = o(1). (5.5.15)

Finally, as we have proven in (5.5.15), (5.5.14) and (5.5.6) that all the terms from

the energy splitting (0.0.5) are o(1), we conclude that

GLε(u,A) = GLε(ρεe
ihexϕ0

ε,ρ2ε , hexA
0
ε) + o(1).

This finishes the proof.
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