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Abstract

This thesis is devoted to the study of the stochastic process model called Random Walk
in Random Environment (RWRE). To be precise, our research focuses on two kinds of
random environments. The first one is the so called uniformly elliptic i.i.d. random
environment. In this model it is conjectured that in dimensions d > 2 any random walk
which is directionally transient is ballistic. The ballisticity conditions for RWRE somehow
interpolate between directional transience and ballisticity and have served to quantify the
gap which one needs to answer affirmatively this conjecture. Two important ballisticity
conditions introduced by Sznitman [Sz02] in 2001 and 2002 are the so called conditions
(T") and (T): given a slab of width L orthogonal to I, condition (7”) in direction [ is
the requirement that the annealed exit probability of the walk through the side of the
slab in the half-space {z : - | < 0}, decays faster than e=“%" for all v € (0,1) and some
constant C' > 0, while condition (7") in direction [ is the requirement that the decay is
exponential e"“L. Tt is believed that (7”) implies (T'). We show that (7") implies at least
an almost (in a sense to be made precise) exponential decay. The second class of random
environment to be studied is a larger class which only requires a mixing condition on the
environment law. As a matter of fact, the ballisticity conditions in this framework are not
well-understood. Therefore our purpose is to find a connection between this strictly larger
class of environments and the ballisticity conditions which have proved to be a powerful
theoretical concept for random walks in an i.i.d. random environment. In that direction,
we prove that every random walk in a uniformly elliptic random environment satisfying
the cone mixing condition and a non-effective polynomial ballisticity condition with high

enough degree has an asymptotic direction.
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General Introduction

Random Walk in a Random Environment (RWRE) is a classical model of random motion
in a random media. It was originally introduced as a toy model for replication of DNA
chains and phase transition in alloys. We can describe a d- dimensional RWRE as the
canonical Markov chain (X,,),>o with state space Z?, where its transition probabilities to
nearest neighbor sites are random. In spite of its simplicity, when the dimension is larger
than 1 its asymptotic laws are still not well-understood. This problem, is essentially due
to the reversibility loss in the chain on averaging over the environment. Consequently
this makes it hard to apply standard convergence methods in order to get asymptotic
laws. Some progress has been done in that direction by means of the introduction of what
are called ballisticity conditions. These conditions are essentially a functional control
(for instance a polynomial control) of the probability that the walk exits from large slabs
transversal to directions !’ in a neighborhood of a given direction [ € S¢~! by the unlikely
slab boundary side: the one which is in the direction —!’. The study of ballisticity
conditions is the main focus of this thesis. To appropriately introduce them, we will now
explain more precisely the model. Let d > 1 be a positive integer which will be thought
as the underlying random walk dimension. We consider the (2d —1)- dimensional simplex

P defined by:
2d
P = {ZGRQdIZZ’i =1,z >0 for i € [1,2d]}.
i—1

Now, an environment w := w(, €)|yezd ez |e|—1 15 an element of the set 2 := (P)Zd which
specifies at each site € Z? the transition probabilities of the walk. Throughout this
chapter, by canonical o- algebra on a product space we mean the o-algebra generated
by the cylinder measurable sets. For the time being, we assume that we have a given

probability measure P on the canonical o- algebra W in ().



For fixed w € Q and = € Z% one defines the quenched law P,,, as the law of the

canonical Markov chain (X,,),>; starting from z, with state space Z? and satisfying
Px,w[XO = SL’] = 1

Poowl[Xoi1 = Xp+te| X, X1, .. Xo| = w(X,,e) for e e Z4, Je| = 1.

We call F the canonical o- algebra in (Z4)N, which is the o- algebra in the walk path
space. Furthermore, for a prescribed probability measure P one then defines the annealed
or averaged law P, as the semi-direct product P® P, ,, on W x F.

We consider two types of random environments: the first one will be the so-called
i.i.d. random environment framework; the second one is a larger class satisfying a mixing
condition. We start by defining the i.i.d. random environment. Let s € (0, 5] and p be

a probability measure on P such that for each z € Z4, w(x,-) distributes as p, and p is

supported on the subset P, of P defined by:
2d
Pui={zeR™: > 2= 1,2 >k forie[l,2d]}.
i=1

This last restriction on the support of the law pu is called uniform ellipticity assump-
tion. The random environment is now an element of the measurable probability space
Q, = (PR)Zd which is endowed with canonical o— algebra W, and the product measure
P .= ,u®Zd. For the easy of notation, we shall drop x when we talk about i.i.d random
environments.

Before introducing the cone mixing condition we weaken the uniform ellipticity as-
sumption. We say that P is uniformly elliptic with respect to 1, denoted by (UFE)|l, if the
jump probabilities of the random walk are positive and larger than 2k in those directions
for which the projection on [ is positive. In other words if P[w(0,e) > 0] =1 for |e| =1

and if

P [min w(0,e) = 25] =1,

eef

where

€= U{Sgn(li)ei} — {0} (1)

2



and by convention sgn(0) = 0.

It will be convenient to define what is understood by a cone in this work. We let a be a

small positive real number and R be a rotation such that

R(el) = [. (2)

To define the cone, it will be useful to consider for each i € [2,d], the directions

I+ aR(e) [ —aR(e;)
lyi = ———= d l ;= —F .
YTt aR(e) 1= aR(e)]
The cone C(z,1, ) centered in x € R? is defined as
d
Clz,la) = ){zeR: (z—2) 11 >0, (z— ) - 1_; > 0}. (3)

1=2

The following picture shows a cone centered at x in the lattice Z?2

Figure 1: Cone

We are ready to state the cone mixing condition. Define the canonical shifts {0, : x €
7%} by O,w(y) = w(x +y) for all w € Q and z,y € Z%. Let us first recall the concept
of ergodic measure. We say that a probability measure P is stationary if for all x € Z¢
and A € W one has that P(0,;1A) = P(A). We say that P is ergodic, if whenever A € W
is such that A = 0714 for all x € Z4, one has that P(A) = 0 or that P(4) = 1. Now,
let ¢ : [0,00) — [0,00) with lim, ., ¢(r) = 0. We say that a stationary probability

measure P satisfies the cone mizing assumption with respect to «, [ and ¢, denoted



(CM)q4|l if for every pair of events A, B, where P(A) > 0, A € o{w(z,);2 -1 < 0}, and
B e o{w(z,-);z€ C(rl,l,a)}, it holds that

P[A n B]

sp LBl < o0, g

Thus, we can consider assumption (C'M ), 4|l as a restriction on the P- dependence. As it
was mentioned in [CZ01], it is important to allow strictly positive angles  := arctan(«).
Otherwise, when 3 = 0 and the cone mixing assumption is satisfied for each [ € S*!, then
the measure P is actually a finite range dependence law (see [Zel] and [B1]). Furthermore,
whenever a probability measure [P satisfies the cone mixing assumption, it is ergodic (this

will be proved in Chapter 2).

We will be dealing with three important asymptotic concepts:

e We say that the walk is transient in the direction [, if

Po[lian~l:oo]:1. (5)

n—o0

e We say that the walk is ballistic in the direction [ if

X, .
Py [liminf ! > O] =1 (6)

n—ao0 n

Moreover, in this case we will also say that the walk has ballistic behavior.

e We say that a non-zero d- dimensional deterministic vector v is an asymptotic di-

P, [lim X ] (1)

n
_
n—o0 |Xn|

rection for the walk if

>

holds.

It is straightforward to see that any RWRE which is ballistic in direction [ is transient
in the same direction. In the 1 dimensional case, the walk asymptotic behavior is well-
understood, and the results come from Smith-Wilkinson [SW69], Solomon [So75] and Alili

[A199]. Define
w(0,—eq)
(.U(O7€1) '

We then have the following transience criteria:

pi=



Theorem 0.0.1 (Smith-Wilinson, Solomon, Alili). Suppose that P is ergodic and that
E[ln(p)] is defined (possibly o), then

(i) E[lnp] < 0 implies Py-a.s. lim X,, = co.
(i1) E[ln p] > 0 implies Py-a.s. im X,, = —o0.
(111) E[ln p] = 0 implies Py-a.s. —oo = liminf X,, < limsup X,, = 0.

As an example of the possible atypical behavior of RWRE, Sinai [Sin82] considered
random walks in random environments satisfying the case (7ii) of the previous theorem
together with 0 < E[(Inp)?] < oo, proving that: the position X,, of the random walk
takes on values of order log®(n). This is in contrast to the ordinary random walk typical
asymptotic behavior of the random variable X,, which is of order /n. We also have a

ballisticity criteria as follows:

Theorem 0.0.2 (Smith-Wilkinson, Solomon). Assume that P is i.i.d. and uniformly

elliptic. One has that Py-a.s. % — v, where

(i) ForE[p] <1, v = {754 > 0.

(i) For gr=q <1 <E[p], v =0.

E[p~!] <0.

1—
(ZZZ) For1 < %1], v = 11E[p1]

Elp
From Jensen inequality we can see that there exist random walks in i.i.d. random
environments which are directionally transient with vanishing velocity. However in the

higher dimensional case the last possibility is not expected as the following conjecture

shows:

Conjecture 0.0.3 (d > 2.). Any d- dimensional RWRE which is uniform elliptic, i.i.d.

and transient in direction [, is ballistic in direction .

As it was remarked above, this conjecture is not true when the dimension is 1. Infor-
mally, this conjecture says that traps are negligible when the dimension d > 2, and we

mean by traps finite though arbitrary large regions in Z¢ where the walk spends a long

b}



time with relatively high probability. In this direction, an intermediate problem has been

solved by Simenhaus [Si07]

Theorem 0.0.4 (Simenhaus). Assume that a d- dimensional random walk in a uniform
elliptic i.i.d. random environment is transient in a neighborhood of the direction l. Then,

there exists an asymptotic direction v for the random walk.

The hypothesis of the previous theorem are actually equivalent. Indeed, the converse
implication of Theorem 0.0.4 is a straightforward application of Kalikow’s 0-1 law [K81].
The proof of this theorem strongly makes use of the independent structure of the envi-
ronment. We will give some further comments about this result in Section 0.3. We want

now to introduce the so-called ballisticity conditions and summarize what is known.

0.1 Some well-known results in uniformly elliptic i.i.d.
random environments. (under d > 2.)

We present some important results for the uniformly elliptic i.i.d. random environment
setting. The first result that we would like to mention is a relatively old one and comes

from Kalikow in [K81] (we refer to this article for a further discussion).

0.1.1 On Kalikow’s Condition.

In order to enlighten the nature of this condition, we will need some definitions. For a

given set U € Z¢ we define its boundary oU by:
U :={yeZ'—U: JzeU, |y—z =1},
and also define the first time of exit from the set U, which we denote Ty via:
Ty =inf{n>0: X, ¢ U}.

Kalikow introduced a useful auxiliary Markov chain related to the original chain (X,,),>0-
More precisely, let U be a connected strict subset of Z? with 0 € U, for x € U U 0U we

define the Kalikow’s law fA’x,U as the law of the canonical Markov chain (X,,),>0 (we keep



the same notation because this makes sense in view of (0.1.1)) starting from x with state

space in U u 0U and stationary transition probabilities given by:

Eo[30 Y0 1ix,—myw(z,e)]
~ T,
Py(z,x +e) = Eo[X,Z0 Lixp=a)]

]-a xTr e 5U, e = 0,

s .TEU,’@’lzl,

where the above expectations are finite thanks to the uniform ellipticity assumption. The
previously mentioned main connection between this auxiliary chain and the original one

is given by:

Theorem 0.1.1 (Kalikow). Assume ﬁO,U[TU < |. Then Py|Ty < | and X, has the

same distribution under either Py or Fy.

When d > 2, Kalikow’s condition was the first condition used to prove asymptotic laws
for RWRE. In the seminal result of [K81], Kalikow was able to prove directional transience
under what is currently known as Kalikow’s criteria. This is a priori a stronger require-
ment than Kalikow’s condition. Before we define formally these concepts, we would like to
heuristically explain what Kalikow’s condition is and explain the general reasoning behind
proofs of asymptotic laws for the walk under such an assumption. Kalikow’s condition is
essentially the existence of a positive local drift for the auxiliary Markov chains over all
connected strictly subset U < Z<, with 0 € U. Standard arguments show that this implies
ballistic behavior for the auxiliary Markov chains. We then transfer this ballistic behav-
ior to the walk by means of (0.1.1) and some extra probabilistic arguments. Kalikow’s

condition with respect to some fixed direction [ € S9! is the following requirement:

Definition 0.1.2 (Kalikow’s Condition). There exists a non-random real number 6 > 0,
so that:
1L1[1£ Z Py(z,x+e)e-1>9

e, le|=1
holds, where the infimum runs over all connected finite strict subsets U € Z¢ such that

0eU.

As an example of what was mentioned in the previous paragraph, one can see that
under this condition appealing to property (0.1.1) and Azuma’s inequality, the following

important result is satisfied:



Theorem 0.1.3 (Kalikow). Assume Kalikow’s condition in direction . Then

We refer to [Zel] for further details about the proof of this theorem using the ideas
outlined here. This result was considerably improved by Sznitman and Zerner through
the introduction of a renewal structure which is a higher dimensional analog of the one-
dimensional theoretical construction introduced by Kesten in [Ke77|, and which can be
defined in directional transient case (see (5)). This renewal structure stems from a random
time 7; which can be thought as the first time that the walk reaches a record level with
respect to direction [ and after this time the walk does never backtrack. One can use
the renewal structure to prove the equivalence between the requirement of the ballisticity
definition given in (6) with the following a priori stronger assumption (see [DR14]): PFy-

a.s. one has that

X, -l
lim ==

n—o0 n

(8)

exists, is positive and constant. In this case, we can then define the velocity as

Furthermore, from standard subsequence methods, it can be seen that the right candidate

for the velocity v is
Eo X, | D=
V= 0[ 1 | 00]7 (9)
EO[Tl | D= OO]

where D is the hitting time of the half space {z € R?, z-1 < 0} (c.f. (10)). Therefore

a natural question is the following one: what kind of local condition on the environment
does allow us to have a finite first moment for the random variable 7,7 In that direction,
by means of a clever use of Kalikow’s condition (see [SZ99]), Sznitman and Zerner proved
that:

E()[Tl] < Q0.

As a result, in view of (9) we obtain the following:



Theorem 0.1.4 (Sznitman and Zerner). Under Kalikow’s condition with respect to di-

rection | there exists a deterministic v € RY, such that Py- almost surely:

Moreover, one has that v -1 > 0.

In a subsequent article [Sz01], Sznitman was able to prove a Central Limit Theo-
rem under Kalikow’s condition. However we are mostly interested here in the ballistic

conditions (77)|l for v € (0, 1] which were defined in [Sz03].

0.1.2 Ballisticity Conditions: Stretched Exponential Decay, Ef-

fective Criterion and Polynomial Condition

As in the previous section, we begin with some definitions. We define for a € R, the

stopping times 7' and T ! with respect to the canonical filtration of the walk by:
T':=inf{n>0: X, -1>a},

together with
T :=inf{n>0: X, -l <a}.

It will also be convenient to define the stopping time D as the first time that the walk
hits the random half-space {z € Z?: (2 — X) -l < 0}:

Di=inf{n=>0: X, -1<Xo-1}. (10)

The underlying rough thought in the renewal structure is the following: under transience
in direction I, Py— a.s. there should exist a finite random time 7; such that X, is a record
level in direction [, and after time 7y the walk never backtracks. In [SZ99] the authors
prove that transience in direction [ is equivalent to Py[m < o] = 1.

On the other hand, suppose that the walk is transient in direction [. For large L we

consider the slab Ay ; defined by

Apy:={z: |z-1| < L}.



Elementary probabilistic arguments let us conclude that
P [XTA“ < 0] - P, [TﬁL < T’,{] =0

as L goes to infinity. The ballisticity conditions introduced by Sznitman are stretched

exponential controls for the above probabilities.

Definition 0.1.5 (Stretched Exponential Decay). Let v € (0,1]. We say that (T7)|l
holds, if
limsup L7 In Ry [fl—/EL < Tg] <0, (11)

L—

for'b > 0, and each I in some neighborhood of I. We also say that (T is fulfilled if
(T7)|l holds for each v € (0,1), and we use for short the notation (T)|l := (T*)|l.

Let us remark that we can get rid in the previous definition the constant b. This can be
proved using the strategies developed in the proofs of Proposition 2.2.3 and Lemma 2.5.5.
From the definition, it is straightforward to see that for prescribed 71,72 € (0, 1), with

v1 < 2 the following chain of implications holds:
(D — (T — (T2 — (T)|L.

We actually expect even more: it is believed that all these conditions are equivalent. A
non-negligible progress has been made regarding this conjecture. As a first step to address

this question Sznitman proved in [Sz03|, the implication:
(T — (T, (12)

for any v > 1/2. The tool used to prove this, is what is called the effective criterion, which
is a higher dimensional version of standard ballisticity conditions for one-dimensional
RWRE. In turn, it can be seen as the triggering condition in an induction probabilistic
procedure. Its definition is a bit technical. Nevertheless, given its importance, we recall
it here. Let [ € S™! be fixed and let R be a rotation on R? so that R(e;) = [. Let L > 2
and L > 0. Consider the box

10



with the positive part of its boundary 0" B, ; ; defined via
0"B ;i =0Bnf{reZ! v-1>L+2 |R(e) x| <L, i>2}

We also attach three random variables p, ¢ and p to this box , defined by the following

relations
q(w) = Poul[Xry | #0"B 1] =1-pw)
along with
_ q(w)
p(w)

We are ready to define the effective criterion as follows:

Definition 0.1.6 (Effective Criterion). Let [ € S. Then the effective criterion with
respect to | is satisfied if for some L > ¢y, L € [3V/d, L?) and a € [0,1] the requirement

1\ 3D
{03 (ln <E)) Ld_ngd_QE[p“]} <1,

Here, ¢y and c3 are dimension dependent constants.

Notice that the effective criterion shares some similarities with the Solomon criterion
E[p] < 1 which ensures ballistic regime, as it can be seen from (0.0.2). We can be more
precise yet with the statement of the equivalence in (12). Indeed the following theorem

due to Sznitman uses the effective criterion as a pivotal condition.
Theorem 0.1.7 (Sznitman). The following statements are equivalent:

e Fffective Criterion with respect to l.
o (THII .
o (TN for 1>~ >1/2.

The proof of this theorem can be found in [Sz03]. Furthermore, in [BDR14] N. Berger,
A. Drewitz and A. F. Ramirez proved the equivalence between this criterion and a poly-

nomial decay of the probability entering in (11). Specifically, the polynomial condition in

11



a non-effective form is the following requirement: let M > 0. The polynomial condition
(P*) ]l s satisfied if:
Jim LR TV, < 7] =0

for each I’ in some neighborhood of [ and b > 0. One has the following;:

Theorem 0.1.8 (Berger, Drewitz and Ramirez). Suppose that (P*)y|l is satisfied for
some M > 15d + 5. Then the Effective Criterion with respect to | is satisfied.

Let us remark that actually in [BDR14], an effective version of the above polynomial
condition on boxes was introduced. This means that it is a condition that in principle
can be verified looking at the environment in large but finite boxes. The authors in this
article also proved that the Effective Criterion of Sznitman is implied by their polynomial
effective condition. Thus, using this polynomial effective condition one can avoid the use
of the Effective Criterion to check ballisticity. On the other hand, using the equivalence

between the Effective Criterion in direction I and (7")|l we conclude that

Theorem 0.1.9 (Berger, Drewitz, Ramirez and Sznitman). The following conditions are

equivalent:

o (Tl

o (T7)|l for1>~>0.

o (P*)y|l for M > 15d + 5.

e Fffective Criterion with respect to l.

As it was tacitly induced in the name given to (77)[l for v € (0, 1], under these
conditions ballistic behavior is fulfilled. More precisely, combining (0.1.9) and Theorem

3.3 of [Sz03] we have that all the conditions in Theorem 0.1.9 satisfy :

X, Eo[X,, | D = 0]
Py— as, 20 Ly= L
0 &8s n v E0[7'1|D:00]’

12



with v -1 > 0. Furthermore the random variable 7; has finite moments of any arbitrary

order, and

converges in law on Skorohod space D(R*, RY) under P, to the law of a non-degenerate

Brownian Motion with matrix covariance given by

Eo[(X,, — mv)'(X,, —7v) | D = oo].

A=
Eo[m | D = 0]

It is then possible to show that the ballisticity conditions in direction [ imply that
l
Py- as., Z“ — (v-1)""asu— .

Thus the walk escapes through direction [ as if it had a local drift in direction {. Therefore
the walk behavior is in concordance with the informal idea of what is meant by ballistic
behavior. Besides seeing the effective criterion as a tool so as to get higher functional
controls from lower ones on the walk exit probability by the unlikely side from slabs, we
would like to mention that Sznitman in [Sz04] has found ballistic random walk exam-
ples satisfying (7”)|l where the Kalikow’s condition breaks down. As a result Kalikow’s
condition is not the weakest condition which ensures a ballistic behavior. Furthermore,
it is conjectured that (77)|l is equivalent to ballisticity in direction [, which implies that

Conjecture 0.0.3 can be rephrased as:

(T)|l < the walk is transient in direction /.

This ends our survey about ballisticity conditions in i.i.d. random environments.

0.2 Previous results for random walks in cone mixing
random environments

In this section we would like to mention some results for random walks in random envi-
ronments which are not i.i.d. The main result of Chapter 2 of this thesis is formulated in

a framework of random walks in random environments which satisfy a mixing condition

13



discussed in [CZ01], and called cone mizing condition. In [CZ01] it is proven that random
walks in random environments satisfying a form of Kalikow’s condition, cone mixing, and
some important additional assumptions, are ballistic. A similar result was obtained by
Rassoul-Agha in [RA03], where he assumes also Kalikow’s condition and a mixing con-
dition stronger that cone mixing called Dobrushin-Shlosman strong mixing assumption.
Let us now describe these results.

We first describe the main result in [CZ01], which ensures ballisticity under some
conditions on the environment. Since mixing on cones is strictly weaker than the i.i.d.
condition, it will not be surprising that we will have to strengthen the ballisticity condi-
tions in order to ensure ballistic behavior. Even more, we will have to define approximate
regeneration times, since the standard definition of them in the i.i.d. context does not
work. For large fixed integer L we define 7y(L) as the first time that the walk reaches
a record level in direction [ at time 71(L) — L, and such in the following L steps after
this time, the walk does successive steps in the direction [. Further, after time 7;(L), the
walk never exits the cone C(X,,, [, a) again. This random time is much larger than the
standard regeneration time used in the i.i.d. case. In fact, it can be shown that both
71(L) and X, (1) are of order k™% as L — o0. We also need to switch the stopping time D
defined in (10) by D', which is essentially defined as the first exit time of the set C'(0, 1, a).
We now need a suitable extension of the Kalikow’s condition. For V' a finite, connected

subset of Z¢, with 0 e V , we let
Sve = o{w(z,-) 1 z ¢ V}.

The Kalikow’s random walk {X,, : n = 0} with state space V U dV and starting from
y €V u dV is defined by the transition probabilities

Eo[SVe 1x, —ayw(@e)[Fvel
~ it
Py(x,x+e):= Bo[%,20 1(xp=x}[Sve]

1 for ze oV ande=0.

for zeVandeecU

We denote by py,v the law of this random walk and by EAy,v the corresponding expectation.

The following extension of the Kalikow’s condition was introduced in [CZ01].

Definition 0.2.1 (Kalikow’s conditional condition). Let 6 > 0. We say that Kalikow’s

14



conditional condition with respect to the direction [ is satisfied if there exists a positive

constant 0 such that

inf dy(z)-1>96,

VeV

where

dy(x) = E,v[ X1 — Xo] = )] ePy(z, o +e)

le]=1
denotes the drift of Kalikow’s random walk at x, and the infimum runs over all finite
connected subset V of Z such that 0 € V. We denote this condition by (KC)s.

Finally, we set:

L
Sori=o0 {W(y, )yl < ——IUI2} :
’U|1

The main result in [CZ01] is the following.

Theorem 0.2.2 (Comets and Zeitouni). Consider a random walk in a random envi-
ronment satisfying Kalikow’s conditional condition (KC')s, the cone mizing condition
(CM)apll and the ellipticity assumption (UE)|l. Assume also that there exists a pos-
itive function M (L) depending just on L such that for some 9 > 1 one has that

PEo[(k"71)” | Fo,r] > M] =0 (13)
and satisfying limp,_,, M(L)ﬁqﬁ’(L)é =0, where V' :=9/(¥ — 1) along with

2¢

7= Bo[D =] = ¢

Then there exists a deterministic v e R — {0} such that Py- a.s.
lim — — v,

n

with v -1 > 0.

The integrability condition (13) is essentially required in order to establish a law of large

numbers along a regeneration time sequence which is not i.i.d. In the i.i.d. case, and
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under the polynomial ballisticity condition (Px)ys|l when M > 15d + 5 (c.f. Theorem), it
is satisfied (as a matter of fact any moment of 7 is finite). Nevertheless, the integrability
condition (13) is quite unsatisfactory, since it is in general difficult to check wether a
given random environments satisfies it or not. As a mater of fact, in [CZ01], a non-trivial
example which satisfies (13) is given, but the argument presented there is not completely
clear.

On the other hand, Rassoul-Agha in [RA03], under a mixing condition called Dobrushin-
Shlosman strong mixing assumption (see [CZ01] or [RA03]) has proved ballistic behav-
ior by means of a clever application of the environment as seen from the random walk
technique. It is important to stand out that Rassoul-Agha has only assumed the usual
Kalikow’s condition. However it was mentioned above that Kalikow’s condition is strictly
stronger than condition (7”) [Sz04].

On the other hand, further important results can be found for instance in [CZ02],
[RA05] and [G14]. In [CZ02] the authors proved suitable versions of the central limit
theorem for the random walk in two kinds of environments: cone mixing and Dobrushing
strong mixing. In [RA05], the author has investigated conditional versions of the strong
law of large numbers. There it is proved that under an elliptic assumption and Dobrushin-
Shlosman strong mixing condition on the environment a weak version of the strong law
of large number is satisfied. Finally, Guo in [G14] under similar assumptions gave an
alternative proof of the result in [RA05] by means of regeneration arguments (instead
of the theoretical tool used by Rassoul-Agha: the environment as seen from the random
walk) and proved that there is at most one nonzero limit velocity when d > 5 (originally
proved in the i.i.d. case by Berger in [Be08]).

In conclusion, in both of the articles [CZ01] and [RA03] some version of Kalikow’s
condition is assumed. Furthermore, neither these works nor the ones mentioned in the last
paragraph, discuss possible adaptations of weaker ballisticity conditions like conditions
(T'), (T") or (P)ar, to environments which are not necessarily i.i.d., even less so asymptotic
results under these kind of conditions. One of the objectives of this thesis, developed in
Chapter 2, is to give a first indication about how should these ballisticity conditions be

defined for cone mixing environments.
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0.3 A brief explanation of the Thesis Results

In this section we will describe the results of each chapter.

0.3.1 Main Result for i.i.d. Random Environments

A problem left untouched in the quoted results of Section 0.1.2 is the following question:

Conjecture 0.3.1. For a random walk in a uniformly elliptic i.i.d. environment, condi-

tion (T')|l is equivalent to (T)|L.

Chapter 1 of this thesis addresses this question. The main result of Chapter 1 shows
that condition (7")|l implies an almost exponential decay for the exit probability of the
random walk through the back side of slabs (which is very close to (T)|l). Specifically, for
a given direction [ and L > 0 we denote by S 1, the strip {x e RY: |z-1| < L} and by A; 1,
the event that the walk starting from 0 exits S, through the side of S; ;, where x - < 0.
Now, for a given direction ! and function 7 : [0,00) — [0, 1] we say that the condition
(T) ()|l is satisfied if for all directions I’ in a neighborhood of [ there is a constant ¢ > 0

such that asymptotically as L — oo it is true that

PolAy L] = e +o(L7 (D)

It is straightforward to check that by definition, condition (7")|l is equivalent to
() (1|1 with

1
L)=1-C—-
nik) log(L)’
for any C' > 0. On the other hand, in [Sz03] Sznitman proved that (7")|l implies (1")+,(1)|!
with )
log? (L)
L)=1- .

In Chapter 1 of this thesis, we prove that (77)[l implies (7)., )|l with

B ~log, ) (L)
73(1/) =1- CW7
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where €' is a positive constant and n(L) a function with values in the positive integers

that has limit infinity as L — oo. log; denotes the function logarithm composed k£ — 1
k

times with itself; i.e., log,(z) = logologologo. .. olog(z). In spite that this result seems
to be close to answering affirmatively Conjecture 0.3.1, it does not. Indeed, the function
n(L) of (14) is such that

Jim - log,, (1, (L) = .

The proof of this result relies on renormalization arguments which have the Effective

Criterion as a seed condition.

0.3.2 Main Result for cone mixing random environments

Chapter 2 of this thesis is concerned with random walks in cone mixing random envi-
ronments. The main result is the proof that under a non-effective polynomial ballisticity
condition, these random walks have an asymptotic direction (see ?7). In what follows we
will define this version of the polynomial ballisticity ccondition. Given L, L' > 0, z € Z,

we define the boxes

Bria(0):=R ((—L, L) x (~L, L’)d_1> A Z¢,

where R is a rotation on R such that R(e;) = [. Define the positive boundary of By, 1, ,(x),
denoted by 0" By, 1/,(0), as

§+BL7L/’Z(O) = aBL,L/,l(O) N {Z szl > L})
Define also the half-space
Hyyi={yeZ' y-l<z-l}

and the corresponding og-algebra of the environment on that half-space

Hx,l = O'(W(y) ‘Y e Hx,l)'

Now, for M > 1, we say that the non-effective polynomial condition (PC) .|l is satisfied

if there exists some ¢ > 0 so that for y € Hy,; one has that
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lim LY sup Py | Xr,, , 0) # 0 Breni(0), Toy o) < Ty oMo | =0, (15)

L—0

where the supremum is taken over all possible environments to the left of -I. We prove the

existence of an asymptotic direction for random walks in random environment satisfying
the condition (C'M), |l under the assumptions (PC) .|l and (UE)|l, where the positive

constants M, ¢ and « satisfy the constraints:

1 1
M>6dand0<a<min{§, %o 1
c

} (16)

We will prove that the non-effective polynomial condition is weaker than the conditional
version of Kalikow’s condition introduced in [CZ01]. We would like to sketch the general

strategy behind the proof of this result. As a first step we need to prove that:
Py[D' = w] > 0. (17)

Let us remark that we do not need a conditional version of the ballisticity assumption to
prove this. To prove the claim (17), we have used renormalization type methods, so as
to apply the polynomial condition. Specifically, using the assumption (UFE)|l we can and
we do assume that the walk starting from 0 goes on a large distance through direction [
up to a fixed point z with positive annealed probability, and starting from that point one
can show that with a high probability the walk remains forever inside of each half-space:
Hyi:={y: (y—z) - ly = 0}, for i € [2,d]. Finally the result follows from the definition
of the cone. We refer to the proof of Proposition 2.4.1 in Chapter 2 for the precise
argument. As a second step, we proved a strong integrability result of the regeneration
position X, (r). Roughly speaking, we have proved that the conditional expectation of
the second moment of the regeneration position is finite. These two steps are the core
of the proof. Indeed using for instance similar arguments as the ones given in [CZ01] we
can obtain the asymptotic direction . The main issue to integrate the second moment of
the random variable k¥ X, ) was to connect i.i.d. methods with the cone mixing model.
We connect them by identifying how close (or far) the old 7, is from the new 7 (L). The
precise statement of the required integrability condition and its proof are given in Section

2.5 of Chapter 2.
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On the other hand, the simpler Simenhaus’s approach [Si07] does not work in cone
mixing environment at least if we identify the random variable 7, with 7(L). The ar-
gument of [Si07] makes a strong use of ii.d. assumption on the environment. The
ii.d. structure of the environment space is explicitly required in the renewal theorem
to prove Zerner’s formula (c.f. Lemma 2 in [Si07]) and in order to prove that the sequence
(Zk) = suP,=q | Xnnr., — Xr,| is such that Z,/n converges Fy-a.s. to 0 as n — . The
first argument breaks down in the cone-mixing case, mainly because one cannot apply
the renewal theorem without assuming some kind of strong integrability condition for the
regeneration position. Furthermore, as an example to understand possible pathologies in
the behavior of a random walk in a cone mixing environment, we provided an example of
a random walk defined in a cone mixing environment which is directionally transient but
not ballistic, showing that we cannot expect the ballisticity conjecture 0.0.3 to be valid
outside of the i.i.d. setting. Consequently one could ask the following: what would be
the kind of natural conditions which ensure that the random walk satisfies a strong law of
large numbers with a non-vanishing limit velocity in this framework? We expect that the
machinery developed in Chapter 2 could serve in a future work to prove ballistic behavior
under a ballisticity condition similar to condition (7").

The two results are a joint work with Alejandro Ramirez.
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Chapter 1

Almost exponential decay for the

exit probability from slabs of
ballistic RWRE

1.1 Introduction

The relationship between directional transience and ballisticity for random walks in ran-
dom environment is one of the most challenging open questions within the field of random
media. In the case of random walks in an i.i.d. random environment, several ballisticity
conditions have been introduced which quantify the exit probability of the random walk
through a given side of a slab as its width L grows, with the objective of understanding
the above relation. Examples of these ballisticity conditions include Sznitman’s (7”) and
(T') conditions [Sz02, Sz03]: given a slab of width L orthogonal to I, condition (7”) in
direction [ is the requirement that the annealed exit probability of the walk through the
side of the slab in the half-space {x : z - | < 0}, decays faster than e=“L" for all v € (0, 1)
and some constant C' > 0, while condition (7") in direction [ is the requirement that the
decay is exponential e=“F. It is believed that condition (77), is equivalent to condition
(T"). In this chapter we prove that condition (7”) implies an almost exponential decay
(see Theorem 1.1.2 for the precise meaning of this statement) of the corresponding exit

probabilities. Our proof relies on a recursive renormalization scheme, where the a careful
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choice of fastly growing scales enables us to obtain the result. We use the equivalence
between condition (7”) [Sz03] and the d > 2 dimensional version of Solomon’s criterion
[So75], known as the effective criterion [Sz03].

Let us introduce the random walk in random environment model. For z € Z¢ denote
its euclidean norm by |z|,. Let V := {e € Z¢ : |e|, = 1} be the set of canonical vectors.

Introduce the set P whose elements are 2d—vectors p(e).ez, ¢j—1 such that

p(e) =0, foralle € V, Z ple) = 1.

eeZd, |e|=1
We define an environment w := {w(x) : 2 € Z4} as an element of Q := P’ where for each
zeZ% w(z) = {w(z,e) : e e V} € P. Consider a probability measure P on 2 endowed
with its canonical product o-algebra, so that an environment is now a random variable
such that the coordinates w(x) are i.i.d. under P. The random walk in the random
environment w starting from z € Z? is the canonical Markov Chain {X,, : n > 0} on (Z4)N
with quenched law P, starting from z, defined by the transition probabilities for each

e € 72 with |e| = 1 by

Py o[ Xnt1 = X + €| Xo, ..., Xp] = w(Xn,€)

and

Px,w[XO = $] = 1.
The averaged or annealed law, P,, is defined as the semi-direct product measure
P, =PxP,,

on  x (Z4)N. Whenever there is a xk > 0 such that

infw(z,e) =2k  P—as.

e,x
we will say that the law P of the environment is uniformly elliptic.
For the statement of the result, we need some further definitions. For each subset

A c 7% we define the first exit time of the random walk from A as
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Ty:=inf{n >0:X, ¢ A}.

Fix a vector [ € S and u € R then define the half-spaces H,, := {z € Z : x - | < u},

Hi ={xeZ' x-1>u}

TﬁzTEﬁ:mﬂn>QXgJ>u}
and

T .= = inf{n >0, X, - | < u}.

For v € (0, 1], we say that condition (7'),|l holds with respect to direction [ € S*!, if

limsup L™ log Po[T", < TL] <0,

L—0o0

for all I’ in some neighborhood of [. Furthermore, we define (7”)|l as the requirement that
condition (7'),|! is satisfied for all v € (0,1) and condition (7)|; as the requirement that
(1)1l is satisfied. In [Sz03], Sznitman proved that when d > 2 for every v € (0.5,1), (T),|
is equivalent to (7”)|l. This equivalence was improved in [DR11] and [DR12] culminating
with the work of Berger, Drewitz and Ramirez who in [BDR14] showed that for any
v € (0,1), condition (7'),|l implies (7”)|l. As a matter of fact, in [BDR14], an effective
ballisticity condition, which requires polynomial decay was introduced. To define this

condition, consider L, L > 0 and [ € S ! and the box

Bl,L,E =R ((—L,L) % (_E, E)dfl) A Zd,

where R is a rotation defined by

R(ey) = 1. (1.1)

Given M > 1 and L > 2, we say that the polynomial condition (P),; in direction [ (also

denoted by (P)y|l) is satisfied on a box of size L if there exists and L < 70L? such that

1
Po|Xr, 1< L] <o
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Berger, Drewitz and Ramirez proved in [BDR14] that there exists a constant c¢q such that
whenever M > 15d + 5, the polynomial condition (P)p/|l on a box of size L > ¢y is
equivalent to condition (7”)|l (see also Lemma 3.1 of [CR14]). On the other hand, the

following is still open.

Conjecture 1.1.1. Consider a random walk in a uniformly elliptic random environment

in dimension d > 2 and l € S*=1. Then, condition (T)|l is equivalent to (T")|l.

To quantify how far are we presently from proving Conjecture 1.1.1, we will introduce
now a family of intermediate conditions between conditions (7") and (7). Let (L) :
[0,00) — [0,1], with lim; ,,,v(L) = 1. Let [ € S%. We say that condition (7))l is
satisfied if

limsup L™ log By[TY, < T'] < 0, (1.2)

L—o0

for I’ in a neighborhood of I. We will call v(L) the effective parameter of condition (T').(r).
Note that condition (7') is actually equivalent to (7)) with an effective parameter given
by

C

V(L) =1- log L’ (1.3)

for any constant C' > 0.
In 2002 Sznitman [Sz03] was able to prove that (1") implies (7)) with effective

parameter

C

for some constant C' > 0.

In this chapter, we are able to show that condition (7”) implies condition (7"),z) with
an effective parameter (L) which is closer to the effective parameter for condition (7')
given by (1.3). This is the first result since the introduction of condition (7”) by Sznitman
in 2002, which would give an indication that Conjecture 1.1.1 is true. To state it, let us

introduce some notations. Throughout, for each n > 1, we will use the standard notation
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n

logo---ologux,

for the composition of the logarithm function n times with itself, for all x in its domain,

where the n superscript means that the composition is performed n times.

Theorem 1.1.2. Let d > 2,1 € S*! and M > 15d + 5. Assume that condition (P)y]l
is satisfied on a box of size L = c¢q. Then there exists a constant C' > 0 and a function
n(L) : [0,00) — N satisfying limy_,, n(L) = o, such that condition (T)yp)li, c.f. (1.2),

is satisfied with an effective parameter v(L) given by

n(L)

C ,—/ﬁ
Llogo---ologL. (1.5)

log

(L) =1~

Remark 1.1.3. Note that the decay given by the effective parameter (1.5) of Theorem
1.1.2 is equivalent to the decay

n(L)—1

f—/\_\
logo---olog L

lim sup log Py[T", < T'] <0,

L— L

for I in a neighborhood of .

Let us remark that a priori, even if n(L) — o as L — o0, it might happen that the
composition of the logarithm n(L) time is bounded. Nevertheless, in the case of Theorem

1.1.2, it turns out that

n(L)

K_A—ﬂ
]}im logo---olog L = 0.
—00

Theorem 1.1.2 will be proven in the next section, but some remarks are in order. The
strategy followed in the proof, roughly speaking, is to improve the iterative procedure
used by Sznitman in [Sz02], to prove (1)) with (L) given by (1.4), through the so
called effective criterion introduced by Sznitman in [Sz03]. The iterative procedure used
in [Sz03], in spirit is a renormalization argument, where the idea is to control the exit

probability of the walk recursively from an initial scale Ly to the final size of the slab
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L > Ly passing through a sequence of intermediate scales Ly < Ly < ... < L, = L.
To go from scale Ly to scale Ly, a slab of width L; is subdivided into overlapping slabs
of width Ly, and the walk is looked at its exit times from successive slabs of width L.
Essentially, at these times the walk looks like a one dimensional random walk in random
environment, for which one can control its exit probabilities through the expected value
of p, where p is close to the quotient between the probability to exit a slab of width L
through its left side and the probability to exit it through its right side. Here, a triggering
assumption is needed, which in our case is the effective criterion of Sznitman [Sz02] (the
effective criterion is implied by the polynomial condition introduced by Berger, Drewitz
and Ramirez in [BDR14]). This first step is the content of Proposition 2.1. A similar
strategy is then used to pass from scale Ly to scale Ly,; for k > 1 (see Lemma 2.2).
Nevertheless, reducing the movement of the random walk to a one dimensional walk,
has a cost, which is a polynomial factor appearing in the recursion relations, and which
somehow is the reason why one cannot go from the initial scale Ly directly to L in one
step. In this chapter, we modify Sznitman’s argument, choosing a sequence of scales where
L1 is much larger than L, compared to Sznitman’s approach, allowing us to work with
a smaller number of intermediate steps in the recursion relation. The use of this new
sequence of scales, produces at some points important difficulties in the proof which have

to be properly handled.

1.2 Proof of Theorem 1.1.2

Throughout the rest of this section, we prove Theorem 1.1.2. Firstly, in subsection 1.2.1,
we will introduce the basic notation which will be needed to implement the renormalization
scheme, and we will recall a basic result of Sznitman which provides a bound for quantities
involving the exit probability through the unlikely side of boxes which are inspired in
techniques for used for one-dimensional random walks in random environment. In the
second subsection, we will introduce a growth condition which will limit the maximal way
in which the scales on the renormalization scheme can grow, while still giving a useful
recurrence. In the third subsection we will choose an adequate sequence of scales satisfying

the condition of subsection 1.2.2, and for which one can make computations. Finally, in
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subsection 1.2.4, Theorem 1.1.2 will be proven using the scales constructed in subsection

1.2.3 through the use of the effective criterion [Sz02].

1.2.1 Preliminaries and notation

The proof of Theorem 1.1.2 will follow the renormalization method used by Sznitman to
prove Proposition 2.3 of [Sz02]. The idea is to use a renormalization procedure which
somehow mimics a computation for a one-dimensional random walk in random environ-
ment, where one goes from one scale to the next (larger) one through formulas where the
exit probabilities of the random walk through slabs at the smaller scales are involved.

Following Sznitman we introduce boxes transversal to direction [, which are specified
in terms of B = (R, L, L', L), where L, L, L are positive numbers and R is the rotation
defined in (2.3). The box attached to B, is

B:= R((-L,L') x (=L, L)"') n 24
and the positive part of its boundary is defined as
0,B:=0Bn{zeZ z-1>L |R(e) z|<L,i=>2}

We can now define the following random variable depending on a given specification B,
analogous to the quotient in dimension d = 1 between the probability to jump to the left

and the probability to jump to the right [SW69, So75], for w € 2 as

where

B(w) := Py X7, ¢ 0:B] =: 1 — pp(w).

The first step in the renormalization procedure will be to control the moments of pg at

the two first scales. To this end, consider positive numbers
3\/3<L0<L1, 3\/g<[~/0<f/1

along with the box-specifications
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BO = (R, Lg — 1, Lo + 1, Eo)

and

Bl = (R, L1 - 1, L1 + 1,£1>.

It is convenient to introduce now the notation

qo ‘= 4By, Po = PBy; q1 ‘= 4By, P1 ‘= DBy

and

Po = PByy P1:= PB;- (1.6)
Let also

L - L
NO = L—l and No = E_l

0 0

We will also need to introduce the constant
Cl(d) = C = \/a

Note that for each pair of points x,y € Z?, there exists a nearest neighbor path joining

them which has less than ¢;|x — yl|o steps.
Let us now recall the following Proposition of Sznitman [Sz03].

Proposition 1.2.1. There ewist cy(d) > 3v/d, cs3(d), ca(d) > 1, such that when Ny >
3,Lo = ¢y, L1 = 48Ny Lo, for each a € (0,1] one has that

a - P ~ le,.
E I:plf:l < s {K/—loclLl <C4L(11—2§_§L0E[q0]> 12NgLg

+ 2 <C4i‘f‘1E[p8]) o } : (1.7)

0<m<Ng+1
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1.2.2 The maximal growth condition on scales

We next recursively iterate inequality (1.7) at different scales which will increase as fast as

possible, in the sense that a certain induction condition should enable us to push forward

the recursion.

We next recursively iterate inequality (1.7) at different scales which will increase as

fast as possible, in the sense that a certain induction hypothesis should enable us to push

forward the recursion. Let

v:=28, a:= 240

and introduce two sequences of scales Ly, Ly k = 0, such that

LQ)CQ,?)\/E<.Z()<L3

and for k > 0

Ny =7, Liyy = NpLg, Ly = NP Ly,

as well as box-specifications

B = (R, Ly—1,L;+ 17[~/k>~

Note that

. L\ -
Ly =1|— Lo
k+1 < L0> 0
Introduce also the notation for the respective attached random variables
Pk = PBy-

Throughout, we will adopt the notation

3(d—1)

and for k > 1,
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Up 1= —. (1.12)

We also let

Cs = 2C3¢4.

Condition (G). We say that the scales Ly, Ny, k = 0 satisfy condition (G) if

up Ny = acyfor k = 0, (1.13)
and if
C5N,§idfl)L2fll/£“’““Lk“ < 1fork = 0. (1.14)

Let us now state the following lemma which generalizes Lemma 2.2 of Sznitman

([Sz03)), for scales satisfying condition (G). For completeness we include its proof.

Lemma 1.2.2. Consider scales Ly, Ny, k = 0, such that condition (G) is satisfied. Then,

whenever Ly = ¢y, 3v/d < Lo < L3, and ag € (0, 1], we have that

©o := e, LI LoE[pt] < koko, (1.15)

then for all k = 0,

pr = L B[] < mUEE (1.16)
with

ap = a02_k, U = uov_k.

Proof. As in the proof of Lemma 2.2 of [Sz02], we can conclude by Proposition 1.2.1 that
if Ly = ¢y (note that by the choice of Ny in (1.9), the other conditions of Proposition 1.2.1

are satisfied) we have that for k > 0,
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N? [Ng]+m—1
2

~ _k
1 < csealy 3L {n_mclL’““cpk” + Z oy } : (1.17)

0<mM<Np+1

We will now prove inequality (1.16) by induction on k using inequality (1.17). Since
inequality (1.15) is identical to inequality (1.16) with & = 0, the induction hypothesis is
satisfied for £ = 0. We assume now that it is true for £ > 0, along with inequality (1.13)

of assumption (G) and conclude that

N2
_ k - 2 Lpug
N N e A T (1.18)

Therefore, using (1.18) and the fact that [Ny] —1 > % because N > 7 we see that

N2 N,
~ k k
d—1 24 a
Pr+1 S CSC4Lk+2Lk+1 {Sok + L1, }
N Ny

~ 2k Yk
< %LZQL%HQ%B O, (1.19)

where we recall that ¢5 = 2¢3¢4. Now, by the induction hypothesis (1.16) we see that

N
=+ < HUk+1Lk+1
Pr = .

Substituting this into (1.19), we see that it is enough now to show that

Fd—172 Xk
L o Lipy” <1

But this is true, by (1.14) of condition (G), the induction hypothesis and the inequality
Ly < L3, for k = 0 which follows by induction starting from (1.8). Indeed, using these

facts,

Ng
Fd—172 Kl 3(d=1) 7 3d—1 41 Lpy1
Lo Lipr < oNpy Lk <1,

which ends the proof.
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1.2.3 An adequate choice of fast-growing scales

We will now construct a sequence of scales {L; : k > 0} which satisfy condition (G),
and for which Lemma 1.2.2 will eventually imply Theorem 1.1.2. This is not the fastest

possible growing sequence of scales, but somehow it captures the best possible choice of

v(L).

Let {fx : k = 1} be a sequence of functions from [0, o) to [0, o0) defined recursively as

and for k > 1,
frer1(z) == fir o fi(z).
Let now, for k > 0,
)
w  fea ([5])

According to display (1.9), we have the following formula valid for k > 0,
k+1 ey ko
o= (2 (22) )

Lemma 1.2.3. The condition

(1.20)

upN, > ac; for k=0

(c.f. (1.13) of condition (G)) is equivalent to
fres2) ((557))
T ([5]) o*

Furthermore, the last relation is fulfilled.

>1 fork>=0. (1.22)
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Proof. Note that (1.22) can be easily verified for £ = 0,1 and 2. Therefore it is enough to
prove inequality (1.22) for k£ > 3. For this purpose, we will first show that for all positive

integers n, and a, b € [1,0), we have that

fn(a+0) = fo(a)fu(b). (1.23)

To prove (1.23), suppose that

A:={neN: f,(a+b) < fu.(a)fn.(b) for some a,b> 1} # @.

Let m be the smallest element of A and remark that m is greater than 1. Also, note that
fm (a+b) < frm(a)fm(D)
for some a,b > 1. However, note that for a,b > 1 one has that
vl > 0 4P,

Furthermore, for each k£ > 0, the function fi(+) is increasing. Therefore,

Jm-1 (Ua>fm—1 (Ub) = fm(a)fm(b)

> f(a+b) = fr 1 (V) = fr 1 (v +0°).

This contradicts the minimality of m and hence A = @ which proves (1.23). Back to
(1.22), note that

g2 (= s kt2 ([E52]-1) « ko) frage)®)
f{k;&([’ﬂ“ i [f[k 4D s e

where the first inequality was gotten using (1.23), the second one is a consequence of the

inequality
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valid for £ > 3, and which can be proved in a straightforward fashion if we divide the
argument according to whether & is even or odd, and the last inequality comes from the

fact that

Now, it is easy to verify inequality (1.24) when k = 3 and k = 4. Furthermore, the left
hand of (1.24) is increasing as a function of & > 2 for k£ odd. Similarly, it is increasing
for k > 2 for k even. We can therefore conclude, using induction that (1.24) is satisfied.

This completes the proof of (1.22). O

Using Lemma 1.2.3 we can now obtain the following important lemma which gives con-

ditions on the growth of a sequence of scale which ensure that (G) is satisfied.
Lemma 1.2.4. There exists a constant cg(d) such that when Ly > cg, the scales {Ly, :
k= 0} and {Ny : k = 0} defined by (1.21) and (1.20) satisfy condition (G).

Proof. By Lemma 1.2.3 we know that (1.13) of condition (G) is satisfied. We therefore
just prove inequality (1.14) of condition (G). We need to show that there exists a constant

c(d, k), such that whenever Ly > ¢(d, k), for all k£ = 0 one has that

C5N]§—(&-dl_1)Lic-ﬁl-_11RUk+lLk+l <1 (1.25)

We will first show that there exists c;7(d, k) = ¢z(d) > 0, such that whenever Ly > ¢z, one

has that for & > 0,

k1Lt
3

NPUD T < (1.26)

Now (1.26) is equivalent to
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Therefore, (1.26) is equivalent to the bound for k£ > 0,

Lo > e : (1.27)
k+1 acy 1
fpoee) ([5521) (22) tog, (1)
Let us focus on right-hand side of inequality (1.27) . Note that it can be split as
frige) ([52°])
9(d-1) | ( (%]
9(d—1) acy w108, [E5)
=0 log, (22) o o) (D) .

k+1 ac A 1 " k+1 ac i 1 .
Fraey (B5) (22) o, (2) oy ([522]) (22) 7 og, (1)
Let us now try to find an upper bound for this expression independent on wuq (or equiv-

alently, on Lg). By the definition of ug (c.f. (1.11)) note that for k > 0 and Ly > 24—

log
one has that,
1 1 1 1 1
e R+l k (aci S cr \k+1°
o (o) (o) () (22)
VUQ vUQ
Substituting this into (1.28) we see that it is bounded from above by
Iy (1%52])
. 2
9(d — 1) log, (i—?) 9(d = 1)log, (f &?2]([%])
= (1.29)

k+1 acy k+1 1 + k+1 c1 k
ey (52) (22) oy (3)  Jpasey (522)) (=)
Note that only the left-most term of (1.29) depends on Ly. Choose a constant cg(d, k) =
cs(d) > 1, such that if Ly > cg

1
. (a_) s G)

Ug d—1

(1.30)

Then, when Lg > cg, we see using the fact that the left-most term of (1.29) is a decreasing

function of k£ > 0 and from inequality (1.30), that it can be bounded from above by

9v 72 Lo
Li— < Lyp— < —. 1.31
0a01 9240 3 ( )
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Thus, whenever Ly > cg, from (1.28), (1.29) and (1.31

~—

, we see that (1.27) is satisfied if

9(d —1)log, (%)
I _3 T (1.32)
0 = 2 c + N

k+1 k+1 1)’
Fregey (5E]) (220) ™ log, (2)
Therefore, in order to prove (1.26) it is enough to show that the right hand side of
inequality (1.32) is bounded. To do this, it is enough to prove that the expression

=al)
=)

call
log”( (0
fresz) ([55])

e
2

M

is bounded. Now,

(1))
w)<1ogv( w1 (1542))
froo (1) []qkﬂ]) |

Let us now remark that if & is even, then [kf’] = [kQ ] and [k;rl] = [%] —1. Therefore,

(1.33)

in this case, the right-hand side of inequality (1.33) is smaller than

k 2] -1

2
k == .
f[%] ([%] - ) f[¥]71 (U[¥]71)
But, since for k fixed, the function fi(-) is increasing, and since for k& > 0 we have that
v[kQQ]_l = [—k il 2] ,

we see that the right-hand side of inequality (1.33) is bounded. Hence, for k£ even the

right-most term of (1.33) is bounded by a constant co(d, k) = co(d) > 0.
Suppose now that k is odd. Then [%:3] = [52] + 1 and [2}] = [%£2]. Therefore, in

this case, the right-hand side of inequality (1.33) is equal to

T (5520 _
T (1552

so that we can conclude that the right-hand side of inequality (1.33) is bounded, and hence
that there is constant cjo(d, k) = c19(d) > 0 which is an upper bound for the right-hand
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side of inequality (1.27). We can hence conclude, taking c7(d) = max{cg(d), c1o(d)}, that
when Ly > ¢;7(d), then (1.26) holds.
As a second step to prove (1.25), we will show that it is possible to find a positive

constant ¢11(d, k) = ¢11(d) such that when Ly > ¢1; one has that for all k > 0,

L1 ) (1.34)
Inserting the definition (1.21) that defines L into this inequality, we see that it is enough
to prove that

k1

o (1) o (22) ™ ez (551 Lo
3

If we show that for all k > 0, Ly > log, (Lt 1)3(3d—1) , we have a proof of (1.35).

g, (o (553) Apage) ((5])

But the right-hand side of this inequality can be written as

wor-0vs [ (5)”"] s (g 5)
tog, () wo (22) " Fpess) ((552]) T EY

We need to establish a control with respect to Ly in this expression. Only the first term

(3d —1)log, (Lis1) — < 0. (1.35)

Ed

+

»

depends on Ly so we concentrate on the first term. Now, this term is decreasing with k.

Therefore, it is smaller than

3(3d — 1)log, [ Lo (22) | 3(3d — 1) log, (H5toet))

log, (1) () log, ;1) (%)

From this last expression, it is clear that we can choose a constant c¢i5(d, k) = ¢12(d) > 0

such that whenever Ly > ¢12(d) one has that

k+1
3(3d — 1) log, [LO “1 ]
Ly
(1.36)
k+1
log, (1) ug (%) f[k+2] [£H])
Therefore, if Ly > ¢12(d) and if
3(3d — 1) log, ( fraezy ([E2

L 2; () (554D) (L.37)



we would have (1.34), whenever we could prove that the right hand side of (1.37) is
bounded independently of £ > 0. This can be proven in analogy to the previous computa-
tions made to show that the right-hand side of (1.32) is bounded. We have thus established
the existence of a constant ¢;1(d) such that (1.34) is satisfied whenever Ly = ¢11(d).

On the other hand it is obvious that there is a constant ¢i3(d), such that when Ly >

c13(d), for k =0,

Uk+1lky1
Csk 3 <

Finally, in order for inequality (1.14) of condition (G) to be fulfilled, it is enough to take
ce(d) := max{c;(d), c11(d), c13(d)}.

1.2.4 The effective criterion implies Theorem 1.1.2

We continue now showing how Lemma 1.2.2 with the appropriate choice of scales, enables
us to use the effective criterion (see Theorem 2.4 of [Sz03] where it was introduced) to

prove the decay of Theorem 1.1.2. Let us define for z € Z¢,

|z, = max{|z - R(e;)| : 2 <i < d}.

Also, define for each x € Z?, the canonical translation on the environments ¢, : Q — € as

te(W)(y) == w(x +y) foryeZ-

For the statement of the following proposition and its proof, we will use the shorthand

notation for each n,

n

/_/%
logén)(L) = loggo---ologg(L).
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Proposition 1.2.5. There ezist c15(d) > 1, c14(d) = 3v/d such that whenever Ly > cy4,
3WVd< Ly < L3, and for the box specification By = (R, Ly — 1, Lo + 1, EO), the condition

1 3(d-1)
c1s <l0g (E)) LETLE? inf E[pd] <1, (1.38)

ac(0,1]

is satisfied (recall the definition of po in (1.6)), then there exist a constant ¢ > 0 and a
function n(L) : [0,00) — N, with n(L) — o as L — o, such that
limsup L! exp{clogg(L) L} log Py(T: < T",) < 0. (1.39)
L—o0
Remark 1.2.6. The assumption (1.38) of Proposition 1.2.5, is called the effective criterion,

and was introduced by Sznitman in [Sz03].

Proof. Let us choose a sequence of scales {Lj : k = 0} and {L;, : k > 0} according to
displays (1.21) and (1.10). With this choice of scales, as in the proof of Proposition 2.3
of Sznitman [Sz03], one can see that there are constants c;5(d) and ¢4 > max{cg, co}
such that if Ly > ¢14 then condition (1.38) implies condition (1.15) of Lemma 1.2.2 with
up chosen according to (1.11). By Lemma (1.2.4), the chosen scales {L; : k > 0} and
{Ly : k = 0} satisfy condition (G). Therefore, since (1.15) of Lemma (1.2.2) is satisfied
, we know that for all £ > 0, inequality (1.16) is satisfied. The strategy to prove (1.39)
will be similar to that employed in [Sz03] to prove Proposition 2.3: we will first choose an
appropriate k£ so that L, approximates a fixed scale L tending to co. Nevertheless, since
here we are working with scales which are much larger than those used in [Sz03], we will
have to be much more careful with this argument.

Let L > Ly. Then, there exists a unique integer k = k(L) such that

Note that to prove (1.39) it is enough to show that there exists a positive constant ¢

such that for all L > Ly one has that

P[T', <T!] < € exp {—616L exp {—i logg[%]) (L)}} . (1.40)

C16 Ci6

In effect, since clearly k — o0 as L — o0, choosing n(L) = [£] we have (1.39).

We will divide the proof of (1.40) into two cases.
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Case 1. Assume that

2acq

L< V¥ Ly.. (1.41)

Uo

Let

L | -
B = {xEZd:|$|l < [—] Ly, x-le (—L,L)}.
Ly
From the inequality E[g;] < E[p;*], Lemma 1.2.2 and Chebyshev inequality, we see that
if
H = {we Q: 3z e Bsuch that g o t,(w) > k25),

then

B

=T
Lk+1Lk

P[H] < k2"

Note that on H¢, by the strong Markov property one has that

Poo|Tt <T ;1= (- n%“kLk)[i]“.

Therefore, since for x € [0, 1] and n natural one has that (1 — )" < n(1 — z), for L large

enough

Fd—1
Lk+1Lk k

d
<3 x 20 (LL) [{/%ukl’k
k
d
<32t (2ot ) edude <1, (1.42)

where in the third inequality we have used our assumption on L (1.41). Hence, we can

check that there is a constant c;7, such that for £ > 0,

- 1 L
Py(T', <T}) < C—Nexp {—cnv—:} . (1.43)

Now, again by our assumption (1.41), observe that there is a constant ¢;g such that
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Ly, L

'U_k > Clgﬁ. (144)
On the other hand, note that when Ly > a?’c(fll;;‘)l , we have by the choice of scales given

K

UEy ([SD = b

Repeatedly taking logarithms in (1.45), we conclude that for £ > 1

in (1.21), that for k > 1

N

L. (1.45)

% < [g] < logg[%D(L). (1.46)

Then, substituting the inequalities (1.44) and (1.46) into (1.43), we see that there exists

a positive constants c¢ig such that for L > L

= o L LR (b ol )

P|T , <T;] < —exp —cigLexp{ —— logg (L)¢¢-
C16 Ci6

Now, (1.39) follows taking n(L) = [£].

Case 2. Let us now assume that

20y

L > v L.

Uop

Let m; be the unique integer such that

By the definition of m; we have the inequality

acy
—Uk.

Uo
We will now follow an approach similar to the one employed for Case 1, but using a
sequence of scales which approximate L with a higher precision than the {L;} sequence.

Let us define

SF o= myLy, (1.48)
SE o= miLy,
Sy o= mily,
Sk o= miLy,



along with the box-specification B := (R, Sk —1,8F +1, §f) and the random variable
pr. attached to this box-specification. In analogy with the proof of Lemma 1.2.2, we will

prove that
(SHYTSFR[pI ] < kST (1.49)

For the time being, assume that this inequality is true. Let

~ L] -
B:{xezd;ymg lﬁle,x.le(—LL)}.
1

In analogy with the development of Case 1, using (1.49) we can arrive to the following

inequality analogous to (1.42)

7l l |§| L Lupqq1 8P
P()[TL<TL]<(W+S_{€+1>/§2 k+197

From here we conclude that there is a constant ¢;9 such that for £ > 0

- 1 k
P[T', < T!] < —exp {—01951 } (1.50)
C19 v

Now, the computation St = myLy = (mp + 1)Ly — Ly > L — ZZ—glv_kL, replaced at (1.50),

gives us

U, —k
~ 1 ClgL (]_ — 2&%10 )
P[T:, <T!1< — —
ol T2 7l 1 exp oF

So that, there exists ¢y such that
. 1 L
Py(T ., <T') < —exp{ —cop—
(T2, ) Ca0 p{ 2ovk}

Using now (1.46) we conclude that there is a constant c¢i4 such that for L > Ly one has

that

C16 Ci6

PT!, <T!] < S exp {—ClGL exp {—i 1og§[k51])(L)}} .

Choosing n(L) = [%] we conclude the proof.
Now, we need to prove (1.49). Using Proposition 1.2.1, with B and By, instead of B;

and By, we have:
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So that

2 .
Sk d-1 Ghg [0k gkyd-1gk ) ~10c1t = T
(52) (2" 7] < e3(53) 1 Yp- Tt Z P
0<j<my+1

Now,

sk
1oclsk mE~1 Yk

—10c157 7 <1 (1.51)

<,0</£

where the first inequality follows from inequality (1.47), the definition (1.48) of S¥ and
(1.12) of uy, and from Lemma 1.2.4, which enables us to apply inequality (1.16) of Lemma

)
1.2.2, while the second inequality of (1.51) follows from the fact that myuy = 240¢; for
k= 0.

Then, inequality (1.51) and the fact that my — 1 > “ZE, imply that

(Sk)d 1Sl~cE[le+1] cg(géc)d—lsf{ k24 + Sk@k }
So that
(S?g)dflsicE[ﬁZkﬂ] 203(Sk>d 1(Sk) s RukHS
Where, it was used the result of Lemma 1.2.2. Finally, note that to finish the proof we
have to show that for £ > 0
23(S5)7 (5)20," < 1. (1.52)

By our definitions in (1.48),

(SE)L(SE)? = miaLd1 L2,

m

mE my
Now, by Lemma 1.2.4 and its consequence Lemma 1.2.2, we have that ¢, * < (/f“kLk) 8

gur+1meli - Therefore, the left hand side of inequality (1.52) is smaller than
2¢ mkd 4Ld 1L2 Uk+1kak
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However, as d is fixed, and k is large, it is clear that

~ k1M LE
LIk 2 <1

and

4 “k+1mkLE
203m2d T2 <1

This completes the proof.
O

It is now easy to check that Proposition 1.2.5 implies Theorem 1.1.2 with the function
log = replaced by logg z. Indeed, note that (1.38) is equivalent to the effective criterion.
On the other hand, using the fact that for every x > 0, log z > logg x, we can then obtain

Theorem 1.1.2.

Remark 1.2.7. Let us remark that somehow our choice of scales is optimal. More precisely,
in this chapter we have tacitly assumed that the estimate in Proposition 1.2.1 cannot be
improved in asymptotic terms. Once this is assumed, the requirements: (1.13) and (1.14)
are sharp inequalities and one can verify that the inequality (1.33) is not satisfied for the

choice of scales determined by

Ed
+
N

%f[%] (2]
S

to S (l

Il

N; =

M|

which implies: the scales { N} }r>0 do not satisfy condition (G). On the other hand, it is
clear that the previous scale would give us the same result as in Theorem 1.1.2. Therefore

a new idea should be introduced to prove the Conjecture 1.1.1.

Acknowledgments: We thank A.-S. Sznitman for suggesting to explore how close can
one get to the exponential decay of condition (7”) from the effective criterion via renor-

malization.
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Chapter 2

Asymptotic Direction for Random

Walk in Strong Mixing Environment

2.1 Introduction

Random walk in random environment is basic model of statistical mechanics while chal-
lenging questions about it remain open (see [Zel] for a general overview). It is a simple but
powerful model for a variety of phenomena including homogenization in disordered ma-
terials [M94], DNA chain replication [Ch62], crystal growth [T69] and turbulent behavior
in fluids [?]. In the multidimensional setting a a widely open question is to establish rela-
tions between the environment at a local level and the long time behavior of the random
walk. During last ten years, interesting progress has been achieved specially in the case
in which the movement takes place on the hyper-cubic lattice Z¢ and the environment is
i.i.d., establishing relations between directional transience, ballisticity and the existence of
an asymptotic direction and the law of the environment in finite regions. Nevertheless, to
a great extent, these arguments are no longer valid when the i.i.d. assumption is dropped.

In this chapter we focus on the problem of finding local conditions on the environment
which ensure the existence of an asymptotic direction for the random walk in contexts
where the environment satisfies some mixing condition, but it is not necessarily i.i.d. To
be more precise, we establish the existence of an asymptotic direction for random walks

in random environments which are uniformly elliptic, are cone mixing [CZ01], and satisfy
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a non-effective version of the polynomial ballisticity condition introduced in [BDR14].
While they are directionally transient, these random walks may have a vanishing velocity
even for dimensions d > 1.

For x € RY, we denote by |z|;, |]p and |z|, its [;, l; and [, norms respectively. For
each integer d > 1, we consider the (2d — 1)-dimensional simplex Py := {z € (R")%? :
SH zi=1}and E:={ee Z%: |¢|, = 1}. We define the environmental space Q := PF*
and endow it with its product o-algebra. Now, for a fixed w = {w(y) : y € Z} € Q,
with w(y) = {w(y,e) : e € U} € Py, and a fixed x € Z¢, we consider the Markov chain

{X, :n > 0} with state space Z¢ starting from z defined by the transition probabilities

Pyl Xni1 = Xn+e| Xp] =w(X,,e) for eeU. (2.1)

We denote by P, the law of this Markov chain and call it a random walk in the envi-
ronment w. Consider a law [P defined on Q2. We call P, ,, the quenched law of the random

walk starting from z. Furthermore, we define the semi-direct product probability measure

on Q x (Z4YN by

P,(A x B) :—J P,.(B)dP

for each Borel-measurable set A in  and B in (Z4)N, and call it the annealed or averaged
law of the random walk in random environment. The law P of the environment is said
to be i.i.d. if the random variables {w(z) : x € Z%} are i.i.d. under P, elliptic if for every
z € Z% and e € U one has that P[w(x,e) > 0] = 1 while uniformly elliptic if there exists a
x > 0 such that Plw(z,e) = k] = 1 for every z € Z¢ and e € U.

Let [ € S¥1. We say that a random walk is transient in direction [ or just directionally

transient if Py-a.s. one has that

lim X, -l = co.

n—0o0

Furthermore, we say that it is ballistic in direction [

X, -1
lim inf =2

n—aoo n

> 0.

46



In the case in which the environment is elliptic and i.i.d., it is known that whenever
a random walk is ballistic necessarily a law of large numbers is satisfied and in fact
limy, oo X2 = v # 0 is deterministic [DR14]. Furthermore, in the uniformly elliptic i.i.d.
case, it is still an open question to establish wether or not in dimensions d > 2, every
directionally transient random walk is ballistic (see [BDR14]).

On the other hand, we say that © € S™! is an asymptotic direction if Py-a.s. one has

that

For elliptic i.i.d. environments, Simenhaus established [Si07] the existence of an asymp-
totic direction whenever the random walk is directionally transient in an open set of
S9!, As it will be shown in Section 2.3, this statement is not true anymore when the
environment is assumed to be ergodic instead of i.i.d., even if it is uniformly elliptic.

In this chapter we establish the existence of an asymptotic direction under three
assumptions about the law P of the environment: a weak form of uniform ellipticity; cone
mixing; a ballisticity condition demanding polynomial decay with high enough degree
of the annealed exit probability of the random walk from the back and lateral side of
boxes. All these assumption will be defined with respect to a fixed direction [ € S*'. It
will be shown in section 2.3, that there exist environments almost satisfying the above
assumptions which are directionally transient but not ballistic. Here the term almost is
used because in these examples the polynomial ballisticity condition is satisfied with a
low degree. Let us describe these assumption with more precision.

Let k > 0. We say that P is uniformly elliptic with respect to [, denoted by (UE)|l, if the
jump probabilities of the random walk are positive and larger than 2k in those directions
which for which the projection on [ is positive. In other words if P[w(0,e) > 0] = 1 for

ee F and if

P [min w(0,e) = 25] =1,

eef

where
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£ = Ul {sgn(l;)e;} — {0} (2.2)
and by convention sgn(0) = 0.

We will now introduce a certain mixing assumption for the environment P. Let o > 0

and R be a rotation such that

R(ey) = 1. (2.3)

To define the cone, it will be useful to consider for each i € [2,d],

[+ aR(e;) [ — aR(e;)
lyj = ———= d ==
Y i+ aRe)] 1= aR(e)]
The cone C(z,1, @) centered in x € R? is defined as
d
C(z,l,a)) = ﬂ {zeR': (z—2) 14; =0, (z—x)-1_; > 0}. (2.4)

1=2

Let ¢ : [0,00) — [0, 90) be such that lim,_,,, ¢(r) = 0. We say that a stationary probability
measure P satisfies the cone mixzing assumption with respect to «, [ and ¢, denoted
(CM)q0|l, if for every pair of events A, B, where P(A) > 0, A € o{w(z,-);2 -1 < 0}, and
B e o{w(z,-);z€ C(rl,l,a)}, it holds that

P[A n B]

We will see that every stationary cone mixing measure P is necessarily ergodic. On the
other hand, a cone-mixing environment can be such that the jump probabilities are highly

dependent along certain directions.

We now introduce an assumption which is closely related to the effective polynomial

ballistic condition introduced in [BDR14]. For each A < Z¢ we define

0A:={2eZ%: z¢ A, there exists some y € A such that |y — z| = 1}.

Define also the stopping time

Ty:=inf{n >0:X, ¢ A}.
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Given L, L' > 0, x € Z% and | € S* ! we define the boxes

Brpa(z)=z+R <(—L, L) x (~L, L/)d_1> A7,

where R is defined in (2.3). The positive boundary of By, 1, ,(x), denoted by 0% By, 1/,(0),
1s
6+BL7L/71(0) = 0BL7L,7Z(O) N {Z cze = L},

Define also the half-space

Hy i={yeZ': y-l<uz-I},

and the corresponding og-algebra of the environment on that half-space

Hz,l = U(W(y) “Yye Hx,l)'

Now, for M > 1, we say that the non-effective polynomial condition (PC)yy .|l is satisfied

if there exists some ¢ > 0 so that for y € Hy,; one has that

lim LY sup Py | Xr, , 0) # 0 Breni(0), Toy o) < ToyoMa| =0, (25)

L—w
where the supremum is taken over all possible environments to the left of y - [. It can be
verified that for i.i.d. environments, this condition is implied by Sznitman’s (7") condition
[Sz03], and it is implied by the effective polynomial condition introduced in [BDR14].
Throughout this chapter, we will denote by S*¢~! the subset of S¢~! defined by

S*71 .= {se ST : there exists y € R — {0}, such that ys € Z4}.

We can now state our main result.

Theorem 2.1.1. Let | € S*'n, M > 6d, ¢ > 0 and 0 < o < min{s, 5=} Con-
sider a random walk in a random environment with stationary law satisfying the uniform
ellipticity condition (UE)|l, the cone mizing condition (CM )4/l and the non-effective
polynomial condition (PC)yrc|l. Then, there exists a deterministic © € S such that

Py-a.s. one has that
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As it will be explained in Section 2.3, Simenhaus’s theorem which states that an asymp-
totic direction exists whenever the random walk is directionally transient in an open set
of directions and the environment is i.i.d., is not true if the i.i.d. assumption is dropped.
Somehow, Theorem 2.1.1 shows that if the i.i.d. assumption is weakened to cone mixing,
while directional transience is strengthened to the non-effective polynomial condition, we
still can guarantee the existence of an asymptotic direction.

In [CZ01], the existence of a strong law of large numbers is established for random
walks in cone-mixing environments which also satisfy a version of Kalikow’s condition, but
under an additional assumption of existence of certain moments of approximate regener-
ation times. This assumption is unsatisfactory in the sense that it is in general difficult
to verify if for a given random environment it is true or not. On the other hand, as it will
be shown in Section 2.3, there exist examples of random walks in a random environment
satisfying the cone-mixing assumption for which the law of large numbers is not satisfied,
while an asymptotic direction exists. From this point of view, Theorem 1.1 is also a first
step in the direction of obtaining scaling limit theorems for random walks in cone-mixing
environments through ballisticity conditions weaker than Kalikow’s condition, and with-
out any kind of assumption on the moments of approximate regeneration times or of the
position of the random walk at these times. On the other hand, in [RA03], a strong
law of large numbers is proved for random walks which satisfy Kalikow’s condition and
Dobrushin-Shlosman’s strong mixing assumption. The Dobrushin-Shlosman strong mix-
ing assumption is stronger than cone-mixing, both because it implies cone-mixing in every
direction and because it corresponds to a decay of correlations which is exponential.

A key step to prove Theorem 1.1 will be to establish that the probability that the
random walk never exits a cone is positive through the use of renormalization type ideas,
and only assuming the non-effective polynomial condition and uniform ellipticity. Using
this fact, we will define approximate regeneration times as in [CZ01], showing that they
have finite moments of order larger than one when we also assume cone-mixing. This part

of the proof will require careful and tedious computations. Once this is done, the existence
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of an asymptotic direction can be deduced using for example the coupling approach of
[CZ01].

We will now describe the general structure of the sections in this chapter. In Section
2.3, we will present two examples of random walks in random environments which exhibit
a behavior which is not observed in the i.i.d. case, giving an idea of the kind of limitations
given by the framework of Theorem 2.1.1. In Section 2.2, the meaning of the non-effective
polynomial condition and its relation to other ballisticity conditions will be discussed.
In Section 2.3, we will present two examples of random walks in random environments
which exhibit a behavior which is not observed in the i.i.d. case, giving an idea of the
kind of limitations given by the framework of Theorem 2.1.1. In Section 2.4, we will show
that the non-effective polynomial condition implies that the probability that the random
walk never exits a cone is positive. This will be used in Section 2.5 to prove that the
approximate regeneration times have finite moments of order larger than one. Finally in

Section 2.6, Theorem 2.1.1 will be proved using coupling with i.i.d. random variables.

2.2 Preliminary discussion

2.2.1 Non-effective polynomial condition and its relation with

other directional transience conditions

Here we will discuss the relationship between the condition non-effective polynomial con-
dition and other transience conditions. Furthermore we will show that the conditional
non-effective polynomial condition is weaker than the conditional version of Kalikow’s
condition introduced by Comets and Zeitouni in [CZ01].

For reasons that will become clear in the next section, the following definition, which
is actually weaker than the conditional non-effective polynomial condition, will be useful.
Let [ € S*!, M > 1 and ¢ > 0. We say that condition (P)s.|l is satisfied, and we call it

the non-effective polynomial condition if there is a constant ¢ > 0 such that

EL%LMP()[XTBL@L,AO) ¢ 0" Br.r,(0)] = 0.
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It is straightforward to see that (PC)ps |l implies (P)se|l-
It should be pointed out, that for a fixed v € (0, 1), if both in the conditional and
non-conditional non-effective polynomial conditions the polynomial decay is replaced by

LY one would obtain a condition

a stronger stretched exponential decay of the form e~
defined on rectangles equivalent to condition (7"), introduced by Sznitman in [Sz03], and
also a conditional version of it. On the other hand, as we will see now, the conditional
non-effective polynomial condition is implied by Kalikow’s condition as defined in [CZ01]

for environments which are not necessarily i.i.d. Let us recall this definition. For V a

finite, connected subset of Z?, with 0 e V , we let
Sve = o{w(z,") : z ¢ V}.

The Kalikow’s random walk {X, : n > 0} with state space in V u dV, starting from
y € V u dV is defined by the transition probabilities

Eo[£nY6 1xp—ay @ (@.0)|ve]
~ o
Pv(f, T + 6) = Eo[ n‘z/O ﬂ{anz}\3VC]

1 for ze oV and e=0.

for zeVandee F

We denote by py,V the law of this random walk and by Ey,v the corresponding expectation.

The importance of Kalikow’s random walk stems from the fact that

X1 has the same law under ﬁo,v and under Py[-|Fv«] (2.6)

(see ([K81])). Let I € S*!. We now define Kalikow’s condition with respect to the

direction [ as the following requirement: there exits a positive constant ¢ such that

Vlzarnlef\/ dv(z)- 129,

where

dy(w) == E,y[X1 — Xo] = Y ePy(z,2 +e)
eckE
denotes the drift of Kalikow’s random walk at z, and the infimum runs over all finite

connected subset V' of Z? such that 0 € V. The following result shows that Kalikow’s

condition is indeed stronger that the conditional non-effective polynomial criteria.
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Proposition 2.2.1. Let [ € S™'. Assume Kalikow’s condition with respect to . Then

there exists an r > 0 such that for all y € Hy; one has that

limy, ., L™ " sup log PO[XTBL,TLJ(O) ¢ 0" Brrr1(0),Tp, . 0 < Th,,|Hyi] <0,

where the supremum is taken in the same sense as in (2.5). In particular, Kalikow’s

condition with respect to direction 1 implies (PC) .|l for all M > 0.

Proof. Suppose that Kalikow’s condition is satisfied with constant § > 0. We will first
assume that y -l € (—L,0). Let ¢ > 1. For y € Hy; and L > 1 consider the box

V=R ([y 1, L] x (—%L, gL)d_l) .

Therefore, using (2.6) we find that

PO[XTBLY%LJ(O) ¢ 5+BL,CL,1(0),TBL7%LJ(0) < Ty, ,|Sve]
< B[ X, - R(ej) = 5L for some j € [2,d], | Xr, - 1| < L[Tve]

= Pyv[X1, - Rlej) = &L for some j € [2,d],| Xz, - 1| < L]. (2.7)
Notice that on the set

{X1, - R(e;) = gL for some j, X7y, - | < L},

4|

Thus, by means of the auxiliary martingale {MY : n > 0} defined by

one has ﬁovv—a.s. that

Ty

\Y

n—1
My = X, — Xo = > dy(X;),

=0
which has bounded increments (indeed bounded by 2) we can see that on {Ty > [%]},

we have that for L large enough that

(1-¢)L

; (2.8)

YOREP C PRTIS
5 )

ﬁoyv—a.s. Now, it will be convenient at this point to recall Azuma’s inequality [Sz01]:
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N A2
Poy[MY -w> A] < exp{—8—} for A>0, n>=0, |w| =1,
n

for martingales with increments bounded by 2. Using this inequality and (2.8) we obtain

that

lgo,v[XT[7 - R(e;) > $L for some j, Xg, -1 < L]
< ﬁgy'[TV > %]

< Poy[MY, - (=1) > (c—1)L/2] < exp{—c1L}, (2.9)

(]
for a suitable positive constant ¢;. Finally, coming back to (2.7), we can then conclude

that

limy oo L' sup log PO[XTBL,TL,Z(O) ¢ a+BL,rL,l(0)>TBL7TL,l(O) < THy,l’Hy,l] <0,

where 7 = £. Let us now assume that y -/ < —L. By Lemma 1.1 in [Sz01] we know
that there exists a positive constant 1) depending on ¢ such that for all V' finite connected

subsets of Z% with 0 e V

is a supermartingale with respect to the canonical filtration of the walk under Kalikow’s

law ]30,‘/. Thus, we have that

Poy[Xy, -1 < —L] < exp{—L}

by means of stopping time theorem applied at time Ty,. By an argument similar to the one

developed for the case y -l € (—L,0), we can finish the estimate in the case y -1 < L. [

2.2.2 Cone mixing and ergodicity

The main objective in this section is to establish the following: any stationary probability

measure P defined on the canonical o— algebra §, which satisfies property (CM)s |l is
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ergodic with respect to space-shifts. Before doing this, let us recall an ergodic notion. We

say that F € § is an invariant set if :

for all x € Z°.

Theorem 2.2.2. Assume that the probability space (2, §,P) has the property (CM)yq|!
and is stationary, then the probability measure P is ergodic, i.e. for any invariant set
FE € § we have:

P[E] € {0, 1}.

Proof. Let E € § be an invariant set. From a theoretical measure fact, given € > 0 there

exists a cylinder measurable set A € §, so that:
P[AAFE] <e.
Since A is a cylinder measurable set, it can be represented as:

A={w(z,): ze F\F cZ |F| < o,

w(x;,-) € P, for z; € F, Pie B(Py)},

where as a matter of definition B(P;) stands for the borelian o— algebra on the compact

subset P, of R%¢. We choose L such that:

o(L) <e.

Plainly, for L we can find an x € Z? such that 6,4 and A are L separated on cones with
respect to direction [ , in other words:

There exists y € Z% such that:
Aeo{w(z,): z-l<y-l—-L}

along with

0. A€ c{w(z,): ze Cy,l,a)}.
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We can suppose that P[E] > 0, otherwise there is nothing to prove. So as to complete the
proof we have to show that P[E] = 1. Therefore taking e small enough we can suppose

further P[A] > 0. Thus, using the cone mixing property, we get:
—P[AJ¢(L) < P[A n (6,4)°] — PIAP[2 — A] < PA](L) (2.10)
On the other hand, since F is an invariant set:
PO, AAFE] = P[0, AN, E] = PO, (AAE)] < e, (2.11)

which implies:

P[ANO,A] < P[(AAE) U (0,AN0,E)] < 2. (2.12)

In turn, from inequality (2.12), it is clear that P[A n (,A)°] < 2. Now, using the

inequality (2.10) one has that
P[A|P[Q — A] < 2e + P[A]p(L).

As a result, the inequalities

P[EIP[Q — E] < (P[A]+ ) (P[Q— A] +¢) (2.13)
= P[AJP[Q — A] + €+ ¢ (2.14)
< de+ ¢(L) < 5e (2.15)

hold. Hence, from € > 0 was arbitrary this turns out that P[E|P[Q2 — E] = 0. Therefore
if P[E] > 0, this implies P[E] = 1. O

2.2.3 Polynomial Decay implies Polynomial decay in a neigh-

borhood

In this subsection we prove that whenever (PC) .|l holds, for prescribed positive con-
stants M and ¢, then we can choose 2(d — 1) directions where we still have polynomial

decay although of less order. More precisely, we can prove the following:

Proposition 2.2.3. Suppose that (P)r .|l is satisfied with ¢ > 0 for some M > 6(d — 1),
then there ezists an o > 0 such that if we define for i € [2,d]:

[ — [+ OZR(GZ‘)

T 1+ aR(e)]
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and

| [ —aR(e;)
|l - aR(e)]
then
(P)N,QC‘lii
is satisfied, where we can choose N = % —1.

Therefore, if M fulfils the prescribed inequality in Theorem 2.2.3, then (PC)p.|l
implies for each i € [2, d] that (P)y 2.|l+; is satisfied. The loss of degree in the polynomial
condition is due to the requirement that the underlying boxes in the condition have the

same dimensions in both [ and —! directions.

Proof of Proposition 2.2.3. We will just give the proof for direction [_,, the other cases
being analogous.

Throughout the proof we pick a € (0,1) and we define the angle 5 by:
f = arctan(a). (2.16)

Consider the specific rotation R” on R? defined by:

cos(B) —sin(B) 0 0
sin(8) cos(B) O ... ... 0
0 0 1 0
R" :=
0 0 . ... 10
0 0 T (I |
where this representation matrix is taken in the vector space base { R(e1), R(e2), ..., R(eq)}-

It will be useful to define a new rotation
R :=R'R

together with the rotated box EL(O) given by

~

BL(0):= R ([—LAl(a), Lao(a)] x [~ Leds(a), Lc)\g(oz)]d_1> A Z¢
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where:
1+1

M (Oé) = 4/cot?(B)+1

13

M) = oseT

_4/(1—cot(B))2+(1—tan(B))?
As() = [tan(B) +cot (3]

Notice that with these definitions, F,- almost surely:
(2.17)

XTEL(O) ¢ aJrBL(O) = XTBL,L,l((]) ¢ aJrBL’L’l(O)'

The following figure shows the boxes involved in 2.17.

Br,r,:(0)

Figure 2.1: The choice of boxes.

As a result we have got
¢ 0*BL(0)] < LM

PO [XTéL (0)

Furthermore, a straightforward computation makes us see that the scale factor Az(a) is

less than % whenever a < %. Therefore if we let the positive o < é one has that
(2.18)

For technical reasons, we need to introduce an auxiliary box. Specifically, we first set:
1
1 1-a

hi= \/14_(%)2 :\/1+a2
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and observe that 3 < h < 1. We then can introduce the new box B;_, (0) defined by:
B ,.(0):= R ([—L(h +2), Lh] x [—cLAs(a), LcA3(a)]d—1> Az,
From this definition, we obtain:

Py[ X7t

By_,. 10

¢ 0B, (0)] <L M
In order to complete the proof, we claim that for large enough U the probability:

Py Xt

Bi_,,U0

¢ a—~_§l—2,U(()):|'
has polynomial decay on U, where the box B;_, (0) is defined by
By, u(0):= R([~U,U] x [-2cU,2cU]*1).

The general strategy to follow will be to stack smaller boxes up inside of B;_, (0) and
then using the Markov property along with good environment sets we will ensure that the
walk exits from box B;_, 7(0) by 0¥ B;_,(0) with probability bigger than 1 — 1/P(U),

where P is a polynomial function. Specifically, we let

U

=— 2.19
h+2 ( )

We introduce a sequence of stopping times as follows:

Tl = TEl,Q,L(O)’
and for i > 1

T, =T 1 +Ti00p .

For simplicity we write 7} instead of Tg, , (o) In view of (2.18) and (2.19) it is clear that
four successful exits of the walk from boxes of the B;_, (0)-type are sufficient to ensure

that the walk exits from B;_, 7(0) by its positive boundary. Therefore one sees that

Po[X7 € 0" Bi_,u(0)] = Py [Xr, € 0V B, 1(0),
(XT1 € a+§1727L(XT1)) © 6)T17 (XTl € a+§l72,L(XT2)) © 9T27
(XT1 € 6+§l72,L(XTS)) @) HTS:I (220)
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In order to use (2.20), let ¢ be a positive integer number and consider the lattice sets
sequence (F;);>1 defined by:
Fy = 0"By_, (0),

and for ¢ > 1, we define by induction:

Fi = U &+§1727L(y).

yeF:

We now define for ¢ > 1, the environment events G; by:
Gi={weQ: P [(Xn, € 0" B, 1(Xp))0bz] >1—L %, for each y e F}
Plainly it is satisfied

Po| X7 € 07 Bi_,u(0)] =
Py [ X7, € 07B,_, 1(0), (X1, € 0T B, 1.(X7,)) 0 b1y,
(X7, € 0By, 1(X1,)) 007y, (X1 € 07 By, 1(X1,)) 001, ] =
Py Xz, € 0B, 1(0), (X1, € 0T Bi_, .(X7)) 0 b7,

(XT1 S &*EL%L(XB)) ) HTQ, (XT1 S 0+E572?L(XT3)) @) 0T3]103]

By the Markov property applied at time T3 and the very meaning of G5, we get that the

last expression equals:

Zyng E [PO,w [XT1 € (9+§1727L(0), (XT1 € 8*?1727L(XT1)) ¢) QTN

(XT1 € a+§1727L(XT2)) o) 0T2:| Py,w[XTf

Bi_o,L(¥)

(1—L %) (Py[Xp, € "By, 1(0), (X7, € 0¥ B, 1(X1y)) 0 0ry,

€ a+§172,12 (y)]]lG3 =

(X7, € 07 B, 1(X1,)) 0 01, ] — P[(G3)]) (2.21)
(2.22)

Repeating the above argument, one has the following upper bound for the right most

expression of (2.21):

(1—L %) = (1— L2 )°P[(G1)T] — (1 — L™ 2)?P[(Ga)] — (1 — L™ 2)P[(Gy)]. (2:23)
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At this point, we would like to obtain for i € |[1, 3]|, an upper bound of the probabilities:
P[(G:)°]-
To this end, we first observe that Chevyshev’s inequality and our hypothesis imply:

c _M
PG < D B[N, <|F|L>.

o*+*Bi_, 1 ()] L—%}]
€ >
Vel By 2t

Clearly, we have the estimate | F} |< (gL)di1 (recall (2.18)). As a result, we have that:

P[(G4)°] < <§L> - L7 (2.24)

By a similar procedure we can conclude that

P[(G,) ] < (?L) 3 (2.25)
and i
P[(G3) ] < (%L) L. (2.26)

Combining the estimates in (2.20)-(2.26) and the assumption M > 6(d — 1) we see that:

d—1
Py[Xz ¢ 0" Bi,u(0)] < 36<28_)M U-¥.

3

This ends the proof by choosing the required o as any number in the open interval

(0,%)- O

2.3 Examples of directionally transient random walks
without an asymptotic direction and vanishing
velocity

We will present two examples of random walks in random environment which exhibit the
possible limitations of the hypothesis of a theorem stating the existence of an asymptotic
direction and of a theorem stating the existence of a non-vanishing velocity for mixing

environments.

61



Assumption TNB.

Let p be a random variable taking values in (0,1) such that there exists a unique

k€ (1/2,1) with the property that

Elpf]=1 and E[p*In" p] < o0,

where p := (1 —p)/p.

2.3.1 Random walk with a vanishing velocity but with an asymp-

totic direction

Let {p; : i € Z} be i.i.d. copies of p. Let ¢; and ey be the canonical vectors in Z?. Define an
i.i.d. sequence of random variables {w; : i € Z} with w; = {w;(e1),w;(—e1), wi(e2),w;(—ea)},

by

i 1 i
wi(er) = % and w;(—e;) = i %

Now consider the random environment w = {w((7,7)) : (4,7) € Z*} defined

w((i,7)) :==w; forall i,jeZ.

We will call P; the law of the above environment and (); the annealed law of the corre-

sponding random walk starting from 0.

Theorem 2.3.1. Consider a random walk in a random environment with law P1. Then,

the following are satisfied:

(1) Q1-a.s.

lim X, -e; = oo.
n—aoo
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(i7) Q1-a.s.

lim — = 0.
n—ao N
(131) In Qq-probability
I X
im —— =ey.
n—o [Xpla

(iv) The law Q satisfies the polynomial condition (PC) . is satisfied, with M = k—3—¢

and ¢ = 1, where € is an arbitrary number in the interval (0, x — %)

Proof.

(i) We will describe a one dimensional procedure which will be used throughout the
proofs of items (i) and (i7). Specifically, defining (Y,,)n=0 := (X, - €i)n=0 one has
that it can be identified with the one dimensional RWRE which has quenched law

Py, starting from 0, defined by the transition probabilities:

PO,w[Yn+1 = Yn + €1 | Yn] = E)(Yn, 61) = pyn/Q,
PO,w[YnJrl = Yn — €1 ’ Yn] = (:}(Yn; _61) = (1 _pYn>/27 and

PowlYns1 =Y, | Y] = @(Y,,0) = 1/2.

Since assumption TNB it follows that E;[In[f]] < 0, where o := (0, —e1)/&(0, 1)
and E; denotes the corresponding expectation in this random environment. Now,

from the transience criteria in [Zel] Theorem 2.1.2 one has that Q- a.s.

lim X,, - e; = o0.
n—ao0

(#7) Since k < 1, using a one dimensional procedure for directions e; and es and the

strong law of large numbers for one dimensional RWRE ([Zel], Theorem 2.1.9), we

get Q1-a.s.

X (X, -er)er + (X, - en)es 0
- .

n
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(iid)

(iv)

We define the random variables Ny and N, as horizontal and vertical steps performed
by the walk X,,, respectively. By the very definition of this example, both of them
distribute B(n, %) under the quenched law. Given € > 0, we have to estimate the

following probability:

Xn -e Xn e
X, -e1)er + (Xn - )€ ( 1)61 + 2)62
—€1| > € —el > ¢
\/ nen)? + (X, e)? (Xn e1)? Xm)2
n21<e n211

Clearly, X,, - e5 under the annealed law has the same law P of the one dimensional
simple symmetric random walk Z, at time n’ = N, such that P- a.s. n//n — 1/2
as n — 0. Therefore, since kK > 1/2 as a result one has

X, - Zn, 1
Ql[lim ”62:()] P[h No =0]=1.

n—w Nk Ny— N“ 2”

and also Q1- a.s.

X, - e5)?
lim % —-0.
n—00 n4r

On the other hand, using the convergence theorem of Kesten, Kozlov and Spitzer
[KKST75], calling Yy, the one dimensional random walk in random environment
corresponding to X, - e; and using a similar procedure as the one given above, we

can see that
Xn - €1

(Xn . 61)2

in distribution, which turns out that this convergence is also in ();- probability and

—

completes the proof.

For j € {1,2} and a a positive real number, we define the stopping times T’ and

TS by

Ty :=inf{n>0:X, - -¢; > a} (2.27)
along with
TS :=inf{n >0: X, ¢ <a} (2.28)

Notice that for ¢ = 1 and large L one has the following estimate

Qi[Xry, , @ # 0" Breri(0)] < QuT®, < T9] + Qu[Te2 AT < T9].  (2.29)
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The first probability in the right most side of (2.29) has an exponential bound as it
follows from the estimate in the proof of item (iv) in Theorem 2.3.2. Observe that

the second probability in the right most side of (2.29) is less than or equal to
QW[T AT < L)+ Qi [L¥ < 9.

Keeping the notations introduced in item (zi¢). From the very definition of Z!, one

sees that for large L, there exists a positive constant K; such that:

Q[T A TEQL S L < Q1| Xy - eal < L, forallne N, 0 < n < L**] <

P[Znymy < L2*<, for all n e N,0 < n < L**¢] < exp{—K,L}.  (2.30)

On the other hand, using the sharp estimate in Theorem 1.3 in [FGP10] and denoting
P the law of underlying one dimensional random walk corresponding to the annealed
law of (X,, - €1)n>0, We can see that for large L, there exists a positive constant Ko

such that:

Ql[L2+E < Tzl] < Q1[X[L2+s] e < L] <
p[YNl([L2+E]) < L] < KQL_(K_I/Q_E). (2.31)

(2.32)

Therefore, in view of the inequality (2.29) and the estimates (2.30)-(2.31), we com-
plete the proof.

2.3.2 Directionally transient random walk without an asymp-

totic direction

Let {p; : i € Z} and {p} : j € Z} be two independent i.i.d. copies of p. Following a similar

procedure as in the previous example, we consider in the lattice Z? the canonical vectors

e; and ey, and define the random environment w = {w((7,7)) : (4, ) € Z*} by,
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L pi
together with
! 1 p/.

We call Py the law of the above environment and ()5 the annealed law of the corresponding

random walk starting from 0.

Theorem 2.3.2. Consider a random walk in a random environment with law Py. Then,

the following are satisfied.

(1) LetleS. Thenl-e; =0 and - ey = 0 if and only if Qs-a.s.

lim X,, -l = 0.

n—o0

(i7) Q2-a.s.

(1i1) There exists a non-deterministic 0 such that:

X N
— .
|Xn‘2
in distribution.
(iv) There ezists a ¢ > 1 such that
limy,_,..L " log Q2[ Xy, 0 # 0" Brera(0)] <0, (2.33)

where | = (1/4/2,1/+/2). Thus, condition (T)|l [Sz02] is satisfied.

Proof.
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(4)

(i7)

(idi)

This amounts to prove that ()o- a.s.

lim X, -e; = w and lim X, - e; = 0.
n—o0 n—aoo

Both assertions follow from the one dimensional procedure, Theorem 2.1.2 in [Zel]

and the assumption TNB.

This proof is similar to case (ii) of Theorem 2.3.1 .

Define a sequence T; ;, for ¢ > 0, j € {1,2} as follows: T ; = 0,
Ty, =inf{n >0: (X, — Xo)-¢; >0or (X, — Xy) - e; <0}

and for 7 > 2

Tij=Tijo0n,,+Ti1;

Setting Y, ; := Xr, , - e;, we see that for j € {1,2}, the one dimensional random
walks without transitions to itself at each site (Y}, )n>0 are independent and their
transitions at each site i € Z? are determined by p;. Furthermore, for j € {1, 2}, the
strong law of large numbers implies that (o- a.s.

T,
lim =0 = 2. (2.34)

n—o N

We now apply the result of Kesten, Kozlov and Spitzer [KKS75] to see that there

exist constants € and (45 such that

Yn,l Yn,2 1 " 1 "
(nw nn)*(“(@) ’02(@))

in distribution, where for j € {1,2}, S7 * stand for two independent completely

asymmetric stable laws of index k, which are positive. Using (2.34) and properties

of convergence in distribution we can see that

K K
X C C
)( n’ n’ L —+ =2
. (X 61)61 ( 62)62 (Sgaﬁ> €1 <Sc2an> €9

_ n nt
| X | (Xn-e)? | (Xn-e2)? 2k 2k
() ()

in distribution. Therefore we have proved that the limit ¢ is random.
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(iv) A first step will be to prove the following decay
limsup L™ log Qo[ T, < T3] <0

for arbitrary positive constants ¢ and ¢ (see (2.27) and (2.28) for the notations). We
prove this in the case j = 1, the another case being similar. Following the notation
introduced in Theorem 2.3.1 item (i) and denoting the greatest integer function
by [-], we see that it is sufficient to prove that for large L there exists a positive

constant C such that:
Er[Pyw[Y,, hits [6L] + 1 before [cL] + 1]] < exp{—CL}. (2.35)
To this end, for a fixed random environment w, if we denote U¥ to
P, ,|Y, hits — [¢L] + 1 before [cL] + 1],

the Markov property makes us see that U7 satisfies the following difference equation
for integer i € [CL] + 2, [cL]]

‘Bf = (1- Pi)miL_1 + plmz’L-H
with the constraints

QT[LEL]H =1 and Q][LCL]H = 0.

This system can be solved by the method developed by Chung in [Ch67], Chapter
1, Section 12. Applying this one sees that

B eXp{Z—[EL+1],O} +...+ eXp{Z_[EL]H,[CL]}

T+ exp{X o pergse) T T P ey}

= log p(m) and

Ty

where we have adopted the notation introduced in [Sz02], )]

z<m<z'

p(m) = (1—pm)/Pm- A slight variation of the argument in [Sz02] page 744 completes
the proof of claim (2.35). On the other hand, considering the probability

Qo[ X1y, ,, 0 ¢ 0" Brara(0)],

we observe that is clearly bounded from above by (see Figure 2.2)

Q2 [T?@L < T%L] T QQ[TEQ§L < T%L]
In virtue of the claim (2.35) the last expression has an exponential bound and this

finishes the proof.
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AN

Figure 2.2: A geometric sketch to bound QQ[XTBL 2 ,(0) ¢ 0" Brar.(0)].

2.4 Backtracking of the random walk out of a cone

Here we will provide a uniform control on the probability that a random walk starting
form the vertex of a cone stays inside the cone forever. It will be useful to this end to

define

D':=inf{neN: X, ¢ C(o,l, Xy)}, (2.36)

where as before [ € S 1,

Proposition 2.4.1. Let | € S™!. Suppose that (P)ur.|l holds, for some M > 6d — 3.
Then there ezists a positive constant ca(d) > 0 such that Py[D' = o] > co(d).

In what follows we prove this proposition. With the purpose of making easier the
reading, we introduce here some notations. Let I’ € S*! and choose a rotation R’ on R?

with the property
R/<€1) = l/

For each z € Z%, real numbers m > 0, ¢ > 0 and integer 7 > 0 we define the box

Bi(z) :=

r+ R ((_2m+i72m+i) % (_262m+i’262m+i>d*1) A Zd
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along with its ”positive boundary”

0" Bi(x) := 0B(x) n {z + R' ((2™",0) x R 1)},

We also need slabs perpendicular to direction I’. Set
Vo(z) =2+ R ([-2",2"] x R"") n Z¢

and for 7 > 1,

—2m ) 2mﬂ'] x Rdl) nZ%

J=0

Vi) =2+ R (

The positive part of the boundary for this set is defined as

ot Vi(x) := oVi(x) N {x + R ((ZZ] 2+ oo) X Rd_1> } .

Furthermore, we will define recursively a sequence of stopping times as follows. First, let

TQ = TBO(XO)'

and for 7 > 1

T :=Thy(xy, ) 001, + Tica.

We now need to define the first time of entrance of the random walk to the hyperplane
R ((=,0) x R*1),
Dy :=inf{n>0:X,-1I'<0}.

With these notations we can prove:

Lemma 2.4.2. Assume (P)ya2|l' where ¢ > 0, for some N > 2(d —1). Then, for all

meNandre{zeZ: z-1' > 2™}, we have that

Po[ Dy = o] = y(m)

where y(m) does not depend on l' and satisfies lim,, o y(m) = 1.
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Proof. From the fact that (P)y2|l’ holds, we can (and we do) assume that there exists a

m > 0 large enough, such that for any positive integer ¢+ one has that

Po[ X1y, € 07 Bi(0)] = 1 — 27N+ (2.37)
holds. By stationarity, we have for z € Z¢:

Pi[ X1, ,, € 0" Bi(z)] = 1 —27 N0+, (2.38)

Throughout this proof, let us choose z € {z € Z? : z -1’ > 2™}. For reasons that will be

clear through the proof, we need to estimate for ¢ > 1 the following probability

I := Pu[Xr, ., € 0 Vi(x)], (2.39)
and with this aim, in view of (2.38), we have
B

o= Po[Xr, , € 0" Bo(x)] =1 —-27"" >1-27%

Now, as a preliminary computation for the recursion, we begin to estimate I;. Note that

[1 = P:E[XTO € a+Bo(X0), (XTBl(XO) € 8+Bl(X0)) @) HTO]. (240)

Using the strong Markov property at time 7Ty we then see that

\%

Il = Zy€a+Bo(z) E [PJ%W [XTO € 6+B0(X0)7 XT() = y]
> Zy€6+Bg(z) E [Px,w[XTO € a—i_BO(‘XvO)a*XvTO = y]

% PyulXry,, € 0 Biy)]la, | (2.41)

where

G(] =

{fweQ: Py,w[XTBI<y> € 0tBi(y)] > 1—-2"N%, for all y e 0% By(z)}.
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Thus, it is clear that
L= (1-27N%) (P[Xr, € 0¥ Bo(Xo)] — P[(Go)]) - (2.42)
Notice that by (2.38) and Chebyshev’s inequality
PI(Go)] < Xyes (o) BLPocol X1y # 0 Buly)] = 275 ]
< Zyea+Bo(x) Py[XTgl(y) ¢ 0t By(y)]2N?
= |a+Bo($)|2N%]P0[XT31(O) ¢ 07 B1(0)]

< (202m+1)d—12N(%—(m+1)) < (202m+1)d—127N%' (243)

Plugging (2.43) into (2.42) we see that

L=(1-2V9)1—27V% — (2e2mthyd-1a=VT), (2.44)

Hereafter we can do the general recursive procedure. For this end, we define for ¢ > 1

Ji 1= Po[Xn, € 07 Bo(Xo), (XTgl(x0> € 0" B1(Xo)) 0 O, - .. (2.45)
P (XTBi(XO) € 6+BZ(X0)) o HTFl].

It is straightforward that I; > J;. Furthermore, through induction on ¢ > 1, we will

establish the following claim

Ty (1—2NVEEy | g, - gV (Z 2c2<m+j>+1> . (2.46)

7=0

To prove this, we first define the extended boundary of the pile of boxes at a given step as

Fy := dBo(z) n {z + R((2", ) x R™1))},

and for 7 > 2

Fioy = 0{uyer,Bimi(y)} 0 {o + R((2777 0) x RTH)}

Using these notations, we can apply the strong Markov property to (2.45) at time 7;_,
to get that

Ji = ZyEFi,l E [PLUJ[XTO € 6+BO(XO), R

o (Xry gy € OB (X0)) 0 0r,_ X, = 1Pl Xy v, € 0T Bi(X0)] |
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Following the same strategy used to deduce (2.44), it will be convenient to introduce for

each 7 > 2 the event

Gi—l =

(m+i—1)
N 2

{w eQ: Py:W[XTBi(y) € (?J“Bl(y)] >1-—-2" , for all Y € Fi—l}-

Inserting the indicator function of the event G;_; into (2.45) we get that

Ji >
S E [PI,W[XTO € 0¥ By(Xo)s -+ (Xry, ) € 0 Bioi(Xo)) 0 0r,_y, X,y = ]
%P, [Xr, ) € &*Bi(XO)]]IGH] .
By the same kind of estimation as in (2.42), we have
Ji=(1— 27V (Tl — P[(Gi)e]) - (2.47)

We need to get an estimate for P[(G;_1)¢]. We do it repeating the argument given in
(2.43). Let us first remark that

i—1 d-1
|Fiq| < (Z 2c2(m+j>+1> : (2.48)
j=0

holds. Indeed, the case in which I’ = e; gives the maximum number for |F;_;|. Keeping

(2.48) in mind we get that

(m+i—1)
Pal(Gie1)] < Zyer,, P [Py:w [XTB,-<y) ¢ 5*Bz-(y>} = TN%I]
m+i—1)

(
< ZyeFi_l Py[XTBi(y) ¢ a+Bl(y)]2N 2
i . d—1 m+i—1
< (Z};}) 2c2<m+ﬂ>+1> 9N (2.49)

Therefore, combining (2.49) and (2.47) we prove claim (2.46). Iterating (2.46) backward,

from a given integer i, we have got

i—1 i—1 a1
Ji> [Hﬂ N h)>] SV [Ja-2 N, (@2s0)
h=1 j=1 k=j

where we have used for short

; d—1
J
aj = (Z 62(m+i)+1> < (2C)d—12(m+j+2)(d—l)'

=0
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The same argument used to derive (2.44) can be repeated to conclude that
J=(1—-27V2)(1—27N% — (2c2mthyd-1o7 Ny, (2.51)

Replacing the right hand side of (2.51) into (2.50), and together to the fact I, > J;, we

see that
7 +h = (md) (m-+k)
I > [H<1 — 2—Nz)] (1—27V5) = Yla2 V2 [Ja-27V). (2.52)
h=0 j=0 k=j

Now we can finish the proof. First, observe that
Pm[Dl/ = OO] = Ioo7

where as a matter of definition

I, = lim I,

1—00
(this limit exists, because it is the limit of a decreasing sequence of real numbers bounded
from below). By the condition N > 2(d — 1), we get that for each m > 1 one has that for
all j > 1,
_ M(m+j)

d—1 719(m+j)
a; 2 2 < (80) 2 2,

where 1 stands for the positive number so that N = 2(d — 1) + 9. Thus all the products

and series in (2.52) converge and we have that for allm > 1 and z € {z € Z?: 2 -I' = 2™}

P,[Dy = ©] = y(m),

where

y(m) = |TTio(1 =274 | (1 - 27v%)

_n(m+3) _n(mtk)
a2 VT (- 2N

Clearly for each m > 1, y(m) does not depend on the direction I’ and lim,, ., y(m) = 1,

which completes the proof. O]
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With the previous Lemma, we now have enough tools to prove Proposition 2.4.1.
Before this, we need a definition of geometrical nature.

We will say that a sequence (x,...,x,) of lattice points is a path if for every 1 <i <
n — 1, one has that z; and x;_; are nearest neighbors. Furthermore, we say that this path

is admussible if for every 1 < i < n — 1 one has that

(ZL‘Z‘ — (L’Z‘_l) - # 0.

Proof of Proposition 2.4.1. Assume (P).|l, where M > 6(d — 1) + 3 which is the con-
dition of the statement of the Proposition 2.4.1. We appeal to Proposition (2.2.3) and

assumption (P)ys .|l to choose an a > 0 such that for all i € [2,d]

(P)n2c|l+i

is satisfied with

N % 1= 2(d-1). (2.53)

From now on, let m be any natural number satisfying

1
2(d— 1)’

where y(m) is the function given in Lemma 2.4.2. Note that there exists a constant c3(d)

such that for all z € Z? contained in C(a, [, R(2™e1)) and such that |[R(2™e;) — x|, < 1

y(m)>1-— (2.54)

one has that there exists an admissible path with at most c32™ lattice points joining 0

and x. We denote this path by

(071/1»---,% = l’)
noting that n < c32™.

The general idea to finish the proof is to push forward the walk up to site x with the
help of uniform ellipticity in direction [ and then we make use of Lemma (2.4.2) to ensure

that the walk remains inside the cone.
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Therefore, by (2.53) and Lemma (2.4.2) we can conclude that for all 2 < i < d one
has that
P.ADy, = 0] = y(m), (2.55)
along with

= o] = y(m). (2.56)

Define the event that the random walk starting from 0 following that path (0,41, ..., yxs)

as

Now notice that

PO [Ana (Dl

i—

=) 00,,( Dy, =)o, for2<i<d]. (2.57)

On the other hand, by definition of the annealed law, together with the strong Markov
property we have that

PO[A’VH (Dl

i—

=) 00,,( Dy, =x)ob, for 2<i<d =
E[Pou[An], PrwlDy, = 0, Dy, = o for 2 <i < d]]. (2.58)

i

Using the uniform ellipticity assumption (U FE)|l, along with (2.55) and (2.56), we can see
that (2.58) is bounded from below by

(26)%" (1 = 2(d = 1)(1 = y(m))) . (2.59)

By virtue of our choice of m in (2.54), we see that there exists a constant ¢ just depending

on the dimension (we recall that m is fixed at this point of the proof), such that

cy = (26)%%" (1 —2(d —1)(1 —y(m))) >0 (2.60)

Finally, in view of the inequalities (2.57) and (2.58) it follows that
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2.5 Polynomial control of regeneration positions

In this section, we define an approximate regeneration times as done in [CZ01], which will
depend on a distance parameter L > 0. We will then show that these times, assuming
(PC) |l for M large enough, and cone-mixing, when scaled by s, define approximate

regeneration positions with a finite second moment.

2.5.1 Preliminaries

We recall the definition of approximate renewal time given in [CZ01]. Let W := & U {0}
[c.f. (2.2)] and endow the space WY with the canonical c—algebra W generated by the
cylinder sets. For fixed w € Q and € = (g9, 1, ...) € WY, we denote by P, the law of the
Markov chain {X,,} on (Z%)", so that X, = 0 and with transition probabilities defined for

zeZl e el =1 as

Lie, o)

Pwan = Xn: :]18=€ T ol

[w(z,e) — Kl jeegy]-

Call E, . the corresponding expectation. Define also the product measure (), which to
each sequence of the form e € W assigns the probability Q(e; = e) := k, if e € £, while
Q(e1 = 0) = 1 — k|&|, and denote by E the corresponding expectation.

Now let & be the o-algebra on (Z4)N generated by cylinder sets, while § be the o-

algebra on 2 generated by cylinder sets. Then, we can define for fixed w the measure

ﬁo,w = Q® Pw,s

on the space (WY x (ZH)N W x &), and also

Py =PRQ®P,,

on (QxWHNx (ZYN FxWxB), denoting by Eq, and Ej the corresponding expectations. A
straightforward computation makes us conclude that the law of {X,,} under Pow coincides

with its law under Fp,, and that its law under P, coincides with its law under P.

Let q be a positive real number such that for all 1 <7 < d,
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u; = liq

is an integer. Define now the vector u := (ug,...,uq). From now on, we fix a particular

sequence ¢ in & of length p := |u]; whose components sum up to u:

E:=(1,...,5),
together with
E1 =8y =...=Epy = sgn(ui)e,
Elur|+1 = Ejur|+2 = - -+ = Ejus|+|uz| = 580 (U2)es
Ep—fugl+1 = --- = Ep = sgn(uq)eq.

Without loss of generality we can assume that [; + 0. And by taking a small enough that
£1,81 +8,...5
are inside of C(0,1, ). For L € pN consider the sequence ") of length L, defined as the

concatenation L/p times with itself of the sequence £, so that

= (51,...,§p,...781,...,€p).

Consider the filtration G := {G, : n = 0} where

Gn = o0((g;, X;),i < n).

Define Sy := 0,

Sl =

infin>L: X,_p-l>max{X,,-l:m<n—0L}, (a_p,...,6n_1) =ED)}

together with
R, = D' o 951 + 5.
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We can now recursively define for k£ > 1,

Skt1 1=
inf{n > Ry : X,_r-l>max{X,,-l:m<n—L}, (o, ..,En1 =2"))}
and
Rk+1 = D, 9) 0Sk+1 + Sk+1.
Clearly,

0=So<51<R1<"'OO,

the inequalities are strict if the left member of the corresponding inequality is finite, and
the sequences {Si : k = 0} and {Ry, : k > 0} are G-stopping times. On the other hand, we

can check that Py—a.s. one has that S; < oo along with the fact Py—a.s. on the set
{lim X, - I = oo} n {Ry < oo} one has too that (2.61)
Sky1 < 0.
Put
K :=inf{k >1:5; < w0, Ry = w0}

and define the approzrimate regeneration time

) = S (2.62)

We see that the random variable 7(&) is the first time n in which the walk has reached a
record at time n — L in direction [, and then the walk goes on L steps in the direction [
by means of the action of &) to finally after this time n never exits the cone C(X,,,[, a).

The following lemma is required to show that the approximate renewal times are Py-
a.s. finite. Its can be proved using a slight variation of the argument given in page 517

of Sznitman [Sz03].

Lemma 2.5.1. Consider a random walk in a random environment. Let | € S*¢71, M >
d+1 and ¢ > 0 and assume that (PC) |l is satisfied. Then the random walk is transient

in direction .
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Proof. For the sake of completeness, we are going to sketch the steps so as to obtain the
claim of the theorem.
Step 1. Notice that any M > 0 gives
Py[limsup X,, - | = 0] = 1.
n—aoo
From one can easily show that
Py[limsup X,, -l =o0] =1
n—aoo

if and only if
lim Pp[inf{n >0: X, -l>L} = o] =0.

L—0o0
Step 2. Following the argument on page 517 of [Sz03|, we have got to get rid the order
of the positive boundary of a box plus some order which makes possible to apply Borel-
Cantelli Lemma. It can be seen that a term in M of d — 1 suffices to get rid the order of

the positive boundary and therefore M > (d — 1) + 2 = d + 1 is enough to get:

Po[lim X, -1 = o] = 1.

n—00
O]
We make note a trivial remark that the random walk is transient in direction u also.

We can now prove the following stronger version of Lemma 2.2 of [CZ01].

Lemma 2.5.2. Assume (CM)q4ll, (UE)|l and (PC)e for M > 6d — 3,¢ > 0. Then

there exists a positive Ly € |u|1N, such that

¢(Lo) + Po[D" < o0] < 1,

and T < w0, Py-a.s. are fulfilled for each L > Ly, L € |u|;N.

Proof. Following the arguments in the proof of Lemma 2.2. of [CZ01] (using u instead of
[), one has that:
Py[Ry < 0] < (¢(Lo) + Py[D' < 0])* (2.63)
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From the assumption (CM),4|l, we have ¢(L) — 0 as L — co. On the other hand, by
Lemma 2.4.1,
P[D <] < 1.

Therefore, we can find a Ly with the property:
o(L) + Po[D' < 0] < 1,

for all L > Lo, L e N|l|;.

Then, via Borel-Cantelli Lemma, one has that Py— almost surely
inf{n>1: R, = o} < w, (2.64)
holds. Now, observe that Py— almost surely:
inf{n>1: R,=w}=inf{n>1:R, 1 <0 R, = w0} (2.65)
In turn, using (2.61) which is satisfied in view of Lemma 2.5.1, turns out that
inf{n>1:5, <R, =w}=K<w0

Py— almost surely. O

Finally, we can state the following proposition, which gives a control on the second moment
of the position of the random walk at the first regeneration position. Define for z € Z¢

and L > 0 the o—algebra

L
3x,L =0 {W(y, )7 Yy usT-ou-— —|U|2} :

|uly

Proposition 2.5.3. Fizl € S**' a >0, M > 0 and ¢ : [0,0) — [0,0) such that
lim, o, ¢(r) = 0. Assume that 0 < a < min{%,ﬁ} and that (CM)ae|l, (UE)|l and
(PC)areli hold. Then, there exists a constant c5, such that

EO[(K/LXT(L) . Z)Q|SO7L] < Cs. (266)
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2.5.2 Preparatory results

Now we are in position to prove the main proposition of this section. Before we do this,

we will prove a couple of lemmas.

Lemma 2.5.4. Assume that (CM), 4|l holds. Then, for each x € Z* one has that
E[Pew[D" = 0][8z.L] — Pl D = ]| < &(L)
holds a.s.

Proof. For each A € §, 1, we define

V[A] i= B[P, [D = 00]14] (2.67)

and

plA] = (B[D" = o] + ¢(L)) P[A] — v[A]. (2.68)

Clearly (2.67) defines a measure on (€2, §, ). We will show that (2.68) also. Indeed,
take an A € §, and note that P, [D = o] is o{w(y,-), y € C(z,, a)}-measurable.
Therefore, by assumption (CM), 4|l one has that

v[A] < Py[D' = wo|P[A] + ¢(L)P[A].

Consequently, (2.68) defines a measure p on (€2, F. ). Consider the increasing sequence

{A,, : n = 1} of §, r-measurable sets defined by

A, = {w € Q:E[P,u[D = x0]|§sL] > Po[D' = 0] + ¢(L) + l}

n

and define

A::UAn.

n=1

Observe that for each n > 1 we have that



Therefore, one has that for each n > 1, P[A,] = 0 and consequently P[A] = 0. Observing
that
A={weQ:E[P,,[D = ©][§or] > Po[D = o] + ¢(L)},

we see that

E[P, o[D" = ©]|§.1] — Po[D' = o] < ¢(L). (2.69)

One can prove that

—¢(L) S E[Ppu[D" = 0]|To,L] = Ro[D' = 0]
following the same argument used to show (2.69), but changing the event {D’ = oo} by
{D" < oo}.
[

The second lemma that will be needed to prove Proposition 2.5.3 is the following one. To

state it define

M:= sup (X, — Xo) - u,
0<n<D’

D'(0):=inf{n>0: X, ¢ C(0,l,a)},

and for a € R

T :=inf{n>0: X, 1> a} and

a

T':=inf{n>0: X, 1> a}. (2.70)

Lemma 2.5.5. Let M > 4d + 1 and

2e+1<—. (2.71)

Q|+

Assume that (PC)arc|l is satisfied. Then, there exists cg = cg(d) > 0 such that a.s. one
has that

EQ[E):RQ, D/ < 00‘3’07[/] < ¢Cg.
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P— almost surely.

Proof. To simplify the proof, we will show that the second moment of

M = sup (X, — Xo) -1

osngD’

is bounded from above. Note that

Eo[M?, D' < ©|Fo.r] < Po[D' < 0| o]

Dm0 22D P [2m < M < 2 D < o0 | Fo,L)- (2.72)

Therefore, it is enough to obtain an appropriate upper bound of the probability when m
is large

R[2™m <M < 2" D' < o | Fo.r]-

Note that,

Pl2m <9 < 2m*L D' < o0 | Fo,r]
< By|[T4m < D' < 0, Tk 41 001,, > D'(0) 0 Oz, | Fo,r]
< Bo[Xp, ¢ 0" Bom cym 1(0), Tgm < D' < o0 | Fo 1]

+P0[XT2lm € &*Bgm@gm’l(O),TleH o 49T2m > D/(O> o 0T2m | SO,L]- (273)

Using (PC)pr.|l, we get the following upper bound for the first term of the rightmost

expression in (2.73),

Pl Xy, ) & 07 Bom om 1(0), (Xn)osn<ty, o) © (Hout) | Ho,]

< 2-Mm, (2.74)

cam 1(0

As for the second term in the rightmost expression in (2.73), it will be useful to introduce
the set
Fm = 8+B2m’62m’l<0).

Now, by the strong Markov property we have the bound
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Po[Xr,,, o 0 € O Bomom 1(0), Tgpin 0071, > D'(0) 0 Og1 | Fo,r]

< Zyer, PulTymen > D'(0) | Fo.r] (2.75)

,e2m

In order to estimate this last conditional probability, we obtain a lower bound for its
complement as follows. To simplify the computations which follow, for each z € Z? we

introduce the notation

Bz = Bgmflﬁgrnfl’l (._'L')

Now, note that under the assumption (2.71) we have that

c (2™ + 2™ < cot(B)2™ 7,

which implies that the boxes B, and B,, for all y € F,, and z € 07 B, are inside the cone

C(0,1, ) (see Figure 2.3).

Bam|-gm 1(0)

Figure 2.3: The boxes B, and B, are inside of C(0,[, «).

Therefore, fixing y € F},,, it follows that

Py[TL i < D'(0) | Foz] =
Zze&‘*’By E[Pyyw[XTBy € a+By7

X1, = 2, (X1, € 0% B.) 0 0r, |[So.r]- (2.76)
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To estimate the right-hand side of the above inequality, it will be convenient to introduce
the set

F, = 0[Uyer, By] 0 {R([2™ + 2™, 0) x R},

and the event

Gp, ={weQ: P, [Xr, €07B.]>

M(m—1)

1-2="2 | forall ze F,}.

Using the strong Markov property, we can now bound from below the right-hand side of

inequality (2.76) by

M(m—1)

(1=27757) (P[X1,, € 0B, IS0l = PG, ) Fou]) (2.77)

In turn, by means of the polynomial condition and the fact that the boxes B, and B, are

inside the cone C'(0,1, ) we see that (2.77) is greater than or equal to

M(m—1)

(1—2"""7% ) (1=27M"Y — P[(Gp,)[So.L]) - (2.78)
Now, note that
PZ/[(GFm)C|307L] < erFm 2M(7;_1)PI[XTB$ ¢ 6+B$|SO,L]
M(m—1)

_ M(m—1)
2

< |Fp277 2 < (4e)d12md=12 (2.79)

where in the first inequality we have used Chebyshev inequality, in the second one the as-
sumption that (PC)yy |, is satisfied and in the third one the bound | F,,| < (4c)d-12md=1),
Consequently inserting the estimates (2.79) into (2.78) and combining this with in-

equality (2.76) we conclude that

Py[Tle+1 < D/(O) | SO,L] > (1 _ 2_w) y
)

M(m—1)

(1—2""=2 — (4¢)?12md-12

M(m—1)
—==)

M(m—1)
— =5

> 1 — 3(4c)?12mid-12 (2.80)
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Using the bound (2.80) in (2.75), together with the estimate |F},| < (2¢)?12m@=1 we
see that

Po[ X1, o 0 € O Bomgm 1(0), Typin 0071, > D'(0) 0 0y | Fo,r]

,e2m

_ M(m—1)
2

< 3(4c)2d=1)2mld=1)9 (2.81)

Combining the estimates (2.81), (2.74), (2.73) with (2.72) we conclude that

Eo[M?, D' < 0|Fo.L]

M(m—1)
2

<1+ 4(4c)2dD Y 22(mFD2mid=1)g-

<1+ 442Dy 27 < g,

where in the second to last inequality we have used the fact that M > 4d + 1 and ¢q is a

constant that does not depend on L. This completes the proof of the Lemma. O]

2.5.3 Proof of Proposition 2.5.3

To simplify the computations, we introduce the notation

b=b(L) = Py(D' < o) + 6(L),
W =b(L) = Py(D' = ) + ¢(L)

and Epgq = EEg. Furthermore, it will be necessary to define for each j > 0 and n > L+

the events
D;, = {ce WY (s ooy Emarot) #zB forallj<m<j+n—L+ 1}.

The following lemma, whose proof is presented in Appendix 2.7, will be useful in the proof

of Proposition 2.5.3.

Lemma 2.5.6. There exists a constant c; such that for all n > L? one has that

Q[Do,] < (1 — e L?x5) =],
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We now present the proof of Proposition 2.5.3, divided in several steps. For the sake of

simplicity, we will write 7 instead of 7(&).

Step 0. We first note that

Eo[(XT : U)2 | go,L] =

o k-1

Z Z EO[(XSk,+1 : U)2 - (Xsk/ : U’)Qa Sk < O, D/ o HSk = 0 | SO,L]-
k=1k'=0

(2.82)

Throughout the subsequent steps of the proof we will estimate the right-hand side of
(2.82).

Step 1. Here we will prove the following estimate valid for all K > 1 and 0 < k&’ < k.

EO[(XSk/Jrl ' U)2 - (Xsk/ : 'LL)Q, Sk < 007 D/ o esk = @0 ’ SO,L]

< b,bk_k/_lEo[(XSk/+1 . U,)2 — (Xsk, . u)2, Sk/-i-l < 0O ‘ 3'07[/]. (283)

Furthermore, define the set

Then, for each 0 < k' < k, one has that

EO[(XSk,+1 cu)? — (Xg,, -u)?, Sk <0,D' 0fg, =0 |For]

= Z EP@Q[EW75[(XS;Q/+1 ’ u)Q - (Xsk/ ’ U)Q, Sk =n,

n=1,ceHL

XS :ZL',D,OQTLZOO|SO7L]

k

= Z EP@Q[EW75[(XS]€/+1 ’ U)Q - (Xsk/ ’ u)27 Sk‘ =n, Xn = x]

n=1,xeHL

Py, 0,e[ D' = 0] | Fo,L]
— 2 E[Eou[(Xs,,, -u)® — (Xs, - w)? Sk < 0, X, = 2]

xeHL

P:):,w[D/ = OO] ’ SO,L];
(2.84)
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where here for each x € Z4, 9, denotes the canonical space shift in Q so that J,w(y) =
w(z + y), while for each n > 0, 6,, denotes the canonical time shift in the space W
so that (0,€);m = €n4m, in the first equality we have used the fact that the value of
Xs, -u = Xg, - u, in the second equality the Markov property and in the last equality
we have used the independence of the coordinates of € and the fact that the law of the
random walk is the same under P, , and under EgPy_, g, ..

Moreover, by the fact that the first factor inside the expectation of the right-most

expression of (2.84) is §, -measurable, the right-most expression in (2.84) is equal to

D E[Eou[(Xs,,, - )’ — (Xs, - u)?, S < 00, Xs, = 7]

reHL

E[Px,w[Dl = OO] | gx,L] | 30,L]- (2.85)
Applying next Lemma 2.5.4 to (2.85), we see that

erHL E[Eovw[(XskUrl ’ u)2 - (XSk/ ' u>27 Sk < <X>7)(S]’C = ‘r]
XE[Px,w[D/ = OO] ’ 3{:1:,[/] ’ SO,L]
<SVE(Xs,,,, - u)? = (X, - u)?, Sk < | Forl- (2.86)

Next, observe that for &’ < k one has that

Eo[(Xs,,,, -u)? = (Xs,, -u)?*, Sk < 0 | For]
= Eo[(Xs,,,, -u)® — (Xs, -u)?, Ree1 < 0 | Fo,r]
= Ywent E[Eou[(Xs,, ., - u)? = (Xg,, - u)?, Spoy < 0, Xg,_, = 1,
D'ofs, , < o] |FoL]
= erHL E[EO,w[(XSkIH : “)2 - (ng, : U)za Sk—1 <0, Xg, , = 7]
P, ,[D" < o] | Forl
= D weHl E[Eo,w[(XSk/H cu)? — (Xg, - u)?, Sp1 < 0, Xg, , =]

E[P, D" < 0] | Fzr] | o] (2.87)

By Lemma 2.5.4, we have that E[P, ,[D’ < ] | §,1] < b= FB[D’ < ®]+ ¢(L). Using

this inequality to estimate the last term in (2.87), we see that
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u)? = (Xg, -u)?, Sp < 0| o)

’ u)2 - (XSk/ ' u>27 Sk*l < 0 | ',SO,L:I-

By induction on k we get that

EO[(XSk/+1 : U)2 - (Xsk/ : U’)za Sk; < @ | %O,L]

< bk_kl_lEO[(XSk/+1 ’ U)2 - (Xsk/ ’ U)2, Sk""‘l <X | SOvL]' (288)
Combining (2.88) with (2.86) we obtain (2.83).
Step 2. For k > 1 we define

M, := sup X, -u. (2.89)

OénéRk

Define also the sets parametrized by k and n > 0

._ I\ — =)
An,k = {8 e W <8tl(cn>78t§€n)+1’ R ,€t§n)+L_1> =£ } (2.90)
and
B i=3ee W' (e,0,6,0
nk - € g, €
k k

)2 foralo<j<n—1f, (291)

1 S

where we define the sequence of stopping times [c.f. (2.70)] parameterized by k and
recursively on n > 0 by

t,(fo) = T]lwk
and the successive times where a record value of the projection of the random walk on [

is achieved by

t(n+1) .l
t
k

In this step we will show that for all £ > 0 one has that
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EO[(XSkJrl 'U>2 - (Xsk 'U)Q, Skt1 < OO|30,L]
< ZrLL:Bl EO[(XSk+1 'U)2 - (Xsk. 'U)Z,tx(gn) < 0, Ank ’ So,L]
+ 27010=L2 EO[(XSk+1 : u)Z - (XSk : U’)27t](¢n) < O, Bn,k; An,k | SO,L]) (292)

To prove (2.92), we have to introduce some further notations. Now, note that on the

event A, ; N B, one has that

Sk+1 = t]E:n) + L
Thus, as a consequence of the definition of Sy, 1, one has that Py-a.s.

{Sker < o} < | 1Y < 90, Bu, Ani}- (2.93)

n=0

Display (2.92) now follows directly from (2.93).

Step 3. Here we will derive an upper bound for the two sums appearing in the right-hand

side in (2.92). In fact, we will prove that there is a constant cg such that for all £ > 1 one

has that
S Bol(Xsy, - w)? — (Xs, - w)? 10 < 00, Any | o,z
< CgliL (L4bk71 + L2E0[X5k - U, Si < W|30’L]) (294)
and

Zf:[? EO[(XSk+1 ' U>2 - (XSk : u)27t](gn) < OO, Bn,k7 An.k ’ ‘SO,L]
< Y% o kb1 — el (04 D)2

—I—(n + L)E@[ng - U, Sk < OO‘SO,L]) . (295)

Note that for all n > 0 one has that

Xt(n+1) U< Xt(n) U+ |u]oo,
k k
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and hence by induction on n we get that

Xy - u < My + (n+ 1) |ufow.

Therefore, if we set
Llu]

L =
July

+ [ufo < oL, (2.96)

where ¢g is a constant depending on [ and d, we can see that Fy-a.s on the event {tl(:) <

0, Apr} one has that

Xy U < Ny i= My + nlu|o + L. (2.97)

Therefore, for all 0 < n < L? — 1 one has that

EO[(XSk+1 ' U)2 - (XSk u)27t](<;n) < OO7An,k ‘ SO,L]
< Bo[NE, — (Xs, - )%, 10" < o0, A | o.r]

- Z] =0 erZd EP@Q [Ew S[N (Xsk ) )

tl(cn) =7, X; = x]]l{(a] z(L)} | So,.]

7777 Ej+L— 1)

mLEO[N,f,n — (Xs, - u)?, Ry < 0 | Fo.r], (2.98)

where in the equality we have applied the Markov property and in the second inequality
the fact that () is a product measure and that Ry < Slmllarly for all n > L? one has
that

Eo[(XSkH 'U)2 — (X, 'U)Q,t;n) < 0, By, Ani | So.z]
< Eo[NE, — (Xs, - u)?, 10" < 0, Bogy Ak | Fo.z]
S 20 Dmian 2uyezd Broq [BuweNE, — (Xs, - u)?,
X0 = 9,1y = 11PowoelDins 60" = My, ez ] | o]

< KQ[Don ] Eo[NE, — (Xs, - u)?, Ry < 0| Fo,]
KE(1— e L2RE)EL B (N2 — (X, - u)2, Ry < o0 | o.s, (2.99)
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where in the second inequality we have used the Markov property, in the third one the
fact that Ry < t’(€0) and in the last one Lemma 2.5.6.
Now, by displays (2.98) and (2.99), to finish the proof of inequalities (2.94) and (2.95)

it is enough to prove that there is a constant c¢;¢ such that

EO[NI?,n - (Xsk 'u)QaRk < 0 | gO,L]
< ((n+ L0 + (n+ L)Eg[ X, - u, Sy < ©[Fo]) , (2.100)

using the fact that n < L? — 1 in the left-hand side of inequality (2.94). To prove (2.100),

the following identity will be useful

NE, — (X, -u)® = (M), — X, - u)?
+2(nlule + L) (Mg — Xg, - u) + 2(njulyn + L") Xg, - u
+2(My — Xg, - u)Xg, - u+ (n|u|lo + L)% (2.101)
We will now insert this decomposition in the left-hand side of (2.100) and bound the

corresponding expectations of each term. Let us begin with the expectation of the last

term. Note that by an argument similar to the one developed in Step I we have that

Eo[(nluls + L')?, Ry, < 0[0.1] < ena(n + L), (2.102)

for some constant c;;. Similarly, the expectation of the first term of the right-hand side
of display (2.101) can be bounded using Lemma 2.5.5, so that
EO[(Mk - X, -u)?, Ry, < 0| So.z]
= Z E[Pyu[Sk < 0, Xg, = 2] B[, D' < 0 | o] | Fo.r]
xeHL

< cgbt L (2.103)

Again, for the expectation of the second term of the right-hand side of display (2.101),

we have that

EO[2(TI”U‘|OO + Ll)(Mk - XSk : U), Rk < 0 | gO,L]

< epb(n+ L), (2.104)
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for some suitable positive constant ci5. For the expectation of fourth term of the right-

hand side of (2.101), we see by Lemma 2.5.5 that

E0[2(Mk — ng U)Xsk - u, Rk < OO ‘ sO,L]
< 2\/C>6E0[XS,C - Uu, Sk < O | SO,L]- (2105)

Finally, for the expectation of third term of the right-hand side of (2.101) we have that

Eo[2(n|u|o + L) Xs, - u, Ry < 0 | Fo.z]

< epb(n + L)Ey[Xs, - u, Sk < o0 | Fo.z- (2.106)
Using the bounds (2.106), (2.105), (2.104), (2.103) and (2.102) we obtain inequality
(2.100).

Step 4. Here we will derive for all £ > 1 the inequality

EO[XSk U, S < OO|30,L]
< S U (SR BolNiv — X, -t < o0, Auge | Fou)+
3% 2 Eo[Nyyw — Xo, - u, ) < 00, By, Ay | SO,L]) . (2.107)
Note that
Eo[Xsk ~u, S < 0 | Fo.L]
= z;lo EO[(XSk/+1 - Xg,,) - u, S <0 | For] (2.108)

By an argument similar to the one used in Step 1 we see that for k' < k one has that

EO[(XSk/+1 - ng) -, S < o0 | 3O7L]
<V FTE[(Xs,,,, — Xsp) - u, Swar < 0 | Fozl- (2.109)

Now, we can use inclusion (2.93) in order to get that

Eo[(Xs,,,, — Xs;) -, g1 < 0 | For]
2 n n
< 25:01 EO[(XSk/+1 - XSL) : u7t§§/) < 00, Bn,k’7 An,k’ | gO,L]

+ 30 e Bol(Xs,,, — X)) - uty < o0, By, Auge | So.r, (2.110)
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where the events A, x and B, ;s are defined in (2.90) and (2.91). Using the fact that on

the event {t,(:f) < 00, By g, Ap i} one has that Fp-a.s.

(Xsy,, — X5, ) u< Ny — Xg -1,

we see that the right-hand side of (2.110) is bounded by the right-hand side of (2.107),

which is what we want to prove.

Step 5. Here we will obtain an upper bound for the terms in the first summation in
(2.110). Indeed, note that on Ry < t,(:), by an argument similar to the one used to derive

inequality (2.98), we have that forall 0 <n < L? and 0 < k' <k —1

EO[Nk’,n - Xsk, - u, t;(:) < 00, Ap | SO,L]
< KYEo[Nyw — Xs,, - u, Ry < 0 | Fo.z)- (2.111)

Step 6. Here we will obtain an upper bound for the terms in the second summation in

(2.110), showing that for all n > L? and 0 < k' < k — 1,

Eo[Niw — Xs,, - u, 75;(:) < 0, By, A | So,z]

< kP (1 = 7 L2kF) 2] Eo[Nyn — Xs,, - u, Ry < 0| Fo,]. (2.112)

Now note that

Eo[Nyw — Xs, - u, t;(:) < 0, By, A | So,z]

< Z?:o Zj’>j+n ZyeZd EP@Q [Ew,a[Nk’,n - ng, U,

0 . n .
th(c(l)) = y? té/) = j]P‘gyWﬁjE[Dj:n’ tl(C’) = ]/]]]‘{(8]-/ 6]-/+L_1)=§(L)}] | SO7L]

-----

= KLQ[Don B[ Eo [Ny — X, - 0, t9) < 0] | Fo.0]- (2.113)

Using Lemma 2.5.6 to estimate Q[ Dy ,,| we conclude the proof of inequality (2.112).

Step 7. Here we will show that there exist constant c;3 and ¢4 such that

L?-1
N Eo[ Ny — Xsp, - u,ty) < o0, Ay | So.0] < cxseLF ! (2.114)
n=0
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and

0
' Eo[Nwy — Xs,, - u, 0 < o0, Ay, Bug | So.n) < derar 2081 (2.115)

n=1L2
Let us first note that by an argument similar to the one used to derive the bound in Step

1 (through Lemmas 2.5.4 and 2.5.5), we have that

EO[Nklyn — XS’ u, Rk/ < OO] (n]u|oo + L +c 5)bk, (2116)

where c5 := /6. Let us now prove (2.114). Indeed, note that by Step 5 and (2.116) we
then have that

252—61 Eo[Nk’ — Xg,, - u, t(/) < 0, Api | To,Ll
< KPS Eo[ N — Xs,, -, Ry < 0 | §o.1]
< ez LY kEDF L, (2.117)

for some suitable constant ¢;3. Let us now prove (2.115). First note that

Z;?:LQ EO[Nk‘/,Tl - XSk/ - U, tg/l) < 0, An,k'; Bn,k' | SO,L]
< Zfzm ’fL(l - C7L2“L)[%]EO[Nk’,n - Xsk, “u, Ry < o0 | SO,L]
<SPS (1= e L) E nful + 1+ e5)

< e NP kb (1 — g L2122, (2.118)

for some constant c¢;g, where in the first inequality we have used Step 6 and in the second
we have used inequality (2.116). Finally notice that using the fact that for n > L? one
has that n < 2L? [ %], we get that

S enkb(1— C7L2/<L)[ﬁ] <2kFL2Y o [5] (1= erLPk L)[%]

=2L%E Y0 m(1 — e L2RE)™ < T 7)2R*L.

Using this estimate in (2.118) we obtain (2.115).
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Step 8. Here we finish the proof of Proposition 2.5.3 combining the previous steps we
have already developed. Combining inequality (2.107) proved in Step 4 with inequalities
(2.114) and (2.115) proved in Step 7, we see that there is a constant ¢;7 such that

E() XS - u, Sk < 0 SOL < Cl7kbk_2li_L. 2.119
k )

Thus, by inequality (2.94) proved in Step 3, we have that

L?-1
D Bo[(Xsyy, - w)? — (Xs, - )ty < o0, Auy | o] < cis LR, (2.120)
n=0

for certain positive constant ;g On the other hand, combining inequality (2.95) proved

in Step 3 with (2.119), we see that there exists a constant cjg such that
Z:}:LQ EO[(XSk+1 : u>2 - (Xsk ' u)27t](€n) < O, Bn,lm An,k ’ SO,L]
< oY o kE(1 — epL2L) 2] ((n+ L)2p—1

+(n+ L)kb*2x7E) . (2.121)

Now, note that for some constant ¢y one has that

S pa(n+ L(1 — e L2R5) 128 < g9 1735 and (2.122)
S ra(n+ L)(1 = er 2R < e 720, (2.123)

Substituting (2.122) and (2.123) into (2.121) we see that

Z:f:L2 E0[<Xsk+1 ’ U)2 - (Xsk ' u)27t](<;n) < O, Bn,ky An,k | 'SO,L] <

cork 2LV 2, (2.124)

for some suitable positive constant cg;. Substituting (2.121) and (2.124) into inequality
(2.92) of Step 2, we then conclude that there is a constant coe such that

E0[<X5k+1 . u)2 — (Xsk . U)2, Sk-i—l < OO|SO,L] < CQQI{_2Lbk_2]€. (2125)

Substituting (2.125) into (2.83) of Step 1, we get that

EO[(XSlirl ' u)2 - (Xsk/ : 'LL)Q, Sk < 007 D/ o esk = 0 ’ ‘SO,L]

< VORLE. (2.126)
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From the fact that Y57 354 01k < oo together with (2.126 and (2.82) of Step 0, we

conclude that

Eol(X; - U>2‘30,L] < cgzk 2k,

for some constant co3 > 0, which proves the proposition.

2.6 Proof of Theorem 2.1.1

In this section we will prove Theorem 2.1.1 using Proposition 2.5.3 proved in Section 2.5.
First in Subsection 2.6.1, we will define an approximate sequence of regeneration times.
In Subsection 2.6.2, we will show through this approximate regeneration time sequence,
that there exists an approximate asymptotic direction. In Subsection 2.6.3, we will use

the approximate asymptotic direction to prove Theorem 2.1.1.

2.6.1 Approximate regeneration time sequence

Asin [CZ01], we define approximate regeneration by the recursively by Tl(L) =7 [c.f.(2.62)]

and for 7 > 2

T, =10 971_(2 + 7

We will drop the dependence in L on TI(L) when it is convenient for us, using the notation
7; instead TZ-(L) . Let us define g-algebras corresponding to the information of the random
walk and the € process up to the first regeneration time and of the environment w at a

distance of order L to the left of the position of the random walk at this regeneration

time as

) (L)
Hi = 0'(7'1 ,X07 €0y .- 757-1(L)717X7—1(L)7

{wly,): y-u<u X — Liul/|uli}).

Similarly define for k > 2
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Hy = J(Tl(L)’ o ’T]EL),X07507 - ,€TISL)_1, XTISL),
{w(% ) Ty u<u- XT;EL) — L|u|/|u|1}) (2,127)

Let us now recall Lemma 2.3 of [CZ01], stated here under the condition Py[D’ = o] > 0
[c.f. (2.36)] instead of Kalikow’s condition.

Lemma 2.6.1. Let | € S**' o > 0 and ¢ be such that lim,_. ¢(r) = 0. Consider a
random walk in a random environment satisfying the cone-mizing assumption with respect

to o, I and ¢ and uniformly elliptic with respect to l. Assume that L is such that

d(L) < Py[D' = ).

Then, P—a.s. one has that

B X e — X} € A H] — B[{X} € AID = ]| < ¢/(L),

for all measurable sets A = (Z4)N, where

2¢(L)

VL) = R = ] = a(D))

Proof. For k = 1, the argument given in page 890 of ([CZ01]) still works without any
change. With the purpose of showing that the result continues being true under the
weaker assumptions here, we complete the induction argument in the case k = 2. To this
end, we consider a positive Ho— measurable function h of the form h = hy - (hy) 0 0., (-
denotes usual function multiplication), such that hq, is H;— measurable and hy is H'y

measurable, where the o— algebra H'; is defined as :

I (L)
Hl .= 0'(7'1 ,XO,EO,...,€T(L)71,XT(L),
1 1

u
{W(y,) Uy <u- X‘rl(L) - Lua ye C(Xo,l,OZ)})-

|uly
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We let A be a measurable set of the path space, for short we will write 14 := Ly(x,—xy),20eA}-
By the strong Markov property and using that 7 < co within an event of full F, proba-
bility, we get:

Eolhlao0,] < ) Eolhla o 0y,]

n=1
EQ[h]lA 04972 1x_,0 97—1,7'1 < OO]
ZEO[h]lA 097_2 , 71 = t]
t>1
D Eolhy - (ha06:)14006,, S, <0, D obs, = x]. (2.128)

t>=1

Now, notice that for given t € N;m € N,z € Z¢, we can find a random variable hy .

measurable with respect to o({w(y, ) 1 y-u < x-u— L%}, {X;}i<m) such that it coincides

with Ay on the event {r; = S; = m, Xg, = x}, therefore (2.128) equals

Z EO [hl,t,m,x(h2 O 671)]114 < 97’2 ]lSt:m,D/OHm:oo,Xm:x]

t=>1,m>1,zeZd

Z EO [hl]lst:m,Xm:xD’OGTn:oO]lA < 97’2h2 o 97'1]

t=>1,m>1,2eZd

Z E]P’@Q [EO,w,s [hl,t,m,x]lst=m,X,,L=x]lD’06m=oo]lA O 97'2 hZ < 07'1]]

t=1,m>1,2eZd

Z EP@Q [EO,w,e[hl,t,m,$]lSt=m,Xm=as]Ewa,Hme[]lD’=OO]lA o 6)7'1 h?]] (2129)

t=1,m>1,xeZ4

We now work out the following expression

EHIW,QME[]ID’:OO]lA o 97’1 h2]
Z Ewa,Gme[]lD’=oo]lA O 071h27 Sn = .j) XSn =z, D'o ‘gj = OO] (2'130)
z2eC(z,l,a)
n>1,j>m+1

Observe that, as in the case of hy, for fixed x and m, we consider the probability measure

Py, w.6,e- Then we can find a measurable function hy j, . with respect to o({w(y,-) :

Jul
|u

you<z-u—Ly- ye C(z,l,a)},{Xi}i<j) , which coincides with hy on the event
{r, =8, =j,Xs, =2 D = o}, furthermore note that D’ = o depends up to (j — 1)
coordinate in ¢ (recall that {D’ = oo} € ‘H;), hence we can apply the Markov property to
get that the last expression in (2.130) is equal to:

D Eowsmelhajme: Ls,=ixs, —=0-0]Po.ws,e| A 0 {D = o0}, (2.131)

zeC(z,l,a)
n>1,4>1
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Using (2.131), it follows that (2.128) is equal to:

Z Z EP@Q [EO,W,s [hl,t,m,w]lst=m,Xm=;v]'

t=>1m>1,2eZd zeC(z,l,a)
n=1,7>m+1

Eﬂxwﬂma[hlj,n,za ]lSn=j,X5n=z,D’=OO]P9Zw,9ja[A N {D/ = OO}]]

Following [CZ01], we can write down the expression above as

Z Z EP@Q [[Eovaf [hl,t,m,x]ISth,Xm::c]]'

t=1m>1,2eZd zeC(z,l,a)
n=l,jz2m+1

B pmelh2jim:18,—j x, —2.0'—0) | PolA N {D" = 0}] + p(A),

where
p(A) = > >, Coveeglfimainz 95z,
t=1,m>1,2eZd zeC(z,l,a)
n=1,5=>m+1
with:
ft,m,x,j,n,z = EO,w,s [hl,t,m,m]lst:m,Xm:x] EGmw,Gme [h2,j,n,27 ]lSn =7,Xs, :z,D’:oo]
and

95z = szwﬁjE[A M {D/ = OO}]

On the other hand, since assumption (CM ), !, the estimate

p(A) < ¢(L) Z Z EIP’@Q [EO,w,e [hl,t,m,x]lst:m,Xm:x] :

t=1,m>1,2eZ¢ zeC(x,l,a)
n=1l,j=>2m+1

Ebpisbmelh2,jm,z1s,=jx5, =2,D'=o0]]
holds for all measurable set A in the path space, in particular applying this for A = Z¢
turns out the estimate:

Z Z EP@Q [EO,w,s [hl,t,m,x]lst:m,Xm:x]'

t=>1,m>1,2eZ¢ zeC(x,l,a)
n=1,j=>2m+1

E@;,;wﬂma [h2,j,n,z 1 Sn=45,Xs, =z,D’=oo]] <

(Po[D" = 0] — ¢(L)) " Eo[h].

From now on, we can follow the same sort of argument as in ([CZ01]), in order to conclude
that
H PO[{szJrn - XTz} € ‘ HZ] - pO[{Xn} € ‘ D' = OO] ”var< QS,U)-
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Therefore the second step induction is complete. O

2.6.2 Approximate asymptotic direction

We will show that a random satisfying the cone mixing, uniform ellipticity assumption
and the non-effective polynomial condition with high enough degree has an approximate
asymptotic direction. The exact statement is given below. It will also be shown that the

right order in which the random variable X, grows as a function of L is k= %.

Proposition 2.6.2. Let [ € S**', ¢ be such that lim, o, ¢(r) =, ¢ > 0, M > 6d and

0<a< min{%, ﬁ} Consider a random walk in a random environment satisfying the
cone mixing condition with respect to a, I and ¢ and the uniform ellipticity condition with
respect to l. Assume that (PC)prc|l is satisfied. Then, there exists a sequence ny such

that limy ., = 0 and Py-a.s.

Lx
lim sup ™ — Azl <z, (2.132)
n—ao0
where for all L > 1,
A= Eo[kX,, | D' = x©]. (2.133)
Furthermore,
IALl2 = conor ™", (2.134)

for some constant corg.

We first prove inequality (2.132) of Proposition 2.6.2. We will follow the argument pre-
sented for the proof of Lemma 3.3 of [CZ01]. For each integer ¢ > 1 define the sequence

71’ = ﬁL(‘XTi - XT171)7

with the convention 75 = 0. Using Lemma 2.6.1 and Lemma 3.2 of [CZ01], we can enlarge
the probability space where the sequence {X; : i > 1} so that there we have the following

properties:
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(1) There exist an i.i.d. sequence {(X;, A;) : i > 2} of random vectors with values in
(kEZ7,{0,1}), such that X, has the same distribution as X; under the measure
By[-|D' = o] while Ay has a Bernoulli distribution on {0,1} with P[4A; = 1] =
¢'(L)-

(2) There exists a sequence {Z; : i = 2} of random variables such that for all i > 2 one

has that

Xi=(1-A)Xi + A Z; (2.135)

Furthermore, for each ¢ > 2, A; is independent of Z; and of

We will call P the common probability distribution of the sequences {X; : i > 2}, {X, :
i =2}, {Z;i>2} and {A; : i > 2}, and F the corresponding expectation. From (2.135)
note that

%Zyi:%+%2Ni_%ZAz‘NH‘%ZAiZi- (2.136)

Let us now examine the behavior as n — o0 of each of the four terms in the left-hand
side of (2.136). Clearly, the first term tends to 0 as n — oo. For the second term, note
that on the event {D’ = o}, one has that | X; |2< cou(X; - 1)? for some constant cy.
Therefore, by Proposition 2.5.3, and the fact that X, has the same distribution as X;
under Py[-|D’ = 0], we see that

E[|X3[3] = Bo[| X310 = o] < eaa Bo[ (X1 - 1)?| D' = 0] < a5, (2.137)

for a suitable constant co5. Hence, by the strong law of large numbers, we actually have

that P-a.s.

n—o0 M

14 o
lim — ) X; = AL (2.138)
=2
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For the third term in the left-hand side of (2.136) we have by Cauchy-Schwartz inequality
that

D=

(% zn: Ai) 5 . (2.139)

Again by (2.137) and Proposition 2.5.3, we know that there is a constant cgq [c.f. (2.66)]

1, ~
< <EZ|Xi|2)

i=2
such that P-a.s.

R R
lim — Y X5 = Eo[|X1[51D" = o0] < e
=2

n—00 73 4

As a result, from (2.139) we see that

< /e (L) (2.140)

For the fourth term of the left-hand side of (2.136), we note setting 7§L) = E|Z; | Gi]
that

M]:=Z ( )¢ forn>2, je{1,2,...,n}

is a martingale with mean zero with respect to the filtration {G; : i = 1}. Thus, from the

Burkholder-Gundy inequality [W91], we know that there is a constant co7 such that for

all je{1,2,...,d}
\ 2
E[(suprl) ] < B

Now, since (2.135), note that for all i > 2, |A;Z;| < |X;|. It follows that there exists a

i —‘Ai(z"._ Zm] . (2.141)

2
=2 g

constant cpg such that

121G, 1 .12 D 1
E[|ZZ|2|QZ] < ¢,(L)E0[|X1|27D - OO|%O,L] < —qb/(L)CQg,

where we have used Proposition 2.5.3 and Lemma 2.5.4 in the second inequality. So that

(2.142)

by (2.141) we see that the martingale {MJ : n > 1} converges P—a.s. to a random
variable for any j € {1,2,...,d}. Thus, by Kronecker’s lemma applied to each component

je{l1,2,...,d}, we conclude that P-a.s.
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lim lZAi(Zi —Z;) =0. (2.143)

n—w n 4

Now, note from (2.142) that there is a constant co9 such that

Zil2 < EUZ13 1 Gi)? < eand'(L) 2. (2.144)

Therefore, P-a.s. we have that

lim sup,,_,, | L Do A Z; |2 co' (L)~ 2 lim SUPp a0 %Z?:l A,

< (L) (2.145)

Substituting (2.145), (2.140) and (2.138) into (2.136), we conclude the proof of inequality
(2.132) provided we set 7, = 304/ (L)2 for some constant cs.
Let us now prove the inequality (2.134). By an argument similar to the one presented

in [CZ01] to show that the random variable 7; has a lower bound of order k™%, we can

show that X, - [ is bounded from below by the sum S := ' U;, where {U; : i > 1}
are i.i.d. random variables taking values on {1,2,..., L} with law P[U; = n] = k" for

1 <n<L,while N:=min{i >1:U; = L}. It is clear then that

E[Xﬁ l] = E[N] = Cglli_L7

for some constant cz;.

2.6.3 Proof of Theorem 2.1.1

It will be enough to prove that there is a constant c3y such that for all L > 1 one has that

Xn AL
[ Xnl2 sl

lim sup < c26OZ—L. (2.146)
L

n—a0

2

Indeed, by compactness, we know that we can choose a sequence {L,,,m > 1} such that

lim L
im

0, (2.147)
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exists. On the other hand, by the inequality (2.134) of Proposition 2.5.3, we know that

NMm
ALm

lim,,, 0 0. Now note that by the triangle inequality and (2.146), for every m > 1

one has that

(2.148)

lim sup
n—aoo

Xn ~ L )\L ~
-0 <cgp— + — =0
’|Xn|2 S Pl

Taking the limit m — o0 in (2.148) using (2.147) we prove Theorem 2.1.1.

2 2

Let us hence prove inequality (2.146). Choose a nondecreasing sequence {k, : n > 1},

P- a.s. tending to +00 so that for all n > 1 one has that

Ty SN < Thp41-

X,  [(Xn-X, ) (XTk . )
= =+ T . 2.149

On the other hand, we assume for the time being, that for large enough L we have proved

Notice that

that
X, — X,
lim sup M = 0. (2.150)
n—00 kn
Note first that (2.150) implies that
X, — X,
lim sup M =0. (2.151)
n—00 |Xn|2

Indeed, note that |X,[o = X, -1 > X, -1 > knLI%, which in combination with (2.150)

implies (2.151). Also, from (2.150) and the fact that

’X‘Fkn‘? ‘Xn—XTknb < |Xn‘2 < ‘XTknb + |X77«_X7'kn’2

_ < < , 2.152
kn kn kn kn kn ( )
we see that
L
Xn
tim sup | “—222 3L <o (2.153)
n—00 ko, 2

Combining (2.151) and (2.153) with (2.149) we get (2.146). Thus, it is enough to
prove the claim in (2.150). To this end, note that
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| X, — XTkn 2 ‘X(Tkn+j)ATkn+1 - X‘fkn 2

(2.154)

We now consider the sequence )A(;@l = (/’QL SUP,j0 | X(rt5) A (risn) — XTka>1’ a coupling
decomposition as in the proof of Proposition 2.6.2 turns out; in a enlarged probability
space P if necessary, the existence of two i.i.d. sequences (X),~;, (Ax),s; and a sequence

(Y%) =1, such that P supports the following:

e For k > 1, the common law of X; is the same as X; under Pl | D' = o], and
one has that Ay is Bernoulli with values in the set {0,1} independent of G, and
P[A; = 1] = ¢'(L).

e P- almost surely for £ > 1, we have the decomposition:

X = (1 — Ap)Xp + AY,,

Furthermore, quite similar arguments as the ones given in the proof of Proposition 2.6.2

allow us to conclude that:

Y

=i
7j=1
5N Y,
Z J( J J) — 0 and
: n
7j=1
n A.N,
D 14,3 < conod (L)2. (2.155)
. n
7=1
(2.156)
where }N/; = E[Y; | G;]. Therefore, using the following inequality
X Xe M-V | AR
— = — 2.157
Eok k0 ko (2.157)
implies that
Xy
= 0 (2.158)

The proof is finished.
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2.7 Appendix

Proof of Lemma 2.5.6

Here we will prove Lemma 2.5.6. Let us first remark that it will be enough to show that

there exists a constant ¢33 > 0 such that for all L € |u[;N

Q[Do 2] <1 — cz3L?k". (2.159)

Indeed, using this inequality and the product structure of @, for all n > L? one has that

Q[Don] < (1 — e;L265)liz ],

In order to prove (2.159), for j = L?* — L and i = 0, 1,.. ., consider the events

A ={e: (e, Eipp) =8P}

Then, by the inclusion-exclusion principle we have that

Ql(Dor2)1= > QLALI— D) QLA n Al (2.160)

0<ji<y 0<j1<g2<y

Now, note that

2 Q[A;, n Ayl < jr"H 4+ (G — DM+

0<j1 <2<y
A G-L+D)RE+ (- L)+ .+ (= (= 1))k
L 1 — gL+t
< j/-ﬁ;LnZ:lK;” +r*(j— L) < LQKL—l — + L*k?*E
< e LPRY, (2.161)

for some constant czy. Since Q[A;] = x” for all 1 < i < j, we conclude from (2.160) and

(2.161) that there is a constant ¢33 such that

Q[Doz2] = 1—Q[(Do12)°] <1 — essL?k*.

This finishes the proof.
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