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LIST OF SYMBOLS

|G| ; |g| : Size of the group G; order of the element g ∈ G.

H ≤ G ; H < G : H is subgroup of G; H is a proper
subgroup of G.

N �G ; N �G : N is a normal subgroup of G; N is a proper
normal subgroup of G.

G/N : quotient group of G by the normal subgroup N.

|G : H| : index of H in G.

G1 �G2 : semidirect product of G1 by G2.

< g > : subgroup generated by g.

CG(H) ; NG(H) : centralizer of H in G; normalizer of H in G.

Z(G) : center of G.

[H,K] : commutator subgroup of H and K, i.e,
[H,K] =< h−1k−1hk / h ∈ H, k ∈ K > .

H : the conjugacy class in G of the subgroup H.
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6 LIST OF SYMBOLS

H ∼= N : H is isomorphic as groups to N.

H ≤∼ G : H embedded in G

OH
p : Orbit of p by the subgroup H

Op : Orbit of p by the whole group (G)

ΩGp : { left transversal of NG(Gp) in G} i.e.,

{l1, ..., ls ∈ G : G =
s⊔
j=1

ljNG(Gp)}

C : The Complex plane

H : The upper half plane, i.e.,
{z ∈ C : �z > 0}

∆ : The unit disc, i.e.,
{z ∈ C : |z| < 1}

S,X, Y : use to be Riemann surfaces

S/G : The Orbit surface of S by the action of G

πH : the intermediate Galois covering by the action of H ≤ G, i.e.,
πH : S → S/H

πH : the intermediate (possible non Galois) covering produced by
the action of H ≤ G, i.e. πH : S/H → S/G



ABSTRACT

We study group actions on Jacobian varieties, through the study of
the action on the corresponding Riemann surfaces.

Some of our results are as follows, where S denotes a closed Riemann
surface and G denotes a group acting conformally on S.

• We determine the ramification index for the Riemann-Hurwitz
equations of the intermediate covers S → S/H and S/H →
S/G, for each subgroup H of G, in terms of (the number of
fixed points of) the generators of the cyclic subgroups of the
given group G.

• We also implement a computational algorithm (which runs
on G.A.P.) giving all the information about the above inter-
mediate coverings by subgroups of G (genus, cycle structure,
ramification, etc.)

• We generalize the concept of signature of a cover of Riemann
surfaces to the “geometric signature”, which reflects the com-
plete geometric structure of the lattice of intermediate covers
in the situation given by a group G acting conformally on a
closed Riemann surface S.

• With the aid of the geometric signature, we are able to describe
the isotopical decomposition of the rational representation of
the group G acting on JS, the Jacobian variety of S.

• We illustrate the theory developed by applying it to the case
of the family of Weyl groups of type Cn, giving (in this case)
new decompositions of JS as a product of generalized Prym
varieties.
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INTRODUCTION

For Jacobian varieties that admit action of group there are studies
from different perspectives (c.f. [6], [7], [13], [17], [18], [19], [20])
what reflects their importance and interest; in this work, we analyze
the action of groups on Jacobian varieties through the action on the
corresponding Riemann surface, we give several results in this aspect to,
finally, give the isotypical decomposition for the complexification of the
Rational representation for the action of the group on the corresponding
Jacobian variety.

The structure of this work is tacitly divided into three parts:

1. The first includes chapters 1 and 2, and it is a sort of summary
of the basic definitions (chapter 1) and classical and/or modern
but known results (chapter 2) that are used along this work.

2. The second part (chapters 3, 4, and 5) is the presentation of
the results obtained in the course of this research.

• In chapter 3, we introduce a new, and natural, concept which
we call the geometric signature for the action of a finite group
G on a Riemann surface; this sums up, among other things
as will be seen all along this work, the information about the
structure of the intermediate coverings for all the subgroups of
G and, in fact, such structure determines, in turn, the geomet-
ric signature; at this point we also give a function that runs
on the software G.A.P. that receives as data the geometric sig-
nature of the action and the subgroup of interest and gives as
result the structure of the intermediate coverings associated to
it.

• In chapter 4, we show how a Riemann surface with action
of an arbitrary group G with desired geometric signature is
built; this opens a set of possibilities, among which we find
the construction of surfaces in which the group G acts with
certain desired behaviour for some intermediate coverings.
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10 INTRODUCTION

• In chapter 5, we present that the isotypical decomposition
for the complexification of the Rational representation for the
action of the group G on the Jacobian variety is determined by
the geometric signature and viceversa, together with chapter
4 we can build surfaces in which the Rational representation
for the action of G may contain a desired set of complex irre-
ducible representations of G.

3. The third part, chapter 6, is an application of all presented
above to concrete examples, first to the group of weyl of type
C3

∼= Z3
2�S3, that we have developed deeply enough, and then

we give some results for all the Cn ∼= Zn
2 � Sn family; these

show, in particular, that the management of the geometric
signature makes us control the existence of surfaces with ac-
tion of groups such that the corresponding Jacobian variety be
isogenous to products of desired Prym varieties associated to
the intermediate coverings for the action of G on the Riemann
surface.

It is worth observing that the concept of geometric signature does
not correspond with the topological equivalence for group actions; it
is different, perhaps related in some way. At this stage we show the
information that summarizes: intermediate covering lattice, isotypical
decomposition for the Rational representation; but we have still to ex-
plore, besides studying what is further needed to sum up, for instance,
the isotypical decomposition for the Analytical representation.



CHAPTER 1

Definitions and Notation

In this chapter we introduce the basics, definitions and notations
we will use in this work. We order them into sections, following the
structure order of the following chapters.

1.1. Group actions

Throughout this work, a Riemann surface is a connected compact
1-complex manifold without boundary, i.e. all surfaces here are closed.

The number of elements on a group G is denoted by |G|.
An action of a group G on a Riemann surface S is given by a

monomorphism of the group G onto a subgroup of Aut(S) (analyt-
ical automorphism group of S). We will not differentiate between
the abstract group G and the subgroup of the Automorphism Group,
unless it will be strictly necessary; if g ∈ G, we will refer to the
“automorphism”g.

Definition 1.1.1. (Covering) A (smooth) covering of S is a sur-
jective continuous function f : U → S such that for each v ∈ S there
exists an open neighborhood W of v in S for which f−1(W ) consists of
a disjoint union of open sets Ui with f |Ui

: Ui →W a homeomorphism.

Definition 1.1.2. (Branched covering) A branched covering
P : U → V , between Riemann surfaces U and V , is by definition a
surjective holomorphic map (in particular, non-constant). A point in
U is a branch point for P if P fails to be locally one-to-one in there.
The image of a branch point is a branch value of P . In this case, the
set of branched points is a discrete set in U . If U and V are closed
Riemann surfaces, then the set of branch points (values) is finite. We
observe that P : U − P−1(B) → V − BP is a holomorphic covering,
where BP ⊂ V is the set of branch values of P , of finite degree.

11
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Definition 1.1.3. (Covering transformation) A covering transfor-
mation of a (smooth) covering f : S → M is a homeomorphism of
S onto itself which interchanges points having the same projection
on M . They form a group called the Galois group of the covering,
Gal(f : S →M).

Definition 1.1.4. (Regular covering) The Galois group of a cov-
ering is called fiber transitive if there is a transformation of the group
which carries any point P1 over P into any other prescribed point P2

over P . In this situation we called the covering f : S → M a Galois or
regular covering.

Remark 1.1.1. In the situation of f : S → M being a covering,
if M is a Riemann Surface there is a natural analytic structure on
S that makes f be holomorphic and the covering transformations are
conformal mappings from S onto itself.

For the following definitions, let us assume we have a Riemann
surface S and G a group of conformal automorphisms of it.

Definition 1.1.5. (Stabilizer) The stabilizer of p ∈ S is the (cyclic)
subgroup of G,

Gp = {g ∈ G : g(p) = p}

Definition 1.1.6. (Orbit) The orbit of a point p ∈ S is the set,

OG
p = {y ∈ S : y = g(p) for some g ∈ G}

Remark 1.1.2. If the conformal group G is a finite group, the set
of all orbits is also a Riemann surface.

Definition 1.1.7. (Orbit surface) We will denote by S/G the set
of all orbits, and it is called the Orbit or Quotient surface.
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Definition 1.1.8. (Intermediate quotient) We will talk about in-
termediate quotients, meaning the orbit surface given by the action of
a subgroup H of the full group G, which is acting on the surface. This
situation produces two branched coverings, which we will denote by:

πH : S → S/H

πH : S/H → S/G

Obviously, the first one is always Galois and the second one will be
Galois if and only if H is a normal subgroup of G.

Definition 1.1.9. (fiber) Let π : S → S/G be the natural pro-
jection π(s) = OG

s , the set π−1(p), p ∈ S/G is called the fiber over
p.

If G is a finite group of conformal automorphisms of the Riemann
surface S, then the natural projection map π : S → S/G is a regular
branched covering.

Definition 1.1.10. (Cycle structure of a covering) Let f : X → Y
be a branched covering, B the set of branch values; for b ∈ B consider
its fiber f−1(b) = {q1, ..., qs} ⊂ X, the cycle structure of f at b is an
s-tuple (n1, ..., ns) where ni is the injectivity degree of f at qi. This is,
f is ni : 1 at qi.

Remark 1.1.3. If the branched covering f is Galois, its cyclic struc-
ture at a branch value b will be a constant tuple (nb, ..., nb), where the
number nb is the order of the stabilizer of the points in f−1(b) and the
size of the tuple its index. The converse is not true. For this reason
a Galois covering is described just by the numbers nb for each branch
value, this is called the signature of the group.

Definition 1.1.11. (Signature of G on S) A branched covering
πG : S → S/G may be partially characterized by a vector of numbers
(γ;m1, ..., mr), called the signature(or branching data) of G on S, where
γ is the genus of S/G, r ≤ 2γ + 2 is the number of branch values of
the covering and the mi are positive integers associated to the branch
values on S/G (they represent the degree of injectivity of πG at that
point).
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Remark 1.1.4. The Riemann-Hurwitz equation, stated on corol-
lary 2.1.2 next chapter, must be satisfied by the covering S → S/G.
This imposes restrictions on |G| and the branching data that can occur.

Definition 1.1.12. (Type of a point) Consider Gi a (non-trivial)
cyclic subgroup of G. A branch value p ∈ S/G is named “of type Ci”
(or a Ci-point), if the stabilizer of the points in its fiber are the elements
of the complete conjugated class of Gi, Ci. Equivalently, if Gi is the
stabilizer of at least one point in its fiber.

Remark 1.1.5.

1-. If there is a point p ∈ S with non-trivial stabilizer, Gp, we
find in its orbit points with stabilizer running on the complete
conjugated class of Gp.

2-. We can take one representative of the Ci class, Gi, and talk
about Gi-points. This way of talking could be a little bit am-
biguous if we are on the situation we do not know all the
conjugated of some cyclic subgroup Gi of G; for instance, we
could have two cyclic subgroups G1 and G2 and on S/G points
of type G1 and G2, if both of them belong to the same conju-
gated class of cyclic subgroups, those points will be points of
the same type, we are just choosing different representatives
of the same class, we are including the knowledge that they
are actually conjugated, if we do not have that information, we
will treat them as points of “different”type without ambiguity.

1.2. Fundamental Group and Monodromy representation

Definition 1.2.1. (Homotopy of loops) Let S be a Riemann sur-
face, q ∈ S a fixed base point.

1) A loop based in q is a continuous function γ : [0, 1] → S such
that γ(0) = γ(1) = q.

2) Two loops γ1 and γ2 are said homotopics if there exists a con-
tinuous function G : [0, 1] × [0, 1] → S such that G(0, t) = γ1(t) and
G(1, t) = γ2(t) for all t, and G(s, 0) = G(s, 1) = q for all s.

Being homotopics is an equivalence relation in the set of all the
loops based in q, this allows us to build what is called the Fundamental
Group.

Definition 1.2.2. (Fundamental Group) The Fundamental Group
of S with base point q is the set of all the homotopy classes of loops
based in q, and is denoted by Π1(S, q).
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Definition 1.2.3. (Galois covering of a covering) Let X,Y be a
Riemann Surfaces and f : X → Y an holomorphic function.

We define the Galois covering of f the minimum covering g : W →
Y that is Galois, def. 1.1.3, and makes the following diagram to com-
mute.

W

�����
��
�

g

��

X

f ����
���

��

Y

Remark 1.2.1. It can also be defined as g : W → Y where W
is a compact Riemann surface connected with the following universal
property: If there exists a surface W ′ that accomplishes the property
of the former definition, then there exists an isomorphism h : W ′ → W
such that all the diagrams commute.

For a (finite) presentation of a group we will understand to give
a finite set of generators and a finite set of relations which define the
group.

Definition 1.2.4. (Permutational representation on left cosets)
Let G be a group, N ≤ G. The permutational representation associated
to N is given by the action of G on the right cosets of N , and is built
as follows: consider Ω = {g1N, ..., gsN} the set of left cosets of N ,
with s =| K : N |; we have that G acts in Ω by left multiplication,
this produces a permutation of the elements in Ω, then we have a
representation φ : G→ S|Ω|.

Some basic fact about this homomorphism is that the kernel of this
representation is

kerφ = {k ∈ G : kgiN = giN for all giN ∈ Ω}

kerφ = {k ∈ G : g−1
i kgi ∈ N for all gi ∈ G}

kerφ = ∩g∈GNg

This motivates the next definition,
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Definition 1.2.5. For N a subgroup of G, we define

CoreN =
⋂
g∈G

Ng,

it is a normal subgroup of G and maximal in N with the property of
being normal in G.

Definition 1.2.6. (Monodromy representation)
We define the Monodromy representation of a covering f : U → V ,

connected of degree d between Riemann surfaces, as the natural group
homomorphism ρ : Π1(V, q) → Sd with transitive image in Sd.

It is built in the following way: Consider the fiber of q, f−1(q) =
{p1, ..., pn}; for σ ∈ Π1(V, q) we have

ρ(σ) =

(
p1 · · · pn

σ̃1(1) · · · σ̃n(1)

)
,
where σ̃i(1) is the final point of the lifting of σ starting from pi.

Definition 1.2.7. (Push forward of curves) Let U and V be Rie-
mann surfaces, and F : U → V a connected covering. There is a
natural homomorphism F∗ : Π1(U, p1) → Π1(V, q), where p1 ∈ F−1(q).
Given by,

α ∈ Π1(U, p1) �→ F ◦ α ∈ Π1(V, q)

It is well known F∗ is injective, so F∗(Π1(U, p1)) is isomorphic to
Π1(U, p1)

Definition 1.2.8. (Structure of cycles of a permutation) We will
say that σ ∈ Sn has a structure of cycles (m1, m2, ..., mk) if σ is written
as a product of k disjoint cycles of orders mi each one.

Remark 1.2.2. This is a good definition up to permutations of the
factors, we will consider permuted tuples “as the same”.

Definition 1.2.9. (Generating vector of type (γ;m1, ..., mr), [2])
A 2γ+r tuple (a1, . . . , aγ , b1, . . . , bγ , c1, . . . , cr) of elements of G is called
a generating vector of type (γ;m1, ..., mr) if the following are satisfied:

i) G is generated by the elements (a1, . . . , aγ , b1, . . . , bγ , c1, . . . , cr);
ii) order(ci) = mi; and
iii)
∏γ

i=1[ai, bi]
∏r

j=1 cj = 1.
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1.3. Group Representations

Definition 1.3.1. (Linear representation) Let G be a (finite) group
and V a vector space of finite dimension. A linear representation of G
in V is a group homomorphism ρ from G to the group GL(V ); the space
V is called the representation space or simply, by abuse of language, a
representation of G.

Definition 1.3.2. (Sub-representation) Let ρ : G → GL(V ) be a
linear representation and let W be a vector subspace of V . Suppose
that W is stable under the action of G (we also say invariant), i.e.
x ∈W implies ρ(g)(x) ∈ W for all g ∈ G, then ρ|W : G→ GL(W ) is a
linear representation of G in W and W is said to be a subrepresentation
of V .

Definition 1.3.3. (Character of a representation) Let ρ : G →
GL(V ) be a linear representation of a finite group G in the vector
space V . We can choose basis on V and for each g ∈ G, we define the
character of ρ on g as

χρ(g) = Trace(ρ(g))

Remark 1.3.1. It is a function on the field of definition of the
vector space V , is the sum of the eigenvalues of ρ(s) (counted with
their multiplicities), and does not depend on the choice of basis.

Definition 1.3.4. (Irreducible representation) Let ρ : G→ GL(V )
be a linear representation of G, we say it is irreducible or simple if V
is not 0 and if no vector subspace of V is stable under G, except of
course V and 0.

Definition 1.3.5. (Scalar product) If ψ and χ are two characters
of linear representations of a group G. We can define a scalar product
between them as,

(ψ, χ) =
1

|G|
∑
t∈G

ψ(t)χ(t−1)





CHAPTER 2

Known Results

This chapter is devoted to expose some basic facts as prelims for the
next chapters. It is divided on sections following the same structure as
chapter 1.

2.1. Basic Facts about Group actions

First we include the well known Riemann-Hurwitz equation, it re-
lates the genus of two surfaces,S and W , when there is a branch cov-
ering between them:

Proposition 2.1.1. Let f : S →W be a branch covering of degree
d. Then,

gS = d(gW − 1) + 1 +
1

2

∑
p∈S

(βp)

where βp is ramification index in p ∈ S, i.e. the injectivity degree of
f at p minus 1.

In the particular case that the covering is given by a group action
we have

Corollary 2.1.2. Consider S a surface with G-action and S/G,
the Orbit surface, of genus gS/G. Then,

gS =| G | (gS/G − 1) + 1 +
| G |

2

∑
p∈S

(1 − 1

| Gp |)

where Gp is the stabilizer of p.

This equation has been longer studied, and there are several pre-
sentations of it. In chapter 3 we give, among other results, another
one, and we compare it with the one founded in [9].

In order to completeness we include some basic facts about double
cosets from [24], we will use them on chapter 3

19
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Proposition 2.1.3. Let G be a group, H and K subgroups of G.
1)A double coset is a set HxK = {hxk : h ∈ H, k ∈ K}
2) There is just one double coset containing g ∈ G; this is HgK.
3) The double cosets are disjoint. G is union (disjoint) of double

cosets
4) A double coset is union of right cosets of H and of left cosets of

K. The double coset HgK contains exactly |H : Kg−1 ∩H| left cosets
of K.

5) The cardinality of a double coset is given by:

|HgK| = |K||H : Kg−1 ∩H|
6) If n is the number of double cosets with respect to H and K in

G. We have that:

|G| = |Hg1K|+ ...+ |HgnK| = |K|(|H : Kg−1
1 ∩H|+ ...+ |H : Kg−1

n ∩H|
Then

|G : K| =
n∑
i=1

|H : Kg−1
i ∩H|

2.2. Fundamental Group and Presentation of a group

The construction of surfaces with a given action type for a given
group G exposed on chapter 4 has being long studied, here we include
some known results about that; some of the aspects shown in chapter
4 are unusual, however. As you will see there, we use the monodromy
representation, Def. 1.2.6, of the fundamental group, to actually pro-
pose a construction of such a surface but controlling the intermediate
quotients, by means of the concept of geometric signature of G which
will be introduced on chapter 3.

The following propositions are actually results involving topolog-
ical spaces, but we will state them using Riemann surfaces just for
conserving the language.

Proposition 2.2.1. All covering F : U → V has the property of
lifting curves, this is for all curve γ and all p ∈ F−1(γ(0)) in V there
exists only one curve γ̃ such that F ◦ γ̃ = γ and γ̃(0) = p

Proof. See [11], [5], [23]. �

Remark 2.2.1. A lifting of a curve γ ⊂ V starting on p∗i , will be
closed if and only if γ ∈ F∗(Π1(U, p

∗
i ).
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Proposition 2.2.2. Let V be a Riemann surface , q ∈ V a base
point. Then there exists a 1-1 correspondence between the set of Classes
of isomorphisms of connected coverings F : U → V and the set of
Conjugacy Classes of subgroups H ≤ Π1(V, q).{

F : U → V, connected,
up isomorphism

}
↔
{
Subgroups H ≤ Π1(V, q)

up conjugation

}
Proof. You can see a proof of it on [11], [5], [23] or [12], but

we want to remark that for p∗1 ∈ F−1(q) the fundamental group based
on it , F∗(Π1(U, p

∗
1)), corresponds to the subgroup H of Π1(V, q); i.e.,

Π1(U, p
∗
1) is isomorphic to H . Moreover, you can see every point of U

as the equivalence class consisting of pairs (p, C), where p ∈ V and
C is a curve that joins q to p; two pairs (p1, C1) and (p2, C2) will be
identified as the same point on U if p1 = p2 and C1C

−1
2 ∈ H �

Theorem 2.2.3. Consider the covering f : U → V , K := f∗(Π1(U, p
∗))

and F := Π1(V, q), with p∗ ∈ f−1(q). Then, f is regular or Galois (i.e.
its Galois group is transitive) if and only if K is a normal subgroup of
F ; in this case, the group of covering transformations is isomorphic to
F/K.

Proof. A complete one can be found in [23], here an sketch:
If K is not a normal subgroup of F , there is a curve γ having a lift

starting on p∗i closed and another one starting on p∗j opened, thus there
is no covering transformation sending p∗i to p∗j .

If K is a normal subgroup, we can find a covering transformation h
taking p∗1 into any other point p∗j lying over the same point q0 ∈ V . We
have seen every point p∗ ∈ U can be written in the form p∗ = (p, C),
where p is the projection of p∗ and C is the projection of the curve
from p∗1 to p∗. Now let J∗ be a path from p∗1 → p∗j , which projects into
J . We define the mapping:

hJ : U → U

(p, C) �→ (p, C ◦ J)

The key thing is each covering transformation of f can be written
as hJ for some closed curve J (because h is completely determined
by p∗1 → p∗j , and take J as the projection of a curve from p∗1 → p∗j).
Moreover, hJ1 = hJ2 if and only if J1J

−1
2 ∈ K, so the group of covering

transformations is isomorphic to the group of cosets of K and hence to
F/K

�



22 2. BACKGROUND

Lemma 2.2.4. Let F : U → V be a connected covering and
ρ : Π1(V, q) → Sd the monodromy representation associated to this
covering (def. 1.2.6). Then,
1) U be connected implies Im(ρ) is a transitive subgroup of Sd.

2) F∗(Π1(U, p1)) = ρ−1(S
(1)
d−1).

Proof. The first is classical.
The second is trivial but we will prove it anyway for showing some of

the involved ideas. Consider τ ∈ Π1(U, p1) then F (τ) ∈ F∗(Π1(U, p1)) ≤
Π1(V, q) and F (τ) is such that its lifting starting from p1 is closed,
therefore

ρ(F (τ)) =

(
p1 p2 · · · pd
p1 pi2 · · · pid

)
then F∗(Π1(U, p1)) ⊆ ρ−1(Sd−1); on the other hand σ ∈ ρ−1(Sd−1) is
such that its lifting starting from p1 is closed, therefore σ ∈ F∗(Π1(U, p1)).

�

Proposition 2.2.5. Let V be a Riemann surface, q ∈ V a base
point. Then there exists a 1-1 correspondence between the set of Classes
of isomorphisms of connected coverings F : U → V of degree d and the
set of Homomorphisms ρ : Π1(V, q) → Sd with transitive image up
conjugation in Sd.⎧⎨⎩ F : U → V, connected

covering of degree d
up isomorphism

⎫⎬⎭ ↔

⎧⎪⎪⎨⎪⎪⎩
ρ : Π1(V, q) → Sd,
Homomorphisms

with transitive image
up conjugation in Sd

⎫⎪⎪⎬⎪⎪⎭
Proof. First, we associate to each finite connected covering F :

U → V of degree d its Monodromy representation, following the Defi-
nition 1.2.6,

ρ : Π1(V, q) → Sd

The converse, given a homomorphism ρ : Π1(V, q) → Sd with transitive
image, consider the subgroup Sd−1 that fixes the 1 and the set

H = {γ ∈ Π1(V, q) such that ρ(γ) ∈ Sd−1}
H is a subgroup of Π1(V, q) with | Π1(V, q) : H |= d, according to
proposition 2.2.2 there exists a finite covering Fρ : Uρ → V of degree d
associated to H ; by construction, its monodromy representation is ρ.

�



2.2. FUNDAMENTAL GROUP AND PRESENTATION OF A GROUP 23

We include a basic example here [12], it will be useful in the future.

Example 2.2.1. Let DN be the quotient of H := {z ∈ C : �z > 0}
by the translation z → z + N ; DN is homeomorphic to a punctured
disk and the quotient function is

πN : H → DN

z �→ exp(2πiz/N)

Consider the following covering of D1

FN : DN → D1 given by w1 = wNN for N ≥ 2,
where w1 and wN are coordinates in D1 and DN respectively; FN is
called the N-power covering. The Galois group of FN is isomorphic to
Z/NZ, we want to compute its monodromy representation: consider
q = 1/2N ∈ D1 as a base point and γ(t) = exp(2πit)/2N for t ∈ [0, 1]
a generator of the Π1(D1, q); using this, it is easy to demonstrate that
the monodromy representation of this covering is ρ : Π1(D1, q) → SN
such that ρ(γ) = (1 2 ... N)

The important conclusion that we get from this example is that the
monodromy representation of the N-power covering between punctured
disks is ρ : Π1(D1, q) → SN such that ρ(γ) = (1 2 ... N) for γ generator
of the Π1(D1, q).

Lemma 2.2.6. Let F : U → V a connected covering, V a Riemann
surface. Then, there is a complex structure on U such that F is a
holomorphic map, [12].

This implies the following corollary

Corollary 2.2.7. Given V and q as in proposition 2.2.5, we have
a 1-1 correspondence between the set of Classes of isomorphisms of
holomorphic functions NON ramified F : U → V of finite degree d and
the set of Homomorphisms with transitive image ρ : Π1(V, q) → Sd up
conjugation in Sd.

Lemma 2.2.8. Let F : X → Y a connected branched covering, Y a
Riemann surface. Then, there is a complex structure on X such that
F is a holomorphic (branched) map.

Proof. A precise proof can be found in [12]. We include here just
an sketch of one.

Let B ⊂ Y be the set of branch values, consider de covering F ′ :
X \ F−1(B) → Y \ B, applying Lemma 2.2.6, we have a complex
structure on X \ F−1(B) which makes F : X \ F−1(B) → Y \ B
holomorphic; we can extend F to an holomorphic function over Y as
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follows: consider b ∈ B and W a little open set such that b ∈W ⊂ Y ,
thenW\{b} is homeomorphic to a punctured disk; ifW is small enough,

F−1(W \ {b}) =
⊔
Ũj, without loosing generality we may assume that

each Ũj is a punctured disk, F |Ũj
is the mj-power function and W is

contained in a chart of Y . So, we have in each Ũj a punctured chart

of X \F−1(B), consider Uj the open Ũj with the corresponding branch
point, we have an only one extension of F to a holomorphic function
F : Uj →W .

We make this process for each Ũj in F−1(W ) and for each b ∈ B;
the result is a Compact Riemann Surface X, since X is the finite union
of the closures of the Uj over the branch values and the preimage of W
by a finite covering.

�
Example 2.2.2. Using this on the Example 2.2.1, the covering FN

can be extended, in a natural way to, an analytical function between
the non-punctured disks; having that the punctured point is a branch
point of multiplicity N , this holomorphic function is called N-power
function.

Proposition 2.2.9. Let Y be a compact Riemann surface, B a
finite subset of Y and q ∈ Y \ B a base point. Then we have a 1-1
correspondence between⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Isomorphism classes of
holomorphic maps

F : X → Y
of degree d

whose branch points lie in B

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
↔

⎧⎪⎪⎨⎪⎪⎩
ρ : Π1(Y \B, q) → Sd,
Homomorphisms

with transitive image
up conjugation in Sd

⎫⎪⎪⎬⎪⎪⎭
Moreover, for all b ∈ B if γ is a small loop around b in Y \ B

based at q (small means that it is not around any other point of B),
and if ρ(γ) has cycle structure (m1, ..., mk). Then we have k elements
uj in the fiber of b and the corresponding holomorphic function Fρ has
multiplicity mj in uj, for each j

Proof. You could find a clear explanation on [12]; as before, we
will include an sketch of proof in order to keep in mind the important
things about this result.

1. First direction, consider X, Y compact Riemann surfaces and
a non-constant holomorphic function of finite degree F : X →
Y , let B be the set of branch values of F . Set V = Y \
B and U = X \ F−1(B), now F |U : U → V is an smooth
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covering of degree d which has a monodromy representation,
as in corollary 2.2.7, we want to describe it for the loops that
surround points of B: take b ∈ B, consider a small open set W
such that b ∈W ⊂ Y , then the punctured open set W \ {b} ⊂
V is homeomorphic to a punctured disk; let {u1, ..., uk} be the
preimages of b inX (i.e. its fiber), chooseW small enough such
that F−1(W ) splits in disjoint unions of open sets U1, ..., Uk,
with ui ∈ Ui for all i. Call mj = multuj

F , therefore there
are coordinates zj in Uj and z in W such that F has the
form z = z

mj

j in Uj . We have Uj \ {uj} homeomorphic to a
punctured disk, the same as W \{b}, and that F sends one into
the other via the mj-power function for j = 1..k, we can easily
demonstrate by using the example 2.2.1 that the monodromy
for a small loop γ around b has structure of cycles (m1, ..., mk).
This is: a product of disjoint cycles of length depending on the
number of sheets that are glued in each point of its fiber and
as many as the cardinality of this.

2. On the other direction, suppose we have a homomorphism ρ :
Π1(Y \B, q) → Sd, for some d with transitive image. To each
homomorphism corresponds a covering Fρ : Uρ → Y \B finite
of degree d, built as it was explained in corollary 2.2.7. Now
we apply lemma 2.2.8 to extend it to a holomorphic function
over Y .

�
Remark 2.2.2. We speak of branch values contained in B since

the homomorphism associated to that analytical function may be such
that ρ(γ) = id (with γ small loop surrounding b ∈ B). In such a case
the analytical function associated does not have a branch in b. Having
always in mind this detail, we will keep on talking of branch values
“in”B

As a corollary the following can be stated:

Corollary 2.2.10. Consider Y = P1 and a finite subset B =
{b1, ..., bn} in Y . Then we have a 1-1 correspondence between⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Isomorphism classes
of holomorphic maps

F : X → P1

of degree d
whose branch points

lie in B

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
↔

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Conjugacy Classes
of n− tuples

{σ1, ..., σn} ⊂ Sd
such that σ1 · ... · σn = 1
and < σ1, ..., σn >

is a transitive subgroup of Sd

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
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Before going further, we will collect some of the former results in
two useful summarizing theorems:

Theorem 2.2.11. Consider f : X → Y a branched covering of
degree d, B the set of branch values, ρ the monodromy representation
associated to it and

Γ(i) := ρ−1(S
(i)
d−1) = ρ−1(S

(i)
d−1 ∩ Imρ) i = 1..d

Then,

i)Γ(i) is conjugated to Γ(j) for each i, j.
ii) Π1(X \ f−1(B), p1) ∼= f∗(Π1(X \ f−1(B), p1)) = Γ(1) ≤ Π1(Y \B, q)
iii) |Π1(Y \B, q) : Γ(i)| = d

iv) ker ρ =
⋂d
i=1 Γ(i)

Theorem 2.2.12. In the same situation as theorem 2.2.11, the fol-
lowing conditions are equivalent:
i) f is Galois (or regular)
ii) The Galois group of f acts transitively on X
iii) f∗(Π1(X \ f−1(B), p1)) � Π1(Y \B, q)
iv) Γ(i) = Γ(j) for each i, j
v) kerρ = Γ(i)

vi) kerρ = f∗(Π1(X \ f−1(B), p1))
vii) Gal(f : X → Y ) ∼= Im ρ

2.3. Galois covering of a covering

In this section we develop some results about the Galois covering of
a covering, Def. 1.2.3, it is an interesting and useful concept. We were
aware of this construction on a lecture of professor Recillas, from Mex-
ico; as we do not have a reference for it, we have to develop the theory
by our selves, using the known results about monodromy constructions
and coverings.

Proposition 2.3.1. Consider a (branched) covering f : X → Y
of degree d between compact Riemann Surfaces X, Y . Let ρ be the
monodromy representation associated to it; then, the Galois covering
of f is the one associated to kerρ.

Proof. According to what was presented in proposition 2.2.5, we
have the covering f : X → Y corresponding to the subgroup ρ−1(Sd−1).
Following its definition, the Galois covering corresponds to the one
associated to the maximal sub-group of the set
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C = {N ≤ Π1(Y \B, q) : N � Π1(Y \B, q), N ≤ ρ−1(Sd−1)}

Consider N ∈ C, so we have for all σ ∈ N its lifting by f starting
from p1 is closed in p1 ∈ f−1(q), since σ ∈ ρ−1(Sd−1); as N is normal
in Π1(Y \ B, q) its lifting starting from pi is closed for all pi ∈ f−1(q),
then σ ∈ ker(ρ) ⇒ N ≤ ker(ρ). As ker(ρ) ∈ C, it must be the maximal
element of C. �

At this point from proposition 2.3.1, we have the following associ-
ated diagrams:

W
f ′

�����
��
��

g

��

ker(ρ)

������
����

��

��

1

�����
���

��

��

X

f ���
��

��
��

ρ−1(Sd−1)

�����
���

��
Sd−1

����
���

��

Y Π1(Y \B, q) ρ �� Sd

Proposition 2.3.2. According to the former situation and dia-
grams, and setting G := Im(ρ) ≤ Sd. We can state:
i)f ′ : W → X and g : W → Y are Galois.
ii) Y = W/G.
iii) X = W/(Sd−1 ∩G).

Proof. These are basic results from covering theory, we are using
principally theorem 2.2.12:

i) f ′
∗(Π1(W \ g−1(B), q2)) � Π1(X \ f−1(B), p1)

ii) Gal(W → Y ) =
Π1(Y \B, q)

g∗(Π1(W \ g−1(B), q2))

=
Π1(Y \B, q)

ker(ρ)

∼= Im(ρ) = G
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iii) Gal(W → X) =
Π1(X \ f−1(B), p1)

f ′∗(Π1(W \ g−1(B), q2))

=
ρ−1(Sd−1)

ρ−1(id)

∼= Sd−1 ∩G
�

The next Lemma summarizes the key facts about all we have been
saying about the relation among a covering f , its monodromy repre-
sentation and its Galois covering.

Lemma 2.3.3. Consider f : X → Y a (branched) covering of degree
d between Riemann surfaces, let B be the set of branch values, q ∈ Y \B
a base point, and ρ : Π1(Y \B, q) → Sd its monodromy representation;
then, the Galois cover of f has Galois group isomorphic to Im ρ.

The next natural question is how does this Galois covering look
like. To solve this, let us consider the following construction, where φ
is the permutational representation of G := Im ρ,

Π1(Y \B, q)
g1=φ◦ρ 		����

�����
�����

�����
��
ρ �� Im ρ = G

φ



��
���

���

S|G|

We have
i) ker(ρ) = ker(g1), and
ii) g−1

1 (S|G|−1) = ρ−1({g ∈ G : g ∗ 1 = 1}) = ρ−1(1) = ker(ρ)

Thus, the covering associated to g−1
1 (S|G|−1), from proposition 2.2.9;

which extends analytically to a function onto Y , with branch points
in B and ramification index given by the structure of cycles of g1,
corresponds to the Galois covering of f because the subgroup of π1(Y \
B, q) written as g−1

1 (S|K|−1) and the one written by ker(ρ) are the same
(no homomorphic but the same) subgroup of π1(Y \B, q).

Then the Galois covering of f , g : W → Y has branch points in
B and the cycle structure of it at every point of B is given by the
structure of cycles of g1.

It remains to describe how the ramification is over the points of B,
which is equivalent to describe the structure of cycles of g1. Consider
B = {b1, ..., br}, for every bi there is a δi ∈ Π1(Y \ B, q) that does not
surround more points of B than bi, we have for such δi its image by ρ,
ci := ρ(δi) ∈ G; set,
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mi =| ci | and
ni =| K :< ci >|.
Then the structure of cycles of g1(δi) is (mi, · · · , mi)︸ ︷︷ ︸

ni

, i = 1..r,

since the structure is given by the action of G in the left cosets of 1;
summarizing,

Proposition 2.3.4. Given a branched covering f : X → Y be-
tween Riemann surfaces, with branch values in B = {b1, ..., br} ⊂ Y
and associated monodromy representation ρ; its Galois covering, which
is a branched analytical function g : W → Y between Riemann sur-
faces, has its branch values in the points {b1, ..., br} and each one has
|G :< ρ(δi) > | preimages and it is | < ρ(δi) > | : 1 at each one, where
δi is a small loop surrounding bi.

2.4. Fuchsian Groups and Presentation of groups

Theorem 2.4.1. Let Γ be a fuchsian group without elliptic ele-
ments, then

Aut(∆/Γ) ∼= N(Γ)/Γ

where ∆ is the unit disc and N(Γ) is the normalizer of Γ in Aut(∆).

Proof. See [8]. �

Theorem 2.4.2. If Γ is a Fuchsian group with compact orbit space
∆/Γ of genus g. Then there are elements a1, b1, a2, b2, . . . , ag, bg, c1, c2, . . . , cr ∈
Aut(∆) such that the following hold.

1) We have Γ =< a1, b1, a2, b2, . . . , ag, bg, c1, c2, . . . , cr >.
2)Defining relations for Γ are given by

cm1
1 , cm2

2 , . . . , cmr
r ,

g∏
i=1

[ai, bi]

r∏
j=1

cj

where the mi are integers with 2 ≤ m1 ≤ m2 ≤ · · · ≤ mr.
3) Each non identity element of finite order in Γ lies in a unique

conjugate of < ci > for suitable i. Furthermore, the cyclic groups
< ci > are self-normalizing in Γ.

4) Each non identity element of finite order in Γ (a so-called elliptic
element) has a unique fixed point in ∆. Each element of infinite order
in Γ (a so-called hyperbolic element) acts fixed point freely on ∆.

Proof. See [1] �
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Theorem 2.4.3. (Riemann’s existence Theorem) A finite group G
acts on a Riemann surface S of genus g with branching data (γ;m1, . . . , mr)
if and only if the Riemann-Hurwitz equation, cor. 2.1.2, is satisfied and
the group G has a generating vector of type (γ;m1, . . . , mr), Def. 1.2.9.

Proof. The theorem is cited on [2]. �

2.5. Group Representations

2.5.1. Basic facts about Linear representations. This section
is devoted to cover some of the known facts about group representa-
tions, specially the ones used on chapter 5. Those were taken from
[22].

Theorem 2.5.1. Every representation is a direct sum of irreducible
representations

Theorem 2.5.2. (Orthogonality relations for characters)

1) If χ is a character of a complex irreducible representation, we have
(χ, χ) = 1.

2) If χ and χ′ are characters of two non isomorphic complex irreducible
representations, we have (χ, χ′) = 0.

Theorem 2.5.3. Let V be a linear representation of G with char-
acter φ, and suppose V decomposes into a direct sum of irreducible
representations:

V = W1 ⊕ · · · ⊕Ws

then, if W is an irreducible representation with character χ, the number
of Wi isomorphic to W is equal to the scalar product (φ, χ)

Corollary 2.5.4. The number of Wi isomorphic to W does not
depend on the chosen decomposition.

This allows us to make the following definition,

Definition 2.5.1. Let V be a linear representation of a finite group
G, with character ψ. We call the isotypical decomposition of V to the
decomposition of V on subrepresentations grouped by isomorphism.
That is,

V = W
(ψ,χ1)
1 ⊕ · · · ⊕W (ψ,χs)

s

where the scalar products (ψ, χj) could be 0.
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Theorem 2.5.5. The number of complex irreducible representations
of G (up isomorphism) is equal to the number of classes of G (conjugacy
classes of elements).

Theorem 2.5.6. The number of rational irreducible representations
of G (up isomorphism) is equal to the number of cyclic subgroups of G
up conjugation.

We will assume more known facts like: the regular representation
of a group, relations among the degrees of the representations, Schur
index, etc.; almost everything can be found in [22] or [4].

Another useful theorem which follows directly from the exposed on
[4], relates the rational and complex irreducible representations of a
group G.

Theorem 2.5.7. For each U , complex irreducible representation of
G, we have:

Let’s consider KU = Q(χU(g) : g ∈ G) galoisian extension of Q.
The (unique) rational irreducible representation whose complexification
“contains”U , let’s call it θ, is like:

θ ∼=
⊕

σ∈Gal(Ku:Q)

mUU
σ

where mU is the Schur index (over Q) of U .

Now we include some known results, they were used on [9], for
example; as we can not find a reference for it, we prove them here.

Lemma 2.5.8. Let ρ : G → GL(W ) be a complex irreducible repre-
sentation. Then

dimC(W ⊗W ∗)G = 1

Proof. Let’s consider β : G → GL(W ⊗W ∗) and the projection
Ψ over (W ⊗W ∗)G:

Ψ =
1

| G |
∑
g∈G

β(g)

We know Im(Ψ) = (W ⊗W ∗)G and dimCIm(Ψ) = Trace(Ψ) So,

Tr(Ψ) =
1

| G |
∑
g∈G

Tr(β(g)) =

=
1

| G |
∑
g∈G

χρ(g) ¯χρ(g) = 1
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�
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Corollary 2.5.9. Let V be a non irreducible complex represen-
tation, W an isotypical component (i.e. V = W n ⊕ .... ⊕ W nr

r with
ρi : G→Wi); then

1. dimC FixG(V ⊗W ∗
i ) =< θ, ρi >

2. G acts as nρ0 on the space (V ⊗W ∗)G, with ρ0 the trivial rep-
resentation of G.

3. The isotypical component W
nj

j is isomorphic, as G-modulo, to

(Wj ⊗ (V ⊗Wj)
G)

Proof.
1. Analogous to demonstration for Lem. 2.5.8

2. (V ⊗W ∗)G is a space fixed by G, by definition, so G acts there
with the trivial representation ρ0 but in dimension given in 1.

3. Just straightforward �
The previous results, specially Cor. 2.5.9, allow us to make the

following and useful decomposition of a complex representation,

Theorem 2.5.10. Given a complex representation θ : G→ GL(V ),
we can write the isotypical decomposition for V as follows:

V ∼=
⊕

{W∈IrrCG}
W ⊗ (V ⊗W ∗)G

where (V ⊗W ∗)G := FixG(V ⊗W ∗)

2.5.2. Basic facts about the rational and analytical Rep-
resentations. According to [16], everytime that we have a Riemann
Surface S with G−action, we have associated two representations for
the action of G on the Jacobian variety of S, JS:

1) The Rational Representation, ρr : G→ GL(H1(S,Z) ⊗ Q)
2) The Analytical Representation, ρa : G→ GL(H1,0∗(S,C))
Both are related by,

ρr ⊗ C ∼= ρa ⊕ ρa
We want to describe this representations, by describing the action

induced on these spaces by the action of G on the surface S.
2.5.2.1. Just thinking of vector spaces. If we have a linear transfor-

mation between two vector spaces V and W , T : V → W . This induces
one between their duals: T ∗ : W ∗ → V ∗.

If we choose basis on V and W , and the canonical dual basis for
V ∗ and W ∗, we have that the matrix representation of T and T ∗ are
related by [T ∗] = [T ]t.
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In the case that we have an action of a group G over a vector space
V , this induces an action of G on V ∗ given by:

G× V ∗ → V ∗

(g, f) �→ f(g−1)
And the matrices for each g ∈ G on chosen basis are related by:

[g∗] = [g]−t

2.5.2.2. Action on the Homology groups. We will follow the ideas
given on [5]. Let’s consider a Riemann surface S of genus gS, then as a
topological space it has a simplectic basis for the first homology group
H1(S,Z):

{α1, ..., αgS
, β1, ..., βgS

}
and a dual one for the space of abelian differentials, H1,0(S,C):

{w1, ..., wgS
}

We are considering here the group G already given as automorphisms
of S, i.e. g ∈ G is an analytic function from S to S.

i) The action on H1(S,Z) is given by:
G×H1(S,Z) → H1(S,Z)
(g, γ) �→ g∗ := g ◦ γ

ii) The action on H1,0(S,C) is the pullback by g−1, for each g ∈ G.
We will explain this using local coordinates: consider w ∈ H1,0(S,C),
p ∈ S and a local coordinate z vanishing on p, so on this chart we have
w = µ(z)dz; ξ a local coordinate vanishing on g(p), and z = f(ξ) the
local expression for g−1. We define g∗(w) := µ(f(ξ))f ′(ξ)dξ; we will
think this last, abusing on the notation, as:

g∗(w) := µ(g−1(ξ))g−1′(ξ)dξ
Both i) and ii) actions are compatible in the sense:∫

g∗(γ)
g∗(w) =

∫
γ

w

Example 2.5.1. At this time it is worthy to give an example which
will show this actions. Let’s consider the group G =< η >∼= Z/(7Z).
Acting on a Riemann surface S with action of type (0; 7, 7, 7). This
means that the genus of S/G is 0, and we have 3 marked points with
stabilizer the whole group G. At this point we know by Riemann-
Hurwitz that S has genus 3. We will follow the ideas on [15] applied
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to our particular case of G, to find the analytical and rational repre-
sentations:

1. There are just two “different”Riemann surfaces, i.e. they are not
conformally equivalent, with this type of G-action:

k1 : y7 = x(x− 1)

k2 : y7 = x2(x− 1)

2. Base of H1,0(ki,C) and action:
i)Base of H1,0(k1,C)

{w1 =
dx

y6
, w2 =

dx

y5
, w3 =

dx

y4
}

And the action of η∗ in this base is given by the matrix

[η∗] =

⎛⎝ ξ 0 0
0 ξ2 0
0 0 ξ3

⎞⎠
ii)Base of H1,0(k2,C)

{w1 =
xdx

y6
, w2 =

xdx

y5
, w4 =

dx

y4
}

And the action of η∗

[η∗] =

⎛⎝ ξ 0 0
0 ξ2 0
0 0 ξ4

⎞⎠
3. Fundamental group for k1 and k2. The fundamental group for

ki/G is

Γ∗ =< α, β, γ : α7 = β7 = γ7 = (αβγ) = 1 >

And the fundamental group for each of the ki are normal subgroups
of this Γ∗.

i)For k1:

Γ1 =< α−i(αβ−1)αi, 0 ≤ i ≤ 6 >=<< αβ−1 >>

ii)For k2:

Γ2 =< α−i(α2β−1)αi, 0 ≤ i ≤ 6 >=<< α2β−1 >>
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4. Presentation of the group G associated in each case (i.e. Γ∗/Γi)
i)G =< x, y : x7 = xy−1 = (xy)7 = 1 >
ii)G =< x, y : x7 = x2y−1 = (xy)7 = 1 >

5. Action on H1(ki,Z). We used the Polygon Method (and the
previous presentations of G) to find the rational representation on both
cases.

i) [x] =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 1 0 0
0 0 0 −1 1 1
0 0 0 0 0 1
−1 −1 0 0 −1 −1
0 −1 0 0 −1 −1
0 1 −1 0 0 0

⎞⎟⎟⎟⎟⎟⎠ ∼

⎛⎜⎜⎜⎜⎜⎝
ξ6 0 0 0 0 0
0 ξ5 0 0 0 0
0 0 ξ4 0 0 0
0 0 0 ξ 0 0
0 0 0 0 ξ2 0
0 0 0 0 0 ξ3

⎞⎟⎟⎟⎟⎟⎠

ii) [x] =

⎛⎜⎜⎜⎜⎜⎝
0 0 0 −1 −1 0
−1 −1 0 −1 −1 −1
−1 1 0 0 0 0
1 0 −1 0 0 1
−1 1 1 1 1 0
−1 1 1 0 1 −1

⎞⎟⎟⎟⎟⎟⎠ ∼

⎛⎜⎜⎜⎜⎜⎝
ξ6 0 0 0 0 0
0 ξ5 0 0 0 0
0 0 ξ3 0 0 0
0 0 0 ξ 0 0
0 0 0 0 ξ2 0
0 0 0 0 0 ξ4

⎞⎟⎟⎟⎟⎟⎠
Both representations are conjugated using a matrix in SL(6,Z)

which is not simplectic.

2.5.3. Little Groups method. We want to apply almost every-
thing developed on this work to the family of Weyl groups of type
Cn = Zn

2 �Sn, chapter 6. In order to achieve that, we need to know first
the irreducible representations of each group of this family. Fortunately,
each of them are a semidirect product of an abelian normal subgroup
with another, and there is a method known as Little groups, explained
on [22]. We summarize here the steps involved on the method.

Let us consider G = A�H , with A abelian and a normal subgroup
of G; the idea is to build all the irreducible representations of G start-
ing from the irreducible representations of A and those from certain
subgroups of H.

2.5.3.1. Notation. We will consider the irreducible (complex) rep-
resentations of the group A and the following action of G on it.

ΩA = {irreducible representations for A} = {ρi}i∈I
Consider the natural action of G in ΩA given by:

G× ΩA
ϕ−→ ΩA

(g, ρi) → ρgi : A −→ GL(V )
(conjugated representation : ρgi (a) = ρi(g

−1ag))
We will write
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ΩH
A = {representatives of the orbits by H in ΩA} = {ρj}j∈ΩA/H

For each j ∈ ΩA/H consider:

Hj = {h ∈ H : ϕ(h, ρj) = ρj)} := StbHρj

Gj = {g ∈ G : ϕ(g, ρj) = ρj)} := StbGρj

It is easy to see that Gj = A�Hj

2.5.3.2. Extension of ρj for Gj. Let ρ̄j be the natural extension for
Gj defined by:

ρ̄j(g) =

{
ρj(1) for all g ∈ Hj

ρj(g) for all g ∈ A

which is an irreducible representation of Gj of degree 1. So, we obtain
a set of irreducible representations of Gj which depends basically on
the irreducible representations of A.

2.5.3.3. Other representations of Gj. In order to get the representa-
tions of G, following the method explained in [22], we need to consider
more irreducible representations of Gj.

Consider { σij }i∈I the irreducible representations of Hj . In the
same form as before, we get a set of irreducible representations {σ̄ij}i∈I
for Gj.

Besides, deg σ̄ij = deg σij .
2.5.3.4. Tensor representation for Gj. We will build a new irre-

ducible representation of the group Gj . Taking the tensor product of
the previous representation. It is got this way:

θij = ρ̄j
⊗

σ̄ij

.
This is an irreducible representation of Gj .

2.5.3.5. Induced representation for G. Taking θij of 2.5.3.4 we con-
struct an irreducible representation of G, θ̄ij , by inducing it to G in
the classical way.

Therefore, deg θ̄ij =| G : Gj | deg θij .
We will get as many representations as:
For each stabilizer Gj we will have as many representations as Hj

has. And we have �ΩH
A different stabilizers.

The result of this method is that these are all the irreducible rep-
resentations of G, [22].
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2.6. Known Facts about decomposition of a Jacobian variety

Just like the isotypical decomposition of the complexification of the
representation of a group G on the H1(S,Z) treated on chapter 5. We
would like to give one for the representation on the H1,0(S,C) in order
to give a decomposition of the Jacobian of a Riemann surface with G
action. We include here some known results that will be useful finding
the decomposition of a Jacobian with action of the group Cn that we
give on chapter 6.

Proposition 2.6.1. Let f : X → Y and g : Y → Z be two cover-
ings of curves and let’s take the composition h = g ◦ f . Then there are
two natural isogenies given as follows.

ps : P (Y/Z)× P (X/Y ) → P (X/Z), ps(y, x) = f ∗(y) + x

and

Ψ : JZ × P (Y/Z) × P (X/Y ) → JX,Ψ(x, y, z) = h∗(z) + f ∗(y) + x

Proof. This is demonstrated and besides the kernel of these iso-
genies are characterized in [16]. �

Proposition 2.6.2. Let W be an irreducible representation of G
such that there exists a subgroup H < G with

< χW , χIndG
H(1) >= 1

Then there exist g1, ..., gs with s = dim W , elements of G such that

W = W g1Hg
−1
1 + ... +W gsHg

−1
s

Proof. See [21] �
Proposition 2.6.3. Let V be a representation of G and be W n

an isotypic component (a component of the isotypical decomposition).
Suppose that there exist subgroups H and N of G, H < N < G, such
that the following two conditions are accomplished:

i) < χIndG
H(1), χW >= 1, and

ii)χIndG
H(1) − χIndG

N (1) = χW
then:

V H = V N ⊕ (W n)H (orthogonal sum)

Proof. See [21] �
Remark 2.6.1. Observe that conditions i) and ii) imply W is a

rational representation.
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If we apply the propositions 2.6.2 and 2.6.3 to coverings, we can
deduce the following corollary.

Corollary 2.6.4. Let X be a curve and G ≤ Aut(X). Since G
acts on JX, in particular acts on TeJC, so TeJC is a representation of
G. Let H < N < G as before and denote by XH := X/H, XN := X/N
and the natural projections πH : X → XH and π : XH → XN . Then:

(dπ∗
H)e(TeJXH)) = (dπ∗

N )e(TeJCN ) ⊕ (W n)H

the sum being orthogonal, and by orthogonal cancellation we have that:

(W n)H = (dπ∗
H)eTeP (CH/CN)

Moreover n = dimP (XH/XN), so W n = sdπ∗
HTeP (CH/CN) con s =

dim W , i.e. the isotypical component of JX corresponding to W is
P (XH/XN)dimW .

Remark 2.6.2. We read this as follows:

If θ : G→ GL(W ) and fill the hypothesis of the corollary 2.6.4, then
nθ acts in s = dimW copies of P (CH/CN) with n = dim P (CH/CN).





CHAPTER 3

Characterization of intermediate quotients of a

curve with G-action

3.1. Introduction

The goal proposed to this chapter, was to find a way of summarize
the information of how the structure of intermediate covers for the
action of G on a Riemann surface S is, this leads on the concept of
geometric signature of G introduced here. It allows us to group the
points of S, and then compute the genus of the intermediate quotients
and the structure of them; this is, to describe for each H ≤ G, the
signature of the covering πH : S → S/H and the cycle structure of
πH : S/H → S/G, which is not in general a galois covering; in an
algorithmic way.

A function in G.A.P. that gives this information: genus of S/H ,
signture for the action ofH , cycle structure of the covering πH : S/H →
S/G, etc., in a clear and organized manner was built.

Consider a closed Riemann surface S with action of a finite groupG,
and recall all de definitions given on chapter 1. We want to introduce
now, new and useful definitions; the first one is a natural fusion between
the definitions of signature, Def. 1.1.11, and type of a branch value, Def.
1.1.12.

Definition 3.1.1. (Geometric signature of G on S) Let S be a
closed Riemann surface and G be a group of conformal automorphisms.
Let p1, ..., pr ∈ S be a maximal collection of non-equivalent branch
points, respect to G. For each j = 1, ..., r, we consider its stabilizer Gj.
We define the geometric signature of G on S as the tuple

(γ; [m1, C1], ..., [mr, Cr])

where γ is the genus of S/G, mj is the order of the stabilizer sub-
group Gj and Ci is the conjugacy class represented by Gi.

41
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Remark 3.1.1.

1.- We can see the Geometric signature of G on S, as given by
a signature, (γ;m1, ..., mr), of G on S, Def. 1.1.11, plus an
specification of the type of the branch values, Def. 1.1.12,
associated to the mi’s. It does not depend on the set {pi} of
points we have taken, if we take a different one its stabilizers
will be conjugated to the first ones, so the geometric signature
will be the same. However, in order to make computations,
we need to choose a set of representatives of those conjugated
classes but it will be clear that the results do not depend on
what set we have taken.

2.- It is clear that the mi’s are de order of the cyclic subgroups
Gi ∈ Ci. So they are redundant information here, because
we are given the subgroup so we know its order; we persist
including it because, in that way, it looks more like a refined
version of the usual signature.

3.- It could happen that two or more of the Gi will be different
representatives of the same conjugated class, as we have dis-
cussed before, it will be no problem.

4.- If we know the conjugated classes of cyclic subgroups of G, we
could group the branch values on the geometric signature and
give the number of points of each type (allowing to be that
number zero).

If we are asking for intermediate quotients by a subgroup H , we
have two branched coverings, as we have seen:

πH : S → S/H

πH : S/H → S/G

Thus, to describe the first covering we need to give the signature
of H on S. And to describe the second one we need to give the cycle
structure of πH at every branch value.

Definition 3.1.2. (Geometry structure of the action) We will un-
derstand by the Geometry structure of the action, to give the infor-
mation about all the intermediate quotients concerning to genus and
branch points, i.e. to give the signature of the action of H on S and
the cycle structure for the covering πH , for each subgroup H ≤ G.
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Definition 3.1.3. (To pack) Let S be a surface with G-action,
consider p a point in S/G and π−1

G (p) its fiber; we will say “to pack (or
to make packages) over p” for grouping the points of π−1

G (p) in sets,
each one containing points with the same stabilizer, we will call each
one of these sets “a package” and we will refer as the “the stabilizer
associated to a package” to the stabilizer of points of this package.

3.2. Intermediate coverings description

We know we can group the points of S in fibers over each point of
S/G, definition 3.1.3 allows us to have the points of π−1

G (p) grouped
according its stabilizer. This is, we pack the fiber: each package is
formed by points of the same stabilizer and two different packages
have different stabilizer; clearly, the stabilizers associated to a pack
of one fiber form a complete conjugacy class of cyclic subgroups. This
will became clear in the following, and it will allow us to make the
computation of ramification index for the Riemann-Hurwitz formula in
a very easy, clear and useful way.

Remark 3.2.1.
1) p ∈ S then �Op =| G : Gp |
2) q ∈ Op (i.e. there exists h ∈ G such that q = h(p)) then

Gq = Gh−1

p = {hgh−1 : g ∈ Gq}
Lemma 3.2.1. Given S a Riemann surface with G action, consider

p ∈ S a branch point, Op its orbit and Gp its stabilizer; then,

1) In Op there are | G : NG(Gp) | packages with different stabilizer
of Gp, conjugated to it by the elements of a left transversal of
its normalizer on G (NG(Gp)).

2) Every package has | NG(Gp) : Gp | points.

Proof.
1) Consider two different points q1, q2 ∈ Op, there exist h1, h2 ∈ G such
that qi = hi(p), i = 1, 2; then,

Gq1 = Gq2 ⇔ h1Gph
−1
1 = h2Gph

−1
2

⇔ h−1
2 h1Gp(h

−1
2 h1)

−1 = Gp

⇔ h−1
2 h1 ∈ NG(Gp)

hence, they have the same stabilizer if and only if they are image of p
by elements of G which define the same left coset of the normalizer of
Gp.
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2) As we know �Op =| G : Gp |; from the first point of the proposition,
we have | G : NG(Gp) | different packages (everyone with the same
quantity of elements) in Op, so in each package there are:

| G : Gp |
| G : NG(Gp) | =| NG(Gp) : Gp |

points. �
Definition 3.2.1. Let us define the following set:

ΩGp = { left transversal of NG(Gp) in G}

Remark 3.2.2.

1-. We have grouped the points of Op in | G : NG(Gp) | packages
considering the action of G on it, there are | NG(Gp) : Gp |
points in each one having stabilizer G

l−1
j
p , for all lj ∈ ΩGp ; i.e.

each element of ΩGp determines one package of |NG(Gp) : Gp|
elements contained in Op.

2-. It is important to remark we have demonstrated that the exis-
tence of one point p ∈ S with non trivial stabilizer, Gp, imme-
diately implies the existence of |NG(Gp) : Gp| points with the
same stabilizer Gp, besides the existence of the same amount of
point with stabilizer running in the complete conjugate class
of Gp; all of them produce just one branch value b ∈ S/G.
That is the reason we prefer to describe the branch values,
using the geometric signature for the action of G, instead the
branch points.

3.2.1. Signature for the covering πH : S → S/H. As the cov-
ering πH is Galois, its structure is described by giving the signature for
the action of H ; i.e., we want to give the genus of S/G and the branch
values of πH , using the information of the geometric signature.

We will start finding the genus of S in function of the genus of S/H ,
because it will allow us to find the signature for the action of H .
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Proposition 3.2.2. Let S be a curve with action of G with geo-
metric signature Γ = (γ; [m1, C1], ..., [ms, Cs]); for each H ≤ G, we
will denote by S/H the quotient curve of S by the action of H; then

Riemann-Hurwitz formula for the covering S
πH−→ S/H can be ex-

pressed as follows

gS =| H | (gS/H−1) + 1 +
1

2

∑
Gi∈Γ

∑
lj ∈ ΩGi

| NG(Gi) : Gi | (| Gl−1
j

i ∩H | − 1)

where Gi is a representative for the conjugated class Ci, and ΩGi
is a

left transversal of the normalizer in G of Gi, for all i.

Proof. Consider Riemann-Hurwitz equation, corollary 2.1.2, now
we associate to every point p ∈ S its stabilizer in G, Gp. For the total
covering each point p has ramification index (| Gp | −1) and for the
intermediate by H it will have (| Gp ∩H | −1).

Therefore Riemann-Hurwitz formula for the intermediate quotient
looks like:

gS =| H | (gS/H − 1) + 1 +
1

2

∑
p ∈ S

(| Gp ∩H | −1)

Now if we consider q ∈ S/G we have that π−1
G (q) ⊂ S, choose a

point p ∈ π−1
G (q), therefore π−1

G (q) = Op (orbit by G); we have that
q is then a point of Gp-type (with Gp the stabilizer of p in G); as we
have Op packed, we can index the sum on the points of S/H :

gS = |H|(gS/H − 1)+1 +
1

2

∑
q∈S/G

∑
l∈ΩGq

| NG(Gq) : Gq | (| Gl−1

q ∩H | −1)

Due to the only non tivial stabilizers are the cyclic subgroups of G
including in the geometric signature Γ, the sum can be indexed upon
them; in this way we get the equation of the proposition and the proof
is complete. �

Remark 3.2.3. If the previously proposed formula is taken and
computed for H = G, we have the following:

gS =| G | (gS/G−1) + 1 +
1

2

∑
Gi∈Γ

∑
lj ∈ ΩGi

| NG(Gi) : Gi | (| Gl−1
j

i ∩G | − 1)

gS =| G | (gS/G−1) + 1 +
1

2

∑
Gi∈Γ

∑
lj ∈ ΩGi

| NG(Gi) : Gi | (| Gl−1
j

i | − 1)
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gS =| G | (gS/G − 1) + 1 +
1

2

∑
Gi∈Γ

∑
lj ∈ ΩGi

| NG(Gi) : Gi | (| Gi | − 1)

therefore the second addition does not depend on lj anylonger and it
is only an addition � ΩGi

times the same term. As � ΩGi
=| G : NGGi |

it follows:

gS =| G | (gS/G−1) + 1 +
1

2

∑
Gi∈Γ

| G : NG(Gi) || NG(Gi) : Gi | (| Gi | − 1)

therefore,

gS =| G | (gS/G − 1) + 1 +
1

2

∑
Gi∈Γ

| G : Gi | (| Gi | − 1)

Using proposition 3.2.2, we can describe, in the desired way, the
intermediate coverings:

Genus for S/G:

Proposition 3.2.3. Let S be a curve with G action with geometric
signature

Γ := (γ; [m1, C1], ..., [mr, Cr])

for each H ≤ G, we will denote by S/H the quotient curve of S by the
action of H; then, the genus of S/H is given by

gS/H = | G : H | (gS/G − 1) + 1 +

+
1

2

∑
Gi∈Γ

∑
lj ∈ ΩGi

| NG(Gi) : Gi || Gl−1
j

i ∩H |
| H |

⎛⎝ | Gl−1
j

i |
| Gl−1

j

i ∩H |
− 1

⎞⎠

where Gi is a representative for the conjugated class Ci, and ΩGi
is a

left transversal of the normalizer in G of Gi, for all i.
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Proof. We have the following data for the points of S, for every
lj ∈ ΩGi

:

| Gl−1
j

i ∩ H | which indicates how many sheets are glued at a branch
value of Gi type (for the covering πG : S → S/G).
| NG(Gi) : Gi | which indicates how many times these sheets appear
glued.
Then, to obtain the number of points in S/H that are in the fiber for
πH : S/H → S/G of a Gi-type branch value of πG, it is enough to see
how many images πH has:

|NG(Gi) : Gi|
|OH

p |
=

|NG(Gi) : Gi||Gl−1
j

i ∩H|
|H|

Each of these points will be marked with the number of sheets glued
on it:

| Gl−1
j

i |
| Gl−1

j

i ∩H |
and we get the suggested Riemann-Hurwitz formula. �

Remark 3.2.4. Up to here, not only a formula for intermediate
genus has been given. If we follow carefully the demonstration of the
proposition 3.2.3, we realize that we have actually found a way to
describe the action in terms of signature of de action of H , even the
geometric signature of the action of H if we want so, and the cyclic
structure of the other covering, πH .

Marked points for the action of H ≤ G:
We have done all the work to find the signature for the action of H :

we know that πH is a galois covering, so the points of the fiber of every
branch value of S/H have stabilizer of the same order, in fact they are
conjugated in H .

Consider the following subset of ΩGi
: pick one element l1 ∈ ΩGi

,

compute the value of |Gl−1
1
i ∩H| and build the set

Li1 := {lj ∈ ΩGi
: |Gl−1

j

i ∩H| = |Gl−1
1
i ∩H|}

Take now l2 ∈ ΩGi
\ Li1,i.e. one of the resting elements of ΩGi

,

compute the value of |Gl−1
2
i ∩H| and form the corresponding set Li2 as

before; and so on.
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What we are doing is to group the elements of ΩGi
having the same

value of |Gl−1
k
i ∩H|. Obviously this is a finite algorithmic process. Let’s

call νi the number of sets Lik we have partitioning the set ΩGi
.

Remark 3.2.5.
νi∑
1

|Lik| = |G : NG(Gi)|

Using all the preceding, we have

Proposition 3.2.4. Let S be a curve with action of G, with geo-
metric signature

Γ = (γ; [m1, C1], ..., [ms, Cs])

then, for each Ci ∈ Γ there are

|Lik|
(
|NG(Gi) : Gi||Gl−1

k
i ∩H|

|H|

)
points marked with the number |Gl−1

k
i ∩ H| on S/H for the action of

H ≤ G, k = 1..νi.

Remark 3.2.6. We have for each H ≤ G, the signature for the
action of H on S, if we know the geometric signature for the G-action
on S:

Elements of the signature tuple Given by
Genus of S/H Proposition 3.2.3
Marked points Proposition 3.2.4

Remark 3.2.7. The problem with this, is we are marking also the
points with trivial stabilizer for the action of H if they are points over a
branch value for the action of G, technically they are not branch values
for the action of H ; we could solve this by saying: Do not consider the

cases when |Gl−1
k
i ∩H| is trivial, but we will not do that, because they

are special points, no branch values but they are pre-images of branch
values for the covering πH : S/H → S/G.

3.2.2. Cycle structure for the covering πH : S/H → S/G.
Doing as before, we know how the points over the branch values for
the action ofG are; all the former is happening over each point bi ∈ S/G
branch value of Ci type, we know how the structure of cycles over this
bi is for the covering πH : S/H → S/G.
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Proposition 3.2.5. Let S be a curve with G-action, with geometric
signature

Γ := (γ; [m1, C1], ..., [ms, Cs])

over a branch value bi ∈ S/G of Ci type (for the total covering πG :
S → S/G), Ci ∈ Γ, the cycle structure of πH is given by a tuple of size

ri :=

νi∑
k=1

|Lik|
(
|NG(Gi) : Gi||Gl−1

k
i ∩H|

|H|

)
and form

(...,
|Gi|

|Gl−1
k
i ∩H|

, · · · , |Gi|
|Gl−1

k
i ∩H|︸ ︷︷ ︸

|Li
k|
⎛⎝ |NG(Gi):Gi||G

l−1
k

i
∩H|

|H|

⎞⎠

, ...)

for all Ci ∈ Γ.

Remark 3.2.8. The former propositions tell us that the geometric
signature determines the geometric structure for the action of G, Def.
3.1.2, the converse is also true.

Theorem 3.2.6. Let S be a Riemann surface with G action, the
Geometry structure of the action, Def. 3.1.2, is completely described
by the geometric signature of the action of G, Def. 3.1.1.

Proof. As we have seen in propositions 3.2.3, 3.2.4 and 3.2.5, if
we know the geometric signature, we now for all H ≤ G the signature
for πH : S → S/G and cycle structure for πH : S/H → S/G; i.e. the
geometry structure of all the intermediate quotients.

Conversely, to have two different geometric signatures means that
for at least one cyclic subgroup, the number of branch values of its type
is different; if we take quotient by it, the quotient projection will have
different branching data in both cases, actually different genus for this
quotient. �

Remark 3.2.9. We will think this theorem in terms of

Geometric signature for the G action ⇔ Geometry structure of the action

Corollary 3.2.7. Let S be a Riemann surface with G action, the
geometric signature determines completely the geometry structure for
the intermediate coverings by cyclic subgroups.
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Remark 3.2.10. The former corollary means in particular: if we
have different genus for the quotient by at least one cyclic subgroup,
we have different geometric signature; we will use this on chapter 5.

3.2.3. Rewriting. Working a little with the expression presented
in the proposition 3.2.3 we get the following relation between the genera
of S/H and S/G:

gS/H = |G : H|(gS/G − 1) + 1 +
1

2

∑
Gi∈Γ

⎛⎜⎝|G : H| −
∑

lj∈ΩGi

|NG(Gi) : Gi||G
l−1
j

i ∩H|
|H|

⎞⎟⎠
Considering the following Lemma, we could write the equation on

the proposition 3.2.3 in a different way.

Lemma 3.2.8. Let G be a finite group. ConsiderH and K subgroups
and H\G/K a set of representatives of double cosets.

Then:

|H\G/K| =
∑

lj ∈ ΩK

|NG(K) : K||K l−1
j ∩H|

|H|
where ΩK is left transversal of NG(K) (as before).

Proof. We recall some of the facts of double cosets given on propo-
sition 2.1.3.

Now consider the action of H in the left cosets of K (IK):

H × IK → IK

given by multiplication for the left.
Be giK ∈ IK . Then the stabilizer in H of giK is:

StbH(giK) = {h ∈ H : hgiK = giK} = Kg−1
i ∩H

Therefore the cardinality of the orbit of giK by H is:

|OH(giK)| = |H : Kg−1
i ∩H|

For i ∈ {1..n} where n = |H\G/K| is the number of double cosets.
As the cardinality of IK = |G : K| and if we say that k is the number
of different orbits (i.e. the cardinality of the set IK/H). We have:

k∑
i=1

|OH(giK)| =

k∑
i=1

|H : Kg−1
i ∩H| = |G : K|
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Comparing it with the point (6) of proposition 2.1.3, we have that
k = n this is,

|IK/H| = |H\G/K|
Now the idea is to get the cardinality of IK/H through another

way, to demonstrate our proposition.
Consider the action of G in the left cosets of K (IK):

G× IK → IK
given by multiplication through the left.
Consider giK ∈ IK . Then, the stabilizer in G of giK is:

StbG(giK) = {g ∈ G : ggiK = giK} = Kg−1
i

Two elements giK, gjK in IK have the same stabilizer in G if and
only if gi and gj represent the same left coset of the NGK in G. Because

Kg−1
i = Kg−1

j ⇔ g−1
i gj ∈ NG(K)

Now, if to each point giK ∈ IK I associate its stabilizer in G (i.e.
StbG(giK)) we will have the set IK divided in |G : NG(K)| packages, in
the same old sense of the word. Each package has |NG(K) : K| points
(for IK has |G : K| elements) that have associated the same stabilizer.

Now consider the previous action but restricted to H ≤ G (i.e.
H × IK → IK multiplication by the left). The stabilizer in H of an
element giK ∈ IK is:

StbH(giK) = StbG(giK) ∩H
Then the cardinality of the orbit by H of the element giK ∈ IK

(|OH(giK)|) is:

|OH(giK)| =
|H|

StbH(giK)
=

|H|
StbG(giK) ∩H

Previously we had assigned to every element of the set IK its StbG,
then considering the action of H we have that by each package of points
with the same stabilizer in G we will have

number of points in the package

cardinality of the orbit
=

|NG(K) : K||Kg−1
i ∩H|

|H|
points in IK/H .

The StbG associated to each package will be given by Kg−1
i if giK

is in that package, with gi representative of left coset of NG(K).
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If we take all the representatives of left cosets of NG(K) we will
have reviewed all the packages of points in IK , then the whole of IK .

Therefore, the cardinality of IK/H is also given by:

∑
lj ∈ ΩK

|NG(K) : K||K l−1
j ∩H|

|H|

�

Remark 3.2.11. Using this proposition for K = Gi, the equation
demonstrated in 3.2.3 is:

gS/H = |G : H|(gS/G − 1) + 1 +
1

2

∑
Gi∈Γ

(|G : H| − |H\G/Gi|)

In particular this form of relating the genera of S/H and S/G is pre-
sented in [9] and it will be used later, the one presented on proposition
3.2.3 is very useful because, as we have seen, it allows us to determine
the signature of the action of H and the cycle structure of the (non
always Galois) covering πH : S/H → S/G.

Example 3.2.1. Here we include a little example of a covering
analyzed with this machinery.

Consider S a Riemann surface with action of the symmetric group
G = S3.

1
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H1 =< (1 2 3) >

�����
����

����
����

��
H2 =< (1 2) >

��

< (1 3) >

�����
���

���
���

��
< (2 3) >
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�����
�����

�����
����

S3

G has two conjugacy classes of cyclic subgroups , then in S/G may
there to be points of 2 types, (we only defined the type of the branch
values, the regular points in S/G need not be counted); this is:

α1 points of type G1 =< (1 2 3) > and
α2 points of type G2 =< (1 2) >.
In the following table the necessary data are presented:
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Cyclic Number Points Right Cosets of Stabilizer
Subgroup of packages per package NGGi in each pack.

Gi | G : NG(Gi) | | NG(Gi) : Gi | Γi G
l−1
j

i

G1 1 2 G < (1 2 3) >
G2 3 1 G2 < (1 2) >

G2(1 2 3) < (1 3) >
G2(1 3 2) < (2 3) >

This permits to compute the intermediate genus of S/H1 and S/H2,
the marked points for the Hi-action and to describe how the sheets are
“glued”on the covering S/Hi → S/G

gS = 6(gS/G − 1) + 1 + 2α1 + 3α2/2
gS/H1 = 2(gS/G − 1) + 1 + α2/2
gS/H2

= 3(gS/G − 1) + 1 + α1 + α2/2

Signature for πH1 (gS/H1; 3, 3︸︷︷︸
α1-times

, 1︸︷︷︸
α2-times

)

Signature for πH2 (gS/H2
; 1︸︷︷︸
α1-times

, 1, 2︸︷︷︸
α2-times

)

We are able to give the structure of cycles of the covering, Def.
1.1.10:

Covering degree Type of the point Structure
S/H1 → S/G 2 G1 (1, 1)

G2 (2)
S/H2 → S/G 3 G1 (3)

G2 (1, 2)

The next one is an important example, it shows the fineness of the
concept geometric signature, and its difference with the usual signature.

Example 3.2.2. Considere as G the Weyl group of type C3,

G :=< x, y, z : ... > � < a, b : a3, b2, (ab)2 >∼= Z3
2 � S3

and two Riemann surfaces, S1 and S2 with G action, with the same
signature, (0; 6, 4, 2), but different geometric signature. We remark we
do not know at this point if such surfaces actually exist, this problem
is matter of the next chapter, but they do.

Consider the following representatives of different conjugacy classes
of cyclic subgroups:
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Representative Order Size of the class
G4 =< xyzb > 2 6
G5 =< yzab > 2 6
G7 =< xyab > 4 3
G8 =< yab > 4 3
G9 =< xa2 > 6 4

Consider the following non conjugated non cyclic subgroups of size 8:
H23 =< y, z, xyzab >
H26 =< y, z, ab >

S1 Riemann surface with G action with geometric signature

Γ1 = (0; [G9, 6], [G7, 4], [G4, 2])

S2 Riemann surface with G action with geometric signature

Γ2 = (0; [G9, 6], [G8, 4], [G5, 2])

If we take intermediate quotients by H23 and H26 we have:

Surface Subgroup genus of the quotient
S1 H23 0

H26 1
S2 H23 1

H26 0

So the lattice of the intermediate quotient, at least for these subgroups,
is different, this opens new questions: do these surfaces exist?, are these
actions topologicaly differents?, what is the importance of such a dif-
ference?; we will solve them step by step, the first one is the motivation
for the next chapter.
You can see a a picture of this situation on Appendix B.
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3.3. Function in G.A.P.

As we said, we create a function which runs over the software
G.A.P. (Group Algorithm Program), let us consider a closed Riemann
surface W with action of a group G with geometric signature Γ :=
(γ; [m1, C1], ..., [mr, Cr]); the function considers as data G and the geo-
metric signature Γ for the action of G, this is:

G : finite group that we want to study. It may be presented as a
permutation group or a matrix group, and even as a quotient of a free
group.

l := [G1, ..., Gr] a list that contains one representative for each
Ci ∈ Γ.

H : the subgroup whose action is under study, i.e., the intermediate
quotient we want to analyse.

gwG : γ ∈ Γ, i.e. the genus of W/G.
The file that contains the function, called “covering.g”, must be

recorded in the apropiated directory.
Once in G.A.P., we read the file :
gap>Read(“covering.g”);

and then we can execute the function with the given data:
gap>cove(l,G,H,gwG).
It gives the following results:

• Genus of W
• Genus of W/H
• Marked points inW/H , it says over which of the marked points

of W/G given by the geometric signature, they are: this is
given in pairs of numbers, [mark for the point, how many
points they are ].

It is worth observing that it also specifies the points with
trivial stabilizer, obviously only if these are over marked points
in W/G, because it is relevant information to determine the
structure of the covering W/H →W/G.

• Cycle structure of the covering W/H → W/G, this is given as
a tuple that says which is the injectivity degree at the points
in the fiber by the covering W/H → W/G for each marked
point in W/G.

• Finally it gives the index of H in G and the Core(H) in G.
Because it is an important data which helps to solve a different
question: the existence of a curve with this type of action, as
we will show in the next chapter.
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Example 3.3.1. Continuing with the example 3.2.1, we will solve
it with the G.A.P. function.

This text was extracted from an output file given by the function,
we only show the part of the output file of interest at this stage.

Notation: “ls3”is a list that contain the representatives of the con-
jugate classes of cyclic subgroups of S3.
gap> Read("covering.g");

gap> s3:=Group((1,2,3),(1,2));

gap> ls3:= [ Group([ (1,2,3) ]), Group([ (2,3) ]) ];

gap> h1s3:=Group((1,2,3));

gap> h2s3:=Group((1,2));

gap> cove(ls3,s3,h1s3,0);

For the covering WH →WG the structure of cycles is:

Group( [ (1,2,3) ] )→[ 1, 1 ]

Group( [ (2,3) ])→[ 2 ]

The index of H in G is: 2

gap> cove(ls3,s3,h2s3,0);

For the covering WH →WG the structure of cycles is:

Group( [ (1,2,3) ] )→[ 3 ]

Group( [ (2,3) ] )→[ 2, 1 ]

The index of H in G is: 3

It is clear this is enough information to compute.

Remark 3.3.1. The function just presented does not determine
if such covering does exist or not; it only says that if it exists, the
structure of the covering for the action of H ≤ G will be the one that
is given. Obviously it may be used as an instrument to verify the
existence; for example if an intermediate surface appears with no an
integer genus, it means that such an action of G, with that geometric
signature, will not exist.

The source code of this function is found in Appendix A



CHAPTER 4

Construction of Riemann surfaces with G-action of

a given type

4.1. Introduction

Here we use the facts given on chapter 2, specially the ones given
on section 2.2 to solve the following problem: given a finite group
G, when there is a Riemann surface S admitting the action of G
with a given geometric signature; the fineness of this concept and
its importance, will be clear by means of a very concrete example,
C3 = Z3

2 � S3 acting on a Riemann surface of genus 3. We also
study here the relation between the group structure and the galois
covering of the intermediate coverings, Def. 1.2.3, we show that if
we know the monodromy representation of one intermediate covering
πH : S/H → S/G to some H ≤ G with trivial Core, we know the
geometric signature for the action of G, hence the complete lattice of
intermediate quotient using chapter 3.

4.2. Construction Theorem

We have already enunciated the Riemann’s existence theorem, the-
orem 2.4.3 it involves the usual signature for the action of G on S, we
want to refine it and make another theorem involving the geometric
signature of the action of G.

Theorem 4.2.1. Given a finite group G, there is a compact Rie-
mann surface S of genus g where G acts with geometric signature
(γ; [m1, C1], . . . , [mr, Cr]) if and only if the following two conditions hold

i) The Riemann-Hurwitz equation, cor. 2.1.2,

g = |G|(γ − 1) + 1 +
|G|
2

r∑
i=1

(1 − 1

mi
)

is satisfied, and

ii) The group G has a tuple (a1, b1, ..., aγ, bγ , c1, ..., cr) of generating
vector of type (γ;m1, . . . , mr), Def. 1.2.9, with < ci >∈ Ci, for each i.

57
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Proof. 1. Let’s suppose first that there is a compact Riemann Sur-
face, S, of genus g, where G acts with signature (γ;m1, . . . , mr):

• The uniformization theorem gives us the existence of Γ∗ ≤
Aut(∆), discrete, without elliptic elements, such that S =
∆/Γ∗.

• By theorem 2.4.1, being Γ∗ without elliptic elements, we have

Aut(S) ∼= N(Γ∗)/Γ∗

where N(Γ∗) is the normalizer subgroup of Γ∗ in Aut(∆).
• G acting on S means G ≤∼ Aut(S), using the former and

one of the group isomorphism theorems, we have there is a
Fuchsian group Υ such that Γ∗ � Υ ≤ N(Γ∗) and G ∼= Υ/Γ∗.

• Consider the surfaces ∆/Υ, S = ∆/Γ∗ and the coverings
p : ∆/Γ∗ → ∆/Υ
t : ∆ → ∆/Υ
ν : ∆ → ∆/Γ∗

all of them are Galois, in particular

Gal(p : ∆/Γ∗ → ∆/Υ) ∼= G

• There is a natural isomorphism q : ∆/Υ → S/G such that the
following diagram commutes

S = ∆/Γ∗

πG

��

p
















∆/Υ
q

�����
���

���

S/G

define for u ∈ ∆/Υ, q(u) := πG(ũ) where ũ ∈ p−1(u); we will
identify S/G with ∆/Υ, so Υ uniformizes S/G.

• The geometric signature Γ = (γ; [m1, C1], ..., [mr, Cr]) means
that S/G has genus γ and there is a discrete set {x1, ..., xr} ⊂
S/G of points on S/G marked with the number mi meaning
the size of the sabilizer of points in its fiber by πG, the classes
Ci mean such stabilizers are in those classes. With the first
information we get, [5] theorem IV.9.12., a presentation for
the group Υ, which uniformizes S/G:

Γ =< α1, β1, ..., αγ, βγ , δ1, ..., δr : δm1
1 , δm2

2 , . . . , δmr
r ,

p∏
j=1

[αj , βj]

r∏
i=1

δi = 1 >
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and the covering t : ∆ → ∆/Υ = S/G has as the set of branch
values just {x1, ..., xr} where is mi : 1. The stabilizers of the
preimages by t of a point xi are the subgroup < δi > and all
its conjugated, Theorem 2.4.2.

• Let us consider now the isomorphism θ : Υ/Γ → G, then a
generating vector of type given by Γ: (γ;m1, ..., mr) for G is
formed by the images by θ of the generating elements for Υ
mod Γ∗:

(θ([α1]Γ∗), θ([β1]Γ∗), . . . , θ([αg]Γ∗), θ([βg]Γ∗), θ([δ1]Γ∗), . . . , θ([δr]Γ∗))

• In order to show θ([δi]Γ∗) ∈ Ci i = 1..r let’s consider that
the group acting on ∆/Υ is Υ/Γ∗, the a point u ∈ ∆ having
stabilizer < δi >≤ Υ, with image by t one xi ∈ S/G, descends
by ν to a point ν(u) with stabilizer

< δi > Γ∗

Γ∗ ≤ Υ/Γ∗

which corresponds to the subgroup < θ([δi]Γ∗) >, hence the
points xi ∈ S/G has type < θ([δi]Γ∗) > for the G action, then
< θ([δi]Γ∗) >∈ Ci.

Conversely, suppose there are such a tuple of generating vectors
(a1, b1, ..., aγ, bγ , c1, ..., cr) for G. Consider Y a compact Riemann sur-
face of genus γ, B = {q1, ..., qr} ⊂ Y and q ∈ Y \ B a base point; the
Fundamental group for Y \B has presentation:

Π1(Y \B, q) =< α1, β1, ..., αγ, βγ, δ1, ..., δr :

γ∏
j=1

[αj , βj]

r∏
i=1

δi = 1 >

and the regular (permutational) representation of G, φ : G→ S|G|.
Build the following group homomorphism:



60 4. CONSTRUCTION

ρ : Π1(Y \B, q) → S|G|
α1 �→ φ(a1)
...

...
αγ �→ φ(aγ)
...

...
β1 �→ φ(b1)
...

...
βγ �→ φ(bγ)
δ1 �→ φ(c1)
...

...
δr �→ φ(cr)

The image of ρ is φ(G), a transitive subgroup of S|G|, using Prop.
2.2.9 we build f : S → Y a branched covering of degree |G| and branch
values in B; this corresponds to the subgroup

H = {[γ] ∈ Π1(Y \B, q) : ρ([γ]) ∈ S|G|−1 ∩ φ(G)}
which in this case is ker(ρ), hence f : S → Y is a regular covering with
Galois group

Gal(f : S → Y ) ∼= π1(Y \B, q)
f∗(π1(S \ f−1(B), p))

=
π1(Y \B, q)
ker(ρ)

∼= Imρ ∼= G

then G acts on S and S/G ∼= Y , as Riemann-Hurwitz holds, the genus
of S is g and the marked points are {q1, ..., qr}, using Prop. 2.2.9 we
deduce that the cycle structure of φ(ci) determines the size of the fiber
of each qi and the multiplicity of f there.
To show the type of each qi, we have to consider the isomorphism
presented on Theorem 2.2.3: it asociates to δi, loop surrounding qi, the
transformation corresponding presicely to the action of φ(ci) on S.

The cyclic structure of F at a point qi, will be given by the cyclic
structure of ρ(δi) = φ(ci); it was described on proposition 2.3.4. �

Corollary 4.2.2. Given a finite group G, for each set {gi, i =
1..r} of generators of G of orders ni and product of order m, there is a
Riemann surface S such that G ≤ Aut(S) and S/G having geometric
signature (0; [n1, < g1 >], ..., [nr, < gr >], [m,<

∏r
1 gi >]).
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Remark 4.2.1.

1-. This is a bit more than an existence theorem, it actually gives
a sort of characterization of the searched covering: the type of
the branch values are given by the cyclic subgroups generated
by the elements ci in the generating vector; the cycle structure
at every branch value is determined by the regular permuta-
tional representation, specifically by the cyclic structure of the
ci, it was characterized on proposition 2.3.4. Having a tuple
of generating vectors for G, we know the type of the branch
values of the constructed covering f : S → Y = S/G, Thus we
can apply chapter 3 and actually find the structure of every
intermediate covering.

2-. For applying this theorem, you do not need a complete pre-
sentation of the group G (in terms of generators and relations)
as is needed if you want to construct the fundamental polygon
for the surface (Polygon Method); all you need here is a set of
elements of G being generating vectors of the “right”type, you
construct the surface as it was shown in the proof of theorem
4.2.1.

3-. You can use this theorem to construct surfaces with G action
with some specific behavior on intermediate quotients: being
of some fixed genus, its difference of genus (i.e. prym dimen-
sion) not being divisible by some number, etc. which can be
useful, specially if you want to construct examples of Jacobian
varieties isogenous to product of some fixed Prym varieties or
anything else.

4.3. Intermediate Coverings and its Galois cover

We are going to analyze the structure of intermediate coverings,
given by taking quotient by any subgroup H of G (Def.1.1.8); we show
here there is a natural relation between πH : S/H → S/G and the
permutational representation associated to H (the representation in
cosets of H of G).

Proposition 4.3.1. Let S be a Riemann surface with G action with
geometric signature Γ := (γ; [m1, C1], ..., [mr, Cr]),
B = {b1, ...br} ⊂ S/G the set of branch values and q ∈ S/G \B a base
point ; then for each H ≤ G, the cycle structure for πH : S/H → S/G
over each point bi ∈ B is the cycle structure (Def. 1.2.8) of an element
gi such that < gi >∈ Ci given by the permutational representation of
G on the right cosets of H, φH : G→ S|G:H|.
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Proof. The covering πH has its branch values, BH , contained in
B, suppose {bh, ..., br} = B \BH then

Π1(S/G \BH , q) ∼= Π1(S/G \B)

<< δj : j = h...r >>

where δj is a small loop surrounding bi, i = h...r; set

ς : Π1(S/G \BH , q) → Π1(S/G \B)

<< δj : j = h...r >>
such isomorphism, and

pr : Π1(S/G \B) → Π1(S/G \B)

<< δj : j = h...r >>
the natural projection.

Then, the monodromy representation for πH , ρH : Π1(S/G\BH , q) →
S|G:H| is given by

δ ∈ Π1(S/G \BH) �→ φH ◦ ρ(δ̃)
where δ̃ ∈ pr−1(ς(δ)), ρ : Π1(S/G \ B) → S|G| is the monodromy
representation for the total covering πG : S → S/G, and φH ◦ ρ is

Π1(S/G \B, q)
φH◦ρ �������

������
������

����

ρ �� G ≤ S|G|
φH



��
���

��

S|G:H|
As the cyclic structure of a covering over a branch point is the ciclic
structure of the image of a small loop surrounding it by the monodromy
representation of the covering (Prop. 2.2.9), we have it is given by the
permutational representation of G on the cosets of H .

�

Now, we need to keep in mind the correspondence stated on propo-
sition 2.2.2, U, V Riemann surfaces:{

F : U → V, connected,
up isomorphism

}
↔
{
Subgroups H ≤ Π1(V, q)

up conjugation

}
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Proposition 4.3.2. Let S be a Riemann surface with action of
G ≤ S|G|, πG : S → S/G the natural projection with branch values
B ⊂ S/G, q ∈ S/G \ b a base point and ρ : π1(S/G \ B, q) → S|G| the
monodromy representation for πG. Consider H ≤ G and πH : S/H →
S/G, we have the following diagrams:

S

πG

��

����
���

���
�

Z
l��

S/H
πH

�����
���

S/G

ker(ρ)

��

�����
����

����
� 1

��

����
���

���
�

ρ−1(Core(H))

��

Core(H)

��
ρ−1(H)

������
����

����
H

�����
���

���
�

Π1(S/G \B, q) ρ �� S|G|

then,
(i) the covering πH : S/H → S/G corresponds to
ρ−1(H) ≤ π1(S/G \B, q)
(ii) the Galois covering for πH , g : Z → S/G, corresponds to the
subgroup ρ−1(Core(H)) ≤ π1(S/G \ B, q) and Gal(g : Z → S/G) ∼=
G/Core(H), then the groups acting on each surface are:

S
h



�����
�����

�����
�����

����

πG

��

Z = S/Core(H)

l
��

g

����
���

���
���

���
���

���
���

���
��

S/H = Z/(H/Core(H))

πH 		����
����

����
����

��

S/G = Z/(G/Core(H))
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Proof. i) Follows directely from proposition 2.2.2.
ii) Is the same that demonstration of proposition 2.3.1, by defini-

tion, the Galois covering of πH is the one corresponding to the maximal
subgroup of the set

C = {N ≤ Π1(S/G \B, q) : N � Π1(S/G \B, q),N ≤ ρ−1(H)}
and that is exactly the main property of Core(H), hence of ρ−1(Core).

The Galois groups for each covering follow from clasical covering
theory.

�
Corollary 4.3.3. Let S be a compact Riemann surface with G

action, given H ≤ G, the Galois cover of πH : S/H → S/G is
πG : S → S/G if and only if Core(H) = {1}

Remark 4.3.1. To solve the question about the existence of a sur-
face S with G action with a geometric signature Γ, if the group G has a
subgroup H with trivial Core(H), then we can make the permutational
representation of G on the cosets of such an H , and use it to find the
generating vector of the desired type so we have the existence of S; the
elements of the generating vector will tell us, by prop. ??, the cycle
structure of the covering πH , and the Galois covering of it will be the
surface with G action; but the generating vector tells us more: the type
of the branch values for the total covering πG, so we are able of finding
the complete lattice of intermediate quotients.

Corollary 4.3.4. Consider f : X → Y a branched covering of
degree d between Riemann surfaces, B its set of branch values, q ∈ Y \B
a base point, ρf : Π1(Y \ B, q) → G ≤ Sd and g : W → Y its Galois
covering; then, for each N ≤ G we have

i) The Galois cover of πN : W/N → Y is g if and only if
Core(N) = {1}.

ii) The Galois cover of πN is the corresponding to ρ−1
f (Core(N))

iii) Set t : Z →W/N the Galois covering of πN , we have
Gal(t : Z →W/N) = N/Core(N)
W/N ∼= Z/(N/Core(N))

Gal(W → Z) = Core(N)
Z ∼= W/Core(N)

Gal(Z → Y ) = G/Core(N)
Y ∼= Z/(G/Core(N))
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Proof. i) It is just straight forward considering

Π1(Y \B, q)
t1=φ◦ρ �����

����
����

���

ρf �� G
φN

����
���

��

S|G:N |

then t1 is the monodromy representation for πN because according with
proposition 2.2.9, the covering corresponding to t1 is the one associated
to t−1

1 (S|G:N |−1 ∩ φN(G)), and

t−1
1 (S|G:N |−1 ∩ φN(G)) = ρ−1

f ({g ∈ G : gN = N}) = ρ−1
f (N)

which corresponds to πN . Now as φN is 1-1 if and only if Core(N) = {1}
we have ker(t1) = ker(ρf ) if and only if Core(N) = {1}, hence the
Galois covering of f and of πN will be the same.

ii) Direct form propositions 4.3.2 and 2.3.2, using X ∼= W/(Sd−1 ∩
G).

iii) uses the same ideas involved on demonstration of proposition
2.3.2; considering

Π1(Y \B, q)
t1=φN◦ρf ������

����
����

��

ρf �� G
φN

����
���

��

S|G:N |

then ker(ρf )�ker(t1), is a proper subgroup when Core(N) is not trivial,
otherwise is equal; summarizing

W

f ′

����
��
��
��
��
��

g

��

����
���

���

Z

��

X

f ���
��

��
��

W/N

πN�����
���

�

Y
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ker(ρf)

����
��
��
��
��
��
��
��
�

��

�����
����

���
1

����
��
��
��
��
��
��

��

����
���

���
�

ρ−1
f (Core(N))

��

Core(N)

��
ρ−1
f (Sd−1)

����
���

���
ρ−1
f (N)

������
����

���
Sd−1

���
��

��
��

N

�����
���

���
�

Π1(Y \B, q) ρf �� Sd

�

Example 4.3.1. Some times it could happen that there is a sur-
face with G action for some signature but, if we specify the geometric
signature there is no more; so we are being more specific with this
concept.

Consider D4 =< x, y : x4, y2, (xy)2 > and make the following ques-
tions:

Question 1: Is there any surface with D4 action with signature (0; 4, 2, 2)?
Answer: Yes, the Riemann sphere; there D4 acts with

geometric signature (0; [4, x], [2, y], [2, xy])

Question 2: Is there any surface with D4 action with geometric signature

(0; [4, x], [2, x2], [2, x2])
Answer: No, because we can not find a generating vector of D4

with the elements belonging to such conjugacy classes

Example 4.3.2. We continue with the example 3.2.2, the Weyl
group C3

∼= Z3
2 � S3, we want to show that these, a priori, two sur-

faces really exist; we are considering S1 with G action with geometric
signature

Γ1 = (0; [G9, 6], [G7, 4], [G4, 2])

and S2 Riemann surface with G action with geometric signature

Γ2 = (0; [G9, 6], [G8, 4], [G5, 2])

where the subgroups involved are
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Representative Order Size of the class
G4 =< xyzb > 2 6
G5 =< yzab > 2 6
G7 =< xyab > 4 3
G8 =< yab > 4 3
G9 =< xa2 > 6 4

Applying Theorem 4.2.1, we check first that Riemann- Hurwitz
holds, and then we need to find a generating vector for each case:

a) For Γ1 consider c1 = xa2, c2 = xyab y c3 = xyzb, we can prove
by hand, or G.A.P., that:

i) G =< c1, c2, c3 >

ii) order(c1) = 6, order(c2) = 4 and order(c3) = 2

iii) c1 ∗ c2 ∗ c3 = 1

iv) < c1 >∈ G9, < c2 >∈ G7 and < c3 >∈ G4.

b) For Γ2 consider c1 = xa2 c2 = zab and c3 = b, with:

i) G =< c1, c2, c3 >

ii) order(c1) = 6, order(c2) = 4 and order(c3) = 2

iii) c1 ∗ c2 ∗ c3 = 1

iv) < c1 >∈ G9, < c2 >∈ G8 and < c3 >∈ G5.

Conclusion: The two situation actually exist, we can see a picture
of them on appendix B.

Remark 4.3.2. In this case we can be more precise: if we saw the
list of topological classification forG actions on small genus [2], 3 in this
case, we can see there is only one topological action of a group of size
48 with quotient (0; 6, 4, 2); so this concept is different from topological
equivalence, and two equivalent situations topologically speaking can
produce different intermediate lattices, equivalents by an external au-
tomorphism of the group. However, the situation is even more fine, as
we will show on Chapter 5, this two situations have another difference:
the decomposition of the rational representation for the action of G on
the Jacobian of the surface.
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We can feel then, that the concept geometric signature is gather-
ing an information which were lost when we just look the topological
equivalence of coverings, it is capturing more information about the
embedding of the group G on the automorphisms of the surface.

Considering the following facts, we are able to find the equation of
this surface S:

1) C3
∼= S4 × Z2

2) S4 is the group of automorphisms of the cube and of the regular
octahedron.

3) S is hyperelliptic, it has 8 points of Weierstrass, these should
be the vertexes of a cube inscribed in the Riemann sphere (or
centers of faces of a regular octahedron).

4) The curve of Bolza: B : y2 = x(x4 − 1) has its points of
Wierstrass in such a way that they are vertexes of a regular
octahedron. In fact Wier(B) = {0,∞, 1,−1, i,−i}

The element g ∈ Aut(B) that fixes the vertexes i,−i has
order 4 is of the form:

g(x) =
x− 1

x+ 1
it permutes the vertexes of the cube as shown in the figure 1.
We solve for R1 and R2, using the action of g

R1 − iR1 �→ −R1 − iR1

−R2 − iR2 �→ R2 − iR2

and we find the Weierstrass points for S:

Wier(S) = {(1 + i)(
√

3 − 1)

2
,
−(1 + i)(

√
3 − 1)

2
,
(−1 + i)(

√
3 − 1)

2
,

−(−1 + i)(
√

3 − 1)

2
,
(1 + i)(

√
3 + 1)

2
,
−(1 + i)(

√
3 + 1)

2
,

(−1 + i)(
√

3 + 1)

2
,
−(−1 + i)(

√
3 + 1)

2
}

Then

S : y2 =
∏

v∈Wier(S)

(x− v)

Developing this, we get an algebraic expression for the
curve S:

S : y2 = x8 + 14x4 + 1
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Having the algebraic expresion for S, we are able to find its full group
of automorphisms, we did it: it is a group of size 48, and is isomorphic
to C3, it has one conjugacy class of function of order 4, one of order 2
and one of order 6 fixing points on S, and one class of order 4 and one
of order 2 which do not fix point and G is generated by the two set of
functions, so we can make two different concretizations of G as Aut(S)
for each geometric signature Γi:

Γ1 Γ2

g9 �→
x→ x+i

x−i

y → 4y
(x−i)4

g9 �→
x→ x+i

x−i

y → 4y
(x−i)4

g7 �→
x→ x−1

x+1

y → −4y
(x+1)4

g7 �→
x→ x−1

x+1

y → 4y
(x+1)4

g4 �→
x→ i

x

y → −y
x4

g4 �→
x→ i

x

y → y
x4

g8 �→
x→ x−1

x+1

y → 4y
(x+1)4

g8 �→
x→ x−1

x+1

y → −4y
(x+1)4

g5 �→
x→ i

x

y → y
x4

g5 �→
x→ i

x

y → −y
x4

where Gj =< gj > for i ∈ {4, 5, 7, 8, 9}.

Figure 1. Action of g





CHAPTER 5

Isotypical decomposition of the Rational

Representation

5.1. Introduction

According to [16], everytime that we have a Riemann Surface S
with G−action we have associated two representations for the cation
of G on the Jacobian variety corresponding to S:

1) The Rational Representation, ρRAC : G→ GL(H1(S,Z) ⊗ Q)
2) The Analytical Representation, ρa : G→ GL(H1,0∗(S,C))
Both are related by,

ρRAC ⊗ C ∼= ρa ⊕ ρa
This chapter is devoted to find the isotypical decomposition for the

complexification of the Rational Representation. In order to achieve
this, we find the multiplicity of each complex irreducible representation
in terms of the geometric signature of the G action.

5.2. Isotypical decomposition for the complexification of the
rational representation

Let’s consider the following definition and theorems 2.5.10 and
2.5.7,

Definition 5.2.1. Let U be a complex irreducible representation
of G, Consider de galois group associated to the field extension KU =
Q(χU(g) : g ∈ G). We will call the set {Uσ : σ ∈ Gal(KU : Q)} a
Complete Galois Class of U

Using the former definition, we can write the isotypical decomposi-
tion for any rational representation of G in the following way,

71
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Proposition 5.2.1. Given a set {U1, ..., Ur} constructed by taking
from the set of all the complex irreducible representations of a given
group G, one representative of each Complete Galois Class; every ra-
tional representation γ of G can be written as,

γ ⊗ C ∼=
r⊕
i=1

(
⊕

σ∈Gal(Ki:Q)

Uσ
i ) ⊗ Vi

where,
r= number of rational irreducible representations up equivalence

(i.e. number of cyclic subgroups of G up conjugation)
Ki = Q(χUi

(g) : g ∈ G)
Vi = (γ ⊗ U∗

i )
G

So, in the specific case of the group acts on Riemann Surface, we
have an immediate corollary for the above proposition

Corollary 5.2.2. Let S be a Riemann surface with G-action.
Consider ρa and ρRAC the analytical and rational representations for
the action of G on the Jacobian variety corresponding to S, then

ρRAC ⊗ C ∼=
r⊕
i=1

(
⊕

σ∈Gal(Ki:Q)

Uσ
i ) ⊗ Vi

where r= number of rational irreducible representations up equivalence,
Ki = Q(χUi

(g) : g ∈ G) and Vi = (γ ⊗ U∗
i )
G

Remark 5.2.1. LetW be a vector space, G ≤ GL(W ), and suppose
we have a G-equivariant decomposition of W W = U ⊕V , then WH =
UH ⊕ V H

Using the former remark and corollary 5.2.2, we have

Proposition 5.2.3. Let G be a group acting on a Riemann sur-
face and ρRAC the Rational representation for the action of G on the
Jacobian variety of S, for each H ≤ G we have

(ρRAC ⊗ C)H ∼=
r⊕
i=1

(
⊕

σ∈Gal(Ki:Q)

Uσ
i )H ⊗ Vi

where r= number of rational irreducible representations up equivalence,
Ki = Q(χUi

(g) : g ∈ G) and Vi = (γ ⊗ U∗
i )
G
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Comparing dimensions:

dim((ρRAC ⊗ C)H) =

r∑
i=1

(
∑

σ∈Gal(Ki:Q)

dim(Uσ
i )H) · dim(Vi)

We know dim((ρRAC ⊗C)H) = 2gS/H, where S is the surface where
G is acting, and gS/H is the genus of the orbit (quotient) surface by the
H-action, we will consider the set {H1, ...Hr} of all the cyclic subgroups
of G up isomorphism, to get a system of r equations and r incognitos
which are dim(Vi) representing the multiplicities of each complex irre-
ducible representation on the isotypical decomposition of the Rational
Representation ρRAC .

The system looks like:

2gS/Hj
=

r∑
i=1

⎛⎝ ∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

⎞⎠ · dim(Vi) for i, j = 1..r (E)

The next steps are:
1. To show that the system (E) admits a well defined solution,

equivalently to show that the matrix:

Ω =

⎛⎝aij :=
∑

σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

⎞⎠
i,j

formed by the coefficients of the system is invertible.

2. To find a solution.

Proposition 5.2.4. The matrix Ω defined above is invertible.

Proof. First consider the Complex Character table of G: the rows
are indexed by representatives of the conjugacy classes of elements of
G, ci, sorted by order (from less to more, |ci| ≤ |ci+1|); the columns are
indexed by the complex irreducible characters,χi, sorted by packages of
Complete Galois Classes and the coefficients of the table are, as always,
the character evaluated on the representative.

A picture to make it clearer: (Let’s consider σ as being in the
appropriated Galois group, to simplify the notation)
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χ1 χσ1 ... χj χσj ...
c1 χ1(c1) χσ1 (c1) ... χj(c1) χσj (c1) ...
... ... ... ... ... ... ...
cs χ1(cs) χσ1 (cs) ... χj(cs) χσj (cs) ...

So the Character table defines a square matrix, A, of size cor-
responding to the number of complex irreducible representations up
equivalence, s; due to the orthogonality relations of characters, this
matrix is invertible.

Let’s take A and produce another matrix, B, by adding the columns
associated to representations of the same Complete Galois Class; this
will be no longer a square matrix, but it will be of maximal rank, which
is r = number of cyclic subgroups up conjugation.

Let’s call θj to the following class function

θj :=
∑

σ∈Gal(Kj :Q)

χσj

A picture of B at this point:

θ1 ... θj ... θr
c1 θ1(c1) ... θj(c1) ... θr(c1)
... ... ... ... ... ...
cs θ1(cs) ... θj(cs) ... θr(cs)

Remark 5.2.2. If two elements, c1 and c2, generate conjugated
cyclic subgroups of G then θj(c1) = θj(c2) for j = 1..r.

Using remark 5.2.2, we can erase the rows corresponding to elements
which generate conjugated subgroups from the B matrix. Now we have
a new square matrix, of size r, which is invertible; a picture of our new
B,

θ1 ... θj ... θr
c1 θ1(c1) ... θj(c1) ... θr(c1)
... ... ... ... ... ...
cr θ1(cr) ... θj(cr) ... θr(cr)

Now we are abusing on the notation, because ci represents now not
only an element conjugacy class but a lot of them. We will denote c̄i
when we mean all the elements of the conjugacy class of ci joined with
all the elements of the conjugacy class of cj where ci and cj generate
conjugated cyclic subgroups of G.
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Let’s analyze Ω now, it is a square matrix of size r and its coefficients
are given by:

aij :=
∑

σ∈Gal(Ki:Q)

dim(Uσ
i )Hj =

1

|Hi|
∑

σ∈Gal(Ki:Q)

∑
h∈Hi

χj(h)

rearranging the sums and using our definition of θj and c̄k, we have

aij =
1

|Hi|
∑
h∈Hi

θj(h) =
1

|Hi|
r∑

k=1

θj(ck)|c̄k ∩Hi|

Now we sort Ω just like B, this is: the rows indexed by cyclic subgroups
of G up conjugation, sorted by size (|Hi| ≤ |Hi+1|) and the columns
indexed by θj sorted in the same order as they are in B.

Using the fact that the order of the elements of a subgroup are
always less or equal than the size of the subgroup, we are allowed to
state that every row i of Ω is made by elementary operations involving
the rows k = 1..i of B. Finally, as B is invertible, this leads on Ω
invertible.

�
At this moment we know that the system (E) has a unique solution.

We will offer it and test it, but firs a useful Lemma,

Lemma 5.2.5. Let G be a finite group. Consider Hj and Gk sub-
groups and Hj\G/Gk a set of representatives of double cosets.

Then:

1

|Hj|
∑
a∈Hj

|G||Gk ∩ ā|
|Gk||ā| = �(Hj\G/Gk)

where ā means the conjugacy class of a.

Proof. We know from chapter 3, specifically demonstration of
Lemma 3.2.8, that �(Hj\G/Gk) represents the number of orbits by
the action of Hj on the set IGk

of right cosets of Gk on G. We will
show that the left term represents the same number.

i) The cardinality of the orbit by a ∈ Hj is

|ā|
|ā ∩Gk|

ii) Number of orbits produced by a ∈ Hj

|G : Gk||ā ∩Gk|
|ā|
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So, the number of orbits by the whole Hj is

∑
a∈Hj

|G||Gk ∩ ā|
|Gk||ā|

�

Theorem 5.2.6. For each non trivial complex irreducible represen-
tation θi : G → GL(Ui) of a group G acting on a Riemann surface S,
with geometric signature Γ = (γ; [C1, m1], ..., [Ct, mt]); the multiplicity,
ni, of θi on the isotypical decomposition of ρRAC ⊗ C is given by

ni = 2 dim(Ui)(γ − 1) +
∑
Gk∈Γ

(dim(Ui) − dim(UGk
i )

where the Gk is a representative of the conjugacy class Ck ∈ Γ, j =
1, ..., t.

Proof. We are considering: {θ1, ..., θi, ..., θs} all the complex ir-
reducible representations of G up isomorphism, {H1, ..., Hj , ..., Hr} all
the cyclic subgroups of G up conjugation, s ≥ r, and the system (E).
The idea for proving this theorem, is to replace the expression proposed
for ni in it, which corresponds to dim(Vi) in the system (E), and the
expression for gS/Hj

, given in remark 3.2.11:

gS/Hj
= |G : Hj |(γ − 1) + 1 +

1

2

∑
Gk∈Γ

(|G : Hj| − |Hj\G/Gk|) (3.2.11)

in the system (E); and see that they work. As a system has a unique
solution, there we go.

For the trivial representation U1, we want to write its multiplicity
in the same fashion, we have:

•n1 = dim(V1) = 2γ
• dim(U1) = 1
• dim(U1) − dim(U1)

H = 0 for every H ≤ G.
then we can write,

n1 = dim(V1) = 2 + 2 dim(U1)(γ − 1) +
∑
Gk∈Γ

(dim(Ui) − dim(UGk
i ))

Besides, we can decompose each equation on system (E):
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2gS/Hj
=
∑

σ∈Gal(K1:Q)

dim(Uσ
1 )Hj dim(V1)+

r∑
i=2

⎛⎝ ∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

⎞⎠dim(Vi)

equivalently

2gS/Hj
=
∑

σ∈Gal(K1:Q)

dim(Uσ
1 )Hjn1+

r∑
i=2

⎛⎝ ∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

⎞⎠ni (EE)

for j = 1, ..r. Replacing the expressions for n1 and ni for i = 2..r (the
non trivial ones) on the system (EE), we have:

2gS/Hj
=∑

σ∈Gal(K1:Q)

dim(Uσ
1 )Hj

(
2 + 2 dim(U1)(γ − 1) +

∑
Gk∈Γ

(dim(Ui) − dim(UGk
i ))

)
+

r∑
i=2

⎛⎝ ∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

⎞⎠(2 dim(Ui)(γ − 1) +
∑
Gk∈Γ

(dim(Ui) − dim(UGk
i ))

)

Grouping the term for U1 with the sum and simplifying, the system
looks like:
gS/Hj

= 1+
r∑
i=1

∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

(
dim(Ui)(γ − 1) +

1

2

∑
Gk∈Γ

(dim(Ui) − dim(UGk
i ))

)
(EEE)

Now we compare (EEE) term by term with the expression for gS/Hj

from 3.2.11:

(i) Term corresponding to the factor (γ − 1):

r∑
i=1

∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj dim(Ui) vs

|G|
|Hj|

For the left term we have:

r∑
i=1

∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj dim(Ui) =

1

|Hj|
∑
h∈Hj

⎛⎝ r∑
i=1

∑
σ∈Gal(Ki:Q)

χσj (h)χj(id)

⎞⎠
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but χj(id) = χσj (id) for all σ in the right Galois group and all j so, the
former is equal to:

=
1

|Hj|
∑
h∈Hj

χREG(h) =
|G|
|Hj|

(ii)Term associated to Γ

r∑
i=1

∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj

(
1

2

∑
Gk∈Γ

(dim(Ui) − dim(UGk
i ))

)

vs
1

2

∑
Gk∈Γ

( |G|
|Hj| − �(Hj\G/Gk)

)
We rearrange the sums on the first term :

1

2

∑
Gk∈Γ

⎛⎝ r∑
i=1

∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj(dim(Ui) − dim(UGk

i ))

⎞⎠
and using (i) we just need to prove

r∑
i=1

∑
σ∈Gal(Ki:Q)

dim(Uσ
i )Hj dim(UGk

i ) = �(Hj\G/Gk)

The left term is given by,

1

|Hj||Gk|
r∑
i=1

∑
σ∈Gal(Ki:Q)

⎛⎝∑
a∈Hj

∑
b∈Gk

χ̄σi (a)χ
σ
i (b)

⎞⎠ (l.t.)

At this point is useful to remember:
a. ∑

χ∈IrrC G

¯χ(g)χ(g) =
|G|
�ḡ

Equivalently,

r∑
i=1

∑
σ∈Gal(Ki:Q)

χ̄σi (g)χ
σ
i (g) =

|G|
�ḡ

b. ∑
χ∈IrrC G

¯χ(g1)χ(g2) = 0

Equivalently,
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r∑
i=1

∑
σ∈Gal(Ki:Q)

χ̄σi (g1)χ
σ
i (g2) = 0

if g1 is not conjugated to g2.
Applying both we know that the left term, expression (l.t.), is dif-

ferent from 0 only when b be conjugated to a, in this case it is equal

to |G|
|ā| and it happens on |Gk ∩ ā| elements of Gk. Now we use Lemma

5.2.5 and the theorem is proved. �
Corollary 5.2.7. Given a finite group G such that all its ratio-

nal irreducible representations are absolutely irreducibles, acting on a
Riemann surface with geometric signature Γ = (γ; [m1, C1], ..., [mt, Ct]).
For each complex (rational) irreducible representation θi : G→ GL(Ui)
of G its multiplicity, ni, on the isotypical decomposition of the Analyti-
cal Representation,ρa, associated to the action of G on the correspond-
ing Jacobian variety is:

ni = dim(Ui)(γ − 1) +
1

2

∑
Gk∈Γ

(dim(Ui) − dim(UGk
i ))

where the Gk is a representative of the conjugacy class Ck ∈ Γ, k =
1, ..., t.

Which is the result in [9]
If we write the isotypical decomposition for the representation ρRAC⊗

C using the already computed multiplicities of each complex irreducible
representation, and we compute its character, we get the following

Corollary 5.2.8. The character of the rational representation is
given by

χRAC = 2χtrivial + (2gS/G − 2 + r)χREG −
∑
Gi∈Γ

χIndG
Gi

1

As it was given on [3]. This shows in particular that the Rational
Character is an integer combination of Induced characters from the
trivial character of the cyclic subgroups which are stabilizers for the
G-action, and the trivial and regular ones.

Remark 5.2.3. We have seen on Theorem 5.2.6, the geometric sig-
nature for the action of a group G on a Riemann surface S, determines
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the isotypical decomposition for the complexification of the Rational
representation for the action of G on the corresponding Jacobian vari-
ety, the converse is also true.

Theorem 5.2.9. Let S be a Riemann surface with G action, the
isotypical decomposition for the complexification of the Rational repre-
sentation for the action of G on the corresponding Jacobian variety, is
completely determined by the geometric signature of the action of G,
Def. 3.1.1.

Proof. Forward is a direct application of Theorem 5.2.6.
Conversely, if we have two different geometric signatures by Corol-

lary 3.2.7 we know the genus of the intermediate quotients by all cyclic
subgroups are different in at least one, so the system (E) : Ω(X) = B
have the same matrix Ω, but different vector B, then both solutions
must be different. �

Remark 5.2.4. We will think this theorem in terms of

Geometric signature for the G action ⇔ Isotypical decomposition for ρRAC ⊗ C

Example 5.2.1. We continue with the example 3.2.2, the Weyl
group C3

∼= Z3
2�S3, we want to show that this two different concretiza-

tion of G as the group of automorphisms of S : y2 = x8 + 14x4 + 1 give
two different decomposition for the Rational representation associated
to the action of G on the Jacobian variety of S. We are considering
one G action with geometric signature

Γ1 = (0; [G9, 6], [G7, 4], [G4, 2])

and other with G action with geometric signature

Γ2 = (0; [G9, 6], [G8, 4], [G5, 2])

where the subgroups involved are
Representative Order Size of the class
G4 =< xyzb > 2 6
G5 =< yzab > 2 6
G7 =< xyab > 4 3
G8 =< yab > 4 3
G9 =< xa2 > 6 4

Consider the character table of C3,
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θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8 θ9 θ10
Id 1 1 2 1 1 2 3 3 3 3
xyz 1 1 2 −1 −1 −2 −3 −3 3 3
xy 1 1 2 1 1 2 −1 −1 −1 −1
xyzb 1 −1 0 −1 1 0 −1 1 1 −1
zyb 1 −1 0 1 −1 0 −1 1 −1 1
x 1 1 2 −1 −1 −2 1 1 −1 −1
zyab 1 −1 0 1 −1 0 1 −1 1 −1
xyza2 1 1 −1 −1 −1 1 0 0 0 0
yza2 1 1 −1 1 1 −1 0 0 0 0
zab 1 −1 0 −1 1 0 1 −1 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
If we compute the multiplicity of each θi, i = 2, ..., 10 for each geo-
metric signature, Γ1 and Γ2 using theorem 5.2.6, we obtain only one
different form 0 for each case, but a different one:

Geometric Irreducible Multiplicity in
signature representation ρRAC ⊗ C

Γ1 θ7 2
Γ2 θ8 2

Moreover, we know C3 has all its Rational irreducible representations
absolutely irreducible, then we have constructed two examples of ac-
tions of G where the corresponding Analytical representation (associ-
ated to the action on the Jacobian variety) is isomorphic to just one
irreducible representation, different in each case.





CHAPTER 6

Example Cn = Zn
2 � Sn

The goal of this chapter is to show how all the already exposed can
be applied in a more complex example: the family of Weyl groups of
Cn type.

Finally, this tool will be used to C3 to find surfaces and coverings
with the appropriate intermediate structure in order to get the wished
Pryms in the decomposition of the Jacobian of S, with WS a Riemann
surface with C3 action.

6.1. Existence of coverings S → P1 with Galois group Cn

Theorem 6.1.1. Cn can be represented as a transitive subgroup of
S2n, for n ≥ 3

Proof. From [24] consider si = (i i+ 1)(n+ i n+ i+ 1) for i < n,
sn = (n 2n). Then Cn =< si : i = 1..n >,transitive subgroup of S2n.
Besides we can observe that:
1) sn ∗ sn−1 ∗ sn−2 ∗ ... ∗ s1 = (1 2 3 ... 2n) = c
2) c ∗ s1 = (2 3 ..n− 1 n n+ 2 n+ 3 .. 2n)
Therefore we have

Cn =< c, s1 : c2n = s2
1 = (c ∗ s1)

2n−2 = ... >

Cn ∼=< (1 2 ... 2n), (1 2)(n+ 1 n+ 2), (2 3 ..n− 1 n n+ 2 n+ 3 .. 2n) >

�
Proposition 6.1.2. S2n−1 ∩ Cn ∼= Cn−1

Proof. It is obvious from the representation given in [24]. �
Remark 6.1.1. Now, consider Cn =< (1 2 ... 2n), (1 2)(n + 1 n +

2), (2 3 ..n− 1 n n+ 2 n+ 3 .. 2n) >, just to avoid a difficult notation.
We can state the following theorem which is an extension of example
4.3.2,

83
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Theorem 6.1.3. For each n = 3... ∈ Z, there exists a Riemann
surface, S, admitting the action of Cn = Zn

2 � Sn, with geometric sig-
nature
(0; [2n,< (1 2 ... 2n) >], [2n− 2, < (2 3 ..n− 1 n n + 2 n+ 3 .. 2n) >],
[2, < (1 2)(n+ 1 n+ 2) >)

Proof. Actually it is a corollary of Theorems 4.2.1 and 6.1.1, and
remark 6.1.1

�

Remark 6.1.2. We can compute certain intermediate genus:

• The genus of S is given by Riemann-Hurwitz:

gS = 2n−2(n− 2)!(n2 − 3n + 1) + 1

• The genus of the curve associated to Cn−1 < Cn, X, is given
by Riemann-Hurwitz, considering that its the ramification is
given by the cyclic structure of the representation of Cn given
in the theorem 6.1.1. So,

gX = 2n(0 − 1) + 1 +
1

2
((2n− 1) + (2n− 2 − 1)(2 − 1 + 2 − 1)) = 0

• the Galois covering of f : X → P1 is πG : S → P1, as a
conclusion we can say that f is a rational function of degree
2n with 3 branch values with Galois group Cn

• Up to now we have the following surfaces:
1) P1 = S/Cn
2) X, the surface associated the subgroup S2n−1 ∩ Cn =

Cn−1

3) S the Surface associated to the kernel of the monodromy
representation corresponding to f .

4) Considering that: the covering f : X → P1 is of degree
2n, the center of Cn is Z(Cn) =< (1 n+1)(2 n+2)...(n 2n) >
of size 2, and Z(Cn) ∩ Cn−1 = ∅. We have that the subgroup
K = Cn−1 × Z(Cn) has associated a surface:

T = S/K ∼= X/Z(Cn)

The following diagram sums up the surfaces what have
been identified up to now.
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T = S/K ∼= X/Z2
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��

P1 = S/Cn

Where πG,h,l and h ◦ l are Galois.

6.2. Irreducible representations of Cn

The idea is to use the method of the “Little groups ”, explained in
section 2.5.3.

Proposition 6.2.1. The Group of Weyl Cn = Zn
2 � Sn has the

following amount of (complex or rational) irreducible representations:

2

k+1∑
i=0

P (n− i)P (i) para n = 2k + 1 y

2
k−1∑
i=0

P (n− i)P (i) + P 2(k) para n = 2k

Where P (j) is the number of possible forms to obtain j as the ad-
dition of positive numbers (up permutation, and P (0) := 1).

We will show more than that: we will give a form to obtain all
the irreducible representations of Cn, we will see that they are in direct
relationship with the irreducible representations of Si for i = 2..n. Let’s
consider the following concretization of Cn:

Zn
2 = < xj =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 · · · 0
0 1 0 · · · 0 · · · 0
.
.. 0

. . . · · ·
.
.. · · ·

.

..
0 0 · · · −1 0 · · · 0
...

...
... 0 1 · · ·

...
.
..

.

..
.
..

.

..
.
..

. . .
.
..

0 0 0 0 · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
/ j = 1, ...., n >
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H = Sn =

〈
a =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 · · · 0 · · · 1
1 0 0 · · · 0 · · · 0
0 1 0 · · · 0 · · · 0

0 0
. . . · · · 0 · · · 0

...
...

... 1 0 · · ·
...

.

..
.
..

.

..
.
..

. . .
.
..

.

..
0 0 0 0 · · · 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, b =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0 · · · 0
1 0 0 · · · 0 · · · 0
0 0 1 · · · 0 · · · 0

0 0 0
. . . 0 · · · 0

...
...

... 0 1 · · ·
...

.

..
.
..

.

..
.
.. · · ·

. . .
.
..

0 0 0 0 · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

〉

6.2.1. Set ΩA. We will follow the steps explained in the former
section.

So, the set of the irreducible representations of Zn
2 , ΩA will be,

ΩA = {ρ0, ..., ρ2n−1}
6.2.1.1. ΩH

A . In order to get the representatives of the action of G
on ΩA the following fact is taken into account.

Proposition 6.2.2. There is a group isomorphism between ΩA and
Z2×...×Z2 (n-times). Such that the action ϕ of H in ΩA is equivalent to
the standard action (of permutation of coordinates)of H in Z2× ...×Z2.

Proof. Consider
Φ : ΩA −→ Z2 × ...× Z2 given by

ρi
Φ→ (χ̄ρi

(x1), ..., χ̄ρi
(xn))

with

χ̄ρi
(xj) =

{
0 if χρi

(xj) = 1

1 if χρi
(xj) = −1

Such an isomorphism accomplishes the proposition. �

Given the former,to find the representatives of the orbits of H in
ΩA, it is equivalent to find them in Z2 × ... × Z2 looking at the stan-
dard action. We will refer indistinctly to the representation ρ or to the
corresponding tuple (0, 0, ..1, 0), ( Φ(ρ) ).
As the standard action is to permute coordinates, we have that the
orbits are conformed of n-tuples that have the same amount of “ze-
ros”(or of “ones”). We will name Oi the orbit of the elements with “i
ones ”(therefore (n− i) zeros).

The cardinality of Oi is (
n

i ).
As representative we will take the tuple:
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{
(0...01...1) if i < n− i

(1...10...0) if i > n− i

There are n+1 different orbits (with 0 ones to n ones). Therefore
n+1 different representatives.

ΩH
A = {(0...0), (0..01), (0..011), ..., (11..1)} := {ρ0, ..., ρn}

So the stabilizers in H = Sn are:

H0 = StbHρ0 = H

H1 = StbHρ1 � Sn−1 (It is the Sn−1 that fixes xn, i.e. Sn−1 =<
(1 2...(n− 1)), (1 2) >

H2 = StbHρ2 � Sn−2 × S2 (with Sn−2 =< (1 2...(n − 2)), (1 2) >
and S2 =< (n− 1 n) >

...

We must to make a difference between the cases even and odd:

1) n = 2k:

Hk = StbHρk � Sk×Sk (With the first generated by (1 2...k), (1 2),
and the second by (k + 1...n), (k + 1 k + 2)).

Hk+1 = Hk−1

Hk+2 = Hk−2

...

Hn = H0

2) n = 2k + 1:

Hk+1 � Sk+1 × Sk (With Sk+1 =< (1 2...k + 1), (1 2) > and Sk =<
(k + 2...n), (k + 2 k + 3) >)

Hk+2 = Hk+1

Hk+3 = Hk
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...

Hn = H0

And Gj = StbGρj = A�Hj = Zn
2 �Hj

6.2.2. Representations for Gj. As in the procedure already ex-
plained,
1) Let ρ̄j be the extension of ρj (considering Hj act trivially).
2) Sean {σij}i∈I the irreducible representations ofHj and doing the part
of A act trivially, we get a set {σ̄ij}i∈I , of irreducible representations
for Gj.

6.2.3. Tensor representation for Gj. Taking the representa-
tions for Gj obtained in the former section, the representation θij =
ρ̄j
⊗

σ̄ij is produced.

Remark 6.2.1. If Gj = Zn
2 �(Sn−i×Si) Then there are P (n−i)P (i)

representations θij got in this way.

6.2.4. Representations of G = Cn. Finally we build the rep-
resentation ψij = IndGGj

θij For all the representations θij got in the
previous point, for i = 0..n
Some conclusions:
1) Due to G0 = G, we have that θi0 = ρ0

⊗
σ̄i0 are already representa-

tions of G. Of the type σi0 for Sn and trivial for Zn
2 .

2) Gn = G , therefore θin = ρ̄n
⊗

σ̄in is representation of G, in the
way σin for Sn and the generators of Zn

2 act as −Id.
3) From all the former we conclude the proposition with which we

begin the chapter, in fact:
For n = 2k, we have

Gi = Zn
2 � (Sn−i × Si) for i = 0..k − 1

then there are P (n− i)P (i) representations θij that will be induced
as irreducible for G.

Besides Gi = Gn−i for i = 0..k − 1.

For Gk = Zn
2 � (Sk×Sk) we will have P 2(k) representations θij that

will be induced for G.
So it is clear from when the proposed formula for the amount of

irreducible representations of G = Cn for the case n even was deduced
.
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For n = 2k+ 1, we make an analogous analysis that permits to get
the proposed formula.

6.2.5. Example n = 3. C3 = Z3
2 � S3:

In this case n = 2 ∗ 1 + 1 then k = 1. Therefore it must have
2
∑1

i=0 P (3 − i)P (i) = 2(3 + 2) = 10 irreducible representations.

Consider the set of irreducible representations of Zn
2 Ω = {ρ0, ..., ρ7}.

As it was shown we have n + 1 = 4 representatives of the orbits in Ω
by the action of C3:

ρ0 associated to the tuple (000)
ρ1 associated to (001)
ρ2 associated to (110)
ρ3 associated to (111)

Consider Zn
2 generated by x, y, z, then the previous information is

translated in:
1) ρ0 the trivial representation of Zn

2

2) ρ1(x) = ρ1(y) = 1 and ρ1(z) = −1
3) ρ2(x) = ρ2(y) = −1 and ρ2(z) = 1
4) ρ3(x) = ρ3(y) = ρ3(z) = −1

Therefore the stabilizers are:
i)G0 = G3 = C3, then here we already have the following representa-
tions of G = C3 :
1) θ1 the trivial representation.
2) θ2 Given by,

θ2(x) = θ2(y) = θ2(z) = θ2(a) = 1 and θ2(b) = −1

3) θ3 Given by,

θ3(x) = θ3(y) = θ3(z) =

(
1 0
0 1

)
θ3(a) =

(
0 −1
1 −1

)
θ3(b) =

(
0 1
1 0

)
4) θ4 Given by,

θ4(x) = θ4(y) = θ4(z) = −1, θ4(a) = θ4(b) = 1
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5) θ5 Given by,

θ5(x) = θ5(y) = θ5(z) = θ2(b) = −1, θ5(a) = 1

6) θ6 Given by,

θ6(x) = θ6(y) = θ6(z) =

( −1 0
0 −1

)
θ6(a) =

(
0 −1
1 −1

)
θ6(b) =

(
0 1
1 0

)
ii)G1 = Z3

2� < b >, for which we have the following representations
we will use to induce irreducible of G.

1) θ10 such that
θ10(x) = θ10(y) = θ10(b) = 1, θ10(z) = −1

2) θ11 such that θ11(x) = θ11(y) = 1, θ11(z) = θ11(b) = −1

iii) G2 = Z3
2� < b >, for which we have the following irreducible

representations.

1)θ20 such that θ20(x) = θ20(y) = −1,θ20(z) = θ20(b) = 1

2) θ21 such that θ21(x) = θ21(y) = θ21(b) = −1, θ21(z) = 1

When inducing these representations for G, we find the following
(complex or rational) irreducible representations for G:

1) θ7 = IndGG1
θ10 such that,

θ7(x) =

⎛⎝ 1 0 0
0 1 0
0 0 −1

⎞⎠ θ7(y) =

⎛⎝ 1 0 0
0 −1 0
0 0 1

⎞⎠
θ7(z) =

⎛⎝ −1 0 0
0 1 0
0 0 1

⎞⎠ θ7(a) =

⎛⎝ 0 0 1
1 0 0
0 1 0

⎞⎠
θ7(b) =

⎛⎝ 1 0 0
0 0 1
0 1 0

⎞⎠
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2) θ8 = IndGG1
θ11 such that,

θ8(x) =

⎛⎝ 1 0 0
0 1 0
0 0 −1

⎞⎠ θ8(y) =

⎛⎝ 1 0 0
0 −1 0
0 0 1

⎞⎠

θ8(z) =

⎛⎝ −1 0 0
0 1 0
0 0 1

⎞⎠ θ8(a) =

⎛⎝ 0 0 1
1 0 0
0 1 0

⎞⎠

θ8(b) =

⎛⎝ −1 0 0
0 0 −1
0 −1 0

⎞⎠
3) θ9 = IndGG2

θ20 such that,

θ9(x) =

⎛⎝ 1 0 0
0 −1 0
0 0 1

⎞⎠ θ9(y) =

⎛⎝ −1 0 0
0 1 0
0 0 −1

⎞⎠

θ9(z) =

⎛⎝ 1 0 0
0 −1 0
0 0 −1

⎞⎠ θ9(a) =

⎛⎝ 0 0 1
1 0 0
0 1 0

⎞⎠

θ9(b) =

⎛⎝ 1 0 0
0 0 1
0 1 0

⎞⎠
4) Θ10 = IndGG2

θ21 such that,

Θ10(x) =

⎛⎝ 1 0 0
0 −1 0
0 0 1

⎞⎠ Θ10(y) =

⎛⎝ −1 0 0
0 1 0
0 0 −1

⎞⎠

Θ10(z) =

⎛⎝ 1 0 0
0 −1 0
0 0 −1

⎞⎠ Θ10(a) =

⎛⎝ 0 0 1
1 0 0
0 1 0

⎞⎠

Θ10(b) =

⎛⎝ −1 0 0
0 0 −1
0 −1 0

⎞⎠
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Thus, θ1 ... Θ10 are all the irreducible representations of C3.

The following is the table of characters for C3:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8 θ9 Θ10

Id 1 1 2 1 1 2 3 3 3 3
xyz 1 1 2 −1 −1 −2 −3 −3 3 3
xy 1 1 2 1 1 2 −1 −1 −1 −1
xyzb 1 −1 0 −1 1 0 −1 1 1 −1
zyb 1 −1 0 1 −1 0 −1 1 −1 1
x 1 1 2 −1 −1 −2 1 1 −1 −1

zyab 1 −1 0 1 −1 0 1 −1 1 −1
xyza2 1 1 −1 −1 −1 1 0 0 0 0
yza2 1 1 −1 1 1 −1 0 0 0 0
zab 1 −1 0 −1 1 0 1 −1 −1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
6.3. Decomposition of the Jacobian of a curve with action of

Cn

We study the decomposition of the Jacobian variety of a Curve that
admits the action of Cn as subgroup of its group of Automorphisms.

The idea is to say as much as possible about the factors that appear
in such decomposition. This is, to solve some questions such as:

What representations will always act in product of Pryms of inter-
mediate quotients.

Where will they act.
Which ones will not act ”alone” in subvarieties geometrically de-

scribed as Pryms.
How do the latter ones group themselves to do it.
Unfortunately not all have been solved, some partially. I hope in a

near future to shed more light on this respect.

Finally we apply all what has been presented, in this chapter the
same as in the formers, to study the particular case of C3. In this case,
the decomposition will be in 9 factors (i.e. one less than the number
of irreducible representations C3 has, it happens here that one of those
never “act alone ”on a Prym variety) and in each factor C3 acts with
one of its representations, except for one where we have the action of
the sum of 2 representations.

We recall here all the known results presented on section 2.6.
As it has already been shown in former chapters Cn is a group of

the type “little group ”, i.e. Cn = A�H with A normal subgroup and
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abelian. Its irreducible representations were got in section ?? (they
are all its complex irreducible representations but they all are also
rational).

Let’s remember some items:

G = A�H , Ω = {ρ1, ...., ρl} set of irreducible representations of A.
Due to A is abelian, they are all of degree 1. In the case of Cn we have
l = 2n.

H acts in Ω by conjugacy (i.e., each representation is sent to its
conjugacy through elements ofH). In our example Ω/H has cardinality
n + 1. Each element of Ω/H was represented by an n-tuple of 0′s and
1′s one per each generator of A =< xi > obeying to the rule 1 if
ρj(xi) = −1 and 0 if ρj(xi) = 1 in this way we form the j− tuple (of
n+ 1).

Remember that here it is necessary to deal separately the cases n
even and odd, but the stabilizer in G of each one of the ρj ∈ Ω/H
(called Gi = A � Hi) is completely characterized. See chapter ??, in
this chapter we will refer to them as Gj and by this will be understood
the subgroup that stabilizes ρj ∈ Ω/H which, just as a reminder, has
the form Gj = A�(Sk×Sn−k), for some value of k in direct relationship
with the tuple that represents ρj .

Remark 6.3.1. 1) It is relatively clear that such Gj are maximal
subgroups.

2) First, if we concentrate ourselves to the representations of degree
one of these Gj , we can say the following,

a) G1 = Gn+1 = G from which 4 representations of degree 1 of G
are produced. They are the only ones of this degree.

This leads in other interesting fact: The conmutator subgroup of
Cn, G

′ must have index 4 in Cn, and it is normal. Actually, we can
describe it as

C ′
n = Zn−2

2 � An

b) G2 = A� Sn−1 (and Gn that is the same) produce 2 representa-
tions of degree 1 which must be induced (or lifted) to G, then, in this
way, we produce two representations of degree n (and two others for
Gn).
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c) The rest of the Gj produce 4 representations of degree 1 each
one, which must be induced for G, getting so the description of a great
number of irreducibles of G as induced by representations of degree 1
of subgroups clearly determined.

3) All the representations here considered are those got by means
of “little groups ”. Those of G as those of Gj. We are not interested,
for example, in ALL the irreducibles of degree 1 for the Gj, but only
in those which appear for the method (chapter ??).

The following is a series of propositions that, in combination with
the corollary 2.6.4, permit us to describe the abelian subvariety where
each one of these acts.

Proposition 6.3.1. Let σij be irreducible representation of degree
1 of Gj = A�Hj for ρj given by the tuple

(

n−j︷ ︸︸ ︷
0, ..., 0, 1, ..., 1︸ ︷︷ ︸

j

)

Then its kernel is the subgroup.

Kij =< x1, ..., xn−j , xn−j+i ∗ xn−j+(i+1) for i ∈ {1..(j − 1)} > �Hj

Remark 6.3.2. Kij has index 2 in Gj.

Proposition 6.3.2. < IndGGj
1, θ >= 0 for all θ ∈ Irr(G) such that

θ is induced by irreducible representation of Gj

That is to say, if speak in the language of the corollary 2.6.4, the
subgroup Gj serve as N .

Proposition 6.3.3. Let σij be irreducible representation of degree
1 of Gj and such that | Gj : Kij |= 2. Then

IndGKij
1 − IndGGj

1 = IndGGj
σij

This proposition in combination with the corollary 2.6.4 tells us that
nIndGGj

σij , acts in s copies of P (CKij
/CGj

) with n = dim P (CKij
/CGj

)

and s =| G : Gj |
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6.3.1. Decomposition for C3. Consider now C3 = Z3
2 � S3 =<

x, y, z > � < a, b >, with x, y, z, a, b of the form presented in the sec-
tion 6.2
Consider the following subgroups:
H33 = C3

H32 =< yz, xz, yza2, xzb >� Z2
2 � S3

H31 =< xz, yz, yza2, xyzb >� Z2
2 � φ(S3) where φ(S3) =< a, xyzb >

H30 =< xyz, xz, yz, yza2 >� Z3
2 � A3

H29 =< xyz, yz, xz, xyzab >� Z3
2 � S2

H27 =< yz, xz, yza2 >
H26 =< yz, z, yzab >� Z2

2 � S2

H24 =< yz, xz, xyzb >� Z2
2 � φ(S2)

H
′
24 =< xz, yz, xyzab >

H
′′
24 =< xz, yz, xyza2b >

H23 =< y, z, xyzab >
H22 =< xyz, yz, yxab >
H21 =< xyz, yz, xyzab >
H20 =< x, y, z >
H12 =< z, yz >
H9 =< x, yz >
H8 =< yz, xz >
H3 =< zy >
H

′
3 =< yz >

H
′′
3 =< xy >

H1 = Id
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In order to see the relations of inclusion see the following reticulate.
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Consider a curve W that admits the action of C3. We have a dia-
gram of coverings associated to the reticulate of the subgroups previ-
ously mentioned, we also have action in the Jacobians of these curves.
We will call

Wj := W/Hj

JWj := JW/Hj

P (j/k) to the Prym variety of corresponding covering JWj −→
JWk.

With these notations we can enunciate the following theorem:

Theorem 6.3.4. Let W be a curve such that C3 < Aut(W ),
consider the subgroups and intermediate coverings formerly explained.
Then we have an isogenea

Φ : JWG×P (31/33)×P (30/33)×P (32/33)×2P (24/31)×3P (22/29)×3P (21/29)×3P (23/29)×3P (26/29) → JW

The demonstration of this theorem is followed by series of proposi-
tions that use results presented in [14].

6.3.2. Demonstration of the theorem 6.3.4. Consider the sub-
groups described in the section 6.3.1, W curve such that C3 < Aut(W )
and intermediate coverings obtained and denoted as in the section 6.3.1.

We have the following:

Proposition 6.3.5. There is an isogeny φ1 : JW33 × P (31/33) ×
P (27/31)× P (8/27)× P (3/8)× P (1/3) → JW

Proof. It is the recursive application of the proposition 2.6.1 �
Proposition 6.3.6. There is an isogeny

φ2 : P (30/33)× P (32/33) → P (27/31)

Proof. It follows from H33/H27 � Z2 ×Z2 and we apply what has
been stated in [14] for the group Z2 × Z2. �

Proposition 6.3.7. There is an isogeny

φ3 : P (24/31)× P (24/31) → P (8/27)

Proof. Hence from the fact that H31/H8 � S3 and we apply what
has been stated in [14] for the group S3. �

Proposition 6.3.8. There is an isogeny

φ4 : P (3/8)× P (3/8) → P (1/3)

Proof. It follows from H8/H1 � Z2 × Z2 and we apply what has
been stated in [14] for the group Z2 × Z2. �
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Proposition 6.3.9. There is an isogeny

φ5 : P (9/20) × P (12/20) → P (3/8)

Proof. Hence from H20/H3 � Z2 × Z2 and we apply what has
been stated in [14] for the group Z2 × Z2. �

Proposition 6.3.10. There is an isogeny

φ6 : P (22/29)× P (21/29) → P (9/20)

Proof. Due to H29/H9 � Z2 × Z2 and we apply has been stated
in [14] for the group Z2 × Z2. �

Proposition 6.3.11. There is an isogeny

φ7 : P (23/29)× P (26/29) → P (12/20)

Proof. Due to H29/H12 � Z2 × Z2 and we apply what has been
stated in [14] for the group Z2 × Z2. �

In order to demonstrate the theorem 6.3.4 we “substitute” the fac-
tors of the isogeny of the proposition 6.3.5 by its corresponding isogeny
stated in the propositions from the 6.3.6 to the 6.3.11, and we build
the isogenea Φ of the theorem 6.3.4.

6.3.3. Genera of the intermediate coverings that appear in
the Theorem 6.3.4. C3 has 10 conjugate classes of cyclic subgroups,
a set of representatives is:
g0 = id
Of order 2:
g1 =< xyz >
g2 =< zy >
g3 =< z >
g4 =< xyzb >
g5 =< yzab >
Of order 3:
g6 =< yza2 >
Of order 4:
g7 =< yxab >
g8 =< yab >
Of order 6:
g9 =< xa2 >

Suppose that for each one there are αi points marked in the quotient
W/C3 and that this has genus γ. Then we can compute the genera of
the intermediate surfaces, this is useful because it allows us to compute
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the dimensions of the subvarieties that appear in the decomposition of
the Jacobian variety under study. This is an application of chapter 3

List of genera:

gW = 48γ−47+12(α1+α2+α3+α4+α5)+16α6+18(α7+α8)+20α9

gW29 = 3(γ − 1) + 1 + (α4 + α5 + α7 + α8)/2 + α6 + α9)
gW21 = 6(γ − 1) + 1 + α2 + α3 + α4 + α5 + 2(α6 + α7 + α8 + α9)
gW22 = 6(γ − 1) + 1 + (α2 + α3) + 3(α4 + α5 + α7 + α8)/2 + 2(α6 + α9)
gW23 = 6(γ−1)+1+3(α1+α5+α7)/2+α2+α4+α3/2+2(α6+α8)+5α9/2
gW26 = 6(γ−1)+1+3(α1+α4+α8)/2+α2+α5+2(α6+α7)+α3/2+5α9/2
gW30 = 2(γ − 1) + 1 + (α4 + α5 + α7 + α8)/2
gW31 = 2(γ − 1) + 1 + (α1 + α3 + α5 + α7 + α9)/2
gW32 = 2(γ − 1) + 1 + (α1 + α3 + α4 + α8 + α9)/2
gW28 = 4(γ − 1) + 1 + α2 + α3 + α6 + α9 + (α4 + α5)/2 + 3(α7 + α8)/2
gW8 = 12(γ − 1) + 1 + 3(α1 + α3 + α4 + α5 + α7 + α8) + 4α6 + 5α9

gW27 = 4(γ − 1) + 1 + α1 + α3 + α4 + α5 + α7 + α8 + α9

gW24 = 6(γ − 1) + 1 + 3(α1 + α3 + α5 + α7)/2 + α4 + α8 + 2α6 + 5α9/2

6.3.4. Representations that act in the factors of the de-
composition given in the Theorem 6.3.4. Here we use a lot of the
results exposed in the former chapters and sections.

Applying the Corollary 2.6.4 and due to we have the dimensions of
the Prym that appear in the decomposition of the Theorem 6.3.4. We
determine that in each factor (n− times) one complex (rational) irre-
ducible representation acts, except for one factor, in which an addition
of two of them acts. As always n = dimP (CH/CN).

The representations are those found in section 6.2.5.

This is summed up in the following table:
Factor Dimensión Representación

P(31/33) γ − 1 + (α1 + α3 + α5 + α7 + α9)/2 θ5
P(30/33) γ − 1 + (α4 + α5 + α7 + α8)/2 θ2
P(32/33) γ − 1 + (α1 + α3 + α4 + α8 + α9)/2 θ4
2P(24/31) 4γ − 4 + α1 + α3 + α5 + α7 + α4 + α8 + 2 ∗ α6 + 2 ∗ α9 θ3 + θ6
3P(22/29) 3γ − 3 + α2 + α3 + α4 + α5 + α7 + aα8 + α6 + α9 Θ10

3P(21/29) 3γ − 3 + α2 + α3 + α6 + α9 + α4/2 + α5/2 + 3α7/2 + 3α8/2 θ9
3P(23/29) 3γ − 3 + 3α1/2 + α5 + α7 + α2 + α4/2 + α3/2 + α6 + 3α8/2 + 3α9/2 θ8
3P(26/29) 3γ − 3 + 3α1/2 + α4 + α8 + α2 + α5/2 + α6 + 3α7/2 + α3/2 + 3α9/2 θ7
JWG γ θ1
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6.3.5. Construction of Surfaces with action of C3 given by
a determined representation. The idea here is to use the exposed
on chapter 4 to construct surfaces with the property that its Jacobian
is isogeneous to a power of Pryms therefore, G acts over it with a power
of just one irreducible representation.

Observing in the previous table the dimension of each factor in the
decomposition of the Jacobian of a curve with action of C3. We search
values for γ y αi i = 1..9 such that all the dimensions be zero except
one. We will have, then, if C3 acts with these stabilizers in any surface
W , the decomposition of the Jacobian of this one will be constituted
by only one factor in which C3 acts with a determined representation.

To build such W we use Theorem 4.2.1, we consider for all the cases
the subgroup H26 presented in section 6.3.1.

We will only give the set of generating vectors using a permuta-
tional representation of C3 associated to the subgroup H26. The rest
of the construction is the one presented one Theorem 4.2.1. The rep-
resentations are found in section 6.2.5.

6.3.5.1. Representation θ8. The values γ = 0, α5 = α8 = α9 = 1
and αi = 0 in the other cases, are those such that dimP (23/29) = 1
and all the others zero. Consider the function φ : C3 → S6 given by:

φ(b) = (1 2)(4 5)

φ(yab) = (2 3 5 6)

φ(xa2) = (1 2 3 4 5 6)−1

The conclusion here is: There is a curve W which Jacobian variety
is isogeniuos to 3P (23/29), as the dimension of P (23/29) is 1, we have
that this jacobian is isognious to a product of the same eliptic curve (3-
times). And in this product C3 acts with its irreducible representation
θ8.

6.3.5.2. Representation θ7. In order that dimP (26/29) = 1 and the
others zero. Consider γ = 0, α4 = α7 = α9 = 1, αi = 0 in another case.
Consider the function φ : C3 → S6 given by:

φ(xyzb) = (1 5)(2 4)(3 6)

φ(yxab) = (1 4)(2 6 5 3)

φ(xa2) = (1 3 5 4 6 2)−1

Conclusion: There is a curve W which jacobian variety is isognious
to a product of the same eliptic curve (3-times).

JW ≈ 3P (26/29)
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And in this product C3 acts with its irreducible representation θ7.
6.3.5.3. Representation Θ10. Consider the values γ = 0, α3 = α4 =

α5 = α6 = 1, αi = 0 in another case. Those that produce dimP (22/29) =
1, other dimensions equal zero.

The following permutational representation is the one that demon-
strates the existence of W where C3 acts with those stabilizers: π :
C3 → S6 given by:

φ(z) = (3 6)

φ(xyzb) = (1 5)(2 4)(3 6)

φ(yzab) = (2 6)(3 5)

φ(yza2) = (1 5 3)(2 6 4)

Conclusion: There is a curve W with jacobian variety isogenious to
a product of the same elliptic curve (3-times).

JW ≈ 3P (22/29)

And in this product C3 acts with its irreducible representation Θ10.

Remark 6.3.3. From the analysis of the equations of the dimen-
sions presented in the former table, we understand that there are no
values of γ and αi that permit us to make an analogous process for the
other representations.





APPENDIX

A. Code
cubr:=function(l,G,H,gwG)
local a,ng,rtng,s,i,j,t,index,B,b,bi,gw,gwH,u,u2,sig,m,k,c;
a:=Size(l);
ng:=[];
for i in [1..a] do
ng[i]:=Normalizer(G,l[i]);
od;
rtng:=[];
for i in [1..a] do
rtng[i]:=RightTransversal(G,ng[i]);
od;
s:=[];
for i in [1..a] do
s[i]:=[];
od;
for i in [1..a] do
for j in [1..Size(rtng[i])] do
s[i][j]:=ConjugateGroup(l[i],rtng[i][j]);
od;
od;
t:=[];
for i in [1..a] do
t[i]:=[];
od;
for i in [1..a] do
for j in [1..Size(rtng[i])] do
t[i][j]:=Intersection(s[i][j],H);
od;
od;
index:=[];
for i in [1..a] do
index[i]:=Index(ng[i],l[i]);
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od;
B:=[];
for i in [1..a] do
B[i]:=0;
od;
for i in [1..a] do
for j in [1..Size(rtng[i])] do
B[i]:=B[i]+index[i]*(Size(t[i][j])-1);
od;
od;
b:=0;
for i in [1..a] do
b:=b+B[i];
od;
bi:=0;
gw:=0;
gwH:=0;
for i in [1..a] do
bi:=bi+1-1/Size(l[i]);
od;
gw:=Size(G)*(gwG-1)+1+(Size(G)*bi)/2;
gwH:=(gw-1-b/2)/Size(H) +1;
u:=[];
for i in [1..a] do
u[i]:=[];
od;
for i in [1..a] do
for j in [1..Size(rtng[i])] do
u[i][j]:=index[i]*Size(t[i][j]);
od;
od;
u2:=[];
for i in [1..a] do
u2[i]:=Collected(u[i]);
od;
sig:=[];
for i in [1..a] do
sig[i]:=[];
od;
for i in [1..a] do
for j in [1..Size(u2[i])] do
sig[i][j]:=[u2[i][j][1]/index[i],(u2[i][j][1]*u2[i][j][2])/Size(H)];
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od;
od;
m:=[];
for i in [1..a] do
m[i]:=[];
od;
for i in [1..a] do
c:=1;
for j in [1..Size(sig[i])] do
for k in [1..sig[i][j][2]] do
m[i][c+k-1]:=(Size(l[i]))/sig[i][j][1];
od;
c:=c+sig[i][j][2];
od;
od;
Print(“\n”);
Print(“genus of W=”,gw,“\n”);
Print(“The signature of W/H is: \n”);
Print(“genus of W/H:”,gwH,“\n”);
for i in [1..a] do
Print(sig[i],“that they are on the point marked by ” ,l[i],“\n”);
od;
Print(“\n”);
Print(“For the covering W/H–¿W/G the structure of cycles is: \n”);
for i in [1..a] do
Print(l[i],“→” ,m[i],“\n”);
od;
Print(“The index of H in G is:”,Index(G,H),“\n”);
Print(“Core(H)=”,Core(G,H),“\n”);
end;
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6. González, V. Low genera curves with automorphisms Aportaciones
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17. Rodŕıguez, R. Riemann Surfaces, Abelian Varieties and Automorphisms Mat.

Contemp., 7 (1994) 25 - 34.
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