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Introduction

There are many questions arising when studying a differential equation. As we know ex-
istence and uniqueness of solutions are two fundamental and higly nontrivial questions. In
those cases in which we know solutions do exist, an interesting question is how such solutions
would be; namely, if they are regular, if they develop singularities, where are they located and
o on.

In this work, three nonlinear elliptic partial differential equations are studied; addressing
both, the existence and uniqueness questions. Even more, using the reduction method of
Lyapunov-Schmidt such solutions are constructed explicitly at main order, which provide a
quite precise description of their shapes.

Problem 1.

In Chapter 1, we study the equation

Au+ da(z)uP~ e =0, u>0, in QCR?
(D
u =0, on 0f,

where () is a bounded domain with smooth boundary, the exponent p satisfies 0 < p < 2 and

a(x) is a nonnegative smooth function in €2. This problem is the Euler-Lagrange equation for



the functional

77 (u) /|Vu |dx——/ a(z)e” dzr, ue HY(Q). @

For later purpose we introduce the functional

K

(I)iK(g) ZH f]?gj +ZGSZ7£]
j=1 i#£j j=1

=

Here G(x, y) denotes the Green’s function for the negative Laplacian with Dirichlet boundary

condition in {2, namely

—A,G(z,y) = 0,(z), x€Q,

G(z,y) =0, x € 0F)

and H (x,y) its regular part, given by

11 1
—lo
27 g’

H(z,y) = G(z,y) — )

The main result in this chapter is theorem 1.3

Theorem 0.1. Let ) be a bounded smooth domain in R%, 0 < p < 2, Define the set Z C ()
Z:={qeQ:alq) =0}

We make the following assumption on a(z).

(Aq): For any q € Z, there exists oy > 0 such that

ag(z) = ax)|z — |~

is a strictly positive continuous function in a neighborhood of q.

(Ag) Assume Z C () is a finite set. Let K > 2 be an integer, and q1,- -+ ,qm € Z be



distinct points so that
2—p
—ay, #1,--- K -1, foranys=1,--- ,m, 3)
p

and

m 2_
K=Y K, with Kszmax{kseN: 1§k5<—paqs+1}. 4)
p

s=1
Then there is \o > 0 small such that for any 0 < A < Xo, Problem (1) has a family of

solutions uy with the property:

lime 7 / a(z)edr = 8K, 5)
where ¢ satisfies
4 2(p—1)
PA (—— log 5> 52(171:2) = 1. (6)
p
Moreover, there exists an K —tuple £ = (€}, | £}) € (Q\2)X such that

uy(x) = (—éloges)p <87TZG($,£J)-‘) +o(1)> (7)

p =
where 0(1) — 0, as A — 0, on each compact subset of (A\Z)\{€},--- ,Ex}.

Furthermore, the functional defined in (2) satisfies the following expansion

2(1—p)

1 4 P SKT
JP (u ——(——lo 5> [ —24+plog8
a,)\( A) P P g (2_p)p[ plog ]
16K 3272 ~
— 22 loge — 292 L (E)) + O(|loge] ) (8)
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where O(1) uniformly bounded as A — 0, and
V(I)i,K(éi\y e 75;\() — 07
as A — 0.

Problem 2

In Chapter 2 we study the equation

Au+a(z)u? =0, u>0, in €,
u =0, on 01,

)

where () is a bounded domain in R? with smooth boundary, p is a large exponent and a(z) is
a non negative, smooth function in §2.

The functional of energy asociated to this equation is
T () = 1/ Vulde — —— [ a()uflde, u e HAQ). (10)
g 2 Ja p+1Jg ’ °
The main theorem in Chapter 2 is

Theorem 0.2. Let ) C R? bounded and smooth domain, let M € N and suppose that a(x)
satisfies

Let us define the set Z C ()
Z:={qeQ:alq) =0}
Ay: Forany q € Z there exists a non negative numbers o, ¢ N such that
|72

ay(2) = a(@)la - q

is a strictly positive function in a neighborhood of q.
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Ay Forany q € Z, let M, an integer with 0 < M, < 1 + o and define M = Z M,.

q€”Z

Then there exists py; such that for any p > py, the problem (9) has a solution u, which

concentrates at M different point of (), i.e. as p goes to co

M
pa(z)ultt — e Z O¢,-

J=1

Furthermore, for any € > 0,
up, — 0 uniformly in Q0 \ (UjjvilB(f’j,s))

and

sup  u,(z) — Ve.
acEB(Sj,e)

In this case, we prescribe the number M of the point & of concentration.

Actually, the points of concentration of the solution are the nontrivial critical points of

M M 1 M
oa(6r o) = D HE.E) + D, G(§.&) + - log(alg))).
j=1 ij=1,i#j j=1

Without loss of generality, the potential has the form

a(x) = H |z — g,
s=1

Where, in this case o ¢ N. That technical condition is imposed to apply the main theorem in
[10].
Problem 3

In Chapter 3 we study the nonlocal problem

(=A)Yu=~uff 'u in R (11)
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n+2s
where n > 3 and p is the fractional critical Sobolev exponent p = %gj and v = ?EHEQS;.
2
For any s € (0,1), (—A)? is the nonlocal operator defined as
(—A)(z) = c(n,s) P.V./ —u(a:) — UJS/) dy = c¢(n,s) lim —u(x) — ufg)
re [T —y|vt 0+ Jrm\ Bz, [T — Y[

Forn > 3, and for s € (%, 1), we construct a family of sing-changing solutions of the
equation (11) which concentrates in k points of a regular polygon, extending a result from
2jmi =,

the local case, namely s = 1. More precisely, let fj’-f =+/1—Fk=2(e”% ,0). For any integer k

sufficiently large, there is a finite energy solution of problem (11)

n—

uile) = UGe) = Do 7 U (@ = ) + o(1),

where

25" 3o
M = ]k; (14 o0(1)).

These solutions correspond to critical points of the functional

1 . ) .
=5 | N=AP === |l we DR,
where
DY (R™) = {u € L5 (R") : ||(—A)2ul|2@ny < 00},
s 2 2 %
|ullps@ny = || (=) 2ul|L2@ny = ( A |17 Fu(§)] dé) :
Moreover,

T(uy) = (k + 1)J(U) + O(1).

Here O(1) remains bounded and o(1) — 0 uniformly as k — +oc.
One of the particular properties of this solutions is invariance under kelvin transform.

These properties of symmetry are very useful in the linear problem; they allow us to study
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the solution inside the unit ball and compare this with the values outside the ball and obtain
a priori bounds.
THE METHOD

We are going to explain, in general terms, how the reduction method works, and to high-
light in each step, some particular details arising in each one of the three equations we con-

sider (actually since problems 1 and 2 are similar, we just consider 1 and 3).

Let us consider the following equation

Au+ f(u) =0, in€Q, (12)

where () = R” or () is a bounded regular subset of R"” in which case the equation has a
Dirichlet boundary condition, or Neumann boundary condition. The function f is regular, let

us say f € C*(R). Of course f may depend on z € R".
Step One:

Let us consider a function U which, eventually, may depend on additional parameters.
This function U will be a candidate of a solution in the sense that ||AU + f(U)||. — 0 for

some special norm || - ||..

In problem (1) our approximate function U is

K

1
Ux) = —= > PUy (@),
iy
2
where PU,,, ¢, () is the projection of U, ¢ (z) = log (ﬁﬁﬂi?\?)%(g) on H; (). This pro-

jection is necessary because we need to satisfy the boundary condition. Functions U, ¢, ()

are translations and dilatations of the solution of the Liouville equation
Au+e*=0, onR%

To sketch why this function can approximate the solution of equation (1), consider the



function

v(y) = py" " tuley) — py?

4
with v» = ——log €. Thanks to (6), problem (1) reduces to
b

Av+gv) =0, v>-—py’, inf,
9(v) Py 13)
vo= _P’7p7 on 8967

where

9(v) = aley) <1 + p%p)pl Pl 55)" 1],

Then, applying a change of variable to U, we get a candidate of the solution of equation (13)
Valy) = p" U (ey) — ;"
When we are near to the points £ we can use Taylor expansion to get, as ¢ — 0
AVy ~ —e"

and

g(Va) ~ a(&)e™ = e

Then
AVy+g(Vi) ~ 0, (14)

away from the points ; the decaying of the function V) and the norm

yes

[l = sup <Z A +1ly =N~ 2) A (y)l

give us the nullity like
[AVA 4+ g(VA)lls ~ 0 (15)



ase — 0.

It is worth to mention the main role of the maximum principle applied to PU,, ¢ () ,

which allow us to write U as

K
=D Gx,&) [L+0(E)], (16)
where the Green function G(z, §) is singular at £ € ).

A difficulty in this part was that this definition of U with this singular behavior (which
allows us to think of solutions concentrated on points &;), is not sufficient for the subsequent
steps (more precisely in the nonlinear problem) so we need to improve the decaying in

[AVA + gV« = 0.

After a Taylor expansion when x is near to §; we obtain

w — wj2 ~ — 10|—§;"
a(&) + 0™ [1+ (5 HIGE + @) + (551240 + 0 ()|
— W p_l 1 w (@j)Q >
= 74+ — —e ][
p P

g(W»)

Then we add a first correction term w? which satisfies

e L R I )

2 J J 2
K
1 p—11
Uy(x) = PU,.x—l———PwO,,x}.
A<>pW4§1 @)+ LD Pl ()

After that, there are new terms in the Taylor expansion

w;)*
2

&
+

g(Va) = la(&) + O(e)le™ [1 + (505 +y] + (5 55 [205w]

Wi 2 2 _ — '@3 lo. —&
+) (w;?+ i ) R (wj)2+7]} +0 (—gjéf")}
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Again we add a correction term wjl such that

. . 1 (@W,)%\” p—2 w?
1 wj, 1 w; 2,0 - 0 J 0 2 J
Aw; + e"w; = —e [2ijj+2 ( i 5 ) +wj+2(p_1)(w]) +

Finally the function U is

K

2 |P

7=1

p—11_ p—1\> 1 . .
‘|‘ —p $Pwuj,§j(x) + —p %PUJMJ{J_(I’) ;

p”Yp

the above function is a good approximation in the context of our first step.
First Step In Problem 3

In equation (11), function U is

where

0= (1205) ¢ U0 = F UG - 6)

L+ [af?

with yt ~ k72, The norm to study £ = (—A)*U, — v|U,|[P~'U, is
n42s—2n
1Bl = 1L+ [y))™ ) Bl pacgn)-

Here, to prove || E||.. — 0 we divide the domain in balls with center in the boundary of
B(0, M) N R2. Each center, &;, is a point of a regular polygon with k vertex. In this
case since p ~ k2 (can’t be prescribed); a necessary condition appear, 1 — % < 0, namely,
g < n. This is one of the technical reasons why s € (3, 1).

After constructing a good approximation of the solution of the equation, we are going to
prove the existence of a function ¢ such that u = U + ¢ is a solution of problem (12). This
function ¢ will be small compared with U and is called the error function.

Several ingredients will be used to prove the existence of the function ¢. Notice that we
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can state our model equation (12) depending of variable ¢:
Ap+ f((U)p+ AU + f(U) + f(U+ ) = f(U) = f'(U)g =0,

or equivalently

L(¢) = =R — N(9),

where
L(¢) = Ao+ f(U)g, N(¢) = f(U+¢)— f(U)— f'(U)p, R=AU+ f(U).

Step Two

In the second step we develop a linear theory for the linear equation

using well known theorems like Fredholm’s alternative theorem and a priori estimates. To
solve this equation, we need to study the kernel of operator L. Sadly not in all case we can
obtain a full characterization of this set. In our case the asymptotic behavior of L, when we

expand the domain

L=T+o(e),
where 7' is an operator with a better know Kernel, let us permit consider the kernel of 7" as
an approximate kernel of L.

Having the elements of the approximate kernel of 7', Z;, we consider them on a new

projected equation

L(¢)=h+> aZ (17)

where the coefficients ¢; depend on points &;.

In Chapter 1 the linear operator is
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L(¢) = A¢ + g'(V2)o,

which is approximated by

8
5P As A — 0.

T(¢) = Ag + m

In R? this operator is non-degenerated in the class of bounded functions around a function

¢(y) = log W,

which is a bounded solution of the Liouville equation.

A main difficulty in this step is the comparison of the coefficients c¢; with the solution
¢ of the equation (17), where one gets a priori bounds comparing some measures with a
given function test; without this estimates it is no possible to apply the Fredholm alternative

theorem. Among others we mention the technical results performed in (1.70):
(L(®), Zijxaj) = (hy Zijxa;) + Cij/Q il Zii |

where the function a(z) must be controlled separating the integrability domains and its dif-

ferentiability to find an a priori bound to ¢;;
|cis| < CllR]l..

The main objective of these estimates is to apply Fredholm Alternative theorem, so we
use the Riez theorems to write the equation in the equivalent form (Id — K)¢ = h where
K is a compact operator, this part is difficult since we have to find the appropriate space to

establish the compactness property of K. In this case we must consider a subspace of H; (£2)

H:{¢€H5(Qa) Z/ ¢ZZ]UJ:0 fori:1,2,j:1,2,-~-,K},
Qe
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to preserve the additional orthogonality condition coming from the projection over comple-
ment of kernel. Notice that the weight function 7;, a cut-off centered in §;, guarantee integ-

rability of z;;¢.

In Chapter 3 the linear problem associated with the s-Laplacian is studied in a different
manner from the local case; in the literature one can find classical Sobolev injections and
regularity theorems which can be located to a ball. In our case, the nonlocal nature prevents
such a procedure without defining the Laplacian both inside and outside. Moreover, for the
case s € (0,1/2), laplacian has no trace, which led us to face the problem of a priori bounds
from the definition, not making use of the maximum principle as in the local case. We have
found in the literature an article [22] dealing with the same problem; the authors consider
the problem in R™ and locate the operator to apply regularity theorems in a domain, wich

generates a contradiction with the nature of the nonlocal problem on the whole space.

Some embedding theorems by holder inequality, see (3.32), gave us an extra condition

¢ < “ and to find an admissible interval of ¢ we have the condition s € (3,1).
Step Three: Nonlinear Problem

The next aim is to prove the existence of a solution ¢ of an auxiliary projected problem

L(¢)+ R+ N(¢) = _ciZ:. (18)

i

There are a least two ways to prove that.

One of this is to use the invertibility of the operator L. We can prove the existence of an

operator A in a appropriate space such that equation (18) be equivalent to

¢ = A(9), (19)

with A, a contracting mapping over an special region and, by the fixed point theorem, to solve
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equation (18). For example, in Chapter 2, we want to solve

K
A(V)\ + ¢) +g (V)\ + ¢) = Z CijZijnj, in QE,
i=1j=1
¢ =0, on 09, (20)
\fga(bzij?]j:(], fori=1,2,j=1,--- K.

Here, the special region under consideration is

_ M
Fur = {¢ €C@) : 6l < W}

Estimates over ¢, N(¢) in Fj; together with the continuity of the operator A, (from the Riesz

theorem), allow us to use a classical fixed point theorem over (19).

[A(¢1) — A(d2)lloo < Clloge| |61 — b2

When we consider the function V, without the corrected terms, || E) ||, < C|log(e)|~!, one

obtain for A(¢) (actually A(Frs) € Far)

|A(d1) — A(@2) 0o < Cllor — D2s0-

Which does not allow to apply the fixed point theorem.

Another way is to impose that ¢ = Z ¢; with ¢1, @2, ...¢p41 satisfying a nonlinear

system, this system is not equivalent to our]nonlinear problem, but implies the existence of
the solution. This system is difficult to define. In Chapter 3, we consider equations which are
“localized” in each ball B; = B(¢;, \/1—7,u2) (k of them) and (U; B;)“. We try to prove the
nonlinear problem using the dual norm, Lat5 — Lot (notice that the linear problem with
a priori bound is natural, see (3.31)) but we were not able to control the therms (we think for
the same reason that it doesn’t work in all interval (0,1) for s, with our norms) and to define

a good region to apply the fixed point theorem (on each equation).
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Final Step Problem 1

As a final step, we must find a configuration of parameters (center of bubble) in functions
¢; such that ¢; = 0 for all s.

For this, we will see that there exist a non trivial relation between the existence of critical
points of a functional of energy associated to the original equation and the configuration
of the parameter which cancel the coefficient ¢;; here is where the method get the name of
reduction because we transform an infinite dimensional problem like: to find a critical point
of an infinite dimensional function, to a finite problem (remember the parameter in c¢; are
finite). In Chapter 1, after getting the solution U, + ¢¢ we consider the original problem in

the weak sense. Associated to the original problem we have a functional of energy

va/\(u) = %/ |Vu(z)Pdr — i/ a(r)edr, we Hy(R),
Q Q

p
7 = 2, ((0n+8) (.9). @
where
(0+8) @ =7+ —= (m+a (E5). @

It is important to notice here that D¢ 7, (&) = 0 implies c¢;; (g) = 0. Thus Uy + gzNS 1S a critical
point of Jf; » Namely a solution of problem (1).
After that, to find the critical point of 7,(§), we expand this function around the point
= (&,&; . ¢k)
INE) = O(&) + O(e).

We know that the function © has a special critical point ”which remains with the error O(¢)”,
that kind of critical points are called nontrivial critical value. Of course that kind of expansion
is difficult to find; one has to proceed carefully because everything count in this step and there
is no standard method to proceed. Finally, the main problem is to find this special critical

value.

Final Step Problem 3
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Same ideas apply in problem 3. After a geometric argument, one needs to find 6 > 0 such
that ¢, 1(0) = 0 (just one of them) to prove the existence of the solution of problem (11).
After a suitable reduction of the function ¢(9), a correct application of intermediate value
theorem gave us the result (we improve the original expansion thinking that it could help to

expand the interval of definition of s but it did not give fruitful results).
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CHAPTER 1

Liouville equation with potential in R?

Shenbing Deng, Danilo Garrido, Monica Musso

1.1 Introduction

We consider the following boundary value problem

Au+ da(z)uP~ e =0, u>0 inQ;
(1.1)
u =70 on 051,

where () is a bounded domain in R? with smooth boundary, A > 0 is a small parameter and
0 < p < 2. The function a(z) > 0 is smooth in 2. This problem is the Euler-Lagrange

equation for the functional

JoA(u) = %/ |Vu(z)Pdr — é/ a(r)e" dz, wu € Hy(Q). (1.2)
Q pJa
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If a(z) = 1, problem (1.1) becomes

Au+ P te® =0, u>0 inQ;
(1.3)
u=20 on 0f).

This problem has been studied widely in the literature when p = 1. The asymptotic behavior
of blowing up families of solutions can be referred to [1, 4, 27, 30, 31, 33]: in these works it
has been established that if u) is an unbounded family of solutions to (1.3) for which A fQ et

remains uniformly bounded as A — 0, then there exists an integer K such that
)\/e“*dx—>87rK, as A — 0.
Q

Moreover there are K points &1, . . ., i in 2, which are far away from the boundary of () and

far away from each others, so that

K
e — Z 5@
j=1

in the sense of measure. Furthermore, the location of the point ({1, ...,&k) is known to be

related to the critical points of the function

() =Y H(E.&) + > G&.&).
i=1 i

Here G(x, y) denotes the Green’s function for the negative Laplacian with Dirichlet boundary

condition in €2, namely

—A,G(z,y) =0y(z) €
(1.4)
G(z,y) = x € 09,
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and H (z,y) its regular part, given by

1 1

(1.5)

Concerning the reciprocal issue, several results are already known in the literature, we refer to
[1, 19, 13]. In particulat, in [13] del Pino-Kowalczyk-Musso constructed bubbling solutions
to problem (1.3) when p = 1. They showed that: If the domain () is not simply connected,
and given any integer K > 1, there exist K points &1, ..., k in ) and a family of solutions

uy, for any A sufficiently small, which blows-up at these K points in the sense that, as A\ — 0

sup uy(x) -0, andforany j=1,..., K, sup  uy(z) — o0
IEQ\U]KIIB(ﬁj,E) IEB({j,(S)

for any positive fixed number §. Furthermore,
/ Aedr — 8Km as A — 0.
Q

The location of these blow-up points &1, . ..,k is not arbitrary: indeed they correspond to

critical points of the function ®; defined above.

The results have been extended in [17] for the whole range of values of exponents p with
0 < p < 2. This result was surprising, since the scenario changes completely when p = 2:

this situation was previously treated in [16].

In this paper, we construct bubbling solutions to Problem (1.1), with a positive non trivial
potential. When p = 1, this situation was already treated in [13], under the condition that the
concentration points (1, . .., &) belong to a region where the potential « is strictly positive.
Our first result shows that this construction can be done for the whole range of exponent

0<p<?

Before stating our result, it is useful to introduce some notations. For an integer KX > 1

and K distinct points §;, j = 1,--- , K, in (), separated uniformly from each other and from
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the boundary 0X, write £ = (&1, -+ , &k ), let us define the following functional
K K 2 p K
Vox(©) =D H(E:8) + D G &) + ) logalsy). (L6)
=1 i =1

Definition 1.1. We say that ¢ is a C%-stable critical point of ¢ : M — R if for any sequence
of function ¢,, : M — R such that ¢, — ¢ uniformly on compact sets of M, ¢, has a

critical point ™ such that ¢, (") — ¢(&).

In particular, if £ is a strict local minimum or maximum point of ¢, then £ is C-stable

critical point.

Let € be a parameter, which depends on A, defined as

2(p—1)

4 P pP—
PA (—Blogs) S5 1 (1.7)

Observe that, as A — 0, thene — 0,and A\ = 2 if p = 1.

The result we have is the following.

Theorem 1.2. Let Q) be a bounded smooth domain in R%, 0 < p < 2 and K an integer with
K > 1, assume that a(x) > 0 smooth in Q, and &* = (&,...,&}) is a C'—stable critical
point of @2’ - Then there exists Ay > 0 so that, for any 0 < X\ < Xy, Problem (1.1) has a

solution uy, satisfies

(2—p) P
lime 7 / a(z)e dr = 8K, (1.8)
where ¢ satisfies (1.7). Moreover; there exists an K —tuple £* = (&),--- &%) € QF such

that a(&}) > 0, and as A — 0,

cbz,K(gf\a' o ag?() — (I)g,K(glkv' o 75?{%
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and
4 NT &
uy(z) = (—1—9 log e) (87TZ G(x,&) + 0(1)) (1.9)
j=1
where o(1) — 0, as A — 0, on each compact subset of Q\{&}, - - -, &x ). Furthermore
14, N\ sk
J? \(up) = = (——loge) ’ {—W -2+ plog8
Al p\ p (2—p)p[ ]
16K 3272
— 7Tlogﬁ— jp@iK({’\)%—O(]logd_l) (1.10)

where O(1) uniformly bounded as \ — 0.

In [13], the authors consider also the case in which the potential a(x) has a zero of type
|x — ¢|* for some point ¢ € 2. When p = 1 and K < 1 + «, they show the existence of a
family of solutions u, to Problem (1.1) blowing up at K points of €2, which remain far from
q. This result was generalized by [10] in the case in which the potential a has several zeros
Q,- - qm» Of type |z — ¢;|* respectively. She studies how the concentration phenomena
is affected by the presence of several zeros for the potential. Our next result concerns a

generalizations of these results when the exponent p belongs to the whole range 0 < p < 2.

Define the set Z C () satisfies

Z:={q€Q:a(q) =0}.

We make the following assumption on a(x).

(Ay): For any q € Z, there exists oy > 0 such that

aq(x) = a(x)|x — g7

is a strictly positive continuous function in a neighborhood of q.
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(As) Assume Z C () is a finite set. Let K > 2 be an integer, and q1,+ -+ ,qm € Z be

distinct points so that
2—p
—oy, #1,--- ,K—1, foranys=1,--- ,m, (1.11)
D
and

m 2_
K=> K, wihK,= max{k‘s eEN: 1<k <—La, + 1}. (1.12)
p

s=1
We have the following result.

Theorem 1.3. Let ) be a bounded smooth domain in R?, 0 < p < 2, and a(x) satisfies
(A1), (A2). Then there is N\g > 0 small such that for any 0 < X\ < Xo, Problem (1.1) has a

Sfamily of solutions uy with the property:

2(2—p)

lime™ » /a(m)e“§d$:8K7r, (1.13)
Q

A—0

where ¢ is defined in (1.7). Moreover, there exists an K —tuple £* = (£}, &x) € (Q\2)¥
such that as X — 0

vq)g,K(gi\7 U 75;\() — 07

and
1 NT &
uy(x) = | ——loge ’ 81 Gz, &) + o(1 (1.14)
m(pg)(;m) <>>
where o(1) — 0, as A\ — 0, on each compact subset of (\Z)\{E}, - ,Ex}. Furthermore

2(1—p)

1 4 P SK
Joa(un) = ; (—gloges) [(2 o [—2 4+ plog 8]




— %okl +O(llogel™) (1.15)
where O(1) uniformly bounded as \ — 0.

For the special case that  is the unit ball B in R? and a(z) = |z|** with « > 0, that is,
consider
Au+ Mz[**uP~te" =0, u>0  in B;

(1.16)
u=>0 on 0B,

where A > 0 is a small parameter. A direct consequence of Theorem 1.3 is that there exists a
bubbling solution to (1.16) concentrating at points, which are outside the origin; furthermore
the number of bubbling points depends on «. Set

2—p

Ka:max{kEN : k<—a—|—1}.
p

The result we obtain for (1.16) can be stated as follows.

Theorem 1.4. Let 0 < p < 2, there exists \g > 0 such that for any 1 < K < K,, for any

0 < A < A, the problem (1.16) has a solution u, which concentrates at K different points of
B\{0} and
2(2-p)

lime™ » /|x12ae“‘ida::8mr, (1.17)
B

A—0

where ¢ satisfies (1.7). Moreover, (1.9) and (1.10) holds.

Remark 1.5. To prove Theorem 1.3 we follow the approach developed in [10]: we apply
a max-min argument to establish a topologically nontrivial critical value of (IDI; ; under the
assumption (A;) and (As) on a(z) in any bounded smooth domain. Observe that we are
not assuming the condition that domain is not simply connected. Observe that Z = (), the
condition that €2 is not simply connected guarantees existence of a nontrivial critical value

P} . see [13].
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|2a

Remark 1.6. Theorem 1.4 is the special case of Theorem 1.3 for a(z) = |z|** and domain

Q=05.

Remark 1.7. We construct bubbling solutions to (1.1), whose location of concentration occurs
at points different from the zero set of the potential a(z). The problem of finding solutions
with additional concentration around at the zero points of a(x) is of different type, indeed
from the works [3, 2, 34] it follows that the contribution of each blow up point in the limit
(1.13) is of 87(1 + «). The asymptotic analysis in this situation is completely different.

In order to cover the case p = 2 in (1.1), we believe that a different approach is needed,

given the known result for a(z) = 1 contained in [16].

The paper is organized as follows: Section 1.2 is devoted to describing a first approxim-
ation solution to problem (1.1) and to estimate its error. Furthermore, we reduced problem
into the finite-dimensional problem and solve it, we sketch it in section 1.4. In Section 1.5,

we prove the main results.

1.2 The first approximation solution

In this Section, we build a good approximation solution and to estimate its error. Let us

introduce the radially symmetric solutions of the following limit equation
Aw+e” =0 inR? / e’ < 400,
R2

which are given by the one parameter family of functions

2

w(2) = log ¢ S (1.18)

EESFDR

Let K be an integer, set £ = (&1, -+ ,&k), let § > 0 small but fixed, define

O:={e (Q\2)" : dist(&,0(Q\ Z)) >6,[& —&| > dfori# j}. (1.19)
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Moreover, consider K positive numbers /i; such that
§<p; <6, forallj=1,... K. (1.20)

The parameters p; will be chosen properly later on. Define the function
8u3
(1562 + [z = &1*)%a(;)

= wy, (I_gfj) —|—410g% —loga(§;). (1.21)

Uye () = log

Let us denote PU,, ¢ (x) the projection of U, ¢, into the space H(f2), in other words,

PU,, ¢, () is the unique solution of

APUﬂj’gj = AU/"jﬂ&j in Q’

(1.22)
PU, e =0 on Of).
By maximum principle, we have that for { € O and p; satisfies (1.20), then
8145 2 2
PUy, ¢;(x) = Uy, ¢, (v) + 87H (z,§;) — log (&) + O(pze”) (1.23)
J
in C*(Q) ase — 0, and

PUy, ¢ () = 87G(x, &) + O(pje”) (1.24)

in CL.((AN\2)\{¢}) as e — 0, where G(-,-) and H(-,-) are Green’s function and its the

loc

regular part as defined in (1.4) and (1.5).

We now define the first ansatz is given by
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with some number -, to be fixed later on. We want to show that U () is a good approximation
for a solution to (1.1), and so that the solution to problem (1.1) like the formula U(z) plus
a small term. In order to perform the fixed point argument to find the lower order term, we
need to improve our anstz, adding two other terms in the expansion of the solution. In order

to do this, we set

(4) = w, (v~ €) S
w;i(y) = w,. (y = log )
! " 7 (1 +ly — &§17)?
and
55(y) = w (4) — loga(€;) =1 S (1.25)
w;(y) = wy, (y) —loga(§;) = log y )
! : ’ (15 + |y — &?)2a(§;)
Let wj be the radial solution of
Awl +e"wl =e" f' inR?  for i=0,1, (1.26)
where
. 1,
o= —'[Uh‘+'§(u%)2]’
and
p—2 .. 1 1 N 1, 1 .
/! —?ﬁ+2@ D@Wl+?@V+§@W%Hmﬂ§+j%f+§@@w2

In fact, as shown in [20] (see also [7, 17]), there exists radially symmetric solutions with the
properties that
ly — & 1

+O0(——) as|y—&| — oo, (1.27)
1 ﬂy—@) v =4l

wj- (y) = Cj;log

for some explicit constants C;;, which can be explicitly computed. In particular, when i = 0,
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the constant Cy; is given by

B +o0o t2_1 &u 1 8,uj_2 2
Gy = 8 [ty s e <§>+§<lg<1+t2> <§>> “

= 4log8 — 8 — 8log u; — 4loga(§;). (1.28)

Let us define

ngvgj(x) = w? <£> , w,ij,gj (x) = wjl- <£> for x € Q.

5 5
Let Pwj, . and Pw,, . denote the projections into Hj($2) of wy, . and w, . , respectively.
We write y = £,£: = 57 , by (1.27), we have that
(T
P’LUMJ 5]( ) = U)j (g) — 27TC¢jH(£IZ’, 5]) + Cij log(uje) + O(MJS) (129)
in C(Q) as e — 0, and
(T
Puj ¢ (@) = P (w} (2)) = =21CyG(.&) + Ouse) (1.30)

in CL((Q\2)\{&}) ase — 0.

We define
K 2
1 p—11 p—1 1 1
Ux(x) = — Z PUy, ¢, (x) + ——Pwojygj () + (—) —Pw, o (x)]
Pt i p ow " p ) "
(1.31)
From (1.24) and (1.30), one has, away from the points §;,
p—11 Cy, p—1\* 1 Oy
G(x S U R S W O(£? 1.32
mplz [ p P4 (p>72p4+<8> (132
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Consider now the change of variables

4
v(y) = py"Muley) —py?,  with 47 = ——loge.
p
Then problem (1.1) reduces to

Av+g(v) =0, v>—py" in ()

(1.33)
v=—pyP on 0f).,
where Q. = ¢!, and
— Y \p=1 0P [+ 555)P 1]
g(v) = a(ey)(1 + — )P~ 10+ 5p : (1.34)
(v) = alen)(L+ -7)
Let us define the first approximation solution to (1.33) as
Valy) = py""'Us(ey) = p7", (1.35)

with the numbers p;, j = 1,--- |, K defined by

(o(2)

(1.36)

8uj _ |20—1) 8 K
o8 a(&) 2p—p (1= log8) + 3 _7Tp (H(fmﬁj) + ;G(&,ﬁj)

Lemma 1.8. We write y = ¢ 'z, & =e7'¢;. If i, j = 1,- -, K, are given by (1.36), then
for ly — &i| < §/e with 6 sufficiently small but fixed, we have

vA<y>=wj<y>+”;1—w‘?<y>+(E) Ul 0w, 3D
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and
0(y) = Olely — &|) + O(e?).

Proof. From (1.23), (1.24), (1.29), (1.30) and the fact that U,,, ¢, (ey) — p7* = w;(y), we have

Wi(y) = py? tUx(ey) — py?

2
- Z {PUM,%( )+ pplfylppwlh §j(x) + (]%> 'Y%Pw}”’&j(x)} -

= Uy (@) —py? +8nH(x,&;) — log (’gﬂ) +0(u2e2)
+I%7LP [U);)(y) - 27TOO] (1' fj) + CO] 103(#3 ) (Mjg)]
2
+ <’%1> 7—%,, [wjl(y) —21Cy; H(z, &) + Cyjlog(pie) + O(w; )]

K 2
rim 3 (66 |1 et — % (52) | + o)
i#j
2
= wi(y) + 55wl (y) + (57) smw) (y) +Olely — &) + O(e?)
82 _ 1\ 2
—tog s+ |Cutst 4 Oy (1) 4 o) + o)
C o 15 _ 2 K
+87 [1 -Gt =% (5 —} (H(@-,@-) +3 G<si,sj>> .
i7#j

Since numbers f; satisfies (1.36), we note that p7? = —4log €, then find

2
_log olE |:00]pp17173 + Cy; (%) W%p} (log(p) +loge)
+8 1—%Ei—@(ﬂ)2— H(E,6) + 30 GlE6)
Q -~ 1 \p ) 32 Sj Z isSj
=0.
Thus (1.37) holds. OJ

We will look for solutions to (1.33) of the form

U:VA+¢a
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where V), is defined as in (1.35), and ¢ represents a lower order correction. We aim at finding
a solution for ¢ small provided that the points ; are suitably chosen. For small ¢, we can

rewrite problem (1.33) as a nonlinear perturbation of its linearization, namely,

L((b) = _[EA + N(¢)]7 T € Qg

(1.38)
¢ =0, x € 082,
where
L(¢) = Ad + g'(Vi)g, (1.39)
Ey = AVy + g(Vy), (1.40)
N(¢) := g(Va+¢) — g(Va) — ' (Va)¢. (L.41)

We recall that g(t) = a(cy)(1 + #)p_leﬂ(H#)p—ll.
In order to solve the problem (1.38), first we have to study the invertibility properties of

the linear operator L. In order to do this, we introduce a weighted L°°-norm defined as

% ~1
1]« = Sup (Z(H \y—§}|)3+€2> h(y)] (1.42)
y

£

j=1

for any h € L>().). With respect to this norm, the error term E) given in (1.40) can be

estimated in the following way.

Lemma 1.9. Let 6 > 0 be a small but fixed number and assume that the points £ € O. There

exists C > 0, such that we have

C C
HEA”* S 3 = 3
7 [loge]

(1.43)
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for all \ small enough.

Proof. Far away from the points ¢;, namely for |z — &;| > 6, ie. [y — & > g, for all

jg=1,--- K, from (1.24) and (1.30) we have that
AVi(y) = py"~'e?AU(ey) = O(e").

On the other hand, in this region we have

Vi(y) 14 4loge +0O(1)  O(1) (1.44)

1+ =
PP fald |log ¢|

where O(1) denotes a smooth function, uniformly bounded, as ¢ — 0, in the considered
region. Hence

4
P

V) PI(14 A )P — €
V 1 p—1 7P[(14+75)P—1]
g(Vy) = aley)(1 + p’yp) € " |log e[p—1

o(1)

Thus if we are far away from the points &;, or equivalently for |y — &i| > g, the size of the
error, measured with respect to the || - ||.-norm, is relatively small. In other words, if we
denote by louter the characteristic function of the set {y : |y — &| > g, j=1,..., K}, then

in this region we have

2(2-p)
s P
| Exlouter |l < Cw- (1.45)
Let us now fix the index j in {1,--- , K'}, for |y — &| < 2, we have
" p—11 p—1\* 1
AVy(y) = —e"1¥) + T%Awg(y) + (T) %Aw;(y) + 0(e?). (1.46)

On the other hand, for any R > 0 large but fixed, in the ball [y — | < R. := R|loge|®, with
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a > 3, we can use Taylor expansion to first get

Vi p—11_ p—-1,1_ 4 p—2 _ 5 p—1451 ,
1+ = 14— @ (— ) [0 ———— (@) ]+ (—= ) — (log [y—¢€")),
(2! = b P s )P o =)

Vi p—1.1 (w;)>, p—1,1 . 1
VISP = a5 = >%[w?+ y )2—72p<w}+ij?>+—73p(log!y—é}!)
and

~ \2
P(14+-25)P—1] _ @, p—1.1 (wj)
67 Py =€ 1+(T)%[w]~+ 9 ]

p—1,1 1 - 1
+(T)272p[ o+ wjwy + 2(10? +(@;)*)] + @(bg ly = &)

Thus we obtain

)p 167p[(1+ p)P—1]

g(Va) = aley)(1+ 3

%G
= [a(&) + 0™ [1+ (5 Hlud + T + @)
—|—(p;1)2 : [w —|—2ij + = (w +%) +w§-)
p—2 b log\y —£&)
+m(’wj) +7]+O< )}

~3p

Thus, thanks to the fact that we have improved our original approximation with the terms w?

and wjl-, and the definition of *-norm, we get that

C C

W:‘log—gli))’ forany jzl,,K (147)

IEML B R ll« <

Here 1p(¢ r.) denotes the characteristic function of B(;, R.). Finally, in the remaining
region, namely where R. < |y — & < 8 forany j = 1,..., K, we have from one hand
that |AV, (y)| < Ce®s®), and also |g(Vy(y))| < Ce®i™ as consequence of (1.37). This fact,

together with (1.47) and (1.45) we obtain estimate (1.43). ]

As the same proof of above Lemma, we have the following result.
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Lemma 1.10. For x very close to the point &; in (), we have

lgd(Va) —e™ ]l =0 asA—0, (1.48)

and there exists some positive constant Dy such that

K
g(Va) < Doy e (1.49)
j=1
Moreover;
lg" (V). < C. (1.50)

1.3 The Linear Problem

This section main objective is to study the invertibility of the linearized operator L.

Let us remember that for closed points to some &;
g’ (Vy) — €], =0 ifA—0

Thus we can see that the operator L can be approximated by the family

8,uj2

(12 + |y — &[2)?

Li(¢) =A¢p+e"dp=Ap+ P,

which we already know is non-degenerated , in the sense that the bounded solutions of

L;(¢) = 0, excepting rescaling and traslation are (See [1]).

205 = Oy Wy, 2ij(y) = Opwy, (y) i=1,2.

Additionally we define
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Zij(y) = zij(y — &)

We considered £ = (&1, ...{x) € O, additionally, let us consider a large but fixed number
Ry > 0 and a cut off function 7(p) with n(p) = 1if p < Ry and n(p) = 0if p > Ry + 1, and

we denote
ni(y) = n(ly = &1)-

Moreover, let h € C%*(Q.), we consider the linear problem of finding a function ¢ and

scalars C;; ©=1,2, j =1, ..., K such that:

2 K
L(¢) = h+ Y > cymZy inQ

Jj=1 j=1

¢ = 0 on 0f),
/ niZi;o = 0 forall: =1,2, j=1,..,. K
Qe

Lemma 1.11. ler Q. := Q\ UL, B(&;, R). There exists R large enough such that if L(¢) < 0
in Q. and ¢ > 0 on 9K, then ¢ > 0 in Q..

Proof. We define the function

Mw

ZO |y 6] (TS Qaa
7=1

r2—1
r241°

where 2o(r) =

If a is taken small and fixed and R large enough such that aly — &i| > aR >> 1 then
Z(y) > 0; by (1.49) one has:
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K

S8a¥(d’ly — &P -1
== G aly—eapy T2 < -3

K

D Zw g =’

j=1

We consider for R as in lemma 1.11, the inner norm:

[olli == sup  |o(y)|

yeUl B(¢).R)
Lemma 1.12. Let h € L*>(€.) if we consider the equation

L(¢p)=h in Q.
=0 on 0.,

then there exists C' > 0 such that

[@lloe < Clldlli + [IA]]].
Proof. Let us take the following barrier

d(y) = 2/l Z(y) + ||| ij

C

Py &

7=1

DOZe i 7 (y

(1.51)
(1.52)

(1.53)
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where 1); is a solution of the equation:

2 M
_A¢ — —+2527 R < y—gl < —, (1.54)
= P bl
. M
Y; = 0 1f\y—£§|=R,!y—€§-!=? (1.55)

where M is such that Q. C B(¢&}, ).

i e

A direct computation shows that

2 22
W(r)=—-——+alog(r)+b
T 2
where ) - e
a:E—i_E? _%_T
log(5F)
and
2 2 P2
b:E+€2 —alog R

hence these functions have a uniform bound independent of € as long as 1 < R < % By
the maximum Principle one has ¢; > 0; therefore, by the definition of Z(y) and for R large

enough

Oy) = [o(y)l inly — & = R

¢ > 0= ¢(y) on I,
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Moreover

= | 2( s — 227 + g/ (13)0)

K
< bl 3 (— g — 267 4 )
]:
K
< - (S -gre )
7j=1

< —[h(y)l < IL(2)(w)]

From Lemma 1.11 one has

8] < lo(y)); vy e

since v; is uniformly bounded over ¢, there exists C' > 0 such that

[6lloe < Clllli + [I1A]]].

Lemma 1.13. We considered the equation

L(¢) =h enf
¢ =0 endfd.

/anijgb =0 parai1=0,1,2, j57=12..,
Qe

L) = 2lL(Z)+ AL ) < Al 3 (A, + 5 04)8)

K

(1.56)
(1.57)
(1.58)
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then there exists positive numbers \y, C' such that, for all ¢ € O we have

16lloc < C|2]].

Sfor all A < ).

Proof. By contradiction:

We Suppose that there exits A, — 0, ({7,&5,...,&%) € O, functions ||h,|. — O,
||n|leo = 1 and satisfies above equations. By Lemma 1.12, since ||¢,, || = 1 then ||¢,]|; >
k> 0. Let ¢, (2) = én((€])" + 2), where the index j is such that Sup\yf(g;)/|<R|¢n| > Kk we

assume that this index j is the same for all n.

Local elliptic estimates imply that bn converges uniformly over compacts to a bounded

solutions ¢ # 0de
8u3

. 2
<M3+|Z|2)2¢:0 in R

Ad +

the non degeneracy of the equation and the orthogonality condition give us the contradiction.

]

Lemma 1.14. Let § > 0 be fixed and small. There exist positive numbers \y and C, such that

for any pioints £ € O, and any solution ¢ to:

L(¢) = h, in,
¢ = 0ond. (1.59)
/ UJZZ]¢ = OfOl"i = 1,2, ] = 1, K

one has

[¢lloo < C(=loge)llh]l.

For alla ¢ < &,.
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Proof. Let R > R + 1 be a large and fixed number, and Z, be the solution of the problem

2

~ 8 ~
A 2 :07

“0i (u§++y—sy2)2z°J
20j(y) = 20;(R) for [y — & = R,
Z0j(y) =0 for [y — & = 2.

By computation, this function is explicitly given by

fT ds
R szgj (s)

— =y —¢&
e | r=ly— ¢l
R szgj (s)

205 (y) = 20;(y)

Next we consider the radial smooth cut-off functions x; and x» withe the following proper-

ties:
0<x1<1, x2x=1inB(0,R), x1=0 in B(0,R+1)%; and

0<x2<1, yx2=11in B(0,£), xa=0in B(0,£)°,

and |4 (r)| < C¢, |x,(r)| < Ce%. Then we set

x1(y) = xally = &1, x2i(v) = xally — &),
and define the test function
Zoj = X15%0; + (1 — X15)x25%05-

Let ¢ be a solution to equation (1.59), we will modify ¢ so that the extra orthogonality

conditions with respect to Zj; is satisfies. We set

K
d=0+) dik,
j=1
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with the number d; is defined as

Jo. M 209

d; = — 0 B26P
’ Jo. i1 Zo; 2

Then

K
L(¢) =h+ > d;L(%;), (1.60)

j=1

and the orthogonality condition

/ ’I’]jZ()Z‘qg = 0, for all i = 0, ]_, 2,

hold. Then from the previous lemma we have the following estimate

K
18]l < CllIAIL + D 1d; 11 L(Zo)14]- (1.61)
j=1
Next, we show that
_ C 1\ 2
| L(Z0;) ]« < log T and |d;| <C logg 17| - (1.62)

Indeed, we have

L(Zo5) = 2Vx1;V(Zoj — %0j) + Ax15(Zoj — 205)

—|—2VX2]‘VZA’0]‘ + AXjS’oj + 0(84).
We consider the following four regions

Qo= {y: ly-&l <R} Q={y: R<ly—§| <R+1},

) ) )
Q3 = : 1< |y =& < — 0y = e — & < =1
s o=y REI<l—gl<s o) Q={y: -<Wb-§l<g)
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O(e*) fory € Q1 U Q3. For y € Qy, we have

First, we note that L(Z,)

_ds
. fR 528 s)
205 — Zoj = —205(r )f
SZD S
so that
C
20: — Zoil < )
|20j — Zoj| < log L
Similarly, in this region, we have
C

. C . Ce
ZOJ(T) < 10g%7 and Z(/)j (T) < IOg 1

Therefore, from the definition of the x—norm, we get
(1.63)

where the number C' depends in principle of the chosen large constant R

Next we show the other inequality of (1.62) holds. Testing equation (1.60) against Zy; we

(h, Zo) + di(L(Zo1), Zot)

have
<¢7 L(£Ol)> =

g. This relation and (1.61) gives us that

where (f,g) = [o_f
(1.64)

K
di(L(Z0)), Zor) < ClIRJL[L+ | L)1) + C D 1dyl I L(GGar) |2

j=1
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We want to measure the size of (L(Zy;), Zo;). We decompose

L)) = |

Qo

L(ggl>2ol + / L(E()l)g(]l + O(&) (165)

Q4

Since

o, LGo)Z| < C [19xal[V2allZ0] + C [ 1Axall2al + O()
C
(1og é)2 '

(1.66)

IN

Moreover, for y € )5, we have

f92 LGZw)za = 2/ VxuV(Zou — za)c0 + [ Axu(Zo — 20) 20 + O(e)
= [VixuV(Zo — Zu)ca — [ Vxu(Zo — Z0) Ve + O(e),

from the integration by parts. Now, we observe that in the considered region s, |2, — Zo;| <

c : 5!
log % , while |ZOZ| R5 Tz Rl

;1

’/lel Zor — Z0) Vo | < Rolog L

with (] is a constant to be chosen independent 2. Moreover

I VxuV(Zoy — Za)éa = 2w fR X1 (Zor — Zo) Zour dr
4 T ds
_ o R+1 X, 1_ MLT 2ol JR 3 gl dr
3% ds R u (lu +T2)

R 522
0l
C 1
—m2P+O@£ﬂ’

where (5 is a positive constant independent on €. Thus, choosing R large enough, we get

o
L(Z)zZy ~ — .
Az(mm o
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Combining this and (1.65), (1.66) we get

C 1
(L(Z01), Zo1) < T 2 [1 +0 <logl)} : (1.67)

£

From (1.63), (1.64) and (1.66) we have

1 2
) < ¢ (1og2 ) il

We thus from estimate (1.61) that

1
ol < (102 ..

We are ready to obtain the principal result of this section.

Proposition 1.15. There exist positive numbers \g and C, such that for & € O, there is

unique solution ¢ = Ty, (h) to:

2 K
L<¢) = h+ Z Z Cijanij in QE

j=1 j=1
6 = 0 on 990, (1.68)
/ T]JZ”¢ =0 forallizl,?, jzl,..,K,
for all A < \g. Moreover
1
folle < € (1022 ) (169

We just considered the orthogonality conditions whit respect to the elements of the ap-

proximate kernel due to translation.

Proof. Let us consider the cut-off function x»; introduced before. Testing equation (1.68)
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against Z;;2; to get
(L(9), Zijx2j) = (h, Zijx2;) + Cij/Q 77j|Zz'j|2- (1.70)

Moreover

<L(¢)7 Zin2j> = <¢7 L(ZZ]X2J)>

We have

with 7 = |y — . Since Axy; = O(€?), Vxo; = O(e), and Z;; = O(r~"), VZ; = O(r?),
we get

L(ZinQj) = 0(83)80((1 + 7’)73).

Then we have

[(L(9), Zijxai)| = (&, L(Zijx2;))| < Cell9]loo-

From the previous Lemma we find

folle <€ (1082

Combining this with (1.70) and (1.71)

2
||h||*+ZZcij] (1.71)

i=1 j=1

lcij| < C

1
||h||*+6logng!clm|]. (1.72)

Then,
|cis| < C[A]ls
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Combining this with (1.71)) we obtain the estimate

1
ol < € (108 2) 1.

Next prove the solvability assertion. We consider the Hilbert space

H:{gbeHg(Qg):/qszijnjzo fori:1,2,j:1,2,---,K},
Qe

endowed with the usual inner product (¢, 1)) = ng V¢Vi). Problem 1.68, expressed in a

weak form, is equivalent to find ¢ € H such that

(9, ) = / (W¢ — h)p de,  forall ¢y € H,

where W = ¢/(V)). With the aid of Riesz’s representation theorem, this equation gets rewrit-

ten in H in the operator form

(Id— R)¢ = h, (1.73)

for certain /1 € H, where R is a compact operator in H. The homogeneous equation ¢ = R¢
in H, which is equivalent to (1.68) with A = 0, has only the trivial solution in view of the
a priori estimate (1.69). Now, Fredholm’s alternative guarantees unique solvability of (1.73)

for any i € H. This finishes the proof.

Lemma 1.16. The operator T is differentiable whit respect to the variable (&1, ... k) € O.

Moreover one has the estimate

1 2
Ha(ﬂn)lTAUl)Hoo <C <10g g) ||h||*
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Proof. Let ¢ = T'(h) where ¢ satisfies the equation
L(¢) =h+ Z Cij Ly
tj

whit additional conditions, for some unique constants c;;. Formally Z = O ,¢ should

satisfies

2 2 K
L(Z) = =0 (g (VA)E+ D cimOiery, i Zim) + > disZijm; (1.74)
=1

i=1 j=1

whit d;; = (¢ ,Ci; and the orthogonality conditions become

We consider the projected function

/ UJZ”Z = O
Qe

bim / Ny = / Ner ) (ZimMm) b
Qe Qe

We write the equation (1.74) in the way that (1.68)

such that

then

2 K
L(Z) = [+ bimlmZim inQe

i=1 j=1

Z =0 on OS2,
/animZ = 0 fori=0,1,2
\ Qe

(1.75)
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and applied proposition (1.68) to get
7 =Ty (f) (1.76)

where f satisfies

1f1ls < Clidlloo

using (1.69) we find

2

1 1 1
0 B0 < € (1062} 151 < € (106 ) ol < € (102 ) .

arguing by definition it shows that indeed O¢; y,¢ = Z [l

1.4 The Finite Dimensional Reduction
Following the approach in [17] for a(z) = 1, we have the following result.

Lemma 1.17. There exists Ao > 0 and a constant C' > 0 such that for any A € (0, \¢) and

each & € O, then there exists a unique ¢ satisfying

( 2 K
A(VA + Cb) +9 (V)\ + ¢) = z CijZijnj in Qs;
i=1j=1
$=0 on 9. (1.77)
\fQEQSZZ]n]:O fOl"Z':l,th:l’...?K.

for some c;; € R. Moreover,

Furthmore, the map &' — ¢ € H(Q.) is C', and

C

D¢ o < )
H £¢HL (Qe) = |log&?\
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We included the proof just for completeness.

Proof. From Proposition 1.15 equation (1.77) is equivalent to find ¢ such that

¢ = Ta(=(N(¢) + Ey)) == A(¢) (1.78)

where

1
4@l € (1o 2) V@I + 1B (1.79)
To N(¢) we have there exist s € (0, 1) such that
IN(9)| < Clg"(Va + s9)l[6]* < Clg"(Va + s9)l[14]l%

From the previous step, we know that ||¢||.c — 0 as A — 0 and from (1.50)
lg"(Vall < €

then we get

IN(@)]I- < Clloll-

we combine this with 1.79

1
< 2 4 _
40l < Cllogel (Clol + o

For a given number M > 0, let us consider the region
- M
Fur = e C(Q) : o X ——— 5.

We then get that A(F);) C F) for a sufficiently large but fixed M and all small .
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Moreover, for any ¢1, @2 € F)y, using standard argument on mean value integral, one has

I¥6) = Nl < (ma o) 161 - ol

Thanks to (1.50) and the fact that ||¢1 ||, ||P2]|cc — 0 as A — 0, we conclude that

IN (¢1)=N(2) [« < Cllg"(Va)ll«(l1]lscF 1 P2lo0) | 1=2llo0 < ClI1lloct]P2llo0) D12 lloc-

Then we have

14(6) =A@l < CliogelIN(or) = N(@a)l. < Cllogel (maglnl ) o = oal

Thus the operator A has a small Lipschitz constant in ), for all small A\, and therefore a

unique fixed point of A exists in this region.

We shall next analyze the differentiability of the map ¢’ = (&7, -+ , &)%) — ¢. Assume for
instance that the partial derivative J(¢/), ¢ exists for i = 1,2. Since ¢ = T)\ (—=(N(¢) + E)),
formally that

Dy, = (0 Ty) (—(N(6) + Ex) + Tn (—(D1ep, N(9) + Die, By))

From Lemma 1.16, we have

10 Tr (—(N(9) + EN)) le < CllogeIN(¢) + Exl« < Crpy

- |loge|*

On the other hand,

enN(@) = [¢(Va+¢) =g (Va) =g (Va)eldey Va + e, g (Va) — €9]¢
g (Va+¢) = g’ (VN0 ¢ + [9'(Va) — €"7]0¢r), ¢
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Then,

19 N < € {161 + bz 16lle + 10, SlllBllc + k1906

oo}

Since |0, Exllx < ﬁ, and by Proposition 1.15 we then have
C

Ae)iPlloo < 77—
o9l < oo

forall: = 1,2, 5 = 1,--- , K. Then, the regularity of the map £’ + ¢ can be proved by
standard arguments involving the implicit function theorem and the fixed point representation

(1.78). This concludes proof of the Lemma. ]

After problem (1.77) has been solved, we find a solution to problem (1.38), if we can find

apoint ¢’ = g = (&, ..., %) such that coefficients c;;(£’) in (1.77) satisfy
c;(§)=0 foralli=1,2, j=1,--- K.
We now introduce the finite dimensional restriction 7, (§) : O — R, given by

7 = T2 ((0n+0) (2.9)

where

(+8) @9 =1+ (+a) (55)

€
with V), defined in (1.35), ¢ is the unique solution to problem (1.77) given by Lemma 1.17.

The following result can be proved by using standard arguments, see Lemma 5.1 in [17].

Lemma 1.18. For all \ > 0 sufficiently small, the functional J\(€) is of class C*. Moreover
if € € O is a critical point of J, then Uy, + gz~5 is a critical point of Jf;/\, namely a solution to
the problem (1.1).

Next we need to write the expansion of 7, (&) as A goes to 0.
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Lemma 1.19. Let § > 0 be fixed. There exist positive number Xy, such that ji; are given by

(1.36), for any O < X\ < A, the following expansion holds
2(p=1)
SKT 16K7 3272

4 P
p(—j;loga) jx(f):(2_p)p[—2+plog8]— 5 logg—z_p

5 1 (§)+ log e[ 10A(6)
(1.80)

uniformly for any points (&1, ..., k) € O, where

K K 9 _ K
@) = D H(E&: &) + Y GEn ) + = D logalsy).
j=1 i#j j=1

Furthermore

4 N 3272 , B
p(1052) T Vi O = 22 Vi #x(O) + llogel ) 8D

In (1.80) and (1.81), the function 0, denotes a smooth function of the points &, which is

uniformly bounded, as \ — 0, for points £ € O.

Proof. Define

L p _v_\p_
157/\(1)):5 0 |Vol? dy—/ aey)e’ [(1+5%)P-1] dy.

€

By direct calculation,

- 1
Jax ((U* + ¢> <“’”’5)> = ]mfék ((VA +¢) (g, §)) , (1.82)

3

Using the fact (U,\ + qu5> (x,&) =~ + # (Va+¢) (£,%)), we then have

1
INE) — I3, (UA(§)) = R 10 \(Va 4 6) — 17, (V)]
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Since by construction DI}, (Vi + ¢)[#] = 0, we get

1 1
- 22D /0 D2]§,)\(V/\ +tg)g*(1 —t)dt

s [ [ B v+ [ 00— g0 40| a-na

o p272(

TA(E) = Ja (UA(E))

Since || Ey ||« < o> 16| oo (02.) < e IN ()|l < Tosor and (1.50), we get that

C
| TA(€) = Jox (UAO))] < S log P (1.83)

Next we expand J} , (Ux(§)). We first have

/ IV (U5(6)
1 K
= 9 9(p—1) {2/ |VPUIU'J €j|2+2/ vPUMl glvPUﬂj 5]
J

2 2(p—1)

_112/VPUM] 2)VPu . (x)

+<p_1)2 ! EK/VPU VP
— | w
P 2P ~ Ja H:€j s,

p—1\* 1 |& ,
=) = Z VPl P+ VP% o VPU

p g — JQ 1]
3 K

p—1 1 0

+ (T) o 2 [ Ve VP ¢

7j=1
p—1\*' 1 [&
B 1 2 1 1
+ <T) W [Z/ |unj,§j’ "‘Z/prm,&vaw,éj }(1'84)
j=17/% 1#j 7

Let us estimate the first two terms. We observe that the remaining terms are O<P—1>'yp> We
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note that PU,,, ¢, satisfies
—~APU,, ¢, = %a(&)e™%, inQ, PU,. ¢ =0 ond.
Then we have

/Q|VPUM7§J'($)|2 dr = 82/Qa(ﬁj)eU“j’ngij,gj(Jf)
2

8%’ 2.2
T +Oui)

/ 8, (log ! + 8w H (x,&;) + O(;feg))
= e NS "
o (8205 + |z — §[?)? (e2uF + |z = &§?)? ’ ’

8 1
= [, e (s o6 e ) — st )+ 005

epj

_ gQ/a(gj)eU“j’fj (qu,gj(x)+87rH(x,§j)—1Og
Q

8 1 8
- / (1+ [22)2 10g<1+|z|2>2+8”/9 T o & F ez &) = HiG, &)

epj

8 > — 8 2.2
+87 /ij (1+ ]zp)gH(fjafj) — 4log(ep;) /ij 1+ WPR)? + O(p5e%).
(1.85)
But
8
/Q W =81+ O(e), (1.86)
and
1
/Q (1 + |y|?)? log (14 |y[?)? = —16m + O(e). (1.87)
Moreover,
8
/g e H &+ ey &) = H(&.&)) = 06). (1.88)

epj
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Therefore from (1.85)-(1.88) and (1.36), we have

[ IVPUL (@) ds
0
1
= —16m + 647 H(&;,&;) — 32w log e — 16w log(8u7) + 167 log(8) + O (—p)
Y

1
= —167 + 647°H(;,&;) — 32mloge + 16w log(8) — 167 log a(é;) + O (%)

—167 (1.89)

w@—l g8)+28—( (&,&) +ZG§1,£])

R i#j

Now, we calculate that
Z/ VPU, eV PUy, ¢ dv = Z/ 52a(£l)€Uw’§lPqu7€j
1#j 78 1#5 78
8e2u? ( 8u 8u3
= log ! + 87 H(x,&;) — log —% 4+ O(p2e?
Z/Q ew+ o —&PP \ 8 @ T o — §PPalg) T &) T loa gy + OlGE)

1
= lo + 8TH (& 4+ ez, £;) ) + O(p2e?
Z/ +|r (g(€2u3+!€mz+&—€j\2)2 (& e 5”) (15¢°)

_ Z/Q 1+|! S _8rG(6, &) + O(ue?)

l#5 “°em

= 6477 G(&4,&) + O(u3e).
I#j

(1.90)

Thus, from (1.84), (1.89) and (1.90) we have

_ 2(p—1)
p272(p_1) { —8Km—16Kw 10g5 +8Km lOg(S) SKWW (1 — lOg 8)

_87r210ga§ 327”0 (ZH§J75J +ZG€“€] > +O(]log€\)}

i#j

(1.91)
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Finally, let us evaluate the second term in the energy

i/CL(J})QQ(UA)I) dr = é/a(aj)e“/p(l'*‘mlp(vx)(z))p dx
D Ja P Ja

K
= A / a(x)ewp(umip(vx)(g))” du
B(g]"g)

P

2 / a(z)e” Hr(WE)" gy
p

K -
Q\ _L:JIB@M)
= I+ 11 (1.92)
First we observe that

11 = \O0,(¢) (1.93)

with ©, (&) a function, uniformly bounded, as A\ — 0. On the other hand,

K

1 / P14 5 () @) 1]
I = ———— a(ey)e” (5 (0 dy
p272(p1); B(E,5/2)
K
1 )+ 25 Ll (o) (251) Lyl () +0) 1
= ]mz: a(gy)e{ J p AP I p ) 2% }(1+O($))dy
:GRID!
K
1 / 8 ( 1
= S —_ 1+O(—)> dy
pPy*e=l Jz_; o (LlyPy v
B(O’ﬁ)
1 —1
= p272(p—1)8K7T (1+ [loge|~'@1(€)) ,
(1.94)

with 0, () a function, uniformly bounded, as A — 0. From (1.92)-(1.94) we get

A 1
Z (Un)P _ - -1
p/Qa(x)e A dx_pQVQ(p_l)SKW (14 [loge|~'OA(E)) , (1.95)
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Therefore, from (1.83), (1.91), (1.95) and (1.7) we get that (1.80) hold.

Let us now prove the validity of (1.81). Fix m € {1,..., K} and [ € {1,2}. We have

2 K
1 _
O IA(€) = o=y [ZZ%/Q i Zi;0(¢,), Va

242
p~y i=1 j=1

1
(14 0(%)). (1.96)

On the one hand, if we multiply equation in (1.77) against J(¢: ), V), we get

2 K
/ (Ave + g(ve) e Vo= Y Y /Q 1;Zij0e;,), Va

e =1 j=1

where ve = (Va + ¢)(y, &) = (Va + ¢)(£, £). On the other hand, we have that

671

pyP!

O Ur() =

x
Aier,) Va(=)-

€
Putting together these information, we have that

NewnIA(§) = (/Q [A(UA + ) + Xa(z)(Ux + cg)p_le(U”J’)p] 3(sm)zUA) (14 0(1)).

Furthermore, since ||¢~>|| L) < 7;,(’:1

| @] Lo (0., by definition of Uy we have that

(Ur+ ¢)(x) = Ux(z) (1 + O(%)) in Q.

Hence, by means of integrations by parts, and the boundary conditions satisfied by U, we

get that

Aemn TH{E) = </Q [AUA * Aa(x)Uf_lqu a(fanA) (1+ o(%)),

where O(1) here denotes a smooth function of the points &, which is uniformly bounded as
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A — 0. We thus conclude that

1

AGE ( | [Fvvivoe, v+ Aa(x)UfleUfa@m)le (1+0(;

))-

Computations analogous to the ones we performed to get expansion (1.80) give us the validity

of (1.81). This concludes the proof of the Lemma. ]

1.5 Proof of the main results

1.5.1 Proof of Theorem 1.2

Proof of Theorem 1.2. According to Lemma 1.18, we have a solution to (1.1) if we find a
critical point & of J,(€), it is equivalent to finding a critical point of the function Z(¢) :
O — R defined by

~ 2—0p 2(2-p) SKr 16K~
() = —AleT —— [-2+1og8] — 1 :
(€) 572 A e In(&) + Z—p[ + log 8] oge
From Lemma 1.19, we have
T(8) = 1 (&) +o(1), (1.97)

where o(1) — 0 uniformly for any points (1, . ..,{x) € O, and @, ({) defined by (1.6). By
assumption that £* = (&5, ..., &) is a C? stable critical point of <I>§7 > by Definition 1.1, there

exists a critical point £} € O of 7 such that 7 (&) — 7 (&*). Moreover, up to a subsequence,
& — & as A — 0, with @ (&*) = @8 L (&¥).

Futhermore, expansion (1.8) follows from (1.7) and (1.95), while (1.9) holds as a direct

consequence of the construction of U,. Expansion (1.10) is consequence of (1.80). ]
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1.5.2 Proof of Theorem 1.3

Proof of Theorem 1.3. According to Theorem 1.2, the proof of Theorem 1.4 reduces to show
that function ®/, ; has a C—critical point. For a(z) = |z[** and Q = B is the unit ball in R?.

Follow the approach in [21], we obtain that this holds.

Indeed, for p € (0, 1), we set

27(7 — 1 27(7 — 1
ﬁj,p:(pcosw,psinW) forany j =1,..., K.

Then by symmetric, we have

K
ﬁﬂ@zKP@ﬁm+Zﬂm&ﬁ“tﬁ%%4-
=2

Thus it is equivalent to find a C®—critical point of

K
2—pla
F(p) = H(&p,61p) + Z G(&1p,&ip) + % log p.
=2
In the unit ball of R? we have
1 1 1 1
G(x,y) = —log—— — —log :
(®3) 2 Clr—yl  2m 7 /|2y +1 - 2(z,y)
1 1
H = —— log—— .
(z.2) om 81— [af?

Hence

K
1 1 (2-p 1 VA 1= 26,8
F(p) = =log(1—p? —l——(—oc— K -1 >10g,0+— E log — :

Here

2r(j — 1 2m(j — 1
5”7—(008 m(J )W,sin W(]K M) forany j =1,..., K.
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If Z2a — (K —1) > 0, thatis K < 2 + 1, we find that

lim F(p) = lim F(p) = —oc.

p—1- p—0t

Then there exists py € (0, 1) such that

F(po) = max F
(po) = max F(p).

and py is a C®—critical point of F'(p). This completes the proof of Theorem 1.4. [

1.5.3 Proof of Theorem 1.4

Proof of Theorem 1.4. According to the result of Theorem 1.2, the proof of Theorem 1.3
reduces to show that, for any K > 1 the function (IDQ 5 has a non trivial critical values in
some open set M, compactly contained in (2\Z)%X. This fact has already been established
in [10] under some minor modifications. For completeness, we recall here the principal
ingredients employed to characterize a topological nontrivial critical value of <I>§7 5 1n some
set M, compactly contained in (2\ Z)X. We refer the reader to [10] for a complete proof of

each step.

From the assumptions (A;) and (As), without loss of generality we write

m
a(x) = H |z — qs|2as.
s=1
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Then we have

K K m
@Zj[{(g) = Z g]vf] +ZG§Z7€J Zzg_;log |£ iq‘
j=1 z;éj J=1 s=1 °
u (2-p) v~
— Y H(E.G) +ZG§Z,§J > Y a6 )

Jj=1 i#] Jj=1 s=1

St

H(&j,qs) - (1.98)

<||Ms

o1

—~
N2

Define the set

Mi={&= (&, &x) € (ND)" + G#&ifi#j}.

Define the set

D = {seMW(s) ::ZH@-,@-)— — )ZZ%G@,%)
=Y G(&.&) +0(1) > —M} (1.99)
i#]

where M > 0 is a sufficiently large number to be chosen. We have that D is compactly

contained in M.
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From A,, we write set {1,2,..., K} =1 U, U...U I, where

11:{1,...,K1},

[2:{K1+1,...,K1+K2},
I,={Ki+..+K,1+1,.... K1 +...+ Ks 1 + K},

Ln={Ki+ ... 4+ Kpi1+1,... K}
Let us fix angles 6, (¢ € Z) and a number ¢ € (0, 7) sufficiently small such that the cones
{q+pe%t?  p>0,0€[-5,0]}, qeZ (1.100)
are disjoint from one another. Moreover, we assume

dist(q,00) > 2§ Yq € Z, \¢i —q;| > 40 Y qi,q; € Z,i # j. (1.101)

Now we define K —tuple
50 = (5?a s 759{)

by
3. )
55) =qs+ 5(561(9qs+]%) Viel, s=1,...,m.

Let us set an annulus with radii ¢ and 20 centered in g, that is
Ug:={(eR” : § <[ —q5| <26},
and consider the K —tuple £ = (&1, ..., £k ) belongs to the open set

{€eUM x ... xUE™ & —¢|>M " Vi#j}. (1.102)
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The choice of ¢ in (1.100) and (1.101) implies that £ # &7 for i # j, then we have that &
belongs to (1.102) provided that M sufficiently large. Then we define

W := the connected component (1.102) containg &g

K=, /coz{fe/c:n;gn|&—sj|=M—l}-
i#]

From these facts, we get that

(P1) D is an open set, K and Ky are compact sets, K is connected and

KicKcDcDcM.

Let us F to be the class of all continuous maps n : K — D with the property that there

exists a continuous homotopy I' : [0, 1] x L — D such that
['0,-) =id, T'(1,-)=n, T(t,§) =& Vi €[0,1], V€ € Ko.

In [10], the following facts are proven:
(P2):

@ = supmin @ 1 (1(€)) < min & x(€)

(P3): for every & € OD such that <I>§7K(§) = ®*, 0D is smooth at £ and there exists a
vector T¢ tangent to 9D at § so that 7¢ - VO, 1(§) # 0.

Under (P1), (P2) and (P3), a critical point § € D of 7, ;- with ®} ;.({) = ®* exists, as a
standard deformation argument involving the gradient flow of <I>§7 5 shows. This finishes the

proof of Theorem 1.3. ]
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CHAPTER 2

Concentrating Solutions to Potential Supercritical
Equation

Danilo Garrido

2.1 Introduction

In this paper we are concerned with the study of the following boundary value problem

Au+a(z)uP =0in ), w>0 inQ, u=0 ondQ, (2.1)

where € is a bounded domain in R? with smooth boundary, p is a large exponent and a(x) is

a positive and smooth function in €.

If a(z) = 1, problem (2.1) becomes

Au+u?P=0inQ, wu>0inQ,u = 0on . (2.2)
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This problem has been study in [20], where the authors established the existence of a
family of solutions which concentrate at different points of {2, as p goes to +00; the existence
of this solution is related with a topological condition on the domain 2. More precisely,
when (2 is not simply connected, given any integer m > 1 there exists p,, > 0 such that for
all p > p,,, problem (2.2) has a solution u,, which concentrate at m different points in 2. The

location of such points is related to critical points of the function

Ol bm) = D H(E G+ ) G(&&).
=1 i.j=1, i#j

Here G(x, y) is the Green function in 2, solution of the equation

—A,G(z,y) = 0y, x €
G(z,y) =0, x € 00

(2.3)

1 1
and H (z,y) its regular part defined as H(x,y) = G(x,y) — by log P— If the domain €2
m r—y

is not simply connected condition then a non trivial critical point for ¢,, indeed does exist.
This construction was motivated by a previous result on the singularly perturbed Liouville
equation

Au+e?e*=0inQ, wu=0on0.

We refer the reader to [1], [13] and [19]. In particular, in [13] it is proven the existence of
solutions to the above equations with any number of concentration points, as ¢ — 0 under the
assumption that €2 is not simply connected. The main fact is the existence of a critical value
of ¢,, when (2 is not simply connected. This condition ensures the existence of an open set

D in Q™ with smooth boundary where ¢,, links at a non-trivial critical level C.

If a(z) = |z|**, a > 0, with @ ¢ N, Problem (2.1) was considered in [21]. The
authors consider the case in which €2 is the unit ball and construct a positive solution wu,, of
Problem (2.1) concentrating outside the origin at k& symmetric points as p goes to +oo and

k < K =max{n € N;n < a+ 1} . Notice that in this case, the topological condition over
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2 is not necessary. The construction of a first aproximation of the solution is based on the

one-parameter family solution of the equation

Au+ |uf**e* =0 inR?
20 (2.4)

|z]*Ye" < 400

RQ

for a ¢ N, given by
8(a +1)0?

U5($) = lOg (52 i |l’|2(a+1)>2’

0> 0. (2.5)

This approximation, up to a suitable normalization, looks like a sum of functions like (2.5)
centered at several points £, ..., . In [21] the authors consider also the case in which the
continuous function a(x) > 0 has several zeros ¢; of order o; ¢ N. In this case, there exists a
solution to (2.1) centered at m zeros of the function a and at points &1, . . . , & different from
the zeros of a(z). The existence of such solutions depends on the existence of a C-stable

critical point of the function

k

k m
P(¢) = Z H(&, &) + Z G(&, &) + % log a(&;) + 2 Z(l + ;)G (&, a5)
i=1 J=1j#i =1

This paper is devoted to construct solutions to problem (2.1) in the same context con-
sidered in [21], namely in the case the function a(x) has several zeros. We obtain a type of

solutions different from the ones found in [21].

Let us define the set Z C
Z:={qeQ:alq) =0} (2.6)

A;: For any ¢ € Z there exists a non negative numbers «, ¢ N such that

aq(x) = a(x)|x — g7

is a strictly positive function in a neighborhood of q.
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Ay: Forany q € Z, let M, an integer with 0 < M, < 1 + «, and define M = Z M.

q€Z

We will construct solutions to Problem (2.1) concentrating at M = Z M, points in Q \ Z.

q€Z
The location of these M concentrating points is related to the critical points of the function

M M 1 M
oa(6r ) = D H(E.E) + D, G(§.&) + - log(alg))).
j=1 ij=1,i#j j=1

To construct the solution u, we are going to consider an approximation for the solution
which is different from the one consideres in [21], which produces a different type of solu-
tions. This approximation looks like a sum of solutions of Liouville equation in R? with an

additionally term
842

(0% + |z — £]*)%a(8)

Indeed, for any p > 0 and any point £ € R?, these functions satisfy the limit equation

Use(z) = log (2.7)

Au+a(é)e* =0, in R2

This paper generalizes the result in [21], with an algebraically different solution, and
without the condition of the existence of a C°—stable critical point for ¢,,. Instead of that,
we follow the ideas in [20] to prove a C'! expansion of the functional of energy and we used

the result in [10] to prove the existence of the nontrivial critical value of ¢y;.

The result we obtain is the following:

Theorem 2.1. Let Q C R? bounded and smooth, let M € N and suppose that a(x) satisfies
A1-Ay condition. Then there exists py; such that for any p > py, the problem (2.1) has a

solution u,, which concentrates at M different point of (), i.e. as p goes to oo

M
pa(m)ugJrl — 8re Z Je, -
j=1
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Furthermore, for any € > 0,
. . M
up, =0 uniformly in Q\ (UL, B(&;,€))

and

sup  u,(r) = Ve.
xE€B(&j,€)

In this case, we prescribe the number M of the point £ of concentration.

The paper is organized as follows; In section 2, we describe exactly the Ansatz for the
solution we are looking for. We rewrite the problem in term of a linear operator L for which
a solvability theory is performed in Section 3. In section 4 we solve an auxiliary nonlinear
problem. We reduce (2.1) to solve a finite system ¢;;(£) = 0, as we will see in section 5, and

in section 6 we are going to prove the existence of ¢ such that ¢;;(£) = 0.

2.2 The first approximation of the solution

In this section we construct an approximate solution to Problem (2.1). To do so, we need to
introduce several functions. Fix a point £ € (2 and a positive number 6. We start with the

definition of the function

842
Use(x) = log ((52 Flr— §|2)2a(5))

and consider the projection PUj¢(x) of Us¢(x) in Hg(§2), namely the unique solution of

A (PU&&(%‘) — U&g(ﬂ?)) =01in 2
PU(;’g(ZL‘) =0 on 0.
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Since

862 1
PUs¢(x) — Use(x) + log 2@ 87 (G(x,g) ~ 5 log

1
|z —¢|

) = 0(6?)

uniformly for x € 0€) as § — 0, a direct application of the Maximum Principle thus gives

PUs¢(z) — Use(z) + log C% — 81 H(x,&) = 0(6%) in C1(Q), (2.8)

and thus also

PUs¢(x) — 87G(z,€) = O(8%) in Cioe (2 \ {€} (2.9)

In R?, we also define
8

1+ [y?)*a()’

Voo (y) = log (

and

D =0 lw lw
o(y) = oo(y)+p o(y)+p2 1),

where wg y w; solve

8 1
Aw; ;= i(y) in R”. 2.10
ST T e 210
The functions f; are defined respectively as
fO = 41}507
and
1 1 1 1
f1 = 8(wovee — gvg’o - §w8 - gvio + §wov§o).

Consequence of Lemma 2.1 in [20] is that there exists a radial solution w;(r) for (2.10)

satisfying
1

w;(y) = Cilog ly| + O (m) as |y| — oo. (2.11)
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where
+o00 t2 —1 +oo
C, = /0 tmf,-(t)dt, provided /0 tfI(t)dt < o,

We compute C; when ¢ = 0. Observe that

Co =4 /Omt(;i;ll)g log? (m)
B /0+oot (;:;11)3 {logg ( ﬁ ) — 2loga(€)log (ﬁ) +log2a(§)]

:[1 - [2 —+ [3.

We have
I =12 —4log8

and

I, =81 (fg)/ﬂot r-1 L
= oga (0]
2TROREN) [ ey Bt ey

-1

+o0
=—161 t——log(1 + t3) dt
ogale) [t los(1 + 1)

21 4+ 2t% log(t? + 1) + 1
4(12 +1)2

o

= 4loga(§).
0

= 16loga(&)

On the other hand, a direct computation shows that

N —+o00 t2 _ 1
I3 =41 t———dt
3 og al(é.)\/o (t2+1)3
+oo

t2
=0.

= -2 10g2 G(f)m

0

Thus we coclude that Cy = 12 — 41log 8 — 4log a(§).

Let us now consider the projection in H} () of the functions wi(””&;{), namely the unique

solutions Pwi(%_ﬁ) of the problems APwi(mT_g) = Awi(xT_g) in Q, with Pwi(xT_g) =0on
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0f). Since

w; ($ ; 5) —27C; (G(m,f) — %log |xi > + C;logd = O(9)

q

uniformly for x € 02, we have

P (wi (‘T—_g» = w; (m — 5) — 2w CyH (z,€) 4 Cilog(d) + O(0) in C1(Q), (2.12)

and also

P (u}i (w . 5)) = —27C,G(x,€) + O(5) in CL(Q\ {€}). (2.13)

We have now all the ingredients to define an approximate solution for Problem (2.1). Let

e > 0 be fixed and consider a M-tuple é = (&1, ...&m) € O. where

O. = {=(&1,....6m) € (Q\ 2)M 1 dist(&;,0(Q\ Z)) > 2e, |& —&] > 2¢, i # j).

The set Z is defined by (2.6). For f € O, we define

Ug(x) :Z 1 {PUgj,gj(:cH%P <w0 <xg§)) +]%P (wl <“’;§)>}

J=1 Y

where

B

v = prie -0 and §;=pje 1, e < p; <e (2.14)

Fix i € {1,..., M} and consider |z — &;| < e. If j # i, by the expansions (2.9) and (2.13),
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Lo e (@ (552) e (4 (52))

we get

YH
1 —27 2m
= 2 87TG("E’ fz) + _OOG(x7£j) + 2 G(l’,fj) + O(éj)
p—1 p
TH;
C C _r
%87(6}(&,&) |: - 4—; - 4—1712 +0 <€ 4+ |l’_§z|>:| .
THy

and hance, for |z — ;| < ¢, we have

1 2
Ug(l‘) = 3 [U5i,§z(x) log —~ +87H(&,&) + O(0; + |z — §z|>:|
i a(&)
1 T —§&
+ 2 [wo < 5. ) —2nCoH (&, &) + Colog d; + O(6; + |z — &D]
pyud™ '
1 T —§&
+ —5 |:wl ( 5 ) —2rC H (&, &) + C 10g5i+0(5i+‘$_5i‘):|
p%uf‘l '
Co 01 _p
J# W]
1 2 p 1 x—§& 1 x—§& 8#?
_wﬁ%l [U(gi,&(:v) + log(d7e?) + pwo ( 5 ) + p2w1 ( 5 ) log (&)
+ 8T H (&, &) ( G ﬁ) + log (Co + ﬁ)
dp  4p? p p
C C _p
+ZM1 87TG£@7£])|: 0_4_12+O<€ 4+‘x_£l|)1
i 4p  4p

We now choose ; to solve the system

8 o O\ logs,
log 14 —87TH(§Z,51)( 4—;——12)+0i (00+—>+8 Z“’ G(&;, &) (1————

a(&) 4p i
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Equivalently, for p large, u; satisfies

3

i = 6716%(1{(&7&)-%2#1 G(Sjv&)ﬁ-ﬁlog(a(fi)))(l + O(pfl»7 (2.15)

With this choice of the parameters 1, we see that, around each ¢;, the function U, £(9[;) can be

described as

1 1 1 P _p
Ueo) = — (4 0sl) + ) + n() +0 (il +e 1)) 1o
p—1 p p
TH;
for x = §;y + & and |y| < &6;. We finally observe that Uy is positive. Notice that there exists

1 1
a positive constant C such that [vo, (yi) + ~wo(y:) + —wi(y:)| < C for [y;| < 62’ then Uy is
p p i

oG
positive in B(¢;, €). Moreover, from Hopf lemma a—(, &) < 0in 09 and
n

Vie () = PUs, ¢ () + %P <w0 <m f)) N ]%p (wl (a: ;5)) s 81G(-, )

' OVs. ¢ : . " L
in C'-norm on |z — &;| > ¢. Hence %(w) < 01n 052, then Vj, ¢, is a positive function in
Ui

Q.

We are going to construct a solution u of the problem (2.1) in the form Uy + ¢ where ¢

will represent a higher order term in the expansion of u. We define

Wela) = pU2 (@)

In terms of ¢ the problem (2.1) becomes

L(¢) = —(R+N(¢)) in,
o = 0 onodf,
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where

L(¢) = A¢ +a(-)Weo,

and

Rg = AUg +a()U},
N(9) = a(") |(Ug + 6 = (Up)" = pUZ 9] .

The main objective of the next section will be to analyze the solvability of operator L in
a weighted L space, to do that, we are going to use the invariance, under translation and

dilations, of the problem Av + eV = 0 in R? as in [20]. For h € L>(Q) we define

M 5 -1
h||s = sup J h(z)|. (2.17)
I z€Q (Z (02 + |z — &)? )3) (z)
We conclude this section with an estimate of R in || - ||..

Lemma 2.2. Let € > 0. There exists a constant C' > 0 and py > 0 such that for any é € 0.

and p > pg we have that

C
|AT; +a(2)UZll < 5 (2.18)

Proof. A direct computation gives

L $—€j 1 Qf—gj
(AU‘* fﬂ(”paf-”“( 5, )*p?af-m‘”( 5, ))

Mi \\Ms

=yl (_a 2 aégj) 02+ [ féng)Qa(fj)fo ("” gj@)
+ii o i ( 4 gj) e
B pzj (9 +|x—§] ( 5 ))

T =&
0i

If |x — &| <eforsomei=1,.. M, fory, = , we have that
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M e Use @)
AUg(x) = — Z (5])—; (1 - Sipfo (vi) — ! fi(yi) +%Wo(yi) + z%m(yi))

3 Q2
=1y 8p
a(&;)eVsie (@) 1 1 1 1
- - 3 1 - 5 1) T 5 o 7 - 7 G 7
wﬁ% 8pf0 (i) 8p2f1(y) +pw0(y)+pgwl(y)
M Us. c.
a(&;)e" ik 1 1 1 1
B Z ( J)L (1 _ 8_f0 (y;) — ﬁfl(yi) +—wo(y;) + —2w1(yz'))
i# b P P Y
a(&;)eVsia @ 1 1 1 1 -1,-2
- _ UT <1 - S—fo (i) — @fl(yi) +-wo(yi) + —le(yi)> +0(p'e?)
i P P Y !

then, using also (2.16),

A o | al&)es (1 (r—GY 1 (e
AU€ + CL(ZII)UE = fyup%l 1 Spfo (SZ 8p2 fl 51

.1' JR— .
We assume first that |z — &| < ev/0;, where y; = S
i
that

. A Taylor expansion provides

P _p _PAN\P
P 1 1 1 e 14 e 1
Ug(x) = ( B ) (1 + Z—)Uoo(yi) + Ewo(yi) + Em(yi) +0 ( ly:| + >>

!l
1 , 1 1
= Levm(yl) [1 + - (WO(%) - §Uzo<yi>>
R P
1 1 . w2 i 1 1
+ o (Wl (Yi) — Voo (¥i) + gvgo(yi) + # + gvﬁo - §w0<yi)vgo(yi)>

log® (|y;| + 2
—|—O(Og (|y3|+ )+p26_z|yi|+p2€_5)]
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eUsi&i(vi) 1 1 1 1 1 1
= T [1 — 8—41} (y;) — 8_p28 (Uoowo — gvio — 5@03 — gvoo + 2w01) > (v:)
VI
1 1 log® i+ 2 _p )
+—wo(yi) + —wi(y:) + O (% + pPe 1 |y;| + pPe 4>}
p p p
eUsie: i) 1 1 1 1
= 1—— i) TS o 7 - 7 ) [
e |1 o) — ) + Sl + ()

Yl

lo 6 i +2 P P
o (% +p’e 1yl +p2€4)1

Hence, if |z — & < £1/0; we get

|AU; + a(z)Ug| < L la(&) — a(z)|ePs [1 - % fo(y) — g2 f1 (i) + Ewo(wi) + 2w (vi)

p—1
%

1 log®(|y;
v p

But, for |y;| < = 5 we have that < (' and < (; then

1
Efk(yi)

1
—Wg\Y;
5 (i)

\/_+ = log®(ly| +2)
AU; + a(z)U?| < —O
et alelledl <5z (Eaa:

Calculating || - || in the first region, we obtain
M 5 -1
/ AU; + a(z U?>
<Z (6 + e - &P >3) (30 + et

1
‘o \/57+1¥10g6(|yi|+2)
L+ |yil7)2
7( [5%)20 (1 + |yi]?)?

o

(67 + |z — &%)
o;

IN

(AUE + a(a;)Ug)

IN

¢
-
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Ife/o; < |z —&|<e

5
70 =0 (31 —mr) (220

and

6
AUg(z) = O (7(5? T &'2)2) (2.21)

Hence, in that region

M -1 3
0; 1 52 (82 4 |z — &2)}
g AU;: + a(x)U? )| < CO- ! :
( 63-+|x—sj|2>3> (80 +at)z) 7 (02 + | — &P)? J;

Finally, if |z — §;| > eforany j =1,.... M

(i (7 + - @-P)%)l (a0 vauy)| <cet (et + ().

Jj=1

This concludes the proof of our estimate. U

2.3 Linear Problem

Let us recall that L(¢) = A¢ + a(z)Wg(x)¢ where We(z) = pUg_l(x). For simplicity we
are going to omit the dependence of W on ¢ and Us, e, (x) = Uj(x).

We are going to consider the operator L

L(¢) = Aé + <Z a(éj)eU") ¢,

=1
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to “approximate” the operator L because, after dilation and translation, the main important

part of the operator, as p — oo become,

& — Ao+ ~¢ in R? (2.22)

8
1+ y?)

One of the important properties we want to use to develop the solvability of L is the non-

8
degeneracy property of the equation (2.22) around the radial solution log m
)

We set ) g

r —&|* — 073
v ¢, —|<52+\£j|—£~\]2 ifi =0
Zii() == z ( J) = Ty (2.23)
5; 40;(x — &) £

2—2 1 Z — 17 2.
5]‘ + |z — §J|

Let h € C(2) we consider the linear problem to find a function ¢ € W%%(Q) such that

2 M
Lg)=h+ Y > cyeZy, inQ

i=1 j=1

$=0 onodQ (2.24)

/ eViZi;¢p =0foralli=1,2forall j =1,... M
Q

for some coeficients ¢;;, 1 = 1,2, j =1,..., M.

Lemma 2.3. There exists R > 0 large, py > 0 such that for all p > py, the operator L

satisfies the maximum principle in Q0 = Q \ UL, B(&;, Rd;),

Proof. To proof Lemma 2.3 we need to find a function Z > 0 in € such that L(Z) < 0. Let
b > 0 we define Z like

-5 (459)

Jj=1

For DR > 2 and p large enough

> 0,

L (Ma—g)\ _ Pl & -8
B 5+ Vo — &P



78
then Z(z) > 0 in €.

As we can see in [20] there exists a positive constant [y such that

W(z) < Dy» e (2.25)

and if |z — &;| < ey/0; a Taylor expansion give us

_ 8 Lo L, oy +2)
W(x) = 0 [yEPaE) (1+p( 0~ Voo — 5U) + O 2 )). (2.26)
Then
M M 52

By the definition of 2z, we have

80202 (b? | — &;1* — T 862
—AZ(z) = Z (0%|lz — &[* +67)3 ‘27szlx—§l4

=1

Hence

for b small enough.

Let R from Lemma 2.3. We define the inner norm of ¢

[olli= " sup  |o|(x) (2.27)
UM, B(&;,Rd;)
Lemma 2.4. There exists a constant C' > 0 such that, if L(¢) = h in Q with h € C%*(Q)
then
[¢llee < Clligll: + [IA]l4] (2.28)
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Proof. Let N = 2diam(2 and v; be a radial solution of the equation

20,

r—=g;
$i(x) =0 inlz—§&|= R, (2.30)
pi(x) =0 inlx—¢&|=N (2.31)
a direct computation give us
20;
p(r) = —T] + Cplogr + C4
where
2 25]'
C, = R_ N
log RT&J)
2
Cl = E - C() log(Réj)
. . . . . 25, .
We notice that the function ¢(r) attain the maximum value in r = R hence the function
1; is uniformly upper-bounded, actually we have
20, 2
< _Z0 ) <« Z
77/}]<T)—¢< CO)—R
Now, let us consider the function
3 M
o(x) = 2|1ll:Z(x) + [|hll. Y s(x)
j=1
we notice that
o(z) > 2llo]:Z(x) > ||¢ll: > é(x) in |z| = Re,
d(x) > 0= p(x) on IQ. (2.32)
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Moreover, since

)| < Il (Z - );) 23

we get

L6 < . 3 (o) = A1 3 (—
< ||h||« Z < g 5 27711%D06U]~)
M 5.
< Al ’ = | < —|h(x)| < |L T
< —Inl (Z(égﬂx_@%) [h(@)] < |L(@)()|

j=1

+ a(z)W (z)); (m))

for R larger enough. By Lemma 2.3 we have that
|6(z)] < 6(x) en Q
and since Z < land ¢); < 2

[@lloe < Cllldlli + [I1A]]4]

O]
Lemma 2.5. Consider the problem
L(¢p) =h inQ,
¢ =0 ondq, (2.34)

/@W@W =0 i=0,1,2 j=1,.., M,
Q
then there exist py and C' > 0 such that for any ¢ € O, and any h € C%*(Q)

[llec < CIlR]| (2.35)
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forall p > py.

Proof. We proceed by contradiction, suppose that there exists a sequence of p,, — oo, points
¢" € O, functions h,, and solutions associated ¢,, such that ||h,||. — 0 and ||¢,| = 1.

By Lemma 2.4 we have that lim inf ||¢,||; > 0. Let q@?(y) = ¢n(07y + £7). Cause (2.33)
we have that h,,(z) — 0 uniformly. Hence, by (2.25) and elliptic estimates (h € C%%), we

An . . AOO .
get that ¢7 converge uniformly over compact to a bounded solutions ¢3° to the equation

8

Abt — >
AEamhE

¢ = 0in R%

An ortogonality argument give us é;o = 0 which is a contradiction with liminf ||@,|; >

0 ]

Now, we are going to prove the existence of a constant C' > 0 such that for any solution

of

L(¢)=h inQ
=0 indQ2
/erZiquzo i=,1,2 j=1,.. M
Q
one has
[6]lc < Cpl|R.

when h € C%(Q).

We proceed by contradiction again. Let us assume that
Pallhall« =0

since we have lost the orthogonality condition over to the solution z,, we have that

| 2

SN in C

R?),
7 |y|2 +1 loc( )
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and we are going to show that C; = 0 for all j.

We find the radial solution in R? of

8 8

Aw + w = z0(y),
T~ e

and

At + i t= 5
TPy~ W+ TP

By Lemma 2.1 in [20] we have that for |y| — oo

w(y) = 3 1olyl + Oyl ™) y #(s) = O(lyl ™).

We set

uy(e) = w (w ;@) + 5180, Zu(x) + S H(E, )t (“” ;@') (2.36)

and denote by Pu; the projection of u; in H(€2). Using the fact that

u; — Pu; — %ﬁ (G(x,@) %log " _1 §j|> = 0(9;)
in 0€2, hamonicity and maximum principle give us
Puj = u; — %ﬂH(-, &)+ 0(e %) inCY(Q) (2.37)
Puy=~G(,6) + 0l h) in CL(@\ {&)) 2.38)

A direct computation show us that Pu; solves
APu; + a(z)W (z)Puj = a(&;)e" Zo; + (a(x)W (z) — a(§;)e™) Pu; + R;

where

By = al§)e” (Pus = s+ T HG.6) ) = 0o~ 1+ )
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/Q (APu; + a(2)W (2) Puy) 6 = /Q a6V Zoyd + ()W () — al&;)e™) Pusé + Ryo

integrating by parts

/ Pu;h — R;¢ = a(&;) / e Zo;d + / (a(z)W (z) — a(&)e) Pu;¢ (2.39)
Q Q Q

For the first term in the right hand side we have

, S(lyl> =12 8
a(ﬁj)/QeUJZoﬂb% Cj /R2 % = ?ﬂ-Cj

and, for the second term, by (2.38) and

e = 0(/5). | e log(|z — &) = O(v/3)
/B(sj,a\/é_m " I ey ’ ’

we get

/ (a(a:)W(a:) — a(fj)er) Pu;p = / (a(x)W(x) — a(fj)er) Pu;¢p

Q B(&j.64/5))
STy des) [ aww@eroe
kg B(€k7€\/5_j)

=1, + I, + O(e %)

Now, by (2.26)

I, = \/_/ ” E\/_ x)Pujé + a(§;) /B(gj,s\/a_j) (W(ay) —e J’) Pu;¢

Za(fj)/ge NG (W(2) =€) Pujé + O(pe™*)

3p 1+ [yl)?

IR (7 PO SR
[ T (= v = 5020 o),

3 ly|2 +1) 2 >

4log d; 8 1 A
— g9 / (—("LUO — Voo — Ev?,o)zo(y)qﬁj
(0:75)
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and
L= 366e) [ a@We+o0)
h7I B(&k, E\/_'
Z/ +|‘)¢k+0(]f)
But

8 8  |yPf-1
e = G / -
/Bm,j?) (1+ [y[*)? g2 (14 [y[?)? [yl + 1

In summary we have that there exists K # 0 such that

/ (a(z)W (z) — a(&;)e) Puj¢ = KC; + o(1)

Q

The left hand side in (2.39) follows as

‘/quj
[ro=0( [ +e‘i>) — ()

Hence, we have the equality

= 1wl | Z Ca 5|)%uw:O(puhu»

IA(C]' = 0(1)
then C; = 0 for all j which is a contradiction.

Lemma 2.6. There exists a constant C' > 0 such that for any solution ¢ of the problem (2.24)
with h € C%*(Q)
[6]l0 < Cpl|hl. (2.40)

Proof. Since

le™ Zjll« < 2]|e™ |, < 16.
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and using the previous step

2 M
[¢llo < Cp <th!* YD |Cij!> :

i=1 j=1

Hence, arguing by contradiction of (2.40) and proceeding as in Lemma 2.5 we suppose

2 M
Pallballs =0, pa > Y |l =8> 0

i=1 j=1

We omit the dependence on n. To estimate the coefficients c;;, Multiply by °Z;; the original

equation and integrate by parts

2
ZZth(PZlMPZij)H&(Q) + / hPZZJ = / a(x)W(x)qﬁPZm — / erZiﬂb (241)
Q Q Q

=1 h=1

Since APZ;; = AZ;; — eYi Z;; we obtain

OH
PZ;; = Zij — 816, ———(-,&;) + O(6?
70 ey, (+6) + O

PZy; = Zo; — 1+ O(62)

(2.42)

(2.43)

in C*(Q) and
0G(+ &)
PZ;j = —8m6;—> + O(0}
J a(g])l ( ])
P2y = 0F)
in CL(Q\ {¢;}). From this we obtain the orthogonality relations, for i,/ = 1,2 and j, h =
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1,..., M with j # h. See [20]

ly[?
(PZszle)Hol(Q) = (64 fR" Wéd + 0(5]2)

ly[?)
(PZZ]a PZlh)H&(Q) = O((Sj&h) (2.44)
(PZOj7 PZlh)H(}(Q) = O(5J5h)

uniformly onf € O.. Moreover

/ hPZ;
Q

SD/WSCMW
QO

By (2.44), we can proof that

> M 2 M
> (P, P )H3(9)+/hPZij=DCij+O e Y > awl) + O(|n].)
Q

I=1 h=1 I=1 h=1

And for the right hand side in (2.41) by (2.42)-(2.43) we get

/amwwwm&—/&w%ﬁzmw/“ W@MM@—«@/?%M@+m¢@wu>
o) Q B(&;.e) Q

= CL(&J)/ (W(J;) — 6Uj¢PZij) + / erd)(PZij - Zz‘j)
B(&21/35) Q
O(/9;16lo0)

1/ 32y; 1, - 1

T s (W0 — Voo — 505)0 + O [[¢]l0)-
P JB0.) (1+|yl2)2( ’ 5 V) (5 l1#llec)

We obtain
2 M
DCij—FO eiiZZ‘clh‘ ’h” +_”¢Hoo)

=1 h=1
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hence

2 M
> lenl = O(|All +—H¢Hoo)

=1 h=1

To improve the estimate of RH S in (2.41) we use the convergence of

32y; L, .
/B(O ) W(wo — Voo = 5U5)(Y)0;(y)

<
<.

to

329, (Jyf? — 1) 1,
/ L+ gP)F o Ve ™ 3)

Therefore RHS = o(p™1).

It follows that

2 M
YD lewl = O(Ik]l- +o(p™)
=1 h=1

which contradicts our assumption

2 M
anZ|CZ| >60>0
i=1 j=1

To probe the solvability of (2.24) we consider the space

{ZZCW Zijicij € Rye=1,2, j =1, ,M}

=1 j=1

with

K; = {¢ € L*(Q): / eYizyp=0fori=1,2j=1, M}
Q

Let TI, : L? — K¢ defined as

2 M
Mo =) > ciiPZ

i=1 j=1

(2.45)

(2.46)
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where ¢;; is uniquely determined by the system (see (2.44))

2 M

/eUthh <¢ — ZZCUPZU) =0 foranyl=1,2,h=1,.... M
Q

i=1 j=1

Let Il = 1 d—1Tlg : L*(Q) — K. The weak version of the original problem (2.24) is
equivalent to find ¢ € Kg N Hg () such that

(6, V) i) = /Q(anb — h)y forall € K7 N Hy(Q).

By Riez representation theorem this equation can be written in /' g NHY(Q)

(Id— K)p =h (2.47)

where h = HgAflh and K¢ = —HzAfl(anb) is a compact lineal operator in K7 N Hi(S2)
. By estimate (2.40) we have that the unique solution of homogeneous problem in (2.24) is
the trivial solution. Then, Fredholm alternative theorem implies that for all h € Kg there
exists unique solution ¢ to (2.24). Standard elliptic regular theory give us that ¢ € W22(Q).
The density of C%*(Q) in C(Q) extends the result to & € C(Q). O

2.4 The Nonlinear Problem

We want to solve

2
A(Ug + ¢) + a() <Ué + ﬁb)p =D D cehZ; inQ (2.48)
i=1 j=1
Us + ¢ >0 in Q, (2.49)
¢ =0 on 09}, (2.50)

/erZijgb:()forauz:Lz j=1,..,M, (2.51)
Q
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for some coefficients c¢;; which depend on §.

Lemma 2.7. Let ¢ > 0 be fixed. There exists C' > 0 and py > 0 such that for any p > po and
& € O, the problem (2.48)-(2.51) has a solution ¢é which satisfies

C
[@elleo < 5

moreover
2 M

C
ZZ e (E)] < e el 1) <

i=1 j=1

(2.52)

'Bw‘| Q

Proof. Let us denote by C, the space function (C((2),]| - ||.). The existence of solutions
of the linear problem (2.24) and Lemma 2.6 implies the existence of the operator between
the Banach space C, and Cy(£2) with norm bounded by C'p. Then, the nonlinear problem is
expressed as

¢ = A(¢) == -T(R+ N(¢))

Let x > 0, we consider

Fi={oecuo: ol < 5| .59

Having account the following estimates
IN(@)]l. < Cpli¢ll% (2.54)
IN(¢1) = N(#2)lloo < Cp(max|[sfloc) |1 = dalloo (2.55)

for any ¢, ¢1, ¢o € F, one has

1A@)llo < D'p (IN() ]l + 1 2]l) < O (*[| 6]l ) +§

and

IA(61) = A(¢2)llso < C'PIN(¢1) = N(d2)[l. < Cp* (max||¢illoc) 61 — P2l
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2D
Then, if [|¢[|c < —- we have that
p

2D
[A(D)]oe < o

Taking x = 2D we have that A is a contraction in F,

14(61) ~ Al < 5llén — al

Hence, there exists a unique fixed point ¢ to A in F,, Moreover, using (2.45) we have

L] 1 C
S ey =0 (||N(¢g)||* FIRL + 1—9||¢g||m) <<

i=1 j=1

Multiplying (2.24) by the solution ¢ and applying (2.40) we get, for any p > p, fixed

16l ) < C (9]l + [[A]l+) (2.56)
then
C
16¢ll a2y = OUlPellco + IN (D) + [ BI]) < o (2.57)
O

Let él, fg € O,, since

Ay, — ¢g,) +pa( YU (0 — d¢,) = () (Ug, + 65" — Ug, + 5,7
#al() (U + 66" = (Vg +0g)" =27 (05, = 0g)) + AU, = Ug)

+ZZ (cij fl — Cij 52)) (él)Zij(gl) ’

=1 j=1
2

F30 eyl (€0 Z(6) - o (€)Z(E)

i=1 j=1
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and
la() ((Ug, + )" — (Ug, + 66,7 — U™ (0, — 0%,) ) Il
C
< 31195, = b lllp(Ug, + O]l

M
¢ 3 U
j=1

< 29 — gl
-

p

— ¢,

(2.40) and (2.45) implies, for any p > pg

g, — ¢§2||oo < Opll(Ug, + 0g,)" — (Ug, + 0, l+

%ZZHG Z(&) — €% (€) 2y &)l + Coll AU~ Ul

Then, for p > p, fixed, the function é — gzﬁé 1s continuous in CO(Q) and, in view of (2.56), in

HJ(2). By the implicit function theorem applied to the equation

~

G(é,0) =107 [Ug + o+ A7 (a()(Ug +0)") | +Tep =0 € Co(Q)  (2.58)

we have that f — ¢¢ is a function C Lin Cy(€2). In fact, for p large enough, the operator

¢ 9G ¢ o¢) = I [Id +pA! (a(-)(Ué + ¢5)P—1Id>} (2.59)

is invertible. To see this, considerate the equation

0G | -
355 & 0lel =0 (2.60)

o equivalent

2 M
Lo = pa(-) (UL = (U + ¢ o+ Y cye Z (2.61)
i=1 j=1
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and applying (2.40)

6l < C'pll (U2 = WUe + 061 ) 6.

< O |8llcllbelloollp(Ug + O™)P*[ls < [l

then ¢ = 0. Fredholm alternative theorem give us the invertibility and with this the regularity.

2.5 Variational Reduction

After solving the nonlinear projected problem, we have to find points of concentration with

the properties

~

c;(§)=0 foralli=1,2j=1,..,M (2.62)
Associated to the original problem we have a functional of energy

1 1
o) = 3 /Q VulPde - - /Q a(-)|u["*'de, u € Hy(Q) (2.63)

and the finite dimensional restriction

~

F(§) = Jp(Ug + ¢¢) (2.64)

where ¢ is the unique solution of equations (2.48)-(2.51)

Lemma 2.8. The functional F (f) is C1. Moreover, for p larger enough, if D¢F (é) = 0 then
é satisfies (2.62)

~

Proof. Equivalent to D;F'(§) = 0 we have
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0= _/Q (A(Ug+¢g) + (Ug+¢g)p) (DeUg + Dedg)
33 @ [ 200 Dy
:ZZ%@)/Q@ ZiDlUs + Y > cij(8) /D Zij) b¢,

=1 j=1 =1 j=1
due to the orthogonality condition / eVi Zijpe = 0.
Q

We recall that the projection

P L®(Q) — L¥(Q)

1s a continuous operator, and by Lemma 2.1 in [20]

1 1 (2§ T=&\ (=4
p—lU(sS’gS’Zo’s’]_?wj( 5, )’Vw]< s > ( 0s )

are a bounded function in €2, then we have

" 1 2 2 x — &,
aUé(l‘) - Z %uz/(p 1)P [p — 1Ués,§s($) —2Zy5(7) + (p(p _ 1>W0 ( 5. )
s=1 S
2 $—§s 1 1'_53 1 x_gs
+ T 1)w1 < 5 ) + pro 5 + wal 5 )} 0log(ps)

1 1 xr—&s 1 r— &
4+ —P (Zi-——@w ( )——&w ( )—81na )
5 M?/ (r-1) 7T g, P2 Ty, (&n)

1 1 L= 53 1 T — Ss 1
753 2/p 1)P <sz pazwo < 55 ) pzazWI ( 5] ) ana(ﬁh)> —+ @) (/y) ,

oU, = 20In(uy)Zon — 541‘—5“ — d1n(a(&)), (2.65)
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4(5}1(51'1 o 85}%([E — Sh)laéh 8(5h(ZL‘ — gh)l(ZE — f])z

07y, =75,01
O e G A= &PE (Ot [z— &)

and

Hence

a(eUthh) _ 4€Uh5h 6(x*£h)l(9€*£j)i] 5hj

5, B
5,21—&-|3Ul—5h|2 (67 +[z—En[?)?
+3eYr Zon Z1p O In puy, — Zipe" 0 1n(a(&y)),

Where ;,; Kronecker’s delta. Hence, by (2.65) and (2.66)

2 M
X 1 .
e F (&) = — . E E an(€) (PZij, PZin) gy )

M

1
+0 (p’}/(sj + ”¢§HOO/Q‘a(ij)i(eUthh”) ZZ len (€)]

=1 h=1

Finally by (2.44), (2.7) and (2.66) we have that

__ o4 [ P L Gy~
0= | JI’% (/11{2 (1+|y\2)4> ZJ(£)+O<p’y5j;;| lh(@’)

~

Which implies that ¢;;(§) =0 foralli =1,2andall j =1,2,.., M

~

Lemma 2.9. Let ¢ > 0. F (&) it satisfies the following finite dimensional expansion

~ 4rMp  32r7? 4T M
F(f) = ,}/2 - ,}/2 @M(gbagM)_‘_ 72
M 8
+ — vy — Awg | +O(p?
7 L (e rp o) +00

uniformly for £ € O,

(2.66)
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Proof. Multiplying (2.48) by U; + ¢, and integrating by parts

2 2
/()U+¢€p+1 /yVU+¢>5|Q+ZZ%/Q@UJU+¢é
j=1

=1

since Uy is a bounded function, by (2.52) we get
a0+ o = [ 1Vt 6 + 067
uniformly for £ € O.. Using (2.57), we write F(g) as

n@:G-——>/wv+@W+m—%
— (%_m>/|VU |2+2/VUV¢§ /|V¢>§|2+O( )
:(%_m>/|VU|2+O( -3,

Using (2.16) and (2.19) we get that

Moo 1 T —&
VU |? = ; / <a§- Vi — — Aw ( — J)
AIA > [ (@) - S (5

=1
1 T —Gj 9 _P _p
—p2—52Aw1 5 +O(p°e2) | Us+ O(e 2)
j j
1 / < 8 1 1 , )
T ————= — —Vwy— =Vw,; + O(p°e?) | x
; 24777 JBOE) Q+y22 p ° 2 ( )

M
~
1 1 _p
p+vm+pwo+]§w1+0<e Tyl +e” 4) +O(e 2)
M

> 141 (87rp+ /RZ (ﬁvm - Awo) +O(p—1))

=1 Y2y
_ 8 p

32w 8 _
203 s+ 3 [ (e~ ) <007
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4

Let us notice that uj_”j =1- %log t; + O(p~?) and having into account (2.15) we have

that

StMp 64> 24rM M 8
VU* = - om(&ry M) t——F—+— (—voo — Aw >—|—O p?
/Q| =" el e e T ey 0)TOW)
(2.67)
uniformly for £ € O..
Finally we obtain the expansion of F(£)
~ 4rMp  32rm? Ar M
F(f) = 72 - 72 @M(£177£M) + ,72
M 8
+— 0 — Awg | +O(p?
e [ (s — o) + 007
O

Lemma 2.10. Let ¢ > 0. The following C* expansion holds

A 3272 5
v(ﬁj)zF<£) = - 72 v(§j)i(10M(fla :gM) + 0<p )

uniformly for £ € O,

Proof. Let us take a cut-off functionn,0 <n <1, n=1lin|z| <eandn=0in |z| > 2e¢

I
|
]~
M=
(@)
=
S~
D
S
S
§Q3
=
S
o
<
xS
S~—
|
]
M=
(@)
x5
b\.~
@
o
—
D
N
N
_|_
=
—~
S
|
o
P
—
D
S
-
o
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Having in mind (2.66), we obtain

0,
e, (GUlel) +n(z — fj)am(eUlel) = 46,e™ n(;(gx |§J) §z|;] Ok

— &)l fz)

+ 3" Zy Za e, ), 1082(#1 — " Zde), log(a(&;))

—|— 24(5561]1 (

3

= 3eUlZ0le18(£J)i log(m) — 6Ulel8(£j)i log(a(fl)) + O(B_Zp)

then

2 M
PP /Q (& (€7 Z1) +n(x — &)0u,(e" Z1)] ¢

k=1 [=1

_3 1
< Clloglemaxleul [ (e +0(ei7) = 0 (p_)

Using | Zo; Zk;| < 2 and the orthogonality condition we get

/Q (Aué+au§) Oie;) e = Zchz / Ui 21404, ( x—§])¢§)+0( ) (2.68)

k=1 =1

since we have the behavior p¢; — 0 in C'-norm away to the points &, &, ...£y; we obtain

/Q (Au + au? ) Z / eUlZm@xicbg + O(}%)

k=1 1=1 Y B(&:€)

1
=— Aug + au?)0,, ¢ + O(—).
/B@j,e)( ¢+ aug)0nde + 005

Having account that the equality in (2.8) and (2.12) are in C*, for |z — &;| < 2¢ we have
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that
M
1 T — & T — &
i s (o (555)) o (52))
s=1 ’Y,Ug S S
M
1 gs 1 x_gs —1
=2 N(axanss 53833171)0( 5 )+ 55 ( 5. ))+O(7 )
s=1 Y [bs
1 -~ 1 -
- (2 J0n ) - Zo.n () o6
T j j
”Y(Sjﬂj

We recall that from lemma 2.1 in [20] we have 8xiwl(ngj ) = O(6;) uniformly away

from the points &;. Then
8$iUé = 0(771)

fore < |z —¢§;| < 2e.

1 _ _
ey Ug +nlw — &)00,Us = ————(PZij — Zij) + O(y™') = O(y )

Yo

/Q(Au + au 8(5 Z Z ckl/ lem —&)0,
+) 0> o / "' Ziy(0ie,) Uz + n(x — )05, Ug)
Y / o U+ O
__ / (Aug + )0, Us + O(p™)
B(&j.€)
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X, F (&) = — /Q(AUs + auf)(9(¢;),; Ue + Oie),U pe)
— [ (Bt )0, Ve + 91,00 + O
B(£j76)

_ / (Aug + aul)(Dp,ue) + O(p™)
B(Ejfe)

We consider the following identities

/AuV :/ (aanu— l|Vu|2n)
B oB 2

1 1
/ a(-)uPVu = —— au’n — —— [ Va(z)u!t!
B p+1Jop p+1Jp

where n(x) is the normal vector to 0B, x € 0B. Let us denote

(p;(l‘) = H(I7§j) + ZG(I,&),

I#5

which satisfies
M

"G, &) = —5-loglr — &+ #i(o).

=1

We notice the asymptotic property

M
pU&(Z’) - 87T\/EZG($7&)’ in Cl%)cQ\{fla“'?gM}

=1
and the harmonicity of V¢’ near to {; the mean value property give us

1

— | V¢ = (&
27TE 5B 90] SDJ(SJ)

(2.69)

(2.70)

(2.71)
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We applying the identities (2.69),(2.70) for B = B(¢;, <) and by (2.71) we get

1 1
Aug + aul)Vu :/ OhueVue — =|Vue’n + ——aul™n /Vau’”+1
/B( et aug)Vue = | | OnueVue = 5[Vueln + - mgaugn | ==

64m2e 1 1 z-¢&
5 | Comeross) (=i v o)

1 1 xr — Sj 1 / p+1 -2
: 2WM—&P+V% p+1BVML +o(p~?)
64me 1 _
- V(&) — m/BVCLUpH +o(p~?)
3272 1
= S V) = f Ve Aot 272)

For the missing term

/ amlu?rl = / amiu?rl +/ amzué7+1
B B(Sjv\/d_je) fj \B( &5 \/_ )

= a'(fj)/ p+1+ \/_/ +/ ub™!
3
B(&j./5¢) B(g, \/_ e) B(£,0)\B(&,1/5;¢)
a'(fj) U§+1 + / U§+1 + O(\/@)
B(é?v\/gs) B(f]ve)\B(é?’\/gE)

= I+ I+ 0(\/5))

with

h-ve) [ =g /B e
“© ),

N Ui 4 O(p?)
5] \/_E ")/ /_Lp 1
a(;) p 8 »
- 0
a(&)) 2yt /RQ TENTEE ()
_ a’(gj) p N 327T2p 8@% ln(a(gj)) »
_a@ﬁ¥igfﬂ+0@ = o TowT)
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Having into account (2.20)

1
up+

IQ == / ¢
B(é‘]?e)\B(Ejv\/aE)

Finally we have

1 3272 Vlog(a(&)) _
p+1 _ v 2
il ), Ve T a e
and
A 3272 - _
8(§j)iF<€) = ~ a(Ej)igoM(f) +o(p 2)

2.6 Proof Of the Main results

According to the result of Lemma 2.8 and Lemma 2.9, the proof of Theorem 2.1 reduces
to show that, for any M > 1, the function y;(&1, ..., £yr) has a non trivial critical value in
some open set M, compactly contained in (2\ Z)*. This fact has already been established in
[10]. For the sake of completeness, we recall here the principal ingredients employed to char-
acterize a topological nontrivial critical value of ¢,,(&, ..., &) in some set M, compactly

contained in (Q\Z)™. We refer the reader to [10] for a complete proof of each step.
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From the assumptions (A;) and (As), without loss of generality we write

k
= H |.CE — qS‘ZOLS.
s=1

Then we have

1
G(&:6) + - Zlog (a(&)))

k M kK M
= (€J7€j)+ G(gjagi)—f_zasng]’QS ZZ §j7q5 .
Jj=1 i,5=1,i#j s=1 j=1 s=1 j=1

-~

o(1)

Let us use the following notation

M= {é:@l,--- Eu) € (DM = & #¢ i“#j}

and the subset of M

M M
:{geM, S HEG Y 666
j=1 4,j=1,i#]

k M
+Zas ZG(gjuqs) + O<]‘) > _T}

where 7" > 0 is a sufficiently large number to be chosen. We have that D is compactly

contained in M.
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From A,, we write {1,2,... M} =1 UI,U...U I, where
11:{17...,M1},
[2:{M1+1,...,M1+M2},

Io={My+...+ Mg 1+1,..., My + ...+ M, 1+ M},

Ly={My+...+M,_1+1,...,M}.

Let us take 6, be fixed angles (¢ € Z) and 6 € (0, §) be a number small enough such that the

cones

{q+pe%tD)  p>0,0€[-50]}, qeZ (2.73)

are disjoint from one another. Moreover, we assume

dist(q,00) > 20 Vq € Z, l¢i —q;j| > 40 Y qi,q; € Z,i # j. (2.74)

Now we define the M —tuple

§o = (g(l)avfgﬂ)

by
3 .
&0 =g+ 5(56Z(9qs+3%) Viel, s=1,....,m.

Let us set an annulus with radius ¢ and 26 centered in ¢, that is

Ug:={(eR” : § <[ —q5| <26},
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and consider the M —tuple € = (&, ..., £y) belongs to the open set
{éeUlle...fo,fm : |gi—§j|>T*1vz'7éj}. (2.75)

The choice of § in (2.73) and (2.74) implies that & # &2 for i # j, then we have that &
belongs to (2.75) provided that 7" is large enough. Then we define

W := the connected of (2.75) containing &,

K==W, ng:{SAEIC:H;iM&—ﬁj]:T_l}.
i#]

From these facts, we get that

(P1) D is an open set, K and Ky are compact sets, K is connected and
KocKcDcDcM.

We denote F to be the class of all continuous maps 7 : K — D with the property that there

exists a continuous homotopy I' : [0, 1] x L — D such that
1(0,-) =id, T(1,-)=n, T(t,&) =¢ vt e0,1], ¥ € K.

In [10], the following facts are proved:
(P2):

~ ~

" := supmin gy (n(§)) < min ()
neF £k §eko

(P3): for every é € 0D such that p M(f) = ®*, 9D is smooth at f and there exists a
vector ¢ tangent to 9D at € so that Te Vu(€) # 0.

Under (P1), (P2) and (P3), there exists a critical point £ € D of ¢y, (§ ) with @y, (€) = &%,
as a standard deformation argument involving the gradient flow of ¢,; shows. This finishes

the proof of Theorem 2.1.
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CHAPTER 3

Entire Sign Changing Solutions whit finite energy to the
Fractional Yamabe Equation

Danilo Garrido, Monica Musso

3.1 Introduction

We are interested in the existence of finite-energy sign-changing solutions to the fractional

Yamabe type equation in R",

(=A)Yu=v|uf'u in R" (3.1)

where n > 3 and p is the fractional critical Sobolev exponent p = Zf—gz In(3.1),y>0isa

constant chosen for normalization purposes as




106

For any s € (0,1), (—A)?® is the nonlocal operator defined as

(—A)’u(x) = ¢(n,s) P.V. M dy = ¢(n,s) lim Lu;y) :
R |T —y[nt e—0% Jpm\B(ze) |T — y["T2
(3.2)
where P.V. stands for the principal value and c(n,s) = 7~ (2s+3) % This nonolocal

operator in R™ can be expressed as a generalized Dirichlet-to-Neumann map for a certain
elliptic boundary value problem with local differential operators defined on the upper half-
space R = {(x,t) : ¥ € R", ¢t > 0}, as we learn from Caffarelli and Silvestre [5]: given
a solution u = u(z) of (—A)*u = f in R™, one can equivalently consider the dimensionally

extended problem for u = u(x,t) which solves

div(t'"*Vu) =0, in R}, —%dstl*%atu(x,t):f, on OR7H

L(s)
'(1-s)*

where d, is the positive constant d, = 22571

By finite energy solutions of Problem (3.1), we mean the following. Consider the Schwartz

space S of rapidly decaying C'*° functions on R"”, and for any ¢ € S we denote by

1
(2m)2

Fole) = o [ e pla)da
the Fourier transformation of (0. We look for solutions u of Problem (3.1) in the energy space

D*(R") = {u € Li5 (R") : [|[(—A)5ul 12n) < 00}

(—A)2u| 2rn) is defined by ( [, [€]%|Fu(E)? df)%, endowed with the norm |[|u|

where |

Ds(Rn) =

|(—A)2u|| z2(gn). These solutions correspond to critical points of the functional

s _2 2n
J(u) (A =222 [ )i, we DR

It has been known after the work by Lieb [29] (see also [23, 24, 6] for alternative proofs)
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that positive solutions to Equation (3.1) are given by the family of functions defined by

n—2s

2 2 n—2s —
U(x):<m> , and s U(x/f) (3.3)

for any 4 > 0 and ¢ € R". Indeed these functions realize the Hardy-Littlewood-Sobolev
inequality, which states the existence of a positive number S such that for all u € C*°(R™),
one has

S lJull g2+ ey < N(=2) 20 L2 @ny

where 2" =p+1 = nQ_”ZS Indeed, these functions are the only positive solutions to Equation

(3.1) under some decay conditions, we refer to [9, 26, 28]. In particular, this is true if u €

L”%S(R”) as shown in [9].

loc

On the other hand, Problem (3.1) can be read on the sphere S C R""!, after a stereo-
graphic projection. Indeed, the inverse of the stereographic projection 7 : R — 5™\ {S},

where, S = (0,...,0,—1) € R*"!, defined by

L+ [yl 1+ |yl

is a conformal map and 7*¢gy = U ﬁ(g) dy where ¢ is the standard metric on S™ and U

is defined in (3.3). In S, the fractional Laplacian (—A)* reduces to a an elliptic pseudodif-
ferential operator P¢° of order 2s with principal symbol o5,(P%) = [£]2 5. In [8] a rela-
tion between this operator and a Dirichlet-to-Neumann operator of uniformly non degenerate
elliptic boundary value problems in the spirit of [5] is established. We have 7*(L%v) =

n+2s

U~ n=2(—=A)*(U n* v) for any v defined on S™. Thus u is a solution to (3.1) if and only if w,

defined by u = U 7*w, solves
Agw + 7(|w|ﬁw —w)=0 inS" (3.4)

Positive solutions to (3.4) solves the so-called fractional Yamabe problem on the sphere S™.
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We refer to [25] for a general formulation of the fractional Yamabe problem and results

concerning its solvability.

Finite energy sign-changing solutions to (3.1), or equivalently (3.4), are poorly understood.

The purpose of this paper is to give a first example of finite-energy sign-changing solutions to

(3.1), in all dimensions n > 3, and for s € (%, 1): we build a solution to Equation (3.1) which
looks like the soliton U sorrounded by £ negative copies U properly scaled and distributed
along the vertices of a regular polygon with radius 1. Our main result is the following

j T4

Theorem 3.1. Lern > 3 and s € (3,1). Write R" = C x R"? and let £ = (e, 0),

2

j =1,...,k. Then for any sufficiently large k there is a finite energy solution to Problem
(3.1) of the form

j=1
where o ) ,
2" Y )
)
Moreover,
J(ug) = (k+1)J(U) + O(1). 3.5)

Here O(1) remains bounded and o(1) — 0 uniformly as k — +o0.

The proof of the result consists in defining a first approximation and then to show that
a small perturbation of this approximation provides an actual solution to the Problem. This
is done linearizing the equation around the approximation and performing an invertibility
theory for the linearized operator. In this step, we use the non degeneracy property of U

proved in [11], which states that all bounded solutions of the linear problem
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are linear combinations of

n—2s

0,,U(xz), for j=1,...,n, and Ulx) +z-VU(x).

Indeed, the above functions belong to the kernel of the linearized operator, due to the cor-
responding rigid motion under which Equation (3.1) is invariant. The result in [11] says that
these are the only non trivial elements of the kernel.

A second ingredient we take advantage to perform an invertibility theory is the symmetry
of the configuration. This reflects into the fact that our approximation, as well as our final

solution, satisfy the symmetries

275,

wy,y) =ule*'y,y), j=1,...,k—1 (3.6)

u(y17y27"'ayj"'ayn):u(ylvaa"'a_yja"'ayn) j:27"'7n (37)

Furthermore, they are invariant under Kelvin transform, namely

_ 2$—nu i

The final step in the proof consists in adjusting properly the parameter ;. A detailed de-
scription of the scheme of the proof is given in Section 3.2.

Let us mention that a very similar construction for finite-energy sign-changing solutions to

the classic Yamabe type problem in R"
Au+ |u|ﬁu =0 in R",

namely when s = 1 in Problem (3.1), has been performed in [14], and [15]. Indeed, our
result extends to the case s € (3, 1) the construction performed in [14], from which we are

inspired.

We learnt recently of the paper [22], where the author constructs solutions to (3.1) similar



110

to ours, covering the whole range s € (0, 1). Nevertheless, we believe that the construction
in [22] is wrong: in their case indeed the concentration parameter i, is of order k2 (see
formula (2.4) in [22]), while our concentration parameter is i, ~ k=2, as k — oo. It is not
clear to us how this choice of the parameter’s rate provides a real solution to Problem (3.1).
Indeed, it is this choice of the parameter’s rate, in terms of k, that allows the author of [22] to

cover the whole range s € (0, 1).

Our restriction on s is consequence of two inequalities: we need a certain power of integ-
rability ¢ to be ¢ < n in order to have a good first approximation when estimated in proper
norms, and at the same time we need ¢ > 7- to guarantee enough regularity. These constraints
restrict us to s € (3,1). We believe that our construction should work in the whole range
s € (0,1), and in fact we think that 5, ~ k=2, as k — oo, for the whole range s € (0, 1),
but an invertibility theory on different weighted Sobolev spaces is needed. We will treat this

problem in a forthcoming paper.

The rest of the paper will be devoted to the proof of Theorem 3.1.

Acknowledgments.
The first author is partially supported by mecesup 0711 and VRI scholarship.
The second author is partially supported by Fondecyt Grant 1120151.

3.2 Ansatz for the solution and scheme of the proof

This section is devoted to define a first approximation for a solution to Problem (3.1) and to
describe the scheme of the proof of our result.

We start reminding that U defined in (3.3) is invariant under Kelvin transform, namely

Uly) =yl " U(lyl*y).

Even more, it can be proved that also the family of solutions y~"2" (Y=£) is invariant under



111

Kelvin transform if and only if

€17+ p® = 1.
Let k be a positive integer and define, for any j = 1, ..., k, the k points
& =+/1- M(eiwﬁ_l),o, ...,0) €R?* x R*2
where p > 0 is a positive number of the form
5 . _1
,u:p, with c<d<c (3.8)

for a certain constant ¢ > 0, independent of k, as k — oo. Define

Uy) =Uy) =Y Uiy), (3.9)

where

n—2s

Ujly) = pn~ 2

Un™(y = &)).

For large values of %k, which at the same time makes the scaling parameters p very small,
we shall show that U, is a good approximate solution for Problem (3.1). Observe that the
function U, satisfies the symmetry properties (3.6), (3.7). Furthermore, U, is invariant under

Kelvin transform

U.(y) = |y|2—“U*<ﬁ>.

This is consequence of a straighforward computation, using the fact that > + |¢;|* = 1 for

any j =1,..., k.

We will show that Problem (3.1) admits a solution of the form

u(y) = U.(y) + o(y)
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where ¢ is small when compared with U,, it satisfies the symmetry conditions (3.6), (3.7) and

it is invariant under Kelvin transform. Then Equation (3.1) can be rewritten in terms of ¢ as

(Ao —py|UP'p — E —yN(¢) =0 (3.10)
where F is
YIE=U=) U U =D U - (UP =) UP) (3.11)
and
N(¢) = |U. + ¢PH(U. + ¢) — |UP! = U0 = pUJP 7o, (3.12)

The size of the Error term E defined in (3.11) turns out to be relatively small, as the number
k tends to infinity, when estimated with proper norms. Let us fix a number ¢ > 7-; we define
the weighted L¢ norm

n+2s—2n
hllee := 111+ [y)™ ™ Y| agny

Let n > 0 be a small and fixed number, independent of k. The error can be estimated
separately in the exterior region M;{|y — &;| > i} and then in each of the inner regions
{ly = &;| < 1}. Indeed, we shall prove that there exists a constant C' such that, for all k large
enough,

1L+ JyD)™ ) Ell oo, ly—gy 152y < Ck' 3. (3.13)

Observe that, in order to have a small (in k) size for the error in the exterior domain, we need

q < n. On the other hand, for regularity issue we will discuss later, we assume that ¢ > %

The set of possible values for ¢, 3= < g < n, is not empty since we are considering s in the
S

range s € (3,1).

If we change scale E;(y) := M%E<§j + py), in |y| < ik forany j = 1,..., k, we have
,u

the following estimate for the error in each interior domain

I+ D)™ 7% Byl gy py < CK 5 (3.14)
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We shall prove the validity of estimates (3.13) and (3.14) at the end of this Section.

In order to solve in ¢ the non linear Equation (3.10), we use a gluing method. Let ( be
a cut-off function defined as follows: ((¢) = 1 fort¢ < 1 and ((t) = 0 for ¢t > 2. We also
defined ¢~ (t) = ((2t). Then we set

Cn~ Myl =2y — &lyD) if  lyl > 1,

Gly) = ,
C(kn~y — &1) if lyl <1

Observe that
Gy) = Gyl y)

A function ¢ of the form
k
6= ¢+ (3.15)
j=1
is a solution of the problem (3.10), provided that we can solve the following coupled system

of elliptic equation in (¢, ¢s, . . ., ) and ¥

(=) (¢;) — pUGE; — ¢ =0

PIUL "+ E+ 4N (éj +) b+ w)
i#j
j=12.. .k (3.16)

and

k

k
(LA i (1 - ZQ) Uy Cj] ¥
7j=1

7=1 =

(=AY —pyUP ey —

—p AU (1= 3.17)

(o) (e ($5)) -

To solve the above coupled system, we follow the following strategy. First we solve Problem
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(3.17) in the unknown 1), assuming that ggj are fixed functions satisfying

Si@y)=di(ermy), j=12.. . k-1, (3.18)

¢1<y17y27“'7yj"'7yn):¢1(y17y27"‘7_yj7"‘7yn> j:27"'7n (319)

and the invariant condition under Kelvin’s transform

&1 = y[* "o (Jy|%y). (3.20)

Furthermore, we assume that
n—2s ~
1]l < pwhere o1 = =2 ¢1(& + py). (3.21)

We have the validity of the following result:

Proposition 3.2. There exist constants kg, C, po such that for all k > kg the following holds:
Let qgjj = 1, 2..., k satisfying conditions (3.18)-(3.19)-(3.20) and (3.21) with p < po. Then

there exists a unique solution 1) = V(1) to Problem (3.17) that satisfies the symmetries

w(ya'”ayj‘-'uyn):w(EW"u_ij”uyn)a j:37'”7n
2s—n —2 O 2
V=Pl ) and (] < o+ Ol

Moreover, the operator V satisfies the Lipschitz condition
19 (¢1) = T(@D)]l < Cllor — ¢1ll.-

Once we have the result of the above Proposition, under the assumption on gzgj we have that

all equations (3.16) reduce to just one, say that for 51. Then we will find a solution to our
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problem if we solve

(=AY —py|Ui P 1 — GE — YN ($1) =0  inR™ (3.22)

where

N(b) =p (U G = [ULPY) 1 + G [plUSP 0 (1) + Ny + Zéf;z + ¥ (¢1))

i#1

Rather than solving (3.22) directly, we shall first solve the corresponding projected version

of (3.22)

(=AY h1 — Y| Ui P2y — GE + AN () = enpr / Ur'Z,,, inR" (3.23)

n

/ (CF + AN () Zoin
Cn+1 = — - — .
[ uz,

Proposition 3.3. There exist constants kg, C' such that for all k > kg the following holds: Let

(3.24)

U (1) the solution predicted by Proposition 3.2. Then there exists a unique solution ¢ =
®(9), chy1 = Cny1(0) to Problem (3.23)-(3.24), which depend continously on §. Moreover,
we have

|@|l < Ck™3,  and [IN(9)l|n < Ck™ 7,
for some fixed positive constant C.

To conclude our argument, we shall show the existence of a number ¢ in the definition
of 1 in (3.8) so that the above constant ¢,,; is equal to zero. In this way, we constructed a

solution to Problem (3.1) with the qualitative properties predicted by Theorem 3.1.

Scheme of the paper. In Section 3.3 we prove some basic results on linear problems in R".
These results will be applied to prove Propositions 3.2 and 3.3 in Section 3.4. Section 3.5 is

dedicated to show the existence of 6 > 0 so that ¢,,.; = 0, concluding in this way the proof
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of our Theorem.
We finish this Section with the proof of estimates (3.13) and (3.14).

Proof of (3.13). In the exterior region N;{|y — &;| > 1} . For any y in this region, we have

_4s
n—2s 2
(i)

for some positive constant C' > 0. Since for any j fixed and |y — ;| = } we have

|E(y)| <C

1+ [y |y|

k: —1
kn 23+ < ’
Z |y éﬁ |n 2s kn 2s ; ‘ _ 5 |n 2s Ckn—2s

then we conclude that

n—2s

|El<C

Mw

1+|y| ly — é’l” 2

Thus a direct computation gives

1+ )™ ) Ellpagay < Cp*7°

(1+ |y|)n+25_7 Z
(1+ Jy[?)2s ly — 5\” 28

La(Ext)
k
n—2s 1 n+25 q—2n 1
< Cop'E Z / (1+[y))" - —
j=1 ly—&;1> 7 (1 + |y| ) e |y - €j| q
1
n—2s ! tn_l a n—2s ( 2 )
< Cup 2k []mdt :Cuzk(kn Sq”—l)
&
S OM%% k(n72s)+17%

Thus we get (3.13).

Proof of (3.14). In the inner region |y — ;| < i, for some j fixed. Observe that, if y is close

:

Q=
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to &;, we have that U; ~ O(u‘n_TQS). For any y in this region, there exits ¢t € (0, 1) such that

E:p<—Uj+t(—ZUj+U)> 7 <_ZUj+U) —UP+ZUj

i#] i) i#]

n+2s

> B+ py), lyl < ik: Therefore, we
i

We consider the change of scale E;(y) == u

obtain that for some ¢ € (0,1)

Ei(y) =p (—U(y) +1 (Z Uly — (& — &)+ "2 U+ uy)>> X

i#]

n+

G2 UP(&+1y).

(— SU@—p (& —&) +u"T UG+ uzﬁ) +Y UP(y—p (6=¢5)—n

i#] i#]
Taking into account the configuration of the points §;, we have that

i —Jl.

Furthermore, for i # j and |y| < T

n—2s

n—2s 2 2 n—2s1.n—2s
K - ( - |§J §z| 2) < C,Uz. k —
& — &l \p? + [py — (& — &) i — g2

Uy—p'(&—¢) <C

moreover

2s

STUW - p & - &) <CR 2>, and  p*T UG +py)) < Cp'e

i#]

for some constant C' > 0. Thus we conclude that
kn72slun725 nt2s
2

Ei(y) <C|————
Bl <0 M+
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and we have an estimate of the error in the inner region

n4+2s— 20 ~ 25— 2n k:ans,UJn72s i
i+ F B,y < 0] (St ] -
L {|y|<ﬁ} Yy Lq{|y|<ﬁ}
Since )
n—2s—2n kp e 2) g
e R A
1 (n—2s)qg—n
< O =
a (/w
and n
n+2s— 22 kp 28 )
I D™ ey < € / (1 4 r)r+2s)a-n=1g,

A
Q
VR

>~

7;|"

N———
=
Jr
[\
&
hl

it follows that

I+ 1) 0 By () g e ny < CF 5 (LK),

kup

This gives the proof of (3.14).

3.3 Some linear problems
Let L, be the linear operator defined by
Lo(¢) := (=A)*(¢) —pyU''¢p inR™.

As we know from [11], the set of bounded solutions of the homogeneous equation Ly (¢) =

0 is spanned by the n + 1 functions defined by

n — 2s

Zi=0,U i=1,.n, Zni1= U+ax-VU.
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We now establish a solvability result for the linear problem
Lo(¢)=h in R,
under proper orthogonality conditions on / and ¢. For this purpose, we introduce the norm
611 = 11+ 51" ™) Sl oo (3.25)

We have the validity of the following

Lemma 3.4. Assume q € (5-,2). Let h be such that ||h||,. < oo and
/ Ur'Zhdr =0 foralll=1,2,...,n+1

Then the equation

(=A)¥p—pUP~tp=h inR" (3.26)

has a unique solution ¢ with ||¢||. < 400 such that
Ur'Zipde =0 foralll=1,2,...,n+1.
]Rn

Furthermore, there exists a positive constant C depending only on q, s and n such that

o]l < Clh||sn- (3.27)

Proof. Let H* be the completion of C§°(R™) equipped with the norm

2
= \/ [ower+ [ / y,mJ du dy

9|
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(H*,(,)ys) is a Hilbert space with the product

(f. 9 = / ) (f(x) = é@;ﬂiiﬁﬁ —90) 4 4.

Let us consider the subspace
H = {¢ € H*(R") such that /UplZlgzﬁda: =0, [=12,....,n+1}.
We consider the problem of finding ¢ € H such that

[

this variational formulation makes sense if we consider for instance i € Ln+2, since H*(R") —

(SIS

n n

¢(—A)3¢dx—p7/ Up_l(bgo—l—/ he = 0forall p € H;

L%(R") continuously, (see for instance [18]).

Let f € Lwvs (R™). By Riesz’s theorem there exist a unique ¢ € H such that

/ (—=A)2p(—=A)2pdx + fodr=0forall p € H.

R”

Thus A(f) = ¢ defines a linear operator between Lt (R™) and H. By the local compact-
ness of Sobolev embeddings [18] and the decay at infinity of U”~!, we have that the map

pe H—UPl¢e L7+ is compact. Hence, Fredholm’s alternative applies to problem
¢ — A(pyUP™"¢) = A(h). (3.28)

For h = 0, we have Lo(¢) = 0 and ¢ € H. Thus (—A)*¢ = pUP~1¢ in R and hence

U (y)p(y)

T — y|n723 ’

¢(z) = onspy /

n

for some explicit positive constant o,, ;. We claim that ¢ is bounded. Indeed, let 6 > 0 be a
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fixed positive small number and write

/R Urlo(y) _ / Uroly) / Uriew) g (3.29)

n |[E _ y|n—28 |CL’ _ y|n—25 |J: _ y|n—25
|le—y|<d |lz—y|>d
We have
1
h< Ol [ iy < Col (3.30)
lz—y|<d

and, using repeatedly Holder inequality

n—2s nt2s

_2n_ 2n
1 n—2s _2n 2n
() ™) )
( |z—y|>d ‘LE - y‘n—2s |z—y|>8 ( )
n—2s 4s
<C (/ Wzs) z </ U(pl)ii:) < Yol 2y,
lz—y|>8 |z—y|>6

Chosing ¢ properly small, we obtain that ¢ is bounded. We can now apply the result in [11]

and conclude that ¢ is a linear combination of the functions Z;, [ = 1,...,n + 1. Since
¢ € H we have that ¢ = 0. Fredholm’s alternative implies that, for any h satisfying the

orthogonality condition, a function ¢ € H solution to (3.28) exists.

Assume now that ¢ solves (3.26), we shall now show the a-priori bound (3.27). We first

show that ¢ is bounded. First we have

n 8_2771
101, 2 gy < MMy < WAt gy < NAHID™ 7 Allingery. B3D)

ur—1t h
Observe now that ¢(x) = o, s p / —¢(?J) +0ns / i Fixing a small § >
R

me [T — y[n R n o=yl
0, we get

h h h
/ (y7)1—25 dy = / (yl—zs dy + / % dy =J1+ Jo
R |7 =Yl e—yl<s |2 — Y| |z—y|<6 lz — |
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with

1 7 .
s e | Illzeee < CllAllpags) - since ¢ > o d (3.32
P /|x y|<d (|:E — y|(”—25)Q’) ” HLq(R ) = H HL‘I(R y  sInce q 95 and ( )

n—2s

1 2n
Jo < (/ | 5—|x—y|2”> IRl TS C||h||Ln+2S (3.33)
T—Y|>

Thus, thanks also to (3.29) and (3.30), for all z € R"

6(@)] < O 9]l + C (9], 2, g, + Wlzagiery + Bl 2 ) -

Ln 2s ]Rn

Chosing ¢ small, we conclude that ¢ is bounded since

1911 < C (1611 251 g, + Illzageey + 1A, s, ) - (3.34)

Next we show the decay rate at infinity of ¢. Consider

d(y) = [y1* "oyl y) and  h(y) = |y h(ly|%y).

A direct computation shows that

(—A)'¢ — py U (y)d = h on R"\ {0},

and

10010y + 191, 2, g = NSy + 161 2

(R™)’

7 n+42s— 22
1All Loy = (L + [yD)™ 7% hl| parny = [|B]]e-
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Applying the estimate (3.34) to to 5 we get

1lea0y < ey < C (1912

oy [l + 1 2, )

< C (161 25 g + WFllzageny + 1]

< C(Ihllox + [Bllony) = Ol

2n
nf s R’n Ln+25>

Since |[y|" >l oo q1y1>13 = [l = (B(0,1))» We conclude that [|¢]|. < C|A]...

Under further symmetry conditions on i and ¢, Problem (3.26) can be solved without
the orthogonality conditions. For a general function v defined in R"”, consider the following

symmetries

27wy

V@y) =Y yy), j=12.... k-1, (3.35)

and

w(yv"wyj"-ayn):¢(yv"'a_ij"'7yn)j:3a"'>n' (336)

and it is invariant under Kelvin transform

(y) =yl "P(ly| 2 y). (3.37)

We have the validity of the following result

Lemma 3.5. Assume that h satisfies (3.35), (3.36), and ||h||.« < oo. Furthermore, we assume

that
hy) = |y 1|y ?y).

Then Equation (3.26) has a unique bounded solution ¢ = T'(h) that satisfies symmetries
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(3.35),(3.36),(3.37). Moreover there exits C' depending only on q, s and n such that

@1l < l[F2lls

The proof of this result is very close to the proof of (4.19) in [14]. We refer the interested
reader to [14].
For a later purpose, we need to establish a result like the one in Lemma 3.4 for a linear

operator more general then L.

Lemma 3.6. Let 2s < v < n. There exists numbers 9, C, depending on v,n such that

the following holds: If g, a and ¢ are functions such that ||(1 + |y|")g|lec < +oo, ||(1 +
[y llo < +o0 and [|(1 + [y[**)allo < 0, and
n+1
Lo(¢) +a(y)o = g(y) + > _aUP'Z  inR" (3.38)
1=1
where
/ Ur'Zip=0 foralll=1,...n+1 (3.39)
and
cl/ urtz? :/ (a(y)d — g(y))Z1¢  foralll =1,..n+1, (3.40)
then

11+ [y1"72)lle < CII(L+ [y]")glloo- (3.41)

Proof. By contradiction, let us assume the existence of functions ¢,,, a,,, g, and constants ¢}’

such that (3.38)-(3.40) hold, and

I+ 1y galls = 0, A+ |yl dullo = 1. 11+ [y[*)anlle = 0. (3.42)

Clearly we have that ||(1 + |y|")angnl|loc — 0 and also that ¢} — 0, so with no loss of
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generality we may assume that a,, = 0, and ¢} = 0. We claim first that

[énloc — 0.

Assume the opposite: there are numbers v, R > 0 and points x,, such that

Passing to subsequence, and arguing like in the proof of Lemma 3.4, we find that ¢,, con-

verges in the energy space and locally uniformly over compact sets to a bounded function

QZ)U 7& 0 with
Lo(¢o) =0, and / Urt¢Z, =0, foralll

which gives ¢y = 0. This is a contradiction due to the result in [11]. Thus we have that

[énlloc — 0.

Next we shall show that ||(1 + |y|* %*)dn|lc — O, thus getting to a contradiction with

(3.42), and the proof of the Lemma. Using the equation, we have that

Up_l n n
¢n($) =O0OnsP? / M dy + On,s /Rn g—(y) dy (343)

n ‘iL’ _ y‘nf2s T — y|n72s

for some explicit positive constant o, ;. Since 25 < v < n, and taking into account that
(1 + |y]")gnlloo — 0, and the behavior of UP~ at infinity, there exists a positive constant C,

independent of n, such that

|6alloe o(1)
A+ o) 0+ o)

|on(2)] < C

for some o(1) — 0, as n — oo. Replacing the above estimate in (3.43) and repeating the

[$nlloo+o(1)

same procedure a finite number of time, we get that |¢,,(z)| < C |(1 ‘a=25) - This concludes

the proof of the Lemma. [
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3.4 Proof of Propositions 3.2 and 3.3

Proof of Proposition 3.2. Let us fix functions <5j and we assume that they satisfy the

symmetry assumptions (3.6), (3.7) and the invariance under Kelvin transform

o1 = [y[* o1 (ly|2y).

Finally we assume

1]l < p where ¢ = 11" 61 (&1 + py). (3.44)
for a small fixed p > 0.

We next solve equation (3.17). To do so, we write it in the form

k

(A () — pyUP () — AV () — py U (1= ¢y — M () =0

j=1

J/

=h

where . .
V(y) = p(U.J — U (1 - Z@-) +pUP Y G = Vi
j=1 j=1
:;\r/i 5;?/2
and

M) = (1—;:@) <E+7N (Zkﬁﬁw))

j=1
A basic observation is that the function h as defined above satisfies the conditions (3.35),

(3.36), and ||A||.« < oo. Furthermore, we have that

h(y) = lyl "> h(|y|2y).

Hence, we can define the linear operator 7" in the Lemma 3.5 and we can write our problem
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(3.17) in fixed point as
Y =-T <vw +py U (1= )¢+ M <w>> = M(¢)) (3.45)
J
We notice that M is well defined in space X of continuous functions ¢ with [[¢]|. < oo, and

satisfying

27

¢@y y/> = w(eTJZ@ y/)> J = 172 o '7k - 17
w(yvﬂy]7yn):w(y7a_yjaayn)a j:37"'7n
¥ = ly[* (YY)

We claim that

V() || < CE7 )02 (3.46)

and .
[y |U P Z(l — )il < CE 41 (3.47)

j=1

We claim that, if
191 + Nl < 2p,

then
M ()| < C K7 4+ &5 || |2 + |02 - (3.48)

Furthermore, for v, 15 in X, we have

M (1) = M(2)|lex < Cpllthr — 2]

We can thus conclude that, for p small enough, the operator M defines a contraction map in

the set of functions ¢ € X with

9]l < Clllgnl? + &' 4], (3.49)
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From the estimate (3.49) we get the Lipschitz dependence

1 (¢1) = ¥(e1)llx < Cligr — il

This concludes the proof of Proposition 3.2.

We shall next show the validity of (3.46), (3.47) and (3.48).

k p—1
Proof of (3.46). If we consider f(t) = |U —t Z U; by the mean value theorem we get
j=1
k P=2 / k Iungzs
RN OO SN DS EEAS) s
j=1 j=1 =1 1Y

Thus, if for all j, |y — &;| > {, then we have

Viwl) < U o) Y

J=1

Since (; = 1on |y — & < £,

1 n+25—27" H _ H 1 n+23—— ‘
|ty = e

La(R™M\U; B(&5, 1))

(n—2s)q A
o2
<Ck / oz W Il
B, enB2) Y — &l

< Chp T K275yl
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for some positive constant C.. Thus || V19 (y)]||ss < C' k' ™4 ||¢)]|,. On the other hand,

k
IVatbllaw = L+ )™ 25 pUP S Gl acen

Jj=1

1

q

k q
S C / <<1 + ’y|>n+28—27nUp*1 chw) dy

B(0,1) 7=1

with

Q=

1
q

k q
nt9g_2n U(p—l)q(1+|y|)(n+2s)q—2n
/((H\y!) +2 qulijw> dy| <CY / TG dy| ||

J=1 j
B

B(0,1) (6.21)

< CE Y.

Thus we get the validity of (3.46).

Proof of (3.47). Estimate (3.47) can be obtained arguing as in the proof of estimate (3.46),

after noticing that

n—2s

/_L 2
ly —§n=2s

16;()] < CUW) 1]

Proof of (3.48). For the moment we shall assume that

[ €[+ + llgalls < 2p

for a p sufficiently small. Let us assume that |y — £;| > g for all j. First we recall that

< Ck'™a

— 1 n+25—2—"E
H( + |y|> ’ La(ext)

k
(1+ [y (1 - Zg) E
j=1

La(R")
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Then we find in this region

2
<cur + [y

o)

k
P
j=1

But

2 k n—2s
_ I -
vr? < I Y ey U7 S U
j=1 J

k
P
j=1

Thus, we have
o k ko
(L+ [y (1 -y Cj) <7N (Z ¢; + ¢)>

n—2s

k
_2n u
1+ |yt e yr — 49
1+ 1ol > e

Using the above inequalities we get

— | @+t (v 0))|
L4(Rm)

Ld(ext)

Cur—2° 2 2
< WHQHWLCWH*

La(ext)

< Clignll:

n

IM ()|l < CK78 + K360 ]12 + CllII,

that is the validity of (3.48).

This concludes the proof of Proposition 3.2.

Proof of Proposition 3.3. In order to prove Proposition 3.3, we need to consider the linear
problem

(—A)¢1 —pyUP "6 — hly) = coi U} Zypyy in R™ (3.50)
for a general function h, where

/ %ZnJrl
Rn

Zni(y) =p~ % Zpa(p 'y —&)) and Cup =
/ Uf Zn+1

~ n—2s
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Lemma 3.7. Assume that h is even with respect to each variable vy, ...y, and it satisfies the

invariance

h(y) =yl h(ly|2y)

Assume in addition that

h(y) = 12 (& + py)

satisfies ||h||w < co. Then the equation (3.50) has a unique solution ¢ := T(h) that is even

with respect to each of the variables v, ..., y,, invariant under Kelvin’s transformations
() = ly* "yl )
where ¢(y) = u%%a(& + py) and satisfies
/n dUP 7,11 = 0.
Moreover, there exits C' such that

@[l < Cl[R|s-

Proof. We consider ¢ and h such that
(-ayo-plUP o= b in®', [ FZ 0.
The evenness of A in the last (n — 1) coordinates guarantees that we have

/ hz; =0, [=2,...n, l=n+1.
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We have that to prove that / hZz, = 0. Let
Rn

I(t) = / ) w,(y — t&)h(y) dy

We notice that

(&) /n hZy = 0/1(t)

@ [ Buuwly—b)dr GSD

t=0

after a change of variable

10 = [ w2y = €00l = [ vl - a&)h) dy

where
ut t
t) = ———— t) = ————.
W)= mrape 9T v aEe
Hence
L)t = 11 /a,tw,ly &) hydy— (1 /%wu (v - €)h(y)dy
pn=1
(3.52)
We can check that
uwn(y — &) Hly)dy = / Zur (9)h(y)dy = 0
R™ p=1 n

and s'(1) = 1 — 2|¢,|?. Hence, using (3.51)-(3.52) we obtain / hZ, = 0. It follows from

n

Lemma 3.4 that there exist a unique solution ¢, for equation (3.50) with
/ hZ=0 1=1,.n+1 and [6]. < C|Al..

Arguing by uniqueness, as in proof of Lemma 3.5, we find that gg satisfies the corresponding
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symmetries. [

We use the above lemma to solve (3.23)-(3.24) We consider the operator T defined in the
above Lemma. We are going to prove the existence of a solution to equation (3.23) by a fixed
point argument

o1 = T(C + 9N (1)) =2 M(¢n). (3.53)

n+2s

For any f we set f(y) = "2 f(£+ py). Let

fily) = pG (U = [P

For [y| < L we have

k—1

) —257.n—2s 1 n—2s —
iy <C <u” g Zjn,zs e )U” il

j=1

and so

n

[Fa)ller < € (5728772 4 ™5 (k) 245 ] = O o]

Analogously for fo = (¢, — 1)U?™" ¢y in the region |y| < %
o

[f2()] < UP[lgnl.

hence we find || Fy||.. < Ck™ 4 ]|é1]|s. Now we consider f3 = (1p|U,|P1U () on |y| < ot

n—2s

2

n—2s

[fsl < CUP ™

|61« + &' 9);

U(h1)]loe < CUP M p

thus
1Fo@)lles < Cuillgnlls + K77,



Now, for

we notice that
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fi=GN(o1 + Z%)‘I’((ﬁl)

=2

N(@) = (Va+ )P — VP —pVP 4

where 6(y) := "7 ¢(& + py) and

with

therefore

and hence

Vi(y) =U@) + > Uly+p (&~ &) — 1% U(& + )

=2
~ k ~
¢ = +Z¢z‘ + ¥(¢1)
=2

n—2s

Al +UP 7

n—2s

[fal<cour = [@all. + k' 75)],

IFalles < C [u8illonlls + n%illlonll. + £572)

Concerning f5; = (1 E, we recall that

1751l < Cuie.

The above estimates suggest that it is possible to perform a fixed point argument of contrac-

tion type in the set of all continuous functions ¢, = ®(8) such that ||¢1 ||, < Cp?s. This

gives the existence and the estimate for ¢, satisfying

and

18], < Ok,

N (@)l < Ck™7
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Starighforward computations shows also the continuous dependence of ¢; = ®(0) and ¢, 11

on the parameter o. This concludes the proof of Proposition 3.3.

3.5 Conclusion

In this secction we show the existence of § > 0 such that ¢,,;1(0) = 0 in (3.23). Indeed this

fact gives that the function

Ui + ¢,

where U, = U — ) Uj is defined in (3.9) and ¢ = Zle <Ej + 1) is defined in (3.15), is a

n—2s

solution for the original problem (3.1). Let Z,41 = p~ "2 Zpi1 (0 Hy —&1)). We recall that

Zuialy) =y VU + =20
We need the existence of a 4 such that
ot = [ (GE+aN(00) Zaws =0, (.54
Since we are assuming that s > %, we claim that
5 GE Zpyy = ASK> ™ [—2”‘22‘“ (i jn_%) §+ 1| + k" m04(5) (3.55)
j=1
and
/ AN(61) Zngr = KK 04(0), (3.56)

where ©(J) denotes a continuous function of 0, which is uniformly bounded, as k — oo.

Since n — 2s > 1 for any s € (%, 1), from (3.55) and (3.56) we obtain the existence of a
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unique ¢ solution to (3.54) with

§ = [2"‘2272 jnl_gs)] (1+O(k=)).

Jj=1

What is left of this Section is devoted to the proof of (3.55) and (3.56).

Proof of (3.55). We write

GFE ZnJrl = / EZTL+1 +/ (G — 1>E2n+1
Rn R n

Expanding the first term we get

/ E2n+1 = / EZH+1 +/ EZn+1 + Z/ EZnH =L+ 1+ 13
n B1 Rn\UB]' ]751 Bj

where B; = B(¢;, {). With the rescaling x = py + £ and writing

E(y) = n"5 B(& + ny)

we get
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I =/ E\Zoia(y dy——wZ/ UM U(y = 178 — §) Znsa
B(0,-1.)

T
S
—

+7 > UP(y — (& — &) Znt
71 Bo.25)

"y / ( UP(&; + py) Zp+1 dy,
B(0

where

( ZUZJ pt 51))"‘#”2’25[](514‘/13/))-

J7#1

For 7 # 1, and by Tylor expansion

n—2s

275 n—2s

U e —&) = —F——1+ Ok
(v +u (& —&)) |£j—§1|"—28( +O(uk%))

27r(j

where & = (1,0...,0) and éj =e 51, thus

n—2s

272
€5 — & |n2s

n—2s

/ UP= Uy — (& — €0)) Znin = / U (1 + O(p?k?)) Znsa
B(0,5%) B(0,.%)
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2"725 n—2s
S / Uriz, . — / UP=1Z, 1+ O(u2k?) / Uriz, .
& — &l*? | Jre R"\B(0, 1) B(0, )
2”525 Mn72s . 9
] [C1 + O™ k*) + O(1?k?)]
i — &1
2”;25 MH_ZS 2571.2s p—1
= Wcl(l + O(/JJ k )) where Cl = U Zn+1
j 61 "

For the second term

n—2s

oo / UP=LU (& + py) Znor dy = "2 Cy(1 + O(u®k>)).
B(0,%)

Furthermore,
/ [(U(?J) + Sv(y))p_l - Up_l]v(y)znﬂ dy| < Z Up(y - M_l(fj - fl))ZnH
B(0,-1) i#1 B(O,ﬁ)
<C

Mn+25 1
= Z o 2 n+2s / (1 + | |)nf2s
i & — & B(0,%) Yy

un+28
SOk)™ Y ————
i#1 & — &[T

and
n s n+2s ]. n—=2s . _ s
uzzv/ UP (& + 1Y) Znia dy| < Cp™= / T s WSOk %,
B(0,.%) B(O,ﬁ)( + [yl)
Therefore, we conclude that
—(n—2s n—2s - 1 —-n
I = A§k~(n=2) [_2 2 (Zjn—2s)5+1 + k"0 (9)
j=1

where ©(0) is a smooth function of ¢, which is uniformly bounded as k — oo.

Now we are going to estimate /». Holder inequality gives

~ _2n
/ EZps1| < O+ )% B po@eyum,) X
R"\UBj
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n—2s ZJ n—2s _
I+ [yl) ™20 1™ Zuga (g + 07 (& = &) s, I RM\UB;)

A direct computation gives that

n—=2s 2TL n—2s _ —nq;l
I+ )™ 0 Za (4 76 = ) g < OF
for some constant C' > 0. Thus we conclude that

L] < Ck'™

since we have already proved that ||(1 + \y])"J“QS_lEHLq wm\ug,) < Ck'74, see (3.13).

Let j # 1 fixed and Ej (y) = e E(&; + py). After the change of variable x = py + &;

we obtain

/ EZn—i—l
B.

J

n—2s

po2 / EjZn+1(H?J+§j)
B(0,.%)

n—2s n s,i
< Op'F (14 y) e By | £a (B(0, ) X

n—2s

1L+ [y ™ 24T 1 Zaga (g + 172 — )| o,
L1 (B(0,

T
?r‘z
Z
=

We have
1 n— 28+* n—2s Zn -1 o H
[+ 1™ 2t 176 = )
Iun—22s L]k tn_l q%ql /an—22s
H n
<Coom—— ——dt <Oo—F = _(uk)* .
> C|§] _ glln—Qs ( 1 t(71+25_2771)ﬁ ) — |£J . £1|n—23 (N ) q
and

n s—— n n+2s n—2s
N+ Ty)™ % Eyllnacoo, gy < (k) (14 k02075 )
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Hence

|Ig‘ = ‘Z];ﬁl/ E2n+1 S ILLnEQS (/Lk)% ( + k n+2$
B

J

>Z e

n29

<C k28

Finally, we conclude that

o)

> —(n—2s n—2s 1
/nEZnH:Aék (n=2s) [—2 > (> —

=17

=)0+ 1| + E'"O(6) (3.57)

where O (0) is a smooth function of ¢, which is uniformly bounded as k£ — oc.

In order to complete the proof of (3.55), we are left with the estimation of the integral

/ (¢ — 1)EZL+1. We have

<C

/ (G~ V)EZnin / EZn i
" ly—&11>¢

Then we split the domain of integration as follows

k

/ EZy1 = / EZyy + Z/ EZy
ly—&1|>3 ; ly—&;1<?

Jj=2
Njly—=&1>¢

In the exterior region, we already proved that / EZLH = k'7"04(0), for some

Njly—&;1>%
smooth function ©;, of §, which is uniformly bounded as £k — oo. On the another hand,

to estimate Z?:z EZHH we can argue like in the estimate of the term /3 above,
ly—& 1<}

thus concluding that

k

S [ Bz
ly—&;l<i

j=2

<Ck™

for some constant C' > 0. This concludes the proof of (3.55).
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Proof of (3.56). It is convenient to decompose
N(p1) = N(¢1) + N(1)
where

N(@) =p (UL G = UY) di+pG|U 0 (61)+N (ez% +3 4+ ()
J#1

and

N(%l) - |U* + $1|p_1<U* + 51) - |U*|p_1U* _p|U*|p_1$1
We have that

L= | N(¢)Znir =% [ N(@1)(& + p2) Zuia (2)de
RTL

R"

so that, from the estimates found we readily check

N orenw s [ oz,

n

On the other hand, if we let
IT:= [ N(¢)Zni

Rn
we find that
1) < 6]l / U1 Zonsal.
R’ﬂ

Now, we notice that from equation (3.23), that we can write
n+2s ~
Lo(¢1) + apr = g + chUp_lZl where a = 117 YN (¢1) (&1 + 1)
l

so that
jal < CUP Y., and |g| < Cp™F (1 + [y])~*

) NG

(3.58)
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Thus, applying Lemma 3.6 with v = 4s we find

n—2s
2

1] < Cp =z (L4 Jy))~*

and we conclude that

n—2s

[T < Ol || op 2

< Cst—n—% ‘
Combining this with (3.58) we find

N (1) Znir| < CE* k0

Rn

We thus get the proof of (3.56).
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