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Abstract

We study the dynamics of polynomials with coefficients in a non-Archimedean field
K, where K is the completion of an algebraic closure of a discrete valued field. We
prove that every wandering Fatou component is contained in the basin of a periodic
orbit. We give a dynamical characterization of polynomials having algebraic Julia
sets. More precisely, we establish that a polynomial with algebraic coefficients (over
the field of formal Laurent series) has algebraic Julia set if and only if every critical

point is nonrecurrent.
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1 Introduction

In this thesis we study the dynamics of polynomials P: K — K where K is a non-
Archimedean field which is complete and algebraically closed. Moreover, we will

assume that there exists a discrete valued field k¥ C K such that
k*={z¢e€ K| [k(z): k] <+oo}

form a dense subset of K. Examples of such fields are the field C, of p-adic numbers
and the field, which we will denote by IL, which is the completion of an algebraic
closure of the field of formal Laurent series with coefficients in C. Dynamics over
C, naturally arise in number theory and dynamics over L naturally appears in the
study of parameter spaces of complex rational maps [15].

For complex rational maps acting on the Riemann sphere, Sullivan [22] proved,
with the aid of quasi-conformal techniques, that every connected component of the
Fatou set of a rational map R € C(z) of degree > 2 is eventually periodic (Sul-
livan’s No Wandering Domains Theorem). This is no longer true for general non-
Archimedean fields. In fact, Benedetto [3] established the existence of p-adic poly-
nomials having wandering (analytic) domains which are not attracted to a periodic
orbit. This result heavily relies on the fact that over p-adic fields, whose residual
characteristic is p > 0, there exists a phenomenon called wild ramification.

The aim of this thesis is to study the interplay between algebraic and dynamical
properties of points in the Julia set of a polynomial. As a consequence, we estab-
lish that for tame polynomials (see Definition , that is, for polynomials such
that wild ramification does not occur, the dynamics is free of nontrivial wandering
domains (see Corollary |B| below). For instance, if the characteristic of the residual
field of K is 0, then any polynomial is tame, if the characteristic of the residual field
of K is p > 0, then any polynomial of degree < p is tame.

Recent developments on the theory of iteration of rational with coefficients in a
non-Archimedean fields put in evidence that the correct space to study the action
of rational maps is the Berkovich space (e.g. [1, 8, 1T} 17, I8, 19]). The action of
a polynomial P € K[z] extends to the Berkovich affine line A}fm associated to K.
Moreover, the notions of Julia set (chaotic dynamics) and Fatou set (tame dynamics)

also extend to AR™. Our first main result is a complete description of the new Julia
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set points that appear when passing from K to A}f”. We will denote by Jp the
Julia set of P.

Theorem A. Let P € K|[z]| be a tame polynomial of degree d > 2. Then one of the

followings statements hodls:
1. Jp\ K =o.

2. There exist finitely many repelling periodic orbits Oy, ...,0,, C A}gan \ K such
that
Jp \ K =GO(O;)U---UGO(O,),

where GO(O;) = {x € AP | P*(z) € O; for some n € N} denotes the grand
orbit of O;.

The previous theorem is first proven for polynomials in K[z] with algebraic co-
efficients over the field k. Here, we rely on our study of the interplay between the
geometry of the Julia set and the underlying algebraic structure (section @ For
a general tame polynomial with coefficients in K, we use a perturbation technique
furnished by a key proposition (Proposition inspired by complex polynomial
dynamics (e.g. [16]).

Standard techniques (see Proposition allow us to deduce the above men-

tioned nonwandering result from Theorem [A]

Corollary B. Let P € K|z] be a tame polynomial of degree > 2. Then, every

wandering Fatou component is in the basin of a periodic orbit.

Benedetto [2] proved a similar result to Corollary B for rational maps with alge-
braic coefficients over Q, with some slightly different hypothesis.

In terms of &k, K and in our language, Theorem B in [4] says that every wandering
Fatou component of a rational map with algebraic coefficients over k is in the basin of
a periodic orbit. Benedetto asks (question (2) at the end of the introduction of [4]) if
this is true for rational maps with coefficients in K, assuming that the characteristic
of the residual field of K is zero. Corollary [B| above gives an affirmative answer to

the question posed by Benedetto in the case of polynomials.



After extending the notion of algebraic degree of x € K owver k for arbitrary
points = € A}fm (see section ) we obtain the algebraic counterpart of the previous

topological dynamics results.

Theorem C. Let P(z) € K|[z] be a tame polynomial of degree > 2 and with algebraic
coefficients over k. If the algebraic degree of every element in Jp is finite then the
critical elements contained in Jp are not recurrent. In that case the algebraic degrees

of the elements of Jp are uniformly bounded.

In a special type of fields, which will denote by L, we obtain the converse of the
previous theorem. Here F is an algebraically closed field of characteristic 0 and Lg
is the completion of an algebraic closure of the field F'((7)) of formal Laurent series
with coefficients in F' with respect to some non-Archimedean absolute value. See

subsection [6.5] for definitions.

Theorem D. Let P(z) € Lp[z] be polynomial of degree > 2 and with algebraic
coefficients over F((1)). Then the algebraic degree of every element in Jp is finite if
and only if the critical elements contained in Jp are not recurrent. In that case, Jp

is contained in a finite extension of F((T)).

1.1 Outline of the thesis

Section [2 consists of basic definitions and facts about the Berkovich affine line and
the action of polynomials on A};an.

In sections |3| and [4] we introduce the dynamical sequence and the geometric se-
quence of a polynomial. We employ these objects throughout the thesis since they
organize our topological and algebraic study of the convex hull of the Julia set.

In Section [5| we extend the notion of algebraic degree to the Berkovich line and
explore its basic properties as well as the relation between the algebraic degree and
the equilibrium measure (e.g. [1, 8, 1T}, 10])

In Section [6] for polynomials with algebraic coefficients, we describe the behavior
of the algebraic degree along geometric sequences. Then we prove Corollary [B] in
the case of polynomials with algebraic coefficients, and finish the section with the
proofs of Theorem [C| and of Theorem D]



In Section[7] we establish Proposition 7.1 which is the key to perturbing polynomi-
als (with transcendental coefficients), preserving the dynamics along an orbit. Then

we prove Theorem [A]in full generality and, as a consequence, we obtain Corollary



2 Background

2.1 Non-Archimedean fields

Let K be a field with characteristic zero endowed with a non-Archimedean absolute

value |-|. That is, an absolute value satisfying the strong triangle inequality
|21 + 22| < max{|z1], [22[}

for all 21, 2o € K. Examples of such fields are the field of p-adic numbers Q, and the
field F'{()) of Puiseux series with coefficients in F' that we will discuss in detail in
subsection For more about non-Archimedean fields see [7], 12].

The set |K*| = {|z| | 2 € K*} of nonzero values of |-| is a multiplicative
subgroup of the positive real numbers called the value group of K. We say that the
absolute value |-| is discrete if | K| is discrete as a subset of R.

We denote by o := {z € K | |z| < 1} the ring of integers of K and by my its
unique maximal ideal, i.e. mg := {z € K | |z| < 1}. The residual field of K is the
quotient field K=ok /mg. As we will see later, there exists a substantial difference
if the characteristic of the residual field is 0 or p > 0.

For zy € K and r > 0 we define the sets

Bf(z) ={2z€ K||z—2|<r} and B.(z):={z€K||z—2]|<r}

If r belongs to the value group of K, then the sets defined above are different and
we say that Bf(zy) (resp. B.(z0)) is a closed ball (resp. open ball). If r is not in
the value group of K, then the sets B,.(z9) and B (z) coincide and we say that
B, (z0) = B (zp) is an drrational ball. Despite these names, every ball is open and

closed in the metric topology induced in K by the absolute value |-|.

2.2 Balls and polynomial

Given a nonconstant polynomial P with coefficients in K, define the local degree of
P at 2y € K as the largest integer deg, (P) > 1 such that (z — 20)%8=0P) divides
P(z) — P(%) in the ring K[z]. If deg, (P) > 1 we say that z, is a critical point of
P with multiplicity deg, (P) — 1. We denote by Crit'(P) the subset of K formed by
the critical points of P.



The image of a ball B C K, under the action of P, is a ball B’, of the same type
as B, and there exists an integer > 1, denoted by degy(P), and called degree of P
at B, such that

degp(P)= ) deg.(P)

{z€B|P(z)=z"}
for all 2 € B’ (e.g. see section 2 in [18]).
Moreover, the preimage of a ball B is a finite union of pairwise disjoint balls

By, ..., B, of the same type as B and

D" deg, (P) = des(P).

2.3 Berkovich affine line

We will need only basic facts about the structure of the Berkovich affine line and its
topology. For more details see [9] [I8, 19 21], for the original construction of V. G.
Berkovich, see [5].

We identify the Berkovich line with an appropriate quotient of the set Si of all
the strictly decreasing sequences of closed balls of K. This construction is a slight
modification of the given one in [21].

On the set Sk we define the equivalence relation ~ given by: (B;) ~ (B;) if for
all n € N, the sequence (B;) (resp. (Bj})) is eventually contained in B, (resp. B,).

The Berkovich analytic space associated to the affine line over K (for short, the
Berkovich line) denoted by A, is (as a set) the quotient S/ ~ .

If the sequence (B;) is equivalent to (B;}), then NB; = NB}. Note that the field K
is not spherically complete, that is, there exist decreasing sequences of closed balls
having empty intersection. However, consider (B;) € Sk such that B = NB, is not
empty. Then B is a closed ball, an irrational ball or a point of K. Moreover, the
intersection B determines completely the equivalence class of (B;). In this case, we
denote the equivalence class of (B;) by xp and we will say that zp in A};an, is the
point associated to B and that B is the ball associated to xp.

The elements of the Berkovich line A are classified in the following four types:

1. Type I or classical points, corresponding to the equivalence classes of sequences

whose intersection is a point in K. We identify K with these elements of A}
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2. Type II or rational points, corresponding to elements zp where B is a closed
ball.

3. Type III or irrational points that is, the points of the form xp where B an

irrational ball of K.

4. Type IV or singular points, corresponding to the equivalence classes of decreas-

ing sequences of closed balls with empty intersection.

The inclusion between the balls of K induces a partial order, denoted by <, in
AP Tf 2 € AP (vesp ' € AR™) is the equivalence class of (B;) (resp. (B)) we
say that x < 2’ if, for each n € N, the sequence (B;) is eventually contained in B),.
We say that z < y if x < y and x # y. In the case that zp and xp/ are nonsingular
elements, we have that xp < xp if and only if B is contained in B’.

For all z € A}™ denote the set of elements larger than z by
[z, 00[:= {w € A} | z < w}.

Observe that [x, oo[ is isomorphic, as an ordered set, to [0, +00[C R.

Given two points x,y in the Berkovich line A}fm we have that
[z, 00[ N[y, 00[= [z V y, 0]

where z V y is the smallest element larger than x and y. If x is different from y then
the element x V y is a type II point.

Civen two elements z,y € Ag™ let
[z,y] = {w e A |sgw<zVylU{we AP |y sw=<zVy)

The sets |z, y], [z, y[ and |z, y[ are defined in the obvious way.

For x in the Berkovich line, the diameter of x is

diam(x) := lim diam(B;),

J—00

where (B,) is a representative of z. For zp, a nonsingular element, the diameter of

xp coincides with the diameter (radius) of the ball B.



In order to endow the Berkovich affine line with a topology, we define an open
ball of AR™ and a closed ball of AR™ by

B(a,r) = {z € AY™ | diam(a V z) < r}

B*(a,r) = {x € AZ™" | diam(a V z) <71}

respectively, where a € K and r > 0.

The weak topology on the Berkovich line is the smallest topology containing all
the open balls and the complements of closed balls of A}fn.

If B = Bf(a) C K we have that the closure B of B in Ay*™ is Bt(a,r). The
boundary of B*(a,r) is {zp}, although we will often abuse of notation and write
simple 0B*(a,r) = zp.

For all z # y € A}fn there exists an order preserving bijection between [z, 00|
and an interval of R. Moreover, there exists an isomorphism between [z, x V y] and
a closed interval of R. Hence, following Definition 3.5 in [9], A™ is an unrooted
nonmetric tree.

Let B = B;f(a) be a closed ball of K and consider 25 € A™ the type IT point
associated to B. We say that two elements x,y < zp are in the same direction at xg
if x Vy < xp. Given x < xp, the set of elements in the same direction as x at zp is
the open ball B(z,r) of the Berkovich line, where z € B is such that z < x.

The tangent space at xp, denoted by T, is the set of all the directions at xp.

After an affine change of coordinates h, such that h(B; (0)) = B we can identify
the directions in T,, with the directions at the point associated to the ball B; (0)
and these directions can be naturally identified with the residual field of K.

We say that a set X of A™ is convez, if for all z,y € X we have that [z,y] is
contained in X. For X a subset of Ap™ we define the convez hull of X to be the set

conv(X) = U [z, y].

z,yeX

1 .
A convex subset of Ag™ is always a connected set.

2.4 The action of a polynomial over the Berkovich line

The action of a nonconstant polynomial P with coefficients in K has a unique con-

tinuous extension to AR™, which we also denote by P. More precisely, if z is the
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equivalence class of (B;), then P(z) is defined as the equivalence class of the se-
quence (P(B;)). If = xp is a non singular element, we have that P(xp) = zp(p).

The map P: A — AR™ is increasing, open and preserves the type of the
points. For all € AR™ the set of preimages of z under P is finite. The image
of a ball B of A}fm is a ball of the same type, and its preimage is a finite union of
pairwise disjoint balls of the same type than B.

To extend the notion of local degree of P to AR™ let
deg,(P) := lim degg (P),
j—oo 4

where (B;) is a representative of the class z. We have that deg,  (P) = degg(P), for

all non singular elements z5 € A,

Remark 2.1. Given 2 € A™ with preimages @1, ..., 2,,, we have that
> dew, (P) = deg(P).
=1

We say that x € A};an is a critical element of P if deg,(P) > 2. The structure of

the critical set
Crit(P) := {z € A | deg,(P) > 2}

depends strongly on the characteristic of the residual field K , as we will see in
subsection 2.6

Let z € A™ be a type IT point. Given a direction D in T, that is, an open
ball D of AZ™ such that 9D = x, we have that P(D) is a direction in Tp(,). Hence,
the action of P in the Berkovich line induces a map T, P: T, — Tp(,) between the
tangent spaces at x and P(z). After affine changes of coordinates hy, hy such that
ho(P(B)) = 0 and hy(0) = B the map T, P coincides with the reduction of P to the
residual field K. Hence, T,P is a polynomial map in K [z] of degree lower than or
equal to deg(P).

For further reference we establish a relation between the local degree of P at a

1,an

type II point x € A" and the degree of T, P.

Remark 2.2. Let P € K[z] be polynomial of degree > 2 and let z € A}™ be a type
II point. If ¢/ € K then

deg,(P) =deg(T,P) = > deg (T.P).
{CER|T. P(¢)=¢"}



2.5 The Hyperbolic Space

We denote by Hg the hyperbolic space of K, that is, the set of nonclassical elements
in the Berkovich Line. This set has a tree structure induced by the structure of A},

Over Hg we can define the hyperbolic distance,
du(z,y) = 2log diam(x V y) — log diam(z) — log diam(y),

which is compatible with the tree structure of Hg. More precisely, the set Hy with
the hyperbolic distance is an R-tree. That is, for all z,y € Hg the length of the
segment [x,y], which is a geodesic segment, coincides with the hyperbolic distance
between x and y.

For further reference we state, without proof, the following straightforward fact

Lemma 2.3. Let w,y, z in AR™. We have that dy(x,y) = du(x, w)+du(w,y) if and
only if w belongs to [x,y].

The hyperbolic distance behaves nicely under the action of a polynomial. More

precisely we have the following lemma, which is a restatement of Corollary 4.8 of [19].

Lemma 2.4. Let P € K[z] and consider x < 2’ € AZ™. Suppose that deg,(P) = A
for ally €|z, 2'[. Then

dg(P(z), P(2")) = X - du(z,2").

The metric topology induced in Hyg by the hyperbolic distance is called strong
topology. Every open set X C Hp for the topology induced in Hyg by the weak
topology is an open set for the strong topology. Moreover, (Hg,dy) is a complete
metric space.

Our default topology will always be the weak topology on AR™ and Hy.

2.6 The Critical Set of P

Let P € K[z] be a polynomial of degree > 2. The structure of the critical set of P
depends strongly on the characteristic of the residual field of K, as we will see in the

following propositions. We will first assume that char(K) = 0.
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Proposition 2.5. Let P € K|[z] be a polynomial of degree > 2 and let B C K be a
ball. If the characteristic ofl? is zero, then

degp(P) =1+ degg(P)

Proof. After an affine change of coordinates we can suppose that B and P(B) contain
0. Since char(K) = 0 we have that |n| = 1 for all n € N. Therefore, the Newton
polygon of P’ is a translation of the Newton polygon of P— P(0). Hence, the number
of zeros of P’ in B is the number of zeros of P in B minus 1. O

Remark 2.6. Note that if char(K) = 0 and B C K is a ball, then the following holds

degp(P) = 1= (deg.(P) — 1)

z€B

= Z <degw(P) — 1).

weBNCrit! (P)

That is, the degree of P at the ball B is determined by the critical points of P

contained in B. We will refer to the identity above as the Riemann-Hurwitz formula.

From above, we have that in the case of char(K) = 0, the set Crit(P) coincides

with the set
U [w, 00).
weCrit! (P)
Therefore Crit(P) is a finite subtree of A};an. That is, Crit(P) has finitely many
vertices and finitely many edges. There is one distinguished edge of the form [z, oco].
The other edges are closed segments. In particular, we have that the local degree at
a singular element is always 1.

The situation in the case of char(K) = p > 0 is, in general, completely different.

Proposition 2.7. Let P € K|z] be a polynomial with degree > 2 and let B C K be
a ball such that m = degp(P). If the characteristic of K is p > 0 and (p,m) = 1
then

degp(P) = 1+ degp()

Proof. After an affine change of coordinates we can suppose that 0 belongs to B

and P(B). Since the local degree is m, we have that (m,log(|a.,|)) is a vertex of the

11



Newton polygon of P. Since (p, m) = 1 it follows that
(m —1,log(|mam|)) = (m — 1,1og(|am|))

is a vertex of the Newton polygon of P’. In the Newton polygon of P’ the slope
before m — 1 can only increase and the slope after m — 1 can only decrease with
respect to to the slopes before and after m in the Newton polygon of P. Hence, the

number of zeros of P’ in B is the number of zeros of P in B minus 1. OJ

Proposition 2.8. Let P € K|z] be a polynomial with degree > 2 and let B C K be
a closed or irrational ball such that m = degg(P). If the characteristic of[? 1sp >0
and m = p'n with (p,n) =1 and r > 1, then Crit(P) N Hg has nonempty interior
with respect to the strong topology. In particular, Crit(P) is not a finite tree.

Proof. Let xp the point associated to the ball B. Since deg, . (P) = p"m there exists
a type I point x5 < « such that deg, (P) is also p"n and degy(P) = p"n, where D is
the direction at z that contains xp. If we consider the action between T, and T'p(,),
we have that p'n = deg(T,P) = degp(T,P). After affine changes of coordinates
we can suppose that z and P(z) are the point associated to the ball By (0) and
0 € D= P(D). It follows that T, P, which is a polynomial of degree p"n, has a fixed

point with local degree p"n. Hence

T,P(¢) = ¢ = (.

By Lemma 10.1 in [20] we have that P coincides with 27" in a strong neighborhood
U of x. Since z is a inseparable fived point (Definition 5.4 in [20]) for 27", we can
use Proposition 10.2 in [20] to conclude the existence of a strong neighborhood V of
 such that deg,(2#"") > p for all y € V. Then

degy(P) = degy(zpr”) >p

for all y € UNV. Therefore Crit(P) has nonempty interior with respect to the strong
topology. In this case Crit(P) is not a finite tree. ]

Following we state the following definiton. The dynamics of simple polynomial,

as we will se in Subsection [2.7] is well understood.
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Definition 2.9. We say that a polynomial P € K|[z| of degree d > 2 is simple if
there exists a fixed point € Hy with deg,(P) = d.

The following definition is motivated by the previous propositions

Definition 2.10. We say that a nonsimple polynomial P € K]lz] is tame if the
critical set of P is a finite tree.

For instance, if char(K) = 0 then any polynomial is tame. If the residual char-
acteristic of K is p > 0, then any polynomial with degree d < p is tame.
If the residual characteristic of K is p > 0 we have, by Proposition 2.8} that P is

a tame polynomial if and only if P is a nonsimple polynomial and the set
{deg,(P) | = € A"}

does not contains multiples of p.

If P € K[z] is a tame polynomial we have that Crit(P) coincides with the set
U [w, 00).
weCrit! (P)

Moreover, the Riemann-Hurwitz formula (see Remark [2.6)) is valid. Our main results
will be on tame polynomials.
To decide if a polynomial, with coefficients in a field of residual characteristic

p > 0 is tame, we have the following result

Proposition 2.11. Let K be a field such that char(K) =p > 0. Let P € K|z] be a
nonsimple polynomial of degree > 2 and let E := {w; V wy | wy, wqy € Crit'(P)}. The
polynomial P is tame if and only if p does not divides deg,(P) for all x € E.

2.7 Julia and Fatou sets in the Berkovich line

In analogy to complex polynomial dynamics the filled Julia set of P is defined by
Kp:={z € A | (P"(x)) is precompact}.

The filled Julia set of P is always nonempty, since it contains the classical periodic

points of P.
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We define the Julia set of P, denoted by [Jp, as the boundary of the filled Julia
set of P, that is, Jp = OKp. An equivalent definition, which will be useful, is the
following: a point z € A belongs to Jp if for every open neighborhood V of z,

we have that

AU P,

n>0
has at most one element.

The Julia set is a compact, totally invariant (i.e. P(Jp) = Jp = P~Y(Jp)) and
nonempty set. Moreover, for all n € N we have Jp = Jpn. Furthermore, it can be
characterized as the smallest compact set totally invariant by the action of P.

The Fatou set of P, denoted by Fp, is defined as the complement of the Julia set
of P. This is a nonempty open set. We say that A}gan\lC p is the basin of attraction of
oo. Note that the basin of attraction of oo is a convex set, and therefore a connected
set. Moreover, it is a Fatou component.

The classical filled Julia set of P, denoted by KL, is defined as Kp N K. We
define the classical Julia set of P as \7}3 = JIpN K. The classical Fatou set ]:113 is the
intersection between Fp and K. These definitions, of classical Fatou and Julia sets,
agree with the ones given by Hsia [13] [14].

Consider z in A}™ a periodic element of period ¢. In the case that z belongs
to K, we say that x is attracting, neutral or repelling according |(P?)(x)| < 1,
|(P9)(x)| =1 or |(P9)(x)| > 1, respectively. If z belong to AR™ \ K we say that x
is neutral or repelling if deg,(P?) = 1 or deg,(P?) > 2.

A periodic point z € A of P belongs to the Julia set of P if and only if it is a
repelling periodic point.

We will use the following proposition which is proved in section 5 of [19].

Proposition 2.12. Let P € K|x] be a polynomial of degree > 2 and let x be in the

Julia set of P. If x is a periodic critical element then x is a type II point.

The simplest Julia set consists of a unique type II point in Hx which is fixed under
P. In fact, the polynomials with a unique type II point as Julia set are precisely the
simple polynomials.

From subsection [2.6] we have that the critical set of P always contains infinitely

many elements. Nevertheless, if P is a tame polynomial, there are only finitely many
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critical elements of P contained its Julia set, that is one of the important properties

of tame polynomials.

Proposition 2.13. Let P € K|z] be a tame polynomial of degree d > 2. Then Jp

contains at most d — 2 critical points of P.
In order to give the proof of the previous proposition we need the following lemma.

Lemma 2.14. Let P € K|[z] be a nonsimple polynomial of degree > 2 and consider
x € Jp. Then A(x) = {y € A |y <2} C FpNKp and |x,00[ is contained in the

basin of co.

Proof. 1f x is a classical or a singular point then @ = A(z) C Fp. Suppose that
r =xp € Jp NHg is a nonsingular point and consider y € A(z). Then, for an open
ball B such that y € B C B and given D a ball of the Berkovich line such that
Jp € D we have that

P"B) C P"(B)C D

for all n > 1. That is y belongs to Fp N Kp. Therefore A(x) C Fp.
If there exists y € Jp such that z < y, then x € A(y) C Fp, which is impossible.
It follows that |z, 00[ C Fp. O

Proof of Proposition[2.15 Recall that the critical points of P belong to

U [w, ool.

weCrit! (P)

For each critical element ¢ € Jp, we can choose w, € Crit!(P) such that ¢ belongs
to [we, 00. In view of Lemma we have that [w,, [ and ]c, o[ are contained in
the Fatou set of P. Then, the map ¢ — w, is injective. It follows that Jp contains
at most d — 1 critical elements, since Crit!'(P) contains at most d — 1 elements.
Seeking a contradiction suppose that Jp N Crit(P) contains d — 1 elements, it
follows that Crit!(P) is a subset of K. Following Corollary 2.11 in [15] we have that

P is a simple polynomial and the Proposition follows. O]

The following proposition shows that the existence of wandering Fatou compo-

nents is equivalent with the existence of nonpreperiodic points in Jp N Hg.
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Proposition 2.15. Let P € K|z] be a nonsimple polynomial of degree > 2. There
exists a wandering component of Fp which is not in the basin of a periodic orbit if

and only if there exists a nonpreperiodic point of type Il or III in Jp.

Proof. First note that the Fatou components different from the basin of oo are open
balls of the Berkovich affine line.

We proceed by contradiction. Let B be a wandering Fatou component which is
not in the basin of a periodic point and suppose that x = 9B is a preperiodic point.
It follows that B belongs to the basin of the orbit of z, which is a contradiction.

Conversely, if z € Jp N Hg is a nonsingular point which is nonpreperiodic, we
have that for each a € K with a < = the open ball B(a,diam(z)) C Fp N Kp is a

wandering Fatou component which is not in the basin of a periodic orbit. O

For more results about Julia and Fatou set for rational maps see [11}, [19].

2.8 Measure on the Berkovich affine line

Given a polynomial P € K]|z] of degree > 2, Favre and Rivera [11] construct an
ergodic probability measure, defined on the Borel sets of A}fn. See also [1I, &, 10].
This measure is denoted by pp and called the equilibrium measure of P. The measure

pp is characterized by the following property: if B is a ball of A};an then

or(B) = ‘f%gww».

The equilibrium measure of P is supported on the Julia set of P and is an atom
free measure for all P which are not simple. Moreover, for any open set V' such that
Jp NV # & we have that pp(V) > 0.
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3 Dynamical Points.

Consider a nonsimple polynomial P € K|z]| of degree > 2. To establish properties

about Jp we study the action of P in the convex hull of its Julia set, that is

conv(Jp) = U [z, y].

z,yeJp

For each € Jp we will construct a decreasing sequence (L, (x)) C conv(Jp) of
type II points having x as its limit. This sequence is dynamically defined, therefore
every dynamical property of x can be obtained from the properties of the sequence
(L, (z)). Compare with the lemniscates in [6] and the dynamical ends in [15].

At the end of the section we will introduce the concept of good starting level,

which will be useful to compare the distances between the points in (L, (z)) and

(Ln(P(2))).
From Proposition 6.7 in [I7] we know that
rp = max{ |20 — 21| ‘zo,zl € IC}}

belongs to the value group of K. Thus, the closed ball Dy = B/ (2) € K, where z
is any periodic point of P, is the smallest ball of K containing the classical filled in
Julia set KL, and therefore Dy is the smallest ball of AR™ containing the filled in

Julia set Cp. In particular we have that the Julia set of P is contained in D,.

Lemma 3.1. Let P € K[z] be a nonsimple polynomial of degree > 2. Then Dy is

the smallest ball of AZ™ containing Jp.

Proof. We proceed by contradiction. Suppose that there exists a ball B such that
Jp C B ; Dy. From Lemma we have the disjoint union

Kp = U{yEA?H\y<x}.

ze€Jp

Hence, KL = Kp N K C BN K, which contradicts that diam(KL) = diam(Dy). [

Definition 3.2. The level 0 dynamical point of P, denoted by Ly, is defined as the
point associated to the ball Dy, that is, Ly := zp, = dD,.
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Definition 3.3. For each n € N the level n dynamical set of P is defined as
‘Cn = Pin(Lo)
We say that a element L, of £,, is a level n dynamical point of P.

From the definition we have that Lg is a type II point and that x < L for all

x € Jp. Moreover, Ly is the smallest element in AR™ with this property.

Proposition 3.4. Let P € K|z] be a nonsimple polynomial of degree d > 2. Then
the following statements hold:

L {Lo} = P7(P(Ly))
2. Lo < P(Ly).
3. diam(P"(Lg)) — 400 as n — +00.

4. P7Y(Ly) has at least two elements. Moreover, the elements of P~1(Ly) are

pairwise incomparable with respect to <.

5. P7!(Lg) contains points in at least two directions in T, .

Proof. To prove the first statement, note that, the Julia set of P is forward invariant,

therefore

Jp = P(Jp) C P(Dy) = P(Dy).

By definition of Ly, we have Ly < P(Lg). Now seeking a contradiction, suppose that
there exists zp in P71(P(Lg)) different than Ly. Since Jp C P(D,) we have that
BN Jp # @. Hence, xp is comparable to Ly. If 5 < Ly it follows that

P(Ly) = P(zp) < P(Ly),

which is impossible. Analogously is we suppose that Ly < xp. Therefore xg = Ly,
which is a contradiction. Hence, we have proved that {Lo} = P~1(P(Ly)).

To prove note that Ly < P(Lg) and {Ly} = P~'(P(Ly)). Using Remark
we obtain that deg; (P) = d, because L is the unique preimage of P(Lg). Hence
Lo < P(Lyg), since P is not a simple polynomial.
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In order to show (iii) let 0 < a = du(Lo, P(Lo)). We proved that deg; (P) = d,
therefore degpn(r,)(P) = d for all n € N. Following Lemma , we obtain that
dy(P"1(Ly), P"(Ly)) = a - d"*. Hence, dy(Lo, P"(Lo)) > a-d"!, because all the
iterates of Ly belong to the segment [Lg, oo[. Using the definition of the hyperbolic

distance we obtain
diam(P"(Lg)) > diam(Lg) exp(a - d" ).

Then, diam(P™(Lg)) — +o0.

To prove the first statement in we proceed by contradiction. Suppose that
P~1(Ly) has exactly one element . It follows that the Julia set of P is contained
in B, since Jp is totally invariant. By the definition of L, we have that Ly < zp.
By monotonicity of P, we obtain that P(Lgy) < P(xp) = Lo, which is a contradiction
with (2). That is, P~!(Ly) contains at least two element.

Suppose now that there exist z1, 2o € P~1(Ly) with x1 < 5. It follows that

LO = P(Il) =< P(Ig) = Lo,

which is impossible. Therefore the elements in P~!(Lg) are pairwise incomparable.
To show (v) note that if P~!(Ly) = {y1,...,ym} we have that x < y; V- V yp,

for all x € Jp, since,

Jr= || {zedrlz=<y}

1<j<m

In particular, if P7'(Ly) is contained in a direction D € T}, we have that
Ve Viym < Lo,
which contradicts the definition of Ly. Now (v) follows. O

From , , of Proposition we have that each level n > 1 dynamical

point is strictly smaller than exactly one level n — 1 dynamical point.

Definition 3.5. A dynamical sequence is a decreasing sequence (L,,),>0 of dynamical

points such that L is the level 0 point and L,, € L, for all n > 1.
Proposition 3.6. Let P € K|[z]| be a nonsimple polynomial of degree d > 2. Then

Jp ={lim L,, | (L,) is a dynamical sequence of P}.
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Proof. Let (L) be a dynamical sequence of P and = lim L,,. For all n > 0 we have
that © < L, therefore P"(x) < Lo. Hence x belongs to Kp. The dynamical points
do not belong to Kp (see Proposition ), hence x € Jp = 0Kp.

Let z be in the Julia set of P and let n € N. From the definition of Ly and
Proposition we have that Ly belongs to |P™(x), P"(Lo)[. Hence, the intersec-
tion [z, Lo] N L,, contains exactly one element, denoted by L, (x).

Suppose that lim L,,(z) = y # x. It follows that z < y, because x < L, (z) for all
n > 0. From the above we conclude that y is a Julia point. Following Lemma
we have that © € A(y) C Fp, which is impossible. Hence we have lim L,,(z) = z. O

Definition 3.7. We will refer to the sequence (L, (z)),>o constructed in the proof

of Proposition as the dynamical sequence of x.

The dynamical sequences of x and P(x) are related according the following iden-

tity

for all n > 1.

As an immediate consequence of Proposition we have the following Corollary.

Corollary 3.8. Let P € K|z] be a polynomial of degree > 2. Denote by Z(P) the
set of dynamical sequences of P endowed with the topology induced by the following

distance .
AL, (1) =
where m = min{j > 0 | L; # L’} and d((Ly), (L)) = 0.
Let P: 9(P) — 2(P) be the map defined by P((L,)) = (P(Lni1)). Then the
action P: Jp — Jp is topologically conjugate to P:9 P(P) — 2(P). The topological
conjugacy is giwen by o: Jp — D(P) where o(x) = (L, (z)).

To distinguish whether a Julia point z is classical (i.e. =z € K) or not (i.e.
x € H) we consider the hyperbolic distance between the level 0 dynamical point

Ly and z. In view of Lemma we have that

du(L,(x), Ly) = log(diam(Lo)) — log(diam(L,(x)))

- ZdH Lyi(a)).
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Hence z is a classical point if and only if the sum of the right hand side of the
expression above is divergent. The convergence of the sum, does not allow us to
decide whether the point x is of type II, IIT or IV it only says that log(diam(z)) is
a positive rational or irrational number.

The following corollaries are applications of Proposition to dynamical se-

quences.

Corollary 3.9. Let P € K|[z] be a tame polynomial of degree > 2. Then there exists
M(P) € N, only depending on P, such that

1. if n > M(P) and L, is a level n point which is critical, then L, = L,(c) for
some ¢ € Crit(P) N Jp.

2. degy, (o (P) =degy,, . ((P) for alln = M(P) and all c € Crit(P) N Jp.

Proof. Note that w € Crit!(P) belongs to Kp if and only if [w, co[NL, # @ for all
n > 1. It follows that there exists a smallest integer M; such that if w € Crit!(P)
and [w,c0[NLys, # &, then w € Kp.

From the definition of the local degree, we have that for each ¢ € Crit(P) N Jp
there exist a smallest integer M. such that deg.(P) = degy,, ((F). Consider

My = max{M. | ¢ € Crit(P) N Jp},

we can consider max instead sup by Proposition m Then M(P) = max{M;, M}
only depends on P and is the smallest integer satisfying (i) and (ii). O

To state and prove the following corollary we need two definition.

Definition 3.10. Let P € KJ[z] be a nonsimple polynomial of degree > 2 and
consider x € Jp. The forward orbit of x is the set

OF(z) :={P’(z) | j € N}.

Definition 3.11. Let P € KJ[z] be a nonsimple polynomial of degree > 2 and

consider x € Jp. The w-limit of x is the set

w(r) = {y € AR™ | there exists (n;) € N,n; < nj4; and lim P"(z) = y}

j—too
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Corollary 3.12. Let P € K|[z| be a tame polynomial of degree > 2 and consider x
in the Julia set of P. Then there exists an integer N > M(P), depending on x, such
that

1. deg,(P) = degy, ) (P) for alln > N.

2.ifn > N,j>1 and L,(P’(x)) is critical, then L,(P(z)) = Ly(c) for some

c € OF(z) N Crit(P).

Proof. From the definition of local degree, there exists N; > M(P) such that

degw(P) = degLNl(a:) (P>

A critical element ¢ belongs to w(x)\ O (z) if and only if there exists a increasing
sequence (n;) of integers such that the dynamical sequence of P" () coincides with
the dynamical sequence of ¢ at least up to the level j. If ¢ € w(z)\ O (z) there exists
an integer N, such that Ly, (P?(z)) # Ly, (c) for all j > 1. By Proposition we
can consider

Ny = max{N, | c € (Crit(P) N Tp) \ w(z)}.
It follows that every N > max{N;, Ny} satisfies (i) and (ii). O

Definition 3.13. Given x € Jp we define the good starting level of x, denoted by
N (x), as the smallest integer N satisfying the two properties in Corollary

In general, for = € Jp we want to estimate the distance dy(z, Lo). But in practice
we estimate the distance dy(x, Ly (z)), where N is the good starting level of z, since

it is easier to control.

Proposition 3.14. Let P € K|z] be a tame polynomial of degree > 2 and consider
x in the Julia set of P. If x belongs to Hg, then the w-limit of x contains at least

one critical point of P

Proof. Consider x € Jp. Suppose that w(z) N Crit(P) is empty, it is enough to show
that x € K. Passing to an iterate if necessary we can suppose that x has no critical

iterates. Since w(x) N Crit(P) = @ and x has no critical iterates, we have that
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L, (P7(x)) is noncritical for all n > AN and all j > 1, where N' = N(z) is the good

starting level of z. Equivalently,
Ly—j(P'(x)) = P (Ly(x))

is noncritical provided that n — j > A (see Definition [3.13).

Since, the dynamical level sets L£,, are finite, for all n > 1, there exist finitely
many intervals of the form [Lary1(y), Lar(y)] with y € Jp. Hence, there exist a point
Yo in Jp and a strictly increasing sequence (n;) of dynamical levels larger than N
such that

PN (L a(2), L, (@) = L1 (50), Zv(0)]

The levels n; are larger than A, hence by Lemma [2.4 we have that
degy, (z)(P™ e degy, () (P) = deg,(P).

It follows that

di(z, Ly (z)) = Y _ du(Ljpa(x), Li(z))
N
> ZdH(Lnj+1(I)7 Ly, ()

= [deg, (P)]™" ) da(Ly+1(y0), Luv(y0))

J=0

= +00.

Thus, x belongs to K. O]
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4 The Geometric Sequence

Let P € K|z] be a tame polynomial of degree d > 2, consider x € Jp and let
L, = L,(z) for all n > 1.

In order to compute the hyperbolic distance between x and Lj, we want to es-
timate the distance between two consecutive levels of the dynamical sequence of
x. However, Lemma not always applies to relate dy(L,11,L,) to the distance
dy(P(Ln+1), P(Ly)) because the local degree of P is not necessarily constant in the
segment | L, 1, Ly][.

In view of this, to have a better control of the distance between consecutive
dynamical levels, we need a finer subdivision of the segment joining x to the level
0 dynamical point. This subdivision, which we call the geometric sequence of x, is
motivated by the following propositions about branch points of conv(Jp). First we

need a formal definition.

Definition 4.1. We say that a type II point € conv(Jp) is a branch point of

conv(Jp) if conv(Jp) intersects at least two directions in 7.

Proposition 4.2. Let P € K|z] be a tame polynomial of degree > 2. Then Lg is a
branch point of conv(Jp).

Proof. From Proposition it follows that the elements of P7'(Ly) are strictly
smaller than L. Following Proposition there exist xy, 75 € P~(Lg) such that
x1, 22 belong to different directions in 77,. Hence, Ly = z1 V x5 is a branch point of
conv(Jp). O

Proposition 4.3. Let P € K|z] be a tame polynomial of degree > 2 and consider xp
a branch point of conv(Jp). Then there exists a direction D € T, with DNJp = &
and a critical point w € K% such that P"(w) € D for some n > 0.

Proof. In view of Proposition there exists n such that L, < g < L,_; for
some dynamical points L,, and L,,_;. It follows that P"(xg) belongs to the segment
JLo, P(Lo)].

Since the dynamical points of a given dynamical level are finitely many, there
exist only finitely many directions in 7}, having nonempty intersection with Jp. Let
D,...,D,, be all these directions.
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We have P”(Dj) = Dy for all 1 < 7 < m, where Dy is the direction at y containing
L. From the Riemann-Hurwitz formula (see Remark [2.6]), we obtain

deg,,(P") =1+ ) (deg,(P") - 1)

z€BNCrit! (P™)
= deg(T,,P")
= degp, (P") + -+ - + degp, (P")
=m+ Z (deg, (P") —1).

2€(D1U---UDyy, )NCrit! (P7)

Since 2 < m, it follows that

> (deg.(P) =1)< Y (deg,(P") —1).

2€(D1 U+ UDyy, )NCrit! (P7) 2€BNCrit! (P)

That is, there exists a critical point of P" in a direction D € T, \ (D1 U --- U Dy,).

Hence, the proposition follows. O

Let {wy, ..., wy,} be the set of classical critical points of P which are not contained
in L. Note that 1 < ¢ <d—1. For each 1 < j < ¢/, let Ty, be defined by

(conv(Jp) U [Lo, 0o]) N [wy, 0o[ = [xy,, 00].

By Proposition all the branch points of conv(7p) are contained in the grand
orbit of the set {2y, ..., Ty, }. That is, if y is a branch point of conv(Jp) then there
exist n,m € N and 1 < i < ¢ such that

Pn(Q) = Pm(mwz)

Definition 4.4. The geometric sequence of x, denoted by (G, (x))n>0, is the decreas-

ing sequence enumerating the elements in
[z, Lol N GO({Zwys - - s Ty }),
where GO denotes the grand orbit.
Remark 4.5. Consider v,_1,...,v9 €|Lg, P(Ly)| satisfying
GO({zw,, - -- ,qu,}) N]Lo, P(Lo)] = {vg—1, Vg2, -, V0},
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and v,_1 < Vg2 < -+ < vy = P(Lp). Note that 1 < ¢ < d and that every element of
GO({w,, - -+ Tw, }) Nconv(Jp)

is eventually mapped to v;, for some j.
Consider n > 0 and put n=¢- |n/q| +j for some 0 < 7 < ¢ — 1, where |[-]
denotes the floor function, that is |-| : R — Z is defined by

la] :=sup{n €Z|n < a}.

It follows that
PN (@G, () = v;.

Moreover

PIAFY([Gpa(2), Gu(@)]) = 1,
where I; = [vj41,v;] for 0 < j < ¢—2and I,_1 = [Lo, v4-1].

Definition 4.6. We say that v,_i,..., vy are the generators of the geometric se-

quences of P.

The next lemma states the basic properties of the geometric sequence. The proof

is straightforward and we omit it.

Proposition 4.7. Let P € K|[z] be a tame polynomial of degree > 2 with q generators

for its geometric sequences and consider x € Jp. Then, the following statements hold.
1. Ly(z) = Gpg(x) for alln > 0.
2. lim G,(z)=ux.
n—+o0o

3. The geometric sequences of x and P(x) are related according

for alln > q.
Note that
P(1Gni1(7), Go(z)]) :]Gn—q+1(P(17>>»Gn—q(P(l’))[
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for all n > g + 1. Moreover, for all n > 0 it follows that
PGy (), Gu(2)]) = U |Grtg+1(¥); Gniq ()]
yeP~1(z)
The main result in this section is the following proposition. It will allow us to
use Lemma to relate dy(Gpi1, Gn) to du(P(Gry1), P(G)).

Proposition 4.8. Let P € K|[z| be a tame polynomial of degree > 2 and consider
x € Jp. Let (G,,) be the geometric sequence of x. Then for all n > 0 the local degree
of P is constant in the segment |G, 11, Gy|. In fact

deg, (P) = degg, _,(P)
for ally € [Gi1, Gyl
Proof. Let n > 0 and define

I, = {y €]Gn11,Gy] | deg, (P) = degg, ., (P) for all w € [Gpy1,yl}-

To show that Z,, # @, consider a € K and r > 0 such that B} (a) is the ball

associated to G, 1. Consider
R =min{|a—w||w € Crit'(P)\ B (a)}.

In view of the Riemann-Hurwitz formula, see Remark [2.6] the local degree of P at
the point associated to the ball B/, .(a) coincides with degg, ., (P) forall 0 < e < R.
In particular, we obtain that Z,, # &. Moreover, the previous argument shows that
largest element contained in Z, is a type II point.

Denote by yp = max Z,,. We will show that yg = G,,.

We proceed by contradiction. Suppose that yg < G,,. It follows that the degree
of the map P in B is larger than the degree of P in the direction D at yp that
contains G,,41. In particular, there exists a critical point w in B\ D.

We have two cases:

If w ¢ Kp, then yp belongs to {wy,, ..., 2y, } (see Definition . In particular,
G, and G, are not consecutive elements of the sequence (G,,).

If w € KL we have that yp is a branch point of Jp, which is a contradiction
because |G,,41, G| is branch point free, see Proposition [4.3]

It follows that maxZ, = G,. Therefore deg, (P) = degg, ,(P) for all y in
(Grat, Gl m
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5 Algebraic Degree on the Affine Line

From now, we consider that K is an algebraically closed field which is complete with
respect to a non-Archimedean absolute value. We will assume that there exists a
complete field &k C K so that |-| restricted to k is a discrete absolute value and such

that the elements of K which are algebraic over k are dense in K, that is
{z€ K| [k(z): k] <400}

is a dense subset of K. Moreover, changing |-| for |-|* for some A > 1 we can always
suppose that
log(|k*|) =7 and log(|K*|) =Q.

Since K is algebraically closed an complete, it is not difficult to see that K coincides
with the completion of an algebraic closure of k.

The algebraic degree of an element z € K over k is the number [k(z) : k], that
is, the degree of the smallest extension of k containing z. To extend this notion to
the Berkovich line, note that every nonsingular element in Hy belongs to the convex
hull of £* N K, where k* is an algebraic closure of k. It follows that, if z is a type II
or III point in Hg, then

{[F: k] | x € conv(F), F is a finite extension of k} # o,

where conv(F') denotes the convex hull of F, see subsection [2.3]

Definition 5.1. For z € K we define §(2) := [k(z) : k]. For # € AZ™ nonsingular,

we define the algebraic degree of x over k as
d(z) = min{[F : k] | x € conv(F), F is a finite extension of k}.

If 2 € A™ singular, we define the algebraic degree of z as +oo.

Definition 5.2. We say that a nonempty subset X of A};an is an algebraic set over

kif §(x) < 400 for all x € X.

Note that for xp € Hg nonsingular and F' a finite extension of k, we have that

xp belongs to conv(F) if and only if BN F # @. In fact, if x5 belongs to conv(F),
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by definition there exist two points zg, z; € F' such that xg belongs to the segment
|20, z1[. In particular, zy < xp or z; < zpg, that is zp € BN F or z; € BN F.
Conversely, if B = B (z) with zy € F then 2y < zp. It follows that xp belongs to

conv(F'). Hence, the algebraic degree of a nonsingular element xp € Hy is
d(xp) = 6(B) :=min{[k(a) : k] | a € B}.

The next lemma states the basic properties of the algebraic degree. The proof is

straightforward and we omit it.

Lemma 5.3. Let P be a polynomial with coefficients in k of degree > 2. Then the

following statements hold:
1. 0(P(z)) < 6(x) for all € AR™.
2. If v Xy, then d(y) < d(x).

3. 0(x) = lirf d(xy,) for each decreasing sequence (x,,) contained in Hy such that

T, — T.

In the case of the Julia set, the fact of being an algebraic set over £ is a local

property:

Proposition 5.4. Let P € k[z]| be a nonsimple polynomial of degree > 2. The Julia
set of P is algebraic over k if and only there exists a point x € Jp and a neighborhood

V' of x such that Jp NV is an algebraic set over k.

Proof. 1f Jp is algebraic over k, then taking V' as an open ball of the Berkovich line
which contains [Jp, we have that V' is a neighborhood of all x € Jp and Jp = VN Jp
is an algebraic set over k.

Conversely, if there exists a element x € Jp and a neighborhood V' containing z

we have that

Jr=J P (genVv)c | P(V)

n>0 n>0
From Lemma it follows that 6(P""!(z)) < §(P"(x)) for all x € Jp NV and
all n > 0. That is, the Julia set of P is an algebraic set over k. O
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5.1 Equilibrium measure and algebraic degree

Let p € k[z] be a nonsimple polynomial of degree > 2. In this subsection, we will
show that if there exists a element y € Jp with 0(y) = 400, then §(z) = +oo for
pp-almost all x € Jp.

Lemma 5.5. Let P € k[z]| be a nonsimple polynomial of degree > 2 with Jp algebraic
over k. Let A, = {x € Jp | 6(x) > n}. If A, # &, then pp(A,) =1 where pp is the

equiltbrium measure of P.

Proof. If there exists © € Jp with 6(z) > n then there exists m, € N such that
6(Ly, (z)) > n, see Lemma5.3] (3). Let B, be the closed ball associated to L,,,. We
have that pp(B,) > 0, since B, contains an open set that contains a Julia point,
then by the ergodicity of pp it follows that pp-almost all = € A};an have infinitely
many iterates in B,. From Lemma 5.3 (1) and (2) we conclude that pp(A4,) =1. O

Proposition 5.6. Let P € k[z]| be a nonsimple polynomial of degree > 2 with Jp
algebraic over k. Then the set {d(x) | x € Jp} is bounded. Moreover,

pp(z € Jp | 0(z) =A) =1
where A = max{d(x) | x € Jp} and pp is the equilibrium measure of P.

Proof. For each n € N let A, as in Lemma [5.5]

Suppose that {§(x) | z € Jp} is an unbounded set. Then there exists a sequence
(z,) of Julia points such that d(z,) > n and therefore, using Lemma [5.5] it follows
that pp(A,) = 1 for all n € N. Since A,,,; C A,, and

pp(NA,) = lim pp(A,) =1,

n—-+00

we have that the intersection N.A,, is nonempty. It follows that there exists y € Jp
with d(y) = 400, which is a contradicts our assumption that Jp is an algebraic set
over k. Hence, the set {d(x) | x € Jp} is bounded.

Consider A = max{d(z) | z € Jp}. By Lemma [5.5| we have that

{r e Jp|d(x) =A} = Ap a.e.
Then pp({z € Jp | 0(z) = A}) = 1. O
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The following corollary will be useful in the proofs of Theorem [C] and of Theo-
rem [Dl

Corollary 5.7. Let P € k[z] be a polynomial of degree > 2 and denote by pp the

equilibrium measure of P. Then the following statements are equivalent:
1. There exists y € Jp with 0(y) = +o0.
2. For each n > 1 there ezists y, € Jp such that §(y,) > n.

3. pp(x € Jp | d(x) = +o0) = 1.
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6 Polynomial with Algebraic Coefficients

In this section we will fix a polynomial P with algebraic coefficients over k and we
will study how the algebraic degree behaves along the geometric sequence of x in
Jp. To do this, we need the following dynamical version of the well known Krasner’s
Lemma which is adapted for our applications. See Corollary 3 in chapter seven of [7]

for the standard version of the lemma.

Lemma 6.1 (Krasner’s Lemma). Let k be a field of characteristic 0 and complete
with respect to a mon-Archimedean absolute value. Let k* be an algebraic closure of
the field k. Consider P € k[z] and let o € k* such that P(a) = 0. If B C k* is a ball
containing o such that degg(P) = 1, then k(«) C k(5), for all § € B.

Proof. P(a) = 0 then irr(a; k) divides P, where irr(a; k) is the irreducible polynomial
of a over k. Since degg(P) = 1 for any o € Gal(k(a)/k),o # id, it follows that
o(a) € B. Now the result follows. O

6.1 Algebraic degree along a geometric sequence

The first statement of Lemma shows that the algebraic degree behaves nicely
under the action of polynomials with algebraic coefficients.

Through at this subsection, let P be a tame polynomial with algebraic coefficients
over k. Passing to a finite extension if necessary, we can suppose that the coefficients

and the critical points belongs to k.

To state a proposition that allows us to estimate the algebraic degree along a

geometric sequence we need two definitions.

Definition 6.2. Consider = in the Julia set of P, and let (G,) be its geometric
sequence. For each n > 0 the injectivity time of G,, is the largest integer 0 < ¢,
such that degg (P') = 1. The critical pullbacks of P around G, are the elements in
D, N P~ (Crit!(P)), where xp, = G,.

Definition 6.3. Let P € k[z]| be a nonsimple polynomial of degree > 2 and consider
r € Jp. Lett_; = —1 and s_; = 1. For each n > 0 define s, (z) as the index of |k*|
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in the group generated by |k*| and diam(G,(z)), that is
5o(7) 1= [|kX| (diam(G,,(z))) : \m]

Proposition 6.4. Let P € k[z] be a tame polynomial of degree > 2. Consider x in
the Julia set of P and denote by (G,) the geometric sequence of x. For each n > —1
let s, = sp(x). Then

max{s; | 1 # t41,—1 < j < n} < 6(Guy). (1)

The reader may find the proof of this proposition at the end of this subsection.

Note that if P has g generators for its geometric sequences then ¢, < |n/q| + 1,
where | -] denotes the floor function. If G,, is a critical element then t,, = 0 and the
critical pullbacks around G,, are the critical points of P contained in D,,.

If ¢, > 0 then the injectivity time of GG, is the smallest integer such that
P'"(G,) € Crit(P) and P" YG,) & Crit(P).

Lemma 6.5. Let P € k[z] be a tame polynomial of degree > 2. Consider x € Jp and
denote by (G,) its geometric sequence. Consider critical pullbacks wy,u,+1 around

G, and G, respectively. Then, for all n > 0 the followings statements hold:
1. 0(Gy) = 6(uy,) = d(ul,) for all critical pullbacks u,, around G,.
2. k(uy) is contained in k(u,iq).

3. up, € D, and §(Gni1) = (D, N K), where D,, is the direction at G, that

contains Gp1.

Proof. Note that if G,, is a critical element, then u,, is a critical point of P. Therefore
and follow directly, in this case.
If G,, is noncritical, then ¢, > 1 and

degp, [P™(z) — P™(u,)] = 1.

By Krasner’s lemma (see Lemmal6.1)), it follows that k(u,) C k(v) for all v in D, Nk™.
Taking v € D,, such that §(v) = 6(G,,), we have that 6(v) < §(u,) < §(v), that
is d(up,) = 0(Gy). If u), is another critical pullback around G,, then interchanging w,,

with u/, we obtain the second equality in ({1f).
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Taking v = u,, 11 we obtain (2).
In order to prove , recall that according to Proposition we have that

degg,,, (P7) = deg, (P)

for all y € [G11, G| and all j > 1. In particular ¢,,; is the smallest integer such
that P+ (D,)NCrit(P) # @ and P'»+171(D,,) N Crit(P) = &. Then, as in the proof
of the first part of the lemma, we have that

degp, i [Pt"“(Z) - Ptn+1(un+1)] =L
Therefore §(Gt1) = 6(D, N K). O

Corollary 6.6. Let P € k[z] be a tame polynomial of degree > 2. Let x be a non-

critical Julia point and denote by (G,,) its geometric sequence.
1. Ift, = tpy1 then 6(Gp) = 0(Gry)-
2. If 5(Gn) < 6(Gn+1) then tn < tn+1.

Now we can give the proof of Proposition[6.4] This proposition is a key ingredient

to our main results.

Proof of Proposition[6.4 We proceed by induction on n. For n = —1, we have that
—1=1t_y #ty=0, since deg; (P) = deg(P), therefore

max{sj | tj 7é tj+1, —1 S j S —].} = maX{s_l} =1 S (5(G0) =1.

That is, the first step of the induction is valid.

Suppose that is valid for n — 1. If n is such that ¢, = t,.1 we have that,
{sj | t; #tjz1,—1 < j<n—1} ={s; | t; # tjy1,—1 < j < n}. It follows that
max{s; | t; # tj+1,—1 < j < n} < 6(Gn) < 0(Gpar).

Suppose that n is such that ¢, < t,.1. In this case, the corresponding critical
pullbacks u,, and u,,; are necessarily different. By Lemma , we have that

k(un41) is a finite extension of k(u,), and therefore 6(u,,) divides d(uy41).
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Following Lemma we have that the distance between u,, and u,,,, coincides
with the diameter of G,,. Therefore
Sp = [}kx| (diam(G,,)) : ‘kxu
- [}kx| (Jtn, — Ung1]) - |kX’]
< [k(up — Upyr) @ K]
< max{0(un),d(tns1)}-
Hence, we obtain that
max{ sy, 0(un)} < 0(tpgq).

Applying the inductive hypothesis it follows that

O(Uny1) > max{s,,o(u,)}
> max{s,, max{s; | t; # tj41,—1 <j<n-—1}}

= max{s; | t; # tj41, =1 < j <nj.

Thus, we have proven Proposition O

6.2 No wandering components for polynomials with alge-

braic coefficients

The following proposition is the key to prove Corollary Bl In fact, combining the
proposition below with Proposition we obtain Corollary [B|in the case of poly-

nomials with algebraic coefficients over k.

Proposition 6.7. Let P € k[z| be a tame polynomial of degree > 2. If x is a

nonpreperiodic algebraic element in Jp, then x € K.

Proof. Let x be a noncritical and nonpreperiodic algebraic element of the Julia set
of P. Since z € Jp if and only if P/(z) € Jp for all 7 > 1 and there are only finitely
many critical elements in Jp, we may assume that the forward orbit of = is free of
critical elements. Denote by (G,,) the geometric sequence of x.

Since x is not the preimage of a critical element it follows that

{ne N[ty #tn}
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contains infinitely many elements. For each n > 1 let m,, be the n-th nonnegative
integer such that ¢, # t,,, 41

In view of Proposition [6.4} the set {s,, () | j € N} is bounded by d(x). Hence,
the denominators of log(diam(G,,,)) are bounded.

Let D € N be the maximum of the denominators of log(diam(G,,, )) and log(diam(Ly)).
It follows that

du (G, Gm,_,) = log(diam(Gy,,_,)) — log(diam(G,y;)) > Di

for all 7 > 1. Hence

n

dH(Gmna LO) = dH<Gm0> LO) + ZdH(Gmg’ ijq) > dH<Gm0> LU) + ﬁ

j=1

Thus,

d(ilf,L(]) = lim dH(Gn, Lo)

n—-+00

n——4oo

_ nl—i>1—|I—loo (dH(GmO, Lo) + %)

= +o0.

Therefore, x belongs to Jp. ]

6.3 Algebraic Julia sets and recurrent critical elements

Through this subsection let P € k[z] be a tame polynomial of degree > 2 and ¢
generators for its geometric sequences. Recall that we are assuming that £ contains
the critical points of P.

Consider = € Jp and let G,, = G, (x) for all n > 1. From Proposition it
follows that there exists a relation between diam(G,,) and 6(G,,). Moreover. note
that we can obtain diam(G,,) from dg(G,, Lo).

From Lemma [2.4] it follows that for each n > 0 the lengths of the segments
[Gri1, Gp) and PVaA+Y([G, 0, G]) = I; (see Remark are related by

di(Gri1, Gn) = [dean+1(an/qJ+1)]—1 |11 (2)
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where |/;| denotes the length of the segment /; for all 0 < j < ¢ — 1. Therefore

+00 +oo
Z d]HI(Gn+17 Gn) = Z[deanH(an/QJJrl)]fl . |Ijn| ,
n=0 n=0

where, 0 < j, < ¢ — 1 is such that PI4+([G,41,G]) =

In order to write the previous sum in a more convenient manner we need to

Jn

introduce the following notation.

Definition 6.8. Consider x € Jp. For all n > 0 we define, the dynamical degree of

level n around x as
dn(‘r) = dean+1(z)(PLn/qJ+l)'

Definition 6.9. The range of dynamical degrees of x is defined by
D(z) :=={d,(x) | n > 0}.
Rephrasing equation in this notation gives the following lemma.

Lemma 6.10. Let P € K|z] be a tame polynomial of degree > 2 with q generators
for its geometric sequences. Consider x € Jp and denote by (G,) the geometric

sequence of x. Then

n q—1
(Gt Lo) = D d(Geen, Go) = Y (151 D2 14,1))
/=0 7=0 /=7 mod q

0<t<n

for all n > 0, where |1;| is the length of the interval I;, 0 < j < g — 1. The intervals
I are the defined inthe discussion before Definition[{.0

The above sum gives us a relation between the sum of the length of the intervals
defined by the generators of the geometric sequences of P and the range of dynamical

degrees around x.

6.4 Proof of Theorem

In order to prove Theorem [C] and Theorem [D] we need to establish some relations

between the range of dynamical degrees and the existence of recurrent critical points.
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First we need to recall some notation. Let P € K[x] be a tame polynomial, see
Definition and consider = in the Julia set of P. We denote by w(z) and O (x)
the w-limit and the forward orbit of x respectively. We denote by G, = G,(x)
the geometric sequence of x, see Definition 1.4, The fundamental property of the

geometric sequence is the fact that
deg,(P) = degg, (P)

for all y € [G,, Gp_1].
For z € Jp we denote by N(x) the good starting level of z, see Definition [3.13]
Recall that, for a € N and X a subset of N, the set a - X is defined by

a-X:={a-b|be X}.

Lemma 6.11. Let P € K|[z| be a tame polynomial of degree d > 2 and let x € Jp.
Then the following statements hold:

1. If w(x) N Crit(P) = @, then D(x) is finite.

2. If w(z) N Crit(P) # @, then the range of dynamical degrees D(x) is contained
in

{1,2,...,aV@+ y (degm(P) : U D(c)),

ceC(x)

where C(x) = Crit(P) N O+ (z).

Proof. Suppose that P has g generators for its geometric sequences and let N' = N (z)
be the good starting level of x (see Definition [3.13)).
Note that if 0 < n < ¢\, then

d, = deanH(an/qu) < deanH(quN/qu) < AV

In order to prove the first statement observe that if w(z) N Crit(P) = @ then x
has at most d — 2 critical images. Consider n > g\ and let £ > 1 be the smallest
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integer such that (n+ 1) — g < gN. Tt follows that,

d, = degG (Ptn/QJJrl)

= degg +1(Pe) degpe(c +1)(PLn/qJ+1—é)

= deggnﬂ(PZ) degg, .1 (Pt ))(PLR/qJ—&-l—Z)
— deanH(P ) - deaniqM(Pe(z))(pL(n—qe)/qJH)
< g4t N+

< dd-‘r./\/"

Therefore, the range of dynamical degrees of x is contained in the finite set
{1,2,...,d"NY}.

To prove (2)), consider n > g. Then there exists a minimal 1 < j, < [n/q| +1
such that P/n(G,,,1) is critical element.
We have two cases:

If n — qj, < gN we have that

dn = dean+l (PL”/‘IJJrl)
- dean+l (PJ") * degpm (Gn+l)(P\.n/QJ+1_jn)
- degx(P) ) deanqun+l (Pt(n_an)/qJ_Fl)

< deg,(P) - dN*!
< d./\/’+2‘

Therefore, d,, belongs to {1,2,...,dV*?}.
Suppose that n — ¢j, > gN. We have that Pj”(GnH) = Gpn_gj,+1(c) for some
critical element ¢ € Crit(P) N OF(z) (see Corollary [3.12)). Tt follows that

dy, = degg, ., (pl/al+1y
= degg, , (P™) - degpin(q, ) (P A7)
= deg,(P) - deanimﬂ(c)(pL(n—an)/qJH)
= deg,(P) - dean_anH(c)(pL(n—an)/qu)
= deg,(P) - dn;. (),
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that is, d,, belongs to
deg,(P) - D(c) C deg,(P)- | D(e).
ceC(x)
Now follows. []

Lemma 6.12. Let P € K|z] be a tame polynomial of degree d > 2 and x € Jp. The
range of dynamical degrees D(x) is unbounded if and only if there exists a recurrent

critical element ¢ contained in the w-limit of x.
To prove the previous lemma we need the following definition.

Definition 6.13. For x1 # x5 € Jp the largest common geometric level between xq

and x5 is defined by
leg(z1, z2) :=max{j > 0| Gj(x1) = G;(z2)}.
If x1 = x5 we define leg(xq, z2) as +oo.

Proof of Lemma[6.13 Suppose that D(z) unbounded. By Lemma it follows
that there exists a critical element ¢, in O+ (P(z)) such that D(c;) is also unbounded.
Hence, we can find a critical element ¢y € m with D(cy) also unbounded.
Recursively we obtain a sequence (c,) € O+(P(z)) of critical elements with D(c,)
unbounded and ¢,4; € OF(P(cy,)), that is OF(P(cny1)) € O+(P(c,)). By Proposi-
tion there are at most d — 2 critical elements of P contained in Jp. It follows
that there exists N € N such that O+(P(cy)) coincides with O+(P(cy41)). That
is, cyy1 € m This means that cyy; is a recurrent critical element in
OF(P(z)). Hence, cy1 belongs to w(z).

Conversely. Suppose that there exists a recurrent critical element ¢ in the w-limit

of x.

We split the proof in two parts. First we show that D(c) is unbounded and then
we prove that the range of dynamical degrees D(x) is unbounded.

Suppose that P has ¢ generators for its geometric sequences and denote by (G,,)
the geometric sequence of c¢. The element ¢ is recurrent, thus we can choose n; such
that the largest common geometric level between P™ (c) and ¢ is larger than 1, that
is, leg(P™(c),¢) > 1 (see Definition [6.13). Hence, we have

deg01+qn1 (pL(1+qm)/qJ+1) - degGanl (P™) - degGl(pL(lﬂm)/qJJrl—m) > 92
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Now we can pick ny > ny such that leg(P"*(c),c) > 1 + gn;. Therefore

d1+qn1+qn2 <C) - degG1+qn1+qn2 (PL(1+qn1+qn2)/QJ+1)

= de8g,, 0, gn, (P2) - degg, ,, (PLOTamam)/altimne)
= degg,, 0 o, (P?) - degg,, (PUUFE/AH

2 22 ' degGl+qn1+qn2 (Pn2>

> 23,

Recursively, we can find a increasing sequence (n;) of natural numbers such that,

foroj =1+qni +---+qn;
degg, (P'ith) > 271,
J

It follows that D(c) is an unbounded set.
For each n > 0 there exists at least one m,, € N such that G,,, (z) is mapped on
G, by some iterate P/» of P. Then

Ay, (1) = degGmn men/qJﬂ)

= degg,, (o) (P7") - degg, (o (P 0H )
= degg,, (o) (P") - degg, (o (PI4H)
> deg,(P) .dean(z)(an/qJH)

Hence, the range of dynamical degrees D(x) is unbounded. O]

Lemma 6.14. Let P € k[z] be a nonsimple polynomial of degree > 2. Suppose that
there ezists x € Jp such that {s,(x) | t, # tni1} is unbounded. Then the range of

dynamical degrees around x is unbounded.

Proof. If {s,(z) | t, # t,4+1} is unbounded we have that
log(diam(G;)) = log(diam(Lo)) — d(G, Lo)
belongs to k:j_lN for (k;) an unbounded sequence, then, in view of Lemma m,
hgiogf[dn(:c)]*l =0.

Hence, the range of dynamical degrees D(x) is unbounded. O]
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Lemma 6.15. Let P € k[z] be a tame polynomial of degree > 2. Suppose that there
exists a recurrent critical element ¢ € Jp. Then, there exists a sequence (y,) C Jp

such that lim y, = c and lirf d(yn) = +o0.

n—-+o0o

To prove the previous lemma it is convenient to use p-adic absolute value notation.

Recall that we are supposing that
log(|k*]) =Z and log(|K*|) = Q.

Given a prime number p, the absolute value || is defined as follows. For a € Z we

a
put |al , =P ", where, a = p"m and p does not divides m. For a rational number 7

a
= %. Recall that || ,isa non-Archimedean absolute value.
p p

For convenience we record the following general fact about non-Archimedean

t]“
we pu —
PUt Iy

absolute values.

Remark 6.16. Let ri, 79 € Q such that [ri[, <|[raf,, then |ry +raf, = [raf, .

Proof of Lemma[6.15. In view of Lemma [6.12] we have that the range of dynamical
degrees D(c) is an unbounded set. For each n > 0 the dynamical degree d,, = d,(c)
around c is a product of |n/q| + 1 numbers smaller than d. Hence, there exists a
prime number p < d such that arbitrarily large powers of p divide elements in the

range of dynamical degrees around ¢, that is, (|d,"|,) is an unbounded sequence.
If I;, denotes the segment such that PI"4+1(]G,, G, ,[) = I;, and

Qp = ’dgl ’ ’[jn||p>

it follows that the sequence («,) is also unbounded.

Let m; > 1 be the smallest integer such that max{1, [log(diam(Lo))[,} < [cm,], -
Let 1 < e; such that |ay, |, = p®.

Recursively, we define m,, as the smallest integer larger than m,,_; such that
Pt < lam, |, . We define ¢, as the integer satisfying |y, |, = p°. Note that both
(m,) and (e,) are increasing sequences of integers.

To construct the sequence (y,,) we need to prove first that {s,,, (¢) | n € N} is an
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unbounded set. We have that

— log(diam(G,p,)) = —log(diam(Lo)) + Y _d; ' - |1;,]
=1

= —log(diam(Lg)) + Z Q.
=1

Using Remark and the choice of m,, we have that

|log(diam(Gy,,,))|,, = | — log(diam(Lo)) Zae
p

€n

= |amn|p = p

Hence, the largest power of p dividing the denominator, say b,,, of log(diam(G,,,,))

is p®». Then
lem(m, b)) S lem(m, p)

S = m - m ’

by definition of s, (see Definition[6.3). In particular, lim s,,, = +oo0, since (e,) is an
increasing sequence of integers.

For all n > gN(c) + ¢ there exists a noncritical element y, € Jp such that
G, (Yn) = G, and Gy, 11(yn) # G, +1, see Note that, leg(y,, c) = m, — +oo as
n — +o00. Then the sequence (y,,) converges to c. In view of this, we only need prove
that lim d(y,,) = 400

The injectivity time of G,,, +1(y,) is larger than the injectivity time of G,,, (yy),
since G, () is a critical element and Gy, +1 is not. Hence, applying Proposition|[6.4]
and Lemma we obtain a lower bound, for the algebraic degree of y,. More

precisely,
5(n) = 8(Cimy1 (9)) = max{L, 5,0, ()} = i,

That is, lim §(y,,) = +oc. O
Now we can give the proof of Theorem [C]

Proof of the Theorem[(]. We prove that in the presence of a recurrent critical ele-
ment, Jp is not an algebraic set over k. Suppose that there exists a recurrent critical

element ¢ contained in Jp. Following Lemma there exists a sequence (y,) € Jp
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such that lim 6(y,) = +o00. Applying Corollary we obtain x in the Julia set of P
with d(z) = +o0.

In particular, if Jp is algebraic over k, then there are no critical periodic ele-
ments in Jp. Following Proposition we obtain that Jp is contained in K. In
Proposition [5.6| we showed the existence of (the smallest) A € N with d(z) < A for
all x € Jp. O

6.5 The completion of the field of formal Puiseux series

Let F' be an algebraically closed field of characteristic 0. We denote by F'(7)) the
field of formal Laurent series with coefficients in F. For a nonzero element
z = Z a;77 € F((1))
J=jo

we define ord(z) = min{j | a; # 0} and |z| = e~ "), Observe that || is a non-
Archimedean absolute value and that F'((7)) is complete with respect to |-| but not
algebraically closed. An algebraic closure of F'((7)) is the field of formal Puiseuz
series F'((1)) with coefficients in F' (e.g. chapter IV, Theorem 3.1 in [23]). More
precisely, F/({7)) is the direct limit of the fields F(7))(7'/™) = F((*/™)) for m € N,
with the obvious inclusions, that is, F(7'/™)) C F((7'/™2)) if and only if m; divides
to ms.

Therefore an element in F'((7)) has the form

for some m € N. The unique extension of || to F'{(7)) (also denoted by |-|) is com-

pletely determined by |7'1/m| = e l/m,
Note that the degree of the field F((7'/™)) over F((7)) is precisely m. Moreover,
F((7'/™)) is the unique field extension of F((7)) of degree m.

We denote by L the completion of F{(7)) with respect to |-|. Every z € Lg can

A,
E a;T 7,

320

be represented as

where ()\;) is an increasing sequence of rational numbers tending to +oo. In this case
|z| = e~ ") where ord(z) = min{); | a; # 0}. The field L is also algebraically
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closed since it is the completion of an algebraically closed non-Archimedean field.
See [23] for the proofs of these facts.
The following Proposition is a complement of Proposition[6.4] The result depends

on the structure of the finite extensions of F'((1)).

Proposition 6.17. Let P € F({(1))[z] be a nonsimple polynomial of degree > 2.
Consider x in the Julia set of P and denote by (G,) the geometric sequence of x.
For each n > —1 let s, = s,(x). Then

0(Gns1) <lem{s; [ 15 # i1, —1 < j <n}, (3)
where lem denotes the least common multiple.
Proof. We proceed by induction. If n = —1 we have that
(S(G()) =1 S lcm{sj | tj 7£ tj+1, —1 S] S —1}
Suppose that holds for n — 1. If ¢, = t,,.1 then
{sj[tj #ti,—1<j<n—1}={s; [ t; # tjp1,—1 < j <n}.
By Corollary [6.6| we have that §(G,) = §(G,41), therefore (3)) holds for n.

Suppose that t, # t,y1 and let D, be the direction in Ty, containing G 4q.
Then, there exists 0 # a € F such that u, + ar®/% belongs to D, N Lg, where
bn/a, = |logdiam(G,,)|p with (an,b,) = 1.

In view of the structure of the algebraic extensions of the field of formal Laurent
series (see subsection [6.5)), &(uy, + ar®/%) < lem{d(7%/*),(u,)} and §(70/o) =
lem{m, a,} - m~! = s,. It follows, by Lemma that

3(tnt1) < 6(uy + ar’/)
< lem{d (/%) §(u,)}
= lem{d(uy), sn}
Hence, we have that 6(Gp41) < lem{s,,d(G,)}.
Applying the inductive hypothesis it follows that
(Gni1) <lem{s,,6(G,)}
< lem {sn,lcm{sj | t; #tjv,—1<j<n-— 1}}

S ICHI{SJ' | tj 7é tj+1, -1 S ] S n}
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This proves the proposition. ]

Proof of Theorem[D. Suppose that §(z) < +oo for all z € Jp. From Theorem [C| we
see that there are no recurrent critical element in Jp and that there exists a smallest
A € N such that 6(z) < A for all x € Jp. In particular, in view of the structure
of the subfields of F{(7)), it follows that Jp is contained in the unique extension of
F((1)) with degree Al

Conversely. Suppose that there exists z € Jp with d(z) = +o00. By Propo-
sition it follows that lem{s,(z) | t, # t,+1} is an unbounded set, hence
{sn(x) | tn # tns1} is also an unbounded set and therefore the range of dynami-
cal degrees D(z) is also unbounded (see Lemma [6.14)). By Lemma there exists
a critical element ¢ € Jp with its range of dynamical degrees D(c) unbounded.

Hence, there exists a recurrent critical element in Jp. O
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7 Polynomial with Coefficients in K

In the previous section we proved Corollary [B| for polynomials with algebraic co-
efficients. To prove Theorem [A] for polynomials with coefficients in K we use a
perturbation argument.

The key to perturb the coefficients of P preserving a suitable orbit is the following

proposition.

Proposition 7.1. Let P € K|[z]| be a tame polynomial of degree d > 2 and consider
x € Jp. Then
dH(ya LO) < ddil ’ dH(x> L0)7

for all y in w(x).

7.1 Key Lemma and Proof of Proposition 7.1

To prove Proposition we need to compare the distance from dy(x, L) with
du(y, Lo). To do this, we need to introduce the concepts of level and time sequences.
Recall that leg(z,y) denotes the largest common geometric level between x and y,
see Definition [6.13
Let P € K|[z] be a nonsimple polynomial of degree > 2 with ¢ generators for its
geometric sequences.
We define ky = 0 and ¢y = leg(z,y). The point y belongs to w(x), hence
lim sup leg(P?(x),y) = +o0.
j—+o0
Let
k1 = min{j € N | leg(P(x),y) > o}

and let ¢, = leg(P* (), y).
Recursively, we define k,, = min{j € N | leg(P’(z),y) > {,_1} and

l, = lcg(Pk" (x),y)
for all n > 2. See Figure[I]

Definition 7.2. We say that ({,),>0 is the level sequence from = to y and that

(kn)n>o is the time sequence from x to y.
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Y —
ln1 +qkn "_”_“__
I 774
by + qkpe-—7" T
x Phn—1(g) Pkn ()
Figure 1: Level and time sequences
Note that

P ([Gytgha (), G yitae, (2)]) = (G, (), G,y ()

Remark 7.3. Observe that k, is the smallest integer such that

P ([z, Lo)) N [y, Go,,_, (y)[# @.

Lemma 7.4. Let P € K|[z] be a tame polynomial of degree d > 2 with q generators
for its geometric sequences. Let x € Jp and consider y in the w-limit of x, we denote

by (€,) (resp. (ky)) the level (resp. time) sequence from x to y. Then, for anyn > 1,
degg, (y (P*) < d?!
for all elements G;(x) contained in the segment [x, Gy, | +qk, (T)[.

Proof. Let n > 1 and let Gj(x) € [z, Gy, ,+qk, (x)] be a geometric point. Note that

the elements in the set
On(Gj(x)) = {G;(x), P(G;(x)), ..., P~ (G,(x))}
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are pairwise incomparable. In fact, if we suppose that there exist 0 < ¢ and 1 </
such that 1 <i+ ¢ < k, and P(G;(z)) < P™(G,(z)), it follows that

Gj—qi(P'(2)) % Gjmgiqe(P(2)).
Hence
Gj—gimqt(P'(2)) = Gj_gi—qe( P (2)).
Then

PGy ge()) = PP (PG gel)))
= Pkn_i_g(Gj—qi—qé(Pi(@)
= PP NGy gimqe (P (1))
= Ggi—gt—qlh—ie) (P (2))
= Yi—gkn (P*(x))
_ PH (G (a)).
Since P*(G;(z)) € [y, G, _, (y)[, we have P*~¢([z, Lo]) N[y, G, _, (y)[ # @, which
contradicts Remark [7.3]

Hence, the set O,,(G,(z)) contains at most d—1 critical elements. Thus, the local
degree of P*» at G;(x) is bounded above by d¢~1. O

Proof of Proposition[7.1. Let n > 1 and suppose that P has ¢ generators for its
geometric sequences. Let x be in the Julia set of P and consider y € w(z). Denote
by (¢,) (resp. (k,)) the level (resp. time) sequence from z to y. From the previous
Lemma and Proposition , the local degree of P*" is constant and smaller than d¢—!
in each segment of the form |G,41(z), G;()[ contained in [Gy, gk, (%), Ge,_y+qkn (T)]-
By Lemma [2.4] it follows that

dez(PM (Gjia(2)), P (Gy(2))) < d" - dua(Gipa (), G5 ().
Applying this to all the segments |G,1(x), G;(z)[ contained in
[Gén‘i‘qkn (x)7 Genfl“"qkn (Qj’)[

we obtain that

d (G, (y), Ge_, () < d* - du(Gr,sqhn (2), Gyt (7))
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Therefore, if we put a = dy(Gy,(z), Lo) = du(Ge,(y), Lo), we have

—+00

da(y, Lo) = a+ Y du(Gr,(y), Gr, , (1))

n=1
+o0

<a+dt. Z dH(Gszqun (), G,y +qkn (7))

n=1

+o00
<a+dt. Z du(Ghi1(z), Go(2))

n=~lo+qk1
< a+ dig(Gyrge, (7), Gy () +d* 1 - dig (2, Gy gny (7))
< gt - dp(x, Lo)

7.2 Recurrent Orbits in Hyperbolic Space

Let P € K|[z] be a tame polynomial of degree > 2 and consider z € Jp \ K. From
Proposition we know that w(x) contains a critical element. Nevertheless, using
Proposition [7.1] we can be more precise.

Corollary 7.5. Let P € K|[z| be a tame polynomial of degree > 2 and consider

x € Jp\ K. Then, w(x) NHg contains a recurrent critical element.

Proof. Let ©x € Jp N Hg. From Proposition there exists a critical point ¢; in
w(z). By Proposition [7.1]it follows that

dH(Cl, Lo) < dd_l : dH(l',LO) < +00.

Hence, ¢; belongs to Hg. Recursively, we can find a sequence of critical elements
(cn) € JIp NHp such that ¢,41 € w(c,). By Proposition there exists N such

that ¢y € w(cy). That is, ¢y is a recurrent critical element in w(z) N Hy. O

By the above corollary, we need to study the recurrent critical elements in Jp N
Hp-.

If w(x) contains a periodic critical orbit we will show (Proposition that x
is a preperiodic point. In Proposition [7.7, we will prove that the unique recurrent

critical orbits in Jp N Hg are the periodic critical orbits.
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Proposition 7.6. Let P € K|[z| be a tame polynomial of degree > 2 and consider
x € Jp. If the w-limit of x contains a periodic critical element, then x is preperiodic

or x is a classical point.

Proposition 7.7. Let P € K|[z]| be a tame polynomial of degree > 2. Then the

critical elements of P contained in Jp NHg are preperiodic critical elements of type

II.

To show Proposition [7.7] we use a perturbation argument. To prove Proposi-

tion we need the following lemma about geometric sequences.

Lemma 7.8. Let P € K|[z] be a tame polynomial of degree > 2 with q generators for
its geometric sequences. Consider ¢ € Crit(P) N Jp a critical element which is fized
by P. Let x be a Julia point such that G, (z) = G,(c) and G,41(x) is noncritical for
some n > q+ gN(c). Then P(G,11(x)) is not critical.

Proof. In view of the properties of N(c) (see Proposition [3.12) we know that if
P(Gy41(x)) is critical, then it coincides with G, 41-4(¢) = Gpy1-4(P(c)). Therefore

degg, (o (P) > 1+degg, ,, () (P),

from Remark [2.6] which contradicts the definition of N(c), since the local degrees of
P at G,(c) and at G,,11(c) coincide. O

Proof of Proposition|7.6. We assume that P is a tame polynomial with ¢ generators
for its geometric sequences.

Suppose that there exists a nonpreperiodic element x € Jp such that the w-limit
of x contains a periodic critical element c. Passing to an iterate we can suppose that
c is a fixed point.

Let (4,) be the level sequence from z to ¢ and (k,,) be the time sequence from z
to c.

Since 1+ ¢, + qk,, > {,,_1 + gk, we can use Lemma to conclude that

degGl+gn+qkn (LE) (Pkn> S ddil (4)

for all n > 1.
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Consider N' = max{N (x), N (c)}. If £, > ¢+ ¢ the points
Girie, (P (2)) = P (Grst,rqr, (2)) and Go, (PP (x)) = P (Lo, 4qr, ()
satisfy the hypothesis of Lemma since Gy, (P*(z)) = Gy, (c) and
Giye, (P(2)) = P (Grye,qh, (7))
is not a critical element, by definition of (¢,) and (k,) (see Definition [7.2)). Hence
P(Gye, (P (2)))
is not a critical element, that is degq, ,(pr» (x))(Pz) =1.If ,,—q > ¢—qN the points
Grit,—q(P" T (2)) = P(Gipp, (P (2)))

and
Gp,—g(P"*(2)) = P(Gy, (P (2))) = P(Ge, () = Gp,—y(c)

satisfy the hypothesis of Lemma [7.8 by the definition of the level and time sequences.
Hence
P(Grit,—o(P**(2))) = P*(Grie, (P (2)))

is not a critical element, that is degg, ,(pin(e))(P?) = 1. Applying Lemma

recursively we obtain that the elements in the
{P(Grye, (P (2))), P*(Grog, (P (2))), ..., P (Grge, (PP (2)))}
are not critical, where e, is the smallest positive integer such that
by —qlen —2) < g+ gN.
In particular, it follows that
dega, , ,(prn () (P") = degay,, o (@ (PPF") = 1. (5)
If we have that ¢, — ¢(e,, — 2) < ¢+ ¢/ it follows that
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since 1 < ¢. Then

degGIHn—qen (Plén/quenJrl) _ degGl#»anqen (PL(Zn—qen)/qJJﬂ)

<degg,,, .. (quN/qJ+1)
— degGIHn_qen( /\/+1)
< dN+1
that is
degGlJ,-[n_qen (P\ﬁn"!‘qen/‘”“rl) — degng_qen (Pten/qj‘i‘en—l-l) S dN+1 (6)

for any geometric point of level 1 + ¢, — qe,.
If
Ap = degGHénﬂkn ($)<PL(€n+qkn)/qj+1)

we have that

A, = degGw +aqk (1)(PLZN/qJ+kn+1)

- degGl+én+qkn (»’C)(Pkn) ) deng”(Gl+en+qim (x))(Pen) ) degpkn+6n(Gl+€n+qkn (x))(PLén/qJ+en+1)

- degG1+Zn+qkn (m)(Pkn) ) degGHen(P’W (m))(Pen) ) degG1+5n*qen(Pkn+€n (m))<PMn/qJ+en+1)-

By , and @ we conclude that

degg, ., o (m)(pl(1+€n+qkn)/fﬂ+l) < ddmlq L gL = gdN (7)

for all n > M where M € N is such that £3; > g + ¢N.
From Proposition and H above, degy(PW”*qk”)/ al+1) is constant and bounded
by d“N for any point y in the segment

[G1+Zn+qkn (35), Gén—i-qkn(x) [

Since PLntaka)/al ¥V (G y o (2), Gy, tqr, (2)]) belongs to {Io, Iy, ..., I,_1} (see
the discussion after Definition [4.4), there exists a segment I € {Iy, I1,...,I,_1} and

a strictly increasing sequence (n;) of integers larger that M such that

Pl )Gy (2), G v, (@)]) = 1,
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for all 7 > 1.
Therefore, following Lemma and using , we have that

“+oo

du(w, Lo) > ) | A (Gite, +qkn, (%), Ge, 4k, (2))

j=1
+00
1]
= Z da+N
j=1

= +OO7

where || denotes the length of the segment I. It follows that, z is a classical point. [

Recall that we are assuming that £ C K is a complete field such that the restric-

tion of |-| to k is a discrete absolute value and that
{z € K|[k(2),k] < +o0}

is a dense subset of K.

In order to prove Proposition [7.7] we need to relate the dynamics of a polynomial
P(z) = a2+ + a1z + ag

in K[z] with the dynamics of a small perturbation @ of P, of degree d and with

coefficients in a finite extension of k.

Proposition 7.9. Let P € K|z] be a tame polynomial of degree d > 2 and let
0 < R < diam(Ly). Then, there exists a tame polynomial Q@ € k*[z] such that
P(z) = Q(z) and deg,(P) = deg,(Q) for all x in

Do N {diam(y) > R} N P~'({diam(y) > R}).

To prove the previous Proposition we need the following straightforward fact that

we establish as a lemma

Lemma 7.10. Let n > 0. For each n € N consider wy, ..., w,, w},...,w, € K such

that }wj - wz‘ <n and |w;j| = |w;| for all1 < j<mn. Then
lwiwy -+ w, — wiwh - w! | < (max{|wi], |ws|, ..., |w.| )"t 7.
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Proof of Proposition[7.9. Let P(z) = aqz® + ag_12¢7' + -+ + a1z + ap € K[2] be a
tame polynomial. Since P is a tame polynomial we have that

d—1

Crit(P) = [wj, oo,
j=1
where P'(z) = a4-d-(z —wy)(z — we) - - - (2 — wg_1). Note that
ad-d
aj et T . Z wilwiz . 'widfj

1<y <ig <+ <ig_;<d—1

forall1 <j<d-1.
Let .
C' = max { 57 } -max{l, |agl®, ( max {|w]|}) } (8)

1<j<d-1 1<j<d—1

Put Dy = B,,(2) and let

Ry = max{rp, |20|} (9)
Consider
0 <e<min{ min {|w; —w;|}, R i (10)
witw; 7077 Cmax{1, REY [

Since k* is dense in K, for all 1 < j < d — 1 we can pick w} € k* such that

{wj — ;| <e, |lw;| = }wé‘ and w} = w; if w; = w;. Moreover, pick bq, by € k* such

that [b; — aj| < e and |a;| = |b;| for j = 0,d. Let
Q(2) = bgz® +bg_127 4+ b2 bz + by
in k*[z] be the formal primitive of
d-bg-(z —wi)(z —wh) -+ (2 —wy )

such that Q(0) = by. We will show that () is a polynomial with the required proper-
ties.

By the condition on € in and the construction of ), we have that for all
1 <j <d—1, the degree of w’ as a critical point of @) coincides with the degree of

w; as a critical point of P. Moreover,
Crit(P) N {diam(y) > £} = Crit(Q) N {diam(y) > ¢},
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again by , we have that
Crit(P) N {diam(y) > R} = Crit(Q) N {diam(y) > R}.

It follows that @ is a tame polynomial and that deg,(P) = deg,(Q) for all x € H
with diam(z) > R.
By the definition of ) we have that

=Y e,
1<i1 << <ig—j<d—1
for1 <j<d-1.
Note that if char(K) = 0 then |d| = 1. Since P is a tame polynomial it follows
that if char(K) = p > 0 then char(K) does not divides d, therefore |d| is also 1 in
this case.

Applying Lemma [7.10] we obtain that

d

—_— . . .« .. . —_— . / / . .. /
bj —a;| = ; . Z (@a - wiy Wiy - - Wi,_; = ba - wy wi, widfj)
1<y <ig < <ig—; <d—1
-1 / / /
— {J | . Z (ad.wilwi2...wid7j _bd.wilw’iz".w’id,j)
1<y <ig < <ig—; <d—1
§|j_1}' max ad'wilwiQ.”wid—'_bd'w; w; w; j
1< <ig < <ig_; <d—1 ! b "
d—j
1
< 7] (Ul Jonl sl o) o

for all 1 < j <d — 1. Hence, by and , we obtain that
b < ! 1, ]ag)" ‘
b — aj] < 1513351{ |j }}-max ,ladl ,<1§I§1§§<_1{Iwg‘l}> €
=C-¢
R
< ———— 11
max{1, R4} (11)
for all 0 < j <d.
Let R < r < rp and consider B = B (a) contained in Dy = B,,(z) such that
P(B) is also contained in Dy and diam(P(B)) > R.
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By @ and , it follows that
—P < C— a2
Sup [(Q = P)(z)| < sup max [b; —a;] 2]

< Ca.l - d
= 1§I§12(§i1|bj aj| - max{1, Ry}

< R.

Therefore
Q(B) = P(B) + (@ — P)(B) = P(B).

That is, Q(x) coincides with P(z) for all type II points x contained in
Do N {diam(y) > R} N P~'({diam(y) > R}).

Considering decreasing sequences of type II points, we have that Q(z) coincides
with P(z) for all x € Dy N {diam(y) > R} N P~'({diam(y) > R}). O

Lemma 7.11. Let P € K|z] be a tame polynomial of degree d > 2. Suppose that

there exists a nonperiodic recurrent critical element ¢ € Jp. Then ¢ belongs to K.

Proof. Seeking a contradiction, suppose that there exists a recurrent and nonperiodic
critical element ¢ € JpNHf. In view of the recurrence of ¢ we have that P"(c) belongs
to the w-limit of ¢ for all n € N. From Proposition [7.I] we obtain that

dH(Lo, Pn(C)) S dd_l : dH(Lo,C),

for all n € N. In particular, 0 < inf{diam(P"(c)) | n € NU{0}}.

Let 0 < R < inf{diam(P™(c)) | n € NU{0}}. By Proposition [7.9| we have that
there exists a tame polynomial @ € k?[z] of degree d such that @) coincides with P
in

Do N {diam(y) > R} N P~ ({diam(y) > R}).
In particular, the dynamical sequence (L, (c)) of P is also a dynamical sequence of Q.
It follows that ¢ belongs to the Julia set of Q. Then, ¢ € Jg \ K is a nonperiodic and
recurrent algebraic element (since it is critical), which contradicts Proposition [6.7]
Therefore ¢ belongs to J, 113. O
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Proof of Proposition[7.7. We proceed by contradiction. Suppose that there exists a
critical element ¢ € JpNH that is not preperiodic. According to Corollary[7.5|there
exists a recurrent critical element ¢; in w(c) N Hy which, by Proposition is not
a periodic point. Applying Lemma we have that ¢; € K, which is impossible.
Therefore ¢ is a preperiodic critical element. The proposition follows since peri-

odic critical elements are of type II by Proposition [2.12 O]

Remark 7.12. Note that we only use that k* is a dense subset of K in the proofs of
Proposition and Lemma [7.11]

7.3 Proof of Theorem [A] and Corollary

In this subsection we prove a slightly stronger version of Theorem [A] and we obtain

some corollaries.

Theorem 7.13. Let P be a tame polynomial with coefficients in K of degree d > 2.
Then Jp \ K is empty or

where 1 <m < d—2 and x4, ...,x,, are periodic critical elements.

Proof. Consider z € Jp N Hg. From Corollary we have that w(z) contains a
nonclassical recurrent critical element. Using Proposition [7.7] and Proposition
we have that z is in the backward orbit of a periodic critical element. By Proposi-
tion [2.13], there exist at most d — 2 critical elements contained in the Julia set of P.

Now the theorem follows. O

Corollary [B] follows directly from Theorem [7.13] applying Proposition [2.15]
If we consider a tame polynomial P € KJz] but we study its action on the
spherical completion of K, we obtain again Corollary[B] This is not true for nontame

polynomials. The example 6.3 in [I8] shows that for the nontame polynomial

1
f(2) = (" =) € Gz,
the Julia set in contained in the hyperbolic space, that is,

Jr € {z € AP™ | diam(z) = p 77}
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Moreover, the type Il points in Jy are preperiodic and the type IV points in Jy are
not preperiodic. Hence, if we consider the action of f on the affine line in the sense
of Berkovich associated with the spherical completion of C,, we have that there exist
wandering domains which are not attracted to an attracting cycle.

The following corollary is about the equilibrium measure, the topological entropy
hiop of P and the metric theoretical entropy h,, of P. The first statement follows
from the countability of Jp N Hg. The second statement is a direct consequence of
Theorem D in [11].

Corollary 7.14. Let P € K|z] be a tame polynomial of degree d > 2. Then, the

following statements hold:

1. The equilibrium measure of P is supported in the classical Julia set of P, i.e.
pp(Jp) = 1.

2. The equilibrium measure pp is a measure of maximal entropy and

hpp = hiop = log(d).

Theorem [7.13] and Corollary are not valid for rational maps, see examples
in [I1].

It is not known if for any polynomial P € K[z] such that JpNK # &, there exists
a classical repelling periodic point of P in Jp N K. In the case of tame polynomials

we have the following result.

Corollary 7.15. Let P € K|[z| be a tame polynomial of degree d > 2. Then the

classical Julia set of P contains a repelling periodic point.

Proof. Following Theorem [7.13] there exists 0 < m < d — 2 such that

where the z; are periodic critical elements. In particular, there exists V € N, and a
level N point Ly such that Ly is not a critical point. If B is the ball associated to
Ly, we have B C Dy and PY(B) = Dy. Hence, there exists a periodic point p € B of
period at most N. It follows that p belongs to Jp and therefore p € K is a repelling
periodic point. O
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In the case of p-adic polynomials, Bézivin [6] proved that if there exists a classical
repelling periodic point in J3 and J} is a compact set, then Jp = Jp. The following
corollary is an analog of Proposition A in [6]. In our case, we do not need to assume

that J35 is a nonempty and compact set.

Corollary 7.16. Let P € K|z] be a tame polynomial of degree > 2. Then the

following statements are equivalent:
1. The Julia set of P coincides with its classical Julia set.
2. The classical Julia set Jp is a compact set.
3. All the periodic points of P in K are repelling.

4. There is no critical periodic element in Jp.
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