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CHAPTER 1

Introduction

This thesis falls on the area of random walks in random media. More precisely, on the subject of
one-dimensional trap models. The organization of the introduction is as follows. In section [l we will give
a quick overview of general random walks in random media. In section [2] we will briefly present some of
the physical problems that motivated the introduction of trap models. The mathematical models used
to study such physical problems are presented in section Bl Section Ml is devoted to the introduction
of an important trap model, the Bouchaud trap model. In section [f] we will show some trap models
which arise in relation with percolation on trees. The study of these trap models shows connections with
the Continuum random tree, which is introduced in section [fl The results contained in this thesis are

explained in section 21

1. Random walks in random media.

Simple random walks are standard models to study various transport processes, as heat propagation
or diffusion of matter through a medium. Sometimes, the medium in which the transport is taking place
is disordered and irregular. Random walks on random media provide models for these phenomena. The
disordered nature of the medium is taken into account by choosing it randomly. The mathematical study
of these models has been very active during the past decades, and continues to attract a lot of attention
from the mathematical community.

The definition of a random walk on a random medium is performed in two steps. First we choose
randomly a medium w from an environment space 2 according to a law P. Once the medium is chosen,
we define a random walk X™® which is influenced by the medium in a certain way (which will depend
on the particular model under study). Generally the medium is kept fixed during the time evolution of
the random walk. We denote by P" the law of the random walk X*. These laws are referred as to the
quenched laws. We can also consider the law obtained by averaging the quenched laws over the medium

distribution to obtain the annealed law P. That is

P(A) = /P“’(A)IP’(dw). (1.1)

Thus, the annealed process X will be a random walk having law P.

\



There are many ways to provide randomness to the medium where the motion is being performed.

We now present some particular models.

1.1. Random walk in random environment (RWRE). We aim to define a walk on Z?. Let

Sd =3P = (pe)eEZd:\d:l : (pe)EEZd:|e\:1 - [07 1] and Z Pe = 1 (12)
e€Z:|e|=1

In this case the set of environments Q will be (Sd)zd. Consider a probability measure P over €. First
we choose an environment w = (p*),cpe = ((pg)eezd:|e‘:1)zezd € Q according to P. Once w is chosen we
define the random walk on the environment w as a Markov chain (X¢)xen, taking values in Z¢ which
jumps from = € Z¢ to x + e with probability p®.

An important case is when the environment law P equals v®%, where v is a probability measure on
Sq. That is, the law P is the one of an i.i.d. family distributed according to v. In this case we say that
the environment is i.i.d. Another widely studied case is when the environment law is ergodic with respect
to the translations on Z9.

The one-dimensional RWRE was introduced by Chernov [Che62] and Temkin [Tem72] and it was
first regarded as a model for the replication of DNA chains. Despite its simplicity, the one-dimensional
RWRE displays some striking features as subdiffusivity and localization. In the high-dimensional case,
much less is known about the behavior of the model. For a general account on RWRE we refer to the

notes of Zeitouni, [Zei06].

1.2. Random walk in a percolation cluster. In this case, the random media is taken from
percolation on Z?. The space of environments Q is {0, 1}Zd. The environment distribution P will be the
law of supercritical percolation on Z¢ conditioned on |C,| = oo (where C, is the connected component of
the origin and | - | indicates cardinality). For each fixed realization of the medium w € Q, (X}¥)gen will
be a symmetric random walk on C, starting from the origin.

Different results (see [GKZ93|, [Bar04], [SS04], [BB07] and [MP07]) show that X™ behaves like
a simple random walk on Z%. These results indicate that the infinite connected component C, can,in

some sense, be regarded as Z% with “holes”.

1.3. Other models. There is a wide variety of random walks on random media. We can mention
random walks with random conductances, random walks among random obstacles, among many others.
For an account on different models we refer to the books of Hughes [Hug95|, [Hug96] and the book of
Bolthausen and Sznitman [BS02]. Moreover, there exist a diverse family of continuous counterparts of
random walks in random environment, for example Brownian motion among random obstacles. We refer

to the book of Sznitman, [Szn98|.



1.4. Trap models. As we have said, this thesis is focused on the trap models. Trap models are
random walks on random media where the random media influences the walk through time that it spends
on a given site. First we randomly choose an environment composed of traps. Once the traps are chosen,
we perform a random walk which stays at a given site during a random time, whose distribution will
depend on the trap attached to that site. So the walk can be regarded as a random motion among
random traps. An account on the study of trap models can be found on the notes of Ben Arous and
Cerny, [BCO06.

Next we will briefly discuss some of the physical problems that motivated the introduction of trap

models.

2. Metastability on physical systems

Out of equilibrium physical systems appear when it is not possible to reach a stable state. In the cases
we will discuss (glass, spin glasses), the impossibility to reach equilibrium will be caused by the inherent
disorder of such systems. The system is always stressed by its inability to equilibrate. Thus, it will keep
changing its state and its physical properties will depend on time. These systems display very interesting
physical features (aging, memory, rejuvenation, failure of the fluctuation disipation theorem). We may
say that we are in the presence of metastability, i.e. a system fails to stabilize, though its dynamics favors
the evolution towards the “more stable” states. We now briefly present some physical systems displaying

such phenomena.

2.1. Structural glasses. Glass is the most common example of a metastable system. It is prepared
by heating a crystal above its melting temperature 7;,,. The crystal is then suddenly cooled down below
its melting temperature. If it is cooled fast enough, the molecules will not have enough time to form the
crystal lattice. Instead, they will re-configure in a disordered way. At temperatures slightly smaller than
T, the crystal behaves like a viscous liquid, even though it is below its melting temperature. For this
reason, this state is called the super-cooled liquid phase. The viscosity of this super-cooled liquid increases
as the temperature decreases until it reaches a temperature 7, where the viscosity becomes infinite and
the super-cooled liquid solidifies, becoming a glass. The glassy state is a solid-like state in which the
molecules are arranged in a disordered way, in sharp contrast to a crystallized solid. Sometimes it is said
that glass is an amorphous solid. In the glassy phase, there is a mechanical stress due to the disorder
on the positions of the particles. Thus, in the glassy phase, the system is out of equilibrium. The glass
transition has not been completely understood. Furthermore, there is no agreement on whether it is a
“real” phase transition or not. The explanation of the glass transition is one of the most challenging

tasks on theoretical physics.



2.2. Spin glasses. Spin glasses are disordered magnetic alloys. More precisely, they are materials
composed mostly of a magnetic-inert component and a small amount of magnetic impurities. These
impurities occupy random positions in the alloy. The magnetic interaction between the magnetic impu-
rities depend on their distance. Some pairs of magnetic impurities might have a tendency to be aligned
(ferromagnetic), while others might prefer to be anti-aligned (antiferromagnetic). Generally, there does
not exist a spin configuration that satisfies all the pairs. This phenomenon is called frustration. The
sign of the magnetic interaction is very sensitive to the distance between the particles, thus, the disorder
on the locations of the magnetic impurities leads to a disorder on the magnetic interactions. At high
temperatures, the spins are changing fast and observation of the system at two different times yields
highly uncorrelated results. As in the case of structural glasses, there exists a temperature 7,; under
which the spin glass enters the glassy phase, where the system freezes on a disordered configuration.

Study of spin glasses is important for at least two reasons. First of all, it is believed that understanding
of spin glasses will shed light on the more challenging study of structural glasses. Secondly, spin glasses
are important in their own right, because they present many interesting phenomena and because new and
interesting techniques have been developed with the aim of understanding them. In general they provide
a paradigmatic example of models which present order in the presence of disorder. For an account on

the physical study of spin glasses we refer to [BCKM9S].

2.3. Aging. One of the characteristic features of the dynamics of systems out of equilibrium is that
of aging. It is a peculiar memory effect observed on experiments on spin glasses and other disordered
physical systems: The system is initiated at high temperature and then suddenly cooled down. It then
evolves from the disordered initial condition at a low temperature for a time t,, (the system ages), and
is latter observed at a time ¢, + ¢t when a quantity R(t,,t) is measured. R(t,,t) is usually a response
function at time t,, + t of a change of parameters (temperature or magnetic field) at ¢,,. The signature
of aging is the following scaling behavior

lm  R(tw,tw +1t) = R(6) (2.1)

tay ,t— 00

t" [ty —0

where R is a non-trivial function of §. When 1 = 1 we say that we are in presence of normal aging, if
1 < 1 we are in the presence sub-aging, and if n > 1 is we are in presence of super-aging.

The aging is a phenomenon that can only occur out of equilibrium, since in equilibrium R(t,,t)
would be independent of ¢,, and thus the limit in (1) would not depend on 6. Heuristically, aging refers
to the ever longer delay to observe changes in the system. The older the system, the longer it takes to

forget its state. That is, the system is more and more frozen as it ages.



3. Mathematical models of spin glasses

Here we will present some of the mathematical models used to study spin glasses. We start by

recalling some elementary concepts of statistical mechanics.

3.1. Notions of statistical mechanics. Suppose we have a finite collection of particles denoted
by A. Each particle can assume a spin +1 or —1. Our configuration space is then T'y := {—1,+1}4.
For each configuration o € T'y we define an energy or Hamiltonian Hy (o). The equilibrium measure (or

Gibbs measure) of a system at temperature T is

ja(0) = ZLA exp(—BHA () (3.1)

where 3 :=1/T is the inverse temperature and Zy := ) exp(—BHx(0)) is a normalizing constant.

o€l

This framework is used to study a wide variety of models, depicting different interesting phenomena.
We will start by recalling some models for ferromagnetic materials and then we will present the models
for spin glasses.

One of the more important examples is the celebrated Ising model. In this case A will be a large box
contained in Z?. To each configuration o := (7;);ep € I'a, we define its energy (or Hamiltonian) Hx (o)
as

Hp(o) = > iz (3.2)
invjii,j €A
where ~ denotes the relation of being nearest neighbors. The Ising model is used to study spontaneous
magnetization on a ferromagnetic material. It was introduced by Lenz in [Len20|] and was studied by
Ising in [Isi25].

Another, simpler model to study a ferromagnetic material is the Curie-Wiess model. This is a
mean-field model. That is, we will assume that all pair of particles are in interaction (not only nearest
neighbors). In this case A will simply be a collection of N particles. The Hamiltonian for a configuration
0 = (Ti)iea is

Hp(o) = Z Tk (3.3)
i,jEA
This model was introduced in 1907 by Weiss, [Wei0T].

Another example is the Fdwards-Anderson model. In this case one wants to describe the magnetic
properties of a spin glass. As we have said, the disordered positions of the magnetic impurities on a spin
glass result on disordered magnetic interactions between the particles. Edwards and Anderson proposed in
[EATS5] to take into account this disorder by randomly choosing the magnetic interactions. Let (J; ;)i jea
be a collection of i.i.d. random variables which will represent the random magnetic interactions. As in

the Ising model, here A will be a large box contained in Z4. For a fixed realization of (J; ;)i jen, we define
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a Hamiltonian which, for each configuration o := (x;);ea € T'a, assumes the form
Hp(o) = Z JijTit;. (3.4)
invjii,jEA
Note that in this case the Hamiltonian Hy is random because it depends on (J; ;)i jea. The distribution
of J; ; is usually chosen to be a Bernoulli on {—1, 1} of parameter 1/2 or uniform over [—1, 1].

A simplification of the Edwards-Anderson model can be obtained by replacing the nearest neighbor
interaction by a global one. The model obtained is the Sherrington-Kirkpatrick model. As in the Curie-
Weiss model, A will simply be a collection of N particles. The Hamiltonian for a configuration o = (z;)iea
is

Hp(o) = Z Ji jTi%j (3.5)
i,JEN
where the (J; ;)i jena are chosen as in the Edwards Anderson model. This model was proposed by Sher-
rington and Kirkpatrick in [SK75]. The Sherrington-Kirkpatrick model is the mean-field version of the
Edwards-Anderson model.

A further and radical simplification was proposed by Derrida in [Der81]. There he introduced the
Random Energy model (REM). Here A is a collection of N particles. The Hamiltonian of the config-
urations are chosen randomly and independent. More precisely (Ha(o))ser, is an i.i.d. collection of

centered Gaussian variables with variance V.

3.2. Dynamical models. The static study of spin glasses amounts to the study of the properties of
the (random) probability measure ua as the size of A becomes large. For an account on the mathematical
study of static of spin glasses we refer to the book of Talagrand, [Tal03|. Here we will be concerned
with the dynamics of spin glasses. There are many ways to endow the previous models with a dynamics.
Usually one wants to have a dynamics under which the equilibrium measure pp is reversible. The one
that concerns us is the Random Hoping Time dynamics (RHT). This is a Markovian dynamics over the

configuration space I'y. The transition rates for the RHT are

c(o1,02) 1= exp(—BHa(01)). (3.6)

That is, the spin glass changes from state o1 to o9 at a rate which depends only on the energy of o7.

4. Bouchaud trap model (BTM)

The Bouchaud trap model (BTM) is a random walk in a random medium that was introduced by
Bouchaud in [Bou92| and by Bouchaud and Dean in [BD95] as a simplification of the dynamics of a spin

glass at low temperature. We will start by providing the physical ansatz that justifies its introduction.



Due to the disordered nature of the spin glasses, their energy landscape presents a huge complexity.
Confronted with this, it becomes very useful to have an heuristic idea of the overall structure of this
landscape. It is widely accepted that the energy landscape of a disordered system is extremely irregular,
with many local minima (pits) corresponding to metastable states. These metastable states are connected
by “saddles””, and the energy barriers that the system must overcome to pass from one metastable state
to another are rather high. Thus, the process should spend most of the time on the bottom of the pits
and jumps quickly between them. This indicates that the probability of finding the system between two
metastable states is negligible. The metastable states acts as “traps” which hold the system for a certain
time. The “depth”” of the trap should be the energy barrier that the system must cross to leave that
trap.

The Bouchaud trap model is a toy model that uses the previous heuristics. We replace the con-
figuration space of the spin glass by a graph, where the vertices of the graph represent the metastable
states. We label each vertex by the mean waiting time that the spin glass takes to leave the corresponding
metastable state. The edges of our graph should approximate the structure of the saddles connecting
the vertices. As very little was known about that structure, Bouchaud proposed to simply use a large
complete graph. He also proposed to choose the energy barriers of the traps as i.i.d. exponential random
variables of parameter 1. As the energy barriers of the traps are being chosen randomly, we are in the
presence of a random walk in a random media, and as such, its definition will be made in two steps. First
we will define the medium, and then we will define the walk.

Nothing restricts us to consider the model on more general graphs. Thus we will define the BTM on
a generic graph G. To each vertex x of G we assign a positive number 7,, where (7, )zeg is an i.i.d. family
of random variables. Thus, the space of environments £ will be Ri and the environment distribution P
will be the one induced from (7,)zeg. For each realization 7 := (74)zeg € © of the medium, we define
the Bouchaud trap model as a continuous time random walk X7 on G with random jump rates. Each
visit of X7 to x € G lasts an exponentially distributed time with mean 7,. We will usually consider
the symmetric BTM. That is, where the walk jumps from a vertex to each of its neighbors with equal
probabilities. Nevertheless, we will sometimes add a drift to the BTM. As we have said, the energy
landscape of a disordered system is highly inhomogeneous. To incorporate that feature into the model
we will assume that the distribution of the depth of the traps has heavy tails. More precisely, we assume

that

lim u*Plr, > u] =1 (4.1)

U—00
with « € (0,1). This assumption is satisfied at low temperatures for the standard choice of the statical
mechanics: As we have said, Bouchaud proposed to choose the energy barriers of the traps as exponential

r.v.’s of parameter one. Moreover, due to the rough nature of the landscape, we can approximate the
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energy barrier of a trap by the energy at its bottom. Let z be a vertex and E, be the energy at the
bottom of the corresponding trap. If E, is an exponential r.v. of parameter one, its corresponding Gibbs

measure at inverse temperature § will satisfy

P(7, > u) = P(exp(—fE,) > u) = u~ Y5, (4.2)
Hence, if we assume that the mean waiting time to exit a trap is proportional to the Gibbs measure at
its bottom, we will have that our assumption is satisfied at low temperatures (T < 1).

The range of application of the BTM largely exceeds the study of dynamics of spin glasses. It is also
is relevant for the study of fragile glasses, soft glassy and granular material and also pinning of extended
defects.

If we consider the BTM on an n-dimensional hypercube, it corresponds to the Random Hoping time
Dynamics in the REM. It is not easy to prove that the BTM is a good approximation of the more complex
dynamics and more complex models of spin glasses. The previous task was partially achieved by Ben
Arous, Bovier and Cerny (see [BBCOS]).

Let X be a BTM. Let S(k) be the time of the k-th jump of X. (S(k),k € N) is called the clock
process of X. Let Y, := X (S(k)) be the position of X after the k-th jump. (Yj : k € N) is called the

embedded discrete time random walk associated to X.

4.1. Aging on the Bouchaud Trap Model (BTM). The BTM keeps a rather sketchy image of
the real dynamics of a disordered system. Nevertheless it displays some very peculiar features which have
been observed experimentally on the real world. In fact, one can prove aging for some functions defined

using the BTM. More specifically, let X be a BTM and define
(ty,t) :=P(X; = X Vs € [t, t + tw]) (4.3)
the probability that X does not jump between times t,, and t,, + t. Also define
R(tw,t) :=P(Xy = Xiye,) (4.4)

the probability of finding the walk on the same site at times ¢, and t,, + t. Ben-Arous and Cérny
proved an almost universal aging scheme for these quantities on the BTM on a wide variety of graphs
(see [BCO8]). For aging results on the REM with the random hoping time dynamics, see [BBGO03al],
[BBGO03b], [BC08| and [CGOS|.

The aging is generally proved by first showing that the rescaled clock processes converges to an

a-stable subordinator. Then the arcsine law for a-stable subordinators yields the aging properties.

4.2. The BTM on high dimensions. Now we turn to the BTM on the lattice 7% with d > 2.
This is, G = Z% d > 2. In this graph, the symmetric model BTM has been studied by Ben Arous and
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Cerny in [BCO7], and by Ben Arous, Cerny and Mountford in [BCMO6|. In these papers, a scaling limit
and several aging results where obtained. The scaling limit is the so called fractional kinetics process
(FK), which is a time-change of a d-dimensional Brownian motion through the inverse of an a-stable
subordinator.

More precisely, let V,, be an « stable subordinator. Denote by ¥ the right continuous generalized
inverse of V,, and let B be a d-dimensional Brownian motion independent of V,,. Then, the FK process
of index « is defined as By,. Its name comes from the fact that the evolution of its density satisfies a
fractional kinetics equation. The FK process has a smooth density. Specifically, the fixed-time distribution
of the FK follows the Mittag-Leffer distribution. The FK is a self similar process. It is also non-Markovian.

To be more specific, the result proved in [BCO7| is that, for (d > 3), and (X;)¢>0 a d-dimensional
BTM, we have that (¢*/2X, 1;);>0 converges to the d-dimensional FK process as ¢ — 0. For d = 2 the
scaling limit is also a FK process, but the scaling has a logarithmic correction (see [BCMO6).

It is worth mentioning that the convergence of the BTM to the FK is quenched. That is, it holds

almost surely over the environments.

4.3. The one-dimensional BTM. Here we will focus on the one-dimensional BTM. This case is
radically different from the model on higher dimensions. This difference is displayed by the fact that the
scaling limit of the one-dimensional BTM is not the one-dimensional FK process but a process from a
completely different class. This fact was proved in [FINO2| by Fontes, Isopi and Newman, where they
proved that the scaling limit is a singular diffusion, called the Fontes, Isopi, Newman diffusion (FIN).
To define it precisely, first we need to define speed measure changes of a Brownian motion: Let B; be
a one-dimensional Brownian motion and [(¢,z) be a bi-continuous version of its local time. Given any

locally finite measure p in R we define

Pu(s) = /Rl(s,y)u(dy%
and its generalized right-continuous inverse by
Pu(t) :=1inf{s > 0: ¢,(s) > t}.
Then we define X (p1); (the speed measure change of B with speed measure u) by
X(w)e := By, 1) (4.5)
Now we aim to define a random measure that will be the speed measure of the FIN diffusion. Let

(z;,v;) be an inhomogeneous Poisson point process on R x RT, independent of B, with intensity measure

av~ 17 %dxzdv. We define the random measure p as

p = Zviém. (4.6)
The diffusion (Z;;¢ € [0,T]) defined as Z, := By, () is the FIN diffusion.



One of the interesting features of the one-dimensional BTM is that it presents quenched localization
(see [FINO2]). That is, if X is a one-dimensional BTM, then, for almost every environment 7 := (74 ) zcz,
we have that

lim sup sup P-(X; =) > 0, (4.7)
t—oo i€Z

where P, denotes que quenched law on the environment 7. In other words, no matter how much time
the walk undergoes its random motion, there always exists a site which carries a positive proportion of
the distribution.

In [FINO2], the one-dimensional BTM was studied in relation with the one-dimensional voter model
with random rates. More precisely, it was analyzed in relation to the phenomenon of chaotic time
dependence. There they also introduced a type of convergence called point process convergence. It was
proved that convergence of fixed time distributions of the rescaled BTM to the fixed time distributions of
the FIN diffusion holds in the point process sense. That allows to deduce localization of the BTM from the
localization of the FIN diffusion (the usual weak convergence is not enough for this purposes). Suppose
(Xt)t>0 is a one-dimensional BTM. Then the proper scaling for the convergence above is €X,(11a)/a;-

Aging properties can be deduced from the convergence of the BTM to the FIN diffusion (see [FIN02]).
Furthermore, in [BCOE’)J Ben Arous and Cerny proved that the one-dimensional BTM displays aging for
the quantity R(t,t,) and sub-aging for TI(¢, ¢,).

5. Geometric trap models

In this thesis, we will study “geometric” trap models. That is, models which are constructed as
follows: Attach a graph G, to each vertex of Z. Then, consider a simple random walk Z on this enlarged
graph. We can project Z to Z to obtain a one-dimensional, symmetric random walk with random jump
times, denoted W. The random jump times of W at site z € Z will be given by the time that Z spends
on each visit to G,. We will see that models of this kind arise naturally in relation with percolation on

regular trees. We start by recalling the definition of percolation.

5.1. Percolation. Let G be an infinite graph. We denote by Vg and Eg its corresponding sets of
vertices and edges respectively. To define bond percolation on G of parameter p € [0, 1], we declare each
edge in Eg “open” with probability p and “closed” with probability 1 — p. This is done independently
over the set edges. Similarly, we can define site percolation on G by declaring each vertex in Vg open with
probability p and closed with probability 1 — p. We say that two vertices are connected if there exists an
open path between them. The connected component C, of a vertex = € G is the set composed of all the
vertices which are connected to z. Percolation on Z? (d > 2) displays a very interesting transition phase.
Let 6(p) be the probability (under percolation of parameter p) that the cluster of the origin is infinite.

Then, there exists a critical value p. € (0,1) such that



e If p < p., then 0(p) = 0.
e If p > p., then 0(p) > 0.

When p < p. the connections given by the open edges (or vertices) are of a local character. When p > p,
this connections become global. The sub-critical and super-critical regimes are well understood. On the
other hand, percolation at the critical value is less understood and harder to study. For an account on

percolation theory, we refer to the book of Grimmett, [Gri99].

5.2. The Incipient Infinite Cluster (IIC). One of the trap models studied in this thesis comes
from the incipient infinite cluster on a regular tree. The incipient infinite cluster (IIC) is a random graph
which emerges from the study of percolation. We will first recall some facts about the IIC on the lattice
74,

Suppose we have critical percolation on Z?. It has been proved, for d = 2 or d > 19, that #(p.) = 0 i.e.
there are no infinite clusters under critical percolation. Nevertheless, the model displays its criticality by
showing connected components at any scale. To be more precise, it is believed that, for each box of order n
there exists, with high probability, a connected component whose diameter is of order n (see [BCKSO01]).
The IIC is a random infinite graph displaying a geometry similar to the one of a large percolation cluster.
For d = 2, Kesten defined the IIC as the cluster of the origin conditioned on intersecting the boundary of
a ball of radius n and then letting n increase to infinity (see [Kes86al). For large d van der Hofstad and
Jarai defined the IIC using the lace expansion (see [vdHJIO04]). Tt is believed that the global properties
of the IIC are the same for all d big enough. On [vdHJ04] is proved that, for “spread out” models, the
IIC has one end (any two paths to infinity intersect infinitely often). The results on [vdHdHSO02] and
[vdHJO04]| support the conjecture that, for large d, the geometry of the IIC is close to the geometry when
“d = 00” i.e. the IIC on a regular tree.

The construction of the IIC for regular trees is more simple and it is related to critical branching
processes conditioned on non-extinction. It is easy to see that the percolation cluster (of the root) on a
regular tree corresponds to the Galton-Watson tree of a branching process whose offspring distribution
is Binomial. Kesten gave the construction of the IIC for critical branching processes in [Kes86b| and it
is performed in the same fashion that for Z2. That is, one consider the law a of critical Galton-Watson
tree conditioned on surviving up to generation n, and then let n — oco. In that paper it is also shown
that the IIC on a regular tree possesses a single path to infinity. This path is called the backbone. The
backbone is isomorphic to the graph N. Thus, the IIC can be seen as N adorned with finite branches.
The description of the IIC on a regular tree given on [Kes86b]| is even more detailed. In fact, for each
i € N, let £; be the branch attached to the i-th vertex of the backbone, then the sequence (L;);cn is an

ii.d. sequence of critical percolation clusters (on a regular tree).



5.3. Random walk on the IIC. One of the most interesting and challenging models of a random
walk in random media is the random walk on a critical percolation cluster. One of the motivations for
its study is to gain insight into the conductivity properties of a critical percolation cluster, about which
very little is known. An approximation is to consider a random walk on the IIC. For this reasons, the
study of a random walk on the IIC is very important. The random walk on the IIC on Z? was studied by
Kesten in [Kes86b]. There he proved that it is subdiffusive. We will focus on the IIC on a regular tree,
which, as we have said, it is believed to be a good approximation for the IIC on Z? for d big enough (see
[vdHdHSO02| and [vdHJ04]).

ZHO), ey on the TIC (on a regular tree). Once Z11¢ is

Consider a simple, discrete time random walk (
on vertex z € IIC, it jumps to each of its neighbors with probability deg(x)~!, where deg(z) is the degree
of z in the IIC. Kesten studied this process on [Kes86b|, where he proved subdiffusivity. Quenched and
annealed properties for the transition kernel of this process where studied in [BK06]. We can use this
random walk to construct a geometric trap model on N, denoted by (W}! C)tzo, by stating that W/1¢ = 2
for all t > 0 such that Z ﬁc € L.. This thesis contains the theorem that gives the scaling limit for that

geometric trap model.

5.4. The Invasion Percolation Cluster (IPC). This thesis also includes results about a geo-
metric trap model which is constructed by means of the invasion percolation cluster on a regular tree.
The invasion percolation cluster (IPC) is a random graph obtained by a stochastic growth process and
it was introduced by Wilkinson and Willemsen on [WWB&83|. We pass to recall its construction. Suppose
we have an infinite, connected graph G with a distinguished vertex o. We randomly assign, to each edge
e, a weight w.. We assume the family (we)e vertex of ¢ to be 1.i.d. and uniformly distributed over [0, 1].
Then define Cy as o. C; will be obtained from C, by adding the neighbor x; of 0 whose corresponding
edge has smaller weight. That is w;, = min{w, : £ ~ o}. Generally, C,, is constructed from C,,_1 by
attaching the vertex on the outer boundary of C,,_1 with smaller weight. The invasion percolation cluster
is Coo := UpenCh.

The IPC is closely related to critical percolation. As we have previously said, it is believed that on
74 critical percolation clusters appear on all scales. Then we expect the invasion process to invade ever
larger critical clusters. Note that, once a vertex of a connected component is invaded, the process must
invade all the vertices on that cluster before leaving it. These two remarks indicate that the invasion
process should spend most of the time inside these big connected components. In fact, in [CCN85],
Chayes, Chayes and Newman proved that, for the IIC on Z¢, for each € > 0, just a finite number of edges
with weight above p. + € are invaded by the IPC. In [HPS99|, Higgstrom, Peres and Schonmann proved
that this fact holds for the IPC on a much wider variety of graphs.



Note that no parameter appears in the definition of the IPC. Nevertheless, the critical percolation
probability p. shows up spontaneously on the model. Hence we might say that the IPC displays “self
organized criticality”.

The IPC has been conjectured to be very similar to the IIC. In [Jar03] J4rai showed (for G = Z?)
that the probability of an event E under the IIC is identical to the probability of the translation of E by
x € Z2 under the IPC measure conditional on z being invaded and in the limit as = to oco.

The IPC on a regular tree was studied by Nickel and Wilkinson in [N'W83]. There they computed
the probability generating function of the weight and the height of the vertex added to C,, to form Cy 1.
Their results suggested that the IPC has a different scaling limit than the IIC. This fact was proved by
Angel, Goodman, den Hollander and Slade in [AGdHSO08]. It that article they also provide a structural
theorem for the IPC on a regular tree. Specifically, they shown that the IPC possesses a single path
to infinity. From each vertex i of this backbone there emerges a subcritical percolation cluster with a
parameter that depends on ¢ and tends to the critical value as ¢ — oo.

As in the case of the IIC, we can define a geometric trap model W!PC as a simple random walk on

the IPC projected to the backbone.

6. The Continuum random tree

To achieve the task of describing the scaling limits of W€ and WIFC it will be necessary to
understand the behavior of a large percolation cluster on a tree. This understanding will rely on the
Continuum Random Tree (CRT). The CRT was introduced by Aldous in [Ald91a] as a scaling limit for
some families of random trees.

We say that a topological space is a dendrite if it is arc-connected and contains no subspace homeo-
morphic to the circle, i.e. a dendrite is the continuous analogous of a tree. The CRT is a random dendrite
and it is constructed using a Brownian excursion.

Let 7™ be a Galton-Watson tree obtained from a critical branching process whose offspring distri-
bution has a finite variance conditioned on having n vertices. Aldous proved in [Ald93] that the scaling
limit of 7™ is the CRT. As we have said, a critical percolation cluster (of the root) on a regular tree is a
critical Galton-Watson tree with a Binomial offspring distribution. So we can apply the mentioned result
to obtain the geometrical structure of the “deep traps” for WZ/C. It turns out that the same analysis
can be done to obtain the geometrical structure of the deep traps of WP,

We will be interested on the behavior of a random walk on a large trap. So we will be concerned
with the large-scale behavior of a random walk on a large percolation cluster. To identify this behavior
we will use the results proved by Croydon in [CroQ8], where the scaling limit of that walk is identified.

This scaling limit is the so-called Brownian motion on the Continuum Random Tree.



7. Results

In subsection [l we consider a sequence of drifted, one-dimensional BTM’s. We will rescale this
sequence of processes. The drift is fixed on the time evolution of each drifted BTM. Nevertheless, the
drift of the BTM considered decays as we rescale the processes. We find a phase transition in terms of
the scaling limit of the walks and the speed of decay the drift. In subsection[7.2] we obtain bounds for the
annealed transition kernel of the one-dimensional BTM. Subsection contains joint work with G. Ben
Arous, J. Cerny and R. Royfman. There, the one-dimensional BTM is generalized to a class of processes
called Randomly trapped random wals. We establish several convergence results for these processes. New
processes appear as scaling limits. We will also show phase transitions for some particular examples.
In subsection [7.4] we establish the scaling limit some geometric trap models which arise in relation with

percolation on regular trees. These results are joint work with G. Ben Arous.

7.1. Bouchaud walks with variable drift. As we have seen, the BTM on Z has radically different
behavior from the BTM on Z? (d > 2). The scaling limit for the one-dimensional BTM is a speed measure
changed Brownian motion, with a random speed measure which plays the role of a random environment.
The scaling limit for the BTM on higher dimensions is the FK process. In both cases the limit is a random
time change of a Brownian motion, but in the one-dimensional case we have that the clock process and
the Brownian motion are dependent. On the contrary, the FK process is random time change of a
Brownian motion where the clock process is independent from the Brownian motion. This difference can
be understood as follows: The increments in the clock process of the BTM are the depths of the traps as
sampled by the embedded discrete time random walk. On high dimensions, the embedded random walk
is transient. Thus, each trap is sampled a finite number of times. This indicates that the clock process
will not have long-range interactions with its past. Hence, its scaling limit will be a Markovian process,
more precisely, it is an a—stable subordinator. On the other hand, the one-dimensional random walk is
recurrent. Thus, the embedded random walk Y will sample each trap an infinite number of times. As a
result, the clock process will have long-range interactions with its past and the scaling limit of the clock
process will be non-Markovian. Furthermore, the scaling limit of the clock process will be the local time
of a Brownian motion integrated against a random measure.

A natural task is to search for intermediate behaviors between the transient and the recurrent cases.
Chapter 2 will be devoted to this. We will do it by considering drifted BTM’s. First note that if
we introduce a drift to the one-dimensional BTM, its embedded discrete time random walk becomes
transient. Thus, intermediate behaviors between the recurrent and the transient case might appear if we
analyze a sequence of one-dimensional BTM’s with a drift that decreases to 0. We will show that the

speed of decay of the drift sets the long time behavior of this (sequence) of BTM’s.



For each € > 0, denote by X€¢ the BTM on Z where the transition probabilities of its embedded
discrete time random walk are % to the right and 155 to the left. We will call this process the BTM

a

with drift e. For a > 0, consider a rescaled sequence of BTM’s with drift n=¢, (h,(n)X™ " (tn);t > 0),

indexed by n, where h,(n) is an appropriate space scaling depending on a. We will see that as the
drift decays slowly (small a), the sequence of walks converges to the inverse of an a-stable subordinator,
whereas if the drift decays fast (large a) the limiting process is the FIN diffusion. As these two processes
are qualitatively different, we are led to think that there is either, a gradual interpolation between these
two behaviors as the speed of decay changes, or a sharp transition between them as the speed of decay
changes. We establish that there is a sharp transition between the two scaling limits, that there is a
critical speed of decay where a new process appears and that the transition happens at a = a/(a + 1).

More precisely, we prove that, depending on the value of a, there are three different scaling limits:

e Supercritical case (a < a/(a + 1)). The sequence of walks converges to the inverse of an
a-stable subordinator.

e Critical case (a = a/(a+ 1)). The sequence of walks converges to a process which is a speed
measure change of a Brownian motion with drift that we will call the drifted FIN diffusion.

e Subcritical case (a > a/(a+ 1)). The sequence of walks converges to the FIN diffusion.

The case a = 0 (contained in the supercritical case), which corresponds to a constant drift, was already
addressed by Zindy in [Zin09]. When preparing the final version of the article which contains this
theorem we learned that it was obtained independently by Gantert, Morter and Wachtel in [GMW10].

7.2. Gaussian lower bound for the one-dimensional BTM. A basic question is to describe the
behavior in space and time of the annealed transition kernel of the one-dimensional, symmetric version of
the BTM. In Chapter B we will establish a sub-Gaussian bound on the annealed transition kernel of the
model which provides a positive answer to the behavior conjectured by E.M. Bertin and J.-P. Bouchaud
in [BBO03]. That article contains numerical simulations and non-rigorous arguments which support their
claim. A first step on establishing the conjecture was given by J. Cerny in [CerOGJ where he proved
the sub-Gaussian bound. We provide the proof for the corresponding lower bound. More specifically we

prove that, if X is a one-dimensional BTM

THEOREM 1.1. There exists positive constants C1,c1,Ca,co and €1 such that

T 1+« T 1+«
C1 exp <—01 ( a> ) <P(X¢| > ) < Cyexp <—C2 ( a> )
tite tT+o

for allt >0 and x > 0 such that x/t < €.

As we have previously stated, the upper bound in theorem [[L1] has been already obtained in [CerOG].



The techniques used to prove theorem [[.1] can also be applied to obtain the corresponding result for

the FIN singular diffusion, i.e., we will prove

THEOREM 1.2. There exists positive constants Cs,c3,Cy and ¢4 such that

x 14+« T 14+«
Csexp <—03 ( L) ) <P(|Z:| > x) < Cyexp (—04 (I> )
t1+a tT+o

forallt >0 and x > 0.

Again, the upper bound of theorem [[.2] was obtained in [CerOG].

The main difficulty to obtain the lower bound in theorem is to be able to take advantage of
the independence between the Brownian motion B and the random measure p which appear in the
construction of the FIN diffusion. As we will see, the Ray-Knight description of the local time of B allow

us to overcome that difficulty.

7.3. Randomly trapped random walks. In chapter [4] we will define a class of one-dimensional
random walks which we will call Randomly trapped Random walks (RTRW). These processes can be
considered as an enrichment of the one-dimensional, symmetric Bouchaud trap model. This generaliza-
tion will consist on allowing the traps to hold the walk by times that are not-necessarily exponentially
distributed.

Consider a sequence of probability measures v := (v,).cz € M1(R;)%. Let Z be a continuous time,
symmetric random walk on Z with Zy = 0. We denote by 7(i, 2) the time that Z spends on its i-th visit
to z € Z. Assume that for all i € N and z € Z, 7(4, 2) is distributed according to v.. Moreover, assume
(7(i, ) )ien,zez to be an independent family of random variables. We will say that Z is a trapped random
walk (TRW) on the trapping landscape v. When we consider a TRW on a random trapping landscape,
we are in the presence of a randomly trapped random walk. Between the models which can be seen as
particular instances of the RTRW we can mention Continuous time random walk a la Montroll Weiss,
the symmetric BTM, and the walks on the IIC and the IPC projected to the backbone. i.e. W!FC and
W€, When the environment of a RTRW is chosen on an independent and identically distributed way,
we will say that the RTRW is i.i.d. We will mostly work with i.i.d. RTRW’s. Nevertheless, the methods
applied here work on more general cases. In fact, they will work for W!PC which, as we will see, is not
iid.

We will also define the continuous counterpart of the TRW and RTRW. First we will define the object
which play the role of the environment. It will be called trap measure. The introduction of this object
comes from the necessity of generalizing the speed measure changed Brownian motion. Trap measures
will play the role of the measure. Trap measures are similar to ordinary measures, but instead of assigning

numbers to sets, trap measures will assign certain type of stochastic processes to sets. Formally speaking,
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F1GURE 1. The simplest case of a phase transition.

trap measures will be certain type of random measures over R x R;. We use trap measures to define
a one-dimensional process that we call trapped Brownian motion (TBM). TBM is our generalization of
a speed measure changed Brownian motion. TBM can be regarded as the continuous version of TRW.
We will also consider random trap measures to define the Randomly trapped Brownian motion (RTBM),
which will be the continuous analogous of the RTRW. RTBM can be seen, in some sense as an enrichment
of the FIN diffusion.

The RTBM’s and RTBM’s introduced here provide a general and suitable framework to study one-
dimensional trap models. For instance, all the scaling limits of symmetric, one-dimensional trap models
known so far are the FIN diffusion, the one-dimensional FK process and the Brownian motion, and all
these processes can be expressed as RTBM’s. Furthermore, we will see that family of RTBM’s is much
richer than that. We will also show that trap measures provides a general method to show convergence
of rescaled one-dimensional trap models to their scaling limits: The space of trap measures naturally
endowed with a topology. As a general theorem, we will show that convergence of our trapped processes
can be deduced from convergence of their respective trap measures. All the convergence result we present

here will rely on this fact.

One of the things that motivates our study is to try to identify the scaling limits for W/ or W1I¢,
These questions are particular instances of the broader query: what kind of processes arise as scaling
limits of the RTRW’s?. We will present a classification theorem describing all the possible scaling limits
of i.i.d’s RTRW’s. This proof will be based on a classification theorem for the exchangeable measures on

a quadrant. This theorem is given by Kallenberg in [Kal05].



We will give a criterion to prove convergence of rescalings of an i.i.d. RTRW to its respective scaling
limit. In Chapter Bl we will see that this criterion hods for the walk on the IIC projected to the backbone,
W “and thus, we will identify its scaling limit as a particular case of the RTBM. The case of the IPC
is different. As we have said, in the IPC the percolation parameter of the percolation cluster we attach
to a given vertex of the backbone will vary depending of the vertex. This implies that the environment
of WIFC is not identically distributed (it will also fail to be independent). Thus we present a theorem to
prove convergence of a given RTRW to its scaling limit where the i.i.d. hypothesis is relaxed. In chapter
Bl we will use that theorem to identify the scaling limit of W{F¢,

We will provide criteria to deduce convergence of RTRW to the one-dimensional FK process. We use
a multidimensional ergodic to provide criteria for convergence of RTRW to Brownian motion. We will
also give criteria for the convergence to the FIN diffusion.

We will also analyze RTRW*s which depend on some parameters. We will find phase transitions for
these processes in terms of their scaling limits. The first model is defined as follows: Take a and (§ in
(0,1). Let (72).ez be a ii.d. sequence of positive random variables defined on the space (2, F,P) such

that
uh_}rrgo u®P(rg >u) =1 (7.1)

and P(r, > 1) = 1. For each 2z € Z, consider the random probability distribution 7, (w) := (1—7.(w)?)do+
T, (w)ﬁéTz(w). We construct a RTRW by letting the time the walk spends on a site z € Z be distributed
as m,. We will see that this RTRW presents a phase transition in terms of its scaling limit as the values
of o and (8 change. The phase diagram will include, one one hand, the FK process, on the other hand,
the FIN diffusion, and a third process as a critical case. This third process is a RTBM which is neither
FIN, nor FK, neither Brownian motion. The phase diagram for this model are depicted on figure 1.1.

We will also analyze the comb model. The comb model is a geometric trap model constructed as
follows: Let GG, denote a line segment of length N, with nearest-neighbor edges. Let Gomp be the tree-
like graph with leaves (G, ).cz. We refer to the geometric trap model on G omp as the Comb model. We
call the leaves of Geomp “teeth”. The comb graph has a great advantage as opposed to the trap models
on the IIC or the IPC, since the distribution of the time spent in the teeth is easier to compute. We
choose the depth of the teeth on an independent and identically distributed way. We assume that the
distribution of the depth satisfies

lim u*P(Ng > u) =1 (7.2)

U—00

for some a > 0.
As we will see, the scaling limit of the comb model is either Brownian motion or FK depending on the
value of &. When a > 1, the teeth are “short” and the mean time spent in traps has finite expectation.

Thus the comb model is diffusive and Brownian motion is the scaling limit. If, on the other hand, a < 1
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FIGURE 2. Phase diagram for the comb model.

the teeth are “long” and the expectation of the mean time spent in traps is infinite. However, the comb
model does not explore deep traps and, therefore, does not “remember” the environment. Hence FK is
the limit.

The comb model can be enriched further. In order to do so, we write each vertex of G.omp as a pair
(n,z) with z € Z and n € [0, N,] in a straightforward fashion so that the points on the backbone have
vanishing second coordinate. We (re-)define X ™ as follows. Whenever X ™" is not, on the backbone,
it performs a drifted random walk on (z,0) UG, with a drift g(N.) > 0 pointing away from the backbone
and reflecting wall at the end of the tooth, i.e. for any 0 <n < N,

PX™(k 4+ 1) = (2,0 + 1) X (k) = (2,n)) = ”+(N) (7.3)
P(X™(k +1) = (2,n — 1)| X" (k) = (2,n)) = 1_+(NZ) (7.4)

and
]P)(Xcomb(k + 1) _ (Z,Nz _ 1)|Xcomb(k> — (Z,Nz)) = 1. (75)

Otherwise, if X¢™® = (z,0), it jumps to one of the three vertices (z — 1,0), (z + 1,0) and (2,1) with
equal probability. We will find in subsection that the appropriate choice of g is

o() = poE) (7.



for some 3 > 0. The presence of the drift might force X to explore even the deepest traps. The
phase diagram for the comb-model, containing the FK process, the FIN diffusion and Brownian motion

is depicted in figure 1.2.

7.4. Geometric trap models. As we have seen, some interesting and natural examples of RTRW
arise in relation to percolation on regular trees, namely, W//¢ and WIPC_ Tt is natural to wonder what
kind of scaling limits do the processes WIC WIPC have, in case they exist. In Chapter [ we will use
the results presented in Chapter [ to identify their scaling limits. In particular we will see that they
are RTBM’s which are neither the FIN diffusion, neither FK nor Brownian motion. Furthermore, we
will show that the scaling limit of W€ is different from the one for WY We will briefly explain the
nature of these scaling limits by comparing them with the FIN diffusion.

The FIN diffusion can be regarded as a Brownian motion moving among traps. These traps are given
by an atomic random measure. Each atom of this measure corresponds to a trap, the location of the
atom represents the location of the trap and the weight of the atom represents the depth of the trap.
In the case of the IIC the scaling limit can also be seen as a Brownian motion moving among random
traps. Nevertheless, in this case the traps will be much more complex. In the FIN diffusion, the traps
are described by their location and their weight. In our case, the traps will described by their location
and a stochastic process (a subordinator). Here is where the Continuum Random Tree appears. The
process characterizing each trap will be the inverse of the local time at the root of the Brownian motion
on a CRT. More specifically, the construction of this environment can be performed as follows: First, we
randomly choose a measure p in exactly the same way as we did in the definition of the FIN diffusion of
parameter « = 1/2. That is, a random measure associated to a Poisson point process on R x Ry with
intensity measure oy~ ~'/2dady. Now, for each atom y;6,, of p, we randomly choose a realization of the
CRT conditioned on having “size” y;. Then, the trap located at x; will be characterized by the inverse
local time process (at the root) of the Brownian motion on that realization of the CRT. Then, the scaling
limit of W€ can be seen as a Brownian motion moving among these complex traps.

The difference between the scaling limits of W€ and W!FC stems on the random measure used to
construct the traps. In the IIC case, we use a random atomic measure p to set the locations and “sizes”
of the traps. The measure p was constructed by means of a Poisson point process. It is a known fact
that p is the Lebesgue-Stieltjes measure associated to an a-stable subordinator. In the IPC, this measure
will not be related to an a-stable subordinator, but to an inverse Gaussian subordinator with changing
parameters. Thus, the way we select the “sizes” of our traps is different. The rest of the construction
of the environment is the same for both cases. This differences comes from the fact that the percolation

parameter of the attached percolation clusters to the backbone is always critical in the IIC. Whereas, in



the IPC, this percolation parameter is subcritical and varies depending on the vertex of the backbone

that it corresponds.



CHAPTER 2

One-dimensional BTM with varying drift

1. Introduction

The Bouchaud trap model (BTM) is a continuous time random walk X on a graph G with random
jump rates. To each vertex x of G we assign a positive number 7, where (7;).cg is an i.i.d. sequence

such that

ull)rgo uPlr, > ul =1 (1.1)
with a € (0,1). This means that the distribution of 7, has heavy tails. Each visit of X to z € G
lasts an exponentially distributed time with mean 7,. Let S(k) be the time of the k-th jump of X.
(S(k),k € N) is called the clock process of X. Let Yy := X (S(k)) be the position of X after the k-th
jump. (Yy : k € N) is called the embedded discrete time random walk associated to X. This model was
introduced by J.-P. Bouchaud in [Bou92] and has been studied by physicists as a toy model for the
analysis of the dynamics of some complex systems such as spin-glasses. More precisely, each vertex x of G
corresponds to a metastable state of the complex system, and X represents the trajectory of the system
over its phase space. One of the phenomena that this model has helped to understand is that of aging, a
characteristic feature of the slow dynamics of many metastable systems. For an account of the physical
literature on the BTM we refer to [BCKM98].

The model has also been studied by mathematicians on different graphs, exhibiting a variety of
behaviors. In [FINO2|, Fontes, Isopi and Newman analyze the one-dimensional case (G = Z)and where
the walk X is symmetric. They obtain a scaling limit for X which is called the Fontes-Isopi-Newman
(FIN) singular diffusion. This diffusion is a speed measure change of a Brownian motion by a random,
purely atomic measure p, where p is the Stieltjes measure associated to an a-stable subordinator. Different
aging regimes for the one-dimensional case where found by Ben-Arous and Cerny in [BCOE’)J. In higher
dimensions (G = Z¢,d > 2), the symmetric model has a behavior completely different to the one-
dimensional case, as shown by Ben Arous and Cerny in [BC07|, and by Ben Arous, Cerny and Mountford
in [BCMO6]|. In these papers, a scaling limit and aging results where obtained for X. The scaling limit
is called fractional kinetic process (F.K.P) which is a time-change of a d-dimensional Brownian motion by
the inverse of an a-stable subordinator. In [BBGO03a] and [BBGO03b| Ben Arous, Bovier and Gayrard
obtained aging properties of the model on the complete graph. A study of this walk for a wider class of

XXVI



graphs can be found on [BCO08|. For a general account on the mathematical study of the model, we refer
to [BC06].

The difference between the one dimensional case and the model in higher dimensions can be un-
derstood as follows. We can express the clock process S(k) of X as S(k) = Zi:ol Ty,€;, where the e;
are standard i.i.d. exponential random variables. Thus, the increments of S(k) are the depths of the
traps (7z)zeg as sampled by Yi. In the model in dimensions higher than two, the embedded discrete
time random walk Y} is transient (the case d = 2 is more delicate). Thus Y}, will sample each trap 7,
a finite number of times. That implies that S(k) does not have long range interactions with its past
and its scaling limit will be a Markovian process, which is an a-stable subordinator. On the other hand,
in the one-dimensional symmetric BTM, we have that the embedded discrete time random walk Y}, is
recurrent. Thus Yy, will sample each trap 7, an infinite number of times. In this case, S(k) has long range
interactions with its past and its scaling limit will be non-Markovian. Furthermore, the clock process
S(k) will converge to the local time of a Brownian motion integrated against the random measure p. Here
p plays the role of a scaling limit for the environment (7, ),ecz.

It is natural to ask if we can find intermediate behaviors between the transient case (d > 1) and the
recurrent case (d = 1): if we introduce a drift to the one-dimensional BTM, note that the embedded
discrete random walk becomes transient. Thus, intermediate behaviors between the transient and the
recurrent case might appear when one analyzes a sequence of one-dimensional BTM’s with a drift that
decreases to 0 as we rescale the walks. In this chapter we study this question, showing that the speed
of decay of the drift sets the long-term behavior of the model and exhibiting a sharp phase transition in
terms of the type of limiting processes obtained. We next describe with more precision the way in which
we define the BTM with drift and the results that are obtained in this chapter.

For each ¢ > 0, denote by X the BTM on Z where the transition probabilities of the embedded

discrete time random walk are % to the right and 155 to the left. We will call this process the BTM
with drift e. For a > 0, consider a rescaled sequence of B.T.M’s with drift n=%, (he(n)X™ "(tn);t > 0),
indexed by n, where h,(n) is an appropriate space scaling depending on a. We will see that as the
drift decays slowly (small a), the sequence of walks converges to the inverse of an a-stable subordinator,
whereas if the drift decays fast (large a) the limiting process is the FIN. diffusion. As these two posibilities
are qualitatively different, we are led to think that there is either, a gradual interpolation between these
two behaviors as the speed of decay changes, or a sharp transition between them as the speed of decay
changes. We establish that there is a sharp transition between the two scaling limits, that there is a
critical speed of decay where a new, previously, process appears and that the transition happens at

a = a/(a+1). As the main theorem of this chapter, we prove that, depending on the value of a, there

are three different scaling limits:



e Supercritical case (a < a/(a + 1)). The sequence of walks converges to the inverse of an
a-stable subordinator.

e Critical case (a = a/(a+ 1)). The sequence of walks converges to a process which is a speed
measure change of a Brownian motion with drift that we will call the drifted FIN diffusion.

e Subcritical case (a > a/(a+1)). The sequence of walks converges to the FIN diffusion.

The case a = 0 (contained in the supercritical case), which corresponds to a constant drift, was already
addressed by Zindy in [Zin09].

Let us now make a few remarks concerning the proof of our main theorem. The strategy of the proof
for the supercritical case is a generalization of the method used in [Zin09] and relies on the analysis of

the sequence of processes of first hitting times (H}'(z);z € [0,nS]) (S is fixed, b > 0) defined as
HP'(z) == inf{t: X" (t) > z}. (1.2)

We show that these processes (properly rescaled) converge to an a-stable subordinator. From that, it
follows that the maximum of the walks converges to the inverse of an a-stable subordinator. This part
of the proof requires some care, because, as we are working with a sequence of walks with variable drift,
we cannot apply directly the methods used in [Zin09]. It turns out that we have to choose b properly
to obtain a sequence of walks with the desired drift as we invert the hitting time processes. Then, it is
easy to pass from the maximum of the walk to the walk itself. In [FINO2] The proof corresponding to
the critical case follows the arguments used by [FINO2]. There they express rescaled, symmetric one-
dimensional BTM’s as speed measure changes of a Brownian motion trough a random speed measure.
But here we are working with asymmetric walks, so we cannot work with the expression used there. To
treat the asymmetry of the walks, we use a Brownian motion with drift instead of a Brownian motion.

—a/(a+1) . . . .
as a speed measure change of a Brownian motion with drift,

That is, we express each walk X"
and then prove convergence of the sequence of speed measures to p. The latter is achieved by means
of a coupling of the environments. In the subcritical case, although we obtain the same scaling limit
as in [FINO2| (a FIN diffusion), again, because of the asymmetry of the model, we cannot work with
the expression used there. We deal with this obstacle using, besides a random speed measure, a scaling
function. That is, we express the rescaled walks as time-scale changes of a Brownian motion. Then we
prove that the scale change can be neglected and show convergence of the sequence of speed measures to
the random measure p.

The organization of the chapter is as follows. In section [2] we give the definition of the model and
state our main results. There we also give simple heuristic arguments to understand the transition at

a=a/(a+1). In section Bl we obtain the behavior for the supercritical case, and in section dl we obtain

the scaling limit for the critical case. The behavior for the subcritical case is obtained in section Bl



Finally, we would like to mention that while preparing the final version of this article we have learned
that Theorem (B.I]) has been independently obtained by Gantert, Morters and Wachtel [GMW10].
There, they also obtain aging results for the BTM with vanishing drift.

2. Notations and Main Results

A Bouchaud trap model on Z with drift €, (X€(¢);t € [0, 0¢]) is a homogeneous Markov process with

jump rates:

[ Q4o t2ify=2+1
c(z,y) '_{ 1—ert)2ify=a2-1 " (2.1)
where 7 = (7, )zez are positive, i.i.d. under a measure P and satisfy
lim u®P[r, > u] = 1. (2.2)

For any topological space F, B(FE) will stand for the o-algebra of Borelians of E. P? and E* will
denote the probability and expectation conditioned on the environment 7 = (7, )zecz and with X€(0) = «.
These probabilities are often referred as quenched probabilities. We define P* on ZN x R+” stating that for
every A € B(ZN) and B € B(R*?), P*[Ax B := [, PZ[C,]P(dr), where C; := {x € ZV : (z,7) € Ax B}.

P? is called the annealed probability. Note that X is Markovian w.r.t. P7 but non-Markovian w.r.t.
P*. E® is the expectation associated to P?. P and E° will be simply denoted as P and E. Also P, and
E, will stand for PY and E? respectively. These notations will be used with the same meaning for all the
processes appearing in this chapter.

We have to make some definitions in order to state our main result: let B(t) be a standard one
dimensional Brownian motion starting at zero and I(¢,z) be a bi-continuous version of his local time.

Given any locally finite measure p on R, denote

¢u(5):::j£l(57y)u(dy%

and its right continuous generalized inverse by
Yu(t) =inf{s>0: ¢u(s) > t}.

The right continuous generalized inverse exists by definition, is increasing and, as its name indicates,

it is a right continuous function. Then we define the speed measure change of B with speed measure p,

X(u)(t) as
X(u)(t) = By (1)): (2.3)



We also need to define speed measure changes of a drifted Brownian motion. Let C(t) := B(t) + t.

We know that C(¢) has a bi-continuous local time [(¢,y). Given any locally finite measure p in R we

define
Buls) = / I(s,)u(dy),

and its generalized right-continuous inverse by

PYu(t) == inf{s > 0: P,(s) > t}.

Then we define X (1)(t) (the speed measure change of C' with speed measure p) by

X()(t) = C(dhu(1))- (2.4)

By changing the starting point of our underlying Brownian motion B, we can change the starting
point of X (1) and X (p).

Let (z;,v;) be an inhomogeneous Poisson point process on R x RT, independent of B with intensity

measure av~ ' "*dxdv. We define the random measure p as

pi= Zviém. (2.5)

The diffusion (Z(t);t € [0,T]) defined as Z(s) := B(1,(s)) is called the FIN diffusion. We also define
the drifted FIN diffusion Z(t) as Z(t) := C(1,(t)).

DI0,T] will denote the space of cadlag functions from [0,7] to R. (D[0,T], My), (D[0,T],J1) and
(D[0,T],U) will stand for D[0,T] equipped with the Skorohod-Mj, Skorohod-.J;, and uniform topology
respectively. We refer to [Whi02] for an account on these topologies. We define (X(™%):t € [0,T]), a
rescaling of a walk with drift n=¢, by

Xrlifa < 1o
XMo@t = . (2.6)

X""’(m).f >
na/a+n LA =

Tra
Let V, be an a-stable subordinator started at zero. That is, V,, is the increasing Levy process with
Laplace transform E[exp(—AV,(t))] = exp(—tA®). Now we are in conditions to state the main result of

this chapter.

THEOREM 2.1. For all T > 0:
(i) If a < of(a + 1) we have that (X (t);t € [0,T)]) converges in distribution to (V;; '(t);t €
(0,7)) in (D[0,T),U) where V71 is the right continuous generalized inverse of V.
(ii) Ifa = af/(a+ 1) we have that (X ™) (t);t € [0,T]) converges in distribution to the drifted FIN
diffusion (Z(t);t € [0,T]) on (D[0,T],U).
(iii) Ifa > af(a+1) we have that (X ™ (t);t € [0;T]) converges in distribution to the FIN diffusion
(Z(t);t € [0,t]) on (D[0,T],U).



@

o - First we analyze a sequence

We present heuristic arguments to understand the transition at a =

of discrete time random walks. Let (S¢(i),¢ € N) be a simple asymmetric random walk with drift e,

Se(i) == 2221 b5, where (b5,)ien is an i.i.d. sequence of random variables with: P[bg, = 1] = 1<, P[b§, =

—1] = 15¢. We want to find the possible scaling limits of (S€)(in);i € [0,T7]), depending on the speed

of decay of €¢(n) to 0 as n — 0.

We couple the sequence of walks S in the following way: Let (Ui)ien be an i.i.d. sequence of
uniformly distributed random variables taking values on [0,1]. We require that S¢(™) takes his i-th step
to the right (b:-(") =1)ifU; > 1_%(") and to the left otherwise. For each walk, we can decompose the
steps into two groups: the first group is given by the steps @ such that 1_%(") <U; < H%(") and the
second group consists of the remaining steps. We can think that the first group of steps takes account of

the drift effect and the second one takes account of the symmetric fluctuations of the walk.

If the walk has given n steps, then the first group has about ne(n) steps, and the second group has
fluctuations of order y/n. It is obvious that the drift effect will dominate the behavior if \/n = o(e(n)). In
this case we will have a ballistic (deterministic) process as a scaling limit. If e(n) = o(y/n) the fluctuations
will dominate and we will have a Brownian motion as scaling limit. Finally the two behaviors will be of
the same order if €(n) ~ /n, and a Brownian motion with drift will be the scaling limit.

The same reasoning can now be used to understand the change of behavior at a = a/(a + 1) for the
sequence of walks (X™ "(tn),t € [0,T])nen. In order to apply the precedent arguments we first have to
estimate the number of steps that X" * has given up to time Tn. To simplify we take T = 1. First,
suppose that X”fa(n) is of order n", where u is to be found. We know that after k steps, a walk with

—a

drift n=¢ is approximately on site kn~%, so, it takes about n“*® steps to be on site n*. Thus, we can
also deduce that at time n, X™ " has visited approximately n® times each site. As the distribution of
7; satisfies (5.IJ), then the sum Z?:O 7; is of the same order that max(g<;<ynu} 7, and both are of order
n"/ . We can estimate the time needed to arrive at n* as the depth of the deepest trap found (~ nv/ *)
multiplied by the number of visits to that trap (= n®). This gives that n ~ n= % But, we know, by
definition, that X™ " arrives at the site n/* approximately at time n. It follows that 1 = (u/a) + a,
which yields © = (1 — a)a. This means that the number of steps that X""" has given up to time n is of

order n(1—a)a+a,

Again, we can decompose the steps of X™ " into two groups. The first group accounts for the
drift effect, and the second one accounts for the fluctuations. The first group will have approximately
potli—a)atal gtens and the second group will give a contribution to the position of order nt=T
Now it is easy to see that the ballistic behavior and the fluctuations will be of the same order i.f.f.

[(1—a)a+a]/2=(1—-a)aora=a/(l+a).



3. The Supercritical Regime

The proof for the constant drift case (a = 0) in [Zin09] is roughly as follows: first he prove that the
sequence of rescaled first hitting times, (n="/®inf{s > 0: X(ns) > x} : x > 0), converges to an a-stable
subordinator. Then, using that the right continuous generalized inverse of the process of first hitting
times is the maximum of X¢(t), he can deduce that (max{n='X¢(n'/®s): s <t} : t > 0) converges to

the inverse of an a-stable subordinator. Finally he shows that the walk and its maximum are close.

For the proof of part (i) of theorem Bl we cannot follow the proof of [Zin09] in a straightforward way:
suppose we show that a properly rescaled sequence of first hitting time processes (po(n)H (nx) : x € Ry)
(where po(n) is an appropriate scaling) converges to an a-stable subordinator. Then, by inverting the

—a

processes, we get that the sequence (max{n=1X"™ "(p,(n)~1s):s <t} :t € R.) converges to the inverse
of an a-stable subordinator. But we are searching a limit for (max{d,(n)X™ "(tn) : t € R;}) (where
d.(n) is appropriate space scaling). That is, we want to obtain the limit of a sequence of rescaled walks
where the drift decays as n~* when the time is rescaled by n. But when we invert (p,(n)H} (nz) : © € Ry),
we obtain the sequence (max{n='X" "(pa(n)~'s):s <t} :t>0), which is a sequence of maximums of

rescaled walks in which the drift decays as n=% when the time is rescaled as p,(n)~*.

To solve this, we will prove that the limit of (g,(n)HJ.(nz) : € Ry) is an a-stable subordinator,
where g, (n) is an appropriate scaling and b* sets an appropriate drift decay and depends on a. Inverting,
we will obtain that (max{n=1X" " (ga(n)~1s) : s < t} : t > 0) converges to an a-stable subordinator.

As we have said, we want the limit of a sequence of rescaled walks with a drift that decays as n™¢

as
the time parameter is rescaled by n. Hence, when the time parameter is rescaled as q,(n)~!, the drift
should rescale as g,(n)*. Thus we need to choose b* so that n="" = g,(n)*. But we know that g, (n) is
the appropriate scaling for (H{% (nz) : © € Ry). Hence, ¢,(n) must be the order of magnitude of HJ%(n).

That is g,(n) is of the order of the time that the walk X" needs to reach n.

We now give a heuristic argument to find g,(n) and b*. When X n (t) has given k steps, it has an
order kn=?". So it takes about n®" *1 steps to be on site n. We can think that the number of visits to
each site z is evenly distributed. Then each site is visited about n®" times before X 7" hits n. The time
that the walks needs to reach n is of the order of the time spent in the largest trap. Thus we can estimate
the total time spent by the walk as the depth of the deepest trap (which is of order n='/) multiplied
by the number of visits to that trap. This gives a time of order n'/®+?". What the previous arguments
show is that X" ° () arrives at n at time ¢ &~ n'/%F%" (g,(n) ~ n'/2+7"). But at that time we want to

analyze a walk of drift (n'/®+?")=¢_ That is, we need that a(1/a + b*) = b*. In this way we find that

b* :=a/[(1 —a)al.



3.1. The embedded discrete time walk. For each natural n, the clock processes S™ is defined
as S™(0) := 0. Furthermore S™(k) is the time of the k-th jump of X7". 8" is extended to all R+ by
setting S™(s) := S™(|s]). To each drifted walk xn" (t) we associate its corresponding embedded discrete
time random walk (Yinfb* : 1 € N) defined as Yinfb* = X" (t) where ¢ satisfies: S™ (i) <t < S™(i +1).

Obviously Y;"ib is a discrete time random walk with drift n=°". We can write

k—1
S(k) = ZTYieiv
i=0

where (e;);>0 is an i.i.d. sequence of exponentially distributed random variables with mean 1.

Define
e=¢e(n)=n""
p=p(n) = (1 +€(n))/2
g=q(n):=(1-¢€(n))/2 and
v(n) := [clog(n)n®" | with ¢ > 2.
Let E(x,k) = E(x, k,n) be the probability that Yf(n) hits x before k starting at  + 1. Then we

(
(

have that Z(z, k) = ¢+ pE(x + 1, k)=(z, k) and that ZE(k — 2, k) = ¢. These observations give a difference

equation and an initial condition to compute Z(z, k). Then we get that
1— kazfl

Bz, k) =r————
(:Ev) Tl—’r‘k_m,

(3.1)
where r = r(n) := ¢g(n)/p(n). Using that formula we can see that the probability that the walk Yf(n)

ever hits x — 1 starting at = is 7. We now present a backtracking estimate.

LEMMA 2.2. Let A(n) := {min;<;<¢, (n) (Yje(") —Yf(n)) > —v(n)} where (,(7) := min{k > 0: Y,:(n) =
i}, then lim, . P[A(n)] = 1.

Proor: We can write

n—1
c o . e(n) . e(n) .

Hence )
c . e(n) e(n)
Al L:Jo {cnl?zl%i(yi ~Yaw) < _V(n)}'
But, in order to arrive from x to z — v(n), for each j =z — 1,..., 2 — v(n), starting from j + 1 the

random walk Yf(") needs to hit j in a finite time. Hence, it takes v(n) realizations of independent events

nb*

which can be bounded by n(1 — n%)”("). Replacing v(n) we obtain n((1 — n%)”b yelos(n) We can see
* b*
that (1 — n%)"b — e~ ! when n — oco. Now, for n big enough (1 — n%)n < e 2. Then

13 c v(n) _ 2 v(n
(strong Markov property) of probability 7(n). In other words P[A%(n)] < nr(n)*™ = n(1 — ) (n),

P[A°(n)] < nn~3°.



But ¢ > 2, so we get the result.

|
Now we state the convergence result for the hitting time processes.
LEMMA 2.3. Let
Hy. (tn)
M () .= o7
H™(t) : /e (3.2)

Then (H™(t);t € [0,T]) converges weakly to ((=22=)"YV,(t);t € [0,T]) on (D[0,T], M), where

sin(mwa)

Vo (t) is an a-stable subordinator.

The proof of this lemma will be given in subsection 3.5l We present the proof of part (i) of Theorem
B using lemma 2.3 and devote the rest of the section to the proof of lemma

3.2. Proof of (i) of Theorem [B.1]l Let us denote
XM = n~ max{X" " (snM/O Y 5 € [0, 4]},

First we will prove convergence in distribution of X™ to the (right continuous generalized) inverse of
(ﬁ)_l/ 2V, in the uniform topology. That is, we want to to prove convergence in distribution of the

inverse of (H(™(t);t € [0,T]) to the inverse of ((z22~)"1/*V,(t);t € [0,T]) in the uniform topology.

sin(ma)
Define

C(T,S)y, = {H™(S) > Tn/)+t7Y,

Then, we have that, on C(T, S),, the right continuous generalized inverse of (H™ (s);s € [0,5]) is
(X™(t);t € [0,T)). Let T > 0 be fixed, by Lemma 23] we know that we can choose S big enough so
that lim, o P[C(T, S),] is as close to 1 as we want. Let D'[0,7] be the subset of D[0,T] consisting
of the increasing functions. By corollary 13.6.4 of [Whi02], the inversion map from (D'[0,T], M) to
(D[0,T],U) is continuous at strictly increasing functions. Lemma (Z3) gives convergence in distribution

of (H™(t);t € [0,5]) to ((=22~)~1/*V,(t);t € [0,5]) in the Skorohod M; topology. We know that

sin(ma)

V, is a. s. strictly increasing, that is ((=22—~)~1/*V,(t);t € [0,5]) € D'[0,T] almost surely. So we

sin(mwa)

can apply corollary 13.6.4 of [Whi02] and deduce convergence in distribution of X™ to the inverse of
(=22 _)~1/2V,, in the uniform topology. As we have said previously, the inverse of (H (™ (s);s € [0, 5])

sin(ma)

is (X"(t);t € [0,T]) in C(T,S),. This proves convergence of the maximum of the walk. To deduce

convergence of the walk itself it suffices to show that the walk is close enough to its maximum in the

uniform topology. That is, to prove the theorem, it is enough to show that for all v > 0:

P | sup |n_1X"7b* (tn(/ O+ _ X)) > 4| — 0.
0<t<T



Again, by Lemma 23] we know that P[H[ (nlog(n)) > Tn1/®)*+*"] — 1. Hence, we just have to prove
that

Pl s X (0) —n ma X7 (s)is € 0,8} 2 4| — 0.
0<t<HY. (nlog(n))

Which is to say,

P sup |Y,:(n) - }7]:(")| >ny| — 0.
0<k<¢n([nlog(n)])

where V(") is the maximum of Y<("), But, we can apply Lemma [Z2] to see that this is the case.

3.3. The environment. Here we give estimates concerning the environment. For each n € N define

1/«
n
g(n) ==

(log(n)) ™=
Now, for each site z € N, we say that x is an n-deep trap if 7, > g(n). Otherwise we will say that
is an n-shallow trap. We now order the set of n-deep traps according to their position from left to right.

Then call §;(n) the leftmost n-deep trap and in general call for j > 1, §;(n) the j-th n-deep trap. The

number of n-deep traps in [0,n] is denoted by 0(n). Let us now define

Exn) = {0 A (_min (8, 8;-1) < plw)},

It = - , and
() i= {_max_ 7o < g}, an

where p(n) :=n" k<1 and ¢(n) :=Pr, > g(n)].
LEMMA 2.4. We have that lim,,_,., P[E(n)] = 1.

PROOF: 6(n) is binomial with parameters (n,p(n)). &; is estimated using the Markov inequality.

To control & it is enough to see that in 0,..,n there are O(np(n)) pairs of points at a distance less than
p(n). The estimate on &3 is trivial.

O

3.4. Time control. In this subsection we prove results about the time spent by the walk on the
traps.



3.4.1. Shallow traps. Here we will show that the time that the walks spend in the shallow traps is
negligible.

LEMMA 2.5. Let Z(n) := {ZC" Ty €ilir, o< gm} < %} Then

P[Z(n)] — 1 as n — oo. (3.3)

PRrROOF: We have that P[Z(n)¢] = P[Z(n)¢ N E(n)] + o(1). Using the Markov inequality it suffices to
show that
() nl/(1=a)al
; T é“‘)ell{f e(n><<7(n)} eW>_pmyy| = (W) :
The number of visits of Y™ to x before time ¢, (n) is 1+ G(x,n), where G(z,n) is a geometrically
distributed random variable of parameter 1 — (¢+ p=(x,n)) (the parameter is the probability that, YG(")

starting at z, hits n before returning to x). Also

Z T, e(n)ell{f e(n)<g(n)}1{ye(n)> v(n)} < Z Tm(l +ET[G(.CL',7’L)])1{71<Q(”)}. (3.4)
=0 z=—v(n)

Using (BI) we can deduce that (1 + E[G(z,n)]) < L=20) < ¢p=t" So, averaging with respect to

= P
the environment in (34 we get
Cn(n) )
Z T. e(")ezl{‘r e(n) <g(n)} {Ye(n)> v(n)} < C?’L1+b E[T01{7-0<g(n)}].
1=0
Also
E[701 {ro<g(n)}] < Z 1/2) g(n)Plry > (1/2)7+1g(n)].

Now, using (2] there exists a constant C such that the righthand side of the above inequality is
bounded above by

oo

Cgn)' = 3 ((1/2) 7).

3=0
Furthermore, since 1 — a > 0 this expression is bounded above by Cg(n)!~<. This finishes the proof.

O

3.4.2. Deep traps. Here we will estimate the time spent in deep traps. We define the occupation time

for x € Z as
Cn(n)

T, Z T, yem €; {Ye(n) o}
The walk visits z, G(z,n) + 1 times before Cn( ), and each visit lasts an exponentially distributed
time. This allows us to control the Laplace transform of T,,. For any pair of sequences of real numbers

(an)nen, (bn)nen, an ~ by, will mean that lim,, ‘;—: =1.



LEMMA 2.6. Let A > 0. Define A\, := W Then we have that

P, > g(n)] " tarA=@
nsin(am) '

E*[1 — exp(=AnT%) |72 > g(n)] ~

PROOF: We must perform an auxiliary computation about the asymptotic behavior of the parameter

1—(q+ p=(x,n)) of G(x,n):

_ x 1—r
(1= (g+pE(z,n))n" =pr——0—

2p(1+n b )=
1+n=0)((1+n-t" )2 — (1 —n-b")n—2)
2p

(1+n) (1 = (1 - 2t o)

which converges to 1. Thus we have showed that

(1= (g +pE(z,n)m® "= 1 (3.5)
We have
G(z,n)
Eflexp(—=AnT%)] = EZ |exp | —An Z TuCi
i=0

where ¢é; are i.i.d. end exponentially distributed with E(¢€;) = 1. Let Ny 1= # Then
1

EXfexp(=AnTz)] = T+

Tx
" nb” (1—(q+pE(z,n)))
Using (B3] we get that the above expression equals
1 1

= N = = + o(n~Y*),
1+ Ame(140(1) 1472 ( )
Averaging with respect to the environment
e 1
Em[l - exp(_)\nTw)l{TIZg(n)}] = / 1- N TO(dZ) + O(n_l/a)
g(n) 1+ M2

where the notation 7o(dz) denotes integration with respect the distribution of 7. Integrating by parts

fgo(on) 1- ﬁm(dz) we get that the above display equals

~ oo
AnZ

1+ N\,

P[TQ 2 Z]

< A
—|—/ — T Pl > zldz + o(n V).
g(n) (1+An2)? o= ( )

g(n) :

The first term is smaller than Cj\ng(n)l_o‘ =o(n~1). To estimate the second term, note that for all

n > 0 we have

1=z *<Plrg>2] <(1+n)z“



A Anz

for z large enough. Then we must compute L;(On) m 2z~ %dz. Changing variables with y = e we
obtain .
5\#‘/- y (1 —y)*dy.
Ang(n)
1+Ang(n)
But we know that this integral converges to I'(a + 1)T'(a — 1) = S(ra)-
O

3.5. Proof of Lemma We will show the convergence of the finite dimensional Laplace trans-
forms of the rescaled hitting times to the corresponding expression for an a-stable subordinator. This
will prove finite dimensional convergence.

Let 0 =ug < -+ <ug <T and (;,7 = 1..K be positive numbers. We know that

yiye;

E

K
oxp Y —Bil(mo) TV (i) —
=1

sin(ma)

)I/O‘Va(ui—l))] (3.6)

sin(ma)

a anfBz°
= exp (Z _sin(cijr) (UK - uKl)) . (37)

So, it only suffices to show that

K K Oéﬂ'ﬁ_a
E [expz —ﬁl(H(n) (ul) — H(n) (ul_l))] ni;)o exp <Z —— K (UK - UK_1)>
i=1

=1

where H(™ is as in [32). We can decompose the trajectory of Y<(") up to ¢, (|nur]) into three parts.
The first one is the trajectory up to the time (,(|nux_1 — v(Tn)]), the second one is the trajectory
between times ¢, (|nux—_1 — v(Tn)]) and (,(|nux—1]), finally, the third part is the trajectory starting
from time {,(|nux—1]) up to time (,(|nuk|). First we will show that the time spent in the second part

of the trajectory is negligible. We have that P[max,cp > g(Tn)] = o(1), which is to say that the

u(Tn)(z)

probability of finding an n-deep trap in a ball of radius v(T'n) is small. Indeed Lemma implies that

there exists a constant C' > 0 such that

CLuKnj

P Z TY;(n)eil{
=0

} < Cpt-oa (log(n))~'| — 1.

T etn) €By(rn) (lux —171])

Hence, the time that the walk spends in By, () (|ux —1n]) is negligible. But in A(7Tn) the walk never
backtracks a distance larger than v(Tn), so, the time spent in the second part of the decomposition is
negligible. The fact that in A(T'n) the walk never backtracks a distance larger than v(T'n) also implies
that, conditional on A(T'n), the first and the third parts of the decomposition of the trajectory corresponds
to independent walks in independent environments.

So IE[exp(ZiK:1 —Bi(H™ (u;) — H™ (u;_1)))] can be expressed as

K-1
E |exp Z —Bi(H™ (u;) — H(n)(uil))] Elnus—1] {GXP —Br (H™ (u;) — H™ (u;-1))| + o(1)
=1



where o(1) is taking account of the time spent in the second part of the decomposition of the trajectory
and of A(T'n)e.

The strong Markov property of Y¢(") applied at the stopping time ¢, (|nug_1]) and translational
invariance of the environment give that HJ. (nu;) — HJ. (nu;—1) is distributed as Hj.(ns,(K)) where
sn(K) = W Iterating this procedure K — 2 times we reduce the problem to the computation

of one-dimensional Laplace transforms. Hence, we have to prove that, for each k < K

yiye;

Efexp(—frn~ VT H (nsy (K)))] — exp <_ B (uk = Uk1>> '

sin(ma)

We have that P[E(Tn) N A(Tn)] — 1, then we can write
Elexp(—fyn~ V= H. (ns (k)] = Elexp(—fen =D~ Hit (nsn (k) Lgermyuacranp] + of1).

We know that the time spent in the shallow traps is negligible, so we only have to take into account the
deep traps. We also know that on A(Tn), the walk does not backtrack more than v(Tn), and that, on

E(Tn), the deep traps on [0, Tn] are well separated. Then we can write

0(nsn(k))
Elexp(—fen~ MO Hy (ns, (k)] =B | [[  Efexp (=Ben=/97T5,)]| +o(1).
j=1

Also, in £(T'n) we have upper and lower bounds for §(Tn). Using the upper bound we see that the
righthand side of the above equality is bounded above by

nsy (k)o(nsn (k) (- mzmemy)
E 11 E [exp (—Bin~ T3] | +o(1),
=1

Applying again the translational invariance of the environment and the strong Markov property we

get that that the above display is equal to
E[E [exp (—Ben~ /@) =agy yjren Wemen ) A=ggmeom) 4 o(1)
which in turn can be expressed as
Elexp (—Ben~ M9 =0Ty) |7y > g(nsn(k))]"S"(k)‘/’("sn(k))(l_m) +o(1).

Using lemma (28] and the fact that s, (k) = uj — uj_1 we obtain

anf,*

sin(ar)

lim sup E[exp(—Gen~ Y97 HP (ns,, (k)))] < exp (— (ug — uk_1)> .

The lower bound can be obtained in an analogous fashion. For the tightness, the arguments are the

same as in Chapter 5 of [BBCOS]



4. The Critical Case

2

a+1
tion to a drifted FIN diffusion. We will mimic the arguments in [FINO02]. But to treat the asymmetry of

We want to show that for a = the sequence of walks (X (™) (t);¢ € [0, 00]) converges in distribu-
the model we will use a Brownian motion with drift instead of a Brownian motion. We use the existence

of a bi-continuous version of the local time for a Brownian motion with drift.

4.1. The construction of the walks. Recall the definition of X (u) given in display (Z4). Let s
be a real number and define
= Z ;05
i€(2Z)
Then X () is a homogeneus Markov process with sZ as its state space. The transition probabilities

and jump rates of X () can be computed from the positions and weights of the atoms using the generator
L of C(t)

1 a?f df
T 2dx?  dx’

The arguments we will give below are an adaptation of the reasoning used by Stone in [Sto63].

(4.1)

For each i let ny; be the time of the first jump of X (u) started at si. By construction we will have that
nsi = vil(0s,0), where o is the hitting time of (—s, s) by C(t). Using the strong Markov property for C(t)

we can deduce that 7g; is exponentially distributed. It is easy to see that its mean is v;E[l(os, 0)]. Denote
by p¢(z) the density at site 2 of the distribution of C(t) absorbed at {—s,s}. Using that [(og,0) =

e time om(t € [0,04 : C(t) € [~¢,¢]) and applying Fubini‘s Theorem we find that E[l(cs,0)] =
e 1lime_g fOUS P[C(t) € [—¢,€]]dt. Then we find that

Em%ﬂﬂ:Amm®Mt

We also know that [~ p¢(0)dt = f(0), where f is the Green function of (@) with Dirichlet conditions

on {—s,s}. That is, f is the continuous function that satisfies

%%{ G 5y and f(5) = f(=5) = 0
We know that the general solution to %d—zg + % = 0is g = C; exp(—2z) + C5. This and the constraints
on f give that
Bly.) = o SR L (4.2

1 —exp(—2s)’
For the computation of the respective transition probabilities we can use again the generator L. Let
g : [—s,s] — R be a continuous function such that %% + % =0 and g(—s) = 0,g(s) = 1. Using Itd’s

formula, we find that that g(C(t)) is a martingale. By the optional stopping theorem with the stopping



time o we find that the probability that the walk takes his first step to the right is g(0). We can use the

constraints on g to see that

PIX () (1s1) = 5(i + 1)) = %ﬁ(g) (43)

The proof of part (i) of Theorem (B.I]) will rely strongly on the following proposition.

PROPOSITION 2.7. Let (v )nen be a sequence of measures that converges vaguely to v, a measure
whose support is R. Then the corresponding processes (X (v,)(t),0 < t < T) converges to (X (v)(t),0 <
t <T) in distribution in (D[0,T],U).

For the case where the underlying process is a Brownian motion, the proof of this fact can be found
in [Sto63]. We will use the continuity properties for the local time I. For each fixed t, [ is continuous and
of compact support in . Then, the vague convergence of v, to v implies the almost sure convergence of
bu, (t) to ¢, (t). As [ is continuous in ¢, we obtain continuity of ¢,, and of ¢,. That, plus the fact that
the é,jn are non-decreasing implies that that (;3,% converges uniformly to é,,. The function ¢Z,, is almost
surely strictly increasing, because the support of v is R. Now we can apply corollary 13.6.4 of [Whi02]
to obtain that ‘/N’un converges uniformly to . That plus the continuity of the Brownian paths yields the

lemma.

4.2. The coupled walks. To prove part (ii) of Theorem Bl we will use Proposition 277l That is
we want to show that each walk (X (@) (¢);¢ € [0,00]) can be expressed as a speed measure change of
C(t), and then use convergence of the measures to get convergence of the processes. The problem is that
we are dealing with a sequence of random measures, and the proposition deals only with deterministic
measures. To overcome this obstacle we can construct a coupled sequence of random measures (p,, )nen,
such that (X (p,)(t);t € [0, 00]) is distributed as (X ™ (t); € [0, 00]) and that (p,)nen converges almost
surely vaguely to p, where p is the random measure defined in (L)) such that Z=X [p]. This section is
devoted to the construction of the coupled measures.

We recall that V,, is an a-stable subordinator. To make the construction clearer, we will first suppose
that 79 is equidistributed with the positive a-stable distribution V,(1). Let us consider the strictly
increasing process (V,(t);t € R) given by V,(t) := p[0,t] if t > 0 and V,(t) :== —p[t,0) if t < 0. Tt is a
known fact from the theory of Levy processes that f/p(t) is a two sided a-stable subordinator. We now

use this process to construct the coupled sequence of random measures (p, )nen as
pri= Y n TG,
i

n_ %41
1-n—¢2

where s, := %log and

7= O (7, (0= (40 i 1 1)) = T (= (504, (4.4)



Observe that (7]");ez is an i.i.d. sequence distributed like 79, so that using (@3] and [@2]) we see

that X (p,) is a walk with drift n=/ taking values in s,Z. The latter means that X (p,) is distributed

like s,nTa X (%4) The key observation here is that the scaling factor s,, satisfies

14+a)

s/ —1lasn— oo. (4.5)

So, we just have to show that X (p,,) converges to X (p), because [5) implies that if X (p,) converges
to X(p), so s,n® 1T X (p,) does. With [@J) in mind it is easy to prove that the sequence of measures
(pn) converges almost surely vaguely to p. Suppose that a < b are real numbers and that V, is continuous
at a and b, then

pu((a,b]) = Vo (n= /0 a/s, ]) =V (n=/OF ([ b/s, ] +1)).

n—oo

But using (7)) it is clear that n= /0% |a/s, | "= a and n=*/(+2) |b/s, | "= b. Then the continuity
of V, at a and b implies that p,((a,b]) e p(a, b], and we have proves the vague convergence of p,, to p.
Suppose now that 7y is not a positive a-stable random variable. Then, we can follow Section 3 of

. ere they construct constants ¢, and functions g, such that 7, 1s distributed like 79, where
FINO2]. There they tant d functions g, such that 7. is distributed lik h

i 1= e gV el + 1) = Vy(ed)). (46)
Lemma 3.1 of [FINO02] says that
ge(y) —yase—0. (4.7)
As 7y satisfies (B.I) and using the construction of ¢, in Section 3 of [FINO02], we can deduce that
e~ €Y (4.8)

Define

T; -

(—a/(1+a))
n._ (n )
[ _Ti

(4.9)

and again

Pn = Znil/(Ho‘)des i

Then, by definition {@8), X (p,) is a walk with drift n=1/® taking values in s,Z. Using @7), [EX)
and (@A) we can see that P-a.s. p, — p vaguely.

5. The Subcritical Regime

We will prove that if a > a/(1+ a), then (X(™%):¢ € [0, 00]) converges to a FIN diffusion. We obtain
the same scaling limit that was obtained in [FINO2] for a symmetric BTM Nevertheless, here we have to
deal with walks which are not symmetric, in contrast with the situation of [FINO2]. For this purpose we

express each rescaled walk as a time scale change of a Brownian motion. The scale change is necessary to



treat the asymmetry of the walk. Then we show that the scale change can be neglected. We now proceed
to define a time scale change of a Brownian motion. Let u be a locally finite discrete measure
pu(dx) == Z w; 0y, (dz),
i€z
where (y;)icz is an ordered sequence of real numbers so that y; < y; i.i.f. ¢ < j.
Let S: R — RU {00, —00} be a real valued, strictly increasing function, p will be the speed-measure

and S the scaling function of the time scale change of Brownian motion. Define the scaled measure

(S o p)(dz) as
(S o m)(dr) =D widsy, (dz).
Let l
1. 5)(0) = [ 1t.9)(5 0 (e

and ¥ (u, S)(s) be the right continuous generalized inverse of 1(u, S). Then, as shown in [Sto63]

X (n, 8)(t) == STHX (S o p)(1)))

is a continuous time random walk with {y;} as its state space. The mean of the exponentially distributed
waiting time of X (S o u) on y; is

2w (S(Wi+1) = S(wa)(S(wi) — S(yi-1)) (5.1)
S(yiv1) — S(yi-1)
and the transition probabilities to the right and to the left respectively are
S(yi+1) — S(yi) S(yi) — S(yi-1)
and .
SWi+1) — S(yi-1) S(Wi+1) — S(yi-1)

As in the previous section, we need to define a sequence of measures (v, )nez converging almost surely

(5.2)

vaguely to p, and which can be used to express the sequence of rescaled walks X (@),

Let

T+ 1
Uy = Z n27"i T Oipas(at),
i€Z n
2n"%
1+n—9a"
S™ (which will converge to the identity mapping) given by

where 77" are defined in display (£9), and r,, :=1— We will also use a sequence of scaling functions

i—1

Snn®/ ) =y —y

§=0
We extend the domain of definition of S™ to R by linear interpolation. Then, by (Bl and (52,
we have that X (v,,S™) is distributed like X (™%, We will use the following theorem proved by Stone in
[Sto63].



PROPOSITION 2.8. Let (vn)nen be a sequence of measures that converges vaguely to v. Then the
corresponding processes (X (v,)(t),0 < ¢t < T) converges to (X (v)(t),0 < t < T) in distribution in
(D[Ou T]7 Jl)

The proof of part (iii) of theorem Bl will rely in the following lemma. Let id denote the identity
mapping on R, then we have that

LEMMA 2.9. S"(n_o‘/(l+o‘) \_na/(o“"l)-J) converges uniformly on compacts to id and v, to converges

almost surely vaguely to p.

ProOOF. The convergence of the scaling functions is easily seen to be true under the assumption

a > af(a+ 1) because
Lna/(1+a)ﬂ

J
o (nia/(lJra) Lna/(lJra)xJ) - Z na/’,;;lz-i-l)
7=0
and
L P R i ) e/ (et 1)
(T < Y e S e

Jj=0

Lo/ F o) (1 3 ﬂ)
14+n-a

converges to 1, because a > «o/(1 + ).

Now we use the fact that
Lna/(1+a)ﬂ

In a similar fashion it can be shown that the “correcting factors” TgT—fl in the definition of v,, converge
uniformly to 1 in any bounded interval. Hence, we can show the convergence of v, to p as in the previous

section.
O

Lemma implies the vague convergence of (S™ o v,,) to p. Then, by proposition [Z8 we can deduce
that X (S™ov,) converges to X (p). Let T > 0, by lemma we have that S~! also converges uniformly
to the identity. Thus, using the precedent observations, we get that (X (i, S)(¢) : 0 < ¢ < T) converges to
(X (p)(t)0 >t > T) in D[0, T with the Skorohod J—1 topology. We have proved that (X ™) (t);¢ € [0;T])
converges in distribution to the FIN diffusion (Z(t);t € [0,¢]) on (D[0,T], J1).

Thus, it remains to prove that the convergence takes place also in the uniform topology. Using
the fact that the support of p is R, we can show that ¢(p,id) is strictly increasing. The almost sure
vague convergence of S o v, to p implies that, for all t > 0, ¢(v,, S™)(t) converges to ¢(p,id)(t). Asl is
continuous in ¢, we obtain continuity of ¢(v,,S™) and of ¢(p,id). That, plus the fact that the ¢(vy,,id)
are non-decreasing implies that that ¢(v,,S™) converges uniformly to ¢(p,id). The function @(p,id)

is almost surely strictly increasing, because the support of p is R. Now we can apply corollary 13.6.4



of [Whi02] to obtain that ¢ (v, S™) converges uniformly to ¢ (p,id). That, plus the continuity of the
Brownian paths yields that X (S™ o v,,) converges uniformly to X (p,id). Using that S™~! converges to
the identity, we finally get that X (v, S™) converges uniformly to X (p).



CHAPTER 3

Sub-Gaussian bound for the one-dimensional BTM

1. Introduction

The Bouchaud trap model (BTM) was introduced by J.-P. Bouchaud in [Bou92] as a toy model for
the analysis of the dynamics of some complex disordered systems such as spin glasses. This model is
a great simplification of the actual dynamics of such models, nevertheless, it presents some interesting
properties which had been observed in the real physical systems. For an account of the physical literature
on the BTM we refer to [BCKM98].

A basic question is to describe the behavior in space and time of the annealed transition kernel of the
one-dimensional, symmetric version of the BTM. In this chapter we establish a sub-Gaussian bound on
the annealed transition kernel of the model which provides a positive answer to the behavior conjectured
by E.M. Bertin and J.-P. Bouchaud in [BB03]. That article contains numerical simulations and non-
rigorous arguments which support their claim. A first step on establishing the conjecture was given by J.
Cerny in [CerOG] where he proved the upper side of the sub-Gaussian bound. In this chapter we provide
the proof for the corresponding lower bound.

The one-dimensional, symmetric BTM is a continuous time random walk (X;);>0 on Z with a random
environment. Let (7,).ez be a family of i.i.d., non-negative random variables defined on a probability
space (€, F,P). Those random variables will stand for the environment. For (7,).cz fixed, we define X

as a homogeneous Markov process with jump rates:

(2r)~tif |z —yl =1,
0 otherwise.

oz, y) = { (1.1)

That is, when X is on site z, it waits an exponentially distributed time with mean 7, until it jumps to
one of its neighbors with equal probabilities. Thus 7, should be regarded as the depth of the trap at x.
The trapping mechanism becomes relevant in the large time behavior of the model only if E(r) = oo,
i.e., when the environment is heavy tailed. Thus, we assume that

lim w*P(r, >u) =1 (1.2)

uUu—00

for some « € (0,1). Under this assumption the BTM presents a sub-diffusive behavior.

XLVI



Having defined precisely the one-dimensional, symmetric BTM, we can proceed to state the main

result obtained in this chapter.

THEOREM 3.1. There exists positive constants Cy,c1,Ca,co and €1 such that

x 14+« T 14+«
C1 exp <—01 ( a) ) <P(|X¢| > z) < Coexp (—02 (—a> )
tite tT+o

for allt >0 and x > 0 such that x/t < €.

As we have previously stated, the lower bound in theorem Bl has been already obtained in [Cer06].

OBSERVATION 3.2. We can take x = at with 0 < a < €1 on theorem[31l. Then we obtain exponential
upper and lower bounds on P(|X:| > at). This indicates that a large deviation principle for the BTM
might hold.

The proof that we will present for the corresponding lower bound relies heavily on the fact that
(Xt)t>0 has a clearly identified scaling limit. This scaling limit is called the Fontes, Isopi, Newman
singular diffusion (FIN). It was discovered by Fontes, Isopi and Newman in [FINO02] and it is a singular
diffusion on a random environment. More accurately, this diffusion is a speed measure change of a
Brownian motion through a random, purely atomic measure p, where p is the Stieltjes measure associated
to an a-stable subordinator.

To define the FIN diffusion, first we recall the definition of a speed measure changed Brownian motion.
Let B, be a standard one dimensional Brownian motion defined over (2, F,P) and starting at zero. Let

I(t, ) be a bi-continuous version of its local time. Given any locally finite measure 1 on R, denote

Pu(s) = /Rl(s,y)u(dy%
and its right continuous generalized inverse by
Yu(t) ==inf{s > 0: ¢.(s) > t}.
Then we define the speed measure change of B with speed measure y, (B[u]i)i>0 as
Bluly := By, 1) (1.3)
Now, we proceed to define the random measure appearing on the definition of the FIN diffusion. Let

(Vz)zer be a two sided, a-stable subordinator with cadlag paths defined over (2, F,P) and independent
of B. That is, V, is the non-decreasing Levy process with cadlag paths and satisfying

Vo=0 (1.4)

Blexp(-AVar Vo)) = explay [ (7 = 1w -2du) (1.5)

= exp(—yA"T'(1 - a))



for all z,y € R and A > 0.
Let p be the Lebesgue-Stieltjes measure associated to V, that is p(a,b] = V, — V,,. It is a known fact that

(Vi)t>0 is a pure-jump process. Thus we can write

pi= Zviéxi. (1.6)
Moreover, it is also known that (z;,v;);en is an inhomogeneous Poisson point process on R x Ry with

intensity measure aw~1~*dzdv. The diffusion (Z;):>¢ defined as Z; := Blp]; is the FIN diffusion.

OBSERVATION 3.3. It is easy to see that the measure p has scaling invariance in the semse that
A"Yep(0,N) is distributed as p(0,1) for all X > 0. The Brownian motion B is scale invariant in the
sense that ()\_1/2B>\t)t20 is distributed as (By)i>0. Those two facts imply that Z is scale invariant in
the sense that ()F(O‘H)/O‘Z,\t)tzo is distributed as (Zi)i>o for all A > 0. This fact reflects that the FIN

diffusion is subdiffusive.

The techniques used to prove theorem [B.I] can also be applied to obtain the corresponding result for

the FIN singular diffusion, i.e., we will prove

THEOREM 3.4. There exists positive constants Cs,c3,Cy and c4 such that

T 1+« T 1+«
C3exp <—03 ( a> ) <P(|Z] > z) < Cyexp (—04 (—a> )
tite tT+o

forallt >0 and x > 0.

Again, the upper bound of theorem [3:4] was obtained by J. Cerny in [Cer06].

The main difficulty to obtain the lower bound in theorem [B4] is to be able to profit from the inde-
pendence between the Brownian motion B and the random measure p which appear in the construction
of the FIN diffusion Z. As we will see, the Ray-Knight description of the local time of B allow us to
overcome that difficulty. The proof of theorem Bl follows the same line of reasoning than the proof of
theorem B.4] but the technical details are slightly more complicated.

We would like to point out some results concerning the BTM on other graphs as state space. In
higher dimensions (when the state space is Z?, d > 2), the symmetric BTM has a behavior completely
different from the one-dimensional case, as shown by Ben Arous and Cérny in [BCO07], and by Ben Arous,
Cérny and Mountford in [BCMO6|. In these papers it is shown that the scaling limit of that model is
the fractional kinetic process (FK), which is a time-change of a d-dimensional Brownian motion through
the inverse of an a-stable subordinator. In [BBGO03a] and [BBGO03b| Ben Arous, Bovier and Gayrard
obtained aging properties of the model on the complete graph. A study of this walk for a wider class of
graphs can be found on [BCOSJ. For a general account on the mathematical study of the Bouchaud trap

model and the FIN diffusion, we refer to [BC06].



2. Proofs of the main theorems

We will first present the proof of theorem [3.41 Then we adapt the techniques used on that proof to
obtain theorem Bl

2.1. Proof of theorem [3.4. We begin by stating the Ray-Knight theorem. Recall that B is a
standard one-dimensional Brownian motion started at the origin and I(¢,z) is its local time. For any

beRlet 7, :=inf{¢t > 0: B, = b}. The Ray-Knight theorem ([Ray63] and [Kni63]) states that

THEOREM 3.5. (Ray-Knight) For each a > 0, the stochastic process (I(T—q,t) : t > —a) is Markovian.

Moreover
(U(7—g,t) : —a <t <0) (2.1)
is distributed as a squared Bessel process of dimension d = 2 started at O . Further

((T—a,t) : > 0) (2.2)

is distributed as a squared Bessel process of dimension d =0 started at l(7—,,0) and killed at 0.

Thanks to the scaling invariance of Z, to prove the lower bound in theorem B4 it is enough to show that

there exists positive constants C4 and ¢4 such that
P(|Z1| > 2) > Cyexp(—caz'™) for all z > 0. (2.3)

Both P(|Z1] > ) and Cy exp(—cqz't?®) are decreasing in . Hence it will suffice to show that there exists

positive constants C5 and c5 such that
P(|Z1] > n'/(1+%)) > C5 exp(—csn) for all n € N. (2.4)

For any b € R, we define Hy, := inf{t > 0: Z; = b}. Let n € N be fixed, we define

G = {Ztnsayyn <~} (2.5)

G1:={Hy1/0+0 (1) /n < (n+2)/n} (2.6)

Go = {H_sp1/040) — H_,1/040) (ny1)/n = (0 +2)/n} (2.7)

G :={Z; < —n/(F for all t € [H_p1/040) (ng1) s H_gpr/a4e |} (2.8)

Note that G C G1 N G2 N G3. We will establish a sub-Gaussian lower bound for P(G). Then it will be
easy to deduce display (24) (and hence theorem B.4]).

We will start by controlling the probability of G;. Notice that, due to the fact that the set of
atoms of p is P-a.s. dense, the event {H_,1/0+a)(nq1y/n < 1} is equivalent to {min{Z; : ¢ € [0,1]} <
—nt/0F) (n +1)/n}. Let 6y := inf{t > 0: B; = —nY ) (n 4+ 1) /n}. We can express H_,1/0+e) (n11)/n



as fil/(1+a)(n+1)/n [(6h,u)p(du). Let H™ := f,on1/(1+a)(n+1)/n 1(01,u)p(du) and H* := fooo (61, u)p(du).
Thus

1/(1+0<) (i—-1)/

n+1
=3 /[ 161, wplau). (29)

nt/(+a)i/n

Clearly . e
N {/ 161, w)pldu) < l/n} C{H" < (n+1)/n}. (2.10)

i=1 nl/(1+0¢)i/n
As the intervals [—n!/(0+)j/n, —n1/0+) (G —1)/n), i = 1,..,n + 1 are disjoint and the process V has

independent increments, we have that the random variables p[—n!/(1+®)j/n —nt/(+e)(G —1)/n), i

1,..,n + 1 are independent between them. Also, the Ray-Knight theorem states that (I(61,u) : u >
—nt/(4a)(n 4-1)/n) is a process with independent increments. We will profit of those independencies by
finding a family of n 4+ 1 independent events with the same probability, whose intersection is contained
in {H- < (n+1)/n}. Then, using the scaling invariance of the measure p and the scaling invariance of
squared Bessel processes, we will show that all those events have the same probability for all n. Then we

would have showed that there exists positive constants Cg and cg such that
P(H- <(n+1)/n) > Cs exp_cﬁ(""’l) . (2.11)
An similar argument can be used to control the probability of {Ht < 1/n}. Hence we will obtain
P(H /G i1y < (n+2)/n) > Crexp o+ (2.12)

where C7 is a positive constant. As (n+2)/n < 3, we can use scaling invariance of Z to obtain that there

exists positive constants Cg and cg such that
P(H,nl/(lJra)(nJrl)/n S 1) Z Cg exp_csn . (213)

To obtain theorem 3.4l from (Z.I3) is not immediate, because the event {H_,1/a+a)(ni1y/m < (1 +2)/n}
is not independent of p. To overcome that obstacle we can make repeated use of the Ray-Knight theorem
using the stopping times #; and 6y := inf{t > 0 : B, = —2n'/(1+®)} That will allow us to control
simultaneously the probabilities of G1, G; and Gs.

Next, we give some definitions needed for the proof of theorem B4l Let (W;):>o be a Brownian
motion defined over (Q, F,P), independent of p and started at 0. Let () : t € [-n'/0+) (n 4+ 1)/n, c0)
be the Bessel process with d = 2 given by

t
= ds+ Wi - W “ : 2.14
yt /nl/(1+a)(n+1 )/n 2ys s+ Wy — —nl/0+a) (n41)/n ( )

Let a > 0. We also define (Y} : t € [-n'/(1+)(n —4)/n,00)), i = —1,0,..,n — 1 as the Bessel processes

with d = 2 given by
t

Vi — —a/(1+a)\1/2 —d. Wy —W. « ) /m- 2.15
Vi (an ) /nl/(1+a)(n i)/n 23}1 O ( )



Note that we are using the same Brownian motion for the construction of the ), i = —1,0,..,n — 1 and

V. Let (z?t)tzo be a Bessel process with d = 0 given by

t
- - 1
Xt = yo —/ —ds + Wt. (216)
) 24X

We also define

1
2X0,
We aim to use the Ray-Knight theorem, which deals with squared Bessel processes. Thus we define
Vo= D05V = ()% = (B)? and A9 = (B0
We have that

t
X0 = (an~o/(Fonl/2 _ / ds + W,. (2.17)
0

G = {/Rl(Hl,u)p(du) <(n+ 2)/n}. (2.18)

Thus, in view of the Ray-Knight theorem
0 00
P(G1) =P ( / Viplat) + [ plat) < (0 +2) /n> |
—nl/(+a) (n41)/n 0

Let

—nl/0+a) (n41)/n

Am {/O Vop(dt) +/O°° Xopldt) < (n+2)/n}. (2.19)

Foralli=—1,..,n—1, let
—n”“*‘”(n—i—l)/n
A; = / Vip(dt) < 1/n (2.20)
—nt/(+a) (n—i)/n

and
B := {/ Xep(dt) < l/n} (2.21)
0
Thus, it is clear that

(nﬂl AZ-) NBC A (2.22)

i=—1
We would like to have independence of the events in the L.H.S. of (Z22]) to compute a lower bound for
P(A). But they are not independent. Thus, for i = —1,..,n — 1 we define
MOt (1) /n
4;:= {/ _ Yip(dt) < 1/”§yin1/<1+a)(n_i_1)/n < ax/n} (2.23)
—nl/(+0) (n—)/n

and
B:= {/OOO XPp(dt) < 1/n}. (2.24)

We can use independence on those events. The fact that all the Bessel processes appearing are defined

using the same Brownian motion W implies that, conditioned on {J_Lnl/(lm)(n,i)/n < (an~o/(+ey1/2y



we have that ), < ! for all t € [-n'/(F)(n — i) /n, 00). Also, conditioned on {Yy < (an~*/(1+))1/2}
we have that X, < /'E'to for all t > 0. Thus, it is clear that
n—1 B ~
( N Ai> NBC A. (2.25)
i=—1
For any b € R, P}, will denote probability conditioned on Yy = b. When there is no risk of confusion, [P,

will also denote probability conditioned on Xy = b. Note that, for all 1 = —1,..,n — 1 we have that

P(A;) =P,y -a/ata) (/
0

Now consider

oo/ (ta)

Vep(dt) < 1/n; Yy -arara) < Gn_a/(l+a)> . (2.26)

e Violdt) < 1 < ). (2.27)

Let us perform a change of variables inside the integral. We obtain that [227) equals

Pa(/o

Using the scale invariance of the measure p we obtain

o/ (ta)

Voo p(n~ 0+ ds)y < 1,0 < a) . (2.28)

o/ (1+a) 1
=P, (/ Vanasatray p(ds) < (n_o‘/(1+o‘)) W < a) . (2.29)
0
Thus, the last expression equals
oo/ (1+a) 1
P, (/ n_o‘/(1+a)ysna/<1+a)p(ds) < E;yl < a) . (2.30)
0

The scale invariance of the squared Bessel processes implies that, under P,, we have that
575 = n—a/<1+a>yna/<1+a>s is distributed as ); but starting from an~/(+e) - Algo {)1 > a} is equivalent

t0 {Vp-asare) > an~ 40} Thus [Z27) equals

Pop-asata) /
0

P(d) =2 | Vipldt) < 13 < ). (2.32)

To control the time spent in the negative axis we perform a similar argument to show that

B ascise < / " Xuplds) < 1/n> —P, < / " Xuplds) < 1) | (2.33)

Which in turn equals P(B). Thus we have showed that

oo/ (1+a)

Vsp(ds) <1/n; Y, —ararer < ana/(Ho‘)) ) (2.31)

Hence

LEMMA 3.6.

P(G1) > P, ( /O " Xuplds) < 1) B, < /O Vipldt) < 13 < a>n+l.



Our lemma states that the probability of GGy is big enough for our purposes. We aim to deduce an
upper bound for P(N?_,G;). Recall that ; = inf{t > 0: B, = —n/(+**)(n 4+ 1)/n} and 6 = inf{t >
0: B = —2n1/(1+0‘)}. The strategy will be to make repeated use of the Ray-Knight theorem using the
stopping times #; and 6>. That will allow us to control the probabilities of G1, G2 and G5 simultaneously.

By the strong Markov property, Bg,++ + plt/(+e) (n 4+ 1)/n is distributed as a Brownian motion

starting from the origin and has local time
I(t,u) =101 4+ t,u+n T (n 1) /n) —1(01,u+n'/ I+ (n +1)/n). (2.34)

Thus, [ (t,u) has the distribution of I(¢,u). Let us apply the Ray-Knight theorem to [ using the stopping
time f,. Then the time that Z spends between its first visit to —n'/(*)(n + 1)/n and its first visit
to —2n'/(49) is represented as the integral of a squared Bessel process with respect to p. Let (W0
be a Brownian motion defined on (Q, F,P) with Winl/(1+0‘)(n+l)/n = 0 and independent of W. Let
(Vi -t € [-2n1/ 079 50)) be the Bessel process with d = 2 given by

t
_ 1 N
yt* = / Sx dS + Wt* — W_2n1/(1+a) . (235)
_onl/(14a) 2))5
We also define (J_)t(z*) t € [-2nt/ (49 (2n — i) /n,00)), i = 0,..,n — 2 as the Bessel process with d = 2
given by
t
(%) —a/(1+a)\1/2 1 * *
yt - (a’n ) + /in/(1+a)(2ni)/n —237 ) ds + Wt W—(?n—i)nl/(1+°‘)/n' (236)

Let (X; :t € [-n'/(0+%)(n 4+ 1)/n,0)) be a Bessel process with d = 0 given by

_ _ ¢ 1
Xt* = yfnl/(1+a>(n+1)/n - / [

—ds + W 2.37
—nl/ () (ng1)/m 2K t ( )

We also define

t
o ) 1
RO _ (qp-a/1+a))1/2 _/ ——ds + W} (2.38)
1/t (g 1) 2K

We define V7 == (V)% 01 o= (V)% & o= (%) and % 1= ()2,

Note that
G = { [ 62w = 161, wp(dw) = (n+ 2>/n} . (2.39)
R
Thus, in view of the Ray-Knight theorem
—nV/ A+ (ny1)/n 0o
P(Gy) = P ( / Vi pldt) + / X7 pldt) > (n + 2>/n> . (2.40)
_onl/(14a) —nl/A+a) (n41)/n
Let
—nl/(1+°‘)(n+l)/n )
C = {/ Y/ p(dt) +/ X{p(dt) = (n+ 2)/n} : (2.41)
—_opl/(1+a) —nl/(+e) (nt1)/n
Let

—n/ A+ (2p_1)/n
Co = {/ ©5) 5 (dt) > 4/n}. (2.42)

—2nl/(A+a)



Fori=1,..,n—2, let

—nt/ A+ (2p—i—1)/n )
Oy = {/ V) p(dt) > l/n} (2.43)

—nl/(0+a) (2n—i)/n

and D := {X((ZTZ(HQ) = 0}. Thus, it is clear that

(nﬂ Ci> ccC. (2.44)
1=0

We can apply here the same argument leading to lemma 3.7 to obtain

1
P(Co) =P ([ Violan) 2 491 2 a). (2.45)
0
Similarly, for i« = 1,..,n — 2, we have that
1
P(C) = Pa ([ Yistat) 2 131 2 a). (2.46)
0
Thus we have proved
1 1 n—2
P(G») > P, < | vt = 31 > ) B, ( | vt = 131 ) | (2.47)
0 0

The argument leading to lemma B.7 can be applied once more to get
P(D) = P, (X, = 0). (2.48)

The event G is equal to { B; < n'/(1) for all t € [0y, 05]}. Which, in turn, is equivalent to {I(—1/n, 62) =]
0}. This, in turn is equivalent to D. Moreover G; is equivalent to A and G is equivalent to C. Thus G

is equivalent to ANC N D. But

n—1 n—2
ﬂAmEﬂCchAmCmD. (2.49)
i=—1 =0

Furthermore, the L.H.S. of the inclusion (Z49) is an intersection of independent events. The independence
of the events can easily be seen because they are defined in terms of disjoint intervals of p and independent
processes. Note that the events D and A_; are defined in terms of events that occur on the same interval
[—n!/(0+e) (n 1), —n!/ (4 "but the event D does not depend upon p so that independence holds. Thus
we have deduced that

P(Z(nyoy/n < —n/ ) > P(A_;)"TIP(B)P(Cy)"2P(D)P(Cy). (2.50)

To check that P(A_1)"*'P(B)P(C;)"2P(D)P(Cy) > 0 we recall (Z48), (Z40), (2.45),
232) and ([233)). Thus the fact that those probabilities are non zero can be easily checked using the
facts that, for each € > 0, P(p(0,1) <€) > 0, for each M > 0, P(p(0,1) > M) > 0 and that the Bessel

processes can be bounded below and above with positive probability. We need also to use the fact that



0-dimensional Bessel process hits the origin before time 1 with positive probability. Thus we find that

there exists positive constants Cy and cg such that
P(Z(nt2)/n < —nt/ 0+ > Cy exp(—con). (2.51)

The scaling invariance of Z can be used to deduce theorem [3.41

2.2. Proof of theorem [B.I1 The strategy to prove theorem B will be to mimic the arguments
leading to theorem [B.4] using the fact that the FIN diffusion is the scaling limit of the one-dimensional,
symmetric version of the BTM. The main tool used in [FINO2| to prove that the FIN diffusion is the
scaling limit of the BTM is a coupling between different time scales of the BTM. We will make use of
this coupling for the proof of theorem [3.1] so we proceed to recall it.

For each € > 0, we define a family of random variables (75).ez as follows. Let G : [0,00) — [0,00) be

the function defined by the relation
P(Vy > G(u)) = P(19 > u). (2.52)

The function G is well defined since V; has a continuous distribution function. Moreover, G is non-
decreasing and right continuous. Thus G has a right continuous generalized inverse G~!(s) := inf{t :

G > s}. Now, for all € > 0 and z € Z, we define the random variables 7¢ as
76 = G He Y (ez, e(z + 1)]) (2.53)
For all € > 0, we have that (75).cz is an i.i.d. family of random variables distributed according to 7.
For a proof of that fact we refer to [FINO2].
We define a coupled family of random measures as

pe = Zel/O‘TZEdEZ. (2.54)

2€EL

for all e > 0. Using these measures we can express the rescalings of X as speed measure changed Brownian

motions. That is

LEMMA 3.7. For all € > 0 the process (eXic—a+ey/a)i>0 has the same distribution that (B[p]:)i>0-
Moreover, we have that

p¢ % pP-a.s. ase— 0 (2.55)

v
where — denotes vague convergence of measures.

For the proof of this statement we refer to [FINO2]. Lemma B.7] implies in particular that (X;);>o is
distributed as (B[p']t)t>0. Thus
P(|X:| > ) =P(|Blp'}:| > 2) (2.56)

for all z > 0 and t > 0.



We will proceed as in the proof of lemma[3.7l Let ¢ > 0 be fixed. It will suffice to establish the lower
bound of theorem B0 for 2 = m!'/(1+)2/(1+e) "where m € N (and x/t < ¢;). Then, using the fact that
for fixed t > 0, P(|X¢| > ) is decreasing on x we can extend our result to all z > 0 (with z/t < €1).

Let HY := inf{t > 0 : B[p']; = b}. We define a collection of events analogous to G, G1, G2 and G35 defined

on the displays (Z3)),(Z0),[21) and [Z]). Let

G == {B[p"s(m+2)/m < —x} (2.57)

= {Hy i1y ym < tm +2)/m} (2.58)

GY = {H£21 — H irym 2 tHm+2)/m} (2.59)

G :={Blp"]s < —ax forall t € [H 1)/, H ]} (2.60)

Note that G° € GY NG N GY.

First we will control the probability of G{ in the same way that we controlled the probability of G in
the proof of lemma Bl Recall that W; is a Brownian motion defined over (2, F,P), independent of p
and started at 0. Let () : t € [~z(m +1)/m, oo) be the Bessel process with d = 2 given by

t
P ::/ =5+ Wi = W_g(mi1)/m- (2.61)
z(m+1)/m 23}

Let a > 0. We also define (J_)t(o’i) it € [—x(m—i)/m,)), i =—1,0,..,m—1 as the Bessel processes with

d = 2 given by
t

i 1
(0 ) (ax/m)1/2 + / dS + Wy — W—m(m—i)/m- (2.62)
—z(m—i)/m 23)5

Let (X?);>0 be a Bessel process with d = 0 given by

t
- 1
0
yO _/0 _2)250 ds + M/t- (263)

We also define

t
2O _ 1/2_/ ~ ds+ W, 2.64
= (ax/m) |, 200 s+ W, ( )

We aim to use the Ray-Knight theorem, which deals with squared Bessel processes. Thus we define
0._ (5;?)2;1/15071') — (y( )) X0 = (X°)2 and X(O 0. (X(O 0))
Using the squared Bessel processes constructed above, we define a family of events analogous to the events

A, A; and B appearing on displays (2.19),(Z23) and (2.24)). Let

Al = {/O VPph(dt) + /Oo XPpt(dt) < t(m + 2)/m}. (2.65)
0

—z(m+1)/m

Fori=—-1,..,m—1let

B —z(m—i—1)/m
A0 = {/ VOO ptty < t/m; V00 < a;v/m}. (2.66)

—z(m—i)/m



Also let
B = {/ x09 L (dt) < t/m}. (2.67)
0
Thus, it is clear that

(mﬂ Ag) NB° c A (2.68)

i=—1

Using the Ray-Knight theorem we see that GY is equivalent to A°.
From now on, P, will denote probability conditioned on Y = b, and when there is no risk of confusion,
it will also denote probability conditioned on X = b. Let d = x/m. As in the proof of theorem 3.4 we

have that, for i = —1,..,m — 1

d
t
P(A?) = Pug ( yspl(d5> < E;yd < Cld) (269)
0
We define
Se(r)(p) = rY/*u(r—tA) (2.70)
Performing the change of variables u = sd~! inside the integral, we obtain
A0y _ ! 1/a -1y 1 2
P(A}) = Paq Vaud ' *Se(d™)p (du) < —; Vg < ad (2.71)
0 m
Using the scaling invariance of the squared Bessel process ) we obtain
1
P(A%) =P, (/ VuSc(d™ M) (p")(du) < 1;0 < a> (2.72)
0
But Se(d—1)(p!) is distributed as p¢ . Thus, we can replace to obtain
1
P(AY) =P, (/ yupdil(du) <Ly < a) (2.73)
0
Similar arguments can be applied to get
P(B°) =P, (/ Xopt (du) < 1> (2.74)
0
On the other hand, using display (2.58) in lemma B.7 we can prove that
1 1
/ Vip©(dt) = / Vip(dt)  P-almost surely. (2.75)
0 0
and
/ Xip©(dt) =0 / Xep(dt)  P-almost surely. (2.76)
0 0
Thus, there exists ¢y small enough such that, for m € N and ¢ > 0 such that (m/t)* < ey we have that
. 1 1
P(A?) > 5]?,1 (/ Yupldu) < 1; 01 < a) (2.77)
0
and
. 1 o0
P(BY) > 5P (/ X, p(du) < 1) . (2.78)
0

Hence, we have showed that



LEMMA 3.8. There exists ey small enough such that, for m € Nt > 0 and x = m'/ (o) ¢e/0+a) gycp

that (z/t)* < eo we have that

P(GY) > 5P ( /O T Xaplds) < 1) @P < /0 Vil < 13 < a>)m+l .

This lemma states that the probability that X passes trough —z(m+ 1)/m before time t(m + 2)/m is big
enough for our purposes. Now we aim to deduce a lower bound for P(|X;| > x). But we can use displays
@73) and (2.76) to adapt the proof for the FIN diffusion to the case of the BTM, in the same way we
adapted the proof of lemma [3.7] to obtain lemma [3.8



CHAPTER 4

Randomly trapped random walks

1. Introduction

Here we will introduce a generalization of the one-dimensional Bouchaud trap model. This generaliza-
tion will consist on allowing the traps to retain the walker by times that are not necessarily exponentially
distributed. These models will be called randomly trapped random walks (RTRW). First we will need the
quenched realization of these models, i.e. when the traps are fixed. We will call these fixed realizations
trapped random walks (TRW). The RTRW will be obtained from the TRM by considering the traps to
be choosen randomly. The scaling limits of RTRW’s will be a class of processes called randomly trapped
Brownian motions (RTBM). The RTBM is a random time change of a Brownian motion which includes
as a specific case the FIN diffusion. The quenched realizations of the RTBM’s are the trapped Brownian
motions (TBM). The TBM’s are a generalization of speed-measure changed Brownian motion, when,
instead of considering a measure for the definition, one uses a trap measure. The trap measures are
similar to ordinary, one-dimensional measures. But in this case, instead of assigning numbers to sets,
we will assign certain stochastic processes to sets. Formally speaking, trap measures are certain kind of
ordinary measures over a R x Ry. By considering random trap measures to define RTBM’s.

Trap measures and random trap measures can also be used to define TRW’s and RTRW’s respectively.
We provide a general method for proving convergence of RTRW’s to some scaling limit: As a general
theorem, we will show that convergence of trap measures imply convergence of the respective processes.
Thus we show that, in order to demonstrate convergence of processes, we will have to show convergence of
(ordinary) random measures on a half-plane. Thus, we can profit from the established theory of random
measures. Following that line of reasoning we establish conditions under which the scaling limit of the
RTRW exists and is a RTBM.

Some interesting and natural examples of RTRW arise in relation to percolation on regular trees.
The incipient infinite cluster (IIC) in a regular tree is a random graph which is constructed as the limit
when n — oo of critical percolation clusters on a tree, conditioned on surviving up to level n. As shown
by Kesten in [Kes86b], this random tree can be viewed as the graph N (called the backbone) in which,
from each site k € N, there emerges a random branch Ly, and (Lj)gen is an i.i.d. sequence of critical
percolation clusters. Consider a simple, discrete time random walk (Z/¢), cy on the IIC. Once Z1/¢

LIX



is on vertex x € IIC, it jumps to each of its neighbors with probability deg(x)~!, where deg(x) is the
degree of x in IIC. We can construct a continuous time random walk on N, denoted by (W/1);>¢, by
stating that W/I¢ = z for all t > 0 such that Z{tﬂc € L£.. That is, W!I® is the projection of Z!/¢ to
the backbone N. For each realization of the IIC, which is to say, each realization of (Ly)ren, W1 I¢ is a
random walk with trapping landscape v = (v).en where, for each k € N, v, is the distribution of the
time that Z//¢ spends on a single visit to the branch £, and for z € Z negative, we have that v, := dy.
As the branches (£,).ecn are random, we have that W is a RTRW. One can also use, instead of the IIC,
the invasion percolation cluster (IPC) on a regular tree. As shown in [AGdHSO0S§]|, this random tree
can also be viewed as N adorned with random branches. In this case the sequence of branches will be
composed of subcritical percolation clusters (with a varying percolation parameter). As in the case of
the IIC, we can construct a randomly trapped random walk WP as the projection of a simple random
walk on the IPC to the backbone N. It is natural to wonder what kind of scaling limits do the processes
WHC WIPC have, in case they exist. More generally, it is natural to ask the same questions for a simple
random walk on any tree G, random or not, but with a single backbone, like the IPC and the IIC, These
questions are particular instances of the broader query: what kind of processes arise as scaling limits of
the RTRW?. Here we provide a general theorem exhibiting all possible scaling limits of RTRW’s on an

i.i.d. environment.

2. Delayed processes and their convergence

In this section we define two large classes of processes which we call delayed random walks and
delayed Brownian motions, and present theorems giving convergence criteria for such processes. Later in
the chapter we will explain that all processes mentioned in the Introduction are included in these two

classes.

2.1. Delayed random walks and Brownian motion. Let N = {1,2,...}, Ry = [0,00), R}, =
[0, 0], and let H be the half-plane R x R,.. For any topological space E, B(E) stands for the Borel o-field
of E, C(F) for the space of continuous real valued function on E, Cy(E) for the continuous functions
with compact support. We write M (E) for the set of positive Radon measures on E, that is for the set of
positive Borel measures on F that are finite over compact sets. We will endow M (F) with the topology
of vague convergence. M;(F) stands for the space of probability measures over F endowed with weak
convergence. It is know fact [Kal83, Lemma 1.4, Lemma 4.1] that the o-field B(M(E)) coincides with
the field generated by the functions {p — p(A) : A € B(E) bounded }, as well as with the with the
o-field generated by the functions {u— [}, fdu : f € Co(E)}.



For every measure v € M(R), we define its Laplace transform 7 € C(R4) as
() = / exp(—At)v(dt). (2.1)
Ry

We recall that p is a random measure on H defined on the probability space (Q,]} , If") iff
p:Q — M (H) is a measurable function from the measurable space (Q,]} ) to the measurable space
(M (H), B(M(H))) (see [Kal83]). Equivalently, x is a random measure iff u(A) : Q — R, is a measurable
function for every A € B(H). The law induced by p on M (H) will be denoted P,,

P,=Poput. (2.2)

We call random measure on H discrete when its support is contained in Z x N, P-a.s. Finally, for a

Borel-measurable function f: R — Ry, we define the set
Up={(z,y) eH:y < f(z)}. (2:3)

DEFINITION 4.1 (Delayed random walk). Let p be a discrete random measure and (Zy)ken be a
simple random walk on Z with Z; = 0. Without loss of generality, we suppose that Z is defined on the
same probability space as u, and that it is independent of it. Let L(z,t) := Zzttzjl 1{z,=|2]} be the local
time of Z. Define ¢[u, Z]; := u(Ur(.+)) and its right-continuous generalised inverse ¢[u, Z]; := min{s >
0: ¢[u, Z]s > t}. The p-delayed random walk (Z[u]¢)i>0 is the process given by

Z[M]t = ZTZJ[#,Z]H t> 0. (24)

REMARK 4.2. (a) If u((x,4)) > 0 for every x € Z, i € N, then the p-delayed random walk Z[u]
follows the same trajectory as the simple random walk Z. At i-th visit of site x, it stays there for time
(@, 4)) > 0.

(b) If p(H) < 00, Z[] is not defined for times ¢ > p(H) and might not be defined for ¢t = p(H).

(¢) If u((z,i)) = 0 for some (z,7) € Z x N, then the trajectory of Z[u| is not necessarily nearest-

neighbour.
The definition of delayed Brownian motion is very similar.

DEFINITION 4.3 (Delayed Brownian motion). Let u be a random measure and B be a standard one-
dimensional Brownian motion defined on the same probability space as u, independent of it. Let £(x,t)
be a bi-continuous version of the local time of B. Define ¢[u, Bl := pu(Uy.+)) and [, Bl; := inf{s > 0
@[, B]s > t}. The delayed Brownian motion (B[u]:)¢>0 the process given by

Bluli := By,  t>0. (2.5)

REMARK 4.4. Tt is easy to see that the functions ¢[u, Z], ¥[u, Z], ¢[u, B], and [y, B] are non-

decreasing and right-continuous, P-a.s. Hence, Z[u] and B[u] have right-continuous trajectories.



2.2. Convergence of delayed random walks. We now present our basic convergence theorems
for delayed random walks and Brownian motions. These theorems allow to deduce the convergence of
delayed processes from the convergence of the associated random measures. This, in turn, makes possible
to use the well developed theory of convergence of random measures, see e.g. [Kal83|.

First we need few additional definitions. We say that a random measure p is dispersed if

Plu({(z,y) eH:y= f(x)}) =0] =1, for all f € Co(R,Ry). (2.6)
We say that a random measure  is infinite if y(H) = oo, P-a.s.

We write D(Ry), D(R) for the sets of real-valued cadlag functions on Ry, or R, respectively. We
endow these sets either with the standard Skorokhod J;j-topology, or with the so called M/-topology,
and write D((R4), J1), D((Ry), M{) when we want to stress the topology used. The main reason to
use the Mj-topology, which is weaker than the J;-topology, is that the inversion map on (D(Ry), M7) is
continuous when restricted to monotonous functions. Note also that the convergence in the M;-topology
implies the convergence in the stronger and slightly more usual M;j-topology, when the limit f satisfies
f(0) = 0. For definitions and properties of these topologies see [Whi02], the proofs of above claims are
contained in Section 13.6 of this book.

Let 1 be a random measure and € > 0. We define the scaled random measure &.(u) by

G (p)(A) == p(e™A), for each A € B(H). (2.7)

THEOREM 4.5 (convergence of delayed random walks). Let (uf)e0 be a family of discrete infinite
random measures. Suppose there exists a non-decreasing function q : Ry — Ry with lim._,q(e) = 0,
such that, as € — 0, q(€)S&(u®) converges vaguely in distribution to a dispersed infinite random measure

p. Then, as € — 0, (eZ[u]q(e)-1¢)t>0 converges in distribution to (Blul¢)i>0 on (D(Ry), M7).

The next theorem, which we will not need later in the thesis, gives a similar criteria for convergence
of delayed Brownian motions. We present it as it has intrinsic interest and because its proof is a simplified

version of the proof of Theorem

THEOREM 4.6. Let (u)e>0 be a family of infinite random measures such that u® converges vaguely in
distribution to a random measure pu as € — 0. Suppose also that p is both, dispersed and infinite. Then,

as e — 0, (B[ufl)i>0 converges in distribution to (Bluli)i>0 on (D(R4), M7).

PROOF OF THEOREM [L.6l As p® converges vaguely in distribution to u, in virtue of the Skorokhod
representation theorem, there exist random measures (fi°)e>0 and f on H with a common reference space
(Q,]:" , ]f”), such that i is distributed as p®, @ is distributed as p and §° converges vaguely to i as
£ — 0, P-a.s. Without loss of generality, we can suppose that on the space (Q,]} , If") there is defined a

one-dimensional standard Brownian motion (B;);>o independent of (fi%).>o and f.



First, we show that @[, B] — ¢[ji, B] in (D(Ry), M}), P-a.s. as e — 0. Using that i is a dispersed
trap measure,
P[a(0Uy. 1) = 0,Y0 < t € Q] = 1, (2.8)

where 0A denotes the boundary of A in H. Since Uy(. ;) is a bounded set, this implies that for all 0 <t € Q

O, Bl = i (Ug(.1y) <= i(Us.y) = [fi, Bl P-a.s. (2.9)

Since, by [Whi02| Theorem 13.6.3], on the set of monotonous functions the convergence on (D(Ry ), M7)
is equivalent to pointwise convergence on a dense subset of (0,00), and since ¢[°, B] and ¢|[f, B] are
non-decreasing in ¢, we know that ¢[¢, B] converges to ¢[fi, B] in (D(R,), M}), P-a.s.

Since the random measures i° and [ are infinite, the functions ¢[i¢, B] and ¢[fi, B] are unbounded.
[Whi02, Theorem 13.6.3] then implies that

e—0

(WIE°, Bl)izo — (V[A, Bl)izo,  P-as. on (D(R4), Mj). (2.10)

In virtue of [Whi02, Theorem 13.6.3] once more, we know that ¢[i°, Bl — [f, B]: pointwise on a
dense subset of (0,00). Using the continuity of the Brownian paths we get that B[a]y — B[f, B]: on
this dense set. Thus B[] — B[] on (D(Ry, M})), P-a.s. Since i€ and ji are distributed as the p° and
1 respectively, the convergence in distribution of B[if] and Bla] follows. O

PROOF OF THEOREM (L8l As ¢(£)S&.(p®) converges vaguely in distribution to p, we can, in virtue
of the Skorokhod representation theorem, construct random measures (fi°)c~o and f with a common
reference space (€, F,P), such that i€ is distributed as q(¢)S. (1), fi is distributed as p, and [i converges
vaguely to i as € — 0, P-a.s. Without loss of generality, we can suppose that on the space (Q, F, ]f”) there
is defined a one-dimensional standard Brownian motion (By)¢>o independent of (i)e>0 and f.

Set B§ := e ' B.2;. For each ¢ > 0, we define a sequence of stopping times (0% )%, by o§ := 0,
op ==inf{t >0}, : By € Z\{B;: }}. (2.11)

Then, the process (Z)ren defined by Z§ := Bgi is a simple, symmetric random walk on Z. We define

the local time of Z¢ as L*(x, s) := Z}iJO l{ze=|x)}- Define

6= 4(e) G () Upe(y)s 52 0,6 >0. (2.12)

Note that q(e) '&.-1(i€) is distributed as p°. Hence, (¢5)¢>o is distributed as (u°(Upi(.p))iz0 =
(#pf)t)e>0- Hence, denoting ¢f := inf{s > 0 : ¢ > t}, we see that for each ¢ > 0, the process (Zf;a)tzo
is distributed as (Z[f]¢)e>0-

The proof of Theorem relies on the following two lemmas.

LEMMA 4.7. For each t > 0, there exists a random compact set K; such that Uesosupp L(e =1+ e72t)

is contained in K.



PROOF. By the strong Markov property for the Browian motion B, for each € > 0, (0} —0%_{)k>0 18
an i.i.d. sequence with E[Uf —o0f_,] = 1. Thus, by the strong law of large numbers for triangular arrays,
P-almost surely, there exists a (random) constant C' such that 520f . < C for all € > 0. Thus, for each
e > 0, the support of L(e~!-,e7%t) is contained in the support of £(-,C). Therefore, it is sufficient to
choose K; = supp({(-, C)). O

LEMMA 4.8. (q(e)¢%_s,)i>0 — (B[ii, Blt)i>0 P-a.s. on (D(Ry), M}).

g
PROOF. It is easy to see that

4(e)Pfe—2 = St (B°) (Upe(. e-21y) = 5 (Uepe(e-1. c-21)) (2.13)

By [Bor87, Theorem 2.1], for each t > 0, P-a.s., eL¢(e 'z, e~ 2t) == ¢(x,t) uniformly in z. Thus for
any 1 > 0 there exists e, such that, if ¢ < &, we will have that eL¢(e~!-,e7%t) < {(-,t) + 1. Note that
¢(-,t) + n is not compactly supported. Let h, : H — R be a continuous function which for every ¢ > 0
coincides with (-, t)+n on Ky, hy(-,t) < n outside Ky, and hy (-, t) is supported on [inf K¢ —n, sup K;+7].
Using Lemma 7] we find that eL*(e ™1+, e7%t) < hy,(-,t). Thus

ﬂE(UELs(5—1.15—2t)) < ﬂE(Uhn(.ﬁt)). (2.14)

As fi is a dispersed trap measure, for fixed ¢, @(OUp, (1)) = 1(0Uy(. 1)) = 0, P-a.s. For any 6 > 0 and all

¢ small enough (depending on §), as i° converges vaguely to i,

B (Un.)) < AU, (1)) +5/2. (2.15)

For each ¢ > 0 there exists 7 > 0 such that (U, (1)) < #(Up(.,y) + 0/2. Combining this with (ZI3)-

@I3), we find that
limS(l)lp q(e)d5—2 = limS(l)lpﬂE(UsLs@fl.,sfzt)) < ¢[i, Ble. (2.16)
E— E—

A lower bound can be obtained in a similar way. Hence, after taking union over 0 <t € Q,
Bllim ¢(c)¢%-, = 0l B1. V0 <1 € Q] = 1. (2.17)

Since ¢f and ¢[fi, B] are non-decreasing in t, (q(e)¢_.,)i>0 converges to (¢[fi, Bl¢)i>o, P-a.s. on
(D(R4), M), finishing the proof of the lemma. O

Theorem then follows from Lemma by repeating the arguments of the last paragraph in the
proof of Theorem O



3. Trapped random walk and Brownian motion

The class of delayed random walks defined in the last section is very large, and the associated
convergence criteria rather general. Applying these criteria, however, requires to check the convergence
of underlying random measures, which might be complicated in many situations.

In this section, we introduce several subclasses of delayed random walks/Brownian motions. The
underlying random measures of these subclasses will satisfy few additional assumptions which will make

checking their convergence easier than in the general case.
3.1. Definition of trapped processes.

DEFINITION 4.9 (Trap measure). A random measure p on H with reference space (Q, F, I@’) is called
trap measure iff for every two disjoint sets A, B € B(H) the random variables p(A) and u(B) are

independent under P.

For any random measure ¢ and V' € B(R) we define the p-trapping process (u(V)¢)i>0 by

(Ve = p(V x [0, 1]). (3.1)
Note that, if 4 is a trap measure and V' and W are disjoint Borel subsets of R, then (V') and u(W) are

independent.

DEFINITION 4.10 (Lévy trap measure). A trap measure p is said to be a Lévy trap measure iff

u(V) is a Lévy process for every bounded V € B(R).

DEFINITION 4.11 (Discrete trap measure). A trap measure u is called discrete trap measure iff it

is discrete and for each V' € B(R) bounded, (11(V x {k}))ken is an i.i.d. sequence.
REMARK 4.12. Observe that discrete trap measure is not simply trap measure that is discrete.

For any discrete trap measure p and z € Z, denote by m,(u) € M (R, ) the distribution of p({z} x
{k}), which does not depend on k. We say that (u) := (7. (1)).cz is the trapping landscape associated
to p. Clearly, the distribution of u is completely determined by its trapping landscape. On the other
hand, for every m € M; (R )% there is a discrete trap measure u such that m = 7 (u) (see Example
below).

DEFINITION 4.13 (Trapped random walk/Brownian motion). When p is a discrete trap measure, we
call the p-delayed random walk Z[u] trapped random walk (TRW). Similarly, when u is a Lévy trap

measure, the p-delayed Brownian motion B[u] is called trapped Brownian motion (TBM).

Next, we present some examples of trap measures and corresponding trapped random walks and

Brownian motions.



EXAMPLE 4.14 (Time-change of Brownian motion). Let p € M(R), Leby be the Lebesgue measure
on Ry. Define pu(w) := p® Leb, for allw € Q. Then p is a (deterministic) Lévy trap measure.
The p-trapped Brownian motion is simply the process obtained from the Brownian motion B by the

time change with the speed measure p. Indeed, this time change B? is usually defined as
(BY)t=0 == (By,1))e>0- (3.2)

for
Gp(s) = /Rf(s,x)p(dac), and  1,(t) :=inf{s > 0: P,(s) > t}. (3.3)

By Fubini’s theorem, it is easy to see that

l(s,x)
oo = [ [ duptie) = (0@ Leb (Ui ) = p @ Leby .. (3.4)
R JO

This implies that BP equals Blpu).

EXAMPLE 4.15. Let k € NU {oo} and ((S})i>0)i<k be a family of independent subordinators defined

on (Q, F,P). Let (x;)ick be real numbers. Then, it is immediate that i<k 0z, ® dS" is a Lévy trap

measure (ignoring the issue of the convergence of the sum for the moment).

EXAMPLE 4.16 (‘Quenched’ trap model). Let (7,).cz be a sequence of probability distributions over
Ry. For each z € Z, let (s?)ien be an i.i.d. sequence of random wvariables defined over Q, F, ]f”) and
distributed according to w,. We will also impose (s?)ien,zez to be an independent family. Then, it is
immediate that p = ZzeZ,ieN 570(2,4) is a discrete trap measure with trapping landscape (7.).cz. The

corresponding trapped random walk stays for time s; at i-th visit of z.

EXAMPLE 4.17 (Montrol-Weiss continuous-time random walk). Let 7, = mg, z € Z, where mg satisfies
limy, oo u¥mo[u, 00) = 1 for some v € (0,1). Let u be defined as in the previous example. Then (s?); .
are i.i.d., and the trapped random walk Z[u] needs mo-distributed time for every step. Z[u] is thus an

one-dimensional continuous-time random walk & la Montroll-Weiss [MIW65).

EXAMPLE 4.18 (Markovian random walk on Z). This is a special case of Example[{.10] Let (m.).ez
a family of positive numbers, and m, be an exponential distribution with mean m,. Define u as in
Ezample [{.16] Then Z[u] is a continuous time, symmetric and Markovian random walk with jump

1

rate m, - on site z. Clearly, a TRW is Markovian iff its trapping landscape is composed of exponential

distributions.

ExXAMPLE 4.19 (Fractional kinetics process). Let P = (x4, ¥s, 2:)ien be a Poisson point process on

H x Ry defined over (Q, F,P) with intensity measure

0=~z"'"Vdxdydz, v € (0,1). (3.5)



Define ppg : Q — My (H) as

PEK = [y = Y Zi0(asy.)- (3.6)

2

It is easy to see that for every compact set K, ppx(K) has y-stable distribution with the scaling
parameter proportional to the Lebesgue measure of K, and is thus P-a.s. finite. Further, upx (K1) and
wri (Ks) are independent when K1, Ko are disjoint, as P is a Poisson point process. In particular, prx
is a trap measure. For the same reasons, ppi (V) is a stable Lévy process, and thus pury is a Lévy trap
measure.

The trapped Brownian motion corresponding to this measure is the FK process.To see this, it is enough
to show that the process (¢, Bli)ier, is a y-stable subordinator that is independent of B.

This can be proved as follows. Fix a realization of the Brownian motion B. Then its local time
is also fived. As Leb(Uy. ) = t and Uy ), and Uy 4y \ Uy..s) are disjoint for every s < t, ¢[u, Bl
has ~y-stable distribution with scaling parameter proportional to t, and ¢lu, Bly — ¢[u, Bs is independent
of ¢[u, Bls. Hence, for every realisation of B, ¢[u, B] is a y-stable subordinator, and thus ¢[u, B] is a
v-stable subordinator independent of B.

3.2. Convergence of trapped processes. We now specialize Theorems [4.5] to trapped pro-
cesses. We start by presenting a criterion for the vague convergence in distribution of random measures.

Let o be a random measure. Denote
T, :={A € B(H) : p(dA) = 0 P-as.}. (3.7)

By a DC semiring we shall mean a semiring & C B(H) with the property that, for any given B € B(H)
bounded and any e > 0, there exist some finite cover of B by U-sets of diameter less than €. It is a known

fact that

PROPOSITION 4.20 (Theorem 4.2 of [Kal83]). Let p be a random measure and suppose that A is a
DC' semiring contained in T,. To prove vague convergence in distribution of random measures uc to
as € — 0, it suffices to prove convergence in distribution of (u°(A;))i<k to (u(A4;))i<k as € — 0 for every

finite family (A;)i<k of bounded, pairwise disjoints sets in A.

As for a trap measure p and for pairwise disjoint A;’s, (11(A;))i< is an independent family of random

variables, it is easy to see that the following proposition holds.

PROPOSITION 4.21. Let p°, p be trap measures and let A be a DC semiring contained in 1,. If for

every A € A, u(A) converges in distribution to u(A), then uc converges vaguely in distribution to p.

This proposition can be further specialised when p®, and p are discrete, resp. Lévy trap measures.



PROPOSITION 4.22. (i) Let u®, u be Lévy trap measures. Then u® converges vaguely in distribution
to w, iff ut(I x [0,1]) converges in distribution to u(I x [0,1]) for every compact interval I = [a,b] such
that p({a,b} x Ry) =0, P-a.s.

(ii) The same holds true if u= = &.(v°) for some family of discrete trap measures v=.

PROOF. When p is a Lévy trap measure, the distribution of u([a,b] % [¢,d]), a,b € R, ¢,d € Ry,
is determined by the distribution of u([a,b] x [0,1]), since by definition p{[a,b]) is a Lévy process. In
particular, the assumptions of the proposition imply the convergence in distribution of u®(A) to u(A) for
every A € A where A is the set of all rectangles I X [c,d] with I as in the statement of the proposition
and d > ¢ > 0.

As p(I) is a Lévy process, we have A C 7,,. Moreover, it is easy to see that A is a DC semiring.
Proposition 4.21] then implies claim (i).

The proof of claim (ii) is analogous. It suffices to observe that the distribution of v° is determined

by distributions of uf([a,b] x [0,1]), a,b € R, as well. O
We apply this proposition in few examples.

EXAMPLE 4.23 (Stone’s theorem). Let (pc)eso be a family of positive, locally finite measures on R.
Suppose p. converges to p € M1(R) as e — 0. Set p. = p. ® Leby, u = p ® Leby. We have seen in
Ezample that pe and p are Lévy trap measures, and that Blue] and Blu] are a time changes of
Brownian motion with speed measure p. and p, respectively. Let a,b be such that p({a,b}) = 0 and thus
u({a,b} x Ry) = 0. By vague convergence of pe to p, ue([a,b] x [0,1]) — p([a,b] x [0,1]). Therefore, by
Proposition [{.23, pe converges vaguely to p, and thus, by Theorem [{-06, Blue] converges in distribution
to Blu] in (D(0,00), M7y).

This result is well known and was originally obtained (with the stronger Ji-topology) by Stone [Sto63)].
His result states that convergence of speed measures implies convergence of the corresponding time-changed

Brownian motions. Thus, Theorem [{.6] can be viewed a generalization of Stone’s result.

EXAMPLE 4.24. u, Z[u] be as in Example [{.17 (a continuous-time random walk & la Montroll-
Weiss). Then, using Theorem [{.3] and Proposition [{.23, we can prove that (€Z[u].—2/v¢)t>0 converges in
distribution to the FK process. (This result was previously obtained in [MS04].)

Indeed, let K be a positive stable law of index . It is easy to see that p is a discrete trap measure.
Ezample [{.19 implies that FK process is a trapped Brownian motion whose corresponding trap measure
wrr 18 Lévy. Moreover, from the fact that upx is defined via Poisson point process whose intensity has

no atoms, we see that for every a € R, ppx(a x Ry) =0, P-a.s.



To apply Proposition [{-23 we should check that €/7&.(11)([a,b] x [0,1]) converges in distribution to
(b—a)/"K,. However,

be=t et
276 (p)([a,0] x [0,1]) =& Y > (i, ), (3.8)

i=ae~1 j=1
where, by their definition in Example[{.17, the (s(i,7))icz jen are i.i.d. random variables variables in the
domain of attraction of the ~y-stable law. The classical result on convergence of i.i.d. random variables

(see e.g. [GK68]) yields that (3.8) converges in distribution to (b—a)'/7K.,. The convergence of processes
then follows from Theorem [{-3]

3.3. Randomly trapped processes. The class of trapped random walks and Brownian motions
is too small to include some processes that we want to consider, in particular Bouchaud’s trap model, the
FIN diffusion and the projections of the random walk on IIC, IPC. More precisely, quenched distributions
of these models (given corresponding random environments) are trapped random walks. If we want to
consider annealed distributions, we need to introduce a larger classes, randomly trapped random walks
and randomly trapped Brownian motion. Their corresponding random measures will be constructed as
random mixtures of trap measures.

First we recall some elementary results about random measures. Let p be a random measure on H
defined on a probability space (Q,]} , ]f”) and f: H — R} be a measurable function. We define Laplace

transforms
L) = Blexo{ - [ roian}]. (3.9)

The following proposition is well known (see Lemma 1.7 of [Kal83]).

PROPOSITION 4.25. Let (2, F,P) be a probability space and let (p,)weq be a family of random mea-
sures on (Q, F,P) indexed by w € Q. Then there exists a probability measure & on M (H) given by (recall

@2) for the notation)
P(A) = / P, (A)P(dw) for each A € B(M(H)) (3.10)
Q

if and only if the mapping w — L, _(f) is F-measurable for each f € Co(H). The random measure
1 Qx Q— M(H) given by p(w,®) = pw(©) whose distribution is 2 is called the mizture of (fw)weq
with respect to P.

DEFINITION 4.26 (Random trap measures). Let (2, F,P) be a probability space and (p)weq be a
family of trap measures such that w — L, (f) is F-measurable for each f € Co(H). Let p be a random
measure whose distribution is the mixture of (p,,)weq. Then we call 4 a random trap measure driven
by the (u)weq. The law of i is called the annealed law of p and the laws of the (u,)weq are referred

as the quenched laws.



If for every w € Q, pu,, is discrete (resp. Lévy) trap measure, then p is called discrete (resp. Lévy)

random trap measure.

REMARK 4.27. Obviously a trap measure is always a random trap measure, the converse might be

false.

DEFINITION 4.28 (Traping landscape). If p is a discrete random trap measure driven by (uy)weq,
then 7 := (7,),ez : © — M1 (R4 )% defined via w € Q +— 7(p,,) is called random trapping landscape
of . We say that p is a (discrete) random trap measure with random trapping landscape .

Let P = Porr~! be the distribution of 7w on M (R4 )%. If P is a product measure, that is P = @, ., P*
for some P, € M;(M;(Ry)), z € Z, then the coordinates of the random trapping landscape (7, ).cz are
independent. In this case we say that the random trapping landscape is independent. If P = @, , P
for some P € M;(M1(R4)), then the (7,).ez are i.i.d., and we say the random trapping landscape is
ii.d.

The proof of the following proposition is obvious.

PROPOSITION 4.29. Let (Q,F,P) be a probability space and m := (7,).ez : @ — M1(R4)Z be mea-

surable. Then there exists a random discrete trap measure with random trapping landscape .
We now define corresponding processes.

DEFINITION 4.30 (Randomly trapped random walk /Brownian motion). When p is a random discrete
trap measure, we call the u-delayed random walk Z[u] randomly trapped random walk (RTRW).
Similarly, when g is a random Lévy trap measure, the p-delayed Brownian motion B[] is called ran-

domly trapped Brownian motion (RTBM).
We now present two important examples RTBM’s.

EXAMPLE 4.31 (FIN diffusion). Let P = (2;,v;)ien be a Poisson point process on H with intensity
measure ydrv~ " Vdv, v € (0,1), defined on the probability space (Q, F,P). For each w € Q, let y, :=
> ien Oz, (w) ® vi(w) Leby. By Proposition [{.23], the mizture of (fi,)weq w.r.t. P evists and thus there
exists a random trap measure ppyn driven by the (fw)wen-

Using FExample[{.1]], it is easy to see that Blu,] is a time change of B with speed measure p(dx) =
> Vidg, (dx). Comparing this with the definition of FIN, we see that the RTBM corresponding to ppin,
Blprin], is a FIN diffusion.

EXAMPLE 4.32 (generalised FIN diffusion). Let §* be the set of Laplace exponents of subordinators,

that is the set of continuous functions f : Ry — R that can be expressed as

FO) = fan(\) == d)\—i—/ (1 — e )II(dt) (3.11)

R



for a d > 0 and a measure u satisfying f(O,oo)(l A DII(dt) < oo. We endow §F* with the topology of
pointwise convergence.

Let F be a o-finite measure on §*, and let (;, fi)i>o0 be a Poisson point process on R x §* defined
on a probability space (Q,F,P) with intensity dr @ F. Let (S{)i>0, i > 0, be a family of independent
subordinators, Laplace exponent of S* being fi, defined on a probability space (Q,]}, If”)

For a given realisation of (z;, fi)i>0, we set similarly as in Example [{-13]

o, po (dedy) =) 8, (do)dS™ (dy), (3.12)
i>0
Hence, the measure pi(,, 1,y is a Lévy trap measure on (Q, F, ]f”) (It might be locally infinite, but we ignore
this issue for now.)

Using Proposition [{.25, we can show that the mizture of (f(z,(w).f,(w)))wen w.T-1. P,

perIn (W, w') = (e, (w),f: (@) (@) (3.13)

is a random measure. Since [, r,)’s are Lévy trap measures, pgrin s a random Lévy trap measure.

The corresponding RTBM is called a generalised FIN diffusion (GFIN).

REMARK 4.33. The FIN diffusion presented in Example [£.3Tlis of course a generalised FIN diffusion.
Indeed, it suffices to choose F to be fooo Y Y8 amun (df )dv, where dy ., (df) is a point measure on F*

concentrated on the linear function vA.
The following processes are important examples of RTRW.

EXAMPLE 4.34 (Bouchaud trap model). Symmetric one-dimensional Bouchaud trap model (BTM)
is a symmetric continuous time random walk X on Z with random jump rates. More precisely, to each
vertex z of Z we assign a positive number T, where (7,).cz is an i.i.d. sequence of positive random

variables defined on a probability space (Q, F,P) such that

lim wP[r, > u] =1, (3.14)

U—00
with v € (0,1). Fach visit of X to z € Z lasts an exponentially distributed time with mean .
It can be seen easily that the BTM is a RTRW. Its random trapping landscape is given by

(W) = (Vr.(w))zez; (3.15)
where v, is the exponential distribution with mean a. As T, are i.i.d., the random trapping landscape 7
is 4.1.d.

EXAMPLE 4.35 (Incipient infinite cluster). The incipient infinite cluster (IIC) in a regular tree is a
random graph which is constructed as the limit when n — oo of critical percolation clusters on a tree,

conditioned on surviving up to level n. As shown by Kesten in [Kes86b]|, this random tree can be viewed



as the graph N (called the backbone) in which, from each site z € N, there emerges a random branch
L., and (L,).en s an i.i.d. sequence of critical percolation clusters. Consider a simple, discrete time
random walk (Z11€),en on the IIC. Once Z'1C is on vertex x € IIC, it jumps to each of its neighbors
with probability deg(x)~t, where deg(x) is the degree of x in IIC. We can construct a continuous time
random walk on N, denoted by (WI1);>0, by stating that WS = 2 for all t > 0 such that Z{éc €L,
That is, W€ is the projection of Z'1C to the backbone N. For each realization of the IIC, which is to
say, each realization of (L.).en, WTC is a TRW with trapping landscape v = (v.).cz where, for each
z € N, v, is the distribution of the time that Z'1C spends on a single visit to the branch L., and v, := &
for 2 € Z\ N. As the branches (L.).en are random, we have that WIC is a RTRW. Furthermore, as

the sequence of branches (L;).en is i.i.d., we see that the random trapping landscape v = (v,)en 48 i.i.d.

(when restricted to N).

EXAMPLE 4.36 (Invasion percolation cluster). One can also use, instead of the IIC, the invasion
percolation cluster (IPC) on a reqular tree. As shown in [AGdHSO08|, this random tree can also be
viewed as N adorned with random branches. In this case the sequence of branches will be composed of
subcritical percolation clusters (with a varying percolation parameter). As in the case of the IIC, we can
construct a RTRW WIPC as the projection of a simple random walk on the IPC to the backbone N. In this
case the random trapping landscape is neither independent nor identically distributed. The reason for this

is that the sequence of branches are neither independent nor identically distributed (see [AGdHSO08| ).

4. Convergence of RTRW to RTBM

Randomly trapped random walks and Brownian motions are the main subject of the rest of the
chapter. In this section we study the convergence of RTRW’s with i.i.d. trapping landscape. The first
result, Theorem .37 gives a complete characterisation of the set of processes that appear as the scaling
limit of such RTRW’s. We then formulate criteria implying the convergence of RTRW’s to several
processes in this set. Here, however, our goal is not to characterise completely their domains of attraction.

Instead of this we try to state natural criteria which can be easily checked in applications.

4.1. Set of limiting processes. We consider P € M;(M;(R;)), and on a probability space
(Q,F,P) an ii.d. sequence w = (7;).ez, 7, € Mi1(Ry) with marginal P. By Definition €28, = is
i.i.d. trapping landscape. For every w € Q we define on (€2, F,P) an independent collection (s?(w))zez.ieN
of non-negative random variables such that 7. (w) is distribution of s’ (w), and a discrete trap measure
fo = Y, ;87 (W)d:,; as in Example Finally, we let u to stand for random trap measure obtained
as a mixture of p,’s w.r.t. P. To avoid the trivial situation we assume that P gives a mass to non-zero
distributions,



The following theorem characterises the set of possible scaling limits of p.

THEOREM 4.37. Let u be as above. Assume that there is an non-decreasing function p such that
p(e)6. (1) converges vaguely in distribution on (2 x Q, F @ F,P@P) as ¢ — 0 to a random measure v
which is infinite, locally finite and non-zero. Then v is random trap measure and one of two following

possibilities occurs:

(1) p(e) = €2L(¢) for a function L slowly varying at 0, and v = cLeby, ¢ € (0,00). In this case the
RTRW eZ[] p(s)—1¢ converges to a Brownian motion.
(2) p(e) =e“L(e) for a > 2 and a function L slowly varying at 0, and v can be written as

v= Cl#?r/; + UGFIN, (4.2)

where ¢1 € [0, 00), u;/; is the trap measure corresponding to the FK process defined in Exam-
ple[f-19, and pgrin is the random trap measure of GFIN process given in Example[{.59, u;/;
and pgrin are mutually independent.

Moreover, the intensity measure F on the space of Laplace exponents determining parin

satisfies the scaling relation

F(A) = aF(clA), for every A € B(F"),a >0, (4.3)
where o, : §° — F* is map which maps fan (see B.II) for the notation) to fao me with

d¥ = a“ 14, and % (dv) = a T (dv/a®). (4.4)
In this case the scaled RTRWEZ[/L]p(E)flt converges to a process than can be viewed as a ‘mixture’

of FK and GFIN processes.

PROOF. The proof that p(¢) must be a regularly varying function is standard: For a > 0, A € B(H)
bounded, observe that S.q(p)(aA) = &-(1)(A). Therefore,

V() = lim ()8 (0)(4) = Ty HEp02)c (1) 0) = v(act) g S (15)
As both v(A) and v(aA) are nontrivial random variables, this implies that the limit lim._o pp((;)) = ¢

exists and is non-trivial. The theory of regularly varying functions then yields
p(e) = e*L(e) (4.6)

for @ > 0 and a slowly varying function L. Inserting (4.0]) into (LX) also implies the scaling invariance of
v,

a®v(A) faw v(ad), Ae B(H),a>0. (4.7)

We now need to show that v is as in (1) or (2). To this end we use the theory of ‘random measures

with symmetries’ developed by Kallenberg in [Kal05]. We recall from [Kal05, Chapter 9.1] that random



measure £ on H is said separately exchangeable iff for any measure preserving transformations f; of R
and fo of Rt
Eo(h®f) e (4.8)
Moreover by [Kal05l Proposition 9.1], to check separate exchangeability it is sufficient to restrict f1, fo
to transpositions of dyadic intervals in R or R, respectively.
We claim that the limiting measure v is separately exchangeable. Indeed, restricting € to the sequence
en = 277, taking I, I C R and Jp,Jo C Ry disjoint dyadic intervals of the same length and defining
f1, f2 to be transposition of Iy, I, respectively Ji, Jo, it is easy to see, using the i.i.d. property of the

trapping landscape 7 and independence of s7’s, that for all n large enough.

p(en)8e, (1) 0 (f1 ® f2) 12 p(en)Be, (). (4.9)

Taking the limit n — oo on both sides proves the separate exchangeability of v.
The set of all separately exchangeable measures on H is known and given in [Kal05, Theorem 9.23]
which we recall ([Kal05] treats exchangeable measures on the quadrant R x Ry, the statement and

proof however adapt easily to H).

THEOREM 4.38. A random measure & on H is separately exchangeable iff a.s.

svaemel(a,nk . pk+2f a, 0,0}, Gig)0-,
—|—Zg a,0;, Xk )0 (Tiy Oike) —|—Zh a,0;)(0;, @ Leby) (4.10)
—|—Zg _]7X_]k: ]k, ] +Zh/ Q, 9/ Leb®5fj/),

or some measurable functions f >0 onR%, g,g onR:, and h,h',1 > 0 on R%, an array of i.i.d. uni-

bl ti >0 onRY >0o0nR3, and h,h',1 >0 on R 4., uni
form random wvariables (i ;)i jen, some independent unit rate Poisson processes (7;,0;)j, (075, Xi;)js
i €N, on H, (1,07);, (0ij,Xij)j, i €N on R%, and (pj, Psmj); on H x Ry, and an independent pair of
random variables o,y > 0.

Ignoring for the moment the issue of convergence of the above sum, let us describe in words various
terms in (£I0) to make a link to our result. For this discussion, we ignore the random variable o and
omit it from the notations (later we will justify this step).

The term 3, I(1x)dy,,p; has the same law as the random measure }; 20y, 4, for a Poisson point

process (Tk, Yk, 2z,) on H x Ry with intensity dx dy II;(dz) where the measure II; is given by
II;(A) = Leby(I"'(4)), A€ B(Ry). (4.11)

Recalling Example [£.19 this term resembles to the random measure driving the FK process, the z-

component of the intensity measure being more general here.



Similarly, terms >, , (65, & )0 (7i, oir) +>2; 7(0:) (07, ® Leb ) can be interpreted as the random trap
measure ugpry defined in Example 7;’s correspond to x;’s, and f; = fh(Gi),Hg(ei,q (recall (3110,
(&I1) for the notation). The measure F is thus determined by functions h and g.

Terms with ¢’, h' can be interpreted analogously, with the role of x-, and y-axis interchanged. Term
~Leby will correspond to Brownian motion component of v (recall Example .14). Finally, the term

containing f can be viewed as a family of atoms placed on the grid (7;); x (74);; we will not need it later.

J

We now explain why the limiting measure v appearing in Theorem [£37] is less general than ([@I0).
The first reason comes from the fact that the trapping landscape is i.i.d. This implies that v is not only
exchangeable in the z-direction, but also that for every disjoint sets A;, A2 C R the processes v(A1),
v(Asz) are independent. As the consequence of this property, we see that o and v must be a.s. constant
(or f,h,h,g,¢',1 independent of «). We can thus omit « from the notation.

Further, this independence implies that »’' = ¢’ = f = 0. Indeed, assume that it is not the case.
Then it is easy to see that the processes v(A4;1), v(A4s) have a non-zero probability to have a jump at
the same time, for A, Ay disjoint. On the other hand, for every w fixed, v(A4;)(w), i = 1,2, is a Lévy
process (it is a limit of an i.i.d. sum), and therefore, for every w, P-a.s, they do not jump at the same
time, contradicting the assumption.

From the previous reasoning implies that v = v; + v9 4+ 3 4+ 14 where vy, ..., 14 are the Brownian,

FK, FIN and GFIN component, respectively:

v1 = v Leby, v3 = Z h(6;)(6-, ® Leby),

4.12
Vy = Zl(nk)5pk7p;c, vy = Zg(9i7§ik)6(7_i7 Uik)' ( )
k

ik

Observe that the functions [, g, and h are not determined uniquely by the law of v. In particular for any
measure preserving transformation f of Ry, I and lo f~! give rise to the same law of v, and similarly for
h and g(6,-). Hence we may assume that [, h are non-increasing, and g is non-increasing in the second
coordinate.

The final restriction of v comes from its scaling invariance [@7). To finish the proof, we should thus
explore scaling properties of various components of v.

The Brownian component v4 is trivial. It is scale-invariant with o = 2.

To find the conditions under which the FK component v; is scale-invariant, we set A = [0, z] x [0, y]

and compute the Laplace transform of v A. To this end we use the formula
Ele™] =exp{ —A(1—e/)}, (4.13)

which holds for any Poisson point process 7 on a measurable space F with intensity measure A € M(E)

and f : E — R measurable. Using this formula with = = (p;, p},m:) and f(p,p',n) = 1a(p, p')A(n) we



obtain that
E[e~*24] = exp{ - xy/ (1- e_’\l("))dn}. (4.14)
0
The scaling invariance (£71) then yields

a2/ (1 — e MNM)ap :/ (1 —e " Mydp, YA a >0, (4.15)
0 0

implying (together with the fact that [ is non-increasing) that I(n) = ep~®/2, for a ¢ > 0, a > 0. By
[Kal05| Theorem 9.25], vo is locally finite iff fooo(l Al(n))dn < oo, yielding o > 2. Finally, using the
observation from the discussion around (I1]), we see that vy = cu%/;.

The component v3 can be treated analogously. Using formula (£I4) with # = (7;,6;) and f =
Ayh(0)1(g . (7), we obtain E[e=**34] = exp{—x [;°(1— e *¥"(*))dv}. The scaling invariance and the fact
that h is non-increasing then yields h(f) = ¢~ for ¢ > 0, a > 1. Using [?, Theorem 9.25] again, v3 is
locally finite iff [°(1 A h(6))d6 < oo, implying a > 2.

The component vy is slightly more difficult as we need to deal with many Poisson point processes.

Using formula (£.14)) for the processes (o;;); and (x:;); we get
Ble 41060, (7] = xp { = 3 By [ (1= MO0} (4.16)
Applying (£I4]) again, this time for processes (7;), (6;), then yields
Ele—4) = exp { - x/o‘” (1= vl (e 0ax) g . (4.17)
Hence, by scaling invariance and trivial substitutions, g should satisfy
/°° (1 v fo”(lfe*”(em)dx)do _ /°° (1 B 6774fox,(1787Aa*ag<e/a,x/a))dx)aw (4.18)
0 0

for every a,y, A > 0.
By [Kal05| Theorem 9.25] once more, vy is locally finite iff

/{1 A /(1 A g0, X)) }db < ox. (4.19)

We use this condition to show that for v4 the scaling exponent must satisfy o > 2. As o > 1 is obvious,
we should only exclude « € [1,2]. By (£18) and the fact that Laplace transform determines measures on
]R'f‘a

Leb. {9 : /(1 — 9020 gy > u} = Leb, {9 : /(1 — e "9 ax/a)y gy > u} (4.20)



For some ¢ > 1, ¢ (1 Az) <1—e % < 1Aua, therefore for u € (0,1)
K(u) = Leby {6 (1A g(6.0))dx > u)
> Leb,{6: /(1 — e 90X dy > u}

=Leby {0 : /(1 — e "9l0/ax/a)y gy > ) (4.21)

> aleb{0: /(ao‘ A g(8,x))dx > ca® tu}
>y /(@D Leb, {6 : /(1 Ag(0,x))dx > ¢} = u VOV EK (e),

where for the last inequality we set a > 1 so that a® 'u = 1. Using ([@2])), it can be checked easily that
the integral over 6 in ([@I9) is not finite when « € [1,2], implying « > 2.

To complete the proof of Theorem [£37] it remains to show the scaling relation ([43]). This is easy to
be done using the correspondence of v3+v4 and pugrrn. Indeed, let puaprrn, Mz, ;) De asin Example 32

By scaling considerations,
—a law
a Gafllu(m,fi) = H(zi/a,02 fi)s (4.22)

from which (£3)) follows immediately. O

4.2. Convergence to the Brownian motion. We now formulate several conditions implying the
convergence of RTRW to the various processes appearing in Theorem .37 We recall that we do not want
to describe their domains of attraction precisely, instead of this we look for easily applicable conditions.

We start by giving a general criteria for the convergence to a Brownian motion. Let u be as in
the previous section, that is p is random trap measure with i.i.d. trapping landscape whose marginal is

P e M;(M71(Ry)). For any probability measure 7 € M7 (Ry) we define m(w) to be its mean,
m(m) = / xm(dz). (4.23)
Ry
THEOREM 4.39. Let u be as above. Assume that
M = /m ) < o0. (4.24)

Then, P-a.s. as € — 0, the rescaled RTRW (e Z[p]pr—12-2¢)1>0 converges to a standard Brownian motion

in P-distribution on the space (D(0,00), M]).

REMARK 4.40. (a) Observe that Theorem .39 is a quenched result: the convergence holds for P-
a.e. realisation of the trapping landscape 7.

(b) Since B is continuous and B(0) = 0, it is trivial to replace M{-topology by the usual J;-topology.



PrOOF. We use of the multidimensional individual ergodic theorem, which we state for the sake of
completeness. (see e.g. [Geo88|, Theorem 14.A5] where the theorem is proved for square domains, its

proof works without modifications for rectangles).

THEOREM 4.41 (Multidimensional ergodic theorem). Let (X,G,Q) be a probability space and © =
(05.5)i,5) ez be a group of Q preserving transformations on X such that 0(;, ;) © 0, jo) = 06y 4is,14j2) -
Let T be the field of ©-invariant sets, a < 0 <b and ¢ <0 < d be real numbers, and A,, = [lan], [bn]] X
[len], [dn]]. Then, for any Q-measurable f with Q(|f]) < oo

1
lim —— Y fo0; = Q(f|),Q-a.s. (4.25)
n—o00 |An| e
We use this theorem for X = IKZFXZ, Q the distribution of (s¢), ;ez under P ® P, and G the cylinder
field (here we extend s? to negative i’s in the natural way). We define (6; ;)i ez : RZ*% — RE*% via
05.((8(2,%))z,6ez) = (s(x + 2,4+ §))n,mez. It is clear from the construction that @ is stationary under
0 ;. As the trapping landscape and (s?);, z € Z, are i.i.d., Q is ergodic with respect to every 6, ; with
x # 0. Hence, the invariant field is trivial. The multidimensional ergodic theorem then implies that for
any two intervals I, J C R
1 z M—00 n z
22 Y S TR ES B = M, Qas (4.26)
zp€lited

Therefore, e26.(u)(I x J) — |I||J|M, PxP-a.s. This together with Theorem E5completes the proof. [

4.3. Convergence to the FK process. We now deal with the convergence to the FK process.
Let, as usual, ¢ be random trap measure with i.i.d. trapping landscape 7 whose marginal is P. We write

7 for a generic P-distributed probability measure on (2, F,P), & for its Laplace transform, and define
I'(e) := E[1 — #(e)]. (4.27)

Due to assumption ([@I]), T is strictly increasing on R, taking values in [0, T';,42) for some 0 < Tppgn < 1.
Therefore, the inverse I'"! is well defined on this interval. For ¢ small enough, we can thus introduce the

inverse time scale gpx by

qrr(e) = T71(?). (4.28)

THEOREM 4.42. Let p be as above and assume that

qri () = e“L(e) (4.29)
for some a > 2 and a slowly varying function L. In addition assume that

lim e *E[(1 — #(qrk(c)))?] = 0. (4.30)

e—0



Then, as € — 0, the rescaled RTRW (£Z[p]qpy(e)-1¢)t>0 converges to the FK process with parameter
v = 2/a, in P-distribution on (D(Ry), M)}), in P-probability.
In addition, if the 38’ in [@30) is replaced by ’}’, then the convergence holds in P-distribution, P-a.s.

REMARK 4.43. (a) To define the convergence in P-distribution, in P probability, one should equip the
space of probability measures on the space D(R) with a metric that is compatible with the M{-topology.
We do not specify this metric, since to check such convergence we will use the fact that a family & of
elements of an arbitrary metric space E converges in probability to £ € E as ¢ — 0 iff for every sequence

en — 0 there is a subsequence ¢y, such that &, — £ a.s. as n — oo (see e.g. [Kal02, Lemma 4.2]).

(b) Due to [@28)), (£29) is equivalent to
L(e) = e2/VL(e), (4.31)

for some slowly varying function L.
(c) As for Theorem 39 we can strengthen the M- to Ji-topology, since the FK process has

continuous trajectories and F'K(0) = 0.

PROOF. As explained in the last remark, we fix a sequence ¢,, — 0 and choose subsequence ¢, =: &

so that

o0
— . L2
ECE[(1 - 7(qrr(8r)))7] < oo (4.32)
k=1
To show the first claim of the theorem we need to check that (6, Z[pu]q,. . (z,)-1¢)t>0 converges to the FK
process with parameter v, as k — oo, in P-distribution, P-a.s. By Theorem E5, we it is sufficient to show
that ps, = qri(£k)Ss, (1) converges vaguely in distribution to p} ., P-a.s., where u}.j is the driving
measure of the FK process introduced in Example 19 For every given w € Q, u = p(w,®) is a trap

measure (and not random trap measure), and pi}., is trap measure by definition. Therefore we can apply

Proposition 21} and only check that for every rectangle A = [x1, z3] X [y1, y2] with rational coordinates,

k—o0

P-a.s, p1g, (A) —— ppy(A) (it is easy to see that such rectangles form a DC semiring and are in 7,7 ).
W} (A) has a y-stable distribution with scaling parameter proportional to Lebg(A) and thus its Laplace
exponent is (z2 — x1)(y2 — y1)AY. The Laplace transform of p.(A) given w (and thus given the trapping
landscape (7;).ez) is easy to compute. By the independence of s?’s,

12671

Ble W= T #u(rrx(e)s 27w, (4.33)
r=x1e" !

Hence, taking the —log to obtain the Laplace exponent, we shall show that P-a.s, for every =1 < 3,

y17y2€Q70§)\€Q7
228, "

w2 —y) Y. (—logm(Agrx(Er)) S (y2 — y1) (w2 — 21)X". (4.34)

~—1
m:zlsk



As Q is countable, it is sufficient to show this for fixed z’s, y’s and A. This will follow by a standard
law-of-large-numbers argument as m,’s are i.i.d. under P. To simplify the notation we set 1 =0, o2 = 1;
y’s can be omitted trivially.

We first consider A < 1 and truncate. Using the monotonicity of 7, A < 1, and the Chebyshev
inequality

P[ sup (1—#(arx(Aer))) = &] < & °El(1 = #(arx (Er)))°]. (4.35)

0<z<e, "

([#32)) then implies that the above supremum is smaller than & for all k large enough, P-a.s. Hence, for

all k£ large
& Zk: (—log7:(Aark (8r))) = & zk: (—log ((1 = &) V 7-(Aark (£x))))- (4.36)
=0 x=0

For any § > 0 there is ¢ small so that (1 —z) < —logz < (1 —2)+ (3 +6)(1 —z)? on (1 —¢,1]. The
expectation of the right-hand side of (£36) is bounded from above by

& ElEr A (1 — 7o(Aark (Er)))] + ¢ "E[ (8 A (1 — ﬁz(/\qFK(fk))))2]

(4.37)
< & 2E[L - 7. (\grx (Bx))] + o(1),
as k — oo, by ([@30). The lower bound for the expectation is then
&L A (1= 72 (Aarxc (8r))] 18)
> & °E[1 — 7. (Agri (k)] + &, °Pliz (Agric (Br)) < 1 — &
The second term is again o(1) as k — oo by a similar estimate as in ([@35]). Moreover,
EE[1 — 7O G)] = Sl E) doee o (1.39)

Igrk (€k))
by the fact that T' is regularly varying. Therefore the expectation of the right-hand side of (£36]) equals
AV,

To compute the variance of the right-hand side of (£36]), we observe that the second moment of one

term is, for k large, bounded by
2E[(2x A (1 — 7. (Aari (B1))))°] < 2E[(1 — 72 (g (Ex))) %] = 0(€}), (4.40)

as k — oo, by ([30). Since the first moment of one term is O(£%), by the previous computation, we see

that the variance of the right-hand side of (£36]) is bounded by
— . L2
Ce*E[(1 - #(ark (61))) ], (4.41)

which is summable over k, by ([@32). This implies the strong law of large numbers for ([£.36) and thus
@E34) for A < 1. For A > 1 ([&34) follows from the analyticity of Laplace transform. This proves ([34)

and thus the first claim of the theorem.



To prove the second claim of the theorem, it is sufficient to repeat the previous argument with
&, = k=173 From the assumption of the theorem then follows that e 4E[(1 - fr(qFK(E)))ﬂ = o(1),
and thus

ECE[(1 - #(qrr(Er))°] = 0(E110) = o(KI+D1-2)) (4.42)

and hence ([@32) holds. Therefore P-a.s. holds along &. To pass from the convergence along £j to the

convergence as € — 0, it is sufficient to observe that, since é,:_ilrl —&;1 LiniR 0, for any rectangle A and
e small enough there is k such that &.(u)(A) = Sg, (1) (A).

O

4.4. Convergence to the GFIN process. This section contains the statement of the main theo-
rem of this chapter, which gives conditions under which the scaling limit of a RTRW is certain RTBM.
We start with some notation. Let P be a probability measure on M;(R,)*. We will suppose that
P((d0):ez) # 1. Let w := (m.).ez be a random trapping landscape distributed according to P. We
will be looking for the scaling limit of the RTRW Z[u], where p is a random trap measure with random

trapping landscape 7. Next we state the assumptions needed to prove our main theorem.

AssumpPTION (I). P is a product measure, that is P = @, ., P* where, for each z € Z, P* is a
probability measure over M; (R ). (This assumption ensures that the random trapping landscape Z[u]

is independent).

Let m : M1(R;y) — Ry U {oo} be given by m(v) := fR+ tv(dt), so m(v) is the expectation of a
random variable having distribution v. For any v := (,),ez € M1(R4)% we define the atomic measure
plv] as p[v] == > ., m(v.)d.. We define a random process (Vi)zcr as Vi := p[w][0,2] if 2 > 0 and
Ve = —p[m][z,0) if © < 0. As we have assumed that the (7.).cz are independent, we will have that

(Vi )zer has independent increments. Our second assumption is

AssuMPTION (PP). There exists v € (0,1) and a pure jump, non decreasing stochastic process with

independent increments V° such that
(Vma)zE]R = (El/v‘/:sflz)wE]R E:’O (VIO)mE]R (443)

in distribution over (D(R), J1).

We define the random Lebesgue-Stieltjes measure associated with V9, denoted by p°, as pla,b) :=
V0 — V9 for all a,b real numbers. As V? is a pure jump process we will have that p° is a purely atomic
measure, i.e. p? = ZieN v;0,,. We can define a random, countable subset of H as PY := (x;,v;);en. The
independence of the increments of V° implies that P° is a Poisson point process. If (P?).cz is not only

independent, but also identically distributed, assumption (PP) follows from



AssumPTION (PPO). There exists v € (0,1) such that

lim 27 P°[r € My(Ry) : m(m) > o] = 1. (4.44)

r—00

In this case the process VO is a v-stable subordinator and the measure P is the Poisson point process
with intensity measure vy~ Vdxdy (see [App09]).

Next, we prepare the statement of the third and final assumption. It is easy to show that, for each
z € Z, there exists a regular conditional probability A* : Ry x B(M;(Ry)) — R4 of P? given m. In
fact, there might exist more than one version of the regular conditional probability of P* given m. The
probability distributions A*(a, ) corresponds to the distribution of 7, conditioned on having expectation
a. Let do(e) := e~/ and qo(¢) := e(M/7. Let C(R,) denote the set of continuous functions defined

over Ry.We define also ¥, : M;(R;) — C(R4)
U (v)(\) :=e 11 = (go(e)N)). (4.45)

Our third assumption is

AssuMPTION (D). There exist versions (A#), ¢z of the regular conditional probabilities of P* given m
such that, if 72 is a random object having distribution A*(a, -), then for each family of integers (2c)cer,
we have that

lim W, (7)) 4 R, (4.46)

E—00
where Fy is any probability distribution over C(R) and <, denotes convergence in distribution in C(R)

with the topology of pointwise convergence.

Denote by § the set of functions f : Ry — R that allow the expression in display (B.11)), where u is
a measure such that fﬂh tp(dt) = 1 and vy, wy are positive numbers such that vy +wy < 1. Note that §
is the set of Laplace exponents of subordinators (S;):ecr such that E[S1] < 1. We will endow § with the
topology of pointwise convergence. It is easy to see that the support of Fy must be contained in §.

If (P?).ez is not only independent, but also identically distributed, Assumption (D) reduces to

AssuMPTION (D0). There exist a version A" of the regular conditional probability of P° given m

such that, if 7§ is a random object having distribution A°(a, ), then we have that

lim U (70°®) % F, (4.47)

E— 0O
where Fy is any probability distribution over C(R) and <, denotes convergence in distribution in C(R)

with the topology of pointwise convergence.

With the assumptions stated, we now deal with the construction of the RTBM which will appear as
scaling limit for the RTRW Z[u]. All we have to do is to construct the proper random trap measure. Let



(92, F,P) be the space in which the Poisson point process PV is defined. Let (f;)ien, fi : @ — &, be ani.i.d.
sequence of random objects taking values on §, distributed according to Fy and independent of P°. Define
filw) as fi(w)(N) = v; 7 (w) fi(w)(vi(w)*T1N). For each w € Q, let (A+*));cy be an independent sequence
of subordinators, each one having Laplace exponent f;(w) The space where the sequence (A(i"”))ieN is
defined is of no importance. For each w € 2 we define the random trap measure
Pl = Gy @ AA). (4.48)
i€Z
Let 4 be a random trap measure driven by the (u),cq. Let B be a Brownian motion defined in the
same space that u° and independent of it. Then, the RTBM B[u"] is then process we desire.
Let do denote the probability distribution over C(R;.) concentrated on the function 0 = 0. Now we

are in conditions to state the main theorem of this chapter.

THEOREM 4.44. Under assumptions (I),(PP) and (D). Suppose further that Fo # 6o we have that
(eZ[1]go(e)-1¢)e>0 converges in distribution to the RTBM (B[u’])¢0 in (D((0,00)), M) as e — oo.

REMARK 4.45. In the case where the (P?).cz are i.i.d., Theorem 44 follows from assumptions
(PPO0) and (DO0).

Here we present the proof for Theorem .44] which strongly relies in the following

LEMMA 4.46. There exists a probability space (0, F*,P*) and (iSs)e>0wrcqr, a family of trap
measures, such that

(1) for each e >0, and w* € Q*, Gf. is a discrete trap measure

(2) Let, for each € > 0, i€ be a random trapping landscape driven by (GZ.)w+ecq+. Then, for each
e >0, pf is distributed as p.

(3) i1° is distributed as pu°

(4) qo(e)S.(ji5.) converges vaguely in distribution to i, as € — 0, P*-almost surely.

We now prove Theorem [£.44] using Lemma, : By item 2 in Lemma [£406] we have that for all
e >0, Z[u] is distributed as Z[°] in D(Ry). As ul is P-almost surely a Lévy trap measure, we have that
ul is a dispersed trap measure. Thus p° is a dispersed trap measure and hence fi° is also a dispersed
trap measure. It is easy to see that the (fi¥)e>0 and /i’ are infinite trap measures. Items 2,3 and 4 of
imply that go(g)&. (1) converges vaguely in distribution to u°. Thus we can apply Theorem 5] and
to deduce convergence in distribution of (eZ[4]gy(s)-1¢)e>0 to (B[u’]t)e0.

Hence, if we prove Lemma we would have proved Theorem [£.441 We split the proof of the
lemma in two parts. In Subsection [£.4.1] we construct the coupling and then, in Subsection 1.4.2] we show

P*-almost sure convergence.



4.4.1. Construction of the coupling. We recall that p[r] := Y _, m(7.)0. and that (V).er is a
random process defined as V, := p[w][0,z) if ¢ > 0 and V, := —p[n][z,0) if z < 0. By assumption
(PP), we have that (£'/7V.-1,).er converges in distribution to (V?),cg in (D(R),.J;). But (D(R,.J;))
is a separable topological space. Thus, by the Skorohod representation theorem there exists a family
of stochastic processes (V¢).~o and a stochastic process V° defined in a common probability space
(Q°, F*,P°®) such that

(1) for each € > 0, V¢ is distributed as V¢ in (D(R), J;)
(2) VO is distributed as V° in (D(R), J;)
(3) V¢ converges P*-almost surely to V? in (D(R), J1).

Let (5°)e>0 and p be the random Stieltjes measures associated to (V°).so and V° respectively. As
we know, the (V¢).so and V? are non-decreasing, pure-jump processes. Thus (5°).>0 and p are random
atomic measures and we can write p° = >, 950.. and p = Y, 70z, with T; # Z; whenever i # j,
also g; > 0 for all i € N.

Let us fix w® € Q°. By the matching of jumps property of the Skorohod J; topology (see, for instance,
§3.3 in [Whi02]) we have that, for each i € N, there exists a family (w’).~o C R such that w! =z
and p°({w!}) =0 7;- We have that, for each £ > 0, the measure p® is supported on €Z. Thus, without
loss of generality, we can suppose that the (w!).s¢ is contained in €Z. Define 2! := e 1w!. Using that
w} 30 T, w? 2% %, and the fact that &, # Ty, we have that there exist a positive number ¢y small
enough such that (2}).50((22)o<e<e, = 0. The same reasoning can be used to find c3 small enough such
that (21)e>0N(22)0<c<es N(22)0<e<es = 0. Tterating this procedure we find a sequence (c;);en such that
Nien(z)o<e<e, = 0 (define ¢; = 00). Thus, for each € > 0 and z € Z, there is at most one i such that
z € (28)0<e<c,;- Using that fact, for each € > 0 we can define the function I¢ : Z — N U {0} by stating
that I¢(z) is the index such that z € (zf(z))0<€<cls (z)- If there is no such index, we state that 1°(z) = 0.

J1 topology (see, for instance, §3.3 in [Whi02]) we will also have that Uity = i-

Let T, : § — & be defined by T,(f)(-) := y~7 f(y'™7-). Let Fj be the probability measure over §

defined by F{j(A) := Fo(T, '(A)) for all A € B(F). We want to prove the following

LEMMA 4.47. let (y%)es0 such that y© — y as € — 0 and (2%)es0 C Z. Then ¥ (m, do(E)y” ) <, Fy as

e — 0, where <, denotes convergence in distribution in the topology given by pointwise convergence.

PROOF. Let to(g) := (do()y®) 7, that is to(e) := e(y®)~ 7. Then

W, (r V") / exp(go(e) )T (dt))
R

-1(1—/ exp(e 57 a)r0@ " (ar))
Ry



= (y°) to(e) 11 - / exp((y*)* ) ao(to () A) 2" (dr))

d d
=Ty (\I]to(s)( D(tO(E)))) =Tyey- (T, (\I]to(s)( U(to(s)))))

y
We can show that Ty,-1 converges to the identity as ¢ — 0. That plus assumption (D) proves the

lemma. O

Using Lemma [£.47 it follows that for each w € Q* and each atom ;0z, we have that

Q)T g o
Uo(r, ) LFase—0 (4.49)

where % denotes convergence in distribution on §* endowed with the pointwise convergence.

The space C(R4) endowed with the topology of uniform convergence over compact sets is separable.
Thus §* endowed with the topology of uniform convergence in compact sets is also separable. It is
a known fact that in the space §*, pointwise convergence and uniform convergence over compact sets
coincide. We deduce that §* with the topology of pointwise convergence is also separable, and we can

apply the Skorohod representation theorem on §*. That, plus display ([£49) imply that

LEMMA 4.48. for each w € Q° and i € N, there exist a family (\if(i’w))o<€<cl and U9 random

objects taking values in F*, defined on a common probability space (Q(l w)s Fliw)s Pliw)) such that

i,w ( )Y: iy
(1) for each e >0, G s distributed as 0. (m, . <) in §*

(2) W) has distribution F2*)

(3) \if?’“) L Pw) g5 e — 0, If”(iﬁw) almost surely, where — denotes uniform convergence.

For each w® € 2°,0 < € < ¢; and ¢ € N, we have that \iJS"”') € 5, ]f’)(iw.)—almost surely. That
implies that there exists a random object 7#(«") Q(i)w.) — M7 (R ) such that, for ]f’)(iw.)—almost every
w € Q(i)w.), we have

WD (W) = W70 (W) (4:50)
. do(e)72,
Then 7”49 is distributed as wzf ) yza. Next we define, for each w® € w®, ¢ > 0 and 7 € N a random

element 7" taking values in M (R4) and defined on the space (Q(iyw),f(iﬁw),ﬁl’(iyw)). If I¢(z) > 0,
then 7#(@*%¢) = 7(@%I1°(2)2) If I%(2) = 0 we define 7(“"*) as a random object having the same distri-

d()(E)

bution as . Without loss of generality we can suppose that it is defined in (Q(Z W) f(iw), ]f’)(iw)).

Furthermore, we will also suppose that (7r(‘“ *Z*E))ZGZ is an independent sequence of random measures.
Denote by (Q, F,P) := (®;cz weor Qi) Qicz,wear Fliw), Qicz,wear P(;))- We define the proba-
bility space (Q*, F*,P*) := (Q°* x Q, F* ® F,P* ® P). For each w* = (w*,w) € Q* and ¢ > 0, we define

[i5,. as a trap measure with trapping landscape (7“%%°)(w)).cz.

e w) = Z 5. @ dA@"I(52):9) (W) for all (w*,w) € N x Q.
2€Q.



For each w* = (w*,w) € O, we define (A 9)),cy as an independent sequence of subordinators, each
one having Laplace exponent \if(i"”.)(w). The space in which the subordinators are defined is of no
importance. We also define (%, ),+cq- as
.= Zdji(w.) @ dA“"9) for all w* = (w*,w) € Q° x Q.
ieN

For each w* € Q*, [i,+ is a discrete trap measure with the trapping landscape (7“"#9)(w)),ez.
Hence, to prove that fi° is distributed as p, it is enough to show that (7(“"#)(w)).ez, regarded as a
random trapping landscape, is distributed according to P. By assumption (I), we have that P is a
product measure, and we have constructed the random trapping landscape (ﬁ(”"z’a)(w))zez in such a
way that its coordinates are independent from each other. Thus, it only remains to check that for each
z € Z, #@"%9) (w) its distributed according to P?, but this is granted by construction.

Now we want to check that ° is distributed as p®. For each w* € Q*, we have that i~ =
Y ien 0z, (we) @ dA"D)  where (Z;, §: )ien is distributed as the Poisson point process P° and the (random)
Laplace exponent of the (A“"9));cy have the same distribution than those of the (A“%);cy which appear
on the construction of uo.

4.4.2. P*-almost sure convergence of the coupled environments. Here we will prove item (4) in Lemma
Let p be a random measure, then denote A, := {[a,b] x [¢,d] C H : p({a} X [c,d]) = p({b} x [c,d]) =
0}. As i%. is P-almost surely a Lévy trap measure,we have that ji0. is P-almost surely a dispersed trap
measure. Thus Agzo (isP almost surely a DC semiring contained on 750 .- Using Proposition.2T]it suffices
to show that, P*-almost surely, qo(¢)S. (1S, )([a, b] x [¢, d]) converges in distribution to 2. ([a,b] X [c, d])
as € — 0 for all [a,b] X [¢,d] € Apgo, . This plus Proposition 427 would imply that P*-almost surely,
q0(e)G: (115, ) — il vaguely in distribution as e — 0. Theorem [.44] would follow.

Eg(w°,w) = Z 62\2&1 ,j(a,z),s)(w)
2€Q:

E(wo,w) — Zé;\;w ,i)(w)_
i€z
For each w* = (w*,w) € 0*, e > 0 and z € Z, let

A9 1= o ()8 (15 ({2)).

That is, A" is the qo()S. (il )-trapping process on {z}. We will prove the following

LEMMA 4.49. For each i € N, A" 229 “20 A0 in distribution over (D(R4+), 1) to, P*-almost

surely,

Also, for each w* = (w*,w) € ;i eNand 0 < e < ¢;, let ©w 1) he a subordinator having Laplace

exponent \ifg’w.)(w). Display (#50) shows that ©w"e) i a compound Poisson process whose intensity



of jumps is €~ ' and the size of the jumps are distributed according to 7" (w)(go()~"-). It is a known
fact that convergence of Laplace exponents implies the convergence in distribution over (D(R),J;) of
the corresponding subordinators . Thus the third item in Lemma shows that, P*-almost surely,
Ow"ie) *=0 AW i distribution over (D(R4), J1). It follows easily that, P*-almost surely, the family
of processes (A(“"2:))g___. also converges in distribution over (D(R4), J1) to A" as e — 0. This
is because, for each w* € 2, 7 € N and 0 < € < ¢;, we have that AW"2te) g just the discrete time
analogous of OW"ie)  That is, they are discrete time processes in which the step has size € and each
jump is distributed according to 7" (w)(qgo(e)~*-) (the times of the jumps are de-randomized).

For each ¢ > 0 and w* € Q*, let (ﬂiﬁ’é’g))sw and ﬂwb:’é) be the trap measures defined by

0= N G @dAeT e
{z€2Z:p° ({e2})<6}
and
G <SP )

{ieN:p({z:})<6}
Those trap measures will take account of the shallow traps of (jif.).>o and ji’. respectively. Similarly,

we define the trap measures composed of the deep traps, (7'2%%).5o and g2 as
T SRy S

{z€Z:pc ({e2})>6}
and
2= 3 6 @dAT,
{ieN:p({z;})>6}
Define also the random measures

ﬁ(S,J,s) — Z y50.,
{z€Z:p°({e2})<6}

A=Y g,
{ieN:p({Z:})<6}

pro = N e
{z€Z:p% ({e2})>6}

PEUPE
{ieN:p({z; })>d}
Without loss of generality, we can suppose that all the trap measures (g« )e>0,w*cq* have a common

and

reference space (2°, F°,P°) (just take (Q°, F°,P°) to be the product of all the reference spaces). First
we will neglect the shallow traps. We have that ﬂg’é’a)([a,b] X [e,d]) < ﬂg’é’a)([a,b] x [0,d]). Also, for
all w* = (w*,w) € O, we have that
PSS (b x [0,d)] = Y PPALTH)
{z€la,b]:p*({ez}) <6}



which in turn equals

Z dPQ[Agw**Z’E)] _ dﬁ(S"s’a)(w°)[a,b].
{z€lab]:p=({e2}) <6}

Next, we prove the following
LEMMA 4.50. lims_¢limsup,_,q p5[a, b] = 0, P*-almost surely

ProOF. For the proof we will suppose that w® € Q° is fixed. For a fixed § > 0, the set /% := {j €
N:Z; € [a,b],y; > 6} is finite. As V° is a non decreasing, right continuous pure jump process, we have
that for any n > 0, there exists dy small enough, such that, for all § < dy, we have that

D 5>V = lim V- /2 =V) = V) — /2 (4.51)
i€’
where the last equality holds because p({a}) = 0. We know that for each i € &7?, the sequence (£2%)p<c<c,
converges to Z; as € — 0. Also the sequence (p°({e2{}))o<e<c; Will converge to g; as € — 0. Hence, using
(#X1), we find that for € small enough
Yo (el >V =V =
icaf?
On the other hand, from the convergence on the J; topology and the fact that p({a}) = p({b}) = 0, we
have that lim._o V,F — Vi = V¥ — V)0 and that finishes the proof. O

The previous lemma implies that

lim lim sup P°[{5%%) ([a, b] x [0, d])] = 0 (4.52)

=0 -0

Im%) lim sup /LS;* )([a, b] x [0,d]) = 0,P° — almost surely.
e—0

In this way we have neglected the contribution of shallow traps. Having neglected the shallow traps, we

_(S 04 ,ELEJ? )it suffices to

show that for any 6 > 0, u(D 0 E)([a, b] x [¢,d]) <, ufUD 5)([a, b] x [¢, d]), P*-almost surely. With the notation

w*

just have to take care of a finite number of deep traps. We have that gl. =

introduced in the proof of Lemma [£.50, we can write

/_LEJD*76)8) _ Z 52 ® d[\(w*,z,s)
{z€Z:p% ({e2})>6}

_(D, § e w*,i T (w* i
A7 ([a,b) x fed)) = 7 AP — A
i€l
We know that for each i € 7%, the sequence (e28)0<e<e, converges to Z; as € — 0. Then, using
p({a}) = p({b}) = 0, we find that for ¢ small enough the set (£z%);c.ss is contained in (a,b). Also the

sequence (ﬁa({szg}))ks@(i(j)) will converge to 7; as € — 0. Thus, for € small enough, the trap measures



(5‘?\;.:*‘2;‘5) )icars Will participate in the sum defining ﬂfff’é’a). Furthermore, we will show that, for € small
enough
AL = 37 G @ AR, (4.53)
i€l

We will use our assumption p({a}) = p({b}) = 0. That assumption Lemma [L50, together imply that,
for £ small, p(P:%¢) = Y icors Yidz, -
That implies that there are no summands other than (d..: ® dﬂ(“*’zi’s))iems in ﬂgf’é’a). This shows

#353)) . Then we have that

A2 (0,8 x e, d]) = 3 AW R

i€’

Thus, to show that ﬂfff’é’s)([a,b] X [c,d]) converges to fi ([a,b] x [c,d]), it is enough to show that
Al()w*7zz7€) — ]\((lwﬂzgﬁ) _ ]\l()”*’i) — f\((f*’i) in distribution, for each i € o/%. But that is provided by Lemma

[4.491

(D,9)

5. Applications

In this section we will make use of the results previously obtained to prove convergence results for
RTRW which complement Theorem [£.44] In Subsection [£.3] we prove that under some hypothesis, the
scaling limit of the RTRW is the fractional kinetic process. In Subsection give conditions under which
we find that the scaling limit of the RTRW is a Brownian motion. In Subsection (.1l we will prove that
the model defined in example 3 of RTRW presents four different phases in terms of its scaling limit. In

Subsection we show different regimes for the comb model in terms of its scaling limit.

5.1. The simplest case of a phase transition.

EXAMPLE 4.51. Take « and B in (0,1). Let (7.).ez be a i.i.d. sequence of positive random variables
defined on the space (0, F,P) such that

lim w*P(ry > u) =1 (5.1)

and P(r, > 1) = 1. For each z € Z, consider the random probability distribution 7, (w) = (1—7,(w)?)do+
7 (w)P8,_ (). Then there exists a random trap measure p*? driven by (3° 6. ® m.(w))weq. In this case
we have that the random trapping landscape of u®? is i.i.d. Consider the RTRW Z[u®"]. We will see

that this RTRW presents a phase transition in terms of its scaling limit as the values of a and 3 change.

Let a € (0,1), 8 € (0,1) and p*? as in example 3 of RTRW. By a straightforward computation

lim 278 P(m(mo) > z) =1 (5.2)

Hence v = =5



PROPOSITION 4.52. The following holds: If v > 1 (equivalently o+ 3 > 1)

(1) then define m = P(m(mo)) < oo. In this case eZ[u*P),,.—2, converges to Brownian motion in
the sense of proposition [{.39 if v < 1

(2) and o > B, let qo(e) = e *V7. Then eZ[p®P], )-1¢ converges to FIN, in the sense of
proposition [{42

(3) and o < B, let q(e) = Ko p3e?/", where k = o+ (3 and the constant K, can be computed
explicitly. Then eZ[p*F)yo)-1, converges to FK, in the sense of Theorem [{.74)

(4) and a = B, let qo(e) = 17, Then eZ[u*)4 o)1+ converges, in the sense of Theorem [J-44), to
a RTRW which is neither FIN nor FK (This RTRW will be referred as a “Poissonian” RTRW).

We have that m(m(w)) = 7(w)!=#. Thus, if 4 > 1, we have that P(m(m)) < oo, and proposition
yields (7). Conditioning on m(my) = do(¢) is equivalent to conditioning on 7'=# = ¢=1/7 which,
in turn, is equivalent to 7 = £~/%. Then, we can choose the 72°®) = (1 — &8/2)5y + £8/25__,.. Thus
70 (N) =1 — B/ 4 &8/ exp(—Ae~ /). Hence we can write

U (70E)(\) = eP=/a(1 — exp(—Ael@=A/ay), (5.3)

Thus, we find that

(1) if & = 3 we have that lim. o U (7%())(X) = 1 — exp(—=N)

(2) if @ > 8 we have that lim. o U (7%))(X) = =\

(3) if @ < 8 we have that lim. o ¥ (7%()(\) = 0.
If o > (3, item (2) gives assumption (D0). Assumptions (IID) and (PPO0) also hold. Thus we can deduce
claim (i¢) from Theorem [£44l Similarly, Theorem .44 together with item (1) gives claim (iv). In this
case, the traps are “Poissonian” in the sense that Fy = 6, where h(\) = 1 — exp(—\), which is the

Laplace exponent of a Poisson process. Note that if a < § we cannot deduce a convergence result from

Theorem [£.44] However, we can check the assumptions of proposition [£42] T'(e) = P(1 — 7 (e))

- /OO t77(1 — exp(—et))7(dt).
0

Changing variables we obtain
= / t7P(1 — exp(—u))e®e (e Ldt).
0

But, by display (5.0]), we have that ¢ ~%7(e~1dt) converges weakly to at~1=*dt. Thus

I(e) =P(1 — 7(g)) = eo+P h t=1727B(1 — exp(—u))du.
0

— (—+7P(1 — exp(—t) B(r > D) (5.4)

+ /Oo(—ﬁfﬁfl(l — exp(—¢t)) + t Peexp(—et))P(r > t)dt
0
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=0+ /w(—ﬁtfﬁ’l(l — exp(—et)) 4+ t Peexp(—et))P(r > t)dt.
0

/Oo(—sﬁ“ﬁu’ﬁ’l(l —exp(—u)) + ePuPeexp(—u))P(r > e u)du.
0

P /Oo(—ﬁu*ﬁfl(l —exp(—u)) +u P exp(—u))(eu™* 4 o(c®u~))du.
0
ghte / (=Bu=P1(1 — exp(—u)) + u=? exp(—u))u~*du + o(e”T*).
0

= aa“*ﬁ/ u P71 — exp(—u))du.
0

Thus k¥ = a + . Similarly, we also find that

P((1 = #(e))?) = a/ooo 128 (1 — exp(—et))2r(dt) (5.5)

= 04526"'0‘/ u” 2P (1 — exp(—u))?du
0
Leading to
e P((1 - 0(gri (€)))?) — 0.

Hence, the assumptions of Theorem are fulfilled and we deduce (i7).

5.2. The comb model.

EXAMPLE 4.53 (Comb model). Let (N,).ecz be an i.i.d. collection of heavy tailed random variables
satisfying
P(No=n)=C(1+a) 'n "% a>0. (5.6)



We use G, to denote a line segment of length N, with nearest-neighbor edges. Let Geoms be the tree-like
graph with leaves (G,).cz. We refer to the geometric trap model on Geomp as the comb model. We refer
to the leaves of Geomp as teeth. The comb graph is a great simplification compared to IIC or IPC since
the distribution of the time spent in the teeth is easy to compute. As in the previous examples, we can
project the simple random walk X ™ on G eomp to Z to obtain a RTRW Z[u]. As we will see in Section
[5.2, the scaling limit of Z[u] is either Brownian motion or fractional kinetics depending on the value of
a. When o > 1, the teeth are “short” and the mean time spent in traps has finite expectation. Thus Z[u]
is diffusive. If, on the other hand, a < 1 the teeth are “long” and the expectation of the mean time spent
in traps is infinite. However, Z[u] does not explore deep traps and, therefore, does not “remember” the
environment. Hence fractional kinetics is the limit. The comb model can be enriched further. In order
to do so, we write each vertex of Geomy as a pair (n,z) with z € Z and n € [0, N,] in a straightforward
fashion so that the points on the backbone have vanishing second coordinate. We (re-)define X as
follows. Whenever X ™ is not on the backbone, it performs a drifted random walk on (z,0) UG, with a

drift g(N.) > 0 pointing away from the backbone and reflecting wall at the end of the tooth, i.e. for any

0<n< Nz
P(X(k +1) = (2,0 + D)X (k) = (2,n)) = (1 + g(N=))/2, (5.7)
P(X(k 4 1) = (2,0 — 1)|X™ (k) = (z,n)) = (1 - g(N.))/2, (58)
P(X™ (k +1) = (2, N, — 1)| X" (k) = (z,N.)) = 1. (5.9)

Otherwise, if X°™ = (z,0), it jumps to one of the three vertices (z—1,0), (z+1,0) and (z,1) with equal
probability. We will reason in Subsection[52.2 that the appropriate choice of g is

g(N) = BN " log(N) (5.10)

for some 3 > 0. The presence of the drift might force X™ to explore even the deepest traps. The

statements of the convergence results with their proofs are given in Subsection [5.2.

In this section we investigate the scaling limits of the model described in example 6 of RTRW. There,

we assumed (N, ).ecz to be an i.i.d. collection of random variables with
E(Ng =n)=C¢(1+a) 'n "% a>0.

Let V be a random walk on [0, N] N Z reflected at the boundary N: Vp =1,

- Vn—l + §n7 Vn—l < N;
V, = { v VLN (5.11)

With i.i.d. Bernoulli random variables (&, )nen

P =1)=p=1-P(¢ =~-1),p>1/2.



Let 7(N) := inf{n > 0 : V,, = 0} be the hitting time of 0. We use 9 to denote the law of 7(N) if we
choose p = (1 4 g(N))/2. The function g represents the drift along the teeth.

Set v, = ¥, and notice that, conditioned on N, v, coincides with the distribution of the time which
is required by X°°™? in order to go from (z,1) to (z,0). Let v, denote the distribution of a geometric,
with parameter 1/3, sum of independent random variables drawn from v, i.e.

o(A) = ﬁ’o(k).

It is clear that the comb model is a RTRW on the environment (v,,z € Z). The following observation

(5.12)

will be used throughout our calculations.

REMARK 4.54.

11—\

1— 9(\) ~ (5.13)

as A — 0.

5.2.1. Random walk with reflection. This section is devoted to studying the properties of the distri-

bution 9. We start by computing the moment-generating function 9 (— log(s)).

LEMMA 4.55. Let p= (14 g(N))/2 and &(p) = (1 —p)/p. We use x(s) to denote

1 —4s%p(1 —p)
5o . (5.14)
Then, the generating function of T(N) is given by
I (— log(s)) = E)x()*M 2 (x(s) = ) + E)" " x(5) (sx(s) — (). (5.15)

X ()21 (x(s) = 8) + E(P)N " (sx(s) — £(p))
and, if p = q, then Oy (—1log(1)) = 1

PROOF. We need to compute the moment generating function of 7(N). Let ¢.(n) = P(V,, = 0), for
alln >0 and 0 < z < N. By the Markov property
g:(n+1) =pgz41(n) + (1 = p)g.—1(n), 1 <z < N -1 (5.16)
gnv(n+1) =gny-1(n), for all n > 0. (5.17)
We also define the boundary conditions as
q0(0) =1;q0(n) = 0,n > 1;¢.(0) =0,z > 1. (5.18)
For the moment-generating function f.(s) = >, ¢.(n)s™ we have
f2(8) = spfor1(s) +s(1 —p)faui(s), for 1<z < N —1, (5.19)

with the boundary conditions fy(s) =1, and fn(s) = sfn_1(s).



Let s be fixed. Then, it is natural to seek solutions for (5.90]) of the form A(s)*. Replacing in [(5.90

we are led to seek for solutions of
A(s) = spA(s)? — s(1 — p).
Let A+ be the solutions of A\. Thus, we can write the general solution of as
Fo(5) = AL ()As () + A_(s)A_(s)".
With the boundary conditions transforming to
Ap(s)+A_(s) =1
A (A ()Y + A (A= (5)Y = s(Ap (A4 ()N T+ A ()A- ()M ).

Solving for Ay we obtain
A (NI () = )

Ai(s) = ALV (AL(s) — 8) = A_ ()N (A_(s) — 8)

A (s) = A ()N T (s) — )
- A (N4 (s) —8) = A= ()N 1 (A= (s) — 5)

£(s) = AT ) =) A (9NN () A (5) )
: OV T () =) - AN () —5)

A simple rearrangement yields the claim.

Finally,

In the next lemma we compute the first and second moments of 7(NV).

LEMMA 4.56. We assume g(N) >0 and set p= (1 + g(N))/2 as before. Then

_ -N _
/ HO (dt) — 2(1 — p)é(p) 1
Ry 2p -1
and
_nyAp(L—p)(2(1 - p)é(p)~ N — 1)
29y (dt) = (1 N
[ #ontan = @+ ) T
e 4Np —1 2(1 —p)é(p) — 1
(1-p)(2p—1)° 2p—1
PROOF. For p > 1/2 and any small ¢ > 0 we have the following asymptotic expansion
€ 2p—12-(1-p) , 2
1— =1 .
x(1—¢) +2p—1+ p=1) e + o(e?)

Using this expansion and [5.15] we write 7/(—log(1 — ¢)), keeping terms up to second order, as
1+ Nie + Noe?

1+ Die + Dye? =1+ (N —Di)e+ (D% — Dy + N, —D1N1)<€2

with
N2
Ny = %5@)“ —2p" —dp+1(2p - 1)?

(2p—1)* (2p—1)3 (2p—1)*

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)
O

(5.27)

(5.28)

(5.29)

(5.30)



2p(1 —p)
(2p—1)?
4p(1 — p) p(1—p)

W) @1 @t

Dy = (1—&(p)N)

p(1—p)
(2p—1)*

Dy =—

From display (B.30) we obtain
/wN(dt) =D, — N,
1
3 /t(t — 1)9n(dt) = D — Dy + Ny — D1 N;.
Subsequently,
/tQﬁN(dt) =2(D} — Dy + Ny — D1 Ny) — /wN(dt).

Now it is easy to conclude

/tﬁN(dt) _z20 —192);(19)1‘]\[ —1

and

4p(1 —p) (4Np —1)

/t219N(dt) = (1+§(p)fN)W/t19N(dt) —2pm +/m9N(dt).

This completes the proof.

LEMMA 4.57. If g =0 then
1—Jn(e) ~ v2e tanh(NV/2e).
If imy 0o 1Og[]\,g(N) = (> 0 we define

@) o lg'(de)
log(d(¢)) ’ d(e2+28)
Then
1-9 < ] a@may, N < d(e)/?
—n(q(e)) < { c(q(g) —i—g(N))7 N > d(g)l"‘ﬁ/?
Moreover,

28N'*2810g(N)
N2+26 4 232¢(e) = log®(N)

1—9n(q(e))

for d()'/? < N < d(e)'+P/2.
OBSERVATION 4.58. ¢2/(1+@)d(¢) and e~*(1=A)/(+2)¢(c) are slowly varying functions.

ProOOF. Let g = 0. This corresponds to £ =1 and

L+ VI=s?
X(s) = =

S

Therefore

Ix(exp(—¢)) — 1 — V2¢| < ce,

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)



and we obtain from (5.15)
1 —dn(e) ~ V2e tanh(NV2e).

Let us assume

N
lim ———=g(N) = .
N log(N)g( )=8>0

Then 1 — dx(q(e)) < q(e)mag,, for any N.
Next, from (5.I5]) we obtain
x(s) = &(p)

< xn(s) —&n,

where Yy = %,

1+ /1 — 82+ s2g(N)?
e 70)

Therefore,
1—1dn(q(e) < clgle) + g(N)).
Finally, let N € [d(¢)'/2,d(¢)'~#/2]. Then

_ log’(d(e)) _ log’(d(e))

q(e) (5725 )P < cg(N)%

This implies

q(¢) q(¢)

exp(—gq(e))) — 1 — ¢ e By 4 T2
Ix(exp(—q(e))) — 1 g(N)IS g(N)(d( )+ i@ )

Using the fact that ¢ ~ N~28 combined with (5.15), we obtain
2B8N1*281og(N)
N20+2 4 262q(e) " log*(N)

1—3n(q(e))
The proof is complete.
5.2.2. Results: We first discuss feasible choices of the drift g. If

limsup g(N) >0

N—oo

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

we deduce from (B27) that mg grows exponentially fast in Ny along some subsequence. This, combined

with (5.6]) violates the crucial assumption (PP0). Therefore,

N 9N =0

must hold. Provided (548)) holds, we can write

mON{ 2N07 g(NO):O

9(No)~ " exp(29(No)No),  g(No) # 0.
If
lim g(N) = o0,
N—oo log(N)

we obtain

mo > cNgg(No)No/log(No)

(5.48)

(5.49)

(5.50)



violating assumption (PP0) again. Thus we have to analyze the case

N
lim ——g(N . .51
A, gy V) < o0 651

Due to a technical difficulty, we will not treat the case of a very weak non-vanishing drift, that is

. N _ .
A}gnoo Wg(]v) =0, while g Z0. (5.52)

Rather we discuss the situation where either

8= g(N) € (0,00) (5.53)

li N
im ———
n—oo log(N)
or g =0. We set § =0 whenever g = 0.

PRrROPOSITION 4.59. Ifa > 1 and
()1 + 208 < «, then E(mq) < co. In this case, eZ[p]me-2t converges to Brownian motion in the sense of
proposition [{.39
(ii)14+28 > a, then, set y = a/(1+28) and qo(c) = ' T/, In this case, €Z[u] ()1 converges to FIN,
in the sense of Theorem [.44]

Ifa<1
(iii) set k = (1 + a)/2. Moreover, let qrrc = €*/* if g(N) ~ 0 or, if 3> 0, let
drr ()" _ log?(dpx (e
7”(( ) = ' qri(e) = o8 r) ( FI;fg;)-
log(drk(e)) drk(e)
Then eZ [t g ()1 converges to the fractional kinetic process in the sense of proposition [{.{2.
Proor. If

1 N)=0 (5.54)

im g (V)
im ——
log(N)?
there exists § > 0 so that
P(mo > ) = O(z~179). (5.55)

Subsequently, E(mg) < co. If, on the other hand,

N
li N) = 0 5.56
NS log(N)g( ) =8> (5.56)
it can be easily shown that
2"P(mo > z),v = a/(1+20) (5.57)

varies slowly.
(i): From the discussion above, E(mg) < co. We obtain the statement from proposition [£.39)
(ii): In this case, v < 1 and it follows from (527)) and (528)) that

NL+28 N3H4B
mo = —2 and 0§ < —3 (5.58)
log(No) log™(No)



1 a=1+24

FK, FIN,

BM

FIGURE 2. Phase diagram for the comb model.

Thus 0§ < mZ"7, Therefore, with some simple calculations we can show that lim. o W, (79 ))(\) = =X
and Theorem [£.44] yields the result.

(iii): The strategy of the proof is simple . We have to verify assumptions (S) and (V). We first discuss
the easier case g(IN) = 0. By Lemma [£.57]

1 — dn(exp(—€)) ~ V2¢ tanh(NV/2e). (5.59)
Thus, I'(e) = E(1 — #(g)) can be approximated by
%\/%gu +a)7t g:l]vlatanh(zv\/%). (5.60)

Since 717 tanh(cz) is decreasing in z on [0,00) for any a > 0, we can substitute the sum trough the

integral to obtain

(€) ~ \/§C(1+a)_l b N~ tanh(Nv/2¢)dN. (5.61)
N=1
This leads to
lim e M gric(e)) = Z=C(1+a)™ [y tanh(VEy)ay, (5.62)

justifying (up to a multiplicative constant) the choice of ¢rr. Repeating the same line of reasoning, we

obtain

B((1 - dlarx()) ~ 5o ZN* *tanh?(N/29(0)) ~ e (5.63)



It follows
ePE((1 — 0(qri (€)))?) ~ cs1R)/%, (5.64)

We follow the same steps in case 8 > 0. The main tool is Lemma .57 . Using this lemma we can bound

E_2E(1 — ﬁN(QFK(E))§ N < dFK(E)l/z) (565)
by
dFK(€)1/2
< s 2qri(e) Z N1 %y, (5.66)
N=1
dFK(8)1/2
<celqrr(e) Y, N (5.67)
N=1
logdrk(e) B
< chK(s)(H?ﬁ_a)/? =o(1). (5.68)
In the second estimate we used display (B.58]). Similarly,
e 2E(1 — in(qri(€)); N > dpg(e)112P) (5.69)
is bounded by
ce™> Y NT'%(grk(e) +9(N)) (5.70)
N:dFK(€)1+2ﬁ
< s 2qri(e) Z N1 e 2+ Z N—2"*1og(N) (5.71)
N:dFK(€)1+25 N:dFK(€)1+25
<edp(e) ™ +edpr(e) T Y NT2%log(N) = o(1). (5.72)
N:dFK(8)1+2B
To check assumption (S) it remains to compute
E(l - in(gri(e));drx (€)/? < N < dpg(e)7/2). (5.73)
It can be approximated by
14+6/2
1 d”‘% 28N28-log N 5.7
WA +a) o N2 4252 (2)~ log? (N) |
2 drx(e)?/? 28—a
~ P / . — (5.75)
C(l + Oé) dFK(s)*1/2 y2+25 + 262
By dominated convergence theorem and taking into account previous estimates, we obtain
lim e 2T (grre(e)) = — 2 [ v (5.76)
=0 Wm0 ra) o e '

This justifies (up to a multiplicative constant) the choice of grg. Similarly, it can be shown that

E((1 - 2(qrk(€)))?) < cdri(e) "> log?(dr (€)). (5.77)



Hence
e B((1 — 2(qri(2)))?) < cdpr(e) /2, (5.78)

This finishes the proof.

As present an alternative proof:

If B > 0, and N is big, then the expectation of ¥ is asymptotically equivalent to %. Thus, we
see that the introduction of the drift g(/N) on the comb model increases drastically the expectation 9.
As we will explain, this increase comes from particles that are trapped on the bottom of the teeth. On one
hand, the probability of hitting the bottom of a deep trap is asymptotically equivalent to %g(m. That
is a situation relatively similar to the behavior on the comb model without drift, where that probability is
of order N~!. On the other hand, the expectation of the time that it takes for the walker to go from the
%. Here is where the drifted
comb model radically differs from the symmetric one, where this expectation is much smaller.

bottom of the teeth to the surface is asymptotically equivalent to

In fact, we can heuristically say that, in order to reach the bottom on a trap of depth IV, the comb
model must give Not1 steps. It will take N29+2 time.

We aim to prove that I'(¢) is regularly varying at 0. We will first do it neglecting the contribution
of the excursions that do not reach the bottom of their teeth. We will also neglect the time that it takes
to reach the bottom on a excursion which reach that bottom. Let us denote by p% the probability of

hitting the bottom before the backbone, starting from 1.
emBphy — 62/2pl]’\,a]2\}b <1—0n(e) < embpl. (5.79)

We will show that the relevant traps are the ones of order d(e) where

d 263+2
AT (5.80)
2(3%log” (d(e))
That is, traps in which the expected exit time starting from the bottom is of order 1.
Some long computations yields that
N4B+4
o2l = / PIn(dt) ~ ————. (5.81)
R 2p*1og™(N)
Note that, by the previous formula, we have that
b \2
o3P~ (mg) . (5.82)

Thus for N < d(2¢), we have that

e/2m5p% < 1—0n(e) < embp% (5.83)



Neglecting deep traps (In fact, the bound that we find is not negligible, but of the same index at 0 ), we

see that
d(2e) d(d¢)
CA+a)™ ' Y e/2miph N7 <T(e) < C(1+a) ™" D emipy N~ (5.84)
0 0

for 6 small enough. Now we write the contribution of the excursions which reach the bottom of a very
deep trap.
S A= dn()pI N <Y ph N (5.85)
d(e) d(e)
It is easy to see that the right side of the above inequality is a regularly varying function at e = 0 of
index (a +1)/(26 + 2). Denote F(e) :=((1+a)~! Zg(e) €/2m%p% N~1=. Then we have that

1/2F(2¢) <T'(e) < F(de). (5.86)
On the other side, it is not hard to deduce that F' is a regularly varying function at zero of index 20‘6112'
Thus, we can deduce that T'(¢) is also regularly varying at zero of index ;ﬁ%

It remains to show the variance assumption.
To neglect the time that the walk spends on excursion which do not reach the bottom, we will compute
the moment-generating function of the time of a walk on a teeth with periodic boundary conditions Let

q.(n) =P(V,, =0), for all n > 0 and 0 < z < N. By the Markov property
g:(n+1) =pgz41(n) + (1 = p)g.—1(n),1 <2 < N -1 (5.87)
We also define the boundary conditions as
90(0) = 1;qo(n) = 0,n > 1;¢.(0) = 0,2 > 1 (5.88)
and
gn(0) = 1;9n(n) =0, for all n > 0. (5.89)

For the moment-generating function f.(s) = >, ¢.(n)s™ we have

f2(8) = spfor1(s) +s(1 —p)faui(s), for 1<z < N —1, (5.90)

with the boundary conditions fo(s) = 1, and fx(1) = 1. We compute the moment generating function
and we find that the expectation of that time is asymptotically equivalent to 2ﬁ+;(1\7)' I think that it is
not correct. For the symmetric case is N. In this case it will also be N!!! (I corrected the computations).
The excursion which do not reach the origin will be neglected by choosing a scale of very large traps

r(e) :== € " where 7 is to be chosen.

(A —don(e)N <Y NI (5.91)
r(€) r(€)



The right hand side of the above inequality is a regularly varying function at € = 0 of index ar. Thus,

choosing r := we have that the mentioned expression is of index }i—g Now we compute the

1+«
a(2r2m)’
contribution of the short excursion on short teeth.
r(e)™t r(€)

S Q- n( )N < e my NI (5.92)
r(e)
~ed N7 (5.93)
(1-a)(14+a)

which is a regularly varying function of index 1 — . But, using that a < 1, we see that such

a(2+23)

: : 14o
index is greater than 5795

To check assumption (V) we bound E((1 — 2(q(¢)))?) by

E((1 - 2(q())®) =L+ a)™" D (1 =In(g(e))* N~ (5.94)

NeN

d(e)

=C(1+a) "> (1 =dn(g(e))’ N+ ¢(1+a) ' Y (1 —dn(g(e)’ N1 (5.95)
d(e)
We can bound
d(e) d(e)

C1+a)™ ) (1 =In(a(€)’ N7 < (1 +a)" ) (g(e)mn)* N (5.96)
where the right hand side of the above inequality is a regularly varying function of index 4£22 at € = 0.

a+1
And

CL+a) ' Y (1 =dn(@@)N T = (1 +a)™" Y (1 = Iy (a(e)* N~ (5.97)
d(e) d(e)
(L)Y (1= pR) (1 =Dy (a(e)?) N1 (5.98)
d(e)
But
C(L+a) ™ Y (R (1= D (g()))* N <L +a) ' Y (RN (5.99)
d(e) d(e)

where the right hand side of the above inequality is a slowly varying function of index 41125 at € = 0.
And
C(L+a)™ Y (1 =)L =IO IN T < C(1+a) Hq(e)® Y (my)* N~ (5.100)
d(e) d(e)
O



CHAPTER 5

Geometric trap models on the IIC and the IPC

1. Introduction

Let d > 2 and T, be a rooted, regular random tree with forward degree d. That is, Ty is a connected
tree with a distinguished vertex p called the root, in which each vertex has degree d 4+ 1 except the root

which has degree d.

Suppose we perform bond-percolation on Ty of parameter p. It is trivial to notice that the cluster
of the root corresponds to the genealogical tree of a branching process whose offspring distribution is
Binomial of parameters d and p. From this correspondence, it follows that the critical percolation param-
eter p. equals 1/d. Let 7™ be a critical percolation cluster (of the root) conditioned on intersecting the
boundary of a ball of radius n (with the graph-distance on T,;). With the branching-process terminology,
T™ is a critical, genealogical-tree conditioned on surviving up to generation n. The incipient infinite
cluster (IIC) on Ty is defined as the limit as n — oo of 7". We will denote the IIC as C. For details of
the definition, we refer to [Kes86Db].

It is a known fact (see [Kes86b]) that C possesses a single path to infinity, called the backbone. This
backbone, denoted BB, is isomorphic (as a graph) to N. Thus, C can be seen as N adorned with random
branches. More precisely, C is a graph which is obtained by attaching a random, finite tree to each vertex
of the backbone. We denote by By the branch attached to the k-th vertex of the backbone. We will not
distinguish between the backbone and N. In [Kes86b]| it is showed that (Bg)ren is an i.i.d. sequence
of critical percolation clusters on T, where T is a rooted graph in which each vertex has degree d + 1,
except for the root which has degree d — 2.

ZIIC ZIIC

Consider a simple random walk on C. That is, for each fixed realization of C, is a discrete-

time, symmetric random walk on C starting from the root. We can project Z// to the backbone, to

ZIIC

obtain a symmetric random walk on N with random jump times. The jumping times at a site k € N

ZIIC

will correspond to the times that spends on each visit to Bg.

Our first goal is to identify the scaling limit for W/, We will briefly discuss a related process to
have a feeling about what kind of process should arise as the scaling limit. The one-dimensional Bouchaud
trap model (BTM) is a random walk on a random media taking values on Z: Let (7.).cz be an i.i.d.

CIII



sequence of positive random variables satisfying

lim z7°P(ry > z) =1 (1.1)

00
for some « € (0,1). This indicates that the distribution of 79 has heavy tails.

Once the media 7 := (7.).¢z is fixed, we define a Markov process X7 on Z, starting from 0, stating that
each time that X7 visits a site z € Z, it stays there an exponentially distributed time with mean 7., then
it jumps to z + 1 with probability 1/2 and to z — 1 with probability 1/2. The Bouchaud trap model is
obtained from X7 by averaging with respect to the media distribution. Thus, the BTM is a random walk
moving on a random landscape composed of traps. The analogy between the one-dimensional BTM and
WHC is evident: W' is a one-dimensional, symmetric random walk moving on a random landscape
composed by the random trees (B)ren. These random trees play the role of geometric traps which hold
the walker by some time.

The scaling limit of the one-dimensional BTM has been identified on [FINO2] as a quasi-diffusion
moving on a random media. More precisely, let V,, be a two-sided a-stable subordinator. Is well know
that V, is a pure-jump process, thus, its corresponding Lebesgue-Stieltjes measure p is purely-atomic.
We can write

pi= Zylém (1.2)

keN

Let B be a standard, one-dimensional Brownian motion independent from V,, and I(z,t) be its corre-
sponding local time. Define
olole = [ U tpds) = 3 1as o, (1.3
R €N
and its right-continuous generalized inverse

Ylple :==inf{s = 0: ¢[p]s > t}. (1.4)
We define the Fontes Isopi Newman singular diffusion (FIN), denoted by Z as
Zt = Bw[P]r (15)

Thus, the FIN diffusion is a speed measure changed Brownian motion, with p as its random speed
measure. In [FINO2] it was showed that the FIN diffusion is the scaling limit of the one-dimensional
BTM.

The FIN diffusion is a sub-diffusive process. The sub-diffusivity is caused by the fact that the media
is highly inhomogeneous (because 79 is heavy-tailed). It is not hard to show that if the media is tame
(if 70 has finite expectation), then the scaling limit of the BTM would be simply a Brownian motion.
The media of W€ can be regarded as a heavy-tailed one, because the random branches (By)ren are

critical percolation cluster, and it is a known fact that thus critical percolation clusters will create a



highly inhomogeneous landscape. For instance, it is not hard to show that

lim z'/2P(|Lo| > z) = 1. (1.6)
where | - | denotes cardinality. This suggests that the scaling limit of W!¢ should be a process similar

to the FIN diffusion, if not the FIN diffusion itself.

The walk projected to the backbone W1/¢ belongs to a general class of processes called Randomly
trapped random walks (RTRW). These RTRW’s are one-dimensional, continuous-time, symmetric random
walks that move on a random landscape of traps. These processes where studied on chapter @ There
are given conditions under which the scaling limit of a RTRW is a Randomly trapped Brownian motion
(RTBM). Randomly trapped Brownian motions constitute a general class of symmetric, one-dimensional
processes which are obtained as certain random-time changes of a Brownian motion. As particular cases
of RTBM we can mention the FIN diffusion, the Fractional kinetics process (FK), speed-measure changed
Brownian motion and Brownian motion itself. Furthermore the RI'BM family is much broader than that,
in particular it contains a class of processes called the Generalized FIN diffusions (GFIN). The GFIN
family is a class of processes which are an enrichment of the FIN diffusion: The FIN diffusion is a
speed-measure changed Brownian motion through a random, purely atomic speed-measure p. Each atom
yidz, represents a trap of depth y; located at z;. Thus, in the FIN diffusion each trap is characterized
by its location and a single parameter, namely, its depth. The GFIN diffusions are also Brownian
motions moving among random traps, but in this case the traps will be much more complex, they will
be characterized by their location and a whole stochastic process (instead of just their depth).

In this chapter we will show that the scaling limit of W€ is a generalized FIN diffusion. Thus we
are lead to answer the following question: what kind of (complex) traps appear on the scaling limit?. To
identify the processes appearing on our traps we will have to understand the behavior of the times that
Z1C spend on the visits to a large percolation cluster. We will see that the answer to this question is
strongly related to the Continuum random tree(CRT) of Aldous. The CRT appears as a scaling limit
for a some families of large random trees. In particular, the CRT is the scaling limit of the conditioned
percolation trees 7" as n — oo (see [Ald93]). But, as we have said, we will be concerned not only with
7™, but with a simple random walk on 7™. The scaling limit (as n — 00) of such walks has been identified
by Croydon on [Cro08]| as the Brownian motion on the Continuum random tree. Using his ideas we will
show that the local time at the root of the simple random walks on 7" converges to the local time at the
root of the continuum random tree. It is fairly easy to see that the inverse of the local time at the root of
the simple random walks on 7™ gives the successive excursion times away from the root of that random
walk, which is the object we want to control. Thus we will see that the processes appearing on the traps
of the scaling limit of W/ are the inverse local times at the root of the Brownian motion on the CRT.

More specifically, the construction of this environment can be performed as follows: First, we randomly



choose a measure p in exactly the same way as we did in the definition of the FIN diffusion. That is, a
random measure associated to a Poisson point process on R x R with intensity measure ay~'~“dady.
Now, for each atom y;6,, of p, we randomly choose a realization of the CRT conditioned on having “size”
y;. Then, the trap located at z; will be characterized by the inverse local time process (at the root) of
the Brownian motion on that realization of the CRT. Then, the scaling limit of W//¢ will can be seen
as a Brownian motion moving among these complex traps.

In order to state precisely our results, we need to define the Continuum random tree Let W := {w :
[0,00) — [0,00) : w is continuous; w(t) = 0 if and only if ¢t € (0,1)} be the space of (positive) excursions

away from 0 of duration 1. Given w € W, we define a pseudometric d,, over [0, 1] by
dy(s,t) = w(s) + w(t) — 2inf{w(r) : r € [sAt, sV ]}. (1.7)

Define the equivalence relation ~ on [0, 1] by stating that s ~ t if and only if dy,(s,t) = 0. Then define
the topological space 7, := [0,1]/ ~. We denote by [r] the equivalence class of r € [0,1]. We can
endow 7, with a metric dr, ([s], [t]) := dw(s,t). The space 7, is arc-connected and contains no subspace
homeomorphic to the circle, that is, 7,, is a dendrite. Moreover dr, is a shortest-path metric, that is,
dr, is additive along the non-self intersecting paths of 7;. The Lebesgue measure A on [0, 1] induces a

probability measure p,, over 7, by
Ha(A) == A({t € [0,1] : [{] € A}) (1.8)

for any Borelian A C 7.

Now, let W = (W});e[0,1] be a random process defined on a probability space (X, G, P) having the law
of a normalized Brownian excursion. Clearly, W can be viewed as a random object taking values in W.
Thus, starting from the Brownian excursion W, we can construct a random dendrite 7y, equipped with

a shortest path metric dr, and a measure py .
DEFINITION 5.1. The triple (Tw,dry, , uw) is the Continuum Random Tree .

Having defined the CRT, we prepare the definition of the Brownian motion on the CRT. We need
to recall some facts about processes on abstract trees. Let K be a compact dendrite equipped with a
shortest-path metric dx and a o-finite Borel measure v. We will suppose that v(A) > 0 for any non-
empty open set A C K. As K is a dendrite, it is easy to show that, for all z,y € K, there exists a unique
(non-self intersecting) path from z to y. We denote such a path by [[x,y]] Fox all x,y,z € K we define

the branching point between z,y and z as the unique point b*(z,y, z) that satisfies

{V5(2,9,2)} = [fw, yl) 0 [z, 2] 0 [[y, 2]]. (1.9)
Proposition 2.2 in [Cro08] ensures the existence of a reversible Markov process (X1 )0, (PX").cx)

taking values in I with the following properties



1
2

(1) Continuous sample paths.

(2) Strong Markov.

(3) Reversible with respect to its invariant measure v.
(4)

4) For x,y € K,z # y we have

dK(b’C(vaay)uy)
d’C (Ia y)
where o, := inf{t > 0: X/ = z} is the hitting time of z.

PFY (o, < oy) = , forallze K

(5) For z,y € K, the mean occupation measure for the process started at  and killed on hitting y
has density
2dic (0 (2, ), y)v(dz) for all z € K.

Moreover, in section 5.2 of [AId91b] is shown that such a process must be unique (in law).
DEFINITION 5.2. The process XV is the Brownian motion on (K,dx,v).

DEFINITION 5.3. The CRT is always compact, thus there is no problem in defining the Brownian

motion on the Continuum Random Tree as XTw-Hw

Now we focus in the construction of the scaling limit. Let V''/2 be a two-sided 1/2-stable subordinator.
Let o be its corresponding Lebesgue-Stieltjes random measure. As we have said, ¢ will be a purely-atomic

measure. Thus we can write

0= Tibs,. (1.10)

ez
Let (D;);en be an i.i.d. sequence of random dendrites having the distribution of the CRT and independent
of p. For any ¢« € N and any fixed realization of D;, we let (Bti)tzo be the Brownian motion on D; and
(L¥(p)¢)i>0 be its local time at the root. Let (L );>0, be the corresponding right-continuous generalized
inverse. Finally, let (B;):>0 be a one-dimensional standard Brownian motion independent of the processes

just defined and let I(z,t) be its local time. Define

1IC ._ _3/2 pi,—
o =20 ey (1.11)

i

ieN

and its right-continuous generalized inverse
HC . —inf{s > 0: ¢I1¢ > t}. (1.12)

The scaling limit of W¢ will be (Byrie)i>0

Having defined the scaling limit, we proceed to state the define the topology we will use. We write
D(Ry), D(R) for the sets of real-valued cadlag functions on R, or R, respectively. We endow these sets
either with the standard Skorokhod .J1-topology, or with the so called M/-topology, and write D((R.), J1),
D((R4), M{) when we want to stress the topology used. The main reason to use the Mj-topology, which



is weaker than the Ji-topology, is that the inversion map on (D(Ry ), M]) is continuous when restricted
to monotonous functions. Note also that the convergence in the Mj-topology implies the convergence in
the stronger and slightly more usual M;-topology, when the limit f satisfies f(0) = 0. For definitions
and properties of these topologies see [Whi02], the proofs of above claims are contained in Section 13.6

of this book. We are ready to state the theorem:
THEOREM 5.4. (eW!I{)),~q converges in distribution to (Byrie)i=o0 on (D(Ry), My), as € — 0.

Now we will refer to the Invasion percolation cluster (IPC) on a regular tree. The IPC is a random
graph obtained by a stochastic growth process and it was introduced by Wilkinson and Willemsen on
[WWS83]. We pass to recall its construction. Suppose we have an infinite, connected graph G with
a distinguished vertex o. We randomly assign, to each edge e, a weight w.. We assume the family
(We)e vertex of ¢ to be 1i.d. and uniformly distributed over [0,1]. Then define Cy as o. Cy will be
obtained from C, by adding the neighbor x; of 0o whose corresponding edge has smaller weight. That is
Wy, = min{wy : & ~ o}. Generally, C,, is constructed from C,,_; by attaching the vertex on the outer
boundary of C,,_; with smaller weight. The invasion percolation cluster is Coy := UpenC,. We will be
concerned with the IPC on the regular tree, this is, when G = T;. We denote the IPC on Ty by Cw.

Like in the IIC case, it can be shown that C. is composed by a single infinite backbone, denoted
BB, which is a graph isomorphic to N, and, from every vertex of the backbone, there emerges a branch
(see JAGAHSO08]). We denote L}, the branch emerging from the k-th vertex of backbone. In fact, in that
article there is given an structure theorem for the IPC on a regular tree: Let B; be the weight of the I-th
vertex of the backbone and B* := sup, , B;. Conditioned on a fixed realization of (B*)xen, the sequence
of branches (B )ken is an independent sequence of trees where each By, is distributed as a supercritical
percolation cluster on T, with parameter B* conditioned to stay finite (see [AGAHS08), Proposition 2.1]).
The percolation parameter B* corresponding to the cluster attached at k& € N converges to p. = 1/d as

k goes to oo. In fact, it can be shown [AGdHSO08| Proposition 3.3] that for any € > 0
(k[dBM™ —1])15c =" (Lo)i>e (1.13)

where =>* denotes convergence in distribution in the space of cadlag paths endowed with the Skorohod
topology and L; is the lower envelope of a homogeneous Poisson point process in RT x R*. More

specifically, let P be a Poisson point process on R x RT with intensity 1, then
L, :=min{y: (z,y) € P for some = < t}. (1.14)

One can use duality of the percolation to see that a supercritical cluster, with parameter p, conditioned

to stay finite is distributed as a subcritical cluster with dual parameter p which satisfies (see [AGdHSO08,



Lemma 2.2])
P—pe~Dpe—Dasplpe (1.15)
Here ~ denotes asymptotic equivalence. Thus, C can be viewed as an infinite backbone adorned with
subcritical clusters having parameter (Ek)keN, and (I8 implies that (LI3) also holds with B replaced
by B.
We want to study a simple symmetric random walk on Co, projected on the backbone. Let (Z1P¢), cn

be a simple symmetric random walk on C,. Define
o9 :=0

ok :=min{n >0y :Y, € BB—{Y,, ,}}.

Then we define (W/P%)cr, as

IPC ._ IPC
Wire .= 7

where 0; <t < 0j41. It is clear that (WIPC) e . is a time-change of a symmetric random walk on the
backbone. We want to prove that the scaling limit of W/F® is a specific randomly trapped Brownian
motion which is neither FIN nor FK, but a GFIN process. We will also show that this process is different
to the scaling limit of W1/C.

The difference between the scaling limits of W//¢ and W!PC stems on the random measure used
to construct the traps. In the IIC case, we used a random atomic measure ¢ to set the locations and
“sizes” of the traps. The measure p was constructed by means of a 1/2-stable subordinator. In the IPC,
this measure will not be related to an a-stable subordinator, but to an inverse Gaussian subordinator
with changing parameters. Thus, the way we select the “sizes” of our traps is different. The rest of the
construction of the environment is the same for both cases. This differences comes from the fact that the
percolation parameter of the attached percolation clusters to the backbone is always critical in the IIC.
Whereas, in the IPC, this percolation parameter is subcritical and varies depending on the vertex of the
backbone that it corresponds.

Now we state the theorem that gives the scaling limit for WIP¢. Let L; as in (L.I4). For each
realization of Ly, let (b;)icr, be a enumeration of the points of discontinuity of L;. For each b;, let
a; == max{b; : b; < a;}. For t € R} let a* := min{a; > t}. Then define

E; = Z Vbi-—ai + ‘/t*_aast
ira; <t
where (V?) is an independent family of inverse Gaussian subordinators, each one with parameters § =

,/% and v = 2L, % and V* is an inverse Gaussian subordinator with parameters 6 = d%dl and

v = 2Lg4/ %. The process E is increasing and purely-atomic, thus, its associated Lebesgue-Stiletjes



random measure ¢ is purely atomic. Thus we can write
L= §ibs,. (1.16)
=
Let (D;);en be an i.i.d. sequence of random dendrites having the distribution of the CRT and independent
of 9. For any i € N and any fixed realization of D;, we let (B{);>o be the Brownian motion on D;
and (L(p)¢):>0 be its local time at the root and L~ be the corresponding right-continuous generalized
inverse. Finally, let (B;);>0 be a one-dimensional standard Brownian motion independent of the processes
just defined and let I(z,t) be its local time. Define
c 3/2 14
PO =3 g L (p) 1725, 1 (1.17)
i€N

and its right-continuous generalized inverse
IPC.— inf{s > 0: ¢I1¢ > t}. (1.18)

The scaling limit of WF¢ will be (Bd){PC)tzo, more precisely

THEOREM 5.5. (eWEIfztc)tZO converges in distribution to (Bq/jgpc)tzo in the Skorohod My topology, as

e — 0.

One can make a comparison between the inverse Gaussian subordinator and the 1/2-stable subordi-
nator. It is well known that T; has a distribution with density fr, such that
Ot sty —3/2 2¢2 1 2
7.(8) = —e°"7's exp(—1/2(t%0%s™" + ~vs)).
fr,(s) Nor p(—1/2( 778))

Also T has Levy measure with density
2V2T'(1/2) " 1ots3/2 exp(—1/27s).
An 1/2- stable subordinator can be viewed as the passage times of the Brownian motion. If we define

V(t) = inf{s B, = %}

then V is an 1 /2-stable subordinator. In order to obtain the inverse Gaussian subordinator, we just have
to consider the passage times of a Brownian motion with drift. If we define

V(t) :==inf {s: B(s) +vs = ot}

then V' is an Inverse Gaussian subordinator with parameters 6 and «y. Thus, it become intuitively clear
that the small jumps of the two processes look similar, because the Brownian motion with drift is locally

like Brownian motion, but the large jumps of T" are smaller than those of V.



2. Preliminaries

2.1. The Continuum random tree. For each n € N, let 7" be a random tree having the law of
the connected component of the root under critical percolation on 7, conditioned on having n vertices.
We will regard 7™ as an ordered, rooted tree. The order being the one induced from 7; and the root
p being the root of 7;. The random tree 7™ increases its size as n goes to infinity. One might ask if it
is possible to find a scaling limit for the sequence (7"),en as n — oco. Aldous settled this question in
[AId93] where he showed that the scaling limit of 7" is the Contimuun Random Tree.

Now we will briefly recall a way of describing trees through excursions. For the details of this
description, we will refer to [Ald93|. Let T™ be an ordered, rooted tree having n vertices. Without loss
of generality, we can suppose that the root of T" is p. Let w,, : {1,2,..,2n — 1} — T™ be the depth-first
search around T™. For the definition of w,, we refer to [AId93]. Here we content to give a heuristical
description of w,. Suppose T™ is embedded in the plane in a way that sons are “above” their progenitor
and siblings are ordered from left to right according to they order on T™. Then w, moves along the
vertices of T™ “clockwise” (according to the embedding in the plane), starting from the root and ending
on the root. Note that w,, respects the order of T,,, in the sense that, for any pair of vertices x1, x5 € T},
with 1 =< o, there exists i1,i2 € {1,..,2n — 1} with 47 < i5 such that w,(i1) = x1 and W, (i2) = xa.

Define the search-depth process wy by
wr(t/2n) = dpn (p,0n (i), 1<i<2n-1 (2.1)

where dpn is the graph distance on T™. We also set w,(0) = w,(1) = 0 and extend w,, to the whole
interval [0, 1] by linear interpolation.

The critical percolation cluster on the regular tree Ty can also be viewed as a critical branching
process, whose offspring distribution ¢ is Binomial of parameters n = d and p = 1/d. Let 02 := var(§) =
(d —1)/d. Let wy denote the search depth process associated to the trees 7,,. Theorem 23 on [Ald93]
states that

_ d
(on 1/2wn(t))te[o,1] — (2Wi)eelo,1) as n — 00 (2.2)

on C[0, 1] endowed with the uniform topology. Moreover, Theorem 20 on [Ald93] states that the conver-
gence on display (2.2]) is equivalent to the convergence of (a rescaling of) the sequence of random trees
(T™)nen to the CRT Ty on a sense that is specified there.
We now turn our attention to the large scale behavior of a sequence of random walks on 7™. Let
X" = (X)) men be a simple random walk on 7" starting from the root. In [Cro08], it is shown that the
scaling limit for the sequence of processes X" is the Brownian Motion on the Continuum Random Tree.
Next, we prepare the definitions to state the mentioned convergence result Let K be a compact metric

space, v a Borel probability measure on K and () be a probability measure over C ([0, R], K'), where R > 0.
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We say that (K, 7, Q) is an isometric embedding of (K, v, Q) into I! (the Banach space of summable

sequences) if there exists a distance-preserving map ¥ : K — [ such that ¥(K) = K, vol¥l=7p
and Qo U~ = Q. Let f((ll) be the space of compact subsets of ' endowed with the usual Hausdorff
topology for compact subsets of I1. We will also denote by M; (') and M;(C([0, R],1')) the space of
probability measures over ' and C([0, R],1') respectively. Those two spaces are endowed with their
respective weak topologies. We define the rescaling operators ©,, : K (I') x My (I') x M (C([0, R],1")) —
K(1') x My (1) x Ma(C([0,1],1")) by
en(Ka ﬂv Q) = (n71/2ka ﬂ(n1/2')7 Q({f € O([Ov R]v ll) : (nil/zf(tn3/2))t€[0,l] € }))

We are ready to state main result of [Cro08].

THEOREM 5.6. (Croydon) There ezists a set 20* C C([0,1],[0,00)) with P(W € 20*) = 1 such that
if (T™)nen is a sequence of ordered graph trees whose search-depth functions (wy)nen satisfy

n*1/2wn — w

in C([0,1],[0,00)) with the uniform topology for some w € 20*, then, for each n € N, there exists an

isometric embedding (T™, fin, PT) of (T™, i, P™) into I such that
On(T", fin, PT») — (T, i, PT)

in the space

K@) x My(1Y) x Mq(C([0,1],11))

where (T, i, PT) is an isometric embedding of the triple (Ty, i, PT ) into I*.

Note that the theorem above is quenched, because the convergence holds for all w € 20* and P(W €
20*) = 1. Theorem 1.2 in [Cro08] gives the annealed version of Theorem 5.6

3. Proof of Assumption (PPO) and Assumption (PP) for W!/¢ and W!FC¢ respectively

We will first focus on W€, We aim to prove Assumption PP0 for the RTRW W!/¢. For any

realization of (By)ken, we define oy, as
o :=min{n > 0:Y* ¢ BB — {k}}

where (Y,¥),cn is a symmetric random walk on C started from the k-th vertex of the backbone. Let my,

be the mean of the time spent in a single visit to By conditioned on the branch By
my = E(O’k|8k)

We aim to prove
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LEMMA 5.7. Assumption PP0 holds for the RTRW W1IC with v = 1/2. That is

lim z'/2Plr € Mi(Ry) :mg > a] = 1. (3.1)

xr—00

PROOF. It turns out that the distribution of mq depends only on the size |By| of By and not on his
structure. Moreover, they are equal, (see [Kes86b, Lemma 2.28]). Using that, it is easy to compute the
Laplace transform mg of mg using that mg is the size of a subcritical percolation cluster of parameter
pe. That can be done by conditioning on the status of the edges emerging from the root. The condition

follows easily. g

Now we deal with W1IC. Let (Iz)zer, be defined as
I, := (0, 2] (3.2)

where ¢ is the function defined in (II6). We aim to show that for the IPC case, Assumption (PP) holds

with (I;)zer as the limiting process.

LEMMA 5.8. Let MIPC := Z(L)JCJ m;, where m; is the mean of the duration of each visit to WITC to

L;. Then

(M) ser = (In)ner (3.3)

x

in distribution with the Skorohod Ji-topology.

As L(t) (the limiting process of (B*)en) is piecewise constant, it will be helpful to consider a related,
simpler, sequence of processes. Let C. be the random tree constructed by attaching to each vertex k € N
in the backbone, i.i.d. branches B,(:) which are distributed as subcritical percolation clusters on Tj; with
parameter p. such that 1 —dp. ~ ae where a is a constant positive number. For any k and any realization

of (B,(:))keN, we define 6,(:) as
5\ = min{n > 5\ : VM € BB - {y(=h}}

where (Yée’k))neN is a symmetric random walk on C, started from the k-th vertex of the backbone. Let

mE:) be the mean of the time spent by a simple random walk on a single visit to the branch B,(f), ie.

m? =R |BL).

We denote
Lz]

Mw(e) = Z mge)
i=0

The process (Mf’ : x € RT) describes the environment generated by the branches (B,(:))%N, but only

keeping track of the expectation of 6,(:).
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LEMMA 5.9. (62M€(f)1m)w20 converges to an inverse Gaussian subordinator (Ty)y>0 with parameters

0= 1/% and v = 2a4/ %, which is a subordinator characterized by
E(exp(~AT3)) = exp(—28(v/2A + 77 — 7).
We will first establish convergence of single-time distributions.

LEMMA 5.10.

E(exp(—)\(e2M€(f)lm))) = exp(—zd(v/2A+ 2 —7)).

PRroOF. As we have said, m,(:) is equal to the size N,ge) of B,(:). It is easy to compute the Laplace
transform N(© of N ,gé) using that N,Ee) is the size of a subcritical percolation cluster of parameter pc.
That can be done by conditioning on the status of the edges emerging from the root. It is easier to first

)

compute the Laplace transform of N,Ee which is the size of a percolation cluster on 7; with parameter

pe. We will first treat the case d = 2. In this case we have
NI () = exp(=N)[(1 = pe) + p NP

Thus

(7 (€) _ 1-— 2pe(1 _pe) exp(—/\) — \/1 - 4pe(1 _pe) exp(—/\)
M= 377 oxp(—) |

Now, it is easy to see that

N = exp(=A)(pe N +1 = po).
So

O — 1 — /1 —4pc(1 — pe) exp(—A)
2p. '

We are interested in the behavior of MY, | we can compute its Laplace transform

1o
E(exp(—)\e2Me(i)1$))
as
N(Ez)\)melj
which, in turn can be approximated by
exp(ze (1 = NO(2\))).

Using that

exp(—€?A) ~ 1 —€e?Xas e — 0

we can see that

lim ze 11 — NO(2N) = z(a — Va2 + \).

e—0
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That implies that
lim E(exp{—Xe2V (e 12)}) = exp(z(a — Va2 + \)).
Now we analyze the general case (d > 2). We have that
N9O) = exp(=A)(1 = pe +p N7 ()
So N(\) is a root of F with
F(z) = exp(=\)(1 — pc + pex)? — x

As N()) is close to 1 if A is close to zero (which is the regime that we are interested of), we will expand

this function around 1 up to the second order. Let us call this expansion F, then
F(x) = exp(=A) — 1 + (exp(=\)dpe — 1)(x — 1) 4+ exp(—=\)d/2(d — 1)p?(x — 1)?

we can easily find the roots of the equation F(x) = 0, let us call r(“») the root which lies below one
(which is the root that concern us), then

HeN - 1 —pedexp(=A) — y/(exp(=N)dpe — 1)2 — 2(exp(—A) — 1)d(d — 1)p2 exp(—A)
a exp(—A)d(d — 1)p?

If we choose a sequence A = €2\ we will have that

T(E,)\ez) ~ Gd(d _ 1)71(01 _ \/QQ + 2)\d*1(d — 1))

Define

7N = ed(d — 1) (a — /a2 + 2\d~1(d — 1))

then we can see that

FEFEN) = exp(—=Ae?) — 1+ (exp(—Ae?)(1 — ae) — 1)ed(d — 1) Ha — /a2 +22d—1(d — 1))  (3.4)
+exp(—=Ae?)d 1 /2(d — 1)(1 — ae)*(ed(d — 1) a — /a2 +2Md~1(d — 1)))*  (3.5)

So, using exp(—Ae?) — 1 ~ —Xe? and exp(—Ae?)(1 — ae) — 1 ~ —ae we see that the terms cancel, so
FE (N is of order €.
Let § > 0, we evaluate F(©) at 76 + ¢§
FOFEN £ e8) = FOFEN) 4 e5(exp(—Ae?)(1 — ae) — 1) (3.6)
+edexp(—Ae2)d " (d — 1)(1 — ae)? (7N — 1) + 62€% exp(—de?)d ™1 /2(d — 1)(1 — ae)?. (3.7)

Then

FO@FEEN £ e5) = 2(d71/2(d — 1)6 T 61/a? + 2Xd—1(d — a)) 4+ O(€°).

For § small enough we have that

|d=1/2(d — 1)6%] < [0+/a% +2)\d~1(d — a)|.
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S0, F( (7N 4 ¢5) > 0, FO (74N — ¢5) < 0 and both terms are of order €2. Using the Taylor theorem
we see that F() (76N 4 e§) > 0, F(O)(7(¢Y) — €§) < 0 so, for each § > 0 there exists e small enough such
that
NOe?) € (7N — de, 7SN + de).
That implies that 1 — N9 (Ae2) ~ 1 — (&N,
We can see that

NO) = exp(=A) (pe VL +1 - po)~!
From which it follows that

NOO) = (exp(=A/(d - D))N) )T
As we have convergence of ]\ALE&)( 2)\) l2<™) to exp(ad(d — 1)~ (a — Va2 +2Xd~1(d — 1))) we will have
convergence of N9 (e2\) =] to exp(z a—+/a? 4+ 2Xd~1(d — 1))) This corresponds to the Laplace trans-
form of an Inverse Gaussian distribution with parameters § = x\/i and v = 2a\/7 (see [App09]
page 51]).

O

We continue with the proof of lemma[5.9l We have established convergence of fixed-time distributions.
Using independence, it is easy to deduce convergence of finite-dimensional distributions. Thus, it remains
to show tightness. It is a known fact that tightness in the Skorohod J;-topology is implied by the two

following conditions:

(1) for every n > 0 and T > 0 there exists K such that

supP (sup |€2M€(6)1m| > K> <n
e>0 x<T

(2) for every n > 0 and T > 0 there exists § > 0 such that

sup P (w(e2M€(f)1_,T, 8) > 77) <n

e>0
where
w(f(-),T,0): = inf{max{ sup |f(s)— f(®)|}: (3.8)
1<i<n s,t€[ti_1,ti)
neN0=1ty<t;. <T <t,, 1211? (tz — tifl) > 5} (39)

We know that condition (1) is implied by the weak convergence of €2 M (*)IT’

prove condition (2) we can replace w(eQMe(f)l., T,d) by u?(GQMe(f)l_, T, 6)+U(62Mé(f)1_, J, O)+U(€2Mé(i)1., 0,T)

which was already showed. To

where
w(f(-),T,6) == sup{min(|f(t) — f(t)], [f(t2) = f@)]) 1 t1 <t <ta < T.to —t1 <6}
and

v(f(-),t,0) := sup{|f(t1) — f(t2)|,t1,t2 € [0,00] N (t = &,t + I)}.



It is easy to check that

It is easy to see that, for any n > 0, T'> 0 we can find § > 0 such that

sup]P’(v(ezMe(f)l_,O,é) + v(e2ME(f)1.,T, §) >n/2) <n/2

e>0
On the other side, 1D(e2M€(f)1., T,6) can only be large if there are three times ¢t < t < to with to —t; < ¢
with eQME(f)lt — 62M(€)1 and ¢2M ")

ey, ey, ezME(f)lt are large. This can only happen if there are two big

jumps on a time interval of size §, because, as we will show, the small jumps can be neglected. Let
Ed

Mée’g) = nge)l{m(e)<5€,2}
1=0

be the contribution of the traps with depth smaller than &.

We can write
¢e®
E[mgé)l{miqqrz}] - /0 am' (dx).
Using that P[m; > 2] ~ cx~2, and that P[ml(-é) > x] < P[m; > x] and integration by parts we deduce that

€ G, NN §
Elmi? 1,0 ¢oy] < CE2)2.

So

IE(GQME(f’f:’FS)) < e 'TEC (e ) < OV,

Using Chevychev’s inequality, it is possible to choose £ such that

sup P(2M 95 > n/4) < /4.
e>0

Let W(&d) = ElLiJO Mil{m,see-2y and M(&SD = ZZLZJO mgé) The number of jumps of

1{m55)>5672}.

W(e&d (before time e 'T') converges to Poisson distribution with mean T¢~1/2

and is bigger than the
number of jumps of M (64 (before time ¢ ~'T'). That implies that

supP[3t1,t2 € [0,7]: 0 < to — 1 <3 : AM Y > €A (n/4),i =1,2) < CToe 2 < /4

for § small enough. Then we deduce that @ (V(€)7:9) < 2 on an event of probability at least 1 — 7. This
tightness result and lemma together yields lemma
Display (11) states that k[dB**1 — 1] converges in distribution (in the Skorohod .J;-topology) to L;

away from zero. Thus, we can show that

LEMMA 5.11. (k=1 (dBI*1 —1)=1),>0 converge is distribution to (L; *)¢>o in the Skorohod .J; topology

as k — oo.



ProOF: Foralln € Nand 0 < t1 > t9.. > t,, convergence of (k:_l(dB[tik] —1)"H)1<i<n to (L;l)lgign
follows from display (LI3) (choosing € < t1) and continuity of the inversion map. Convergence for t = 0
follows from display (IL.I3) and by noting that the processes involved are increasing. Tightness away from

0 is immediate. Tightness near 0 follows because L; ' is small near zero.
O

Using the previous lemma and the Skorohod representation theorem, we can find, a family of processes

(BF);>0, k € N, and a process (L;);>o defined on a common probability space such that

o k’l(dB’Ftk] — 1)~ converges almost surely to (L; *)>o in the Skorohod J;-topology as k — oc.
e for cach k € N, (B¥);>¢ is distributed as (B¥);>o

o (Li)¢>o is distributed as (Ly)¢>o.
Using the coupling above, we can use lemma to prove lemma [5.8] More precisely, for each fixed
realization of L; and (B¥);>0,k € N, we define k= ZZLSO mz(-k), where mz(-k) is a random variable
distributed as the mean duration time of a visit of a simple random walk on a random tree distributed a

percolation cluster on Ty of parameter BE. Hence, for all k € N, (Mi“)mzo is distributed as (M), >o0.

Applying lemma on each interval on which (L;);>0, we get lemma

4. Scaling limit for the local time of the random walk on random trees

In this section we will prove that Assumption D0 and Assumption D hold for W€ and W!P¢
respectively. This task will be achieved with the aid of the ideas developed in [Cro08]. As we have said,
there are given conditions for a sequence of random graph trees (7, )nen under which the scaling limit of
the simple random walk on 7, converges to the Brownian motion on the Continuum Random Tree.

Sometimes it is useful to consider, along with the CRT, some collection of sub-trees of it. Let K be
a dendrite and A be a subset of K. We will suppose that K has a distinguished point p which we will
regard as the root. We define the subspace r(K, A) as

T‘(/C,A) = U [[pux]]v (4'1)

T€A

where we recall that [[p, z]] denotes the unique non-sel intersecting path between p and x. This subspace
is clearly a dendrite. Moreover, if A is finite, r(K, A) is closed and is called the reduced sub-tree.
Given a tree T (continuous or discrete), and a sub-tree of it 7", we can define the projection ¢ of
T onto T” by simply stating that, for each € T', ¢ 1 () is the point on 7" which is closest to . The
uniqueness of the projection follows easily from the tree structure of T and T".
Now, suppose we have a pair of random variables (W, U) (defined over a probability space (X, G, P)),
where U = (Up)nen is a sequence of independent random variables which are uniformly distributed

over [0,1] and W = (W})¢[0,1) has the law of a normalized Brownian excursion. Let T;,,n € N be a



sequence of (deterministic) ordered, rooted trees in which |T},| = n. Let w,,n € N, be the search depth
processes associated to the trees T,,,n € N, under consideration. For each n € N, we consider a sequence
u™ = (u);en C [0, 1] that we will use to span subtrees of T,,. We will state the assumption that we will
make for the sequence of trees T}, and its corresponding family of sub-trees.

Lemma 2.3 in [Cro08| guarantees the existence of a set I' C C([0,1],Ry) x [0,1]N with “good

properties” and P((W,U) € I') = 1. For the definition of I" we refer to [Cro08].

Assumption 1: For each n, the sequence (u}})x>1 is dense in [0, 1], and also

(nil/an,u”) 4, (w,u) (4.2)

in C([0,1],Ry) x [0, 1], for some (w,u) € T.

For (w,u) = ((w(t))¢ejo,1), (ui)ien) € T and k € N, we define the dendrite 7, (k) as

Tw(k) = r(Ty, {[u] : i < E}). (4.3)

As T,,(k) is composed of a finite number of line segments, we can define the Lebesgue measure ,\ﬁ,ﬂ% over

Tw- Moreover we will suppose that A&,ﬂ“’u is normalized to become a probability measure. Similarly, for n

fixed, we would like to use u™ to choose subtrees of T;,. Let

2nt|/2n  if w,(|2nt]/2n) > w,([2nt]/2n),
M (®) ::{ %2714;271 other%ise.J/ ) (el 21 (44)

This function is constructed so that, if U is uniformly distributed over [0, 1], then Wy, (7, (U)) is uniformly
distributed over the vertices of T, (recall that @, is the depth first search around T;,). We define the

discrete reduced sub-trees as

T (k) := r(To, {[@n(yn (ui'))}; i < n}). (4.5)
Let X™ be a simple random walk on T}, started from the root and X% := b1, 1. (k) (XJ,). Define

A™F = min {z > A™E X e T(k) — {X;;m}} : (4.6)
7k (m) == max{l : A" < m} (4.7)

and
Juk = xm L (4.8)
Then we will have that J™¥ is a simple random walk on T},(k) started from the root.Also we have that
Xph = JmE (m)° (4.9)

Next we will present a method introduced in [Cro08] to couple the jump processes J™* n, k € N with

the Brownian motion on 7,,. Lemma 2.5 in [Cro08] states the existence of P7w#v_a.s. jointly continuous



local times (L(x,t))t>0.ze7, for X7w#e (here X 7w« is the Brownian motion on 7y, y, according to

definition 5.2). Define

AR = / Lz, )AF) (dz), (4.10)
T (k) ’
and its right continuous generalized inverse
78 (1) ;= inf{s : AP > ¢}, (4.11)
Define the process
ng) = X,,.(k)(t). (412)

Lemma 2.6 in [Cro08] states that B®*) is the Brownian motion on (7,,(k), A\(*)) (according to definition
5.2). Moreover lemma 3.3 [Cro08] implies that B(*) has jointly continuous local times (L*) (z,t));>0 e, (0|
and lemma 3.4 in [Cro08] states that

L® (2, t) == Lz, 7® (t)). (4.13)
We will consider elements of the form T' = (T™*, |e4|, .., |e;]|) for some I. Here T™ is an ordered graph
tree having [ + 1 vertices and |e1 ], .., |e;| are the corresponding edge lengths. By considering line segments

along edges, naturally associated with 7" there is a dendrite 7™ with its corresponding shortest path
distance dp-. Moreover, we can consider T to be ordered in the sense that the set composed of its
branching points and its end points are ordered according to the order on 7*. We can consider a distance
dy between such objects by stating that dq(731,7%) = oo if their corresponding graph trees 77 and 75.

Otherwise we set

K2

di (T, T3) == sup. llez| — leZ 11, (4.14)

i=1..
where the |e}|, |e2|,i < [ are the corresponding edge lengths. Moreover, if 77 = T, we can define a
homeomorphism Y+ 7y between their associated dendrites 77", Ty under which the point € T} which
is at distance « along the edge e; (measured from the vertex at the end of e; which is closer to the
root) goes to the point which is at distance |e?|a/|e}| along e?. DEFINE LEAVES Now, we return to
our sequence of trees satisfying Assumption 1. To each ordered trees T, (k), we associate the graph
tree T (k) given by the root and leaves of T, (k) along with their corresponding branching points. Let

l("’k)| to be given

[ 4+ 1 denote the number of vertices of T;5 (k). We consider the edge lengths |e§"’k)|, e
by the graph-distance on T, (k). Let T,(k) := (T(k),|e{™"], ., |el(n’k)|). The corresponding ordered
dendrite (obtained by adding line segments) is denoted T;* (k). A similar procedure can be done to obtain
T (k) := (T7(k), |1, .., |e®*];) from T, (k) . By lemma 4.1 in [Cro08] it is proved that, for each
fixed k € N, we have that

T (k) 2 T (k) (4.15)

in the d; distance.



Let k be fixed, display ([@.I5]) implies that, for n big enough, we have that T)x(k) = 7.X(k). Thus, we
can define the homeomorphism Y7, (x)7:(x) between 7, (k) and T, (k). Using this homeomorphism, we
define the process Bt"’k =T, (k)T (k) (Bt(k)) taking values in T)*(k). We also define the set of vertices
of T (k) as

V(Tx(k)) := {:1: eTr(k): drs () (p,x) =meNU {0}} . (4.16)
Define

K"k (m) = inf {t > h"(m — 1) : B* € V(T (k) = {Bpe sy } . (4.17)
Define J&k = B}?fk(m). For k and n fixed, the process J™* naturally induces a process Jmk taking
values in T, (k). J™* will be a simple random walk on T),(k). Thus J™* is distributed as J™*. The
family of processes J™* : n,k € N is coupled, because all the processes where defined using the same

Brownian motion on the CRT.
We would like to have a coupled family of simple random walks on 7;,. Let k& and n be fixed. We

can add excursions to the processes J™* in order to obtain (X' l" ’k)lzo a simple random walk on 7;,. This

is, we add random excursions to the trajectory of J™k to obtain a simple random walk on T™k. Define

Ak = min {12 Ak, XM € Tu(k) = (X 1 (4.18)
m—1
71k (m) = max{l : /i?k <m}. (4.19)
Then we will have that
Juk .= Xg;;’jk. (4.20)

Next, we focus our attention in the local times of X™. Let
M(a,m) =Y 1(X]"). (4.21)
1=0

Analogously, define

"k (z,m) = Zm: L(J"F). (4.22)

1=0
For all n € N, we extend the functions {"(z, -), l"’k(x, ),k € N, to Ry by linear interpolation. Let
20" (z,t)
L™"(x,t) = —— 1 4.23
(@)= S (4.23)
and i
2™ t
LR (x,t) := Az, ) (4.24)
deg,, ()

where deg,, () (deg,, ,(z)) denote the degree of the vertex x on the graph T}, (T, (k)). Similarly, we define

the corresponding quantities using the processes Jmk and Xk

(9 (z,m) =" 1 (X" (4.25)
=0



Analogously, define

M (m) =Y 1 (J""). (4.26)
=0
Let k)
- 20"k (1)
(n,k) = )
LR (1) dog.(2) (4.27)
and _
- 20"F (z,t)
Lk (e t) = ——2 2, 4.28

Now, we will suppose that the trees under consideration have all their vertices with degree at most

2. Supposing so, it is elementary to notice that, for each n € N.
n V2R (o /%) = nTYR2[R (p 70k (103/2)), (4.29)
Using the fact that deg, (p) = deg,, (p) = 1 we have that
n~YV2L0R) (p tn3/2) = n 2Lk (g, 7R (10/2)). (4.30)
Fix k € Nand R > 0. Lemma 4.8 in [Cro08] states the convergence of the local times of Xk to

those of the Brownian motion on 7,,(k). Furthermore, that theorem states

PROPOSITION 5.12 (Croydon).
lim P sup sup |[L®¥)(p,t) —n V2L (p,tnAP)| > ¢ | = 0. (4.31)
n—00 zeT (k) te[0,R]

OBSERVATION 5.13. In fact, the theorem is stronger, because it states convergence for local times
considered on the whole tree, not only on the root. Nevertheless we will only use the result for the root.

We decide to state the theorem in this weaker form for simplicity.

The key lemma to verify Assumption (DO) for W/I¢ and Assumption (D) for WIFC is the
convergence in probability of n=Y/2L™*) (p, tn3/2) to L(p,t).

LEMMA 5.14. Under Assumption (1), we have that, for each M >0 and ¢ > 0

lim lim sup PpTw’“w <sup |n =Y 2L0R) (o tn/2) — L(p,t)| > e> =0. (4.32)
n— o0 k t<M

We recall that the local time (L(z,t))ze7, +>0 is P¥-a.s. jointly continuous in x and ¢.

PRrOOF: For all n € N,k € N and ¢ > 0 we define

A(n,k,e) := {fg |n—3/2AZ’ZIj\(nk) -t > 6} , (4.33)

B(n,k,€) == {fgg IL®) (p,t) — n 2Lk (p tn AR > 6} (4.34)



Clk,e) := {sup IT®) (&) —t| > e} .

t<R
and
D(e,n) == {sup sup [L(p,t+5) — L(p, 1) = e/2}
t<M|5]<n
Fix ¢ > 0 and M > 0, we aim to prove that

i (sup |n71/2L"(p, tn3/2) — L(p,t)] > e) <e
t<M

(4.35)

(4.36)

(4.37)

for n big enough. By the uniform continuity on time of the local time (L(p,t))i>0 on [0, M + 1], we will

have that there exists 79 € (0, 1) small enough such that
P (D(e,mo)) < e€/4.
Define €; := min{e/4,70/2}. Corollary 5.3 in [Cro08] states that, for each R > 0, we have that

lim limsup P (A(n, k,€e1)) = 0.

— 00 n—00

On the other side, on A(n, k, €1)¢ we have that

sup [(nA) 71, — 1] < e
t<M

which, in turn, implies that

sup |(FF (tn%/?) — nAPE| < enA®
t<M

By display (£39) we can choose ko big enough such that
limsup P¥ (A(n, ko, €1)) < €1/2.
Thus, there exists ng such that, for all n > ng, we have that
P¥ (A(n, ko, €1)) < €.
Furthermore, by Proposition 3.5 in [Cro08]|, ky can be chosen large enough to also satisfy
P¥ (C(ko,€1)) < €.
Proposition [5.12] implies that there exists ny such that, if n > n; we have that

P(B(n,ko,el)) S €1.

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

Using displays (£30) and [@41]), it can be deduced that, on A(n, ko, €1)¢ N B(n, ko, €1)¢ we have that

n"V2LMR (p 1n?2) € [LW) (p,t — e1) — e, L (p,t + €1) + €]

for all t < M.
On A(n, ko, €1)¢ N B(n, ko, €1)¢ N C(ko, €1)¢ we have that

n_1/2l~/("’k) (p, tn3/2) S [L(p, t— 261) — €1, L(p, t+ 261) + 61]

(4.46)

(4.47)



for all t < M.
And, by definition 2¢; < 79, so, on we have that on A(n, kg, €1)° N B(n, ko, e1)° N C(ko, 1) N D(e, nmo)°
V2L (o, t03/2) € [L(p, ) — 261, L(p, 1) + 2€1] (4.48)
for all t < M.
As €1 < €/2 we have that on A(n, ko, €1)° N B(n, ko, e1)¢ N C(ko,€1)° N D€, mo)°
n~V2L0R) (p 1n%/2) € [L(p,t) — 2¢, L(p, t) + 2€] (4.49)
for all t < M.
If n>ngVmn, P(A(?’L, ko, 61)c n B(TL, ko, 61)c n C(ko, 61)C n D(E, ’I]())c) >1—c¢
O

By construction, for each k € N and n € N the coupled local time (L") (p,t));>0 is distributed as

the local time (L™(p,t))t>0 of a simple random walk on T},, thus, from lemma [5.14] we can deduce that

PROPOSITION 5.15. Under Assumption (1), the processes (n=*/2L"™(p,tn®/?))i>0 converges in distri-

bution to (L(p,t))t>0 as n — oo with the uniform topology on D[0,T], for all T > 0.

As we know that the inversion map on (D(R, ), M{) is continuous when restricted to monotonous func-

tions, we can obtain convergence in the Skorohod Mj-topology for the corresponding inverted processes.

PROPOSITION 5.16. Suppose Assumption (1) holds. Let (L™ )i>0 and (L )i>0 denote the right-

continuous generalized inverses of (n=Y2L"(p,tn®/?))i>0 and (L(p,t))s>0 respectively, Then we have that,

t>0
for allT >0, (L )¢>o0 converges in distribution to (L; )¢>o on D[0,T] with the Skorohod M -topology.
We proceed to state the main proposition of this section

PROPOSITION 5.17. Let (Vn)nen be a sequence of random, rooted, ordered, graph-trees such that Y,
has n vertices and, for all n € N, Yy, has all their vertices with degree at most 2. Let (wn(t))ie[o,1) denote
its corresponding search depth process. Let (Wy)i>1 be a normalized Brownian excursion. For eachn € N,
let (J")ien be a simple random walk on Y, started from the root and (£]")i>0 be its corresponding local
time at the root (extended to all Ry by linear interpolation). Let (£, )i>o0 denote its corresponding

right-continuous generalized inverse. Suppose that.

(n™ 2w (1)) 1o 4, (Wt)tepo.1) as n — 00 (4.50)
on C[0,1] endowed with the uniform topology. Then we have that, for each T >0

(L7 )esoconverges in distribution to(-£, )i>0 (4.51)

on D[0,T] with the Skorohod Mj-topology, where (:£,)i>0 is the local time at the root of the Brownian

motion on the CRT and (£, )i>0 denote its corresponding right-continuous generalized inverse.



PRrROOF. The Skorohod representation theorem guarantee the existence of a sequence of random

functions (w™*),en € W and W* € W defined on a probability space (2*, F*,P*) such that

(1) for each n € N, w™* is distributed as wy,

(2) W* is distributed as W

(3) sup;epoqlon™2wm (1) — 2W7 | "=°0,  Pr-as.
A quick analysis allows us to deduce that one can reconstruct a graph-tree starting from its search depth
process. Thus, using the functions w™*, we can construct a sequence of ordered, rooted graph-trees 7,*.
For each n € N, 7.* is distributed as .7,,. Analogously, we can construct a CRT Ty » using the normalized

Brownian excursion W*. Then we can apply proposition (.10l g
Using that proposition we can easily deduce Assumption (D0) for W€,
PROPOSITION 5.18. Assumption (D0) holds for W€,

PROOF: The proof is based on the mentioned fact that a critical percolation cluster is the genealogical
tree of a critical Galton-Watson process. Thus the proposition follows easily from display (22) and
proposition 17

|
The corresponding proposition for W/F¢ needs to extend the theorem on display ([2-2)) to trees which are

non-critical

LEMMA 5.19. Let (En)nen a sequence of trees which are percolation clusters with parameter p, ~

d=Y(1 — a/n) conditioned on having n vertices converge to the Continuum random tree in the sense of
display (2.2).

PROOF: Let ¢ be a tree on n vertices. There are (d — 1)n+ 1 closed vertices in the boundary of ¢ and
n — 1 open vertices. Then
Py[T =] =p"}(1 —p)ld-DinD+d
where P, denotes percolation probability under the parameter p. This can be proved by induction on
the number of vertices. This implies that the probability conditioned on |7| = n is the uniform tree on
n vertices, for all p. So the convergence in distribution of the conditioned critical search depth functions

to a Brownian excursion implies the convergence for any p, even variable p.

PROPOSITION 5.20. Assumption (D) holds for WP,

Proor: Using lemma [5.19] the proof is the same as in proposition 518



[AGAHS08]

[Ald91a]
[Ald91b]

[A1d93]
[App09)

[Bar04]
[BBO3]

[BBO7]
[BBCOS]
[BBG03a]
[BBGO3b)
[BCo5]
[BCo6]

[BC07]
[BCOo8]

[BCKMO9S]
[BCKSO01]
[BCMO6]

[BD95)
[BKOG6]

[Bor87]
[Bou92
[BS02]
[CCN85)
[Cer06]

[CGOo8

Bibliography

O. Angel, J. Goodman, F. den Hollander, and G. Slade. Invasion percolation on regular trees. Ann. Probab.,
36(2):420-466, 2008.

D. Aldous. The continuum random tree. I. Ann. Probab., 19(1):1-28, 1991.

D. Aldous. The continuum random tree. II. An overview. In Stochastic analysis (Durham, 1990), volume 167
of London Math. Soc. Lecture Note Ser., pages 23—-70. Cambridge Univ. Press, Cambridge, 1991.

D. Aldous. The continuum random tree. III. Ann. Probab., 21(1):248-289, 1993.

D. Applebaum. Lévy processes and stochastic calculus, volume 116 of Cambridge Studies in Advanced Math-
ematics. Cambridge University Press, Cambridge, second edition, 2009.

M. Barlow. Random walks on supercritical percolation clusters. Ann. Probab., 32(4):3024-3084, 2004.

E. M. Bertin and J.-P. Bouchaud. Subdiffusion and localization in the one-dimensional trap model. Phys. Rev.
E, 67(2):026128, Feb 2003.

N. Berger and M. Biskup. Quenched invariance principle for simple random walk on percolation clusters.
Probab. Theory Related Fields, 137(1-2):83-120, 2007.

G. Ben Arous, A. Bovier, and J. Cerny. Universality of the REM for dynamics of mean-field spin glasses.
Comm. Math. Phys., 282(3):663-695, 2008.

G. Ben Arous, A. Bovier, and V. Gayrard. Glauber dynamics of the random energy model. I. Metastable
motion on the extreme states. Comm. Math. Phys., 235(3):379-425, 2003.

G. Ben Arous, A. Bovier, and V. Gayrard. Glauber dynamics of the random energy model. II. Aging below
the critical temperature. Comm. Math. Phys., 236(1):1-54, 2003.

G. Ben Arous and J. Cerny. Bouchaud’s model exhibits two different aging regimes in dimension one. Ann.
Appl. Probab., 15(2):1161-1192, 2005.

G. Ben Arous and J. Cerny. Dynamics of trap models. In Mathematical statistical physics, pages 331-394.
Elsevier B. V., Amsterdam, 2006.

G. Ben Arous and J. Corny. Scaling limit for trap models on Z%. Ann. Probab., 35(6):2356-2384, 2007.

G. Ben Arous and J. Cerny. The arcsine law as a universal aging scheme for trap models. Comm. Pure Appl.
Maith., 61(3):289-329, 2008.

J.-P. Bouchaud, L. Cugliandolo, J. Kurchan, and M. Mezard. Out of equilibrium dynamics in spin-glasses and
other glassy systems. World Scientific, Singapore, 1998.

C. Borgs, J. T. Chayes, H. Kesten, and J. Spencer. The birth of the infinite cluster: finite-size scaling in
percolation. Comm. Math. Phys., 224(1):153-204, 2001. Dedicated to Joel L. Lebowitz.

G. Ben Arous, J. Cerny, and T. Mountford. Aging in two-dimensional Bouchaud’s model. Probab. Theory
Related Fields, 134(1):1-43, 2006.

J.-P. Bouchaud and D. S. Dean. Aging on parisi’s tree. J. Phys.I (France), 5:265, 1995.

M. Barlow and T. Kumagai. Random walk on the incipient infinite cluster on trees. Illinois J. Math., 50(1-
4):33-65 (electronic), 2006.

A. N. Borodin. A weak invariance principle for local times. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI), 158(Probl. Teor. Veroyatn. Raspred. X):14-31, 169, 1987.

J.-P. Bouchaud. Weak ergodicity breaking and aging in disordered systems. J. Phys.I (France), 2:1705-1713,
1992.

E. Bolthausen and A. Sznitman. Ten lectures on random media, volume 32 of DMV Seminar. Birkhduser
Verlag, Basel, 2002.

J. T. Chayes, L. Chayes, and C. M. Newman. The stochastic geometry of invasion percolation. Comm. Math.
Phys., 101(3):383-407, 1985.

J. Cerny. The behaviour of aging functions in one-dimensional Bouchaud’s trap model. Comm. Math. Phys.,
261(1):195-224, 2006.

J. Cerny and V. Gayrard. Hitting time of large subsets of the hypercube. Random Structures Algorithms,
33(2):252-267, 2008.

CXXVI



[Che62]
[Cro08]
[Der81]

[EAT5]
[FINO2]

[Geo88]

[GK68)

[GKZ93]
[GMW10]
[Gri99]

[HPS99)

[Hug95]
[Hug96]
[Isi25]
[J4r03]

[Kal83]
[Kal02]

[Kal05]
[Kes86a]
[Kes86b]
[Kni63)]
[Len20]
[MPO7]
[MS04]

[MW65]
[NW83]

[Ray63]
[SK75]
[SS04]

[Sto63]

A.A. Chernov. Replication of a multicomponent chain, by the lightning mechanism. Biophysics, 12:336-341,
1962.

D. Croydon. Convergence of simple random walks on random discrete trees to Brownian motion on the con-
tinuum random tree. Ann. Inst. Henri Poincaré Probab. Stat., 44(6):987-1019, 2008.

B. Derrida. Random-energy model: An exactly solvable model of disordered systems. Phys. Rev. B, 24:2613—
2626, 1981.

S. Edwards and P. Anderson. Theory of spin glasses. Journal of Physics F: Metal Physics, 5(5):965, 1975.

L. R. G. Fontes, M. Isopi, and C. M. Newman. Random walks with strongly inhomogeneous rates and singular
diffusions: convergence, localization and aging in one dimension. Ann. Probab., 30(2):579-604, 2002.

H.O. Georgii. Gibbs measures and phase transitions, volume 9 of de Gruyter Studies in Mathematics. Walter
de Gruyter & Co., Berlin, 1988.

B. V. Gnedenko and A. N. Kolmogorov. Limit distributions for sums of independent random variables. Trans-
lated from the Russian, annotated, and revised by K. L. Chung. With appendices by J. L. Doob and P. L.
Hsu. Revised edition. Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills., Ont., 1968.

G. R. Grimmett, H. Kesten, and Y. Zhang. Random walk on the infinite cluster of the percolation model.
Probab. Theory Related Fields, 96(1):33-44, 1993.

N. Gantert, P. Morters, and V. Wachtel. Trap models with vanishing drift: scaling limits and ageing regimes.
ALEA Lat. Am. J. Probab. Math. Stat., 7:477-501, 2010.

G. Grimmett. Percolation, volume 321 of Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer-Verlag, Berlin, second edition, 1999.

O. Haggstrom, Y. Peres, and R. H. Schonmann. Percolation on transitive graphs as a coalescent process:
relentless merging followed by simultaneous uniqueness. In Perplexing problems in probability, volume 44 of
Progr. Probab., pages 69-90. Birkhduser Boston, Boston, MA, 1999.

B. Hughes. Random walks and random environments. Vol. 1. Oxford Science Publications. The Clarendon
Press Oxford University Press, New York, 1995. Random walks.

B. Hughes. Random walks and random environments. Vol. 2. Oxford Science Publications. The Clarendon
Press Oxford University Press, New York, 1996. Random environments.

E. Ising. Beitrag zur Theorie des Ferromagnetismus. Zeitschrift fir Physik A Hadrons and Nuclei, 31(1):253—
258, 1925.

A. A. Jarai. Invasion percolation and the incipient infinite cluster in 2D. Comm. Math. Phys., 236(2):311-334,
2003.

O. Kallenberg. Random measures. Akademie-Verlag, Berlin, third edition, 1983.

O. Kallenberg. Foundations of modern probability. Probability and its Applications (New York). Springer-
Verlag, New York, second edition, 2002.

O. Kallenberg. Probabilistic symmetries and invariance principles. Probability and its Applications (New
York). Springer, New York, 2005.

H. Kesten. The incipient infinite cluster in two-dimensional percolation. Probab. Theory Related Fields,
73(3):369-394, 1986.

H. Kesten. Subdiffusive behavior of random walk on a random cluster. Ann. Inst. H. Poincaré Probab. Statist.,
22(4):425-487, 1986.

F. B. Knight. Random walks and a sojourn density process of Brownian motion. Trans. Amer. Math. Soc.,
109:56-86, 1963.

W. Lenz. Beitrdge zum verstandnis der magnetischen eigenschaften in festen korpern. Physikalische Zeitschrift,
21:613-615, 1920.

P. Mathieu and A. Piatnitski. Quenched invariance principles for random walks on percolation clusters. Proc.
R. Soc. Lond. Ser. A Math. Phys. Eng. Sci., 463(2085):2287-2307, 2007.

M. M. Meerschaert and H.-P. Scheffler. Limit theorems for continuous-time random walks with infinite mean
waiting times. J. Appl. Probab., 41(3):623-638, 2004.

E. W. Montroll and G. H. Weiss. Random walks on lattices. II. J. Mathematical Phys., 6:167-181, 1965.

B. Nickel and D. Wilkinson. Invasion percolation on the Cayley tree: exact solution of a modified percolation
model. Phys. Rev. Lett., 51(2):71-74, 1983.

D. Ray. Sojourn times of diffusion processes. Illinois J. Math., 7:615-630, 1963.

D. Sherrington and S. Kirkpatrick. Solvable model of a spin-glass. Phys. Rev. Lett., 35:1792—-1796, 1975.

V. Sidoravicius and A.-S. Sznitman. Quenched invariance principles for walks on clusters of percolation or
among random conductances. Probab. Theory Related Fields, 129(2):219-244, 2004.

C. Stone. Limit theorems for random walks, birth and death processes, and diffusion processes. [llinois J.
Math., 7:638-660, 1963.



[Szn98]

[Tal03]

[TemT72]
[vdHdHS02]
[vdHJ04]

[Wei07]
[Whi02]

[WW83)

[Zei06]
[Zin09]

A. Sznitman. Brownian motion, obstacles and random media. Springer Monographs in Mathematics. Springer-
Verlag, Berlin, 1998.

M. Talagrand. Spin glasses: a challenge for mathematicians, volume 46 of Ergebnisse der Mathematik und
threr Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related
Areas. 8rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2003. Cavity and
mean field models.

D. E. Temkin. One-dimensional random walks in a two-component chain. Dokl. Akad. Nauk SSSR, 206:27-30,
1972.

R. van der Hofstad, F. den Hollander, and G. Slade. Construction of the incipient infinite cluster for spread-out
oriented percolation above 4 + 1 dimensions. Comm. Math. Phys., 231(3):435-461, 2002.

R. van der Hofstad and A. A. J4rai. The incipient infinite cluster for high-dimensional unoriented percolation.
J. Statist. Phys., 114(3-4):625-663, 2004.

P. Weiss. L’hypotheése du champ moléculaire et la propriété ferromagnétique. J. de Phys., 6:661-690, 1907.
W. Whitt. Stochastic-process limits. Springer Series in Operations Research. Springer-Verlag, New York, 2002.
An introduction to stochastic-process limits and their application to queues.

D. Wilkinson and J. F. Willemsen. Invasion percolation: a new form of percolation theory. J. Phys. A,
16(14):3365-3376, 1983.

O. Zeitouni. Random walks in random environments. J. Phys. A, 39(40):433-464, 2006.

O. Zindy. Scaling limit and aging for directed trap models. Markov Process. Related Fields, 15(1):31-50, 2009.



	Chapter 1. Introduction
	1. Random walks in random media.
	2. Metastability on physical systems
	3. Mathematical models of spin glasses
	4. Bouchaud trap model (BTM)
	5. Geometric trap models
	6. The Continuum random tree
	7. Results

	Chapter 2. One-dimensional BTM with varying drift
	1. Introduction
	2. Notations and Main Results
	3. The Supercritical Regime
	4. The Critical Case
	5. The Subcritical Regime

	Chapter 3. Sub-Gaussian bound for the one-dimensional BTM
	1. Introduction
	2. Proofs of the main theorems

	Chapter 4. Randomly trapped random walks
	1. Introduction
	2. Delayed processes and their convergence
	3. Trapped random walk and Brownian motion
	4. Convergence of RTRW to RTBM
	5. Applications

	Chapter 5. Geometric trap models on the IIC and the IPC
	1. Introduction
	2. Preliminaries
	3. Proof of Assumption (PPO) and Assumption (PP) for WIIC and WIPC respectively
	4. Scaling limit for the local time of the random walk on random trees

	Bibliography

