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ABSTRACT

It is a rare phenomenon when an abelian variety contains a non-trivial abelian
subvariety. Indeed, the general abelian variety is simple. Here we investigate when
an abelian variety is non-simple and we give a characterization of all abelian sub-
varieties on a fixed abelian variety by means of intersection theory. This is done by
canonically associating to an abelian subvariety a numerical class and then classifying
all such classes within the Néron-Severi group. We show that studying these classes
on a principally polarized abelian variety (A, ©) is equivalent to studying arithmetic
properties of certain homogeneous forms defined on the Néron-Severi group of A.
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Introduction

It is well-known that a general abelian variety is simple; that is, a general abelian va-
riety contains no non-trivial abelian subvarieties. However, there are many examples
where non-simple abelian varieties appear. For example, the existence of an elliptic
curve F in the Jacobian of a smooth projective curve C' implies that there exists a
finite morphism C' — FE. Reciprocally, any morphism C' — E automatically gives
way to an elliptic curve in the Jacobian of C' that is isogenous to E. In other words,
the study of abelian subvarieties of dimension 1 of Jacobian varieties amounts to the
study of finite covers of elliptic curves.

By Poincaré’s Reducibility Theorem, if X is an abelian subvariety of an abelian
variety A, then A is isogenous to the product X x A/X and A/X is isogenous to
an abelian subvariety of A. In particular, we can repeat this process and obtain
an isogeny decomposition of A into unique (modulo isogeny) simple factors. An
interesting question is the following: When is A completely decomposable? In other
words, when is A isogenous to the product of elliptic curves? We could also ask
that A contain an irreducible polarization, for example when A is the Jacobian of
some smooth projective curve. In this case the polarized abelian variety (A, ©) does
not split as a product, but there are many examples when A itself, as a variety, is
completely decomposable. This has been studied in [24] and [19].

Ekedahl and Serre [13] found completely decomposable Jacobian varieties for
curves of genus up to 1297. A question they ask is: Are there infinite genera g
for which there exists a curve of genus g whose Jacobian is completely decompos-
able? If Je is the Jacobian of a smooth projective curve defined over a field k, then
this question has a negative answer when £ is not algebraically closed. Indeed, Serre
showed in [37] that over a finite field, there are only finitely many Jacobian varieties
isogenous to the product of elliptic curves. Duursma and Enjalbert [12] show that
when k = Z/27Z, the maximum genus a completely decomposable Jacobian can have
is 26. If k is algebraically closed and of positive characteristic then the answer is affir-

mative, but the question remains open when k is algebraically closed of characteristic
0.



Another similar question stems from the following example, discovered by Gonzalez-
Aguilera and Rodriguez [15]. For o € H, let

no—1 .. —1
Ty =0 ;

this is a symmetric matrix whose imaginary part is positive definite. This matrix then
corresponds to a principally polarized abelian variety (A,,©,) of dimension n, and
the authors show that the polarization is irreducible. Moreover, it is shown that A, is
not only isogenous to the product of n elliptic curves, but is actually isomorphic to the
product of elliptic curves. The natural question one can ask is: When is a completely
decomposable abelian variety isomorphic to the product of elliptic curves?

These questions have been studied for abelian surfaces by Humbert ([20]) and
Kani ([21],[22]). They describe all principally polarized abelian surfaces that contain
an elliptic curve (that is, completely decomposable abelian surfaces). Humbert’s de-
scription is much more analytic in nature (it is done over C), whereas Kani generalizes
Humbert’s results to an arbitrary algebraically closed field and uses intersection the-
ory instead of period matrices. Kani [21] used the fact that for an abelian surface A,
elliptic curves on A can be seen as Weil divisors, and thus induce numerical classes
in the Néron-Severi group of A. He was then able to describe, via a positive definite
quadratic form, the set of all numerical classes that come from elliptic curves.

Another point of view for studying non-simple abelian varieties is looking at group
actions on A. If G is a subgroup of Aut(A,0) := {o € Aut(A) : ¢*© = O}, then
one obtains an algebra homomorphism Q[G] — End(A). Now Q[G] is a semi-simple
Q-algebra and so decomposes as a product

Q[G]:le"'er

where each @); is a simple QQ-algebra. This decomposition then gives an isogeny
decomposition of A into the product of abelian varieties of smaller dimension. This
method of decomposing abelian varieties was discovered by Lange-Recillas in [25].
The theory of group actions on abelian varieties has been very successful and
has played a central role in the study of non-simple abelian varieties. Groups acting
on curves and abelian varieties have been used to find interesting families of Jaco-
bians and principally polarized abelian varieties (such as the family described above)
that split isogenously and isomorphically as the product of elliptic curves, and one
naturally asks: Does every non-simple polarized abelian variety have non-trivial auto-
morphisms? The author is unaware of any counterexample. Other papers that study
group actions on Jacobian varieties and abelian varieties are [7], [8], [34], [35], [36],



[39] and [40].

The motivation, then, for this thesis is to develop an algebraic theory of non-
simple abelian varieties that could possibly lead to answers for the questions asked
above. The inspiration for our results comes from Kani [21].

Obviously, the problem for obtaining a classification similar to Kani’s in higher
dimensions lies in the fact that abelian subvarieties of codimension larger than 1 can
no longer be seen as divisors. In this thesis we show that in fact, given a princi-
pally polarized abelian variety (A, ©), we can canonically associate to every abelian
subvariety X < A a numerical class ax. We can then characterize, via certain ho-
mogeneous forms defined on the Néron-Severi group, all numerical classes that come
from abelian subvarieties, thus generalizing Kani’s results to arbitrary dimension.

If we work over C, these conditions can be written out explicitly in the form of
equations on the Siegel semi-space $),,. Although these equations are long, they could
possibly be programmed into a computer in order to find abelian subvarieties. The
problem with actually writing a program is the fact that it would involve looking for
integer solutions to linear equations with complex coefficients; this problem is not
easy. In theory, such a program would receive as input a period matrix and integers
d and m, and return all abelian subvarieties of A of exponent d whose divisor classes
have norm less than or equal to m. We recall that since the Néron-Severi group is a
finitely generated abelian group, we can identify it with a lattice in R” and thus use
the usual norm in R” for the above calculation.



Chapter 1

Abelian varieties

1.1 Preliminaries

We start off by giving the basic definitions of our objects of study, as well as some of
their basic properties. Since this is all well known by anyone who has ventured into
the world of abelian varieties, the proofs of the theorems are not included. For the be-
ginner, two good references are [31] (for abelian varieties over arbitrary algebraically
closed fields or for group schemes) or [4] (for complex abelian varieties). For learning
algebraic geometry in general, [30] and [38] are recommended as introductions, and
[18] as the standard reference.

Definition 1.1.1. An abelian variety over a field k is a complete connected group
variety over k.

We will assume from now on that k is algebraically closed. It can be proven that
if A is an abelian variety, then it is actually projective (see [31], Application 1, p. 57)
and is an abelian group (see [31], p. 39). Since translation by a fixed element of A
is an automorphism of the variety, A is easily seen to be smooth. We will denote by
t, : A — A translation by x € A .



Proposition 1.1.2. Let f : A — B be a morphism between two abelian varieties A
and B. Then t_y)f is a homomorphism of abelian groups.

From now on, a homomorphism between two abelian varieties will be a morphism
that sends 0 to 0.

Definition 1.1.3. An isogeny between two abelian varieties A and B is a homo-
morphism f : A — B that is surjective and has finite kernel. If such a map exists
between A and B, we will write A ~ B and say that they are isogenous. We will call
[k(A) : f*k(B)] the degree of f, where k(A) is the rational function field of A. Define
es to be the exponent of f, that is, the least common multiple of the orders of all the
elements of ker f.

It can be shown that if f: A — B is an isogeny, then
| ker f| = [k(A) : f*E(B)]sep:

that is, the separable degree of the extension k(A) O f*k(B). In particular, in charac-
teristic 0 we have that deg f = | ker f|. If we consider the category whose objects are
abelian varieties and where morphisms between A and B correspond to the elements
of the Q-vector space Homg(A, B) := Hom(A, B) ® Q, then isogenies correspond to
the isomorphisms of this category. Indeed, if f : A — B is an isogeny, then there
exists an isogeny g : B — A such that gf =e;. If f: A — B is an isogeny, we will
denote by f~! the element in Homg(B, A) such that ff~ = id.

Definition 1.1.4. A polarization on A is the choice of an ample divisor D (or equiv-
alently an ample line bundle O4(D)) on A. The pair (A4, D) (or (A, O4(D))) is called
a polarized abelian variety. We say that D is a principal polarization if h%(D) :=
dimI'(A, O4(D)) = 1, where I'( A, -) is the global section functor, and in this case, the
pair (A, D) will be called a principally polarized abelian variety (ppav). If (A, Dy) and
(B, Dy) are two polarized abelian varieties and f : A — B is a homomorphism, we will
say that f is a homomorphism of polarized abelian varieties if f*Op(Ds) ~ t:O (D)
for some z € A and will often write f as f: (A, D1) — (B, Ds).

When the ground field is the complex numbers, one can be much more specific
when working with abelian varieties. In this case they take the simple form of a
complex torus.



Theorem 1.1.5. If A is a complex abelian variety of dimension n, then there exists a
lattice A C C™ such that A is (analytically) isomorphic to C"/A. Moreover, if (A, D)
is a ppav, then A can be taken to be of the form (1 I)Z", where T € $, = {M €
M,(C) : M = M'"SM > 0} is the Siegel upper half space. Vice versa, a matriz
T € 9, gives rise to a ppav C"/(1 I)Z".

Proof. See [4], Lemma 1.1.1. O

Caution must be taken with the previous theorem; most complex tori are not
algebraic, and hence are not abelian varieties! Algebraic tori may be characterized
by the following property:

Theorem 1.1.6. A complex torus C"/A is algebraic if and only if there exists a
positive definite hermitian form H : C* x C" — C such that SH(A x A) C Z.

Proof. See [4], Theorem 4.5.4. O

This mysterious hermitian form can actually be seen as the first Chern class of
an ample line bundle L € Pic(A), or equivalently as an integral Kéhler form. More
formally, we have the exponential sequence

0—=>Z—04—03—0

which gives rise to the following exact sequence of cohomology groups:
HY(A,04) — HY (A, 0%) % H*(A, 7).

We will identify H'(A, O%) with Pic(A). The image of ¢; in H*(A,Z) is called the
Néron-Severi group (which we will look at more closely in Chapters 2 and 3) and can
be identified with the group of all hermitian forms H on C" such that SH(AxA) C Z.
We then have that the set of positive definite hermitian forms of this type coincides
with the image of ¢; evaluated at all ample line bundles in Pic(A). Two good refer-
ences for the general theory of Kéhler geometry in algebraic geometry are [16] and
[41], and in particular for abelian varieties the previous statements are found in [31].

We will sometimes write that (A, c¢;(O4(D))) is a polarized abelian variety instead of
(A, D); ¢1(O4(D)) will usually be denoted by the letter H.

Proposition 1.1.7. If (C"/A, H) is a polarized abelian variety, then there exists a
basis of A such that the matriz of SH is of the form

= % 1),



where D is a diagonal matriz diag(dy,...,d,) and d; | d;y1 for all i. The vector
(dy,...,dy,) is called the type of H and only depends on H (not the basis chosen).

Proof. See [4], Section 3.1. O

The numbers d; are important invariants of the abelian variety C"/A.

Theorem 1.1.8. (Riemann-Roch) Let (A, D) be a complex polarized abelian variety
of type (dy,...,d,). Then

n'(D) =[] d
i=1
In particular, D s a principal polarization if and only if d; = 1 for all 1.
Proof. See [4], Theorem 3.6.1. O

In Chapter 2 we will give a numerical version of the Riemann-Roch Theorem in
terms of intersection theory.

Let Pic’(A) consist of all line bundles L € Pic(A) such that t:L ~ L for all z € A.
We wish to see Pic’(A) as a sort of dual abelian variety to A. Let us consider a pair
(AY,P), where A" is a variety over k and P is a line bundle on A x AY. Moreover,
assume that

1. Plax{z) € Pic’(A x {z}) for all z € AV
2. P’{O}XA\/ is trivial.

3. If (B, Q) is another pair that satisfies the previous two conditions on A x B
then there exists a morphism a : B — A such that (1 x a)*P ~ Q.

If (AY,P) satisfies the previous three conditions, then we call A" the dual abelian
variety of A and P the Poincaré sheaf of A.

Theorem 1.1.9. The dual abelian variety exists, it is an abelian variety isomorphic
to Pic’(A) as a group, and for L € Pic(A) the map ¢r, : A — AV where v+ t*LR L™
is a homomorphism. If L is ample, then ¢, is an isogeny with deg ¢y, = h°(L)?. In
particular, if L is a principal polarization, A ~ A and in this case if M is a line
bundle, then ¢p; can be thought of as an endomorphism of A.

Proof. See [29] Section 1.8. O



If D is a divisor on A, we will write ¢p to denote the morphism ¢p,(p). The
previous theorem shows that when L is ample, K (L) := ker ¢, is finite and thus if ¢,
is separable, K (L) ~ (B;_, Z/d;,Z)* for d; € Z~o with d; | d;y1. In this way we can
define the type of L (over any algebraically closed field) to be the tuple (dy, ..., d,).

Theorem 1.1.10. Over C, AY is isomorphic to the complex torus Homg(C",C)/AY,
where Homg(C", C) consists of all antilinear maps C" — C and A consists of all
antilinear maps h such that Sh(A x A) C Z. Moreover, the map ¢, from the previous
theorem translates into z + A — H(z,-) + AV, where H = ¢i(L). If H is positive
definite (that is, L is ample) and is of type (dy,...,d,), then

n

K(L) ~ @P(z/d;Z)

i=1
and in particular

[K(L)| = k(L) = (H d;)*.

Proof. See [11] Proposition V.5.9. O

Let f : A — B be a homomorphism. By pulling back divisor classes, we get a
homomorphism fv : BY — AY. In particular, if A = B, for every endomorphism of
A we obtain an endomorphism of AY. Assume that A has a polarization L and let
f € End(A). We define an (anti)involution of Endg(A), called the Rosati involution:

T:End(A) — End(A)
Y

The Rosati involution will play a crucial role in our characterization of abelian
subvarieties of A.

1.2 Abelian subvarieties

An abelian subvariety X of an abelian variety A is a closed irreducible subvariety of
A that is also an algebraic group by inheriting the group structure of A. Over C, an
abelian subvariety is given by a vector subspace W < C™ such that W N A is a lattice
in W; the subgroup X = W/W N A is thus an abelian subvariety of C"/A. If L is an
ample line bundle on A (that is, a polarization), then the restriction L|x is ample on
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B. Thus every abelian subvariety of an abelian variety with a polarization inherits
the structure of a polarized abelian variety.

Unlike the real case, most complex tori are simple; that is, they don’t have abelian
subvarieties. This is due to the fact that if W < C”, then WNA is rarely a lattice in .
In fact, if we associate to each matrix M € My, (R) the lattice in R?" ~ C" generated
over 7Z by its columns, then it is easy to show that the set of matrices that induce
non-simple tori is the countable union of Zariski-closed subsets of Ma, (R) ~ R".

If X < A is an abelian subvariety of a polarized abelian variety (A, L) and j :
X < A is the inclusion, then we define the norm endomorphism of A associated to
X as the homomorphism

Nx =g, jo517 ¢ € End(A).
We note that this is an actual homomorphism, since e, L¢]-_*1L is a well-defined ho-
momorphism. Note that this endomorphism depends not only on X, but on L as well.

Definition 1.2.1. We define the ezponent of an abelian subvariety j : X — A to be

ex = €p.p .-

Theorem 1.2.2. The function X — im(exid— Nx) gives a bijection between abelian
subvarieties of A of dimension r and abelian subvarieties of A of dimension n —r.

Proof. See [4], Theorem 5.3.2 (the arguments presented there work over any alge-
braically closed field). O

The abelian subvariety im(eyxid — Nx) is called the abelian complement of X and
we will say that im(exid — Nx) and X are complementary abelian subvarieties.

Theorem 1.2.3. (Poincaré’s Reducibility Theorem) Let X be an abelian subvariety
of A, and letY denote the abelian complement of X. Then the addition map X XY —
A is an isogeny whose kernel is isomorphic to X NY . Moreover, this shows that A is
isogenous to a product X{" x --- x X" where the X; are simple abelian varieties.

Proof. See [4], Theorem 3.5. O

In particular, we can see that an abelian variety contains an elliptic subgroup (that
is, an abelian subvariety of dimension 1) if and only if it contains an abelian divisor (an
abelian subvariety of codimension 1). This is our first approach to studying elliptic
curves on abelian varieties; we associate to an elliptic curve its abelian complement
which can be seen as a prime Weil divisor on A.
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Norm endomorphisms will be of utmost importance in Chapter 3. We list their
most important properties here:

Proposition 1.2.4. Let X < A be an abelian subvariety of A of exponent ex. Then
1. NI = Nx
2. N)Q( == EXNX

3. Nx is primitive; that is, it is not a multiple of another endomorphism (unless
X ={0})

Moreover, these conditions characterize norm endomorphisms; that is, if f is an
endomorphism that satisfies conditions 1.-3., then f = Nz’m(f)'

Proof. See the Norm-endomorphism Criterion in [4], p. 126 (the arguments presented
there are valid over any algebraically closed field). 0

Proposition 1.2.5. If X andY are complementary abelian subvarieties of exponents
ex and ey, respectively, then

eyNx + exNy = exeyid.
If (A, ©) is a ppav, then ex = ey =: e and so
Nx + Ny = eid.

Proof. See [4], p. 127. O

1.3 Jacobian varieties

Let C' be a smooth projective curve of genus g defined over k. We will define an
abelian variety J¢ associated to C' such that Jo ~ Pic’(C) as a group. Moreover, we
will obtain a closed immersion C' — Jg.

To start with, let T" be a connected scheme over k, and let £ be an invertible
sheaf on C' x; T. Then by [29], deg(.Z|cx{4) is independent of ¢, and in particular
we have that deg((pr3.#)|cx ) = 0 for every invertible sheaf .# on T'. Define

PAUT) :={Z € Pic(C x T) : deg(-L|cxyy) = 0}/praPic(T).

We have that Pg is a functor from Sch/, — 2Ab.
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If X and T are two schemes, define X (T") to be the set Morph(T, X') wich we will
call the set of T-valued points of X. When T' = Spec(K) for some field K, to give an
element of X (Spec(K)) is equivalent to giving a point x € X and an inclusion map
k(x) — K, where k(z) is the residue field of x.

Theorem 1.3.1. There exists an abelian variety Jo defined over k and a morphism
of functors v : PY — Jo such that o(T) : PX(T) — Jo(T) is an isomorphism whenever
CT) # 2.

Proof. See [29] Theorem III.1.6. O

We define J& to be the Jacobian variety of C. We can think of Js as parameter-
izing all degree 0 line bundles on C' modulo linear equivalence.

For every p € C, we have an inclusion «, : C'— J¢ given by ¢ — [¢ — p] (we can
think of this as a map C' — P2(k) where ¢ — Ocxc(A — C x {p} — {p} x C) and
A is the diagonal). Moreover, we get a divisor © := a,(C') + - - - + a,(C), where the
right hand side is a sum of g — 1 elements. The divisor © is called a theta divisor.

Theorem 1.3.2. (J¢,0) is a ppav. Moreover, if n : C' — A is a morphism from C
to any abelian variety A and p € C, then there is a unique homomorphismn : Jo — A
that makes the following diagram commute:

Proof. See [29] Theorem III.1.7. O

We note that © is only well defined up to translation; however, we will often abuse
this fact and speak of the theta divisor.

We have resorted to the functor of points of a scheme to construct the Jacobian va-
riety of a curve C. Theorem 1.3.1 essentially says that the functor PY is representable
by an abelian variety Jo. Yoneda’s Lemma assures us that a scheme is determined
by its functor of points and so J¢ is uniquely determined.

If £ = C, however, much more can be said. If w¢ is the canonical class of C it is
easy to see that H;(C,Z) injects into H°(w¢)Y the following way: if [y] € H(C,Z)
is the class of some closed curve v in C, then we define

bl Howe) = C
77'—>/77
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Since dim¢ H%(we) = g, we can see that Hy(C,Z) actually gives a lattice in H%(w¢)Y,
and so J := H%wc)Y/H1(C,Z) is a complex torus. The intersection pairing F :
H\(C,Z)x H\(C,Z) — Z can be shown to extend to all H(w¢)" as a non-degenerate
alternating form that satisfies E(iv,iw) = E(v,w), and so defines a positive definite
hermitian form H (v, w) := E(iv,w)+iFE (v, w) whose imaginary part takes on integer
values on H,(C,Z).

Theorem 1.3.3. The Jacobian of C is (analytically) isomorphic to J; moreover H
corresponds to the first Chern class of the divisor ©.

Proof. See [4], Proposition 11.1.2. O

Let f: C — C be a finite morphism between two projective non-singular curves.
Then f induces two natural morphisms

Nmf : JC—)Jé

Frida = Je

where Nm¢ (O, (> riz;)) = > rif(x;) and f* is just pullback of divisors. In partic-
ular, if C' = F is an elliptic curve, then since E ~ Jp we get a morphism £ — Jgo.
Therefore, if C' maps to an elliptic curve, then Jo contains an elliptic curve.

Vice versa, assume that there is an elliptic subgroup £ C Jo and let Z be its
abelian complement. By [31], the quotient abelian variety Jo/Z exists, and we get
an exact sequence of abelian groups

02— Jo—E=1Js/Z =0,

where E is isogenous to E. By composing the embedding oy, with the natural pro-
jection, we get a finite morphism C' — F, and by composing with an isogeny we
get a morphism C' — E. Therefore, the study of elliptic curves contained in a fixed
Jacobian of a smooth projective curve is equivalent to the study of elliptic coverings
by the same curve.

The Torelli Theorem says that the assignation C' ~~ (J¢, ©) gives an injective map
M, — A, for g > 1, where M, denotes the (coarse) moduli space of genus g curves
and A, denotes the (coarse) moduli space of dimension ¢ abelian varieties. In other
words, the Jacobian of a curve determines the curve. The famous Schottky Problem
asks what the locus M, C A, is; so far there has only been one complete solution
(see [23], [9] and [10]).

Before finishing this section, we explain the terminology theta divisor. Over the
complex numbers, we already saw that Jo is the quotient of C" by some full rank
lattice A, and we see that C™ is the universal covering space of J. Since (Jo, ©) is a
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ppav, O,.(0) has one global section (modulo multiplication by a non-zero constant)
which can be seen as a theta function 6 : C* — C. This is a holomorphic function
that satisfies

0(z 4+ \) = e2™ax@T)g )

for A € A, a) : C* — C linear and by € C. We can see the divisor ©, then, as the
projection of the zeros of 6 to A. See [4] and [11] for more information.



Chapter 2

Intersection theory

Here we briefly introduce some machinery from intersection theory that will allow
us to study divisor classes on abelian varieties. The most important result we will
need in this section is the characterization of the effective cone on abelian varieties.
The result says that for abelian varieties, the effective cone and the nef cone coincide;
this is a result of the Nakai-Moishezon Criterion. For more detailed information on
intersection theory and the Néron-Severi group see [14], [26] or [6].

2.1 Intersection numbers

Let X be a smooth irreducible projective variety over k of dimension n, let Div(X)
denote the group of (Weil) divisors of X and let Dy,..., D, € Div(X) be effective
irreducible divisors. Intuitively, since the intersection of a subvariety of X with a
divisor generally lowers the dimension by 1, it is natural to think that if the D; are
general enough, then Dy N ---N D, is finite. We would like to define an intersection
number (Dy -+ Dy)x = (Dy -+ D,) that counts these points and that can be extended
to all Div(X)®"; that is, we want to be able to give an intersection number for
Dy, ..., D,, even if these divisors don’t intersect properly.

The following is a list of desired properties we would want an intersection number

to possess. Let Dy,..., D, € Div(X) be any divisors.

15
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Desired properties

1. (Dy---D,) depends only on the linear equivalence class of the divisors.
2. (Dy---D,) is symmetric and multilinear.

3. If the D; are effective and they meet transversely, then

(Dy-++Dy) =#D; N -+-N D,.

4. 1f D, is effective and meets the other divisors properly, then
(Dy---Dy)x = (Dilp, - Dn-ilp,)D,,-

It is not hard to show that properties 1. — 3. characterize the intersection number
(assuming it exists).

Theorem 2.1.1. Let Dq,..., D, be Cartier divisors on X, let ¥ be a coherent sheaf
on X and let x(L) denote the Euler characteristic of a sheaf L. Then
X(F ® Ox(miDy + -+ -m,Dy,))

1s a polynomaial in myq,...,m, of degree less than or equal to the dimension of the
support of F.

Proof. See [6], Theorem 1.1. O
Definition 2.1.2. We define (D --- D,,)x as the coefficient of my ---m,, in

Theorem 2.1.3. The intersection number of n divisors as defined above satisfies all
the desired properties.

Proof. See [6], Chapter 1.

O

In a similar fashion, if V' C X is a subvariety of dimension s and D,..., D,

are divisors on X, then we can define the intersection number (Dy--- Dy - V) :=
(D1]v -+ Dgly). The most important case is when V' is a curve.
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Definition 2.1.4. We say that two divisors Dy, Dy are numerically equivalent and
we write Dy = Dy if (Dy - C) = (Dg - C) for every curve C' on X; this gives us
an equivalence relation on divisors on X that divides Div(X) into numerical classes.
Since intersection is symmetric, we will sometimes write (C'- D) instead of (D-C'). We
define the group N'(X) := Div(X)/ =. We say that a divisor D is nef if (D-C) >0
for every curve C.

Definition 2.1.5. Two divisors Dy, Dy are algebraically equivalent if there exists
a smooth curve C, a divisor T' € Div(C' x X) and two points a,b € C such that
Dy — Dy = T|(ayxx — T|gpyxx. This forms an equivalence relation =, on Div(X). It
is easy to see that =, extends to an equivalence relation on Pic(X). We define the
Néron-Severi group of X to be NS(X) := Div(X)/ =..

We observe that the intersection number of divisors only depends on the numerical
class of the divisors. Néron proved that NS(X) is a finitely generated abelian group
(see [33]). The following theorem, due to Matsusaka, shows the relation between
numerical and algebraic equivalence.

Theorem 2.1.6. Let X be a non-singular variety, and let Num(X) (resp. Alg(X))
be the group of divisors that are numerically (resp. algebraically) equivalent to zero.
Then Num(X)/Alg(X) is isomorphic to the torsion subgroup of NS(X).

Proof. See [28], Theorem 4. O

On abelian varieties, algebraic and numerical equivalence coincide for divisor
classes. This is a result of the following proposition:

Proposition 2.1.7. If A is an abelian variety, then NS(A) is torsion-free. In par-
ticular, N'(A) = NS(A).

Proof. See [31], point (v), pg. 71. O

Numerical classes can give us plenty information about the divisors that repre-
sent them. One application is the calculation of cohomology numbers for invertible
sheaves; this is the Riemann-Roch Theorem. Since in the following chapters we will
only use the Riemann-Roch Theorem for abelian varieties, we will only state it in this
context.
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Theorem 2.1.8 (Riemann-Roch for abelian varieties). Let A be an abelian va-
riety of dimension n, let D be a divisor on A and let x(D) := x(O4(D)) be its Euler
characteristic. Then

D?’l
) =2
X(D)? = deg ép.
Proof. See [31], p. 140. O

Another example of how numerical classes can describe the geometry of a divisor
is the astounding fact that ampleness can be characterized numerically; this is the
content of the Nakai-Moishezon Criterion:

Theorem 2.1.9 (Nakai-Moishezon Criterion). Let D be a divisor on a smooth
projective variety X. Then D is ample if and only if (D*-V) > 0 for every s-
dimensional subvariety V of X.

Proof. See [6], Theorem 1.22. O

In the case of abelian varieties, we can be much more explicit.

Theorem 2.1.10 (Nakai-Moishezon Criterion for abelian varieties). Let A be
an abelian variety of dimension n and let © be an ample divisor. Then a divisor D
on A is ample if and only if (D*-©"%) >0 for all i < n.

Proof. The only interesting part is to prove that if (D*-©"~") > 0 for all 7, then D is
ample. We see that if D satisfies this, then in particular (D™) > 0. By Mumford [31],
pg. 145, we have that H?(A, D) = 0 for all p # i(D) and H'P)(A, D) # 0, where i(D)
is the number of positive roots of the polynomial P(¢) defined by P(m) := x(mO+D).

By Riemann-Roch,
O+ D)
P — (MO £ D))
n!
and by our assumption on D, all the coefficients of this polynomial are positive.
Therefore (D) = 0, and so H(A, D) # 0. This means that D is linearly equivalent
to an effective divisor, and by Application 1 on page 57 of Mumford [31], we get that

D is ample. [l

Note that this particular case of the Nakai-Moishezon Criterion is not true in
general. For example, if 7 : BL,(P?) — P? is the blow up of P? at a point p, then it is
easy to see that the nef cone

{a € NS(BL(P*)) @ R : (o~ C) > 0 for all irreducible curves C' C BL,(IP?)}
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is generated over R by the classes of H = 7*Op2(1) and H — E, where E is the
exceptional divisor of 7. In particular, 2H — E is ample (it is in the interior of the
nef cone, see [26], Theorem 1.4.23). Moreover, ((2H —E)-H) = 2(H*)— (E-H) = 2,
(H?) =1, but H is not ample since (H - E) = 0.

Proposition 2.1.11. If A is an abelian variety of dimension n and D is a divisor on
A, then D is numerically equivalent to an effective divisor if and only if (D*-©"") > (
for1 <1 <n.

Proof. If D is numerically equivalent to an effective divisor, then clearly (D*-©"~%) > 0
for 1 < i < n, since we can find z1,...,z, € A such that D; + z¢,...,D; + z;,0 +
Zit1,-..,0 4 z, intersect properly, and translation preserves algebraic equivalence.
For the other direction, assume that this inequality holds for 1 < ¢ < n. Using the
Nakai-Moishezon Criterion with D + m© and O, we first observe that D + m©O is
ample for all m > 0, and so D is nef.

We will now proceed by induction on n to prove the proposition. We see that for
n = 1 the proof is trivial. We then assume that n > 1. If (D") > 0, then for the same
reasons as in the previous proof we have that HY(A, D) # 0, and so D is linearly
equivalent to an effective divisor.

If (D™) = 0, then K(D) = {z € A : t£:O4(D) ~ O4(D)} is not finite and
there exists a divisor D' on A/K(D)q such that D — 7*D’ is numerically trivial,
where m: A — A/K(D)y is the natural projection and K (D), denotes the connected
component of 0 in K (D). Since 7 is proper and surjective and 7* D’ is nef, we also have
that D’ is nef (this can be shown using the projection formula). By our induction
hypothesis, we have that D’ is numerically equivalent to an effective divisor, and
therefore 7* D’ = D is numerically equivalent to an effective divisor. U

Definition 2.1.12. Let (A, ©) be a ppav, and let t be the associated Rosati involu-
tion. Define

End*(A4) := {f € End(A) : ff = f},

the group of symmetric endomorphisms of A. Notice that this definition depends on
the polarization ©!

An interesting theorem we will use in the next chapter is the following:

Theorem 2.1.13. Let (A, ) be a polarized abelian variety. Then there is an iso-
morphism
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where a (bél(ba. In particular, if © is a principal polarization then Dg induces an
isomorphism between NS(A) and End’*(A).

Proof. See [31] p. 176. O

2.2 The Chow ring of a variety

For an irreducible variety X of dimension n defined over k, let Z°(X) be the free
abelian group generated by closed subvarieties of X of codimension s. Elements
in Z%(X) are called s-cycles. We define the group of algebraic cycles on X as
Z*(X) = @, Z°(X). We notice that any rational function f € k(X) defines a
cycle div(f) in the usual way, and if W C X is a subvariety of dimension s + 1 and
g € k(W), then div(g) can be seen as an s-cycle on X.

We will say that two s-cycles Z; and Zs are rationally equivalent if there exists a
subvariety W C X of dimension s + 1 and a rational function f € k(W) such that
Zy — Zy = div(f). The group of all s-cycles that are rationally equivalent to 0 form
a subgroup Rat®(X), and we define the Chow ring of X to be

CH*(X) = é CH*(X),

where CH*(X) := Z°(X)/Rat®(X). Using the intersection pairing described in [14],
CH"(X) becomes a ring with unit element [X]. An s-cycle W is algebraically equiva-
lent to zero if there exists a smooth curve C, a cycle T' € Z*(C x X) and two points
a,b € C such that Z = T|ts3xx — T'|pyxx- This forms an equivalence relation =,
on Z*(X). It is easy to see that if Z is rationally equivalent to zero, then it is alge-
braically equivalent to zero, and so algebraic equivalence can be defined on CH*(X).
We thus define the ring

A(X) == PA(X),

where °(X) = CH*(X)/ =,. One of the advantages of passing to algebraic equiva-
lence on an abelian variety is that cycles are algebraically invariant under translation;
that is, if W is a subvariety of an abelian variety A, then ¢} (V) is algebraically equiv-
alent to W.



Chapter 3

Divisor classes associated to
abelian subvarieties

As stated in the introduction, our goal is to obtain a characterization of abelian
subvarieties of a ppav (A, ©) in terms of intersection theory. In order to do this, we
must somehow assign a divisor class to each abelian subvariety. We will show that
this can be done canonically.

If D is a divisor on A, we define its degree (with respect to ©) to be deg D :=
(D -©"1). In the same way we define the degree of an algebraic class. The degree
of a curve C on A is defined analogously as deg C' := (C'- ©). We define the polarized
Néron-Severi group to be NS(A, ©) := NS(A)/Z[O)].

Notice that if © is taken to be a very ample divisor (and not principally polarized),
then the degree of a divisor coincides with the degree of p(D) in P (©)-1 where
p:A—> Ph’(©)-1 ig the embedding associated with ©.

If GG is a finitely generated free Z-module, we say that an element g € G is primitive
if g is not a non-trivial multiple of another element in G; that is, G/(g) is torsion-free.

3.1 Kani’s results in dimension 2
Let (A,©) be a principally polarized abelian surface, and let E C A be an elliptic

subgroup (that is, an abelian subvariety of dimension 1). Since E is, in particu-
lar, a codimension 1 subvariety of A, we can see it as a divisor on A. Kani’s first

21
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classification of elliptic curves on A distinguishes them among all divisors.
The proofs in this section are all found in [21]; we will provide proofs for the
general case in the following sections.

Proposition 3.1.1. Let D be a divisor on A. Then D = mE for some elliptic curve
E on A and m € Z if and only if (D?) = 0.

Every elliptic curve defines a numerical class [E] € NS(A), and Kani characterized
all classes that come from elliptic curves:

Theorem 3.1.2. The map E — [E] induces a one-to-one correspondence between
the set of elliptic subgroups of A and the set of primitive classes a € NS(A) such that
(a?) =0 and dega > 0.

Now consider the following quadratic form on NS(A):
a(a) = (a - O) - 2(a).

We notice in particular that if F is an elliptic subgroup on A, then ¢([E]) = (deg E)?.
Another observation is that ¢(a+ [0]) = ¢(«) for all v, and so ¢ actually descends to
a positive definite quadratic from on NS(A4, ©).

Another way of writing ¢ that will serve as inspiration for further generalizations
is

where of = 2a — (deg a)[O)].

Theorem 3.1.3. For any positive integer d € N, the map E — [E] induces a bijec-
tion between

1. the set of elliptic subgroups E < A with deg F = d, and

2. the set of primitive classes o € NS(A, ©) with q(a) = k.

This theorem not only gives us a characterization of elliptic curves on A, but lets
us distinguish elliptic curves by their degrees. This will come in handy when we do
calculations on the moduli space A,,.
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3.2 Elliptic subgroups in arbitrary dimension

Let (A, ©) be a polarized abelian variety of dimension n, and let £ < A be an elliptic
subgroup of A. We wish to generalize Kani’s results to higher dimension, but we
already face the problem of dimension: an elliptic curve can no longer be seen as a di-
visor. However, Theorem 1.2.2 says that we can canonically associate to E an abelian
subvariety Z of codimension 1 called its abelian complement. The obvious choice of a
divisor class associated to E then is the class of its abelian complement. This section
will be concerned with the classification of abelian subvarieties of codimension 1.

Definition 3.2.1. An abelian divisor is an abelian subvariety of codimension 1 on
A, seen as a prime Weil divisor.

We would like to characterize abelian divisors by their numerical classes. We first
characterize them among all prime divisors.

Proposition 3.2.2. Let X be a prime divisor on an abelian variety A of dimension
n. Then X is the translation of an abelian divisor if and only if [X]> = 0 in A*(A).

Proof. If X is the translation of an abelian divisor and z € X | let 2 ¢ X —z :=t_,(X).
Then X N (X + 2) = @, and so in particular [X]? = 0. Conversely, assume that X is
a prime divisor and (X?-©"~2) = 0. By translating, we can assume that X contains
0. We see that if x € X, then 0 € X N (X — z), and therefore, if X N (X —x) # X,
this would be a subvariety of A of codimension 2 and hence (X? - ©"72) > 0, a
contradiction. This implies that X = X — z. Similarly, we see that for x,y € X,
X—-—(z+y =(X—2)—y=X—y =X, and we therefore conclude that X is a
group. Since we can see X as an irreducible subvariety of A, we obtain that it is an
abelian subvariety of codimension 1. 0

An easy corollary to the proposition is the following;:

Corollary 3.2.3. An abelian variety A is isogenous to the product of elliptic curves
if and only if there exists a strictly increasing chain of irreducible subvarieties X1 C
Xo C oo C X1 such that dim X; =7 and

(X2 Xi -0 =0.

We see that abelian divisors correspond to certain elements a € NS(A) such that
a? = 0. The question we would like to answer is: How can we characterize abelian
divisors among all such elements?
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Proposition 3.2.4. If X is an effective divisor, then X = mY for some abelian
divisor Y and some m € Z if and only if [X]* = 0 in A*(A) (and this occurs if and
only if (X?-0"2)=0).

Proof. Assume that [X]?> = 0 and X # 0. Write X = Y m,;F;, where the F; are
irreducible codimension 1 subvarieties of A and m; > 0. We have that

0= (X2 . @niQ) = Zmlmj(Fz : Fj : @7172) Z 0.

ihj

In particular, (F? - ©"2) = 0, and so by Corollary 3.2.3 we have that each F; is the
translate of an abelian divisor. Since we can move all the F; inside their numerical
equivalence classes, assume that all are abelian subvarieties. If F; and Fj are differ-
ent, for instance, we have that (F; N F})o is an abelian subvariety of codimension 2.
However, this contradicts the fact that (F; - F; - ©"2?) = 0. Therefore we must have
that all the F; are the same, and the result follows. O

Notice that Proposition 2.1.11 guarantees that if X is a divisor that satisfies
[X]? =0 in 2A*(A), then either X or —X is effective.

Lemma 3.2.5. The class of an abelian divisor is primitive.

Proof. Let X be an abelian divisor, and assume that X = mD for some divisor D
such that [D] is primitive. Suppose that m > 0; if not, then we replace D by —D.
Since X is effective and m > 0, by the previous proposition we can assume that D
is effective. Now using the same proposition, we see that D = Y for some abelian
divisor Y, and so X = mY. However, we then see that [X-Y] = 0in 2*(A), and using
the argument used in the proof of Proposition 3.2.4, we get that Y = X. Therefore
(m—1)X =0, and so m = 1. O

Remark 3.2.6. Another way of proving this lemma in characteristic 0 is using the
following criterion: The class of a divisor D is primitive if and only if A[m] € K(D)
for some m € Z (where A[m| denotes the group of m-torsion points of A). If D is an
abelian divisor, then by cardinality A[m] € K (D) = D for all m.

Using this lemma and Proposition 3.2.4, we get:

Corollary 3.2.7. A class « € NS(A) comes from an abelian divisor if and only if it
is effective, primitive and o = 0 in A*(A).
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With all we have said so far, we can prove our first main result:

Theorem 3.2.8. Let A be an abelian variety of dimension n. Then the map X —
[X] induces a bijective correspondence between abelian divisors on A and primitive
elements o € NS(A) that satisfy o® =0 in A*(A) and dega > 0.

Proof. Injectivity was already proven. To show surjectivity, let a be a primitive class
that satisfies (- ©"71) > 0 and o = 0. Proposition 2.1.11 says that « is effective,
and so Corollary 3.2.7 assures us that « comes from an abelian divisor. 0

3.2.1 Homogeneous forms on NS(A)

We now wish to mimic Kani’s characterization of elliptic curves on abelian surfaces
using homogeneous forms on NS(A, ©).
Let § : NS(A) — NS(A) denote the endomorphism

ar of = (0" a — (dega)[O].

We define the homogeneous polynomials

1

a) i =——— ((af) - O
(@) i= gy (0 €7

for 2 < r < n; for n = 2 we have that ¢y is precisely the quadratic form introduced
by Kani.
By expanding the right hand side, we have that

@) = (1) (o) + 20 (1) (@021 doga) e €71

Lemma 3.2.9. If [O©] is primitive in NS(A) and o € NS(A), then q.(a) < 0 for all
r=2,...,n if and only if « € Z[O)].

Proof. 1t is clearly seen that ¢,.([0]) = 0. Conversely, if ¢,(a) < 0, then we would
have that ((af)" - ©"~") > 0 for all 7 (and by the definition of of, dega® = 0), so by
Proposition 2.1.11 we have that o = [D], where D is an effective divisor on A. But
if D 2 0, then deg D > 0, a contradiction. Therefore of = 0, and so (O")a € Z[O)].
Since [©)] is primitive, we obtain that o € Z[©)]. O
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Remark 3.2.10. We observe that if & € NS(A) satisfies o = 0 in 2A*(A), then

¢r(@) = (=1)"(deg @)’

for all r.

Remark 3.2.11. It is easy to see that the forms ¢, descend to forms on NS(A4, 0). In
dimension 3, the previous lemma shows that ¢y is positive definite on NS(A, ©). In-
deed, if g2(a) < 0 and g3() < 0, then Lemma 3.2.9 says that a € Z[O]. If ¢2(a) <0
and g3(a) > 0, then ¢2(—a) < 0 and g3(—a) < 0, and we have the same situation.

Lemma 3.2.12. If X is an abelian divisor on A, then deg X = (n—1)I(E-©), where
E is the abelian complement of X in A.

Proof. Set d := (© - E); in other words, O restricted to E is a divisor of degree d.
Using Riemann-Roch and the fact that K(O|x) ~ X N E ~ K(O|g) and x(O]|x)? =
|K(©]x)|, we have that

deg X = (X -0"71) = ((0]x)""") = (n = Dx(Olx) = (n — Y!x(O]5) = (n — 1)\d.
U

The next three lemmas are technical in nature and will be used in the proof of
our main theorem. The first of the three is elementary and well-known.

Lemma 3.2.13. If m € Z\{%1} and n € Z~o, then m"~ | n! if and only if m = +2
and n is a power of 2.

Proof. We will prove this for a prime number p that divides m. If p is a prime

number such that p"~! | n!, then Legendre’s formula for the highest power of a prime
appearing in n! says that

cerelgo g

for [ = |log,(n)]. If S denotes the right hand side of the inequality, we have that

1 1 1 1—4
SSn(—+—2+-~+—l):n v .
P P j4 p—1
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This is obviously less than or equal to #, and since n — 1 < S, we get that p
is necessarily 2. Replacing p = 2 above and clearing the equations, we arrive at
n < 28 = 2Uee2(] I 5 is not a multiple of 2, then this is impossible. Therefore we

conclude that n = 2* for some k and p = 2. O

Lemma 3.2.14. Let (A,0) be a ppav. Then the class of an abelian divisor in
NS(A, ©) is primitive.

Proof. Let X be an abelian divisor on A, and assume that X = mD + s© for some
divisor D and m,s € Z. We can also assume that s # 0 and actually (m,s) = 1,
since X is primitive in NS(A). Moreover, after changing D with — D if necessary, we
can assume that m > 0. We get the following formula:

m"(D"- 0" ") = (X —s0) -0"") = (—s) ! (rdeg X — s(O"))
for 1 <7 < n. Assume that (D") # 0 and (D" - ©) # 0. We see that
(D 8) = (=) 2(n — 1) deg X — 5(67)

and
m™"(D") = (—s)" *(ndeg X — s(O")).

This means that m"™! | (n — 1)deg X — s(©") and m™ | ndeg X — s(O"), and so
m"™ ! | deg X. But then m™™! | 5(©") and so m"~! | n!l, since (©") = n! in this case.
By Lemma 3.2.13 we conclude that n = 2* for some k and m = 2. In this case, we
have that 2" | nl(d — s), where deg X = d(n — 1)!. If d is even, then d — s is odd and
so 2" | n!. Based on the previous lemma, it is easy to see that this is impossible. If d
is odd, then

21| (= Dl(n—1)d — sn) = (28 = DI((2F - 1)d — s25),

and since (2F —1)d—s2* is odd, we have that 2"~! | (n—1)!, a contradiction. Therefore
we must have that m = 1.

If (D") = 0, then degX = (n — 1)!s and (D"'-©) # 0. Therefore, m"™! |
(n—1)(n —1)!ls — sn!, and so m"~! | (n — 1)!. Thus m = 1. If (D"™' - ©) = 0, then
(n—1)deg X = snl. Let deg X = d(n — 1)!. Then m" | n!(d — s), and since d =
we get that

m" | nl (nsfl - s) = s(n2(n —2)! — n!) = s(n — 2)ln.

Therefore, if p is a prime that divides m, we have that either p" | (n — 2)!, which is
impossible based on what we have said above, or p" | n which is even more ridiculous.
We conclude that m = 1, and so [X] is primitive in NS(A4, ©). O
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We observe that this is no longer true when © is not a principal polarization. For
instance, take A = E; X Fy and © = {0} x Ey + 2(E; x {0}) where E; and Fy are
elliptic curves. Putting X = {0} x Es, we get that X = —2(F; x {0}) + ©, and so
is not primitive in NS(A, ©). This gives a counterexample to Theorem 3.2 of Kani [21].

Lemma 3.2.15. Take o € NS(A,0) and let d,k € Z be such that k is positive,
dega =d and g.(a) = (=1)"k" forr =2,....,n. Thend—k =0 (mod n!).

Proof. Let x, :=n!""!(a” - ©"7"). Tt is easy to see, using the definition of ¢,, that

2y = (r — 1)(=1)"(d" — k") + mzj? (;) (—1)r—mHgr=my

By using induction, it is first easy to prove that

vy =d — Z (?) (=) — 1)d K

=2

Using this expression, again by induction we arrive at the following expression for the
general term:

z, = (d— k)" Hd+ (r—1)k).

We can replace a by a + m© for m € Z and assume that d > 0; we further assume
that d # k. This shows in particular that (" - ©"~") # 0 for all 7.

Assume that n > 2 (the case n = 2 is trivial). Let p be a prime such that p® | n!
with s € Z-o maximal and let ¢ be the largest integer such that p | d — k. We wish to
prove that t > s. Assume the contrary; that is, assume that ¢ < s. We then have that
ptD=D | d 4 (r — 1)k for every . Then p*=9"=2) | k and therefore p*=9(=2) | 4.
In particular, p&=9"=2 | d — k, and so (s —t)(n —2) <t < 5. But then s > n — 1,
and so by Lemma 3.2.13 necessarily p = 2 and n is a power of 2. This means that
for every odd prime that divides n!, the same prime divides d — k with the same or
greater power. We have now reduced the proof to showing that the same is also true
when p = 2.

With p = 2, we have that s =n — 1, and so (n — 1 —¢)(n — 2) < n — 1. After
rearranging, we have that t >n — 1 — Z—:;, andsot>n—1=s. U

We can now state and prove our second main theorem.

Theorem 3.2.16. Let (A, ©) be a ppav of dimension n and let d > 0. Then the map
X — [X] induces a bijection between
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1. abelian divisors of degree d

2. primitive numerical classes [a] € NS(A, ©) that satisfy q-(a) = (—1)"d" for all
r=2,...,n.

Proof. First we will prove injectivity. If [X] = [Y] in NS(A,0), then X =Y + m©O
for some m € Z. By squaring and then intersecting with ©" 72, we get that

m(2degY +mn!) = 0
m(—2deg X +mn!) = 0

But this is only possible if m = 0, since deg X and deg Y are positive.
For surjectivity, first let [o] € NS(A,©) be a primitive class such that ¢,(a) =
(—1)"d". By Lemma 3.2.15, we get that dega — d = 0 (mod n!), and we define

dega — d
Bi=a-— —'[9]
n!
Since « is primitive in NS(A,©), it is trivial to see that § is primitive in NS(A).
Moreover, ¢.(5) = ¢,(a) and deg S = d. This means that (" - ©"") = 0 for all
2 < r < mn, and so by Theorem 3.2.8, 3, and thus «, comes from an abelian divisor.
O

Corollary 3.2.17. There is a bijection between

1. elliptic curves of degree d on A

2. primitive numerical classes [o] € NS(A, ©) that satisfy ¢-(o) = (—=1)"(n—1)!"d"
forallr=2,... n.

It may seem that the forms ¢, for » > 3 are extraneous, especially since Kani’s
characterization of elliptic curves on an abelian surface is by means of a single
quadratic form. However, all the forms ¢, are needed for this characterization. For
example, if A = F; x Ey X Ej for elliptic curves E; and O is the product polarization,
let

D1 = {0} X E2 X E3

D2 = El X {O} X E3
D3 = E1 X EQ X {O}

For k € Z+o, let o := —kDy + k(k + 1)Dy + (k + 1)D3. We have that degay =
(k+1)2 =k, (o -0)=0and (a3) = —k?(k + 1)2. We see that oy, is primitive and
q2(a) is a square, but aj; does not come from an abelian divisor (since (a;) # 0).
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This shows that the form ¢3 is indispensable here. Similar examples can be found in
higher dimension.

In the case that © is not a principal polarization we cannot be as explicit as in
Theorem 3.2.16, but something can be said. One of the main obstructions to obtain-
ing a similar theorem in the non-principally polarized case is the fact that abelian
divisors are not necessarily primitive in NS(A, ©). Nonetheless, we can still use the
forms ¢, to find abelian divisors.

Proposition 3.2.18. Let (A,0) be a polarized abelian variety of dimension n. If
l[a] € NS(A,0) and d € Zso such that dega = d (mod (O")) and q.(a) = (—1)"d"
forr <n, then a« = m[X] for some abelian divisor X on A and some m € Z.

Proof. Take = a— de(g@ﬁ;d[@] € NS(A). We see that deg 5 = d and ¢,(8) = (=1)"d"
for r < mn, and so (8" - ©"") =0 for r > 2. Since deg 8 > 0, Proposition 2.1.11 says
that [ is effective and Proposition 3.2.4 says that (8 is algebraically equivalent to a

multiple of an abelian divisor. 0J

We say that a polarized abelian variety (A, ©) represents the vector (ds, ..., d,) €
Z" 1 if there exists a class a € NS(A) (or equivalently in NS(A,©)) such that
¢r(a) = d.. We say that it primitively represents the same vector if there is a primi-
tive class that satisfies the same equation.

Proposition 3.2.19. Let (A, 0) be a ppav of dimension n. Then (A, ©) is isomor-
phic to a product abelian variety (E X Y, pri(0) 4+ prs©sy) for E an elliptic curve and
(Y,05) an n—1 dimensional polarized abelian variety if and only if (A, ©) represents

the vector ((—1)"(n — 1)!")"_,. This is equivalent to the existence of an elliptic curve
E in A with (© - E) = 1.

Proof. 1f A splits in the way that is stated, then (© - (F x {0})) = 1, and so
Lemma 3.2.12 says that the abelian complement of E x {0} has degree (n — 1)!.

For the other direction, we will first show that if ¢,.(«) satisfies the equation
above, then o must be primitive. If « = mf for some primitive § (we can assume
m positive), then ¢2(8) = ((n — 1)!/m)?, and so m | (n — 1)!. But then ¢,.(8) =
(=1)"((n—1)!/m)", and so by Theorem 3.2.16 there exists an abelian divisor Y on A
with degY = (n — 1)!/m. If m > 1, this contradicts Lemma 3.2.12.

Now assume that ¢.(a) = ((—=1)"((n—1)!1)")"_,. Since « is primitive, there exists an
abelian divisor X of degree (n—1)! such that [X] = [a] in NS(A, ©). By Lemma 3.2.12,
the abelian complement of X is an elliptic curve E with (© - F) = 1. Now

(-X)-0"")=Mn-r)(n—-1)! >0,
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and by Proposition 2.1.11 © — X = D for some effective divisor D. This implies that
(©—X)-FE)>0,and so 1 —(X-FE) > 0. But then E intersects X in only one point,
and so the addition map £ x X — A is an isomorphism of varieties.

Since (D-E) = 0, if we see D as a divisor on E'x X, this means that Op, x (D)|px {2
is trivial for every z € X. By the Seesaw Theorem, we get that Op.x(D) ~
prsOx(0s) for some divisor O on X. Summing everything up, we get that ©, seen
as a divisor on the product, is numerically equivalent to prj(0) 4 pr;(©Os). O

As a corollary, we obtain a nice geometric result in dimension 3.

Corollary 3.2.20. A ppav (A, ©) € A3 is not the Jacobian of a curve if and only if
(qo, q3) represents (4, —8).

Proof. 1t is known that a principally polarized abelian 3-fold (A, ©) is the Jacobian
of some curve if and only if it is indecomposable. Therefore, by Proposition 3.2.19,
(A, ©) is not the Jacobian of a curve if and only if it represents (4, —8). O

Assume now that (Je, O¢) is the Jacobian of a curve C. A minimal elliptic cover
is a finite morphism f : C' — E to an elliptic curve F that does not factor through
any other elliptic curve non-trivially. Two covers f : C — E and f' : C — E’ are
isomorphic if there is an isomorphism ¢ : £ — E’ such that ¢ o f = f’. Kani [21]
gives the following classification:

Proposition 3.2.21. The map f — f*E gives a 1-1 correspondence between the set
of isomorphism classes of minimal elliptic covers f : C' — E of degree k and elliptic
subgroups E < Jo with (E - ©¢) = k.

Translating this to our language, we get:

Proposition 3.2.22. Let C' be a curve of genus g, and let Jo be its Jacobian. Then
there is a bijective correspondence between the following sets:

1. Isomorphism classes of minimal elliptic covers C — E of degree k.
2. Elliptic subgroups E < Jo such that (E - ©¢) = k.
3. Primitive elements o € NS(Jo, ©¢) such that ¢, (a) = (—=1)"(g — D)I"E".

Corollary 3.2.23. A 3-dimensional ppav (A, ©) is the Jacobian of a genus 3 curve
and splits isogenously as the product of elliptic curves if and only if (g, qs) does
not represent (4, —8) but there exist two distinct primitive elements in NS(A, ©) that
represent vectors of the form (d*, —d®) for d > 2.
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3.3 The general case

The results of the previous section are substantial, but one is left unsatisfied. The
natural question is the following: Does a similar characterization exist for all abelian
subvarieties of A? The obvious problem is that the abelian complement of a u-
dimensional abelian subvariety X is no longer a divisor if u > 2, so using the above
technique is out of the question. We do have a useful tool at our disposal, however:
norm endomorphisms.

Let (A, ©) be a ppav. Recall that to each abelian subvariety X of A we can asso-
ciate a symmetric endomorphism Ny that satisfies the properties of Proposition 1.2.4.

Now comes the crucial observation that permits a generalization of the previous
section:

Key Fact: Since Nx is a symmetric endomorphism, by Theorem 2.1.13 there exists
a numerical class ax € NS(A) such that Nx = ¢a,.

This is our first beacon of hope in the quest to characterize abelian subvarieties
by numerical classes.

Theorem 3.3.1. If f € End(A), then there exists a unique monic polynomial Ps(t) €
Z[t] of degree 2n such that for every m € Z, Pr(m) = deg(f —m).

Proof. See [29], Theorem 10.9. O

We note that when k& = C, Py(t) is the characteristic polynomial of the rational
representation of f. For a general field, if p # char(k), then Py(t) is the characteristic
polynomial of the action of f on

VA = (TPA) Xz, Q= (liinA[pl]) Xz, Qp,

where A[p'] denotes the group of p'-torsion points of A, Z, denotes the ring of p-adic
integers and @, is the field of p-adic numbers (see [29]). Moreover, V, is a vector
space of dimension 2n over Q,.

By Proposition 1.2.4, if X < A is a non-trivial abelian subvariety of exponent ey,
then N3 = ex Ny, and so the only eigenvalues Nx can have on (7,4) ® Q, are 0 and
ex. This means that

Px(t) := Py, (t) =t*"7"(t — ex)"

for some positive integer r.
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Proposition 3.3.2. If X < A is an abelian subvariety of dimension u and exponent

ex, then
Px(t) — t2n_2u(t . Gx)Qu.

Proof. Let Y be the abelian complement of X in A (defined by ©). We have the
following commutative diagram:
(Nx,Ny)

A X xY

Nxt lg
(NX7NY)

A———X XY

where g = ( 6X(1)dX 8 ) Now (Nx, Ny) is an isogeny, and

- idy 0O
Nx = (Nx, Ny) 1(6X5X 0)(NX,NY>

lies in Endg(A). In particular,

idx 0
tr(Nx) :tr< €XE) X 0 ) :

where tr denotes the trace function on End(A) — End(V,). Let p be a prime such
that p # char(k) and such that Alp) N X NY = {0} (p exists since X NY is finite).
In this case, A[p] ~ X|[p| ® Y|[p|, and so

VA= (26 T,Y) 0, Q= V26 Y.

It is then obvious that g acts on V,A as ( exé)dX 8 ), and so

tl"(Nx) = tr < eX(l)dX 8 ) = 2U6X

(since dimg, (1,Z)®z,Q, = 2u). Note that this argument was taken from [4] Corollary
4.3.10.
From our previous discussion, we have that

Py(t) = 7 (1 — ex ) = mZ (1) cexmen,

Moreover, we have that tr(Nx) is precisely —1 times the coefficient of **~1. Putting
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everything together, we get
r
2uex = tr(Nx) = ex <1> =exr

and so r = 2u. O

Corollary 3.3.3. For all m € Z, we have that deg(Nx — m) = m**~2(m — ex)*".

Let ax be the divisor class associated to X and let Dx be any divisor in the class
of ax. We see that

x(m® — Dx)* = deg(moe — ¢p,) = deg(m — qﬁélqﬁDX) = deg(m — Nx)

= deg(Nx —m) = m* 2(m — ex)*".

Since m©® — Dy is ample for m > 0, we get that
X(mO® — Dx) =m""(m —ex)"

for m > 0. The Riemman-Roch Theorem (Theorem 2.1.8) then says that
n—u u 1 n
m" " (m — ex) :ﬁ((m@_DX) )

for m > 0, and since both sides are polynomials, we get this equality for all m € Z.
After expanding both sides, we get that

> (M) exymr = o S s

s=0 r=0

Theorem 3.3.4. Let X < A be an abelian subvariety of dimension u and exponent
d, and let ax be the unique numerical class such that Nx = ¢o, . Then

r anery _ (n—r)!r!(ﬁ)d” 1<r<u
(@ - © )_{0 ut+1<r<n

Reciprocally, if o is a primitive class that has these same intersection numbers for
certain positive integers d and w, then there exists an abelian subvariety X < A
of dimension u and exponent d such that a = ax. Moreover, if Y is the abelian
complement of X in A, in the Chow ring modulo algebraic equivalence A*(A) we have

the equality
uld”

\/meY\[Y]'

lax]" =
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Before proving the theorem we prove a lemma.

Lemma 3.3.5. Let ¢ € End’(A) be a symmetric endomorphism with characteristic
polynomial of the form x4(t) = t*"72“(t — d)**. Then the minimal polynomial of ¢ is
My(t) =t(t —d).

Proof. Let Q[¢] be the (commutative) subalgebra of Endg(A) generated by 1 and ¢,
and let T; € End(Q[¢]) be multiplication by ¢. We know that H : (f,g) — Tr(fg")
is a positive definite symmetric bilinear form, and we see that for all f, g € Q[¢]

H(Ty(f),9) = Te(ofg") = Te(fg'o") = Te(f(09)") = H(f, Ty(9)),

and so T} is self-adjoint with respect to H. In particular, Ty is diagonalizable on
Rl¢] = Q[¢] ® R, and so its minimum polynomial splits as the product of distinct

linear factors:
I8

M, (t) =T [t = N)
i=1
where r = dimg Q[¢] and \; € R. Evaluating in Ty(1), we get that

T

0=]](¢— Aid).

i=1

Therefore the minimal polynomial of ¢ divides Mr,, and by our hypothesis on the
characteristic polynomial of ¢, we have that M,(t) must be ¢(t — d). O

Proof of Theorem 3.3.4. From what we have already said, we see that any ay coming
from an abelian subvariety of dimension u and exponent d has these intersection
numbers. Now let o be a primitive class that has the intersection numbers above.
By our previous analysis, we have that P (t) = t*"72“(t — d)*. Since ¢, is a
symmetric endomorphism, by the previous lemma we get that ¢2 = d¢,. Moreover
¢, 1s primitive since « is, and so by Proposition 1.2.4 we get that ¢, = NIm( bo)”

Since (ker ¢ny)o = Y (the connected component of ker¢,, containing 0), we
have that there exists a line bundle Ly on A/Y such that the numerical class of
Lx = pg‘,I:X is acy, where py : A — A/Y is the natural projection. Moreover,

h°(A, Lx) = h°(A/Y, Lx) > 0

(since Ly is effective). We see that if we intersect the numerical class of Lx u times
(as algebraic cycles), then we obtain a finite number of points. Since any two points
are algebraically equivalent on an abelian variety, we have that a% = myp}-[{0}] for
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some integer my > 0 in the Chow ring of A. Now, pj [{0}] = [Y], and so we get that
ay = my[Y]

for some integer Y.
We get that

(n —w)Puld® = (a% - 0" ") = mi (O *)? =mi(n —u)?|X NY],

=l L
and so my = ul Jxevl O
In particular, the previous proposition implies that the classes ax are nilpotent
in A*(A). It would be interesting to characterize all classes that come from abelian
subvarieties among all nilpotent elements of 2A*(A) that lie in NS(A).

Corollary 3.3.6. If A and B are two abelian varieties of dimension n such that
there exists an isomorphism between NS(A) and NS(B) that preserves the intersec-
tion pairing, then there is a bijection between abelian subvarieties of A and abelian
subvarieties of B that preserves dimension and exponents.

Example 3.3.7. We have that a = 0 and ay = [O].

Example 3.3.8. Let E be an elliptic subgroup of A. Then (af - ©"") = 0 for all
r > 2 and so by Theorem 3.2.8 ap = [Z] for some abelian divisor Z < A. By com-

paring the kernels of Ng and ¢z, we obtain that Z is the abelian complement of
in A.

In general if X and Y are complementary abelian subvarieties then by Proposi-
tion 1.2.5 they have the same exponent d, and Nx + Ny = dId. Translating this to
divisor classes, we get:

Proposition 3.3.9. Let X and Y be complementary abelian subvarieties of A. Then

ax = d[@] — Qy.

In particular, [ax] = —[ay] in NS(A, ©) and so the natural function between abelian
subvarieties of dimension u and abelian subvarieties of codimension u can be seen as
the inverse homomorphism.
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3.3.1 Characterization using ¢,

Let w and r be integers such that 1 < u < n and 2 <r <n. We define the number

min{r,u} 7\ (u
f(u,r) — 1 Z (m)(m)

™ (=1 ((n — 1)),

Lemma 3.3.10. Let X < A be an abelian subvariety of exponent d, and let ax be
its corresponding numerical class. Then

QT<aX) = f(uv T)dr>
where q, is the homogeneous form defined in Section 3.2.1.

Proof. By expanding ¢,, we see that if & € NS(A), then

@) = (1) (ega) + 5 3 (a1 doga) a0

m=2

If we evaluate ay above and use the intersection numbers from Theorem 3.3.4, we
get the expression we seek. 0

Corollary 3.3.11. f(u,r) = (=1)"f(n —u,r).

Proof. This follows immediately from the previous lemma and from Proposition 3.3.9.
O

Lemma 3.3.12. Let o be a primitive numerical class in NS(A) such that
dega = (n—1)lud

foru,d € Z~o, and assume that g.(«) = f(u,r)d" for 2 <r <n. Then a comes from
an abelian subvariety of A of dimension u and exponent d.

Proof. We will proceed by induction on r to show that under the hypotheses of the
lemma, we obtain the same intersection numbers as Theorem 3.3.4 for «.
For r = 2, we get that

@(a) = (n — D2d? —nl(a? - 0"72)

and
Fu,2)d® = (n — 1)ud® — 2n) (g) (n — 2)Id2.
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This implies that (a2 - ©"72) = 2(n — 2)!(})d?, the same as in Theorem 3.3.4. For
2 < r < u, we assume that the induction hypothesis is true for all m < r. Therefore
we have

(@) = (~1)(n —ll)vurdf
Ll (r) (u)n!M (n— )" (1 — )l (— 1y

r—1 m/) \m
m=2

n!rfl

_ .o

(@ )

dn!™ ! (u n!r—1
— dr o Il — T Qn-r

i+ T (=t - P00

Since we are assuming that ¢.(«) = f(u,r)d", we get that

(@"-0"") = (n—7)lr! (7;) J.

When r > w4+ 1, a similar argument shows that (a” - ©"") = 0, and so by Theo-
rem 3.3.4, a comes from an abelian subvariety of dimension u and exponent d. [l

Lemma 3.3.13. The map that takes an abelian subvariety X to its class [ax]| €
NS(A, ©) is injective.

Proof. We already saw that the map that takes X to ax € NS(A) is injective. Assume
then that there exists m € Z such that ax = ay + m[O] for some abelian subvariety
Y of exponent e in A. Moreover, by switching X and Y if needed, we may assume
that m is negative. We then have the equality

NX = Ny + mld.
In particular, since N% = dNx where d is the exponent of X, we get that
NE +2mNy +m?*Id = dNx = dNy + dmld.

Therefore N& + (2m — d)Ny + (m? — dm)Id = 0. This implies that the minimal
polynomial of Ny, which is My (t) = t* — et divides t> + (2m — d)t +m? — dm. Since
m is negative, m # d and so m must be 0. Therefore X =Y. 0

Lemma 3.3.14. If X is an abelian subvariety of A, then [ax] is primitive in NS(A, ©).

Proof. If X is a trivial subvariety, then the result is trivial (we will think of 0 as a
primitive element). Assume then that X is non-trivial and assume that there exists
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a class € NS(A) and integers m, s € Z such that ax = s8 + mO, where s # +1.
Therefore we have Nx = s¢g + mld. We can also assume that ged(s, m) = 1, since a
norm endomorphism is primitive.

Let U be the connected component of ker Nx. This is an abelian subvariety of
positive dimension, and the restriction of s¢g to U is equal to —mld. Therefore if
x € Ul[s] (the s-torsion points of U), we get that

0 = ¢s(sx) = spp(x) = —ma,
and so U[s| C U[m]. This means that ged(s, m) # 1, a contradiction. O

We finally come to our main theorem which is a vast generalization of Theo-
rem 3.2.16.

Theorem 3.3.15. Let (A, O) be a ppav of dimension n. Then the map X — [ax]
mduces a bijection between

1. abelian subvarieties of dimension u and exponent d

2. primitive numerical classes [a] € NS(A, ©) that satisfy deg o = (n—1)lud (mod n!)
and q.(a) = f(u,r)d" forallr =2,... n.

For uw =1, the condition dega = (n — 1)lud (mod n!) may be dropped.

Proof. We already saw that abelian subvarieties induce such classes, and that this
map is injective. Assume now that [a] € NS(A, ©) is a class that satisfies the above,

and let
(n — 1)lud — deg(«)

B :=a-+ - [O©] € NS(A).
Then degf = (n — 1)lud and ¢,(8) = ¢,(a) = f(u,r)d". By Lemma 3.3.12, we get
that 8 comes from an abelian subvariety of dimension u and exponent d. O

Corollary 3.3.16. We have a decomposition (A,0) ~ (X,0x)x (Y, Oy) for (X,0x)
and (Y, Oy) ppavs if and only if there is a primitive class [a] € NS(A,©) such that
dega = (n— 1)lu (mod n!) and q.(a) = f(u,r) for 2 <r <n and a certain u < n.

Proof. Tf (A,0) ~ (X,0x) x (Y, Oy) for certain ppavs, then X and Y can be seen as
abelian subvarieties of A of exponent 1, and so ay (resp. ay) give classes ax (resp.
ay) such that ¢.(ax) = f(dim X, r) (resp. ¢.(ay) = f(dimY,r)).

Reciprocally, assume that « is a primitive class such that deg o = (n—1)!ud (mod n!)
and ¢.(a) = f(u,r). This implies that it comes from an abelian subvariety X of
exponent 1 and dimension wu; this can only mean that (A, ©) splits as a product
(X,0x) x (Y,0y) for some abelian subvariety Y of exponent 1. O
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Unfortunately, we have been unable to prove that the condition dega = (n —
Dlud (mod n!) is redundant for u > 2. It seems plausible that it can be dropped,
especially after seeing the case u = 1. We therefore leave this as a conjecture.

Conjecture 3.3.17. There is a bijection between abelian subvarieties of dimension
u on A with exponent d and primitive numerical classes [a] € NS(A, ©) that satisfy

qr-(a) = fu,r)d"

for2 <r <mn, given by X — [ax].

This would follow from the following (seemingly elementary) statement:

Conjecture 3.3.18. Let d,l,u,n € N such that 1 < u <n and

T

-3 (;)f(% m)d" ™" =0 (mod n!" ")

m=2

for all2 <r <n. Then d = (n — 1)lul(mod n!).

The proof that Conjecture 3.3.17 follows from this statement is very similar to
the proof of Lemma 3.2.15. This conjecture is easy to prove by hand for n < 4, and
so Conjecture 3.3.17 is true for n < 4.

3.4 Projective varieties associated to (A, O)

Since the forms ¢, are homogeneous on NS(A,©), one is tempted to look at the
projective varieties they define. Because of our failure to prove Conjecture 3.3.17 for
u > 2 and our success at proving it for u = 1, we will concentrate on the elliptic curve

case. Let p be the rank of NS(A) and fix a basis of NS(A, ©); we define the elliptic
variety associated to (A, ©):

Eo =E := ﬂ{[m tx,q] € IP’%_I Lqr(x) = (=1)"7, )

r=2
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Theorem 3.4.1. There is a bijection between elliptic subgroups on A and rational
points of E. Moreover, if x € E(Q) and H : IP%_1 — R s the usual height function,

then (E-0©) < (R+H(1’)

]

Proof. By Theorem 3.2.16, there is a bijection between elliptic subgroups on A of
degree d and primitive elements o € NS(A, ©) such that ¢.(a) = (—1)"((n — 1)!d)".
Such an « clearly defines a rational point on E.

If z € E(Q), then we can write x = [ : d] where d € Z-o and 8 € NS(A4,0)
is such that ¢.(5) = (—1)"d" for all r. Assume moreover that the greatest common
divisor of all the coordinates is 1 (we can obviously assume this). Write 5 = ma for «
a primitive element and m € Z-,. We then have that ¢.(ma) = m"q.(a) = (=1)"d",

which implies that

wa) = (1 (£) ez

But this means that m | d, and so we must have that m = 1. Thus a = 3, and
this corresponds to an abelian divisor of degree d on A. To get the bound on the

height, we see that for an integral point z = [z1 : -+ : z,] € IE%_I with relatively
prime coordinates, H(z) is defined as max{|z:|,...,|z,|}. Since d is the degree of
the abelian complement Z of the elliptic curve E associated to x, we have that
H(z)>d=(Z-0"Y)=(n-1)Y(F-0). O

Corollary 3.4.2. A contains an elliptic curve if and only if there exists a Q-divisor
D such that
(D"-0"") = (1—r)n!

foralll <r <n.

Proof. If D is a Q-divisor that satisfies the above equation then [—[D] : n!] is a
rational point of E. Viceversa, we can see NSg(A4,0) ~ {a € NSg(A) : dega = 0}
using the isomorphism o — «af. Therefore a rational point of E can be represented
by a point [—[D] : n!] with deg D = 0; such a D satisfies the equation above. O

Corollary 3.4.3. The number of elliptic curves on A of bounded degree is finite.

Proof. This follows from the fact that there are only finitely many points x € P%_l
of bounded height. O

Of course this last corollary is well known.

It seems natural to believe that if Conjecture 3.3.17 is true, then a similar theorem
could be proven for analogously defined varieties E(u).

We will show that these varieties give us some geometric insight. We analyze
dimensions 2 and 3.
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3.4.1 Dimension 2

Here we will analyze the variety E when A is an abelian surface. Since ¢ = g9 is
a positive definite quadratic form on NS(A, ©), by using Cholesky factorization we
know there exists a basis of this space (over Q) such that

_ 2 2
Q(xla s 7xp71) = a1y +oee A+ apflxp—la

for a; € Q-g. We can assume that the a; are either 1 or are square-free.
It is known that over C, 1 < p < 4. We will analyze these cases, except for the
case p = 1 which is not interesting in our context.

p=2
Here ¢(x1) = a;2?, and so

E = {[z,:x9] € IP% capr; — a5 =0} = {[1: ai],[-1: ai]}.

We see that these points are rational if and only if a; = 1, and therefore the points
of E are rational if and only if g represents a square. We see that if a; = 1 and
[1 : 1] corresponds to an elliptic curve E, then [—1 : 1] corresponds to its abelian
complement. Of course in this case we didn’t need to go to [E to reach this conclusion,
this is evident from directly looking at ¢ on NS(A, ©) ~ Z.

For p = 2, then, A either contains zero or two elliptic subgroups.

Here
E = {[z1: 25 : 23] € P51 araf + apa — a3 = 0}

it is a non-singular quadric in ]P%. It is well-known that such a conic either has no

rational points or is isomorphic over Q to P! via the Veronese embedding. Therefore
in this case A either contains no elliptic curves or contains infinitely many elliptic

subgroups. In the case that A does contain an elliptic curve, then E(Q) is dense in
E.

p=4
We have the non-singular conic

E={[r1:29:23:34 € P%:alx%%—agx%jtagxg—xi = 0}.
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It is known over C (see [4]) that p = n? if and only if A is isogenous to the nth power
of an elliptic curve with complex multiplication. In this case, then, ay, as and as
must be such that [E contains infinite rational points. Actually, using stereographic
projection, E is birational to IP’(%2 over Q, and so the rational points on E are dense.

The above analysis gives a more complete description of the Bolza-Poincaré The-
orem:

Theorem 3.4.4 (Bolza-Poincaré). If A is an abelian surface that contains more
than two elliptic subgroups, then it contains infinitely many.

Our slight refinement (in which we assume that k& = C) then says:

Corollary 3.4.5. Let A be an abelian surface that contains an elliptic curve. Then
A has finitely many elliptic subgroups if and only if p = 2, and in this case it contains
exactly two elliptic subgroups.

3.4.2 Dimension 3

By Remark 3.2.11, we see that ¢o is positive definite. Just as in the previous section,
we can find a basis of NSg(A, ©) such that

_ 2 2
Q@(T1, . Tp1) =T+ AT,

with a; € Q¢ square-free.

Proposition 3.4.6. Ifn =3, p > 3 and E(Q) # @, then E is a complete intersection
in P
Q

2
p

is irreducible over Q. If not then ¢, would be a square in Q. Writing ¢, = L?, we
see that since ¢y is positive definite over Q, then the line defined by L in P%_l has no
rational points. If the coefficient of x; in L is a;; we see that a;a; € Q for all 7, j, and
so a;/a; € Q for all i, (since a?/(a;a;) = a;/a;). But then a; = b;a; for b; € Q and
after factoring we can assume that ¢, = a%INP, where L is of degree 1 and defined over
Q. However, this implies that L = 0 has a non-trivial solution in Q; this contradicts
the fact that ¢ is positive definite.

Since gp — 2 is irreducible, if ¢ — 22 and g3 + 2 share a common factor, we must
have that

Proof. If not, then ¢, — 22 and g3+ 23 share a component. We first prove that g, —

qs + 37,3, = (q2 — $,%)L
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for some homogeneous L of degree 1. Since E(Q) # @, and in this case E = {g,—27 =
0}, we get that #E(Q) = oo and so A contains infinite elliptic curves. In particular,
A ~ E; x Ey x Ej for three elliptic curves F, Fy and E3. Let ¢ : A — Ey X Fy X Fj
be an isogeny, write

Dy :={0} x Ey x E3

D2 = E1 X {O} X E3
D3 = E1 X E2 X {O},

and let d; = deg ¢*D;. Let F(m) := ¢* Dy + m¢* Dy € Divg(A)[m)].

Let mg € Q be such that g,([F(my)]) = 0; we will show that gs([F(my)]) # 0. We
see that ((¢*D;)? - ©) = m((qﬁ*Di)Q - ¢ 0) = (D7 - 9*O) = 0, where ¢ is
the isogeny F; x Fy x E3 — A such that ¥¢ = deg¢. A direct application of the
degree formula also shows that ((¢*D;)?) = 0. Using this, we have that mq satisfies

the equation

Now

([F(m)]) = —dim®+ (18dy(¢* Dy - ¢* Dy - ©) — 3d2dy)m?> +

A simple calculation shows that my is a zero of ¢3([F'(m)]) if and only if the polynomial
¢ ([F(m)]) divides ¢3([F(m)]), and that this happens if and only if (¢*D;-¢*D4-©) =
0. This is not the case, and we arrive at a contradiction. Therefore ¢, and g3 share
no common components, and [E is a complete intersection. 0]

Corollary 3.4.7. If n =3, p > 3 and gy represents a square (over Q), then E is a
complete intersection.

Proof. 1f not, then E contains a rational point. This contradicts the previous propo-
sition. 0

Unfortunately, we can’t say as much as in the case of dimension 2.
We have
E = {[x; : 25] € P}@ capr} — x5 =0, q3(x1) + 25 = 0}.

We see that {a127 — 23 = 0} = {[1: \/a1],[-1: \/a1]}, and these two points will not
in general satisfy the cubic relation above. However, if E is an elliptic curve and Z
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is an abelian surface with rank(NS(Z)) = 1, then
NS(E x Z) ~ NS(E) x NS(Z) x Hom(FE, Z) = NS(E) x NS(Z) ~ Z?,

and so rank(NS(E x Z)) = 2. This shows that the intersection of the quadric and
the cubic may be non-empty.

Since g3 is defined over Q, we see that at most one of [1 : /a1] or [-1 : /as] could
satisfy the cubic relation in E, and for this it would be necessary to have a; = 1.
Therefore, we conclude that if p = 2 and A contains an elliptic subgroup, then said
subgroup is unique.

p=3

Here we have a quadric and a cubic intersection in ]P%, which consists of at most 6
points. Now, it is easy to show that if an abelian 3-fold contains more than 3 elliptic
subgroups, it contains infinitely many. Therefore, if p = 3, we necessarily have that
there are at most 3 elliptic subgroups on A.

By Proposition 5.5.7 in [4], in this case A cannot be simple. Therefore E(Q) # &
and so is a complete intersection. For p = 4 we get a curve in P? of arithmetic genus 4.
Not much more can be said in these cases, however, given the tools we have developed
so far.

The arithmetic genus p, of E is easy to calculate given the results of [1]. We have
the following table:

© 00 1O Uk WD
Co ook S

It would be interesting to see if geometric properties of E could give us geometric
information about A. For example, what do the singular points of E tell us? Is E a
complete intersection for all n? What does the density of E(Q) in E tell us about the
distribution of abelian subvarieties on A?
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3.5 Analytic calculations on A,

Throughout this section, (A, ©) will be a ppav over C. Since we are working over
the field of complex numbers, we can assume that A = C"/A, where A is a rank 2n
lattice in C". Furthermore, we may assume that A = (7 [)Z9, where 7 € $,, := {N €
M,(C): N = N' SN > 0}. We have a map

¢ : Pic(A) ~ HY(A, 0%) — H*(A,Z) ~ 7"*"Y

that assigns to each L € Pic(A) its first Chern class ¢;(L). The first Chern class
can be seen as a hermitian form on C" whose imaginary part takes on integer values
on A. Actually, the image of ¢; is isomorphic to NS(A), and so in this section
we will write numerical classes as integral differential forms. It can be shown that
NS(A) = H?(A,Z) N H“'(A,Z), and this means that an integral cohomology class w
is in NS(A) if and only if w A dz; A --- Adz, = 0. Intersection of line bundles can be
shown to be equal to

(Ll---Ln):[401(L1)A---A01(Ln).

Choose a symplectic basis {A1,..., g, } for A, and take x; to be the real coordinate
function of \;. By Lemma 3.6.4 of [4], we have that

Cl(@> == — Z d.TZ A dmi—l—n-

=1

Given an integral form w € NS(A), we wish to find the intersection number (w" -

c1(0)""). Using the explicit basis we just wrote, it is easy to see that

c1(0)" = (=1)%s! Z dxy Ndzijsn N Ndxg, NdT; .
1< < <is<n
In particular, for s = n, we get that
nl = (c,(0)") = / c1(©)M = (—1)”71!/ doy Ndzpiq A+ ANdz, A dog,.
A A

If we put n := dxy ANdx,q1 N -+ A dr, A dxo,, this implies that when calculating
intersection numbers, we have

(Ly---L,) = (—1)" - coefficient of  in ¢;(L1) A -+ A c1(Ly).
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Using the binomial theorem, if w =) ._. a;;dz; A dz;, then

i<j
W= 7! Z /\ (a;jdx; A dx;)
I (ij)el
where I runs over all subsets of {1,...,2n}? with r elements, each coordinate of each

element of I does not appear in any other element of I, and for all (i, j) € I, we have
that 7 < 7.

Definition 3.5.1. Let S C {1,...,2n} be a set with 2r elements, such that #S N
{1,...,n} = r and such that i +n € S for all i € SN {1,...,n}; such a set will be
called a balanced set of weight r. A matching of S is a subset Pg C S x S, maximal
with respect to the property that if (i, j) € Ps, then ¢ < j, and neither i nor j appear
in any other elements of Pg.

Let S and Ps be as above, and define ¢(Pg) € {0,1} to be such that

/\ dz; Ndx,; | A /\ dz; A dxj — (_1)8(Ps)77‘
s (i.4)€Ps

Using this number, we can calculate intersection numbers of forms.

Lemma 3.5.2. Forw = ZK]. a;jdx; A\ dxj, we have that

(W1 (©)"") = (=1)"rl(n—r1)! ZZ H ai; |,

S Ps (1,5)€Ps

where S ranges over all balanced sets of weight r, and Ps ranges over all matchings

of S.

Proof. This follows from calculating with a lot of patience. The idea is that upon
taking the wedge product of w"" with ¢;(©) ") we are faced with a sum whose
general term is of the form

H Qi (TL/_\T dl’zk VAN dxz;ﬁ—n) VAN /\ dZL'Z A dl‘j,
(

(ij)el k=1 .)€l
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where [ is as before. We see that this is non-zero exactly when [ is a pairing for some
balanced set of weight 7.

Corollary 3.5.3. The degree of w is —(n — 1)!(a1n+1 + Qo g2 + -+ + Gnon).

All these calculations can be done much faster using a computer program that
works with differential forms, such as Sage. In this thesis, we used the above method
for calculating the equations by hand for dimensions 2 and 3, and for dimension 4 we
resorted to a computer program.

3.5.1 Dimension 2

By writing all these formulas out for a 2-dimensional ppav and passing to the quotient
H?(A,Z)/Zc,(©) ~ Z°, we get that we can write the form ¢ = ¢, as

Q(bh by, b3, by, bs) = b% - 4(5153 - b4bs)~

Moreover, a vector (by, by, bs, by, bs) € Z° is in NS(A, ©), where A is defined by the
T T2

period matrix 7 =
To T3

, if and only if

T1

b171+b2T2+b3T3+b4 +b5:0

T2
73
Therefore we get the following characterization:

T T2
T2 T3
tic curve of degree d if and only if there exists a primitive vector (by, b, by, by, bs) € Z°
that satisfies

Proposition 3.5.4. The ppav associated to the matrix ( ) contains an ellip-

bg — 4(bybs — bybs) = d?
and

b1T1+b27'2+b37’3+b4 +b5:0

T T2
3

T2

This is the condition obtained by Humbert [20].
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3.5.2 Dimension 3

For n = 3, we can write the forms ¢, on H*(A,Z) ~ Z' as follows:

@(w) = 12a12a45 + 12a13046 + 46L%4 — 4day4a95 — 4aysazs + 12a15a04 +

12&16(134 + 12@236L56 + 4@35 - 4@25CL36 + 12@2(3&35 + 4a§6

q3(w) = 36a12a14a45 + 36012025045 — 108a12a34a56 + 108a 12035046 —
T2a12a36045 + 36a13a14a46 + 108a13a24a56 — 72013025046 +
108a13a96a45 + 36a13a36a46 + 8ai’4 — 12@%4@5 —
12@?4%6 + 36a14a15a24 + 36a14a16034 — 72014024056 —
12al4a§5 + 48a14a95036 — 72014026035 — 12@14a§6 +
108a15a23a46 + 3615024025 — T2a15a24a36 + 108a15a26a34 —
108a16a93a45 + 108a1ga04a35 — 7201625034 + 36a16a34a36 +
36a03a05a56 + 36a03a35as6 + 8a§5 — 12a§5a36 + 36as5a96ass —

12&25&%6 + 36a26a35a36 + 80’36‘

Since
c1(0) = —(dzy A dxy + dxg A dxs + dxs A dxg),

we can take the projection
7" — H*(A,0) := H*(A,Z)]7c,(0) ~ 7',

We choose the projection

(ai)1<icj<e 7 () 1<i<j<6,(.5)4(36))

where aj; = a;; if (7, ) # (1,4),(2,5), and a}, = ai4 — azs and ay; = ags — aze. Using
the change of coordinates from real coordinates to complex coordinates given by the
matrix (7 [), we get the following proposition:

Proposition 3.5.5. Let (A, ©) be a ppav of dimension 3, corresponding to a matriz
T = (7i;) € H3, and let B = (by,...,bis) € Z'"*. Then B € NS(A, O) if and only if 3
satisfies the following six linear equations:
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0 = be — Ti3by — Tasbg — T33bg + Ti2b10 + To2b11 + b2 +
To2 T23
T12 T13 T22 T23
bis + bia
To3 T33 T23 T33
11 T12
0 = by — Tigbs — Togbs — 73305 + Ti1b10 + Ti2b11 + bis +
T13 T23
T11 713 T12 T13
bis + b1a
T13 733 T23 T33
T11 T12
0 = by — Ti2bs — Tagbs — Tazbs + T11b7 + T12bs + Ti3bg + b2 +
T12 T22
11 T2 T12 T13
bz + bia
T13 T23 To2 T23
T12 713 T12 T13 11 T12
0 = 7‘13b1—7‘12b2—|— b4+ b5+7’1156— bg—
To2 T23 T23 T33 T13 T23
11 T13 11 T12
bg + bll + (det T)bl4
T13 733 T2 T22
T12 T3 T22 T23 11 T12
0 = —’7'23b1 + ngbz + b3 — b5 — 7‘12b6 — b7 +
T22 T23 T23 1733 T13  T23
T12 T13 11 T12
bg + blo + (det 7')613
To3 T33 T2 T22
T12 T13 T22 T23 711 T13
0 = T33b1 — Tazby — by — by + 11306 + by +
23 733 To3 T33 T13 733
T12 713 11 T12 T12 T13
bs — bio — b1 + (det 7)byo
To3 T33 T13 723 To2 T23

After rewriting the equations for ¢, in Z'* and using Theorem 3.2.16, we get the

following corollary:

Corollary 3.5.6. The ppav of dimension &8 corresponding to a matriz T = (7;;) € 93

contains an elliptic curve whose abelian complement has degree d
exists a non-zero primitive vector 5 = (by, ..

iof and only if there

., b1s) € ZM that satisfies the equations
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of Proposition 3.5.5, and such that

d* = 12b1byg + 12byby3 + 4b5 — 4bsbs + 4b3 + 12b4b7 + 12b5b1g + 12bgb14 + 12bgby;
—d® = 108bsbgbig + 36b1bgbia — T2bsbsbig + 36b3bsbig — 108bsbsbia +
108b1b11b13 — T2b3brbry + 36bgb11bg + 108bobrbyy — T2bobghis —
T2b3bobyy + 108b4b6b1s + 36b3baby + 36b4brbs + 36babsbis +
108bsbrbyy — 108b1bigb1y — 12b3b3 + 108bybgbyy + 36bbsbis +
36b1b3by2 + 8b3 + 8b3.

Example 3.5.7. Gonzdlez-Aguilera and Rodriguez [15] found, for every n > 3, a
family of indecomposable principally polarized abelian varieties each of whose under-
lying abelian variety is isomorphic to the product of elliptic curves. More specifically,
they give the family

Fn={o10:0 € H1} C Hy,

where
n —1 . =1
1 n - -1
To = . . .
-1 -1 -+ n

If (A,,O,) denotes the ppav associated to o7y, then
~ Lmn—1
Ae > B0, X Eo,
where E, := C/(1,0). For n = 3, the equations of Proposition 3.5.5 become

= bg+ ob; + obg — 30by — byg + 30b11 + 40°byy — 405%by5 + 802byy

by + obs + oby — 30bs + 30byg — obyy — 402b1s + 802b15 — 40%byy

by + oby — 30by + obs + 30by — abg — by + 807b1g — 4013 + 407byy

—oby + oby + 40%by — 402bs + 30bg + 40°bg — 862y + 802by1 + 1603by4

oby + 30by + 402bs — 802bs + obg + 402by — 402bg + 8%b1g + 16035

= 30b, + oby + 40%b3 — 802by — obg + 82by — 402bg + 40%b1y — 402by; + 160°byy

o o o o o o
I

If [Q(o) : Q] > 2, then if we have an integral solution to the equations above and
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x1,...,x11 are the coefficients of the generators, we get the following relations:
0 = —2z1—2¢+211
0 = x14+x — 2211
0 = —21—2x¢+711
0 = —xz3+3x4— 25 — 328+ 29 + 219
0 = x9+43x3— x4 — x5 — 327
0 = —3ra+x7— 28— 29+ 3110

This necessarily leads to 1 = x4 = 11 = 0. The general integral solution to this
system of equations is

T at+c—2d+e
T3 3a+b+c+d
T4 a+c+d
Ty . (&
x| 3a+b+c
xTs C

L9 b

T10 c—2d+e

for a,b,c,d,e € Z. Therefore, a vector in Z'* is a solution for the Néron-Severi
equations if and only if it is of the form

0 0 0 0 0 0

0 0 0 0 0 0

e 0 0 0 0 1
a+c+d 1 0 1 1 0
3a+b+c+d 3 1 1 1 0
0 0 0 0 0 0

c 0 0 1 0 0

b =aly +b 1 +c 0 +d 0 +e 0
c—2d+e 0 0 1 -2 1
3a+b+c 3 1 1 0 0
at+c—2d+e 1 0 1 —2 1
0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Using this basis, we will write an element of NS(A,,©,) as a 5-tuple (a,b,c,d, e).
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23

¢@2(a,b,c,d,e) = 108a® + 16b% + 36¢* + 48d° 4 16€? + 72ab + 96ac + 12ad +
12ae + 24bc + 12bd — 4be — 24cd + 24ce — 48de

qs(a,b,c,d,e) = 576ead — 504bcd + 936¢cea + 24€*b + 24eb* — 504bad —
1080cad + 576¢ced + 360bae + 360bce — 144bca — 64e> — 64b° +
216bc* — 72bd* + 216¢%e — 144ce® — 288ed? + 288de? — T2ae? +
216¢% + 648ea” + 648ca® + 864c%a — 216¢%d — 432cd? —
648ad — 648d%a — 432ab* — 144b*c — 72db* — 648ba’

Using a simple Java program, we can find a cornucopia of primitive elements « such
that go() is a square d? and such that ¢3(a) = —d®. For example, the following table
shows all abelian divisors in NS(A,, ©,) whose coordinates lie between —3 and 3 and
whose degree is less than or equal to 6:

Divisor class ag | (ag -

2

q

&
@

o)

(0,0,0,-1,-2)
(1,-1-1-1,-1)
(0,-1,1,0,-1)
(1,-2,-1,0,0)
(0,1,0,0,0)
(-1,1,1,0,0)
(0,0,0,0,1)
(0,0,0,1,1)
(-1,2,0,1,2)
(0,0,1,-1,-3)
(0,0,-1,0,0)
(1,-3,0,0,0)
(-1,3,0,1,3)

SO RS

W W W WRNNNDNDNDNDNDND N

The fact that there are exactly 13 divisors above is strikingly similar to what
Guerra obtained in [17] for the self product of an elliptic curve. We also get the

following table:

E4,.0,(Q)
Dimension 3
Dimension of singular locus | 2
Irreducible yes
Singular locus irreducible yes
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Example 3.5.8. Let (A), ©,) be the ppav associated to the matrix

—1—1
ool =
e )
R
—1—-7 =143
2 2 >\

where A € $; and such that no degree 1 polynomial in two variables over Q vanishes
at (RA, SA). Then a basis for NS(A,,©0,) is

2 0 2 -2
1 0 0 0
-2 2 -1 2
0 0 1 -2
0 0 0 0
1 0 —1 1
0 0 1 -2
o110’ 11’1 O
0 0 0 0
1 0 0 0
0 0 0 1
0 1 0 0
0 0 0 0
0 0 0 0

We notice that since the Picard number of A is 5, there must appear two elliptic
curves in A, that are not isogenous. Using coordinates (a,b, ¢, d) for this basis, we
have that

¢@(a,b,c,d) = —8ab+ 8db+ 24c* + 24ca — 72cd + 16a* — 32da + 16b* + 64d°

qs(a,b,c,d) = 64b> + 96bc* 4 336bd” 4 48bca — 336bcd — 96bda + 12¢® — 48ab* +
48b*c + 48db* — 96ca + 48ba* + 480cda — 96ca® + 96¢*d — 384cd? +
192da® — 480d%a — 64a® + 352d°

Again using Magma (see [5]) and Java, we obtain the following tables:

Divisor class ag | (ag-©02) | (E-0,)
(0,0,2,-1)
(1,1-2-1)
(0,-1,0,0)
(1,0,0,0)

= = B
DN DN DN DN
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]EAm@)\ (Q)

Dimension

Dimension of singular locus 1

Irreducible yes
Singular locus irreducible yes
Singular locus non-singular no
Geometric genus 1

[rregularity

Arithmetic genus of singular locus | -8

Example 3.5.9. Take the product of three elliptic curves E2 where E, = C/(1,7)
and [Q(7) : Q] > 2. A basis for the polarized Néron-Severi group is

SO OO OO OO O oo oo
OOOOOOO\.%—‘OOHOOO
OOOO»—‘OC:OO»—‘OOOO
OOOOOO;OOOOOOO
S OO O OO oo o oo

Using coordinates (a, b, ¢, d, €), we have that

@la,bc,de) = 4d* — dad + 4a® + 126 + 12¢* + 12¢2
gs(a,b,c,d,e) = —24a*d+ 72ab* + 72ac® — 24ad® + 72b*d + 16a* + 16d°
—144c*d + 72de* — 144ae® + 432bec.

Since the elliptic curves that lie on E? are easily found, we only show the following
table:
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EE,%,QW(Q)
Dimension 3
Dimension of singular locus | 1
Irreducible yes
Singular locus irreducible yes
Singular locus non-singular | yes
Genus of singular locus 0

3.5.3 Dimension 4

In dimension 4, the equations are very long. We have included them, as well as the
expressions for g¢», g3 and ¢4, in the appendix. Though these equations may seem
daunting, they are not difficult to handle when working with a computer. We include
an example to show that calculations can be made.

Example 3.5.10. Let (A,,0,) be a ppav in the family .%;, from Example 3.5.7.

This family is interesting for the fact that only one Jacobian appears in %4, and it
corresponds precisely to the element (A,,0,) with j(o) = —2 and j(50) = —%593.

After using Maple, we get that the polarized Néron-Severi group of (A,,O,) (for
[Q(0) : Q] > 2) is generated by the vectors
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0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 1 1 1 10 —4 10 -3 —6
1 0 0 0 0 0 0 0 0
0 1 0 -3 3 0 2 —1 —2
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
1 1 0 4 3 1 ~3 1 2
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
of, o . lof,lo].lo]|,lof,]o].,lo].]o
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
1 —1 1 0 —2 0 1 0 2
0 0 0 4 —4 1 -3 1 3
0 0 0 0 0 0 0 0 1
1 1 1 1 -3 0 0 0 3
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

We identify NS(A,, ©,) with Z° using this basis. We can then use a Java program to
find elliptic curves and abelian surfaces on A,. For example, we get the following chart
that shows all non-trivial abelian subvarieties of A, of exponent 2 whose coordinates
are bounded by 1:
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dimension

—_

(00000@@ “1,0)
(0,0,-1,1,0,0,1,-1,0)
(1,0,-1,0,0,0,0,0,0)
(-1,-1,0,0,0,0,0,0,0)
(0,0,1,0,0,0,0,0,0)
(0,1,1,0,0,0,0,1,0)
(0,0,0,0,1,0,0,1,1)
(1,1,0,0,-1,0,0,-1,-1)
(0,0,0,0,-1,-1,0,0,-1)
(0,0,1,1,0,0,1,1,-1)
(0,0,0,0,-1,1,1,1,-1)
(0,1,1,0,0,-1,-1,-1,0)
(0,-1,1,1,1,0,0,-1,0)
(-1-1,-1,1,0,0,1,-1,0)
(0,-1,0,-1,0,0,-1,0,0)
(0,0,-1,-1,-1,0,0,0,0)
(1,1,-1,0,0,0,0,0,0)
(-1,0,0,0,0,0,0,0,0)
(1,0,0,0,0,0,0,0,0)
(-1,-1,1,0,0,0,0,0,0)
(0,0,1,1,1,0,0,0,0)
(0,1,0,1,0,0,1,0,0)
(1,1,1-1,0,0,-1,1,0)
(0,1,-1,-1,-1,0,0,1,0)
(0,-1,-1,0,0,1,1,1,0)
(0,0,0,0,1,-1,-1,-1,1)
(0,0,-1,-1,0,0,-1,-1,1)
(0,0.0,0,1,1,0,0,1)
(-1,-1,0,0,1,0,0,1,1)
(0,0,0,0,-1,0,0,-1,-1)
(0.-1-1,0,0,0,0,-1,0)
(0,0,-1,0,0,0,0,0,0)
(1,1,0,0,0,0,0,0,0)
(-1,0,1,0,0,0,0,0,0)
(0,0,1,-1,0,0,-1,1,0)
(0,0,0,0,0,-1,0,1,0)

W W WWWWWNRNNDNNDNNNDNDNDNNNDNDNDNNDNDNDNDNNDNDDNDNDNNRFR == P2 ==

Notice that the elements that appear above of dimension 3 correspond to the addi-
tive inverses of the elements of dimension 1. Moreover, since the abelian complement
of an abelian surface in this case is a surface, the above elements of dimension 2 are



closed under multiplication by -1.
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Chapter 4

Concluding remarks

This thesis was concerned with characterizing abelian subvarieties on a fixed ppav,
and at the end we found equations on the moduli spaces Ay, A3z and A, that described
the locus of ppavs with an abelian subvariety of exponent d. An obvious direction
for future research would be to describe these loci explicitly. In [22], Kani used the
quadratic form ¢ = ¢» to describe the locus of Jacobian surfaces that contain an
elliptic curve of degree d. He found that each irreducible component of this locus is
isomorphic to either a modular curve or a degree 2 quotient of a modular curve. It
seems plausible that the forms ¢, could be used to acquire similar results in higher
dimension.

Before pursuing this, however, Conjecture 3.3.17 must be proven. We must gain
a better understanding of f(u,r), and see if there is a way of simplifying the calcula-
tions done in this thesis.

Question 1: Do there exist homogeneous forms §s, . . ., G, on NS(A, ©) that simplify
the calculations of Chapter 37

Question 2: What does the moduli space of abelian varieties (or Jacobians) that
contain an abelian subvariety of exponent d look like?

If we restrict out attention once again to a specific abelian variety, there are still
many questions that need to be answered.

Question 3: If X|Y < A are abelian subvarieties (not complementary), how can we
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write axny and ax,y in terms of ax and ay?

Question 4: If ay is the divisor class of an abelian subvariety X < A, can we
determine the type of ©|x by ax? In theory the answer should be yes, since ax
determines X, but is there a formula for calculating it?

Question 5: How can we characterize all nilpotent divisor classes that come from
abelian subvarieties in 24*(A)?

Question 6: Let (di,...,d,) be the type of ©|x as in the previous question, and
assume that A is the Jacobian of a smooth projective curve. What conditions can
we impose on ay so that d; = d,? That is, how can we distinguish Prym-Tyurin
varieties among divisor classes?

Question 7: If f: C — (" is a finite morphism between smooth projective curves,
then we get a morphism f* : Jo» — Jo which is an isogeny with its image. In partic-
ular, f induces a numerical class ay := as-(s,,) in NS(Jg). How can we distinguish
which classes come from morphisms between curves?

Question 8: Can we relate this theory to the theory of decomposition via automor-
phisms? Can we find families of ppavs that decompose but do not have automor-
phisms (as polarized abelian varieties)? What can the action of the automorphism
group tell us about the Néron-Severi group?

Another area for future research would be to focus on computational aspects of
the results stated here. Identify NS(A,0) @ R with R*™! and let |- | : R*~! — Ry
be the usual norm on R?~!. Moreover, assume that Conjecture 3.3.17 is true. Ideally,
we would like to write a computer program that takes a period matrix along with
positive integers d, v and B, and returns the set of all abelian subvarieties of the
abelian variety associated to the period matrix of dimension u, exponent d, and with
norm less than or equal to B. This would give us a function

(1, u,d, B) ~ ({8 € NS(4,0) : ¢,(8) = f(u,r)d",|B] < B}.

r=2

One problem with writing such a program is the fact that the Néron-Severi equations
(the equations that tell us when a vector in Z"?*~Y=1 is in NS(A, ©)) ask for integer
solutions to certain linear equations with complex coefficients. In practice (such as
in the examples for n = 3) this is not hard to do by hand, but a general method may
not exist.



Appendix
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Proposition Let 7 = (7;;) € $4 correspond to a ppav A., and let 8 = (b;) € Z*".
Then 3 € NS(A, ©) if and only if it satisfies the following 28 equations:

0=

2
—(712714 - 711724)522 - (713714 - 711734)523 - (714 - 711744)524 - (713724 - 712734)525 -
(T14T2a — T12Taa)bos — (T14T34 — T13Taa)b2r + b1oT11 + baoTiz + ba1Tis — baTig — b5Tog —
beT34 — b7Tus + b3

—(7'147'22 - 7'127'24)522 - (7'147'23 - 7'127'34)523 - (7'147'24 - 7'127'44)524 - (7'237'24 - 7'227'34)525 -
2

(7'24 - 7'227'44)526 - (7'247'34 - 7'23744)527 + b197'12 - 5107'14 + 5207'22 + 5217'23 — by17og —

bi1o734 — b137a4 + bg

2

—(7'12713 - 7’117'23)522 - (713 - 7’117'33)523 - (7137'14 - 7'117'34)524 - (7'13723 - 7’127'33)525 -
(T14T23 — T12T34)bag — (T14T33 — T13734)bor + b15T11 + bieTi2 — baTig + bizTis + bigTia —
bsTa3 — beT33 — brT34 + b2

(714723 - 713724)511 - (714733 - 713734)b12 - (714734 - 713744)513 + (714722 - 712724)b16 +
(7'147'23 - 7’127'34)517 + (7'147'24 - 7127'44)518 - (7'137'22 - 7'12723)520 - (7'137'23 - 7127'33)521 -
((7'247'33 - 7’23734)7'12 - (7237'24 - 7227'34)713 + (7'23 722733)714)b25 - ((7'24734 - 7’23744)7'12 -
(7'2 - 7'22744)7'13 + (7'237'24 - 7227'34)714)526 - ((7'34 - 7’337'44)7'12 - (7'247'34 - 7237'44)713 +
(7'247'33 - 7'237'34)7'14)527 + b1aTio — byTiz + bgTy

—(7'14734 - 7137'44)54 - (7'247'34 - 7’237'44)55 - (734 - 7337'44)176 + (7124 - 7117'44)515 + (7'147'24 -
712744)516 + (714734 - 713744)b17 - (713714 - 711734)519 - (714723 - 712734)b20 - (714733 -
T13734)b21 + ((ToaTsa — To3Taa)T11 — (T1aToa — T12Taa) T3 + (T14T23 — T12T34) T14) boo + (75, —
7'337'44)7'11 - (7'147'34 - 7’137'44)7'13 + (7'14733 - 7’137'34)7'14)523 + ((7'324 - 7'33744)7'12 - (7'147'34 -
7’137'44)7'23 + (7'147'33 - 7’137'34)7'24)bz5 — biaTig + b3T3q — baTyy

(7'14723 - 7'13724)171 + (7'147'22 - 7’127'24)52 (7'137'22 - 7127'23)53 + ((7'247'33 - 7'237'34)7'12 -
TogTos — ToaT34)T13 + (723 — ToaT33)T14)be + ((ToaTss — TosTaa)Ti2 — (T34 — TooTaa)T13 +
T23T24 — 722734)714)57 - (712714 - 711724)58 + (712713 - 711723)59 - ((724733 - 723734)711 -
7'13724—7'127'34)7'13+(7'137'23—7'127'33)7'14)512—((7'247'34—7'237'44)7'11—(7147'24—7'127'44)
T14T23 — 7'127'34)7'14)513 - (7'122 7'11722)514 + ((7'23724 - 7227'34)711 - (7'137'24 - 7'127'34)
7’37'22—712723)714)b17+((724 7'227'44)7'11—(7'14724—712744)712+(T14T22—7'127'24)7'14)518—
( 7227'33)711 - (7'13723 - 7'12733)7'12 + (7137'22 - 7127'23)713)521 - ((7'23724 - 7'22734)7'11 -
T 47'23 - 7’127'34)7'12 - (((7324 - 7'33744)7'22 - (7'247'34 - 7’23744)7'23 + (7247'33 - 7237'34)724)7'11 -
(T3, — T337aa)T12 — (T14T34 — T13Taa) To3 + (T14T33 — T13734) Toa) Ti2 + ((ToaTsa — To3Taa) T12 —
7'147'34—7'137'44)7'22—1‘(7'147'23—7'13724)7'24)713— ((7'247'33—7'237'34)7'12— (7147'33—7'137'34)7'22‘1‘
T14T23 — 7'137'24)7'23)7'14)[)27

T14723 — 7’12734)54 + (7'237'24 - 7’22734)65 - (7'247'34 - 7'23744)b7 - (7'137'14 - 7’11734)b10 -

T13T24 — 7’127'34)511 + (7'147'34 - 7’137'44)513 + (7'127'13 - 7'117'23)519 + (7137'22 - 7'127'23)520 -
(7'237'24—7227'34)711—(7'137'24—7127'34)712+(7'137'22—7127'23)7'14)522+((7247'34—7'23744)7'11—
714734—T13T44)712+(714723—713T24)714)bz4+((724734—723744)712—(714T34—713T44)722+
T14T23 — 7'13724)7'24)526 + byT13 — b3To3 + b1 734

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
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—(7'14723 - 7’137'24)55 - (7'147'33 - 7137'34)56 - (7147'34 - 7’137'44)57 + (7127'14 - 7’117'24)516 +
(7'137'14—7'117'34)517+(7124—7117'44)518—(7'12713—7117'23)520—(7'123—7'11733)521 - ((7'247'33—
723734)711—(713724—712734)713+(713723—712733)714)525—((724734—723744)711—(714724—
7'127'44)7'13 + (7'147'23 - 7'12734)7'14)526 - ((7'324 - 7'337'44)7'11 - (7'147'34 - 7’137'44)7'13 + (7'14733 -
T13734)T14)bo7 + b1aTi1 — b3Tig + baTia

—(7'247'33—7'237'34)51+(7'23724—7'227'34)b2—(7'223—7'227'33)53+((7'247'33—7'23734)7'12—(7'237'24—
TooTsa)T13 + (T35 — TooTs3)T1a)ba + (T34 — Ta3Taa)Too — (ToaTaa — TozTaa)Toz + (ToaTss —
7’237'34)7'24)57 - (7'13724 - 7'12734)58 + (7'137'23 - 7’127'33)59 - ((7'247'33 - 7’237'34)7'11 - (7137'24 -
712734)713 + (713723 - T12733)Tl4)510 ((Tg4 733744)712 - (714734 - 713744)T23 + (714733 -
7'137'34)7'24)513 - (7137'22 —7'127'23)514—1‘ ((7'237'24 —7'227'34)7'11 - (7137'24 —7'127'34)712 + (7'13722 -
7—127—23)7—14>b15+((7—247—34_7—237—44)7-12_(714734_713744)722+(7—147-23_7—137—24)7—24)618_((7—223_
7’227'33)7'11 - (7137'23 - 7127'33)712 + (7'137'22 - 7’127'23)7'13)519 - (((73?4 - 7’33744)7'22 - (7247'34 -
7’237'44)7'23 + (7247'33 - 7'23734)7'24)711 ((7324 - 7337'44)712 - (7147'34 - 7'13744)7'23 + (7'147'33 -
713734)724)712 + ((724734 - 723744)712 - (714734 - 713744)722 + (714723 - 713724)724)713 -
((7'24733 - 7'23734)7'12 - (7147'33 - 7'137'34)722 + (7'14723 - 7'13724)7'23)714)524

—(7'147'23 - 7'137'24)522 - (7'147'33 - 7'137'34)1923 - (7'147'34 - 7'137'44)524 - (7247'33 - 7'23734)525 -
2

(ToaT3a — To3Taa)bog — (744 — T33Taa)bar + b1gTis — bi5Tia + bogToz — bigTos + by 33 —

b17734 — b1gTaa + b1

2
—(7'137'22 - 7'127'23)[)22 - (7'137'23 - 7'127':153)523 - (7'13724 - 7'127'34)524 - (723 - 7'227'33)525 -
(To3T2a — To2T34)bos — (ToaTss — TogTaa)bar + bi5Ti2 — bioTis + bi6Toe — b11Tog + bi7Tes +
bisTos — b12T33 — bi3734 + bg

( T12T14 — 7117'24)515 -
( ( T13T23 — 712733)521 -
((7'24733—7'237'34)7'11—(7'137'24 7'12734)7'13+(7'137'23—7'12733)7'14)523 ((7247'34—7'237'44)7'11—
(7'147'24 - 7’127'44)7'13 + (7'147'23 - 7’127'34)7'14)bz4 + ((7'34 - 7337'44)712 - (7'147'34 - 7'137'44)7'23 +
(
(

(7'14723 - 7’137'24)54 + (7'247'33 - 7'23734)56 + (7247'34 - 7’237'44)57
T13T24 — 712734)517 - (714724 - 712744)518 - (712713 - 711723)b19 +

T14T33 — 7’137'34)7'24)527 — buaTio + b37'23 — baToy

T24T34 — 7'237'44)bl - (7'224 - 7’22744)52 + (7'237'24 - 7’227'34)53 - ((7'247'34 - 7237'44)712 - (7'224 -
TooTas)T13 + (To3Toa — To2T34)T14)bs + ((79?4 — T33Ta4)Too — (ToaTsa — To3Taa)Toz + (ToaTag —
723734)724)56 + (714724 - 712744)58 - (714723 - 712734)59 + ((724734 - 723744)711 - (714724 -
7'12744)7'13 + (7'147'23 - 7'12734)7'14)510 - ((7'9?4 - 7'33744)7'12 - (7'14734 - 7137'44)7'23 + (7'14733 -
7'137'34)7'24)1912 + (7147'22 - 7'127'24)514 - ((7'224 - 7'22744)7'11 - (7'14724 - 7'127'44)7'12 + (7'14722 -
7'127'24)7'14)515 + ((7'247'34 - 7237'44)7'12 - (7'14734 - 7'137'44)7'22 + (7'147'23 - 7'137'24)7'24)517 +
((7'237'24—7'227'34)7'11—(7'14723—7'12734)7'12‘1—(7'14722—7'12724)7'13)519—((7'247'33—7'237'34)7'12—
(7'147'33 - 7137'34)722 + (7'14723 - 7’13724)7'23)1721 - (((734 - 7‘337'44)7'22 - (7'247'34 - 7'23744)7'23 +
(24733—723T34)724)711—((Tg4 733744)712—(714734—713744)7234-(714733—713734)724)7124—
((7'24734 7'237'44)7'12—(7'147'34 7’137'44)7'22‘1‘(7147'23—7'137'24)7'24)7'13—((7'247'33—7'237'34)7'12—
(7'147'33 - 7'137'34)7'22 + (7'147'23 - 7’137'24)7'23)7'14)523
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—(7'14734—7'137'44)51+(7'14724—7'127'44)52—(713724—712734)b3—((7247'34—7'237'44)7'12—(7'224—
7‘227'44)713 + (7'23724 - 7'22734)7'14)55 - ((7324 - 7’33744)7'12 - (7247'34 - 7237'44)713 + (7'24733 -
To3T34)T14)bg — (T14 — T1174a)bs + (T13T14 — T11734)bg + ((T24T34 — To3Taa)T11 — (T14T24 —
T12T44) 13 + (T1aTog — T12T34) T14) b11 + (T34 — Ta37aa)T11 — (T14T34 — T137a4) T3 + (T1aT33 —
7'137'34)7'14)512 - (7'127'14 - T117'24)b14 - ((7'224 - 7'227'44)7'11 - (7'147'24 - 7’12744)7'12 + (7'147'22 -
7’127'24)7'14)1716 - ((7247'34 - 7’237'44)7'11 - (7'147'34 - 7’137'44)7'12 + (7147'23 - 7’137'24)7'14)517 +
((7'237'24—7227'34)711—(7'147'23—7127'34)712+(7147'22—712724)713)520+((Tz4733—7'23734)7'11—
(714733 - 713734)712 + (714723 - 713724)713)521 - (((7—34 733744)722 - (724734 - 723744)723 +
(24733—7'237'34)7'24)7'11—((734 7'337'44)7'12—(7'147'34—7'13744)7'23‘1‘(7'147'33—7'13734)7'24)712‘1‘
((7'247'34 7'237'44)7'12—(7'147'34 713744)722+(T14T23—7'137'24)7'24)7'13—((7'247'33—7'237'34)7'12—
(7'147'33 - 7’137'34)7'22 + (7'147'23 - 7'137'24)7'23)7'14)1725

—(7'14722 - 7127'24)55 - (7'147'23 - 7127'34)56 - (7147'24 - 7'127'44)57 + (7127'14 - 7'117'24)511 +
(7'137'14 —7'117'34)1712+ (7124 —7'117'44)513 - (7'122 —7'117'22)520 - (7'127'13 —7'117'23)521 - ((7'237'24 -
722734)711 - (713724 - 712734)712 + (713722 - 712723)714)525 - ((7224 - 722744)711 - (714724 -
7'12744)7'12+ (7147'22 —7'127'24)7'14)526 - ((7247'34 —7237'44)711 - (7147'34 —7137'44)712 + (7'14723 -
T13T24)T14)bo7 + boT11 — b3T12 + biTia

—(T14T23 — T13T24)b10 + (ToaTs3 — To3T34)b12 + (T24T34 — TogTaa) b1z + (T14Too — T127T24) b15 —
(7'237'24 - 7227'34)517 - (7'224 —7'22744)[?18 - (7137'22 —7'12723)[?19 + (7'223 - 7’227'33)521 - ((7'247'33 -
7’237'34)7'12 - (7'23724 - 7’227'34)7'13 + (7'223 - 7'22733)7'14)523 - ((7'247'34 - 7’23744)7'12 - (7'224 -
7‘227'44)713 + (7237'24 - 7227'34)714)524 + ((7'3?4 - 7’33744)7'22 - (7'24734 - 7'23744)7'23 + (7'247'33 -
723734)724)527 — b14Top + bgToz — bgToy

—(T14734 — T13Taa)b1o — (ToaTsa — To3Taa) b1y — (T34 — T33Taa)bi2 + (T1aToa — T127aa)b1s +
(7'224 - 7'22744)516 + (7'247'34 - 7'237'44)517 - (7'13724 - 7127'34)519 - (7'23724 - 7227'34)520 -
(7'247'33 - 7'237'34)521 + ((7'247'34 - 7237'44)7'12 - (7'224 - 7’22744)7'13 + (7237'24 - 7'227'34)7'14)522 +
((7'324 - 7337'44)712 - (7'247'34 - 7'237'44)7'13 + (7'247'33 - 7’237'34)7'14)523 + ((7';:?4 - 7'33744)7'22 -
(7'247'34 - 7’237'44)7'23 + (7'247'33 - 7'237'34)7'24)525 — biaTog + bgT3g — bgTus

(7'34 - 7337'44)51 + (7'247'34 - 7237'44)bz - (7'247'33 - 7’237'34)53 + ((7'9?4 - 7'337'44)7'12 - (7247'34 -
To3Taa)T13 + (ToaTs3 — To3T34)T14)ba + (T34 — T33Taa) Toz — (ToaTaa — TogTua ) Tog + (T24T33 —
7'237'34)7' ) (7147'34 - 7'137'44)178 + (7147'33 - 7'13734)59 - ((7'324 - 7'337'44)7'11 - (7147'34 -
7'137'44)7'13 + (7'147'33 - 7'13734)7'14)510 ((7'324 - 7'337'44)7'12 - (7'147'34 - 7’137'44)7'23 + (7'14733 -
7’137'34)7'2 )bn - (7147'23 —7'137'24)514+ ((7247'34 —7'237'44)7'11 - (7'147'34 —7137'44)712 + (7'14723 -
7’137'24)7'14)515 + ((7'247'34 - 7237'44)712 - (7147'34 - 7’137'44)722 + (7'147'23 - 7137'24)724)516 -
((724733—723734)711—(714733—713734)7124-(714723—713724)713)519—((724733—723734)712—
(7'14733 - 7'137'34)7'22 + (7'147'23 - 7'13724)7'23)520 - (((734 7'33744)7'22 - (7247'34 - 7237'44)7'23 +
( 247'33—7'237'34)7'24)7'11—((734—7'337'44)7'12—(7'147'34—7'13744)7'23—1‘(7'147'33—7'13734)7'24)712‘1‘
((7'247'34 7'237'44)7'12—(7'147'34 7'137'44)7'22‘i‘(T147'23—7'137'24)7'24)7'13—((7'247'33—7'237'34)7'12—
( T14T33 — 7’137'34)7'22 + (7'147'23 - 7'137'24)7'23)7'14)522
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(7'147'33 - 7137'34)bl - (7'147'23 - 7127'34)52 + (7'137'23 - 7’127'33)53 + ((7247'33 - 7'237'34)7'12 -
(723724—722734)713+(7223—7227'33)714)55—((7'3?4—7337'44)712—(7247'34—7'23744)7'13+(7'24733—
723734)714)57 + (713714 - 711734)58 - (7123 - 711733)b9 - ((724733 - 723734)711 - (713724 -
T12T34) 13 + (T13T23 — T12T33)T14) b11 + (T34 — Ta37aa) 711 — (T14T34 — T137a4) T3 + (T1aT33 —
7'137'34)7'14)513+(7'127'13—7'117'23)1714‘1‘((7'23724—7'22734)7'11—(7'137'24—7'127'34)7'12‘1‘(7'13722—
7'127'23)7'14)1716—((7'247'34—7'23744)7'11—(7'147'34—7'13744)7'12+(7'147'23—7'13724)7'14)518—((7'223—
7'227'33)711 - (7'137'23 - 7127'33)7'12 + (7'137'22 - 7'127'23)713)520 - (((7'3?4 - 7’33744)7'22 - (7247'34 -
723744)723 + (724733 - T23734)724)711 - ((73?4 - T33T44)712 - (714734 - 713744)T23 + (714733 -
7'137'34)7'24)7'12 + ((7'247'34 - 7237'44)712 - (7147'34 - 7'137'44)7'22 + (7'147'23 - 7'13724)7'24)713 -
((7'247'33 - 7’23734)7'12 - (7147'33 - 7137'34)722 + (7'147'23 - 7'13724)7'23)7'14)526

T13T23 —
T14T23 —
T24T33 —
T14733 —

(7'137'23 - 7'12733)b4 + (7223 - 7’22733)b5 - (7'247'33 - 7'237'34)57 - (7123 - 7'11733)510 -
T12T33)b11 + (T1aT33 — T137T34)b13 + (T12T13 — T11723)b1s + (T13T22 — T12T23) b1 —
7’137'24)518 - ((7'223 - 7'22733)7'11 - (7137'23 - 7'127'33)7'12 + (7137'22 - 7127'23)713)522 + (
723734)711 —(714733—713734)712—1-(714723—713724)713)524+((724T33—723734)712—
T13T34)To2 + (T14Tog — Ti3Toa)Ta3)bos + bsTis — baTog + b17s3

~—~

~—~

—(7'137'22 - 7127'23)55 - (7'137'23 - 7'127'33)56 - (7137'24 - 7'127'34)197 + (7127'13 - 7'117'23)511 +
(7'123 - 7'117'33)512 + (7'137'14 - 7’11734)513 - (7'122 - T117'22)b16 - (7127'13 - 7'117'23)517 - (7'12714 -
7'117'24)518 - ((7'223 - 7’227'33)7'11 - (7'137'23 - 7'127'33)7'12 + (7'137'22 - 7'127'23)7'13)bz5 - ((7'237'24 -
7'227'34)7'11—(7'147'23—712734)712+(T14T22—7'12724)7'13)526—((7'247'33—7'23734)7'11—(7'147'33—
T13734)Ti2 + (T1aTog — Ti3Toa)T13)bar 4 bsTi1 — baTio + bi7i3

2
—(7'12 - 7’117'22)522 - (7'12713 - 7'117'23)523 - (7127'14 - 7'117'24)524 - (7'13722 - 7'127'23)525 -
(714722 - 712724)526 - (714723 - 713T24)b27 + b1oT11 — baTiz + b1 T2 + biaTiz + bigTia —
bsTag — beTaz — brToq + by

(7'14733 - 7137'34)510 + (7'247'33 - 7'237'34)1711 - (7324 - 7'337'44)513 - (7'14723 - 7127'34)515 -
(TosToa — ToaTaa)bis + (T2aTaa — TosTaa)bis + (Ti3Tos — T12Ts3)b1g + (Ta3 — T22733)bag —
((7'247'33 - 7’23734)7'12 - (7'237'24 - 7’227'34)7'13 + (7'223 - 7’22733)7'14)522 + ((7'3?4 - 7’33744)7'12 -
(ToaT3a — To3Taa)T13 + (ToaTs3 — To3T34)T14)boa + ((7324 — Ta3Taa)Too — (ToaTag — To3Taa) Tz +
(T24T33 — To3T34)Toa)boe + D1aTaz — byTsg + bsTsa

—(714724 - 712744)54 - (7224 - 722744)55 - (724734 - 723744)56 + (7124 - 711744)1710 + (714724 -
7'127'44)511 + (7'14734 - 7'137'44)1)12 - (7127'14 - 7'117'24)519 - (7'14722 - 7'127'24)1)20 - (7147'23 -
T13T24) b1 + (T3, — To2Taa) T11 — (T1aT2a — T12Taa) T2 + (T14T22 — T12T24) T14) boo + ((T24T34 —
7'237'44)7'11 - (7147'34—713744)712+(714723—7137'24)714)1323—1‘((7'24734—7'237'44)7'12— (7'14734—
7’137'44)7'22 + (7'147'23 - 7'137'24)7'24)525 — bygT1a + b3Tog — b17us

(7'147'33 - 7'137'34)54 + (7'247'33 - 7’23734)55 - (7'324 - 7'337'44)57 - (7'137'14 - 7’117'34)515 - (7'137'24 -
T12T34)b16 + (T1aT3a — T13Taa)bis + (755 — T11733)b19 + (T13723 — T12733)b20 — ((T24Ts3 —
To3T34)T11 — (T13To4 — T12T34) 13 + (T13T23 — T12733)T1a) Doz + (T34 — Ta37aa) 711 — (T1aTsa —
T137T44)T13 + (T1aTs3 — T13734) T14) boa + (T34 — T337a4)T12 — (T14T34 — T137a4) T23 + (T1aT33 —
T13734)Toa ) bag + D1aT13 — b3Tsg + baTay
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0= —(7'14722 - 7127'24)54 + (7'237'24 - 7’227'34)56 + (7224 - 7’227'44)177 + (7'12714 - 7117'24)510 -
(7'137'24 - 7'12734)512 - (7147'24 - 7’12744)513 - (7122 - 7117'22)519 + (7'137'22 - 7'127'23)521 -
((723724 - T22734)711 - (713724 - 712734)712 + (713722 - 712723)714)523 - ((7224 - 722744)711 -
(T14Toa —T12Taa) T12+ (T14Too — T12T24) Tia) baa + (T4 T34 — To3Taa ) T2 — (T14T34 — T13Ta4) Too +
(7'147'23 - 7’13724)7'24)527 — byT12 + b3Taz — 1724

0= —(7'137'24 - 7127'34)b4 - (7'237'24 - 7'227'34)55 - (7247'33 - 7'237'34)56 + (7137'14 - 7'117'34)510 +
(7'147'23 - 7’127'34)511 + (7'147'33 - 7137'34)512 - (7'127'14 - 7’11724)515 - (7'147'22 - 7127'24)516 -
(7'147'23 —7'137'24)bl7+ ((7'237'24 —7'227'34)7'11 - (7'147'23 —7'127'34)7'12 + (7'147'22 —7'127'24)7'13)522+
2(724733—723@4)711—(714733—713734)Tl2+(714723—713724)713)523+((724733—723734)712—

T14T33 — T137T34)To2 + (T14Tog — T13T24)To3)bas — bgTig + baTog — D17y

0= —(T13T22 — T12T23)ba+ (T35 — Ta2T33) be + (Ta3Toa — ToaT34) by + (T1aT13 — T11 723 ) b1o — (T13Ta3 —
7'127'33)512 - (7'147'23 - 7'127'34)513 - (7'122 - 7'117'22)515 + (7'13722 - 7'127'23)bl7 + (7147'22 -
7’127'24)518 - ((7'23 7'227'33)7'11 - (7'137'23 - 7’127'33)7'12 + (7'137'22 - 7'127'23)7'13)623 - ((7'237'24 -
7'227'34)7'11—(7147'23—7'127'34)7'12+(7'147'22—7127'24)713)524—1—((7'24733—7'237'34)7'12—(7'14733—
713734)722 + (714723 - 713724)723)527 — bgTig + baToy — b1 7o

Using Sage, we can calculate the forms g, as well; let 8 € Z?" ~ NS(A,©). Then

G2(B) =36b2, — 24by1b17 — 24by by + 3662 — 24b17by + 36b% + 96b12b1s -+ 96b13b20 + Wbighar +
6b1bas + I6babag + 96b14bar + 96bssbs + 96b1obs + 96b1sbe + I6b1gby + I6basbs + I6bagsh

qs (5) = 1728b23b18b3 — 864[)2659[)4 + 1728619()1866 — 1728b19b2b27 + 4321)11[)17[)4 + 1728b10b26b3 +
1728b15b21b7 + 864b2b23()4 + 1728(72162668 + 864b13b20b11 + 864b1b22b11 - 864()1{)17[)22 +
1728b22b12b2 — 1728b22b7b9 — 864b14b27b11 + 17281)10620(77 — 864b10b17b5 + 1728610b16b6 —
864b18b21 b4 + 864b18b21517 — 864b12b16b4 — 864b13b20b17 + 1728b13b19b5 — 1728b1 b19b26 +
1728b1b16b23 + 864b2ba3b17 4 1728b91bobas + 1728b1bagbas + 1728b10babes + 864b24b3bs —
864b18b21 bll + 1728b14b12 b26 + 1728[)15b27b3 — 1728b14b23b7 — 1728()22()668 — 1728620627[78 +
1728b15b12b5 — 1728()11)15[)25 + 1728[)20()12()18 — 864b2b23b11 + 864blgb16b11 + 864[)1[)22()4 —
8641302004 +1728b13b16D21 — 1728D13014b25 4864012016017 +864b15b604 4 1728b14b24b6 +
1728b16b27b9 + 1728b18b25b9 — 864b15b6b11 + 864b10b5b4 + 864()1()()5[)11 — 864b14bg7b4 +
1728b13b22b3 — 864bg4b3b17 + 864[)14()27617 — 864b24b3b11 + 86462568[)17 + 864bg5b8b11 +
864basbgbiy — 864bosbgby + 864b1506D17 — 864b1gbrb11 — 864b19b7bi7 + 864b19b70y —
864bogboby7 + 1728ba3bsbs + 1728b2sbsbe — 216b%,bs — 216by1b%, — 216by1b% — 216b%.b, —
216by7b2 + 21663, 4 21665, + 216b3 — 21662,b,7
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qa(3) = 8640b11b17b3—20736b94b3b2;+6912b15b6b3+6912b; bogb2 +6912b1 baab?, —20736b; bogb?+
691209bo3b7 + 6912014borb, — 20736b15b6b2, + 6912bogbobl;, — 20736bgsbob; —
20736b14borb?, + 6912b19bsb2 — 20736b1gbsb?, + 8640b11b3.by + 6912b9bysb?, +
6912019b7b3 — 20736b19brb3, — 20736basbob?, + 6912b12b16b2, + 6912bysbgb?, —

20736babogb?, + 6912b15b16b2, — 20736basbsb? — 20736b14barb? + 110592b10b14bagbs +
110592b1062b21b26 + 110592b10b18625b3 — 110592b1b15621626 + 110592blb18b20b23 —
110592b1b18b21b22 — 110592()1[)14[)22[)27 + 110592b1b15b20b27 — 110592b1b16b19b27 —
82944b1b17b20b24 — 110592b1b18b19bg5 — 110592b1b14b24b25 + 110592b1b14b23b26 +
110592b1b16b21bg4 + 82944b1b17b19b26 — 82944b2361863b11 + 27648b23b18b3617 +
27648bo3b1gbsby — 82944b1gbisbsbr  + 27648b19b1sbgbir  +  27648b19b18b6bs  +
82944b19boborbyy  — 27648b19babarbi;  —  27648b19boborby  +  27648b19bogbsby  +
27648b10bosbsby  — 82944b15b2107b11  +  27648b15b2107b17 4+ 27648b15b910704  +
27648b21b26b8b11 + 27648b21b26b8b17 — 82944()21b26b8b4 + 27648(722()12172611 +
27648b22b12b2b17 + 27648622612[)2[)4 — 27648b22b7b9b11 + 82944622[77[)9()17 —
27648b92b7bgby  +  27648b19baobrb1r  +  27648b19bogbrbs  +  27648b10b16bsb11  +
27648b19b1gbsb1r + 27648b19b16bgbs  +  27648D13D1905011  —  82944D13b19bsb1r  +
27648b13b19bsby  —  27648b1b19bogb1nr  — 27648b1b19bogbys  +  27648b1b16bogb11  +
27648b1b16b23b17 + 27648b1b16b23b4 — 82944b21b2b24b11 + 27648()21()21)24[)17 +
27648b21b2b24b4 + 2764861 bgob24b11 + 27648()1 b20b24b4 — 20736[)12[)1662 + 69121724()3()421 +
13824b15016011017 — 110592D10b14ba7bs — 82944b19b1702603 — 110592b1001402507 +
110592010b16b2107 + 110592b19b16ba7bs + 69120b96bgb1704 — 110592b19b2b2gbar —
13824b26b9b11b4 + 110592b10b18b20b6 — 82944[?10[)176201)7 — 110592b10b18b21b5 +
69120b14b27bnb4 — 13824b14b27b11b17 — 13824b14b27bl7b4 — 13824()2()23[)11()17 +

13824b2623b17b4 — 13824()2523[)11[)4 — 13824b10b5b17b4 + 13824[)10()5(711()4
13824b15b6b11b4 — 13824b1506b11017  —  13824bysbsbi1bs  +  69120b24b3011b17
13824b19b5b11017 — 13824boybsbi7by — 13824b13boob11bys — 13824b13b20011017
69120b13b20617b4 — 13824b12b16b11b4 — 13824()12{)16[)17[)4 — 13824[)1(?22{)11[)17
13824b18b21b17b4 — 13824[)1622617()4 + 13824b1b22b11b4 — 13824b18b21b11b17
69120b18b21bnb4 + 13824b25b8b11b17 — 13824b19b7bl7b4 — 13824bg5b8b17b4
13824bg5bsb11by  +  69120b19b7b11b17  +  13824b15b6b17bs  —  13824b19b7b1104
13824bagboby1by7 — 1728by1b3 — 17286%,b, — 17281763 — 60486262 — 1728by,b3, —
20736b15ba1 b2, — 20736b13bagb? + 6912b1gbo1b2, + 6912b13bagb?, — 20736b13bagb?, +
6912b95bsb2, — 172863 b7 — 172863, by + 864062, by7by + 6912b15bgb%. — 20736b1gb7b%, +
6912b10bsb?, — 20736bgabsb?, + 1296b%, + 129601 — 20736byghab? — 60480362,

I+ 1+

604806%,62 + 1296b%. + 27648b1gbobasbis + 27648byobobosbiy + 27648b10bsbashs +
27648b14b12bagb11 + 27648b14b12bogbrr — 82944b14012096Ds — 82944b15b2703011 +
27648b15bo7b3b17  +  27648b150270304 +  82944D14b93b7biy —  27648b14bosbrby;  —
27648b14b23b7b4 — 27648b22b6b8b11 — 27648[)22[)6()8[)17 — 27648[)221)6178[)4 —
27648b20b27b8511 — 27648b20b27b8b17 + 82944b20b27b8b4 + 27648b15512b5b11 +
27648b15b12b5b17 + 27648[)15[71265174 — 27648blb15b25b11 — 27648[)161517251717 —
27648b1b15basby  + 27648b20b12018D11  +  27648bygb12b15b17 — 82944boobi2bigby +

27648[)13[)16[?21611 + 276481)13b16b21b17 — 82944b13b16b21b4 — 27648[)13b14b25b11
27648b13b14b25b17 + 82944[)131)14[)25()4 — 82944b14b24b6b11 + 27648b14b24b6617+
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27648b14bosbsby  +  27648b16ba7bob11  +  27648D16barbobi;  —  82944b16ba7bgby
27648[)18[)25[?9()11 + 27648b18b25b9b17 — 82944b18b25bgb4 + 27648b13b22b3b11
82944b13b22b3b17 + 27648b13b22bgb4 + 27648b23b5b8b11 + 27648b23b5b8b17
27648b23b5b8b4 + 2764862465[)9611 — 82944b24b5bgb17 + 27648b24b5b9b4

110592019b14b2207 + 110592019b14b2405 + 110592019b15b2603 — 110592b19b16b2403
110592[)12[)2()20(?24 + 110592b12b18622b3 + 110592b12b18b19b5 — 110592bl2bl6b19b7
110592b12b1962b26 + 110592b12b15bgob7 + 110592b13b19b2b25 + 110592b13bl4b22b6
110592b13b2b20b23 + 110592b13b15b21b5 — 110592b13b14b23b5 — 110592b13615b20b6
110592b1362b21b22 — 110592613()15[)2563 + 110592613b16b23bg + 110592b15b27b5b9

110592b15b95b7b9 — 110592b150260609 — 110592b16ba3brby +  110592b16b24b6bg
110592b13b16b19bs — 110592D19basbrbs + 110592b19b9sbsbs — 110592b19ba7b5bs
110592b2b92ba7bg  — 110592b2b9gbagbg + 110592b9basbosby 4  110592bgbasbrbs
110592b20b24b6b8 — 110592b18bggb6b9 + 110592blgb2355b9 — 110592bglb22b7b8
110592521624175[)8 — 110592b22b27b358 + 110592b23b2653b8 — 110592b25b24b3b8.

I+ I+ 1 +

ol
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Nomenclature

s translation by a point z

~ isogeny relation

deg f degree of a homomorphism f

ef exponent of a homomorphism f

Hom(A, B) morphisms between A and B that send 0 to 0
Homg(A, B) = Hom(A, B) ®z Q

inverse of an isogeny f in Homg(A, B)

Hn Siegel upper half space

ppav principally polarized abelian variety

A full rank lattice in C"

AY dual abelian variety of A

Pic’(A) group of line bundles algebraically equivalent to 0 on A modulo
isomorphism

or, morphism from A to A" induced by L

Y dual homomorphism of f

T Rosati involution

Nx norm endomorphism of the abelian subvariety X

ex exponent of the abelian subvariety X
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Jo
Pic’(C)

74

smooth projective curve

Jacobian variety of C'

degree 0 line bundles on C'; modulo isomorphism
closed immersion C' — Jo defined by p € C
principal polarization (divisor)

canonical divisor of C'

(coarse) moduli space of genus g curves

(coarse) moduli space of g-dimensional ppavs
group of divisors of the variety X

intersection number of the divisors D+,..., D,
intersection number of a divisor D with a curve C'
algebraic equivalence

numerical equivalence

Néron-Severi group of A

symmetric endomorphisms of A

~(D-0")

Chow ring modulo algebraic equivalence of the variety X
=(C-9)

= NS(A)/Z|©], the polarized Néron-Severi group of A
m-torsion points of A

= ker ¢p

characteristic polynomial of f

= lim_ A[p']

ring of p-adic integers



Qy
V,A
Px(t)

ax

C1 (L)

5

field of p-adic numbers

= (TpA) ®Zp Qp

characteristic polynomial of Nx

numerical class associated to the abelian subvariety X
elliptic variety associated to (A, ©)

first Chern class of a line bundle L

elliptic curve associated to 7 € $;
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abelian complement, 10

abelian divisor, 23

abelian subvariety, 9
complementary, 10, 36
divisor class associated to, 32
exponent of, 10

abelian variety, 5

algebraic equivalence, 17

balanced set, 47
Bolza-Poincaré Theorem, 43

characteristic polynomial, 32
Chow ring, 20

modulo algebraic equivalence, 20

degree

of a curve, 21

of a divisor, 21
dual abelian variety, 8

elliptic subgroup, 21
elliptic variety, 40

homomorphism, 6
associated to a divisor class, 8

dual, 9
exponent of, 6

intersection number, 15
isogeny, 6

Jacobian variety, 11

matching, 47
moduli space of ppavs, 46

Néron-Severi group, 7, 17
polarized, 21

Nakai-Moishezon Criterion, 18

Norm endomorphism, 10

Norm endomorphism Criterion, 11

numerical equivalence, 17

Poincaré sheaf, 8

Poincaré’s Reducibility Theorem, 10
polarization, 6

ppav, 6

primitive, 21

Riemann-Roch Theorem for abelian vari-
eties, 18
Rosati involution, 9

symmetric endomorphism, 19

theta divisor, 13
Torelli Theorem, 13
type of a polarization, 8
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