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Resumen

Esta tesis trata sobre la teoria de perturbaciones del hamiltoniano de Landau.

En el transcurso de las ultimas tres décadas el hamiltoniano de Landau ha sido
objeto de investigacion activa en las areas de la fisica matematica y la teoria espectral.
En particular, dos problemas relacionados con la teoria espectral de perturbaciones de
este operador han sido estudiados en una serie de situaciones: la velocidad a la cual
el espectro discreto se acumula a los niveles de Landau y la distribucién asintética del
espectro discreto dentro de una agrupacion de valores propios, a medida que el nivel de
energia tiende a infinito.

Investigamos la densidad asintética de las agrupaciones de valores propios para per-
turbaciones eléctricas que son asintoticamente homogéneas, en un sentido apropiado, de
grado —p, con p € (0,1). Obtenemos estimaciones para la talla de las agrupaciones en
altas energias, asi como una descripcion explicita de la distribucién asintética de valores
propios en términos de la transformada de valor medio de la funcién homogénea asocia-
da. Formulas explicitas se encuentran en la proposicién y en el teorema del
capitulo 2.

También investigamos el comportamiento del espectro discreto del operador pertur-
bado cerca de los niveles de Landau para perturbaciones métricas con soporte compacto
y con decaimiento exponencial o como potencia. Férmulas asintéticas para la velocidad
de acumulacion de los valores propios a los niveles de Landau pueden encontrarse en los
teoremas [3.2.1], [3.2.2] y [3.2.3] del capitulo 3. El comportamiento del espectro deja de ser

semiclasico para perturbaciones con decaimiento rapido.

Adicionalmente, ciertos hechos relacionados con operadores de Berezin—Toeplitz son

presentados en el capitulo [I]



Abstract

This thesis is devoted to the perturbation theory of the Landau Hamiltonian.

For the last three decades, the Landau Hamiltonian has been an object of active
research in the domains of mathematical physics and spectral theory. In particular, two
problems related with the spectral theory of perturbations of this operator have been
addressed in a series of situations: the rate of accumulation of discrete spectrum to the
Landau levels and the asymptotic distribution of the discrete spectrum within eigenvalue
clusters, as the energy level goes to infinity.

We investigate the asymptotic density of eigenvalue clusters for electric perturbations
which are asymptotically homogeneous, in an appropriate sense, of order —p with p €
(0,1). We obtain estimates on the size of the eigenvalue clusters in the high-energy
regime, as well as an explicit description of the asymptotic density of the eigenvalues in
terms of the mean-value transform of the associated homogeneous function. Formulas
can be found in Proposition and Theorem on Chapter [2

We also study the behaviour of the discrete spectrum of the perturbed operator
near the Landau levels for metric perturbations of compact support, and of exponential
or power-like decay at infinity. Asymptotic formulas for the rate of accumulation of
eigenvalues to the Landau levels can be found in Theorems [3.2.1] [3.2.2] and [3.2.3] on

Chapter [3] The behavior of the spectrum is seen to cease to be of a semiclassical nature

for rapidly decaying perturbations.
Additionally, certain facts regarding Berezin—Toeplitz operators are set forth on Chap-

ter [I1

vi



Chapter O

Outline and Notations

The contents of this thesis are structured as follows: Chapter [If concerns the Landau
Hamiltonian and its perturbation theory. The purpose here is to state and to contex-
tualize the results contained in the chapters that follow. Also, some facts concerning
Berezin—Teoplitz operators are set forth.

The main results of this thesis are presented in Chapters 2 and 3. They are written
as scientific articles, as such, they are intended to be self-contained. Some overlapping
in the contents of the chapters is therefore to be expected.

Chapter [2| concerns itself with electric perturbations of the Landau Hamiltonian. For
asymptotically homogeneous electric potentials of degree —p, 0 < p < 1, clusters of
discrete spectrum appear around the Landau levels. High-energy estimates for the size
of these clusters and the asymptotic distribution of eigenvalues within these clusters is
studied. These results are published in [48] and [49].

Chapter [3| considers metric perturbations of the Landau Hamiltonian. Asymptotics
are given for the rate of convergence of the discrete eigenvalues to the Landau levels for
different regimes of asymptotically flat metrics, namely, perturbations that are compactly
supported, with exponential decay and with power-like decay. These results can be found
in [47].

We next establish some basic notation that will be used throughout this thesis.
Let M be a set, M a o-algebra of measurable subsets of M and u a o-finite measure
defined on M, such that (M, M, u) is a measure space. We denote LP(M,du), p € [1, 0]
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the Lebesgue space of order p in (M, M, ), and || - ||zr(a,dp) its corresponding norm.
As usual, for p € [1,00], we denote LP(R?), d € N, the Lebesgue space of order p

in R? equipped with the Lebesgue measure. We also define LP (R?), the weak Lebesgue

space of order p € [1,00), as the set of equivalence classes of measurable functions u such

that the quasi norm
1/
|l e, () := stug t |{$ € R?| ju(z)| > t} P
>

is finite.

Let X be a Hilbert space, we denote its inner product, linear in the first argument
and anti-linear in the second argument, by ( -, - )x. Denote £(X) the set of bounded
operators on X, S (X) C L(X) the class of compact operators acting on X, and for
p € [1,00) we denote S,(X) the Schatten-von Neumann class. Denote {s;(T) %" the
set of non-zero singular numbers of 7" € S (X) enumerated in non-increasing order.
Recall that T' € S,(X) if and only if

rank T’ 1/p
1T s, x) == (Z Sj(T)p>

j=1

is finite. The class S,(X) is a Banach space under the norm || - ||g,x). We will also
denote S, ,,(X) the weak Schatten—von Neumann class of order p € [1,00), i.e. the class

of operators T' € So(X) for which the quasinorm
|T llpw 2= sup j*/7s;(T)
j

is finite. When X is clear by the context, we will omit it in the notations and simply
write (-, ), Soo, Sp and || - ||,

Let d > 1 and denote Z; = {0,1,2,...}. Fora = (o, ..., aq) € Z% we will use the no-

% = 01 0%d
T T (9r1)*1 " (Qxg) V)

For o € R and k € Z,, we define the binomial coefficient by the formula

(Z) _ a<a—1)..l.€!(a—k+1)_

tations x® := z{" ...z, also we will denote a! := (ay)!. .. (ag)!.

Given a real-valued measurable function f, we denote its positive and negative parts

_ S _ A=

er: 92 9 9 9

f-
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so that f = f, — f_, with fy >0and f,f =0.

We denote 15 the characteristic function of the subset £ C R? and 1y the char-
acteristic function of the ball of radius R centered at 0. We will also use the notation
(x) = (1+ |o) V2

Given a self-adjoint operator A acting in a Hilbert space X, we denote its spectrum

o(A), its resolvent set p(A), and its essential spectrum oegs(A). Set
Nz(A) :=rank 17(A),

where 17(A) denotes the spectral projector corresponding to the interval Z C R asso-
ciated to A. Tt follows that if Z N oes(A) = 0, then N7(A) is equal to the number of
eigenvalues of A lying on Z, counted with multiplicities. If A is compact, we introduce
also the notation

ne(hA) = Ny (£4), A > 0.



Chapter 1

Introduction

1.1 Magnetic Quantum Hamiltonians

1.1.1 The Schrodinger Equation

According to the quantum mechanical description, to a given physical system we can
associate a complex Hilbert space, the one-dimensional subspaces of which are in cor-
respondence with the possible states of the system, and the self-adjoint operators of
which are in correspondence with the observable quantities. A “rule of quantization”
establishes a correspondence between a classical description of a system and its quantum
mechanical description. It associates a Hilbert space to the system and provides a way of
mapping observables to self-adjoint operators acting in this Hilbert space. The canonical
quantization for a spinless one-particle system establishes the correspondence between
such a system and the Hilbert space L*(R%), along with the rule of quantization

—>
¢ (1.1.1)

p +— —ihV

assigning self-adjoint operators to the position and momentum observables, which we

denote by ¢ and p. Here,

h=1.054 571 726 x 107%* [J - ]
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is the reduced Planck constamﬂ and the z,, £ = 1,...,d, denote the operators of mul-
tiplication by x; in L?(R?). In accordance with the spectral theorem, any observable
f(q) depending on the position only will be mapped to its corresponding multiplication
operator f(z).

The dynamics of the system are governed by a (possibly unbounded) self-adjoint
linear operator H acting in this Hilbert space, called the Hamiltonian of the system and
commonly interpreted as the energy observable. More explicitly, if ¥y € Dom H is a
vector determining the state of the system at time ¢t = 0, the dynamics of the system are
described by the equation 5

ih W (t) = HU(?) i

W(0) = Wo,

so that the time evolution of the system is given by
(t) = e tH/My,. (1.1.3)

Relation ([1.1.2)) is called the (time-dependent) Schrodinger equation. This equation plays

an important role in modern physics and provides relevant problems and motivation in

several mathematical domains, among which spectral theory and microlocal analysis.
For a classical particle in d-dimensional space, d € N, with mass m = 1/2, charge

e = 1 and momentum p, the energy at position ¢ € R? is given by the expression

H(p.q) = (p— A(9))* + V(q), (1.1.4)

where A and V' are respectively the magnetic vector potential and the electric potential of

the electromagnetic field. We are led to a Hamiltonian given by the Schrodinger operator
H(AV) = (—iV — A? + V. (1.1.5)

Here and in the sequel the choice of units is such that A~ = 1. This thesis is devoted to
the spectral properties of Schrodinger operators ((1.1.5) with constant magnetic fields.
Under the conditions that A € L (R%R?), divA € L2 (R4 R), V = Vi — Vs, with

loc loc

Vi > —clz|?, Vi € L2 (RY), ¢ > 0, and V5 > 0 is A-bounded with relative bound smaller

than 1, the above operator initially defined on C5°(R?) is essentially self-adjoint in L?(IR%)
(see [46]). We denote H(A, V') the self-adjoint realization of the formal operator (|1.1.5)).

1Source: 2010 CODATA recommended values, http://physics.nist.gov/cgi-bin/cuu/Value?hbar.


http://physics.nist.gov/cgi-bin/cuu/Value?hbar
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1.1.2 Quantum Hamiltonians in Magnetic Fields

The splitting of degenerate energy levels in a quantum system by the introduction of
perturbations is an important phenomenon in quantum mechanics. In many situations,
knowledge concerning the way these energy levels split can be used to devise precise
measurement techniques and to obtain information about the original system or about
the perturbation. For instance, observation of the Zeeman effect (splitting of the atomic
spectral lines under the presence of a constant magnetic field) in spectroscopic measure-
ments of the sun allowed for the discovery of strong magnetic fields in sunspots.

Other such effects are, for instance, the Stark effect, in which the atomic degeneracy
is removed by the presence of an electric field; nuclear magnetic resonance, a particular
case of the Zeeman effect, in which the nuclear spin degeneracy of an atom splits under
the presence of a magnetic field; and electronic paramagnetic resonance, an analogous
phenomenon occurring in electrons and particles with non-zero internal spin exposed to
magnetic fields. The importance of these phenomena is underlined by the fact that the
Nobel Prize in physics was awarded to Hendrik A. Lorentz and Pieter Zeeman (1902), to
Johannes Stark (1919) and to Isidor Isaac Rabi (1944) for the discovery of these effects.

There are also several other important quantum phenomena related to magnetic fields,
not necessarily involving the splitting of degenerate energy levels. A prominent example
is the quantum Hall effect: the discretization of the conductance in the Hall effect when
it takes place at low temperatures and under strong magnetic fields. Its discovery earned
Klaus von Klitzing the Nobel Prize in physics in 1985.

Applications are numerous and important. Other than the direct measurement of
intrinsic physical quantities of systems or, inversely, the measurement of the intensity
of the perturbation, these effects and their consequences have been used extensively
in molecular physics, in chemistry and in medicine. Notably, MRI (magnetic resonance
imaging) is based on nuclear magnetic resonance. By varying the magnetic field intensity
it is possible to reconstruct images of the body’s soft tissues. The trapping property of
constant magnetic fields is also used to a great extent in applications.

Beyond its purely mathematical interest, it is conceivable for the results concerning
perturbations of the Landau Hamiltonian to have such applications. For example, precise
spectral measurement of highly excited particles subject to a constant magnetic field

could allow to describe the profile (resp. asymptotic profile) of a short-range (resp. long-
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range) electric field, in accordance with the results in Chapter [2[ and in [55] described

below.

Gauge Invariance of the Schrodinger Operator

Let A := Z;l:l A;dz? be a 1-form in RY. Then, the 2-form

d
1 .
B:=dA= 3 § B, dz? A dx*,

jk=1
where oA 9

Bjpi= b — 2 jk=1,...,d 1.1.6

Jk 3.75] (?xk’ J ) s Wy ( )

can be naturally identified to the anti-symmetric matrix B = curlA := {Bj}?,_;.

Similarly, to a given magnetic vector potential A = (A, ..., Aq) € Li (R%R?), we can

loc

associate a magnetic field via the expression (|1.1.6)).
The following theorem reflects the fact that in R? (and, more generally, in simply

connected domains), given a magnetic field B, the particular choice of A € L} (R4 RY)

loc

such that curl A = B leaves the spectrum of H(A,V) invariant, and has no physical
meaning in the sense that it cannot be distinguished by experiment.
We say that A and A®, vector potentials in L2

1 (R%RY), are gauge equivalent if

curl AM) = curl A®). Equivalently, there exists a real-valued ¢ such that
AW = A®) L v (1.1.7)

Theorem 1.1.1. Let AV € L{ (R%GRY), divAY € L2 (R%GR), j = 1,2 be gauge

loc

equivalent. Let V € L% (RY), and suppose V_ is A-bounded with relative bound smaller

loc

than 1. Then, the operators H(A(j), V), j = 1,2, are gauge unitarily equivalent, i.e.
e H(AD Ve = H(AP V). (1.1.8)

Let us comment on the above theorem: (i) Given a vector potential A € L (R R9),

there exists a gauge equivalent A® € L{ (R%R?) verifying divA® = 0. This can
be used to show that the condition divA € L2 _(R?%R) is not essential to define the

loc

Schrodinger operator (1.1.5). (ii) In the more general context of Schrédinger opera-

tors defined on manifolds M that are not simply connected it is no longer true that
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curl A® = curl A® implies the unitary equivalence of the respective Hamiltonians. In
such a case, a notion of gauge invariance not completely determined by the magnetic field
can be established, so that equivalence classes of vector potentials have a distinguishable
physical meaning. For a more detailed discussion on the subject the reader is referred,

for example, to [45].

Diamagnetic Inequality

Let T,S € L(L*(RY)). Wesay T = S if

ITf(2)] < SI/](2)

for almost every z € R?. We have the following theorem, due to Dodds, Fremlin and

Pitt, establishing the preservation of compactness under this relation:

Theorem 1.1.2. [53] Let T = S. Then, S € Sy implies T € Sy and S € S, implies
T e S, peN.

Theorem 1.1.3. Let A € L (R?), divA € L (R4 R). Then, for any t > 0,

loc loc

e tH(AO0) < ota (1.1.9)

and hence

(H(A,0)+ E)™7 £ (A +E)™ (1.1.10)

for any E > 0 and v > 0. Further, suppose now V is A-bounded with relative bound
smaller than 1, then H(A,V) is self-adjoint on Dom H(A,0) and

o HH(AV) < —t(=A+V) (1.1.11)

Let us state some general conditions on V under which the operator V(—A + E)~!
is compact and some consequences of this fact. Suppose V € LF (R%), with p > d/2,

p > 2, and that limy V(2) = 0. For € > 0, let V = V; .+ Vs, with Vi, € LP(RY)
compactly supported and with ||V5 || peo@ay < €. We have

V(A +E)™ = Vi(~A+E)7Y = Voo (~A+ E) Y| o, (1.1.12)

so we need only prove that V; .(—A+ E)~! is compact, which follows from [65, Theorem
4.1].
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It follows from (|1.1.10)) that
V(HA0) +E)! = [VI(-A+E), E>O0.

Theorem then implies that V(H(A4,0) + E)~! € S.. In particular, the operator
H(A,V) = H(A,0)+V is self-adjoint on Dom H(A,0) and the resolvent difference

(H(A,0)+ E) ' — (HAV)+ E) ' = (H(A V) + E)'V(H(A,0) + E)™*

with £ > 0, —F € p(H(A,0)) N p(H(A,V)), is compact. As a consequence of this, we
have
Oess(H(A,0)) = 0ess(H(A, V), (1.1.13)

by Weyl’s theorem (see [10, Section 9.1, Theorem 4]). For further details on the diamag-

netic inequality, the reader may consult [6].

1.2 The Landau Hamiltonian and its Perturbation

Theory

1.2.1 Schrodinger Operators with Constant Magnetic Fields

Given a constant magnetic field, the matrix B with entries Bj, = % — % € Ris
J

anti-symmetric. Let by > by > --- > b,, > 0 be such that +iby, k = 1,...,m, are the
non-zero eigenvalues of B and set n := d — 2m = dim Ker B. Then, there exist cartesian
coordinates (z,y,w) € R, with 2,y € R™, w € R", if n > 1, or coordinates (z,y) € RY,
x,y € R™, if n = 0, such that H defined in is unitarily equivalent to the operator

m 2
0
H = Y Ik B S Nl
Zl( Zamﬁb’“z) +< Ty )] a

defined initially in Cg°(R?) and closed in L?(R%). If n = 0, the sum with respect to j
and the dependence of V' on w should be omitted.

w), (1.2.1)

In view of the above, a special role is played by the operator

) 2 ) 2
Ho = (—Za—xl -+ b— ) + <_Za_:lj'2 —b— 5 ) R (122)
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defined in L?(R?), with b > 0, for which m = 1 and n = 0. We will also use the notation
Ay = b/2(—xa,21), so that Hy = (—iV — Ag)?. This operator is called the Landau
Hamiltonian and will be our central object of study.

The spectral properties of operators differ drastically in the cases n = 0
(i.e. magnetic field of full rank) and n > 1. Let us assume V' = 0 and compare the

spectra of H in these two cases. If n = 0, then o(H) coincides with the set of values

{ ZAQk(bk) ‘ dk EZ+7 k_la"'am}7
k=1

where A, (b) :=b(2¢ +1). If n > 1, then

o(H) = [ibk,oo> :

The spectrum is purely essential in both cases, but for n = 0 it is purely point spectrum
whereas for n > 1 it is purely absolutely continuous.
Next, we consider in more detail the spectral properties of the Landau Hamiltonian.

Set z := x1 + 129 and Z := x; — ix9, so that

9 _1(90 .9 o _1(o 90
9z 2 \0x; Oxy)’ 0z 2\ 0r; Oxy)

Define the magnetic annihilation operator
0 2 0 bz
a = —2ie WA M = _oj (| — 4 =
0z oz 4)’
and the magnetic creation operator

2/, O > 0 bz
a* = —2ielll /4&(9_27@' /= 9 (& - ZZ> )

with common domain Doma = Doma* = Dom Hé/ 2, They are closed and mutually

adjoint in L?(R?) and verify the commutation relation
la,a*] = 2b (1.2.3)

on Dom Hy. Hence, they define a representation of the Heisenberg algebra. This fact
together with the relation
Hy=a"a+b
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allow us to build a spectral decomposition for the Landau Hamiltonian, similarly to the
case of the harmonic oscillator.

The spectrum of H consists of eigenvalues of infinite multiplicity given by
Ay =0(2q+1), q€eZy, (1.2.4)
called the Landau levels. We have
Ker(Hy — Ag) = Kera®a (1.2.5)
= Kera = {u € L*(R*) | u= ge‘ilzﬁ, g€ CY(R?), 0g/0z = O} )

an orthonormal eigenbasis being given by the functions

k
oz \/>\/_ [\/7 Ty Fizg)| e 4|$‘2 T = (11,25) €ER? k€Z,.
Commutation relation (|1.2.3) implies
Ker(Hy — A;) = (a")?"Kera, ¢q>1, (1.2.6)
so that
Pak(T) = \/i( ) pox(T), r = (21,2,) € R?, (1.2.7)
k—q

q

o [

is an orthonormal basis for Ker Hy — A,. Here

1 di(trtee?) g+ a\ (—t)
(o) L —a t _
L) 1= e _;_0 )5 teRgeZ acR

b 2
L(k*q)(§|x|2)e_%|x‘ : keZ,,

are the generalized Laguerre polynomials. Notice that if k < ¢, L((Jk_q) has a zero of order
qg—k at x = 0, so that ¢, extends continuously to a function in the Schwartz class
S(R?). These are sometimes referred to as the angular momentum eigenbases. Denote
by Py, ¢ € Z., the orthogonal projection onto Ker Hy — A,. A unitary transformation
between PyL?(R?) and P,L*(R?) is given by @g i — gk More precisely, if
u= > crpor € LR, v=Y crpgr € PL*(R?),
ke keZy

then the application mapping v — v is a unitary transformation between the spaces
PyL*(R?) and P,L*(R?).
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1.2.2 Perturbations of the Landau Hamiltonian

The Landau Hamiltonian is a very good example of the quantization?] of physical quan-
tities in quantum mechanics, one of its most distinctive features. The energy measured
on a system described by this Schrodinger operator cannot take any arbitrary value, it is
restricted to the Landau levels. This interesting spectral property has been the starting
point for active research since the 1980s, as the natural question arises: what happens to
the energy levels when this system is perturbed. Throughout the rest of this section we
will denote by Hj the Landau Hamiltonian defined in and by H the corresponding
perturbed operator.

Let V e L{ (R?) verify limj;o V() = 0. Under these hypotheses, we have that V'
is relatively compact with respect to Hy, so that the essential spectra of H = Hy + V
and H, coincide.

In the case of magnetic perturbations, the preservation of the essential spectrum can
be a more delicate matter. If the perturbing magnetic field decays slowly at infinity,
the perturbation might not be relatively compact with respect to Hy. However, in 1983,
A. Iwatsuka proved (see [39]) that if the components of the perturbing magnetic field de-
cay at infinity and belong to C°°(IR?), then the essential spectra of Hy and the perturbed
operator coincide.

Chapter [3| concerns metric perturbations. These are second-order differential oper-
ators, so that, in general terms, even if the perturbation decays at infinity, it is not
relatively compact with respect to Hy. Nonetheless, the resolvent difference continues
to be compact. The reader is referred to Section in Chapter |3 for further details
concerning this issue.

Having considered this, a first question to be asked regards the nature of the Landau
levels as points in the spectrum of the perturbed operator. In principle, a given Landau

level A,, being an isolated point of the essential spectrum of H, could be:
e an eigenvalue of H of infinite multiplicity;

e an accumulation point of the discrete spectrum;

2Quantization meaning in this context that physical quantities can only take values on a discrete
subset of R.
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e both.

This issue is addressed by G. Raikov and F. Klopp in [41] in the case of electric perturba-
tions of the Landau Hamiltonian. It turns out that if the perturbation V' is sign-definite,

and verifies
cl,(x) <|V(z)|], z¢€ R2,

for some ¢ > 0, r > 0, then, under the condition that

[V ||oo := esssup|V (z)| < 20,
z€R2

the Landau levels A, are not eigenvalues of H, and hence are accumulation points of the
discrete spectrum. On the other hand, given a Landau level A,, there exists a V' (with

non-constant sign) for which A, is an eigenvalue of infinite multiplicity of H.

1.2.3 Eigenvalue Clusters and High-Energy Asymptotics

This section concerns mainly electric perturbations of the Landau Hamiltonian. Let us

examine the operator
H = HO + V,

where the electric potential V' is bounded, measurable, and verifies lim|; V(z) = 0.
Given the considerations in Subsection the essential spectra of H and Hj coincide.

Further, we have
oo

o(H) | J[A, +inf V, Ay +sup V], (1.2.8)

q=0

so that if ||V||o < b, the spectrum of the perturbed operator is contained in clusters of
width ||V« centered around the Landau levels. This fact supports the idea that the
Landau levels “split” under perturbations.

Rather than describing the actual distribution of discrete eigenvalues in any such
cluster (which amounts to locating precisely the spectrum of H) it is possible to consider
the high-energy limit, as ¢ — oo. A classical result in this direction is A. Weinstein’s
paper [70], in which such a problem is considered for electric perturbations of the Laplace—
Beltrami operator on compact Riemannian manifolds M with periodic geodesics of equal
length, i.e. the operator h := —Ay +V, V € C®(M), self-adjoint in L?(M,du), with p

the measure induced in M by the Riemannian metric.



1. Introduction 14

We illustrate Weinstein’s results for M = S2?, the 2-sphere. The spectrum of hy =
—Ag2 is given by the eigenvalues v, := ¢(q+ 1), ¢ € Z, of multiplicity m, := 2¢+1 (see
[64, Theorem 22.1]). Since the eigenvalues space out as ¢ — oo, an estimate analogous
to justifies the idea of eigenvalue clusters for the operator h.

For [a, ] C R and g € Z, introduce eigenvalue counting measures by setting

pq([ev, B]) := rank]l[am(h — V),

where 17(h — v,) is the spectral projector onto the interval v, + Z corresponding to the
self-adjoint operator h. Weinstein’s results read as follows: given u € C(S?), introduce

the function )
1 ™
u(w) = —/ u(y(tw))dt, weS?
2 Jo

where (- ;w) is the oriented great circle in S?, orthogonal to w. Note that the great
circles are exactly the geodesic curves in S? parametrized by the arc length ¢. Then,

lim m_ ' [ () dpg(N) :/ o(V(w))do(w), ¢ € C®(R), (1.2.9)

q—o0 R S2

where o is the normalized Lebesgue measure on S?. For [a, 3] C R define the measure

MOO([au 6]) =0 (V_l([aa 6])) :
Equation (1.2.9) states that pi is the weak limit of the measures m, ",
Weinstein’s results are valid in a more abstract setting. Namely, let A be a positive,
self-adjoint, first-order elliptic pseudodifferential operator on an n-dimensional compact

2mid — ] for some ¢ € R, and such that its bicharacteristic flow is

manifold such that e
simply periodic with period 27. Let also B be a self-adjoint pseudodifferential operator
of order zero. Then, the eigenvalues of A? + B (which cluster around the eigenvalues of
A?.in a sense analogous to ) can be well approximated, as the cluster number ¢
goes to infinity, by those of A% + (B), where
(B) : ! /27r e " BelA dt
0

T or

is the Weinstein average of B. The operators A? and (B) can be jointly diagonalized,
which simplifies the asymptotic analysis of the eigenvalue counting measures, yielding a

limiting distribution as ¢ — oo.
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The structure of eigenvalue clusters for electric perturbations of the Landau Hamilto-
nian was studied for the first time in its high-energy limit by E. Korotyaev and A. Push-
nitski in [42]. A more thorough description including the asymptotic distribution of
eigenvalues within clusters was later given by A. Pushnitski, G. Raikov and C. Villegas—
Blas in [55]. Chapter [2| extends these results to a supplementary class of potentials.

The following theorem establishes the notion of eigenvalue clusters for potentials V'
verifying

V(z)| < Clx)™", xeR? (1.2.10)

for some p > 0, C' > 0. Moreover, it provides estimates for the size of these clusters as

q — 0.

Theorem 1.2.1. (i) Assume that V satisfies (1.2.10) with p > 1. Then

o(H)c | (A= CiA;V2 Ay + CIASY?) (1.2.11)

q€Z

with a constant Cy > 0 independent of q.

(ii) Assume that V' satisfies (1.2.10) with p € (0,1). Then

o(H) C | (Mg — CoA7? Ay + CoN[0P?) (1.2.12)

q€Z

with a constant Cy > 0 independent of q.

Notice the fundamental difference between the cases p > 1 and p € (0, 1), in which an
explicit dependence on p appears in the cluster size estimates. The critical case p = 1,
which is not covered by either of these results, establishes the splitting point between two
different regimes. Namely, potentials verifying with p > 1, described as being
short-range, are considered in [55], whereas Chapter [2| concerns long-range potentials
which decay at infinity as x| with p € (0, 1).

Let us now describe the aforementioned limiting eigenvalue distribution for short-
range potentials. For [a, 5] C R\ {0} and ¢ € Z, define eigenvalue counting measures
by setting

1o ([, B]) = > dim Ker(H — \),

Agtahg 2<A<A +8A; Y2
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so that the above quantity is simply the number of eigenvalues in the interval [A, +
alg 1 2, AN+ BA; Y 2] counted with multiplicities. Notice that the interval [, ] is rescaled
in accordance with (|1.2.11)). For large values of ¢, we have that

[M+agﬂ{Arum;ﬂm%gHy:@

so the above quantity is finite. Note that if ¢ € C§°(R\ {0}), then
/ (N (A) = Tr @(AY?(H — A,)). (1.2.13)
R

This description in terms of traces of operators is the object of study in [55], for which
asymptotics are calculated to obtain a limiting measure as ¢ — oc.
In order to state their results, given V satisfying (1.2.10) with p > 1, define its Radon

transform

1
V(w,s) = —/V(sw +twh)dt, w=(wi,w) €S, sER,
R

2T

where wh = (—wy,w;) € S

Theorem 1.2.2. Let V satisfy (1.2.10) for some p > 1. Then
lim A 1/2 Trcp(Al/Z(H Ay) / / (bV (w, 5)) ds dw (1.2.14)
q—0 27T st
for each p € Cg°(R\ {0}).
Condition ([1.2.10)) with p > 1 entails the following decay property:
V(w,s)| < CA+]|s)", weS! seR, (1.2.15)

so that the r.h.s of (1.2.14) is a finite quantity for all ¢ € Cg°(R\ {0}).
For [a, ] C R\ {0} define the measure

1

Higort([ ’B]) — % f/—l([b—la, b_lﬁ]) SIxR’

| - |sixr being the Lebesgue measure on S' x R. In terms of convergence of measures,

Theorem |1.2.2] is equivalent to

lim Ay Y25 (o, B]) = 12 ([, B), (1.2.16)

q—o0
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for any a, 3 such that af > 0 and pshot({a}) = pshot({8}) = 0. However, the above
condition does not generically hold. Indeed, it is possible for V' to be such that its Radon
transform is constant and non-vanishing over a subset of S' x R of positive Lebesgue
measure, which equivalently means that g™ has an atom.

Again, the Berezin—Toeplitz operators play a significant role in the proof. The analysis
of the trace of the operator gp(Afl/ *(H — A,)) is reduced using StoneWeierstrass and the
Cauchy integral formula to that of operators of the form (P,V P,)* for ¢ large enough. The
unitary equivalence of Brerezin—Toeplitz operators to certain pseudodifferential operators
is employed to obtain an approximate integral representation of these traces which is then
evaluated using the stationary phase method to obtain .

Chapter [2 concerns itself in detail with the long-range regime, let us briefly overview
the results. We assume that the potential V' is asymptotically homogeneous of order

—p, p > 0, in the sense that V € S7*(R?) and that there exists V € C=(R?\ {0}),

homogeneous of order —p, such that
[V(z)=V(z)| < Clz|777%, |z| >1, (1.2.17)

with given constants C' and € > 0. Similarly to the short-range case, we define for
[a, 5] C R\ {0} and ¢ € Z, the corresponding eigenvalue counting measures
,uzong([a’ /8]) = Z dim Ker(H - )‘)7
Ag+ahy PP<A<A +BA; "2
differing from the above in the scaling factor A,” /2 applied to the interval. An expression

analogous to (|1.2.13)) in terms of traces of operators is readily obtained.

Define the mean-value transform of V via the expression

V(z) : !

Theorem 1.2.3. Let V satisfy (1.2.17)). Then

/ V(z —w)dw, xcR*\S.
St

lim A Tro(AP?(H — A,)) = 1 / o(V(z)) dx (1.2.18)
K g 27Tb R2

for each ¢ € C°(R\ {0}).

Notice that the mean-value transform of V extends continuously to all of R?, is
bounded, and decays at infinity. In particular, the r.h.s of ((1.2.18]) is finite. Also,
V(z) = 0 for each z € R? if and only if V() = 0 for each z € R2\ {0}.
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Again, defining the measure

p([a, B]) = ﬁ o B CR\{0},

with | - |gz the Lebesgue measure on R? we find that ((1.2.18)) is equivalent to

V([0 b7 8))|

lim Ay o5, 8)) = 15[, ), (1.2.19)

q—r0

for any a, 8 such that a3 > 0 and such that a and 3 are not atoms of the measure p!°".

Notice that Tr (A5 (H — A,)) is of order A,, while the corresponding short-range
expression is of order A;/ 2, so that a discontinuity takes place when passing from one case
to the other. The limiting case p = 1 differs from both the short-range and long-range
situations. In fact, for, say, V' asymptotically homogeneous of order —1, the Radon
transform V is not well defined. Further, since V can generically have a logarithmic

lon,
8 need not be compact,

which would mean that ((1.2.12)) fails to hold in this case for each Cy > 0.
As in Weinstein’s paper [70], the averaged operator (H) := Hy + (V), where

singularity at S' if p = 1, the support of the limiting measure

b /b ) ]
(V) = - / e Moyttt = N " PV P, (1.2.20)
0 SEZy

provides a good approximation for H and has the additional advantage that Hy and (V')
admit a joint spectral decomposition. In particular, passing to the Weinstein average al-
lows to reduce the problem to the analysis of Tr gp(Ag/ P,V P,), which results in Theorem
by means of considerations which develop on the pseudodifferential representation
of Berezin—Toeplitz operators, presented in the following section.

Both of these results admit a semiclassical interpretation. Both transforms appearing

on the r.h.s. of Theorems |1.2.2] and [1.2.3| can be obtained by averaging the perturbation

V' over the orbits of the free dynamics and making the energy of these orbits tend to

infinity. Namely, set

1
Av(V)(z, FE) := Py /sl V(z+ B W) do', 2 €R*E >0,

the average of V' over the orbit of energy E centered at x. If V satisfies (1.2.10]) with
p > 1, we have

lim EY2Av(V)((s + EY?b Yw, E) = bV (w,s), weS seR.

E—oo
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Similarly, for V' verifying (1.2.17)), we have

lim E?? Av(V)(EY?0 'z, E) = ¥V (z), = €R%

E—oc0

Therefore, the limiting measures can be represented by
i

1 1
short — i E1/2A E
[ o dtmo) = 5= lim i [ e(B AV @ B b,

/R o\ dpE(\) = — Tim % /R (B AV(V)(x, B)) bl

21 E—oco

(1.2.21)

1.2.4 Local Spectral Asymptotics

Under perturbations preserving the essential spectrum, among the first questions to
be asked is the one concerning the local behavior of the resulting discrete spectrum.
Particularly, the rate of convergence of the discrete eigenvalues to the Landau levels
has been the subject of many of the works present in the literature around the Landau
Hamiltonian today. The first such result was published by G. Raikov in [58], it concerns
electric perturbations with power-like decay at infinity.
Recall (z) := (1 + |2*)'/2, 2 € R%. For p € R define the Hérmander class
S7P(R?) := {u € C=(R?) | sup|d®u(x)|(z)"™1°l < 00, a € Z2}.

zER2

Given V € S7(R?), p > 0, let H := Hy + V. The results in Subsection entail

UeSS(H) = UeSS(HO) = {Aq}q62+'

Denote by )\;k, k € Z,, the eigenvalues of H in the interval (A,, A, +b) enumerated
in decreasing order and by A_,, k € Z, the eigenvalues of H in the interval (A, — b, A,)
enumerated in increasing order. Also, set
N (A) := rank L 4n,a,+0)(H),

B A€ (0,b), (1.2.22)
N, (A) ==rank D,y a,—2(H),

q

where 17(H) is the spectral projector of the self-adjoint operator H onto the interval
Z. The problem of local spectral asymptotics involves studying asymptotics for the
quantities + ()\;k — Aq), which also relate to those of the eigenvalue counting functions

NE.

q
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Let ¢ : R* — R satisfy limj, 00 ¥(z) = 0 and define the volume functions
O (N) = [{z eR*| £¢(x) > A}, A>0,
where | - | denotes the Lebesgue measure in R?.

Theorem 1.2.4. [58, Theorem 2.6] Let V € S™*(R?), p > 0. Assume that there exists
Ao > 0 such that the function ® is differentiable on (0, \y), and

—ADE (V) < DF(N),
PEN) > NP, N e (0,)),

for some constant C' > 0. Then we have

NEQ) = Lo () (14 0(1) < A2, AL0, q€Zs. (1.2.23)

1 2
A more explicit version of Theorem [1.2.4] can be stated when the electric potential V'
is asymptotically homogeneous, in the sense that there exist 0 # v. € C*(S') such that

lim (|z|"Vi(z) — ve(z/]z])) =0,

|z| =00

with V. the positive and negative parts of V' respectively. Then,

NEN) =C A2, X100, qeZy (1.2.24)

q

where

b 2w

Equivalently, we have the following asymptotics for the rate of convergence of the discrete

Cy: v (cos B, sin §)%/.

eigenvalues:
+ (A5 = Ay) =R (14 0(1), k= oo, (1.2.25)

This result is semiclassical in nature insofar the counting functions N, qi are expressed
in terms of a Weyl formula involving the volume function of the perturbing potential
V. In this paper the problem is reduced, for the first time, to the spectral analysis
of Berezin—Toeplitz operators, P,V P,, which are also seen to be unitarily equivalent
to certain pseudodifferential operators with Weyl symbols. Techniques stemming from

micro-local analysis are then employed to obtain the result.
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Later, V. Ivrii was able to extend the results in [58] to perturbations of more general
type. In [38], combined electric, magnetic and metric perturbations were considered.
These results were obtained making use of micro-local machinery.

Consider an electric potential V' € S™*(R?) and a perturbing magnetic field B €
S7*(R?), p > 0, with an associated vector potential A = (A, Ay) such that A + A, €
L} (R%R)? and div(A + Ap) € L .(R%R). Consider also real-valued functions myj; €
S7P(R?), j, k = 1,2, such that the matrix g with entries g;x(x) := 0, +m;(2) is positive
definite for each x € R?. Under these conditions, the operator in L?(R?)

2
H = Z

7,k=1

(—iaixj — Ay — Aj> gjk(x) <_Zaixk — Aoy — Ak) +V, (1.2.26)
initially defined on C§°(R?) and closed in L?*(R?), is self-adjoint and verifies oes(H) =
Oess(Hp).

Set v := (detg)™"/? and F(x) := v Y(B(x) +b), x € R?. Fix ¢ € Z, and define
V,(x) := V(z) + (2¢ + 1)(F(z) — b), z € R%. Under some additional hypotheses the
asymptotics [38, Theorem 11.3.17]

1

" or

NEN) / F(z)y(x)dr +O(nX), X0, (1.2.27)
{£V>A)
hold true.

Results so far were restricted to perturbations with power-like decay and known
methods were unable to deal with such cases as compact support, in which the successive
derivatives do not decay faster at infinity than the perturbation itself, as was required in
some sense by the semiclassical formalism.

In [59], G. Raikov and S. Warzel were able to find the first asymptotic term for
N, in the cases of electric perturbations with exponential decay and compact support,
albeit with a constant sign. They made use of an explicit description, which involves the
angular momentum basis, of the eigenvalues of Berezin—Toeplitz operators for radially
symmetric electric perturbations.

Consider the perturbed operator given by H := Hy + V', with V' > 0 bounded and
verifying

InV(z) = —|z[*(1 +0o(1)), |z| — oo, (1.2.28)
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for some v > 0, 3 > 0. Set p := v(2/b)?. Then, preserving the previous notations, the

asymptotics
—pkP(1+o(1)) if 3€(0,1),
In (A, —Ag) =4 —(In(14p)k(1+0(1) if B=1, k—oo.  (1.2.20)
—2kInk (1+ 0(1)) if B € (1,00),

hold true. Equivalently, in terms of the eigenvalue counting functions, the results in [59)

read as follows:
p P AP (1 +0(1)) if B € (0,1),
NSO = ks A (L +0(1) i B=1, A0 (1.2.30)
Al (1 +o(1) if B e (1,00),

If V> 0 is now bounded with compact support and such that V' > ¢ > 0 on some

open non-empty subset of R?, then the asymptotic relation
In (Af, —Ag) = —kInk(140(1)), k— oo, (1.2.31)

and its equivalent formulation

N = IIn A|

describe the local spectral asymptotics.

The ¢, being eigenfunctions for the angular momentum operator —i(x0/dy—yd/0x)
with eigenvalue k— g, it can be seen that if V' (z) = v(|z|) is radially symmetric, then they
are also eigenfunctions for the Berezin—Toeplitz operator P,V P,. An explicit description

of the eigenvalues is therefore given by the expression

!

Vogr, Pak) = % / v ((2t/0)?) e ILED ()2 dt, k€ Zy. (1.2.33)
*JO

Asymptotics as k — oo for the above expression are calculated for certain model po-
tentials, and the minimax principle then allows to extend the results to more general
potentials verifying the stated decay properties.

It is important to notice that these results do not adjust to the semiclassical intu-

ition anymore in some cases. In fact, N, and the volume function ®y are asymptotically
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equivalent for 0 < # < 1, but differ when 1 < 8 < oo and for the compact support
case, having the same order with a different constant if 5 = 1 and having different orders
altogether if g > 1. In particular, we see that the volume function of a compactly sup-
ported V' remains bounded as A | 0, which would imply no accumulation of eigenvalues
to the Landau levels, whereas these results show that accumulation does take place at a
superexponential rate.

These results were later extended by M. Melgaard and G. Rozenblum in [51] to
Schrodinger operators in higher dimensions with full-rank constant magnetic fields.

The description
PyL*(R?*) = Kera = {u € L*(R?) | u= ge il g e CY(R?), 0g/0%z = O} (1.2.34)

establishes a unitary transformation between the eigenspace Ker Hy — Ay and the space

F? of entire functions g verifying
/ lg9(2)2e 21 da dy < oo,
C

commonly called Fock or Segal-Bargmann space.

Based on variational arguments and this description applied to Berezin—Toeplitz oper-
ators, the complex analysis carried out in [29] by N. Filonov and A. Pushnitski conveyed a
second asymptotic term in expression for electric perturbations, provided that the
support of the perturbation is compact with a Lipschitz boundary and that V(z) > ¢ > 0
for all x in its support. Under these hypotheses, the asymptotics involve more specific
properties of the perturbation, namely, they depend on the logarithmic capacity C of its
support. We recall that the logarithmic capacity of a compact non-empty set K C R? is
defined as C(K) := e=W) where W (K) is the minimum of the functional

)= [ nduta) dinty)

over the set of Baire measures y supported in K and such that p(K) = 1 (see [44], Section
4, Chapter II] for further details). Then we have

In(Af, —Ag) = —klnk+ (1+1n(bC?/2)) k +o(k), Kk — oc. (1.2.35)

The question of local spectral asymptotics turns out to be more complicated when

considering magnetic perturbations, since such perturbations are never of a definite sign.
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This poses rather serious difficulties, the reader is referred to [56] for a discussion on the
complications encountered and for some preliminary results.

Despite this fact, in [62], G. Rozenblum and G. Tashchiyan were able to obtain results
for compactly supported magnetic perturbations, given certain technical assumptions.

They consider the operator
H:= (—=iV — Ay — A)*+V,

where the perturbative terms are given by the electric potential V', and the magnetic field
B, both compactly supported. Recall that even though B, generated by the magnetic
potential A, is compactly supported, it is generally not the case that A itself has a
compact support.

The authors managed to reduce the problem to the spectral analysis of a Berezin—
Toeplitz operator with an effective potential W, given in terms of some differential
operators acting on B and V', depending on both the constant magnetic field intensity b
and on the Landau level. Under the condition that the effective potentials verify W, > 0
and further, W, > ¢ > 0 on some open subset of R?, asymptotics for the accumulation
of the discrete eigenvalues to the Landau levels both from above and below are obtained:
1 [In )

2 In|In A|
The results that will be presented in Chapter |3| concern metric perturbations of the

Ny (N)

q

(1+0(1), Alo. (1.2.36)

Landau Hamiltonian. More precisely, let m(x) = {m;x(x)}; =12 be a Hermitian positive
semi-definite matrix for all z € R% Suppose that the matrix entries mj, € Cp°(R?),
i.e they are of class C*°, bounded as well as all their derivatives. Under these conditions,
define on Dom H, the perturbed operators H., self-adjoint in L?*(R?) and essentially
self-adjoint on C§°(R?), given by

2
.0 .0
Hy = Y (_28_33]- - Ao,j) (0,6 & myp(2)) (—Za—mk - Ao,k)

Jk=1

= Hy+W,

where W = ij',kzl (—i0/0x; — Ao ;) mjr(x) (—i0/0x, — Agr) > 0 is the perturbative
term. In the case of H_, it is additionally supposed that sup,g:||m(z)|| < 1, so that
g5 (x) := {d;x £ mr(x)}j k=12 is positive definite for all z € R2
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As mentioned in Subsection above, the perturbation, being a second-order dif-
ferential operator, is no longer relatively compact with respect to Hy. However, the
resolvent difference Hy' — Hy ! ig still a compact operator, so the essential spectra of the
operators coincide.

Denote by m-(x) and m~(z), m<(x) < mx(z), the two eigenvalues of the matrix
m(z), x € R Since the perturbation has a definite sign, the discrete spectrum can
accumulate only from above in the case of H, and from below in the case of H_, so
that we consider )\;: o for Hy only and A; for H_ only. The results in Chapter 3 read as

follows:

Theorem 1.2.5. Assume that the support of the matriz m is compact, and its smaller

eigenvalue m. does not vanish identically. Fix q € Z. Then we have
In (£ (A, —Ag)) = —kInk+O(k), k— oo. (1.2.37)

Under certain technical conditions, these asymptotics could be improved by applying

the results in [29], yielding the better error estimates
(L+1n (bC2/2)) k+o(k) <In (£ (A, — Ag)) + kInk < (14 1n (bC2/2)) k + o(k),

with C> the logarithmic capacities of the supports of m~ and m. respectively.

In the case of exponential decay, asymptotics as £ — oo are obtained up to order
In k, an improvement with respect to the remainder estimates obtained in [59]. Again,
the constant § = 1 acts as a critical value separating different asymptotic regimes,

semiclassical for 5 < 1 and purely quantum for g > 1.
Theorem 1.2.6. Fiz q € Z,. Let m satisfy
Inms(z) = —v[z|*’ + O(ln |z]), |z| = oo (1.2.38)
(1) If 5 € (0,1), then there exist constants f; = f;(B, 1), 7 € N, with f; = p, such that

(£ (N, —Ay)) =— > [ESVT 4 0(nk), koo (1.2.39)

1<j<iig

(i) If B =1, then

In (£ (Mg —Ag)) = —(In(1+p)k+O0(nk), k— oo (1.2.40)
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(1it) If B € (1,00), then there exist constants g; = g;(B, 1), j € N, such that

In (£ (Vg —Ad)) =

s

1<j< 525

Pk (ﬁ_ ! _;n (Mﬁ)) k= S g L o),

26

(1.2.41)

k — 0.

The constants f; and g; correspond to the coefficients of the Taylor series of certain

functions depending on the parameters 8 and u. A more precise description of these is
given in Chapter . Notice that condition (|1.2.38)) yielding these results, is less general

than (1.2.28]), considered in [59].

Finally, the results for power-like decay are stated as follows:

Theorem 1.2.7. Fix q € Z,, and introduce the function

Ty(x) = %(Aq Tr m(z) — 2b Im myp(x)) >0, =€ R

Let mj, € S™P(RY), j, k= 1,2, with p > 0. Assume that there exists a function 0 < 7, €

C>=(SY), such that
i 1T ) = 7 /o).

Then we have

NEO) = Loy )L+ o(1) =< A%, AL0,

a 2

which s equivalent to

27
Hm AYPNF(A) =C, - b

= — 7,(cos 6, sin )78,
A0 ar J,

or to
+ (Nf, = Ag) =CPEPP(140(1), k — oo

(1.2.42)

(1.2.43)

(1.2.44)

Statements analogous to (1.2.23) for 7, for which there exists Ay > 0 such that the

function ®7. is differentiable on (0, \g), and

=207 (\) < D7, (M),
D7 (A) > CXHP, X e (0, \),

for some constant C' > 0, remain valid in this context.
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These results are readily extensible to operators of the form Hy + V', provided V > 0
decays at a rate comparable to that of the matrix m, so that the combined perturbation
remains sign-definite.

In Chapter [3| a proof of the power-like decay case is given which uses methods that
differ significantly from those present in the previous results by V. Ivrii, appearing in
[38]. Also, the cases of exponential decay and compact support are considered, based
on and further developing the methods used by G. Raikov and S. Warzel in [59]. As far
as the authors are aware of, no results involving rapidly decaying metric perturbations
(exponential decay, compact support) have been previously introduced in the literature
around the Landau Hamiltonian.

Despite the fact that the perturbation is no longer relatively compact with respect to
Hy, the Birman—Schwinger principle can still be applied, not to the operator difference,
but to that of the resolvents, in order to reduce the problem to the spectral asymptotics
of the operator P,/ P,. The structure of the Heisenberg algebra is then used to derive a
level-reduction formula establishing a unitary equivalence between the operator P,V F,
and the operator Fyw, Py, where w, is a multiplication operator by a function given in
terms of some differential operators depending on b and ¢ acting on the entries of the
matrix m. This allows for the use of relation at the level ¢ = 0, for which the
Laguerre polynomials are trivially simple. This, in turn, reduces technicalities so that

more precise asymptotics that those previously obtained are possible in certain cases.

1.3 Berezin—Toeplitz Operators

The operators P,V FP,, ¢ € Z, are central elements in the methods exposed in this thesis,
as well as in many of the mentioned publications. A general strategy when studying the
behavior of the spectrum of the perturbed operator near a Landau level A, is to express
appropriately the spectral quantity to be investigated in terms of the operator FP,Q)F,,
where () denotes the generic perturbation of Hy under consideration. Then, this operator
is seen to be approximated in some suitable sense by Berezin—Toeplitz operators FPyw Py,
possibly with ¢’ possibly different from ¢ and with w an effective multiplication operator
depending on the parameters of the problem. The problem is consequently reduced to

the analysis of spectral properties of Berezin—Toeplitz operators.
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Berezin—Toeplitz operators can be defined in a more general context. These are for-
mally defined by the expression PV P, where the symbol V' is a multiplication operator
and P is the orthogonal projection onto a generalized holomorphic function space (see
e.g. and ) Berezin—Toeplitz operators are a relevant class of concrete oper-
ators, appearing in a range of different domains, both in pure and applied mathematics.
Their study engages several different branches of mathematics.

Given a non-empty open subset U C C and a continuous strictly positive function «
defined on U, the holomorphic function space HL?*(U, adx) is the space of holomorphic

functions ¢ which verify
[ls2)Fa() do e < oc.
U

Being closed subspaces of L?(U, acdx), they are in fact Hilbert spaces, and they have the
remarkable property that pointwise evaluation is a continuous functional (see [34], for
example).

As was previously mentioned in , there is a unitary transformation identifying

the space
PyL*(R?) = Kera = {u € L*(R?) | u= gemil** g CY(R?), 0g/0z = O}

and the holomorphic space F? = HL?(C, e 3l dz), commonly called Fock or Segal-
Bargmann space, given explicitly by the mapping v — g. It follows that the operator
PyV Py can be seen as a Berezin—Toeplitz operator, unitarily equivalent to the operator

generated in F? by the quadratic form
/ V(z)e*g‘z|2|g(z)|2dx dy, g€ F2
C

This section contains results concerning operators of the form P,V F,. Norm estimates
in Schatten—von Neumann classes are given both in terms of the functional parameter
V' and for large values of ¢q. Several unitary equivalences for these operators are stated
as well: a level-reduction formula relating Berezin-Toeplitz operators P,V F,, ¢ > 1,
to operators of the form PyUPF, is established, and a unitary equivalence to certain
pseudodifferential operators is formulated. In Subsection we consider generalized

Berezin—Toeplitz operators.
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1.3.1 Norm Estimates for Berezin—Toeplitz Operators

We begin by giving estimates for operators of Berezin—Toeplitz type in terms of the
functional parameter V' (see Proposition or [27, Lemma 3.1]).

Proposition 1.3.1. Let g € Z,.
(i) Suppose V € LP(R?), 1 < p < co. Then, PqVPq €S, and
1PV Pyl < !WWMRa (1.3.1)
Moreover, if V € LY(R?), we have

b
Tr P,VP, = / V(z)dx. (1.3.2)
o S

(ii) Suppose V € LP(R?), 1 < p < oo. Then, PqVPq € Spw and

154V Pyl HVHLP ®?) - (1.3.3)

pw—2

Next, we present norm estimates for Berezin—Toeplitz operators for large values of

the parameter ¢, appearing in Proposition and [49, Proposition 3.5].

Proposition 1.3.2. Assume that V wverifies (1.2.10) with p € (0,00). Then, there exists

a constant co, independent of q such that

A if pe(0,1),
IP,VP| < ¢ g Ag?[InA,| if p=1, qEZ,. (1.3.4)
AP if p>1,
Estimates (1.3.4]) are sharp for p # 1. Effectively,
hmlanl/Q(]lR Ca.qs Paq) > 0, (1.3.5)
q—00

which implies the sharpness of estimate (1.3.4]) for p > 1. Similarly, if p € (0,1) we can
show that
lim inf Ap/2(< ) 040, 0q.0) > 0, (1.3.6)

q—00
which entails the sharpness for p € (0,1) (see [42] and the remark after for further
details). We do not know whether the estimate for p = 1 is sharp.
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Corollary 1.3.1. (i) Assume that V satisfies (1.2.10) with p > 1. Then, for each
¢>1/(p—1) we have P,V P, € S;. Moreover, there ezists a constant ¢, such that

[

1
[PV Pylle <chg *, q€Zy. (1.3.7)

(11) Assume that V' satisfies (1.2.10) with p € (0,1). Then, for each £ > 2/p we have

P,V P, €5,. Moreover, there exists a constant c, such that

w\b

1_
IP,VPE,|le <Ml 2 (14 InA )Y, qeZy. (1.3.8)

Equation (|1.3.8)) should be considered an a priori estimate, we do not know wether
it is sharp.

1.3.2 Unitary Equivalences for Berezin—Toeplitz Operators

Metaplectic Mapping of Berezin—Toeplitz Operators

The purpose of this subsection is to establish some unitary equivalences for the operator
P,V P,. We begin by relating Berezin-Toeplitz operators to certain pseudodifferential
operators, which we introduce next.

Denote by S(R?) the Schwartz class in R, and by S’(R?) its dual class. If f € S(R?),
then

f(é) = @ﬂ—l)d/z /R e f(x)dx, € e R (1.3.9)

is the Fourier transform of f. Whenever necessary, we extend by duality the Fourier
transform to S’'(R%).
Assume that s € S (]R2d Then, the operator Op"(s) defined by

W . .%'—|-(L’ i(z—x') / d
(Op™(5)1) (1) 1= 5 /R/R( ,g) Cu(a)dr'de, zeRL (13.10)

is a mapping from S(R?) into S(R?). It is called a pseudodifferential operator with Weyl
symbol s. The application s — Op™(s) extends continuously to s € S'(R??), taking
values in the space of linear continuous mappings from S(R?) into &'(R?).

Let T'(R??) denote the completion of the set Cp°(R?*?) of smooth functions s €
C>(R?*?), bounded with all their derivatives, under the norm

F(de) —
]| : sup sup |099¢ s(w,€)).
{a,B€29 ||al|BI<[§]+1} (z.6) R
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Suppose s € I'(R??). Then, Op“(s) extends uniquely to an operator bounded in L?(RY),

and there exists a constant ¢y independent of s such that
0™ ()| < collsllrrea), (1.3.11)

(see e.g. [12], Corollary 2.5(i)]). Estimates of this type are known as Calderdn—Vaillancourt

estimates.

Proposition 1.3.3. Let k : R?*® — R be a linear symplectic transformation, s, €
[(R?*), and sy := s 0 k. Then, there exists a unitary operator U : L*(R?) — L*(R?)
depending only on k, such that

Op“(sz) =UOp™(s1)U, 51 € F<R2d)-

The operator U is called the metaplectic operator corresponding to the linear sym-
plectic transformation x. There is a one-to-one correspondence between metaplectic
operators and linear symplectic transformations, except for a factor of modulus one.
Proposition extends to a large class of not necessarily bounded operators (see [25]
Ch. 7, Th. A.2] and [37, Th. 18.5.9] for further details).

For (z1, 9,&1,&) € RY, set

O P SR
sy (T1, 02,61, 62) = (\/E(xl 52)7\/[—)(51 2), 5

The transformation s, is linear and symplectic, denote by U, its corresponding meta-

(&1 + 22), —g(& + x1)> :

plectic operator in L?(R?), an explicit expression for it is given by
Vb

=— [ e
2 R2

defined initially in S(R?) and extended by continuity to L*(R?), where

(Upu) (x) o@aVy () da!, x:= (21,20) € R?, o’ = (2}, 2}) € R,

op(w, ) = b% + 02 (12h — mox)) — 2hah,  x, 2 € RZ
Note that
Hosm(xy,02,61,&) =b(§ +a7), (21,72,61,6) € RY,
where
1 2 1 2
H(x,§) = <§1 + 551’2) + (52 - ébwl)

is the Weyl symbol of Hy,. Applying Proposition [1.3.3| we obtain the following unitary

equivalence of operators:
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Corollary 1.3.2. [55, Corollary 2.9]

(i) We have
U Hoty, = b1(h®I,,),
b (h® L,) (1.3.12)
ul:kpqub = (pq®1x2)7 qu-‘rv
where h is the harmonic oscillator, defined below.
(ii) If V € T'(R?), then
Uy VU, = Op™(Vy), (1.3.13)

where
Vb(x17x27£17£2> = V(bilﬂ(xl - 52)7 b71/2(£1 - $2)), ($1,IL’2,§1,£2) S R4'

Introduce the harmonic oscillator
d2
hi=——— + 27
dx?
self-adjoint in L*(R). Tt is well known that the spectrum of h is purely discrete and
simple, and consists of the eigenvalues 2¢ + 1, ¢ € Z,. Denote by p, the orthogonal

projection onto Ker (h — (2¢ + 1)), g € Z,.. Set
—1)¢
w6 = Tl @)t moer gen.
T

Then 27V, is the Wigner function associated to the rank one orthogonal projector p,
(i.e. it is the Weyl symbol of the operator p,, see for instance [55, Lemma 2.6]).
The following result describes the image of Berezin—Toeplitz operators under the

metaplectic transformation:

Theorem 1.3.1. [55, Theorem 2.11] Let g € Z,. For any V € L'(R?) + L>*(R?) we
have

Uy PV PU, = (pg ® Op™(V; = 0,)), (1.3.14)
where

%(l‘l, £I§'2> = V(-bilmiﬁg, —bil/Ql’l), (xl, IEQ) € R2. (1315)

Notice that for ¢ = 0 we get the anti-Wick quantization Op*™(V}) := Op™(V}, x Wy).
Applications and further developments on these results can be found in the chapters
that follow.
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Level-Reduction Formula

Finally, we state a level-reduction formula which gives a unitary equivalence between the
operator P,V P, defined on P,L*(R?) and the operator P, (D,V)P, defined on PyL*(R?),

for some differential operator D, acting on V and depending on b and gq.

Theorem 1.3.2. [16, Corollary 9.3] Set q € Z, and let V € C*(R?). The operator
P,V P,, defined in P,L*(R?) is unitarily equivalent to the operator Py (D,V)Py defined in
PyL?*(R?), where

oW =t (-5 ) o =3 (S v, s

1.3.3 Generalized Berezin—Toeplitz Operators

In this subsection we consider generalizations of Berezin—Toeplitz operators of the form
P,aVa*P,, P,a*VaPF,, P,a*Va*P,, and P,aVa P,, appearing, for example, in the anal-
ysis of metric perturbations of the Landau Hamiltonian. We state a level-reduction
formula which generalizes Theorem [1.3.2

Define the operator A : Dom Hy/> — L*(R%: C?) by

Au = @ , uEDomHé/Q,
au

U1
A* ( > = qv; + a*vs.
V2

Introduce the matrix-valued function

W11 Wiz
Q.= ,
Wao1 W22

with wj, € C°(R?), j,k =1,2. Fix ¢ € Z, and define the operator

with adjoint given by

P,A*QAP, = A,P,H, '*A*QAH, '’ P,,

bounded in P,L?(R?).
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Theorem 1.3.3. Fiz q € Z. Then, the operator P,A*QAP, with domain P,L*(R?), is

unitarily equivalent to the operator Pyw,Py with domain PyL*(R?) where

A A
Wy = ’UJq<Q) = 2b(q + 1) Lq+1 <—%) w11 + 2bq Lq—l —%) W2 (1317)
A\ O*w A\ *w
L@ (LB %W o (LA 21
a1 ( Zb) 072 I\ 2b) 022
ifq>1 and
A

wy = wy(Q) :==2bL, <—%) w11 (1.3.18)

if ¢ =0.

This theorem follows from Proposition in Chapter [3, which states the result for
Hermitian matrix-valued €2, the decomposition 2 = €y 4 €2y, with Q; = QF, Qy = QF,
and from the fact that the unitary operator defined in the proof of Proposition does
not depend on €2, but only on b and q.

Combining Theorem [1.3.1| and Theorem [1.3.3| we obtain

Corollary 1.3.3. The operator P,A*QAP, with domain P,L*(R?) is unitarily equivalent
to po @ Op™ (wyp * o) with domain (py @ I,,) L*(R?), where

Wy p(x1, T2) = wq(—b_1/2x2, —b_1/2x1), (71, 15) € R%
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levels as the number of the cluster tends to infinity. Further, we assume that there exists an
appropriate V, homogeneous of order —p with p € (0, 1), such that V(z) = V(z) + O(|z|"7°),
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2.1 Introduction
Our unperturbed operator is the Landau Hamiltonian
Hy = (—iV — A)?,

self-adjoint in L?(R?). Here, A := (—£2 521} is the magnetic potential, and B > 0
is the generated constant magnetic field. It is well known that the spectrum o(Hy) of
Hy consists of infinitely degenerate eigenvalues \, :== B(2¢+ 1), ¢ € Z; :={0,1,2,...},
called Landau levels.

The perturbation of Hj is an electric potential V' : R? — R which is supposed to be

bounded and continuous. Set H := Hy + V. Evidently,
o(H) C | J g +inf V, A, +sup V],
q=0

Moreover, if V' decays at infinity, and, hence, is relatively compact with respect to H,
then o(H) \ 0(Hp) consists of discrete eigenvalues which could accumulate only to the

Landau levels. Recently, in [55] it was shown that if V' satisfies

V(@) < cla)™”, =R, (2.1.1)

with p > 1, then o(H) is contained in the union of intervals centered at the Landau
levels \,, of size O(Ag Y 2) as ¢ — 0o. Moreover, in [55] the asymptotic density of the
eigenvalue clusters was studied. To this end, the asymptotic behaviour of the trace
Tr @(Aém(H — Ag)) with ¢ € C§°(R\ {0}) was investigated, and it was found that
Tr gp()\é/Q(H — Ag)) is of order /% as ¢ — oo, and its first asymptotic term could be
written explicitly using the Radon transform of V.

In the present article we assume that V' is long-range, i.e. in contrast to [55], it satisfies
(2.1.1) with p € (0,1). First, we show that the eigenvalue clusters of H shrink to the
Landau levels at rate \;” /2 as q — oo (see Proposition . Further, we suppose
that there exists an appropriate V, homogeneous of order —p, which is asymptotically
equivalent to V, and study the asymptotic behaviour of the trace Tr gp(/\'g/ 2(H — Ag))-
We show that Tr go()\Z/Q(H — ) is of order A\, as ¢ — oo, and its main asymptotic term
could be written explicitly using the mean-value transform of V (see Theorem .
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The article is organized as follows. In the next section we formulate our main results, and
briefly comment on them. Section contains auxiliary facts concerning the properties
of Weyl pseudodifferential operators and Berezin—Toeplitz operators which are the main
tools in the proof of Theorem [2.2.1] The proof itself could be found in Section [2.4, and

is divided into several steps, contained in separate subsections.

2.2 Main Results

Our first result concerns the shrinking of the eigenvalue clusters of H in the case of

long-range potentials V.

Proposition 2.2.1. Assume that V' satisfies (2.1.1)) with p € (0,1). Then there exists a
constant C' > 0 such that

o(H) C | Ay = CAP 0+ CAP). (2.2.1)
q=0
The proof of Proposition [2.2.1| could be found in Subsection [2.3.4
Remarks: (i) Simple considerations (see the remark after Proposition show that
the estimate O(\;” / 2) of the size of the eigenvalue clusters is sharp. This will follow also
from Theorem 2.2.11
(ii) In [55, Proposition 1.1] it was shown that if V' satisfies with p > 1, then there

exists a constant C > 0 such that

o(H) | (A= CN2 0 + A7)
q=0

In the case of compactly supported V', such a result was already obtained in [42].

In order to formulate our main result we need the following notations. For d > 1 put

CPo(RY) = {u € C®(RY) | sup | D*u(x)| < cq, € Zi} :

z€R

Following [68, Section 8, Chapter 3], we write u € ”Hﬁ,p(Rd) if ue C°(R4\ {0}), p €

(0, 00), is a homogeneous function of order —p. Moreover, for p € [0, 00) we set

S (RY) = {u e C=(RY) | sup (z)*T1|D(z)| < co, a € Zi} :

zeRd
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Assume u € C(R?\ {0}), and define the mean-value transform

. 1
u(z) = or

/ u(z —w)dw, € R*\S.
St

Our mean-value transform coincides with the 2D mean-value operator M* defined in [36]
Eq. (15), Chapter I] with n = 2, and is quite closely related to the so-called planar
circular Radon transform defined, for instance, in [4].

Next, we describe some elementary but yet useful properties of the mean-value transforms
of functions from appropriate classes. The proofs are quite simple, so that we omit the
details. If u € §;”(R?), p € (0,00), then the mean-value transform @ extends to a
function @& € S;”(R?). If u € H* (R?), p € (0,00), then ni € S;” provided that
n € 8Y(R?) and suppn NS' = (). Moreover, if p € (0,1), then the mean-value transform
of u € H* (R?), p € (0,1), extends to a function @ € C(R?). Finally, if u € H* (R?),
p € (0,1), and u(x) = 0 for each x € R?, then u(x) = 0 for each z € R?\ {0}.

Theorem 2.2.1. Let p € (0,1). Assume that V € S;”(R?) and there exists V € Hﬁ_p(RQ)
such that
V(z) —V(z)| <Clz| "%, z€R?* |z|>1, (2.2.2)

with some constant C, and € > 0. Then we have

lim A Tr (A2 (H — A,)) = — / o(BPV () dx (2.2.3)

q—o0 - 27B

for each ¢ € C°(R\ {0}).
Let us comment briefly on Theorem [2.2.1]

e Let [a, 5] C R\ {0} be a bounded interval with v < 8. For g € Z. set
pq([ev, B]) == Z dim Ker (H — \).
Agtarg /P <A<N+BA; /2

Evidently, (e, f]) < o0 if ¢ € Z, is large enough. Put

plla, Bl) = 2%3 Hx €eR*|aB™" < V(z) < BB—pH

where | - | denotes the Lebesgue measure, and V is the mean-value transform of

V e Hﬁ_p(]Rz), p € (0,1), the homogeneous function introduced in the statement
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of Theorem 2.2.1] Evidently, 0 ¢ [a, ] implies pu([o, 8]) < oo. We extend p
to a o-finite measure defined on the Borel sets O C R\ {0}, and supported on
[Bp inf,ep2 V(z), B SUD, 2 V(m)] \ {0}; the compactness of the support of the
limiting measure p agrees with the fact that, in accordance, with , we have
supp iy C [—C, C]\ {0} for sufficiently large ¢g. Then the validity of for any
¢ € C5°(R?\ {0}) is equivalent to the validity of

lim A" ([, B]) = pu([ev, B])

q—r0

for any bounded [a, ] C R\ {0} such that u({a}) = u({B}) = 0. Note that if, for
instance, the function V is radially symmetric, then p({a}) = 0 for any o € R\ {0}.

As already mentioned, in [55] it was supposed that V' satisfies (2.1.1) with p > 1.

Then the Radon transform

™

1
V(s,w) = 2—/RV(sw +twh)dt, s€R, w=(w,w) €S, wi=(—wyw),

is well defined, continuous, and decays as |s| — oo uniformly with respect to w € S*.

Then, instead of (2.2.3]), we have

1 -
Hm A, PTr (A2 (H — X)) = — //S ©(BV (s,w))dwds (2.2.4)
R 1

q—00 m

(see [55, Theorem 1.3]). Note, in particular, that if V satisfies (2.1.1)) with p > 1,
then (2.2.4) implies that Tr gp()\;/ *(H — Ag)) is of order )\3/ ? while it follows from

(2.2.3) that under the hypotheses of Theorem Tr (N (H — Ag)) is of order
Ag S ¢ — 00.

Theorem admits a similar semiclassical interpretation as [55, Theorem 1.3].

Namely, consider the classical Hamiltonian function
H(E,x) = (& + Bry/2)? + (& — Bxy/2)%, (2.2.5)

with & = (£1,&) € R%, o = (21, 15) € R% The projections onto the configuration
space of the orbits of the Hamiltonian flow of A are circles of radius v E/B, where
E > 0 is the energy corresponding to the orbit. The classical particles move around

these circles with period T = 7/B. These orbits are parameterized by the energy
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E > 0 and the center ¢ € R? of the circle. Denote the path in the configuration
space corresponding to such an orbit by v(c, E,t), t € [0,T5), and set

1 (7
Av(V)(c, E) = —/ Viy(c, E.t)dt, Ty —1/B.
TB 0
It is easy to see that the r.h.s. of (2.2.3) can be rewritten as
. 1 1
— P — — lim — /2
55 | AB V@) = 5 Jim /R (B AV(V)(e, B)) Bde.  (226)
Given ([2.2.6]), we can rewrite (2.2.3)) as
. 1 2 1 : 1 2
Jim A—qu(Ag/ (H—)\)) = %éﬂ%o_/w o(E? Av(V)(c, E)) Bde. (2.2.7)

Formula agrees with the so-called “averaging principle” for systems close to
integrable ones, according to which a good approximation is obtained if one replaces
the original perturbation by its average along the orbits of the free dynamics (see
e.g. [0, Section 52]).

e Neither Theorem [2.2.1] nor [55, Theorem 1.3], treat the border-line case p = 1,
i.e. the case where V is, say, asymptotically homogeneous of order —1. In this case
the Radon transform of V' is not well defined, while the mean-value transform V of
Ve Hﬁ_l(Rz) generically is not bounded since it may have a logarithmic singularity
at S'. Therefore, in the border-line case the asymptotic density of the eigenvalue
clusters of H should be different from both the short-range case p > 1 and the
long-range case p € (0,1). Hopefully, we will consider in detail the border-line case

in a future work.

The proof of Theorem is contained on Section [2.4]

2.3 Auxiliary Results

2.3.1 Weyl Pseudodifferential Operators

Let d > 1. Denote by S(R?) the Schwartz class, and by S'(RY) its dual class. If
f € S(R%), then

£(6) = (2m)"2 / e f(z)dz, £ €RY

R4
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is the Fourier transform of f. Whenever necessary, we extend by duality the Fourier
transform to S’'(R%).
Let T'(R??), d > 1, denote the closure of C°(R??) with respect to the norm

I5]|raay = sup sup [090¢s(w, €)| < oo.
{o.B€2d | |al,|B|<[4)+1} (w.€)ER

Proposition 2.3.1. ([I7, 21]) Assume that s € T'(R®*?). Then the operator Op“(s)
defined initially as a mapping from S(RY) into S'(R?) by

(Op™(s)u) () = (27)~¢ /R d /R E <“2xg) o= ey (1 dnlde, x € RY, (23.1)

extends uniquely to an operator bounded in L*(R?Y), and there exists a constant cy inde-

pendent of s such that
10p™ ()| < collslrras)-

The operator Op"¥(s) is called a pseudodifferential operator (VDO) with Weyl symbol s.
Assume that s € S'(R??), § € L'(R??). Then the operator defined in (2.3.1)) extends to

an operator bounded in L*(R%), and we have
10p™ (s)]| < (271')_d||§||L1(R2d) (2.3.2)

(see [37, Lemma 18.6.1]). Assume now s € L*(R?*). Then, evidently, the operator
defined in (2.3.1)) extends to a Hilbert-Schmidt operator in L?(R?), and we have

O @)= (2n) ! [ Iste )P deds = 2m)? [ [ste P dvde. (233

Let X be a separable Hilbert space. Then S..(X) denotes the class of compact linear
operators acting in X. If T' € S (X), then {s; (T)};a:nlkT denotes the set of the non-zero
singular numbers of 7" enumerated in non-increasing order, and Sy(X) is the Schatten—
von Neumann class of order ¢ € [1,00), i.e. the class of operators T € So(X) for which
the norm ||T]|, := (Z;inlkT S; (T)é> is finite. Thus, S;(X) is the trace class, and Sy(X) is
the Hilbert—Schmidt class. Similarly, Sp.,(X) denotes the weak Schatten-von Neumann
class of order ¢ € [1,00), i.e. the class of operators T' € S, (X) for which the quasinorm
IT||¢ := sup; j*/*s;(T) is finite. Whenever appropriate, we omit X in the notations

SZ(X) and Sg,w (X)
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Next, we recall that u € LP(R?), d > 1, the weak Lebesgue space of order p € [1,0),

if the quasinorm [|ul|z ge) == sup;o ¢ |[{z € R?| |u(z)| > t}‘l/p is finite. Evidently, u €
f d : : d/p (md

H,(R?), p € (0,d), implies u € Ly "(R?).

Interpolating between (2.3.2)) and ([2.3.3)) (see [9, Theorem 3.1]), we obtain the following

Proposition 2.3.2. Let m € (2,00), m' :=m/(m — 1).
(i) Assume that s € S'(R?*)), § € L™ (R?*?). Then Op™(s) € S,(L*(R?)), and

109 () ln < (27) )13 1 gy
(ii) Assume that s € S'(R??), 5 € L™ (R?*?). Then Op™(s) € Spm.w(L*(R?), and

W _ _ 1 N
10D ()l < (27) =5 18]] s .

2.3.2 Operators Op"(Vp xV¥,) and Op™(Vp * d;)

Introduce the harmonic oscillator

h = —@ +x y
self-adjoint in L*(R). It is well known that the spectrum of h is purely discrete and
simple, and consists of the eigenvalues 2¢ + 1, ¢ € Z,. Denote by p, the orthogonal

projection onto Ker (h — (2¢ + 1)), g € Z,.. Set

Uy(2,8) = (_ﬂl)qu(Q(xQ +§2))6_($2+§2)’ (z,6) eR?, qeZy, (2.3.4)
where .
_Ldite) - (4 (=)

Ly(t) := g T ; (k> - tER (2.3.5)

are the Laguerre polynomials. Then 27V, is the Weyl symbol of the operator p,.
Denote by P,, q € Z., the orthogonal projection onto Ker (Hy — \;). Set

Ve(z) = V(=B Y22y, =B~ Y21)), o= (x1,1,) € R% (2.3.6)

Proposition 2.3.3. ([55, Corollary 2.13]) There exists a unitary operator Up : L*(R?*) —
L*(R?) such that for each V € L*(R?) + L=(R?) and each q € Z we have

ULP,V P = p, ® Op™ (Vi * U,). (2.3.7)
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For k > 0, define the distribution ¢, € S'(R?) by

k() : !

2
/ @(kcost, ksind)dd, o€ S(R?).
0

Proposition 2.3.4. Assume that V € S;°(R?) with p € (0,00). Then the operator
Op™(Vp * dk), k > 0, is bounded and there exists a constant ¢; such that

k=? if pe(0,1),
|OpY" (Ve % 0p)|| <1 k'lnk if p=1, k€[2,00). (2.3.8)
E~tif pe(1,00),

Proof. Proposition is an extension of [55, Lemma 3.2] which concerned only the
case p > 1. By Proposition [2.3.1]
|Op™ (Vs * 0r)|| < o max sup [(D*V % 0x)(2)]. (2.3.9)

a€Z2 | 0<[al<2 ser?
By V € §;”(R?), we have
DV ()| < era(x) 1177 <0 0(2)?, 2R a€Z, (2.3.10)

with constants ¢; , which may depend on B but are independent of z. Now (2.3.9) and

(£:3.10) imply
1OP™ (Vs # 84) | < ¢, sup () # 8 (2). (2.3.11)

2€R2
Note that the function (-)7” % §, is radially symmetric. Arguing as in the proof of [55]

Lemma 3.2], we get

1
27

((-) 77 0k )(2) /o%((k cosf — |2])2 4+ k?sin? 0 4 1)7/2df < (2.3.12)

1 2r 92 w/2 1
(k?sin® 04 1)""/%dg = —/ (k*sin® 0 +1)~7/2d9 g/ (K2 +1)7P2dt =: 1,(k).
0 0

2m J, m

Elementary calculations yield
O(k=r) if pe(0,1),
I,(k) =< O(k™'Ink) if p=1, k€ [2,00). (2.3.13)
O™ if pe(1,00),

Putting together (2.3.11)) — (2.3.13]), we obtain ([2.3.8)). O
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Proposition 2.3.5. Assume that V € S;*(R?) with p € (0,00). Then Op™ (Vg x¥,) —
Op™(Vp * 0 sg71) € Sz, and there exists a constant cy independent of q, such that

||OpW(VB % \Ifq) — OpW(VB S 6\/@)”2 S CQ/\q_3/4, q - Z+. (2314)

Proof. Proposition is an extension of the second part of [55, Lemma 3.1] which
concerned the case V € C5°(R?). By - we have

1
0p™ (Vg # W,) — Op™ (Vi % 6 jagr1) 13 = o /R2 (Ve W) (2) — (Vg * 6 yogrr) (2)|Pdz =

217r (Vi % 80)(€) = (Vis % 0yzzn) ()P (2.3.15)

An explicit calculation (See 5o, Eq. (3.9)]) yields

(Vi 00)(0) = (Vi e (€) = (La(IC2/2)e™ % = Jy(y/2 +11¢1)) Vi (Q), (2.3.16)

for ¢ € R?, where L, is the Laguerre polynomial defined in (2.3.5)), and J; is the Bessel

function of zeroth order. Moreover, there exists a constant ¢, such that, for ¢ € Z,
Ly(r)e™? — Jo(v/(4q + 2)7")‘ <& ((g+ 1)+ (g+ 1)), r>0, (23.17)

(see |55, Eq. (3.10)] for the generic case ¢ € N; if ¢ = 0, then (2.3.17)) follows from

le7"/2 — Jo(v/7)| = O(r?)|, 7 € (0,1), and |e™""* — Jo(/r)] = O(1), r > 1). Further,

o([¢I7#*7) it pe(0,2),
Vs(Ol =9 O(m[c]]) if p=2 ¢l <1/2,
o) if p>2,

and
Va(Ol=0(c™), [Kl>1/2, N>0,

(see [67, Lemma 3.1, Chapter XII]). In particular, the functions |(|m‘//;(f), ¢ € R?, with
m>1—pifpe (0,2) or withm > —1if p > 2, are in L*(R?). Combining (2.3.15)),
(2.3.16|), and (2.3.17)), we get

&

05" (Vi) ~Op* Visd )l < 2 [ ((a+ 1716 + g+ 1)72¢1™) 1Ta( Q)

which yields (2.3.14]). [
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Remark: Estimate (2.3.14) could be interpreted as a manifestation of the equipartition
of the eigenfunctions of the harmonic oscillator h, i.e. the appropriate weak convergence
as ¢ — oo of the Wigner function 27V, associated with the gth normalized eigenfunction
of H, to the measure invariant with respect to the classical flow (see e.g. [13] 18] [71] for

related results concerning various ergodic quantum systems).

2.3.3 Norm Estimates for Berezin—Toeplitz Operators

Proposition 2.3.6. (i) Let V € L?(R?), p € [1,00). Then for each q € Z. we have
P,VP, €S, and
1PV < oV ey (2.3.18)

(ii) Let V € LE(R?), p € (1,00). Then for each q € Zy we have P,V P, € S,,, and

1PV Pyl < —IIVHLp (2.3.19)

(R2)"

Proof. Using the explicit expression for the integral kernel of P, (see e.g. [27, Eq. (3.2)]),
we easily obtain 5
12,V Plli = o[Vl ge) (2.3.20)

with an equality if V =V > 0. Moreover, evidently,
1PV Pall < IVl o m2)- (2.3.21)

Interpolating between ([2.3.20)) and (2.3.21)) (see [0, Theorem 3.1]), we obtain ({2.3.18))
and ([2.3.19)). O]

Remark: The first part of Proposition has been known since long ago (see [27,
Lemma 3.1], [58, Lemma 5.1]).

Corollary 2.3.1. Let V € LP(R?), p € [2,00). Then for each q € Z, we have P,V =
(VP)* €Sy, and

[PV, = 1V E[ly < o— HVHLP(R2 (2.3.22)
Proof. Estimates (2.3.22)) follow immediately from ([2.3.18)) since we have
2 2
1PV IE = 1P|V 2R3 < HVQH’;/W &) = Hvum z)-
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Proposition 2.3.7. Assume that V' satisfies (2.1.1)) with p € (0,00). Then there exists

a constant c., such that

A2 i pe(0,1),
IPVP,| <cwd A In),| if p=1, q€Z,. (2.3.23)
AP pe (1, 00),

Proof. An elementary variational argument implies that we may assume without loss of
generality that V(z) = (z)77, x € R? then, V € S§;”(R?). By Propositions and
2.3.5 we have

15,V Pyl = [|Op™ (Vp x Wy)|| <

10Op™ (Vi * 6, aqz1) |l + |Op™ (VB * Wq) — Op™ (Vs * 6, zgz1) || <
10p" (Vi * 0 jg1) || + |0 (Vi * Wq) — Op™ (Vs * 6 yagr1) ||z <

10P™ (Vis # 0 agrm) | + e2A /", (2.3.24)
Now, (2.3.24)) and ([2.3.8) yield immediately ([2.3.23)). O

Remark: Estimates with p # 1 are sharp. For p > 1 this follows from the
argument of [42] where the estimate ||P,V E,|| < coo)q /2 was obtained for compactly
supported V. Namely, if {qﬁhq};o:_q is the so called angular-momentum orthonormal
basis of the Hilbert space P, L*(R?), q € Z, (see e.g. [59]), and 1 is the characteristic
function of a disk of finite radius R > 0, centered at the origin, then

lim inf )\é/2<]]-R¢0,q7 ¢0,q>L2(R2) >0,

q—0o0

which implies the sharpness of estimates (2.3.23)) with p > 1. Similarly, if p € (0, 1), we

can show that
lim inf /\Z/2<('>_p¢—q,qa ¢—q,q>L2(R2) >0,

q—0

which entails the sharpness of estimates ([2.3.23]) with p € (0,1). We do not know whether
estimate ([2.3.23)) with p = 1 is sharp, but it is sufficient for our purposes.

Corollary 2.3.2. Assume that V satisfies (2.1.1]) with p € (0,1). Then for each ¢ > 2/p

there exists a constant ¢, such that

IP,VEle < e 2 (1+ I\ qeZ,. (2.3.25)
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Proof. Similarly to the proof of Proposition [2.3.7] above, an elementary variational argu-
ment shows that we may assume without loss of generality that V(z) = (z)7*, x € R
Note also that in the proof of estimate we may assume that ¢ is large enough
since for any fixed ¢ it follows from ([2.3.18]).

For brevity, set 1T, := P,V P,, ¢ € Z; by [59], rank T, = co. By with p = 2/p,

there exists a constant C such that
s;(T,) <Cj? jeN, qeZ,. (2.3.26)

On the other hand, (2.3.23) implies

s1(T,) < coo)\;p/Q, qEZ,. (2.3.27)

Fix ¢ > 2/p. By (2.3.26) — (2.3.27)), for any N € N, we have

oo N 00
1Tl = Zsj(Tq)Z = Zsj(Tq)f + Z s;(T,)' <
=1 j=1 j=N+1
(—2 N 2 0 4 /_2 L te N 00 .
Sl(Tq) e ZSj(TQ); —}-CZ Z j72 <o P62/P)\q 2 Zj_l +C€ Z %<
= =N j=1 j=N+1

1-Le 1%
const. (/\q 14+InN)+N 2)

with a constant independent of NV and ¢. Assuming that ¢ is large enough, and choosing

N equal to the integer part of )\,, we obtain (2.3.25]). ]

Remark: Estimate (2.3.25)) should be regarded as an a priori estimate which is sufficient

for our purposes.

2.3.4 Proof of Proposition [2.2.1

Given estimate ([2.3.23) with p € (0, 1), the proof of Proposition is analogous to the
one of [55], Proposition 1.1]; we include it just for the convenience of the reader.
In order to prove (2.2.1) it suffices to show that there exist C' > 0 and s, € N such that

5 > sg implies

o(HYN [\ — B\ + B] © ()\s —CATP2 N + OA;W) . (2.3.28)
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Set Ro(z) = (Hy—2)"!, 2 € C\o(Hp). By the Birman-Schwinger principle, A\ € R\ o (H)

is an eigenvalue of H if and only if —1 is an eigenvalue of |V [¥/2Ry(A\)V/2 where
Vl/Q(x) — |V(x)|l/2 signV(z) if V(z)#0,
0 if V(z)=0.

Hence, in order to prove (2.3.28), it suffices to show that for some C' > 0 and sy € N,
the inequalities s > sg and
CAP2 < |\ =)\ <B (2.3.29)

imply
IIVI2Ro(N) VY2 < 1. (2.3.30)

Pick m € N such that ||V|| o2y < An/2. For s > m write

s+m
Ro(\) = > (=N "B+ Ro(A;s,m).
k=s—m
Then
s+m R
IIVIV2RoMV2I < Y [N = AT IBVIBI 4 [V Ro (s s, m) [VIV2L. - (2.3.31)
k=s—m
By the choice of m, we have
- 1
V2RO 5,m)| V12 < 3. (23.32)

On the other hand, by (2.3.23) with p € (0, 1), we have

s+m
7 = ATHPIVIP| < cocds 7 (2m + 1|, — A
k=s—m

which implies
s+m

1

> = AT IRIVIR < 3 (2.3.33)
k=s—m

provided that the first inequality in (2.3.29)) holds with appropriate C. Now, (12.3.30))

follows from ([2.3.31)), (2.3.32)), and (2.3.33)).
In the proof of Theorem [2.2.1], we will need also the following
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Proposition 2.3.8. Assume that V satisfies (2.1.1)) with p € (0,1). Then there exists a
constant C' > 0 such that for each q € Z, we have

g ((I — Pp)H(I - Pq)\(I—Pq)Dom(Ho)) C U ()‘8 o C//\s_p/27 As + C/)‘s_p/2) . (23.34)
s€Z4+\{q}

The proof of Proposition is quite the same as that of Proposition [2.2.1] so that we

omit the details.

2.4 Proof of Theorem 2.2.1

2.4.1 Passing from V to its Weinstein Average (V)

Assume that V € L>°(R?) and set
(V):=> PVP, (2.4.1)
SEZ+
where, a priori, the series converges strongly; this is the case if, for instance, V =1

identically. If
lim [|P,VP,|| =0 (2.4.2)
q—00

which, by Proposition [2.3.7], is the case if V' satisfies (2.1.1]) with p > 0, then the series in
(2.4.1) converges in norm. In order to check this, it suffices to show that {(V)¢},;, with
(V)g =21 PVP,, q € Z., is a Cauchy sequence in the uniform operator topology.
By P;P; = 0 for j # s, we have

[(V)grm — (V)oll < sup [[PVE[l, q€Zy, meN,
Jj>q+1

which combined with (2.4.2)), implies the required property of the sequence {(V),}

q€Ly "
Since
B w/B ' '
(V)y== / e oyt gt
T Jo
we call (V) the Weinstein average of V' (see [70]). Set (H) := Hy + (V).
Proposition 2.4.1. Under the hypotheses of Theorem |2.2.1] we have
TN (H = A) = Trop(N((H) = A)) +0(A), q—o00,  (243)

for each ¢ € C*(R\ {0}).
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Proof. First, let us write the difference of the traces in (2.4.3)) according to the Helffer—
Sjostrand formula (see the original works [26, 35], or the monographs [23], Section 2.2],
[25, Chapter 8]). Let » € Cg°(R\ {0}), and let ¢ € C5°(R?) be an almost analytic

continuation of ¢ which satisfies
supp@ C ((a—,b-) U (ay,by)) X (—¢,c) (2.4.4)
with —oo <a_ <b_ <0 <a; <by <oo,and 0 < ¢ < oo, as well as
|(z,y)| < CN\y|N, (r,y) €R*, N >0, (2.4.5)

(%H%f)- For (z,y) € R? set z = x + iy and

where 1) 1= %

Vo(z,y) = NPY(NP (2 = N, NPy), g€ Zy. (2.4.6)
Then the Helffer-Sjostrand formula yields

POVHH =) = [ D) OV =2,) =2) N dady = [ ) (H—2) dady.

™

Similarly,
PO =) = = [ ) (H) =) dody.
Further, let ¢, be the smallest integer (strictly) greater than 2/p. Write the iterated
resolvent identity
-1
(H—2)"" =3 (=1 ((Hy— =)'V (Ho = )7+ (= 1) ((Hy = 2) V) (H = )"

s=0

(2.4.7)
In the sequel, assume that ¢ € Z, is so large that —2B < CL,)\Q’)/2 and b+/\;p/2 < 2B (see

(2.4.4) and (2.4.6))). Then the sum on the r.h.s of (2.4.7)) is holomorphic on the support
of 1,. Therefore,

(~1)"*

PN (H = A)) = g Vola,y)(Ho — 2)7'V)* (H — 2) ™ dwdy.

Similarly,

SO ((H) — A = &

1) /R2 Vol y)((Ho — Z)_1<V>)f+(<]—]> — 2) " dzdy.

/0
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Thus we get
(=157 T (p(N2(H = Ap)) = oM ((H) = Ay))) =

51

/RQ Yol y) (Ho = 2) V) (H = 2)™ = ((Ho — 2) (V) ((H) — 2)7") dady =

where

(2.4.8)

Ti(a)i=To | tyle,y) ((Ho—2)7 V) = (0 = 2) 4 (BV)™) (H = 2) dady,

Ty(q) :=Tr /RZ Yo(w,y) (A = 2) " (PAV)™ = (Ho — 2)7{(V)™) ((H) — 2)™ dady,

Tia) =T [ alo.s)ha =) (B (T = 2)7 = P(H) = 2)7") dady.

Writing T3(g), we have taken into account that (P,(V))* = (P,VP,)* = (P,V)*P,.

Hence, in order to prove ([2.4.3)) it suffices to show that

E(q> - O(Aq)7 .] = 172737 q — O0.

To this end we need some preliminary estimates. Namely, we will show that if V' €
LP(R?), p € [2,00), (z,y) € suppi),, and ¢ € Z,, then (I — P,)(Hy — 2)"'V € S,, and

there exists a constant ¢, such that

sup  [|(1 = Py)(Ho — )"Vl < [V ]| oqee)

(z,y)Esupp Pq

for sufficiently large ¢q. Assume at first V € L>°(R?). Then, evidently,

I(I = P)(Ho = 2) "'V < sup  [As — 2| M|V oo ).

s€Z+\{q}

Note that if (z,y) € supp ¢, then
[ = Al = O(N??), q = o,
(see (2.4.4) and (22.4.6)). Hence, for ¢ large enough we have

sup [N — 27" < B7Y (x,9) € supp ¥,
s€Z4+\{q}

(2.4.9)

(2.4.10)

(2.4.11)

(2.4.12)
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Assume now that V € L?(R?). Then we have

) ) B -
I(T=P)(Ho =) VIE= 30 Na=a PIRVER = 5 37 =2Vl

s€Z+\{q} s€Z+\{q} ( )
2.4.13

(see (2.3.20)). Taking into account again (2.4.11]), we find that for ¢ large enough we

have -
> 2P < < 3ge (@y) €suppyy. (2.4.14)
s€Zy\{q}
Interpolating between (2.4.10]) and (2.4.13)) (see [9, Theorem 3.1]), and bearing in mind
(2.4.12)) and (2.4.14)), we obtain (2.4.9)). Further, since

(Hy—2)"'V=(N\—2)""PV+{—P)(Hy—2)'V,

elementary combinatorial arguments yield the estimate

-1
14
Ty(q)] < ZO (T;)Tl,m(Q) (2.4.15)
where
Ly —m -m m —
Tim(q / gz I = Py)(Ho — 2) " VI " Ay — 2l IR VIE N (H = 2) 7| dwdy.
(2.4.16)
Our next goal is to show that
Tim(q) =0(),), qg—o00, m=0,... 0, —1. (2.4.17)

To this end we apply:

e estimate with V. = 2 in order to get

sup [y (@,y)| < CodPPly?;

(@,y)Esupp Yq

e cstimate (2.4.9) in order to handle ||(I — F,)(Ho — 2z) 'V ||s,;

e the fact that, due to and (| - we have

sup A, -2t = O()\g/2); (2.4.18)

(x,y)Esupp Pq
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e estimate (2.3.22)) in order to handle || P, V||, ;

e the standard resolvent estimate ||[(H — 2)7Y| < |y|7%;

e the elementary estimate

/ ly|dzdy = O(X,*"7?). (2.4.19)
supp q
As a result, we obtain

Tim(q) < const. \JP%, m=0,..., 0, —1, (2.4.20)

with a constant independent of ¢q. We have \;"” 2 = o(\,) as ¢ — oo in all the cases
except the one where 2/p is an integer, and m = ¢, — 1 = 2/p. In this exceptional case

however we have m > 3 and in all the terms of
((Ho—2)'V)"™* = (A = 2) " (PV)*

which contain m = ¢, — 1 factors of the type (A, — z)"'P,V, at least two of these

factors are neighbours. Therefore, in this exceptional case we can replace ||[F,V|[7} by

1PV PV Pylle, in (2.4.16), apply (2.3.25) with £ = ¢, = m + 1, and obtain

Tim(q) = O (A?ml“_'l”(ln Aq)mll) —o(\,), ¢— oo, (2.4.21)
Now, and entail , which combined with implies
T1(q)| = o(Ag), g — 0. (2.4.22)
Similarly, we get
T2(q)] = o(), q— oo (2.4.23)

Let us now turn to 73(q). First, note that due to the cyclicity of the trace, we have

T3(q) =

Tr [ gz, y) (N — 2) " (PV)* (H — 2)' Py — Py(P,VP,+ A\, — 2) "' P,) dudy.

R2
Next, we need the Schur—Feshbach formula (see the original works [28] 63], or a contem-

porary exposition available, for instance, in [8, Appendix]). According to this formula,

(H 2" =
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P,R|(2)P, — P,Ry(2)V(I — P)R.(2) — (I — P,)R1(2)V PR (2)+
(I —P) (Ri(2z) + RL(:)VP,R(2)V(I — P))R.(z)) (2.4.24)

where R, (z) is the inverse of the operator (I — P,)(H — z)(I — P,) defined on (I —
P,)Dom Hy, and considered as an operator in the Hilbert space (I — P,)L*(R?), while

R)(z) is the inverse of the operator
PVP,— PV(I — P)R.(2)VP,+ A, — =

considered as an operator in the Hilbert space P,L*(R?). Applying (2.4.24)) and the

resolvent identity, we obtain
(H—2)"'"P— P\ + BVP, —2)7'P, =

RyPV(I — P)R(2)VP(PVP,+ X\ —2)"' — (I — P)R.(2)VR(2)P,

Thus,

T3(q) = T51(q) + T32(q) (2.4.25)
where
Ts4(q) :=
Yule,1) . ) o
Tr O — o) (P,VP)*Ry(2)P,V(I — P)R.(2)VP(PV P, + A\, — 2) 'dady,
R2 q
and

T32(q) == —Tr | gz, y)(N\, — 2) " (P,VP)*'PV(I — P,)R,(2)V P,Ry(2) P,dxdy.

R
We have

T5.1(q)] < (2.4.26)

CACHD

l —
e |\ _Z|g+||PqVPq||£IHRII(Z)H”PqVHHVPqHHRL(Z)H”(PQVPQ+)‘q_Z) Hldady.
2 17\q

In order to show that
T31(q)] = o(Ng), ¢ — o0, (2.4.27)

we apply:

e cstimate (2.4.5) with N = 3 in order to get

sup  |tg(z,y)] < CsA2ly|*;
(z,y)Esupp ¥q
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e cstimate (2.4.18)) in order to handle |\, — z|~%;
e estimate (2.3.25) with ¢ = £ in order to handle ||P,V P,||,, ;

e the standard resolvent estimates

IRy < lyl™ PV P+ —2) 7 <yl (2.4.28)

e estimate ([2.3.23) in order to conclude that

AP i pe(0,3),
IPVIIVE = [PVP| < coo § Ay PN, if p=13, q€Zy; (2.4.29)

NP pe(31),
e the elementary estimate (2.4.19));
e Proposition [2.3.8 in order to deduce the estimate
sup  [|[R1(2)]| =0(1), q— oo; (2.4.30)
(z,y)Esupp Yq
As a result, we obtain
T51(q)| = O (P1,,(N)), ¢ — o0, (2.4.31)

where
t'=r2Int| if pe(0,1),
Dy ,(t) =9 ¥4 (Int)? if p=1, t>0.
tO2 It if pe(3,1),

Now, (2.4.31)) implies (2.4.27)). Finally, we have

T5.2(q)] < /RQ (o, I = 27 NPV Pl IV ey | R NP VIR (2) ey

Ly

In order to show that
T32(q) = 0(Ag), ¢ — o0, (2.4.32)

we apply (2.4.5) with N = 2, (2.4.18]), (2.3.25)), (2.3.22)), the first estimate in ([2.4.28]),
(2.4.30), (2.4.19), and (2.4.29). Thus we obtain

(£ —1)

4 (t4-1)
T52(q)| = O (Aq T (), & <I>2,p(Aq)>, q — 00, (2.4.33)
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where
tP2 if pe(0,1),
Dy p(t) i= V4 Int[2 if p=1  t>0,
Vi pe(3,1),
and follows from ([2.4.33)).
Now the combination of (2.4.8)), (2.4.22)), (2.4.23), (2.4.25)), (2.4.27), and yields
[2.4.3). O

2.4.2 Passing to Individual Berezin—Toeplitz Operators

Proposition 2.4.2. Assume the hypotheses of Theorem|2.2.1. Then for each ¢ € C3°(R\
{0}) there exists qo € Z4 such that

Tro(N2((H) — Ap)) = Tro(X2PVP)) (2.4.34)
Jor q > qo.
Proof. We have
Tro(NP((H) = A)) = Y Tro(N2(\ = A+ PVE,)). (2.4.35)
SE€Zy

Due to the presence of the factor /\Z/2 in the traces Tr gp()\g/Q()\s — N+ PVP)), s€Zy,
it suffices to show that there exists g such that for ¢ > qo the operators

As — AN+ PsVP,=2B(s —q) + P,VP,, s#g, (2.4.36)

are invertible, and

sup sup |[(As — Ay + P,V P) 7| < o0. (2.4.37)

q>q0 s€Z+\{q}
Since ||P,V P < ||V peo2y, 5 € Zy, there exists m € N such that the operators in
(2.4.36) with |s — ¢| > m are invertible, and

sup sup  [|[(As = Ay + PV P) | < o0 (2.4.38)

qE€ELy s€Z4:|s—q|>m

On the other hand, Proposition [2.3.7| implies that for any fixed j € Z we have

lim [PV Pysl| = 0.
q—00
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Therefore, there exists gy € Z such that the operators in (2.4.36) with |s — ¢| < m are

invertible for ¢ > ¢o, and

sup max [(As = Ay + PV P) Y| < 0. (2.4.39)

a>qo S€Z+\{q}:|s—g|<m

Putting together (2.4.38]) and (2.4.39)), we obtain (2.4.37]), and hence (2.4.34]). ]

2.4.3 Passing from P,V F, to Op™(Vp * d jg771)

Introduce the operator Op™ (Vg * 0 s57). We have

Vi 0 a71(0) = VB(O)do(v20 + 1[¢)), ¢ € R2.

Note that Jy is an entire function, and |Jo(r)| < 1, r € R. On the other hand, Vs €
. (R?). Therefore, Vi 0 sy € Li/®77(R?), and by Proposition [2.3.2 we have
Op"(Vp * 6, j2557) € S2/pm- The main result of this subsection is

Proposition 2.4.3. Under the hypotheses of Theorem we have
Trp(M2PV P,) = Tro(A20p™ (Vp 6 azrr)) + 0(Ng), ¢ — oo. (2.4.40)

In the proof of Proposition [2.4.3] as well as in the next subsection, we will use system-

atically the following auxiliary result.

Lemma 2.4.1. Let p € CP(R\{0}), and let T'=T* and QQ = Q* be compact operators.
(i) Assume Q € Sy, m € [2,00), T € Sy, £ € [m,00). Then

(T + Q) — (1)1 < Comel|Qllm (HTI\ﬁ/m’ + HQH?’”’) (2.4.41)

with m" =m/(m — 1) and a constant cy o independent of T and Q.
(i) Assume Q € Sa, T € Sy, £ € [2,00). Then

lo(T +Q) = (Dl < el QU2 (1T + 1l2) (2.4.42)

with a constant c, ¢ independent of T' and Q).
(iii) Assume Q € Sy, T € Sy, £ € [2,00). Then

[6(T +Q) = (Dl < cpewllQlle (17172 + Q1) (2.4.43)

with a constant cy .y independent of T and Q).
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Proof. By [54], for each p € (1,00) and each Lipschitz function f: R — C satisfying
|f(A) = f(w)]

flluio == sup < 00,
H HL P AER, u€R, A p |)\ - M|
there exists a constant ¢, such that
[f(M+N) = fF(M)|lp < cpll flluinl [Nl (2.4.44)

for each self-adjoint M, and each N = N* € §,. Further, assume f € C°(R \ {0}), and
set 0 := dist (0, supp f). Then for any M = M* € S, we have

1/s
PO <mas ) [ 3 1] (2.4.45)
j:Sj(M)>6
Let M = M* € S,, p €[l,00). Then
> 1< sTMp. (2.4.46)
j:Sj(M)>(5

Finally, let M = M* € S, p € (1,00). Then

DI > 1M, (2.4.47)
jisj(M)>6 JllM ||p,wi=1/P>6

Next, pick a real function v € C§°(R \ {0}) such that ¥ = 1 on the support of ¢. Then
P(T) = e(T)(T), p(T + Q) = o(T + QT + Q). Assume now Q € Sy, m € [2,00),
T € Sy, 0 € [m,00). Then

(T + Q) = (D)l < [T + Q) = v(T)||mllo(T) ||
+o(T + Q) = () [ml[v(T + @), (2.4.48)

and (2.4.41)) follows from ([2.4.48)), (2.4.44) with M =T, N = @, and p = m, (2.4.45)
with M =T or M =T+ Q and s = m/, (2.4.46) with M =T or M =T + Q and p = ¢,
and the convexity of the function t — t%™ ¢ > 0. Further, assume Q € S,. Then,

instead of ([2.4.48]), we can write

(T + Q) — (1)l < (2.4.49)

(T + Q) = v(T)l2lle(D)ll2 + l(T + @) = o(T)l2 (I (T)]l2 + [T+ Q) = v(T)]l2) -
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If we assume now 1" € Sy (resp., T € Sy,) With £ € [2,00), then (2.4.42)) (resp., (2.4.43))
follows from (2.4.49), (2.4.44) with M =T, N = @, and p = 2, (2.4.45) with M =T

and s = 2, and ([2.4.46) (resp., (2.4.47)) with M =T and p = ¢. ]
Proof of Proposition[2..3 Pick a real radially symmetric n € C§°(R?) such that 0 <

n(z) <1 for all x € R?, n(z) =1 for |z| < 1/2, n(z) =0 for |z| > 1. Our first goal is to
show that

Tr cp()\Z/QPqVPq) =Tr cp()\Z/QPq(l —nVP,) +o(),), q— oo. (2.4.50)
Evidently,

ITr p(N2PV Py) — Tr (AP Py(1 — n)VP,)| < (2.4.51)
loOG2PV By = o (NP Py(L=m)V Py [l + o (N2 By (L=m)V Py) = (N2 Py (1=n) V) |1
Applying (2-4.42) with ¢ > 2/p, T = N> P,V P, and Q = —\o/* PV P,, (2.3.18) with
p =2, and ([2.3.25]), we obtain the estimate

||S0(/\§/2qupq) - W(qu/QPq(l —nVP)lh=0 ()\((11+p)/2(1n Aq)l/Q) =o0()\g), q— oo

(2.4.52)
Similarly, assuming without loss of generality that e € (0,1 — p) in (2.2.2)), and then

applying (2.4.41), with £ =m > 2/p, T = )\g/QPq(l —-n)VPE, Q= —)\5/2]3[1(1 —n)(V —
V)P, as well as (2.3.25)), we obtain
1—

leON2Po(1 =V B) = o2 P, (1 =)Vl = O (N2 (InAy) ) = 0(,), g — oo.

(2.4.53)

Now, (2.4.51)), (2.4.52), and (2.4.53)) imply (2.4.50). Further, by Proposition we
have

Te (M2 Py (1 = n)VE,) = Tr p(A20p™ (1 — ) V)  B,). (2.4.54)

Our next goal is to show that

Tr go()\f]’/QOpW(((l —n)V)p*xV,)) =Tr go()\g/QOpW(VB * 0, 3q71)) T 0(Ng), q— 0.
(2.4.55)
Similarly to (2.4.51)), we have

Trp(A;20p™ (((L = 0) V)5 * Wy)) — Tr (A 20p" (Vs # 8, rr))| <
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[o(A20p™ (1 = n)¥) 5 % 2,)) — o (X/20p" (1 — ) V)5 # 8 ) 1+
lo(A0p (1 = V)5 * 8,351)) — o(N20D" (Vo % Sl (2.4.56)

Applying (2.4.42)) with ¢ > 2/p,

T = X 20p" (1~ m)V)p * 1),

Q= N/ (0p"((1 =1)V)p * 6 yzr1) — OP™ (1 = n)V)p * ¥y)) ,
as well as Proposition [2.3.3] (2.3.25]), and Proposition [2.3.5] we get

lo(AF20P™ (1 =) V)5 + Wy)) — 0(A20p™ (1 = 0) V)5 * 8 grr)) |1 =

0 (A?‘%(m A)V2) =0\, 4 oo (2.4.57)

In order to estimate the second factor at the r.h.s. of (2.4.56|), we need an estimate of
the Hilbert-Schmidt norm of the operator Op™((nV)p * 0 z577)). By (2.3.3) and the
generalized Young inequality (see e.g. [60, Section 1X.4]) we have

N 1 a
10p™ ((nV) 5 * )z = 5 1(1V) 5 * b mrlliees) =

o

- (55)3 /RzI(ﬁW)(BI/QQPJO(WKDQCJCS

B S cB N
WHU # V| Z2re) < WHHH%Q/(UFP)(RQ)HVHii)/(Q—P)(Rz) (2.4.58)

with a constant ¢ which depends only on p. Applying (2.4.42)) with ¢ > 2/p and T =

)\S/2Opw(((1 —n)V)B * 8 jog51)), Q = )\Z/2Opw((nV)B * 0, /5551)), as well as Propositions
and [2.3.5, Corollary [2.3.2 and (2.4.58)), we get

lo(\20p™ (1 = m) V)5 * 8, /3g37)) — 9 (N/?OP™ (Vs 8 ) |l =

=0 (AMP2(InA)"%) = 0(),), ¢ — o0 (2.4.59)

Now, (2.4.50), (2-4.57), and ([2.4.59) imply (2-4.55), while @.4.50), (2-4.54), and (2.4.55)
imply (2.4.40)). O
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2.4.4 Semiclassical Analysis of Tr go()\g/2OpW(VB * 0, /3771))

Proposition 2.4.4. Under the hypotheses of Theorem we have

o " 1 .
lim A, 'Tr gp()\g/QOp (Vg %6, 5q51)) = B /R2 ©(BV(x))dx. (2.4.60)

q— o0

Proof. Let s : R*? — C be an appropriate Weyl symbol. For A > 0 set
si(w,€) = s(z, k), (x,€) € R*,
and define the A~-W¥DO Opy'(s) := Op™(sp). Set
Sn(@,€) = s(Vha,VhE), (z,€) € R,

A simple rescaling argument shows that the operators Opy (s) and Op™(3;,) are unitarily

equivalent (see e.g. [64, Section A2.1]). Set
s(z) := B*V,(z), z¢cR>%.
Due to the homogeneity of V we have
)\3/2 Vi * 6 mgrr(2) = s((2¢ + 1)71%2), zeR%

Therefore, the operator go()\g/ 20p (Vg 8 jag+1)) is umitarily equivalent to ¢(Opjy (s))
with % := (2¢ +1)~!. Now, in order to prove ([2.4.60)), it suffices to show that
1
lim 2 Tr ¢(Opj (s)) = —/ o(s(z))dx, (2.4.61)
h—0 2m R2

since [ o(s(x))de = [p, o(B*V(z))dz. If the symbol s were regular, then (2.4.61)
would follow from standard semiclassical results (see e.g. [25] Theorem 9.6]). Due to the

singularity of s at S!, we need some additional final estimates. Pick the function 7 defined
at the beginning of the proof of Proposition and for r > 0 set n,(x) := n(r~tz),
r € R2. Define the symbols

10(2) 1= B (1= 5)V2) (&) 50, (1) o= BP (e V)(a), € R
so that s = sy, + so,. Evidently, s;, € S ”(R?). By [25, Theorem 9.6],

lim T (9(Op} (s1,) = 2i / o(s1.(x))dz. (2.4.62)

T JR2
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On the other hand, estimate (2.4.43) with ¢ = 2/p, T' = Opy/(s) and Q@ = —Op;}’(s2,)
implies
| Tr(Opy(s)) — Trp(Opy (s1.0))] <
ol OB (s2.) 2 (OB} ()12, + 10D (52,12 (2.4.63)
By Proposition [2.3.2]

—(1—2Y) A~
1ODY (8)ll2/p00 < B#72(21) "2 |8]] 22 (2.4.64)

(R?)
and, similarly to (2.4.58]),

10D} (2,112 = B~ 2(@m) 2853 ey < 2]V 3y oy | v gy (24.65)

Finally,

H"/7\T||L2/(1+P)(R2) = rl_p”ﬁHLQ/(HP)(R?)' (2.4.66)

As a result, we find that (2.4.63) — (2.4.66|) imply the existence of a constant C' such that

the estimate

| Tr p(Opj (s)) — Tr(Opjy (s1,,))| < Ch™ 1t ° (2.4.67)
is valid for each A > 0 and r € (0,1). Now, (2.4.62)) and (2.4.67) yield
1

— o(s1(x))dx — Cort=r <
27T R2

li%%nf RTr p(Op}(s)) < limsup ATr¢(Opy (s)) <
an

1

2 | o(s1,(z))dz + Cr'=*.

Letting r | 0, and taking into account that

i [ lsi@)de = [ os(o)de

rl0 Jp2 R2

we obtain (2.4.61]), and hence (2.4.60)). ]

Putting together (2.4.3)), (2.4.34), (2.4.40)), and (2.4.60)), we arrive at (2.2.3) which com-
pletes the proof of Theorem [2.2.1]
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3.1 Introduction

Let
HO = (—Zv - A0)2,

with Ay = (Ao, Aop) == g (—z3,71), be the Landau Hamiltonian, self-adjoint in L*(R?),
and essentially self-adjoint on C5°(R?). In other words, Hy is the 2D Schrodinger operator
with constant scalar magnetic field b > 0, i.e. the Hamiltonian of a 2D spinless non
relativistic quantum particle subject to a constant magnetic field. As is well known, the
spectrum o(H,) consists of infinitely degenerate eigenvalues A, :=b(2¢ + 1), ¢ € Z, :=
{0,1,2,...}, called Landau levels (see e.g. [30, 43]).

In the present article we consider metric perturbations of Hy. Namely, let
m(a:) = {mjk<x)}j7k:1,2> YIS R2>

be a Hermitian 2 x 2 matrix such that m(z) > 0 for all z € R% Throughout the article
we assume that m;; € C°(R?), j,k = 1,2, i.e. mj € C®(R?), and myy, together with all

its derivatives are bounded on R?. Set

7j,
axj

so that Hy = IT? 4 I13. On Dom H, define the operators

Hy= Y T(8 £ m)ly = Hy£ W

jvk:172

where W := Zj w10 1I;mjelly; in the case of H_, we suppose additionally that

sup |m(z)| < 1.
TER?

Thus the matrices g4 (z) = {gﬁ(m)}j L1 o With gjik := §;; £ my;, are positive definite for

each x € R?. Under these assumptions, the operators H. are self-adjoint in L?(R?), and
essentially self-adjoint on Cg°(R?) (see Section [3.7).

From mathematical physics point of view, the operators H. are special cases of Schrédinger
operators with position-dependent mass which have been investigated since long ago (see
e.g. [7,169]), but the interest towards which increased essentially during the last decade

(see e.g. [31, 140, 52]). Here we would like to mention especially the article [24] where the
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model considered is quite close to the operators H. discussed in the present paper.
The operators Hy admit also a geometric interpretation since they are related to the
Bochner Laplacians corresponding to connections with constant non-vanishing curvature
(see e.g. [19,[61]); we discuss this relation in more detail at the end of Section[3.2] Further,
assume that

lim mj(x) =0, j, k=12 (3.1.2)

|x|—o00
Thus m models a localized perturbation with respect to a reference medium. Under
condition (3.1.2) the resolvent difference H;' — Hy ' is a compact operator (see Section
3.7)), and therefore the essential spectra of H. and Hj coincide, i.e.

Uess(H:I:) — Oess(HO — O HO U {Aq}

The spectrum o(Hx) on R\ [J;Z, {A,} may consist of discrete eigenvalues whose only
possible accumulation points are the Landau levels. Moreover, taking into account that
W >0, and applying [I0, Th. 7, Section 9.4], we find that the eigenvalues of H, (resp.,
H_) may accumulate to a given Landau level A, only from above (resp., from below).
Fix ¢ € Z,. Let {/\,;q} be the eigenvalues of H_ lying on the interval (A,_1,A,) with
A_1 := —o0, counted with the multiplicities, and enumerated in increasing order. Simi-
larly, let {)\z q} be the eigenvalues of H, lying on the interval (A,, A 1), counted with
the multiplicities, and enumerated in decreasing order.

The aim of the article is to investigate the rate of convergence of )\iq — Ay as k — oo,
q € Z, being fixed, for perturbations m of compact support, of exponential decay, or of
power-like decay at infinity.

The properties of the discrete spectrum generated by perturbative second-order differen-
tial operators with decaying coefficients have been considered also in 2], [14] [15, [57].
The article is organized as follows. In Section we formulate our main results, and
briefly comment on them. In Section we reduce our analysis to the study of operators
of Berezin—Toeplitz type, and in Section we establish several useful unitary equiv-
alences for these operators. Section contains the proofs of our results in the case
of rapid decay, i.e. of compact support or exponential decay, while the proofs for slow,
i.e. power-like decay, could be found in Section [3.6] Finally, in Section we address
some standard issues concerning the domain of the operators H., and the compactness

of the resolvent difference Hy' — Hi'.
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3.2 Main Results

First, we formulate our results concerning perturbations m of compact support. Denote
by m(z) and ms(x) with m-(z) < m-(x), the two eigenvalues of the matrix m(z),
x € R2

Theorem 3.2.1. Assume that the support of the matriz m is compact, and its smaller

eigenvalue m. does not vanish identically. Fix q € Z. Then we have
In (£ (A, —Ag)) = —kInk+O(k), k— oo. (3.2.1)

Remarks: (i) Under additional technical hypotheses on m>, we could make asymptotic
relation (3.2.1]) more precise. Namely, assume that there exists a non increasing sequence

{Sj}jeN7 such that s; > 0, j € N, lim;_, s; = 0, and the level lines
{x€R2|m< fsj} jEeN,

are bounded Lipschitz curves. In particular, the existence of such sequence follows from
the Sard lemma (see e.g. [66, Th. 3.1, Chapter II]) if we assume that m. € C?(R?).
Further, denote by Cs the logarithmic capacities (see e.g. [44, Section 4, Chapter II]) of

supp mz. Then we have

(1+Mn(bC2/2)) k4 o(k) <In (£ (N, — Ag)) +kInk < (1+1n (bC2/2)) k + o(k)

(3.2.2)
as k — 0o. We omit the details of the proof of ([3.2.2)), inspired by [29].
(ii) For ¢ € Z, and X > 0, set
NFON) =#{keZi| £ (N, — Ag) > A} (3.2.3)
Then a less precise version of (3.2.1)), namely
In (£ (A, —Ay)) =—klnk(140(1)), k— o0,
is equivalent to
+ [ In Al
NEN) = (I+o(1)), AlO. (3.2.4)

In|ln Al
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Further, we state our results concerning perturbations of exponential decay. Assume

that there exist constants > 0 and + > 0 such that
Inms(z) = —v[z|*’ + O(ln|z]), |z| — oo. (3.2.5)

Remark: In (3.2.5)), we suppose that the values of v and S are the same for m. and m-.
Of course, the remainder O(In|z|) could be different for m. and m-.

Given > 0 and v > 0, set u :=v(2/b)?, b > 0 being the constant magnetic field.

Theorem 3.2.2. Let m> satisfy (3.2.5)). Fizq € Z,.
(i) If B € (0,1), then there exist constants f; = f;(B, 1), j € N, with f; = p, such that

(£ (N, —A))=— > [ESYT 4 0(nk), k- oo (3.2.6)

1<j<iig

(i) If B =1, then
In (£ (A, —Ag)) =—(n(1+p)k+O0nk), k— oco. (3.2.7)
(iii) If B € (1,00), then there exist constants g; = g;(B, ), j € N, such that

in (= (A, ~ A,)) =

_@glmnm(ﬁ‘l‘ﬁm(“ﬁ))k— 3 gk F TV L O(Ink), k — 0o. (3.2.8)

B
1§J<ﬁ

Remarks: (i) Let us describe explicitly the coefficients f; and g;, j € N, appearing in
and respectively. Assume at first 5 € (0,1). For s > 0and € € R, |¢] << 1,
introduce the function

F(s;€) :=s—1Ins+eus’. (3.2.9)

Denote by s-(€) the unique positive solution of the equation s = 1 — ¢3us®, so that

9 (s<(€);€) = 0. Set

fle) := F(s<(e);e). (3.2.10)
Note that f is a real analytic function for small |¢|. Then f; := %%(0), jeN

Let now f € (1,00). For s > 0 and € € R, |¢| << 1, introduce the function

G(s;€) := pus® —Ins +es. (3.2.11)
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Denote by s-(e) the unique positive solution of the equation Sus’ = 1 — es so that

9 (s.(€);€) = 0. Define

g(€) == G(s=(€);e), (3.2.12)

which is a real analytic function for small |e|. Then g; := l,d—g(()), jeN.
(ii) If, instead of (3.2.5]), we assume that

Inms(z) = —v[z|*’(1 + o(1)), |z| = oo, (3.2.13)

then we can prove less precise versions of (3.2.6)), (3.2.7), and (3.2.8]), namely

—ukP(140(1)) if Be(0,1),
In(£ Ny —Ag)) =49 —(n(1+p) k(1+o(1)) if B=1, k- oo,
—ZkInk (1+0(1)) if B € (1,00),

which are equivalent to

p~ VB AYE(1 +0(1)) if B €(0,1),
NFN) =1 mamgl AL +o(1) if =1, A0, (3.2.14)

Arim(1+0(1) i Be(1,00),

Note that in (3.2.13)), similarly to (3.2.5)), we assume that the values of v and /5 are the

same for m. and m~. However, since the coefficient in (3.2.14) with 5 > 1 does not
depend on 7, in this case we could assume different values of v > 0 for m. and m-.
Finally, we consider perturbations m which admit a power-like decay at infinity. For

p > 0 recall the definition of the Hormander class
STP(R?) := {1 € C(R?) ||024(2)| < cola) 7 2 € R?, a €22},

where (z) := (1 + |z[*)"/%, z € R% Let ¢ : R? — R satisfy limp, o ¢(2) = 0. Set

Dy(N) = [{z e R*|¢(a) A >0, (3.2.15)
where | - | denotes the Lebesgue measure. Fix ¢ € Z,, and introduce the function
1
Ti(x) = 5 (A, Trm(z) — 2bImmya()), =z € R® (3.2.16)

Note that 7;(z) > 0 for any z € R* and q € Z,..
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Theorem 3.2.3. Let my, € S*(R?), j,k =1,2, with p > 0. Fiz ¢ € Z;. Suppose that
there exists a function 0 < 7, € C>=(S'), such that

lim [T, (2) = 74(2/|]).

|z|—o00
Then we have ;
NEDN) = 321 +o(1)) = A72e X0, (3.2.17)
which is equivalent to
b 2w
i \2/P N E —C = : 2/p
l){ﬁ)l)\ NN =Cq I, 7,(cos 6, sin 0)*/*d0, (3.2.18)
or to
+ (NE, = Ag) =CPEPP (14 0(1), k — oo (3.2.19)

Remarks: (i) Relation (3.2.17)) could be regarded as a semiclassical one, although here

the semiclassical interpretation is somewhat implicit. In Propositions |3.4.1| and [3.4.3|

below, we show that the effective Hamiltonian which governs the asymptotics of N qi()\)
as A ] 0 is a pseudodifferential operator (VDO) with anti-Wick symbol w,; := w, o Ry,
defined by (3.4.8) and (3.4.31). Under the assumptions of Theorem [3.2.3, T, := T, 0 Ry

(see (3.2.16) and (3.4.31))) can be considered as the principal part of the symbol w,,
while the difference between the anti-Wick and the Weyl quantization is negligible. Then

= ®7. ,(A) = =P, (\) is just the main semiclassical asymptotic term for the eigenvalue
counting function for a compact DO with Weyl symbol 7.

(ii) There exists an extensive family of alternative sets of assumptions for Theorem
(see e.g. [22, [38]). We have chosen here hypotheses which, for certain, are not the most
general ones, but are quite explicit and, hopefully, easy to absorb.

Let us comment briefly on our results. Nowadays, there exists a relatively wide literature
on the local spectral asymptotics for various magnetic quantum Hamiltonians. Let us
concentrate here on three types of perturbations of Hy which are considered to be of a

particular interest (see e.g. [38] [50]):

e Electric perturbations Hy+ @ where Q : R? — R plays the role of the perturbative

electric potential,;

e Magnetic perturbations (—iV — Ay — A)? where A = (A}, Ay), and B := %42 _ 941

— Oz Oxo

is the perturbative magnetic field;
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e Metric perturbations 3, o I (6;1 + my) Iy where m = {my;},,_, , is an ap-

propriate perturbative matrix-valued function.

Typically, the perturbations (), B, or m are supposed to decay in a suitable sense at
infinity. Slowly decaying Q, e.g. Q € S?(R?) with p > 0 were considered in [58], and
the main asymptotic terms of the corresponding counting functions /\/'qi()\) as A J 0
were found, utilizing, in particular, anti-Wick WYDOs . In [38, Th. 11.3.17], the case of
combined electric, magnetic, and metric slowly decaying perturbations was investigated,
the main asymptotic terms of ./\/:Ji()\) as A | 0, as well as certain remainder estimates were
obtained. The semiclassical microlocal analysis applied in [38] imposed restrictions on
the symbols involved which, in some sense or another, had to decay at infinity less rapidly
than their derivatives. These restrictions did not allow to handle some rapidly decaying
perturbations, e.g. those of compact support, or of exponential decay with 5 > 1/2 (see
(13.2.5))).

In [59] the authors used a different approach based on the spectral analysis of Berezin—
Toeplitz operators and obtained the main asymptotic terms of N qi(A) as A | 0 in the case

of potential perturbations @) of exponential decay or of compact support. In particular,

in [59] formulas of type (3.2.4) or (3.2.14) appeared for the first time. In the present

article, we essentially improve the methods developed in [59]. These improvements lead
also to more precise results for certain rapidly decaying electric perturbations. Namely,
assume that () > 0 admits a decay at infinity which is compatible in a suitable sense
with the decay of m. Then the results of the article extend quite easily to operators of
the form

Hi+Q, (3.2.20)

so that Hy £ @) are perturbations of Hy having a definite sign. We do not include these
generalizations just in order to avoid an unreasonable increase of the size of the article
due to results which do not require any really new arguments.

Combined perturbations of Hy by compactly supported B and @) were considered in [62]
where the main asymptotic terms of V75()) as A | 0 were found. Note that the magnetic
perturbations of H, are never of fixed sign which creates specific difficulties, successfully
overcome in [62].

To authors’ best knowledge, no results on the spectral asymptotics for rapidly decaying

metric perturbations of Hy appeared before in the literature. We also included in the
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article our result on slowly-decaying metric perturbations (see Theorem since it
is coherent with the unified approach of the article, and is proved by methods quite
different from those in [3§].

Finally, let us discuss briefly the relation of H. to the Bochner Laplacians. Assume
that the elements of m are real. In R? introduce a Riemannian metric generated by
the inverse of g, and the connection 1-form >je19Aogdry. Set vy = (det gi)_l/z.
Then the standard Bochner Laplacian, self-adjoint in L?(R?;~.dx), is written in local

coordinates as

Ly =" Z 195y 1
jk=1,2

Let Uy : L*(R?; vidzr) — L*(R?; dz) be the unitary operator defined by UL f := 7;1/2]”.

Then we have

U:t/::tUl =Hy+Q+ (3221)
where 1 01 01 0 01
+ 0 M7yt noy+4 + 0Nyt
Qs 4 Z (gjk Or, Oz, Oz, (gjk Oxy, >)

Jk=1,2
Generally speaking, the functions ()1 do not have a definite sign coinciding with the sign
of the operators Hy — Hy; hence, the operators on the r.h.s of are not exactly
of the form of . The fact that the symbol of a Toeplitz operator does not have a
definite sign may cause considerable difficulties in the study of the spectral asymptotics
of this operator if the symbol decays rapidly and, in particular, when its support is
compact (see e.g. [56]). Hopefully, we will overcome these difficulties in a future work

where we would consider the local spectral asymptotics of L.

3.3 Reduction to Berezin—Toeplitz Operators

In this section we reduce the analysis of the functions /\/qi()\) as A | 0 to the spectral
asymptotics for certain compact operators of Berezin—Toeplitz type. To this end, we
will need some more notations, and several auxiliary results from the abstract theory of
compact operators in Hilbert space.

In what follows, we denote by 1, the characteristic function of the set M. Let T be a
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self-adjoint operator in a Hilbert spaceﬂ and Z C R be an interval. Set
Nz(T) :=rank 17(T)

where, in accordance with our general notations, 17(7") is the spectral projection of T
corresponding to Z. Thus, if Z N oes(T) = 0, then Nz(T) is just the number of the

eigenvalues of T, lying on Z, and counted with their multiplicities. In particular,

Ny (V) = Noayoagn (o), a€Zs, A€ (0,20), (33.1)

q

N+(>‘) = N(Aq+>\,Aq+1)<H+)v qE€Zy, ANE (07 2b)7 (332)

q

the functions N being defined in (3.2.3). Let T = T* be a linear compact operator in
a Hilbert space. For s > 0 set

ni(s; T) = N(S7OO)(:|:T);

thus, no(s;7T) (resp., n_(s;T)) is just the number of the eigenvalues of the operator T
larger than s (resp., smaller than —s), counted with their multiplicities. If T; = T7,
J = 1,2, are two linear compact operators, acting in a given Hilbert space, then the Weyl
inequalities

ni(sy+ so; 10+ 1) < ny(s1;T1) + na(s2;1s) (3.3.3)

hold for s; > 0 (see e.g. [10, Th. 9, Section 9.2]).
Fix ¢ € Z, and denote by P, the orthogonal projection onto Ker (Hy — A,;). Since the
operator Hy'W H, ' is compact, the operator PWP, = AquHO’lWHJIPq is compact

as well. Similarly, the operators H 'WHL 2 are compact, and hence the operators
PWHT'W P, = N2P,(Hy'W HL ) (HL*W Hy 1) P,

are compact as well.

Proposition 3.3.1. Under the general assumptions of the article we have

n((1+e)\; Pb,WP,+ PWH'WP,)+0(1) <
NN < (3.3.4)

ny((L—e)\ bLWP,F PWH'WP,)+0(1), X0,

for each € € (0,1).

LAll the Hilbert spaces considered in the article are supposed to be separable.
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Proof. The argument is close in spirit to the proof of [59, Proposition 4.1], and is
based again on the (generalized) Birman—Schwinger principle. However, since the op-
erator H, Y 2WH0_ 2 is only bounded but not compact, we cannot apply the Birman—
Schwinger principle to the operator pair (Hy, H1), and apply it instead to the resolvent
pair (Hy', H:'). First of all, note that there exist A_ and A, with A_ € (0,Ag) if ¢ = 0,
A_ e (Ap1,A) ifge N and Ay € (A, Ayy1) if ¢ € Z,, such that

Ny (A) = Na_a,-n(H-), A€ (0,4, —A), (3.3.5)
NS = Nagiaapn(He), A€ (0,AL —Ay). (3.3.6)

Further, evidently,
N(AﬂAq—A)<H7) = N((Aq—)\)*l,A:I)(H:l) = N((Aq—k)*l,Ajl)(H(;l + T,), (3~3-7)
Nagiaag)(Hy) = N(Ajrl,(Aq-&-)\)*l)(H;l) = N(A117(Aq+)\)*1)(H()_1 - T5), (3.3.8)

withT_ := H-'—Hy ' and T, := H;'—H_". Note that the operators Ty are non negative
and compact. By the generalized Birman—Schwinger principle (see e.g. [3, Theorem 1.3])

we have

Ny onyra-ny (g +T0) = ny (KLTY? (A = N = Hy Y 7'T2?)

— (LT (A — HyY T

—dim Ker (H_ — A_), (3.3.9)

— 1/2 — —1\— 1/2
Nt agn-n Ho ' = To) = n (LT (HG = (A, + X)) 7'T)

—ny (LT (H = ATH T
—dim Ker (H; — A4 ). (3.3.10)

Since the operators Ty are compact, and Ay € o(Hy), we find that the two last terms on
the r.h.s. of (3.3.9) and (3.3.10) which are independent of A, are finite. Next, the Weyl

inequalities (3.3.3)) imply

ni (148 TV (A = N = Hy )T PTY?) = (6 T2 (A = N7 = He )M = PYTY?) <
ne (LT (A, — N~ = HyH'TV?) < (3.3.11)

ne(1—e; T (A, — N = HyY 7 'PTY?) 4 ng (e: TV (Ay — N — Hy )™M (I — P)TY?)
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for any € € (0,1). The operator Ti/2((Aq — N = HyYH) I - Pq)Ty2 tends in norm as
A J 0 to the compact operator

TN (At =AY | T

- q
j€Z\{q}
Therefore,
na(e: TV (A, — N L — H-H)™Y(T = P)TY?) = 0(1), X0, 3.3.12
q 0 q
for any € > 0. Next, for any s > 0 we have
n+(s;Ti/2((Aq S HO_I)_IPqTim) —
n(s; (Ag = N7 = ASH IR TY?) =y (sA (A — N)7IA S PTP,). (3.3.13)
Hence, (3.3.9) and (3.3)) - (3.3.13)) yield
ny(L+e)A(A, — N 'A L PT-P) 4+ 0(1) <
Nian-ramy(Hy ' +T0) <
ny((1=e)A(Ag =N AL PT-R) +0(1), A0, (3.3.14)
for any ¢ € (0,1). Similarly, (3.3.10) and the analogues of (3.3)) - (3.3.13) for positive

perturbations, imply
ni((1+e)A(Aq + )‘)_IA;1§ P Py +0(1) <

Nzt agen-nHo ' = T4) <
ny((L—e)AAg + )AL PTLP) +0(1), ALO, (3.3.15)
By the resolvent identity, we have Ty = Hy *WHy* F Hy 'WHL'W H, ', so that
P,T P, =A*(P,WP,+ PbWH'WPF,).

Thus,
ny(s; PTLPy) = ni(sA2; WP, F PbWHL'WP,), s>0. (3.3.16)

Putting together (3.3.5) — (3.3.8)) and (3.3.14) — (3.3.16)), we easily obtain ((3.3.4)). O
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3.4 Unitary Equivalence for Berezin—Toeplitz

Operators

Our first goal in this section is to show that under certain regularity conditions on the
matrix m, the operator P,WP,, ¢ € Z,, with domain P,L*(R?), is unitarily equivalent
to Pyw,Py with domain PyL*(R?), where w, is the multiplier by a suitable function
w, : R? = C. In fact, we will need a slightly more general result, and that is why we
introduce at first the appropriate notations.

As usual, for z = (z1,79) € R? we set z := 11 + izo and Z := 11 — iz so that

o _1(o o\ o _1(0 .0
0z 2\ 0r, Oty ) 0z 2\ 0 0xy )

Introduce the magnetic annihilation operator

20 0 a2 Jd b
a = —2ie bl /4§€blw\ =92 <£ + Zz) ;

z

and the magnetic creation operator

) o bz
a* = —zieb‘x'Q/‘*ae*b'flz/‘* = 2 (@ — Zz) :

. . 1/2
with common domain Doma = Dom a¢* = Dom HO/ . The operators a and a* are closed

and mutually adjoint in L?(R?). On Dom H we have [a, a*] = 2b and
* * 1 * *
Hy=a"a+b=uaa —bzé(aa +a*a). (3.4.1)
Moreover, on Dom Hé/ ? we have

1
H1 = §(CL+CL*), H2 = 2—7;(CL—CL*), (342)
the operators I, j = 1,2, being introduced in (3.1.1). Next, define the operator A :
Dom H3/2 — L?(R?;C?) by

Au:(au)) uEDomHé/Q.

au
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Then, implies that Hy = %A*A. Further, introduce the Hermitian matrix-valued
function
Q= (wn UJ12>’
Wa1 W22
with wj, € L*(R?), j,k = 1,2. Fix q € Z, and define the operator

P,A*QAP, = AP, Hy ' *A*QAH, P, (3.4.3)

bounded and self-adjoint in P,L?(R?). Utilizing (3.4.2)), we easily find that

1
PWP, = §PqA*UAPq (3.4.4)
where
1 1 1
U:=0"m0, O:=— ) (3.4.5)
V2 \ i —i

U U
so that U = e , with
U1 U2

1 1
U = g (Trm — 2Immys), ug = 3 (Trm + 2Im my) ,

1 :
U2 = U921 = 5 (mn — Moo — 2iRe mlg) .
Introduce the Laguerre polynomials
q .
—4)J
L™ = Z (q + ”7) % teR, q€Z,, mel,; (3.4.6)
q9—7 J:

5=0
as usual, we write Lgo) = L,, and for notational convenience we set gL,_; = 0 for ¢ = 0.
By [33 Eq. 8.974.3] we have

q
YL =LmV(), teR, q€Z,, meL,. (3.4.7)
=0

Proposition 3.4.1. Let Q2 be a Hermitian 2 X 2 matriz-valued function with entries
wjr € CP(R?), j,k = 1,2. Fiz ¢ € Zy. Then the operator P,A*QAP, with domain
P,L*(R?), is unitarily equivalent to the operator Pyw,Py with domain PyL*(R?) where

wy, = w,(Q) = (3.4.8)
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26(q + 1)Lg 11 (—2) win +2bgLy 1 (—5) wer — 8Re L (—8) ez if ¢ > 1,
2bL1 (—%) w11 if q = 0,

A is the standard Laplacian in R* so that, in accordance to (3.4.6)), Lo (—%) with

s € Zy and m € Z,, is just the differential operation Zj’:o (SSJ:T)],(%—Z)J of order 2s with

constant coefficients.

Proof. Set
b (b\"? :
wor(x) = By (§> ke bl 2 e R2 ke Zy,
1 *\q 2
Pqr(x) = (@) por(z), zeR® keZy, geN

(2b)4g!
Then {¢gx};cy, is an orthonormal basis of P;L*(R?) called sometimes the angular mo-

mentum basis (see e.g. [59] or [16, Subsection 9.1]). Evidently, for k € Z, we have

. V20qp4-1k, g 21,
Ao =V20(q+ Dogi1k, qQEZy, apgr = { 0 1 (l)k (3.4.9)
, q@=V.
Define the unitary operator W : P,L*(R?) — PyL*(R?) by W : u + v where
u = Z CkPq k> v = Z CLP0,k» {Ck}k€Z+ & €2<Z+) (3410)
kEZ+ ]CEZ+
We will show that

For V € C°(R?), m,s € Zy, and k,{ € Z, set
Emﬁ(V; k’, 6) = <V§0m,k, (,037g>

where (-, -) denotes the scalar product in L?(R?). Taking into account (3.4.9) and (3.4.10)),
we easily find that
(P, A*QAPu, uy =

2b Z Z ((q+ DEgr1g+1 (W13 b, 0) + ¢Eq-1,g-1(wans b, £)) el +

kEZy LTy

2b1/q(q + 1)2Re Z Z Egt1.g—1(wa1s k, €)cxc, (3.4.12)

kEZy LETy
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if g > 1, and
(RA™QAPyu,u) =2b Y~ Y Eqg(wis k, Oty (3.4.13)
kEZy LT
Moreover,
(PowyPyv,v) = Z Z Eoo(wg; k,O)ckce, q € L. (3.4.14)
kEZy L€y
In [16, Lemma 9.2] (see also the remark after Eq.(2.2) in [11]), it was shown that
- - A
Emm(Vik, ) =Z0p (Lm (—%) V; k,é) , M E L. (3.4.15)

Now (3.4.13)), (3.4.15)) with m =1 and V' = wyy, and (3.4.14)) with ¢ = 0, imply (3.4.11))
in the case ¢ = 0. Assume ¢ > 1. By (3.4.15)), we have

A
Eq+17q+1(w11; k,g) = E(),o (L,ﬁ.l (_2_b> W11, k?,g) s (3416)
— _ A
:.qfl,qfl(WQQ; k,@) = 20,0 (qu <—%) W29, ]{),E) . (3417)

Let us now consider the quantity Z,.1,-1(V;k,¢). Using (3.4.9)), we easily find that for
q > 2 we have

1 lqg—1
= A(Vikl) = ———Z, 1 ([V,a"; k. 0) + | ——Z,,2(V; K, £), 3.4.18
q+1,q 1 ( ) (g + 1) 4,9 1([V; @] ) g+ 1 a,q 2( ) ( )

‘:%q_l([‘/va ]7’%76) = :q—l,q—l([[‘/va ],CL ]; k?@ + \/ T:q—l,tI—qu’a ]’k7£>

Vv 2bq
(3.4.19)
Moreover, [V, a*] = 22’%—‘:, and
o0?V
V,a*],a"] = —4——. 3.4.20
V)] = —4% (34.20)
Using ((3.4.19)), it is not difficult to prove by induction that
1 &
qu_l([v, a*],k,ﬁ) = m : EjJ‘(HV, a*],a*];k,é), q 2 1. (3421)

Il
o

J

Now (3.4.15)), (3.4.20)), and (3.4.7)) imply
1

< = * * < —_ A a2v
A :j7j([[v7a ],CL ]7k7€) = =0,0 <_4Lj (_%> w,k‘7£> =

J

—_

1

o
Il

o
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_ A\ 02V
Setting
g (A
Dq = —4Lq71 (—%> @, qc N, (3423)
we find that (3.4.21)) and (3.4.22) imply
= R I
Egg1([V,a'];k, 0) = m:w (D,V;k,0). (3.4.24)

Bearing in mind (3.4.18)), (3.4.15)), and (3.4.24), it is not difficult to prove by induction
that

Bt (Vik, 0) = ZHOO (D,V; k, 0). (3.4.25)

2b+/q( q+1

Note that (3.4.7) and ({3.4.25|) imply
q
A\ 0
_ 2)
ZDS = —4L (_Q_b) o7 (3.4.26)
Now, ) and m entail
— — 2) A Pwy
267/ q(q + 1)Zg41,g-1(wars b, ) = o | —4L, 7 5 ) B2 k) (3.4.27)
Finally, (3.4.12)) and (3.4.14]) combined with (3.4.16)), (3.4.17)), and (3.4.27)), yield (3.4.11))

with ¢ > 1. O]

In the rest of the section we establish two other suitable representations for the operators
PVP, q€Z,,withV :R*— C.

Proposition 3.4.2. (i) [TI1, Subsection 2.3], [27, Lemma 3.1] Let V € Li _(R?) satisfy
limigoe V() = 0. Then for each q € Z4 the operator P,V P, is compact.

(i) [59, Lemma 3.3] Assume in addition that V is radially symmetric, i.e. there exists
v :[0,00) = C such that V(x) = v(|z|), * € R%. Then the eigenvalues of the operator
P,V P, with domain P,L*(R?), counted with the multiplicities, coincide with the set

{<V‘Pq,k> (Pq,k>}kez+ . (3-4-28)

In particular, the eigenvalues of PV Py coincide with
1 [e.e]

o v((2t/b) D) e trdt, ke Z,. (3.4.29)



3. Metric Perturbations of the Landau Hamiltonian 80

Remarks: (i) Let us recall that if f is, say, a bounded function of exponential decay, then
(Mf)(z / ft="'dt, z€C, Rez>0,

is called sometimes the Mellin transform of f. Some of the asymptotic properties as
k — oo of the integrals (3.4.29) which we will later obtain and use in the proofs of
Theorem [3.2.1|and |3.2.2 could possibly be deduced from the general theory of the Mellin

transform.

(ii) Combining Propositions [3.4.1| and [3.4.2) we find that if the matrix-valued function
Q) is radially symmetric and diagonal, then the operator P,A*QAP, acting in P,L*(R?)

is unitarily equivalent to a diagonal operator in ¢*(Z). If Q is just radially symmetric,
then P,A*QAP, is unitarily equivalent to a tridiagonal operator acting in (*(Z. ).

The last proposition in this section concerns the unitary equivalence between the Berezin—
Toeplitz operator PyWW P, and a certain Weyl pseudodifferential operator (¥DO). Let us
recall the definition of Weyl ¥DOs acting in L?(R). Denote by I'(R?) the set of functions
1 : R? = C such that

|¥|lr(r2) == sup  sup
(y,n)€R2 £,m=0,1

0" (y, n)
Ayton™

Then the operator Op™ (1)) defined initially as a mapping between the Schwartz class
S(R) and its dual class S’(R) by

(Op™(¥) QW// (y+y )e‘yy"U( dy'dn, ye€R,

extends uniquely to an operator bounded in L*(R). Moreover, there exists a constant c
such that

O™ (V)| < el|¥llrre) (3.4.30)

(see e.g. [12, Corollary 2.5(i)]).
Remark: Inequalities of type (13.4.30) are known as Calderon—Vaillancourt estimates.

Put
01
Ry = —b /2 : (3.4.31)
10

and for V : R? — C, define

Vi(z) ==V (Rpz), z€R? b>0.

af?
Moreover, set G(x) := ¢ T‘r‘ , x € R2%
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Proposition 3.4.3. [55, Theorem 2.11, Corollary 2.8] Let V € L'(R?) + L*>°(R?). Then
the operator PyV Py with domain PyL*(R?) is unitarily equivalent to the operator Op™ (Vy*

g).

Remark: The operator Op™ (¢) : = Op™ (¢ % G) is called ¥DO with anti- Wick symbol 1
(see e.g. [64, Section 24]).

3.5 Proofs of Theorem (3.2.1 and Theorem |3.2.2

In this section we complete the proofs of Theorem and Theorem [3.2.2] concerning
perturbations of compact support, and of exponential decay.

Let T = T* be a compact operator in a Hilbert space, such that rank1.)(7) =
oo. Denote by {v4(T)};—, the non-increasing sequence of the positive eigenvalues of T,
counted with the multiplicities.

Recall that m.(x) < m-(z) are the eigenvalues of the matrix m(z), x € R?. Since the
matrix U (see (3.4.5) is unitarily equivalent to m, m are also the eigenvalues of U.

Next, we check that Proposition implies the following

Corollary 3.5.1. Under the general assumptions of the article, there exist constants

0< cj<[ < cj; < oo and ky € Z, such that
Vi (PAA"moAP,) < j:()\iq —A,) < v gy (PA* Mo AP,) (3.5.1)
for sufficiently large k € N.
Proof. 1t is easy to see that
0<PWH{'WP, <c.P,WP, (3.5.2)
with
cx = | HEPWHLP| < sup fm(e) (1 £ m(@))™".
Note that 0 < c¢_ < ooand 0 < ¢y < 1. Moreover, by and the mini-max principle,
ni(2s; PLA*"m AP)) < ny(s; Pb,WP,) <ni(2s; PA*m-AP,), s>0. (3.5.3)
Now, (3.3.4), (3.5.2), and (3.5.3)), imply that for any € € (0,1) we have

ny(2A(1 +¢); BLA"m AP,) + O(1) <
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Ny (V) <

ny(2A(1 —¢); (1 + c-)P,A*"m-AF,) + O(1), (3.5.4)

ny(2A(1+¢); (1 — ;) P, A"m AP)) + O(1) <

Ny (V) <
ny(2A(1 —¢); P,A*"m-AP,) + O(1), (3.5.5)
as A | 0, and estimates - yield with
. 1  d4e o, d—ep 1
“Tolte T T 21— T 2ttre) T 2oy
and sufficiently large ko € N. ]

Let us now complete the proof of Theorem . Let (; € C°(R?), (G >0, ¢ =1on
suppms. Set (o(z) := (maxyerz m=(y)) Gi(z), € R% Evidently, m- < ¢ on R?, so
that

v(PA*msAP,) < v (PA'GAP,), k€ Z,. (3.5.6)

Further, by Proposition [3.4.1] the operator P,A*(;APF, is unitarily equivalent to the

operator FPy(3F, where

Cg = 2b ((q + 1>Lq+1 <—%) + QLq_l (—%>) CQ.

Vk(PqA*CgAPq) = Vk(P()CgP()), ke Z+. (357)

Therefore,
Let R~ > 0 be so large that the disk Bg_ (0) of radius R, centered at the origin contains
the support of (3. Then,

I/k<PQC3P0) S Hé?éé( |C3(I’)| Vk(PO]]-BR> (O)PO)a k € Z+. (358)

Putting together (3.5.6)), (3.5.7)), and (3.5.8]), we find that there exists a constant K. < oo
such that

Vk(PqA*m>APq) < K>Vk(P0]]-BR> (o)Po), k€ Z+. (359)

On the other hand,
v (P,A"m AP,) > v (Pjamc a™P,). (3.5.10)
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Applying (3.4.9), we easily find that the operators P,am<a* P, and 2b(q+1)Pyi1 m< Pyyy

are unitarily equivalent. Hence,
vi(Pyamea® Py) = 2b(q + 1)vg(Ppyam<Pyiq), k€ Z.. (3.5.11)

Further, since m_ is non-negative, continuous, and does not vanish identically, there exist

co >0, R € (0,00), and xy € R? such that m(x) > colp,_ (o) (), © € R?. Therefore,
Vk(Pq+1m<Pq+1) > COVk(Pq+1]]-BR<(:U0)Pq+1)7 k € Z+. (3512)

The operators Pyy1lp,_(s0)Fy+1 and Pyyillp, (0)Fy+1 are unitarily equivalent under the

magnetic translation which maps zg into 0 (see e.g. [59, Eq. (4.21)]). Therefore,

Vk(PQ+1]15R< (wo)Pq+1) = Vk(PII+1]]'BR<(0)PQ+1)7 kel (3.5.13)

Combining (3.5.10)) - (3.5.13]), we find that there exists a constant K. such that

K< Vk(Pq+1]].BR< (O)Pq+1> S Vk(PqA*m<APq), k € Z+ (3514)

By (3.5.9) and (3.5.14)), it remains to study the asymptotic behaviour as k — oo of the
operator v (Ppnlp,0)Pm), m € Z4 and R € (0, 00) being fixed. This asymptotic analysis
relies on the representation ((3.4.28)), and results sufficient for our purposes, are available

in the literature. Namely, we have

Lemma 3.5.1. [20, Corollary 2, Section 4| Let m € Z,, R € (0,00), b € (0,00). Set

0:=0bR?/2. Then

—mA 1} 2m—1 ok
m! k!

Now, asymptotic relation follows from (3.5.1)), (3.5.9)), (3.5.14])), (3.5.15)), and the

elementary fact that Ink! = kInk + O(k) as k — oc.

e %

V(P o) P) = (1+0(1), k— . (3.5.15)

In the remaining part of this section we prove Theorem [3.2.2| concerning perturbations m
of exponential decay. Assume that m satisfies (3.2.5)). Then there exist 0> € R, 6 < 65,

and r > 1, such that

|28
|:1c|5<e vl=l* L2\ g, (o) () < me(z) <

ms(z) < |17|6>6_7|x|25]1ue2\3,.(0) (x) + Hé%é(m>(y)]].3r(0)(l’), r € R2 (3.5.16)
Y
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Let 029 € C*°(R%[0,1]) be two radially symmetric functions such that .o = 1 on
R%\ B,,1(0), n<o = 0 on B,.(0), and 7~y = 1 on R? \ B,(0), 7= = 0 on B,_1(0). For
r € R? set

o |z[28
N<a(z) == |z|*<e Hal” N<0(z),
|| 26
Ns1(x) = || e 7l 1>0(2) + zfé%§m><y)(1 — N<0(2))-

Evidently, 7=, € C£°(R?), and by (3.5.16),
nei(@) <me(@), me(r) <nsa(z), o eR
Therefore, for k € Z. , we have

v (PR A™moAP)) > v (P A™n< 1AP),  vp(P,A"msAP,) < v, (P,A'n-,1AF,). (3.5.17)

A A
Nz = 2b ((q + 1)Lg+1 <—%) + qlg (—%» Mz,1-

According to Proposition [3.4.1] the operators P,A*n: 1AP,, ¢ € Z, and Pynz Py are

unitarily equivalent. Therefore,

Further, set

Vk(PqA*anAPq) = Vk(P0n2,2P0)7 ke Z+. (3518)
Next, a tedious but straightforward calculation shows that
Nz2(x) = 1z,3(x)(1 +0(1), || = oo, (3.5.19)

where

1 if Be(0,1/2],

r € R?\ {0},
2[@DED i g e (1/2,00), o

> —|z|?8
02,3(2) = Cypla|2e {
and Uy g > 0 are some constants. Even though the exact values of U, g will not play any
role in the sequel, we indicate here these values for the sake of the completeness of the

exposition:

oA, if Be(0,1/2),
Cop =14 2b ((q + 1)Lg+1 <—(2§Z)2> +qLg—1 (-%)) it g=1/2,

28~)2(a+1) .
% if pe(1/2,00).
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Hence, by (3.5.19)), there exists R € (0, c0) such that for x € R* we have

1
Ne2 > =N<3lr2\By0) — c<LBy0) =: N<al(), (3.5.20)

3
Ns2 < §n>,3]1R2\BR(0) + 1,0 = N> a(2), (3.5.21)

with ¢z 1= maxyepe [0z 2(y)|. Thus, for any admissible k € Z we have

vk(Pon<2Po) > vik(Pon< aPo),  vie(Pons2Po) < vi(Pons 4 F). (3.5.22)

In order to complete the proof of Theorem |3.2.2] we need a couple of auxiliary results.

For >0, p >0, and p > 0, set
00 o
Ton(k) = / T / it ks -1, (3.5.23)
0 0

and for 0 € R, ¢y > 0 and ¢; € R, put

COJB,H(]C + 5) + Clgg(k — 5_)

L(k) =L es5k;co,c1) = T+ 1) ,

k > max{—1,—0 — 1},

where §_ := max{0, —0}.

Lemma 3.5.2. Let >0, u >0, 0>0, ¢ >0, and d € R, ¢; € R.

(i) The asymptotic relations
InL(k) = (3.5.24)
- 21§j<ﬁ fikPTVH £ O(lnk) if B € (0,1),
—(In(1+p) k+0(nk) if p=1,
_ “1—In 1qy; ,
Stk kb () 3 gk Ok i A e (1.00),

hold true as k — oo, the coefficients f; and g; being introduced in the statement of

Theorem [3.2.2.
(ii) We have L'(k) < 0 for sufficiently large k.

Proof. Let at first 6 = 0. Assume 8 € (0,1), k£ > 0, and change the variable ¢ — ks in
the first integral in (3.5.23). Thus we find that

Tsu(k) = K1 / e FEERT g (3.5.25)
0
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The function F(s;k°~1) defined in , attains its unique minimum at s (k®~1!), and

G (

ment close to the usual Laplace method for asymptotic evaluation of integrals depending

we have sc(KP1) k) =1+ 0(1), k — oo. Therefore, applying a standard argu-

on a large parameter, we easily find that
/ e MR gg = (2) 2 REG<GTTORTN 121 4 o(1)),  k— oo (3.5.26)
0

Bearing in mind that F(s<(k°~1); k1) = f(kP1) (see (3.2.10)), f(0) =1, and

1
WT(k+1) = klnk —k+ gk +0(1), k= oo, (3.5.27)

(see e.g. [1, Eq. 6.1.40]), we find that (3.5.25) — (3.5.26) imply

In (%) =k —kf(k®) 4+ O(nk)

—k—Fk Z 1df 0)k=17 4 O(In k)

gl
0<j<i=5 ] dEJ
La e
=— > Tdo —(0)kP=1i+ L O(In k)
1<j<—6
— Y fESV L O(nk), k- oo (3.5.28)
1<]<1 B
In the case § = 1, we simply have
Js u<k> 1 /OO —(ut1)t 4k —k—1
: = thdt = 1
Tk+1) T(k+1) ), © (+1)
ie Tolh)
B
———— ] = —(In(1 k 1 k . 5.2
ln<F(k+1)) (In (14 p)k+0(1), k— o0 (3.5.29)

Let now § € (1,00). Changing the variable ¢ — k'/#s with k& > 0 in (3.5.23)), we find

o (3-1
T (k) = EFD/B / G (3.5.30)
0

The function G(s;k%_l) defined in (3.2.11]), attains its unique minimum at s>(k%_1),

and we have

(5 (k5 7), k57 = B(uB)YP(1+ 0(1)),  k — oo,
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Arguing as in the derivation of (3.5.26)), we obtain

/OO e s = /2B () e 0
0

1 1_

HETP(1 4 0(1)), k= o
(3.5.31)
Bearing in mind that G(s>(k%_1);k%_l) = g(k%_l) (see (3.2.12)), and ¢(0) = Itln (uh)

B
we find that (3.5.30)), (3.5.31]), and (3.5.27)), imply
T.u(k) p-1 11
1 o = _ 1 — 5 1 .5.32
n(F(k+1) 5 klnk+k—kg(k?™") +O(Ink) (3.5.32)
_ b1 Ldg (-,
= —Tk‘lnk‘—f— k—k Y ﬁ@(o)k 77 1 O(In k)
0<j<55
_ p-1 Ldlg, (1 1
= —Tklnk +k(1—g(0)— > ﬁ@m)k G +O(In k)
1<j<5%
g—1 (5_1_111(,“6)) —1)j+1
=—"——klnk+k — K L O(Ink
3 3 Zﬂ 9; (Ink),
as k — oo. Let us now consider general § € R. By (3.5.27)),
I'k+d+1)
— | =941 1 . 5.
n( NS ) dnk+0(1), k— o0 (3.5.33)
Putting together (3.5.28]), (3.5.29)), (3.5.32), and (3.5.33)), we find that
Tp.u(k +0) Ts.u(k)
In{—=—— ) —-In| =——=) =0(nk k . .5.34
H(I‘(k+1) n Tkt 1) O(Ink), — 00 (3.5.34)
Finally, by (3.5.15)), we easily find that for each § € R fixed, we have
EMk=6)  (Toulk+9)
—_— L = =— k : 5.
re+n  ‘Urekry )0 " (3:5.35)

The combination of (3.5.28), (3.5.29)), (3.5.32), (3.5.34]), and (3.5.35) implies ([3.5.24]).
(ii) We have

L(k) =
Tiuk+0)  T'(k+1)
0 ( F(m DS A +5)> +
Ek—6) T(k+1)
¢ < Tk+1) Tk~ 1)259(k_5)> !

(3.5.36)
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oo 0
jf;,u(@:/o ef“tﬁfttklntdt, 5;(/’{;) :/0 e 't*Int dt,

and e 1)

I"(k+1 1

——— =Ink+—+0(k™), k

Tha1) [kt gp HOET), koo,
(see e.g. [1, Eq. 6.3.18]). Performing an asymptotic analysis similar to the one in the
proof of the first part of the lemma, we find that there exists a function ¥ = Wy , 5 such

that W(k) < 0 for k large enough, and

Tk +96)  T'(k+1)
T(k+1) D(k+1)2

Tpulk+6) =V(k)(1+o(1)), (3.5.37)

Elk—d-) T'(k+1)
4

N —0-)= \Ij ..
T Tk etk —0-) = o(Tk)), (3.5.38)
as k — oo. Putting together (3.5.36)), (3.5.37), and (3.5.38)), we conclude that £'(k) < 0

for sufficiently large k. ]

Taking into account the definition of the functions 7> 4 in (3.5.20) - (3.5.21), the mini-
max principle, representation (3.4.29), as well as Lemma [3.5.2] (ii), we find that there
exist constants ¢;> >0, 7 =0,1, 52 € R, and ky € Z, such that

vie(Pon<alo) > Ly, 55 (k + kosco<, —c1,<),  ve(Ponsalo) < Ly, .5 (k5co, 1),
(3.5.39)
for = v(2/b)?, o = bR?/2, and sufficiently large k € Z,.
Putting together (3.5.1), (3.5.17), (8.5.18), (3.5.22), (3.5.39), and (3.5.24), we obtain
(3.2.6) - (3.2.9).

3.6 Proof of Theorem (3.2.3

Estimates (3.3.4]) combined with the Weyl inequalities (3.3.3)) and the mini-max principle,
entail
ny(AM1+¢); BbLWP,) +0(1) <
Ny () <

ny(M1—¢)?* P,WP,) +n.(Ne(l —¢); bLWH_'WP,) + O(1), (3.6.1)
ny (A1 +¢)% BWF,) —ny(Ae(l+¢); BWHWP,) +0(1) <
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NS <
ny(AN1—¢); PWE,) 4+ O(1), (3.6.2)
as A | 0. It is easy to check that we have
PWH'WP, < C,+P,A*(-)"*AP,

with )
Cu = LY HLP (sup o) o))
z€R2
Therefore, for any s > 0,

ny(s; PbLWHL'WP,) <n,(s;CrLPA*(:)"*AP,). (3.6.3)

Further, by Proposition , the operator P,W P, (resp., P,A*(:)"?’AP,) is unitarily
equivalent to 1 Pyw, (U) Py (resp., to Pyw, ({-)21) F,). Hence, for any s > 0,

ny(s; P,WP,)) =ny(2s; Byw, (U) Fy), (3.6.4)

ny (s; P A () TP AP,) = ny(s; Powg ((-) 1) Py) < ny(s; CoPo(-) > Py) (3.6.5)

with Cy := sup,ege(2)?|w, ({(x)~21)|. Now, write

1 5
qu (U) = 7;+7;7

the symbol 7, being defined in , and note the crucial circumstance that 7: €
S772%(R?). Then the Weyl inequalities entail
ny(s(1+4¢€); PyTyPy) — n_(se; PyT,Py) <
ny(2s; Pow,y (U) Py) <
ni(s(1 —€); PyTyRy) + ny(se; Py T Ry), (3.6.6)
for any s > 0 and ¢ € (0,1). Evidently,
n(s; P07~;P0) <ny(s;C3Py(-YP2Ry), s>0, (3.6.7)

with Cy = sup,cpe(2)?*2|T;(2)|. Recalling Proposition we find that we have
reduced the asymptotic analysis of /\/’qi()\) as A | 0 to the eigenvalue asymptotics for
a WDO with elliptic anti-Wick symbol of negative order. The spectral asymptotics for
operators of this type has been extensively studied in the literature since the 1970s. In

particular, we have the following
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Proposition 3.6.1. Let 0 < ¢ € S?(R?), p > 0. Assume that there exists 0 < 1y €
C°°(S') such that im0 |2]PY(z) = to(z/|2]). Then we have

ne (A Op™ (1)) = (2m) '@y (A\) (1 +0(1)), A L0, (3.6.8)

which is equivalent to
1 27
lim A2 Pn . (\; Op™ (1)) = C(thy) := —/ Yo (cos 0, sin 0)*/7d6.
L0 dr J,
Proof. Evidently, for each ¢ € (0, 1) there exist real functions 14 . € C*°(R?) such that
wfﬁ(x) S w@j) S w+,€<x)v HS RQa

Vee(r) = 1 F &) Ha|Ppo(x/|z]), = €R? [z[ >R,
for some R € (0,00). Applying the monotonicity of the anti-Wick quantization with

respect to the symbol (see e.g. [64, Proposition 24.1]), the mini-max principle, and the

Weyl inequalities, we obtain
n((14+e)A; 0p™(¥- ) — n-(eA; (Op™ (¢ ) = Op™(¢¥-))) <
ny(A; Op™(¥)) <
ni((1 = )X 0p™(¥yc)) + n(eX; (Op™ (Y4.c) — O™ (¥.)))- (3.6.9)
By [22], we have the following semiclassical result
s (A 0p™ (Y ) = (2m) 10y, (M) (L +0(1)), A L0 (3.6.10)

Further, by [64, Theorem 24.1] the differences Op™ (1 .) —Op™ (¢+ o) are ¥DOs of lower
order than Op™(¢1.), so that we easily obtain

l)iilol APn (eX; (Op™ (Yee) — Op™ (Yse)) =0, &> 0. (3.6.11)

Now, (3.6.9) — (3.6.11)) imply

(1+2)747C(t) < Tim inf A/ (; Op™ (v)) <

lim sup A*/?n. (X; Op™ (¢)) < (1 —2)~*C(¢y),
A0

for e € (0,1). Letting ¢ | 0, we obtain (3.6.8).
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By Propositions [3.4.3] and |3.6.1}, we have

ny(A; POTJPO) =ny(\ Opaw(ﬁyb)) =

b, (V)1 4 0(1)) = %cpn(x)a Fo(1)), ALO, (3.6.12)

with 7,5, = T, 0 Rp, R being defined in (3.4.31)). Finally, for py > p, we have

ny (A Po(-) P Py) = O(A"2%0) = o(®7.(N)), A0, (3.6.13)

Now, (3.2.17) easily follows from (3.6.1)) — (3.6.8]), (3.6.12)), and (3.6.13). The equivalence

of (3.2.18)) and (3.2.19) can be checked by arguing as in the proof of [64, Proposition
13.1].

3.7 Compactness of the Resolvent Differences

A priori, the operators Hy and H, self-adjoint in L?(R?), could be defined as the
Friedrichs extensions of the operators | =12 sz and ) k=121 gﬁﬂk defined on C§°(R?).

Such a definition implies immediately that
1/2 1/2 2 /2 2 /132 .
Dom H,'” = Dom H.* = {u € L*(R*)|ILju € L*(R?), j = 1,2},

and that the operators Hi/zHgl/Z and Hé/sz/Z are bounded. By [32], Proposition A.2],

the operators Hy and Hy are essentially self-adjoint on C5°(R?), and have a common

domain
Dom Hy = Dom Hy = {u € L*(R?) | IIIu € L*(R?), j,k =1,2}.
Let us now prove the compactness of the operator Hy' — H:' in L*(R?). Since we have
Hy'—H'=+H;'WH;' = +H;'WH; ' HyH.",
it suffices to prove the compactness of H IWHO_ ! The operators
Hy'WHy ! = %HolA*UAHol
and %HO_ 'A*m<AH; ' are bounded, self-adjoint, and positive. Moreover,

Hy'A*UAH,' < Hy'A*mo AH . (3.7.1)
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On the other hand,
Hi'A*moAH;' = Hy'a*msaHy ' + Hy 'amsa*H, ' (3.7.2)

By (3.7.1) and (3.7.2)), it suffices to prove the compactness of the operator m1>/ 0 H '
We have

ma Hyt = m 2 H (Ho_l/ 2a* + Qngl/Qa*HO—l) .
The operator H()_I/Qa* + QbHO_I/Qa*HO_1 is bounded, so that it suffices to prove the com-
pactness of m1>/2H0_1/2 which follows from ms € L®(R?), lim;|_oo m~(x) = 0, and the

diamagnetic inequality (see e.g.[6, Theorem 2.5]).
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—

Ok uniformly distributed measure on the circle of radius & (p.
Ay (A in Chapter i Landau levels (p. D
)\;k ordered sequences of discrete eigenvalues of H (p.
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(7]

anti-Wick pseudodifferential operator,

B2 BT
Berezin-Toeplitz operators, [27]
diamagnetic inequality,

essential spectrum

preservation under perturbations, [9]

gauge invariance, [7]

Hormander class, 137,
Hamiltonian,

Helffer—Sjostrand formula,

holomorphic function spaces,
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Fock, Segal-Bargmann space, [23]

Landau Hamiltonian, [10]
logarithmic capacity,

magnetic annihilation and creation

operators, [L0] [75]
mean-value transform, [17]

metaplectic mapping,
Radon transform,

Schrodinger equation,
Schrodinger operator,
Schur—Feshbach formula,

Weinstein average, [14] [I§]
Weyl pseudodifferential operator, [30]

Wigner function, [32]
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