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ALGEBRAIZATION OF SOME PARACONSISTENT
AND PARACOMPLETE LOGICS

EDUARDO HIRSH

ABSTRACT. We study the algebraizability of the logics constructed
using paraconsistent and paracomplete matrices M3 5, M3 ,, Mii )
M} 4 and M* that were described by Lewin and Mikenberg in [5],
proving their algebraizability with the method described by Blok

- and Pigozzi in [1} and proving that the algebraic reducts of these
‘paraconsistent-paracomplete matrices are the corresponding equiv-
alent algebiaic semantics for these logics.

INTRODUCTION.

In [6] the authors present the algebraization of paraconsistent logic
P1, which can be characterized as a paraconsistent logic generated by
the paraconsistent matrix ngz as presented in [5]. In this paper we
carry out a similar study of the paraconsistent and/or paracomplete
logics 811, 821, 813, S22 and 8* as presented in [5], and we also carry
out an initial study of the equivalent quasi-variety algebraic semantics
- of these logics. based on the work in [7].

The first three sections contain the facts that are needed for the
developmeént of our work. In the first section we review the main results
on algebraization. In the second section we present the main results on
literal paraconsistent and paracomplete matrices. In the third section
we present the definition, axiomatization and completeness theorems
for the IOgiCS 81,1, Sg,l, 81,3, 82,2 and 84. In the sections four and five
we present our results on algebraizability and a study of the equivalent
quasi-variety semantics of these logics. In section four we prove the
algebraizability of these logics and in the last section we prove that
the corresponding quasi-varieties are not varieties and construct the
corresponding free algebras over a single generator.
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1. PRELIMINARIES.

The present section is a summary of the principal results of Blok and
Pigozzi in [1] that we need for the development of our work.

By a propositional language we will understand some set £ of propo-
sitional connectives. The L-formulas are built in the usual way from
propositional variables pg, py, 29, - -+ using the connectives of £. The
set of all L-formulas is denoted by Fm,.

By an inference rule over £ we mean any pair (T, ¢} where " is a
finite set of formulas and ¢ is a single formula of Fm,. A deductive

.. system S (over £} is defined by a (possibly infinite) set of inference

rules and axioms, it consists of the pair § = (£,+g) where 5 is the
relation between sets of formulas and individual formulas defined by
the following condition: A kg ¢ if and only if ¢ is contained in the
smallest set of formulas that includes A together with all substitution
instances of the axioms of S,:and is closed under direct derivability by
the inference rules of 5. 'Lét £ be a propositional language and K any
class of L-algebras. Let =g be the relation that holds between a set
of equations I" and a single equation ¢ = ¢, in symbols, I g o = 1,
if every interpretation of ¢ ~ ) in a member of K holds provided each
equation in I' holds under the same interpretation. Thus, T' =k @ & 1
if and only if for all A € K and every interpretation a of the variables of
T'U{p ~ 1} as elements of A, for every £ = € T, £4(a) = 74(a) =
©*(a) = ¢*(a). In this case we say that ¢ =~ ¢ is a K-consequence of
I'. The relation f=x is called the (semantical) equational corisequence
relation determined by K. - : '

A matrix is a pair A =.(A, F) where A is an L-algebra and F is an
arbitrary subset of A; the elements of F are called designated elements
of A. Let M be any class of matrices. Let |=5; be the relation that
hold between a set T'.of formula and a single formula ¢, in symbols
I' F=ar o, if every interpretation of ¢ in a member A of M holds in A
(i.e., is one of the designated elements) provided each 4 € T holds in
A under the same interpretation.

Definition 1.1. ([1], Def. 2.2 ) Let § = (L, F5) be a deductive system
and K a class of algebras. K is called an algebraic semantics for S if
ks can be interpreted in =k in the following sense: there exists a finite
system 6;(p) ~ €{p), for i < n, of equations with a single variable P
such that, for all T U {¢} C Fm, and each j < n,

I'rs o == {&l/p] = el /pl i < n, ¢ € T} =k §l0/p] = €0/,
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The &;{p) =~ €(p), for 7 < n are called the defining equations for S
and K.

In order to simplify notation we shall use § = € as an abbreviation
for a system &;{p} =~ e(p),7 < n.

Definition 1.2. ([1], Def. 2.8 ) Let S be a deductive system and K
an algebraic semantics for S with defining equation &; = ¢;, for i < n,
ie,

) T'ks o &= {3(%) = e(¥) : ¥ €T} Fx 8(p) = (o).

K is said to be equivalent to S if there exists a finite system
Aj(p,q), for j < m, of composite binary connectives (ie. for-
mulas with two variables) such that, for every equation ¢ = ¢,
and every j < m,

ii) ¢ ~ 9 =k 6(pAY) & e(pAy).
~ The system A;, j < m, of composite binary connectives satisfy-
ing (ii) is called a system of equivalence formulas for S and K.
As before we will write @At as an abbreviation for the system

of formulas A;(p,¢), j <m.

Cbrollary 1.3. ([1], Cor. 2.9 ) Let K be an algebraic semantics for S
with defining equations § ~ e. If K has equivalence formulas A, then
for each set [' of equations and each equation ¢ == 1,

)IeExpory < {EAn:Exnel} Fg pAy
And for each v € F'm,
it} v g 8{v)AE(v).

Conversely, if there exists a system A of formulos satisfying
conditions (i) and (i), then K is equivalent to S with equiv-
alence formulas A. If K is an equivalent algebraic semantics
for S, Definition 1.2(i) guarantees that s can be interpreted
in |Ex, Corollary 1.3(i) guarantees that F=x can be interpreted
in kg, and Definition 1.2(ii), Corollary 1.3(ii) guarantees that
these interpretations are, essentially, inverse to one another.
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Definition 1.4. ([1], Def. 2.10 ) A deductive system S is said to be
algebraizable if it has an equivalent algebraic semantics.

In [1] was proved that. A class of algebras K is an equivalent Alge-
braic semantic for S if and only if the quasivariety generated by K is
an equivalent algebraic. And that two equivalent algebraic semantics
of a deductive system S generate same quasivariety.

Theorem 1.5. ({1], Thm. 2.17 ) Let S be a deductive system given
by a set of azioms Az and a set of inference rules Ir. Assume S is
algebraizable with equivalence formulas A and defining equations d ~ e.
Then the unigue equivelent quasivariety semantics for S is aziomatized
by the identities

i) 8(¢) = €(y), for each v € Ar,
if) 6(pAp) = e(pAp),

together with the following quasi-identities
iii) &(tho) & €(o) A+ -+ AS(Yn—1) & €(¥n-1) = () = e(9),
for each ({g, -+ ,u-1},¢) € Ir,

iv) 0(pAq) = e(pAq) =>p = q.

A more useful characterization of algebraizable deductive systems is
the following:

Theorem 1.6. ([1], Thm. 4.7 } A deductive system S is algebraizable
if and only if there exists a system A of formulas in two variables and
a system & = € of equations in a single variable such that the following
conditions (i)-(v) hold for all p,v,n € Fmy:

1) IHS (PAQD;
i) gAY g PLyp;
i) Ay, YAv g pAv;

For every primitive connectivew and all 0o, -+ , Ppe1, V1, , Wpo1 €
F'm; where n is the rank of w,

iv) @oltbp, -+, Y1 Ay g wgg - a1 Bdwidy - Yno1.

Finally, for all v € Fmy,
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v) v s 6(v)Ac(v).

In this event A and § = € are systems of equivalence formulas
and defining equations for S.
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2, LITERAL-PARACONSISTENT AND LITERAL-PARACOMPLETE
MATRICES.

This section is a summary of the results of Lewin and Mikenberg in
[5] that we use for this work.

Let A be a set such that {0,1} C A4, F C A such that 1 € F and
0 ¢ F,and ~: A — A a function such that ~1=0and ~ 0 =1. We
define the Literal-paraconsisteni-paracomplete matriz, or LPP-matrix,
(A, F,~) with the following operations

Vh = 1 ifeeF or beF,
“VI=910 otherwise.

AAD = 1 ifeeF and beF,
10 otherwise.

g bhed L ifag F or beF,
“ 1 0 otherwise.

We observe that the LPP-matrix (A, F,~} is just a matrix in the
usual sense, where the algebra over the universe A has three binary
operations defined as above and one unary operation ~, which is dis-
tinguished because of its relevance to the definition.

Observe also that the matrix ({1,0}, {1}), defines classical logic.

2.1. Axiomatization of Literal-Paraconsistent-Paracomplete Ma-
trix Logic. The sound and complete deductive system for the logic de-
fined by the class of all LPP-matrices (A, F, ~}, with no additional con-
ditionson A, F or ~. This system will be called Literal-Paraconsistent-
paracomplete Matrix Logic (LPPL).

It is proved in [5] that LPPL is axiomatized by the following Axioms
with modus ponens as only rule of inference.

AXIOMS
(A1) a— (8= a)
(A2) (a—=>(B—=7)—= (a8 (a—7)
(A3) (ahB)—a
(Ad) (ang)— 8
(A5) (@ = B) = ({a—=7) = (= (BA7)))
(A6) a - (aVB)
(A7) B—={aVv§)



ALGEBRAIZATION OF SOME LOGICS 9

(A8)  (a—=7) =2 ((B—=7)—(lavs)—=1)

Axiom for negation

(A9) (w4 - —B) = (B — A),
where A and B are complex formulas.

Theorem 2.1. {[5], Thm.1 ) {Deduction theorem.) If T' o + 1,
then ' b o — 1.

Theorem 2.2. ([5}, Thm.2 ) Let (%1, %a,...,2s) be a classical tau-
tology. Then
(1) F ©(Ay, Aa,..., A,), for complex formulas Ay, Ay, ..., Ay.
(2) If @ does not contain negations, then + play, ao,. .., ay), for
any formulas o, aa,. .., oy,

2.2. Negation Structures and Negation—Reduced Matrices.

Definition 2.3. ([1], Def. 1.4 ) Let A be an algebra and F C A.
We define the binary relation on A:

Qa(F) = (a,b) : ¢*(a,8) € F <> ¢*(b,¢) € F, for all
A B o(p,q1,...,¢,) € Fm and all¢ € A"

A congruence @ of A is compatible with the subset F' of A, if for all
a,beAifae Fand (a,b)c O thenbe F .

Theorem 2.4. ([1], Thm. 1.5 ) Given an algebra A and any F C A,
Qa(F) is the largest congruence of A compatible with F.

The congruence Q4 (F) is the Leibniz relation on A over F. The
operator on the power set of A, denoted €24, is called the Leibniz
operator on A. If A is the formula algebra Fm, the Leibniz operator
is simply denoted €.

Let M = (4, F,~) be a LPP-matrix. The negation structure of M
is a function

nstryg: A — {0,1}°
such that
nstra(e)(k} =1 ifandonlyif ~*aeF.
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The negation type of a € A is the function nstra(a). If M is finite,
then each negation type is eventually periodic, one can think of it as a
finite sequence of s and 1’s.

Lemma 2.5. ([5], Lem.6 ) Let v be ¢ valuation. For any a,b € A,

define ‘
o ={ ;@ IOz

Then if nstra(a) = nstrp(b) and o is a formula,
vi{a) € F if and only if v{a/b)(a) € F.

Theorem 2.6. {[5], Thm.7) {a,b) € Qa(F) if and only if nstraue) =
nstra(b) .

We say the matrix M/q, = (A/aa, F/aa,~) is a reduced matriz.
Notice that in a reduced matrix there is one element for each negation
type present in M = (A, F,~).

It is a well known fact that M and M/q, define the same logic, so
if the matrices M and M’ contain elements with the same negation
types, then they give rise to the same logic. It is enough then to study
reduced matrices.
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3. DEDUCTIVE SYSTEMS S11, S2,1, S1,3, S22 AND S,

In this section we will present the deductive systems Sy, Sa1, S1.3,
S22 and 8* with their axiomatization and the corresponding (weak)completeness

theorems.

3.1. Three Element Matrices. There are three possible functions
~, namely, either ~; 3 =1 or ~3 =1 or ~31=0. Likewise,
there are two possible filters, namely, F; = {1} and F,={1,1}. Of

the six combinations only four of them are reduced.

1
Mil = <{0: 51 1}7 Fl: Nl)

If

1

Mi;’, <{01 ‘2"1 1}:F1: N3)
1

Mg,l = ({05 55 1}: FZ; Nl}

1
Mg,Q = ({01 5: 1}: FZ: NQ}

3.1.1. M3, = {{0,1,1}, Fi,~). The following is an axiomatization
for the logic S;; defined by this matrix. This system appears in [8]
under the name I7.

AXIOMS:
We let ¢* = V 1.

(A1) The axioms of LPPL.
(An2) o= ((a—=B) = ((a— =8 - na)})
(A1,1.3) B+ -

Modus Ponens is the only rule of inference.

Theorem 3.1. {[5], Thm.10 ) Let o be an M3 | ~tautology. Then in
81,1 5 F .
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3.1.2. M3, = {{0,3,1}, Fi,~3). The following is an axiomatization
for the logic S;3 defined by this matrix. This system appears in [8]

under the name J! and was introduced in [11].

AXIOMS:
(Azs.1) The axioms of LPPL.
(Az.2) e = ((a= B) = ((a——8) > -a)))
(Ar,3-3) (me)®

Modus Ponens is the only rule of inference.

Theorem 3.2. ([5], Thm.13 ) Let o be an M3 ;-tautology. Then in
81,3 1 oo )

3.1.3. M3, = ({0,1,1}, F,~1). The following is an axiomatization
for the logic S»; defined by this matrix. This system appears in [2]
and [8] under the name Fj.

AXIOMS:

We let @° = —(a A ~a).
(Agy.1) The axioms of LPPL.
(A22:2) B = ({a—=8) = ((a—=8) = —~a)))
(A2,1.3) Q&

Modus Ponens is the only rule of inference.

Theorem 3.3. ([5], Thm.16 } Let o be an M3, ~tautology. Then in
8211 B o, ‘

3.1.4. M3, = ({0, 3,1}, F5,~»). We will give an axiomatization for
the system Sy that is appropriate in our context. This system is
Sette’s logic Pl. See [10]. It appears in [2] as system P} and in [3] as
P, See also [6] and [9].

AXIOMS:
(A22.1) The axioms of LPPL.
(A222) B> ((a— B) = (0> =B) = —a)))
(A2,2.3) (-*sae)"

Modus Ponens is the only rule of inference.

Theorem 3.4. ([5], Thm.19 ) Let a be an M3 ,~tautology. Then in
82,2 s (o .
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3.2. A four element matrix. Consider the matrix M* = ({0, 1, T,1}, F,~
), where =T =T and L = L and the filter F = {1, T}.
We define the system S* as follows.
AXIOMS:
(Ag,1) The axioms of LPPL.
(A4,2) (@ AB) = {(a—=8) = (@— =)~ a)))
(A4,3) o & o
Modus Pouens is the only rule of inference.

Theorem 3.5. ([5], Thm.22 ) Let o be an M*~tautology. Then in S*,
Fa.
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4. ALGEBRAIZATION OF DEDUCTIVE SYSTEMS 811, Sa1, S13, S22
AND 8%,

In the present section we will study the algebraizability of the deduc-
tive systems 8y 1, $2,1, S1,3, S22 and &%, proving it in two different ways,
the first is syntactical proof using Theorem 1.6 and the second proof is
semantical using the definition of algebraizability (Definition 1.4) prov-
ing that the algebraic reducts of the matrices M3 ;, M3, M3, M3,
and M* are the correspondent equivalent algebraic semantics for these
logics.

Remark 4.1. The logics &) 1, 821 and 8* contain the axiom o < ——a.

Proposition 4.2. If S is Sap or S 3 we have

R (mar =+ =) = (-8 = ~a)
Proof. Since in Sy (—a)® is an axiom and in 83 (—a)® is an axiom,
then in both systems we have:

F o (ma—-8) = ((~a = —+—8) = =)
(—1(1 — —v,B) H (—‘a — —1'“1/3) —r T
(-"1(_15 — "'tﬁ)’ (_la — _§—|IB) F o

But == + —~a — ——f and hence:

(ro—=-f) B = e Theorem 2.1

roFs (ma = =) = (= = o)

0

Theorem 4.3. The deductive systems S11, So1, S13, S22 and 8 are
algebraizable.

Proof. For ¢, 1 formulas, let 8(p) = ¢ A, () = ¢ = @, PAY =
@ = b, phyh = — p, A =~ = T, YA = Ttp — . We
must show that 4, € and A satisfy conditions of theorem 1.6.

(1) Fs @Ay holds by Theorem 2.2.
(2) @AY Fs YAy is direct from the definition of A.

(3) pAY, YAEL g AL holds by Theorem 2.2.

(MP)
(MP)
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(4) We must prove:
(a) wAY kg —pA-y
(1) IfSis 81,1, 82,1 or 84.
* OAY kg —p > )
® pAY g~ = —p
e goAilb f—S g — ""1““|’d)

pAY, g s @ remark 4.1 and (MP)
PAY, = g P o — 1 € A1y and (MP)
PAY, . by —p remark 4.1 and (MP)
PAY kg —mp = S Theorem 2.1
o pAY g 1) — -, this case is like the pre-
vious one.

(i) If S is Syz or Sig

® pAp g o —

® PAY g =p — g

o YAY g g —
PAY ks (T = =) = (mp = egh) by proposition 4.2
eAY kg (_,._,(‘0 - _‘"‘Zb) 1 = =@ € A and (MP)

® pAY g ) — -, this case is like the pre-

vious one.

(b} w121, @Aty g (@1 * o) A(3y % 4) for any binary con-
nective *,

(1) w181, paliy bg (o1 — w2) Ay — )

o 0181, Palaps g (01 — P2} — (W1 — )

PLAY, P2lYa, 01 = 02,8 b5ty (MP)
11, @AY ks (p1 = @2) = (¥ — )  Theorem 2.1

o P18, P2AAths bg (P = 1) = {0y = ©a)
'This case is like the previous one.

® ©1AUn, PPy s (01 — a) = ~(1h — 1)
In this case we have that {({1)) ~ ¥s) — (@1 —
p2)) = (=ler = @2) = (P = 2y)) is a S-
tautology by Theorem 2.2), and hence by The-
orem 2.1) it is clear that this is true.
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o 01 AUy, Aty Fg =(th — ) = ~(p1 = 2)
This case is like the previous one.

(i) @1 A, e2AYa g (01 A @2) A1 A i)

o 1A, P2 Az b5 (01 A pa) ~> (1 A tha)

P, @AY, p1 N2 s 1 _ (A3) (MP)
P11, i, 1 A2 Fs 2 (Ad) (MP)
P11, walAihs, o1 Ae Fg Y1 (MP)

1 A1, P, 1 Npa Fs e (MP)
LAY, @Ay, 01 Apa Fs P — iy Theorem 2.1
1A, P2 A, o1 Apar B P At (A5) (MP)

1 AP, walhihs bg (01 Ap2) = (Y1 Atdy) Theorem 2.1

o 1Ay, PaAify g (U1 Adha) = (1 A o)
This case is like the previous one.

¢ The other two cases are analogous to the similar
ones for —.

(i) @1AY1, @2y g (1 V @2)A(ehy V 1)

o 1Ay, PaAipa g (01 V ) = (1 V ¥n)

Fs 1 — (W1 V) (A6)

Fs w2 (1 Vo) (A7)
o1 =2 Fg o1 = (P Vi) Theorem 2.1 (MP)
2>y s w2 (Y1 V) Theorem 2.1 (MP)

LAY, ey s (1 V ga) = (P V o) (A8) (MP)

o 0101, el s (Y1 V P2} = (01 V ¢2)
This case is like the previous one.

e The other two cases are analogous to the similar
ones for —.

(5) We must prove v -Ig §(v)Acs(v), ie.
v ks (v Av)A{v — v)

(v Av)A(v = v) kg v is obvious because (v Av) — v is an
axiom of LPPL.

We must prove v Fg (v Av)A(v — v):



ALGEBRAIZATION OF S30ME LOGICS 17

¢ v g {(vAv) = (v — v} is obvious because -5 v — ((v A
v) — (v — v)) is true by Theorem 2.2.
e vhg(v—=v) = (vAY)

v kg vAw (A5)(MP)
v Fg (v—ov)— (vAv) (AL}(MP)

e vhg (v = v) = (vAv) and vig ~(vA V) = —(v = v)
are directly deductible from the previous two, axiom 9 and
Modus Ponens.

O

Remark 4.4. The theorems 3.1, 3.2, 3.3, 3.4 and 3.5 of section 3 are
weak-completeness theorems of the deductlve systems &; 1, Si3, a1,
S22 and 8%, but since the defining matrices of these deductive Sys-
tems are finite, it is easy to see that the weak-completeness implies
completeness, in the presence of the deduction theorem.

Remark 4.5. In the next theorem we use the notation §(T') a2 (I') for
the set {0(¥) ~ e(¥) : ¥ € T'} as in [4].

Theorem 4.8. The algebraic reducts of the matrices M3 1 M3, M3 3
M3 and M* with §, € and A like in Theorem 4.3 are equivalent al-
gebraic semantics for 811, 821, S13, So and 8%, respectively.

Proof. Let M be any of the matrices, M its algebraic reduct and S the
correspondig deductive system.

(1) Tk o o) = e(T) Fwm 3(p) = ().

by Remark 4.4 we have that I' =44 ¢ & T' g @ and we have
that a € FifaAa € F,andaAc € FifaAa = 1, but
a — a = 1 for all paraconsistent matrices, and hence ¢ € F is
equivalent to d(a} = e(a), then 6(T") ~ £(T") =ug 6(0) = £(p) if
and only if T' l=pq o, therefore 8(I') & ¢(T) =t 0(¢) = e(yp) if
and only if I' - ¢

(2) v = ¥ M HpAY) ~ (@A) is obvious because for any
peM,p—rpr~land 1A1~1.

(3) 8(pAy) = e(pAY) v o & 9.



18 EDUARDO HIRSH

Since all the matrices are reduced it is enough to prove that
for any interpretations of ¢ and 4 into M they have the same
negation type, i.e., (=*¢)™ € F if and only if (=¥)M ¢ F,
where F is the set of designated elements of the matrix.

(a) 81,1, 82’1 and 54.

In these logics o +» ——¢ is an axiom, so it is enough
to prove that oM € F if and only if y™M € F and that
(=)™ € F if and only if (=¢)™ € F, but by definition of
-+ in the respective algebras and the definition of A it is
clear that this is true.

(b) 51,3 and 82‘2.

In the corresponding algebras of these logics we have that
for any a € M ~ a is a classical value, i.e,, ~a =0 or
~ @ = 1 so it is enough to prove that ™ € F if and only
if M € F and that (@)™ € F if and only if (-))M € F,
but by the same argument used in the previous case, this
is true.

O
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5. ABOUT QUASI-VARIETIES

In this section we study the proprieties of the equivalent quasi-variety
semantics of the deductive systems 811, Sa1, S1,3, Sz2 and Sy, this are
the quasi-varieties generated by the algebraic reducts of the matrices

3 3 3 3 1
My, M3, Mg, M3, and M2

From now on we will use M$,;, M3, M3, M3, and M* for the
algebraic reducts of the matrices M3, M3, M}, M3, and M?,
respectively.

We will define the algebras A, and A, as.

A'i = ({b: C} AN Va —+, Ni)r

where.
#]b el |~
blbd bl b b
elb bl b c

with % one of the binary connectives A, V and —.

Theorem 5.1. The guasi-varieties gemerated by M3, M3,, M3,
M3, and M* are not varieties.

Proof. (1) B M is M3, or M3 ,.
We define f: M — A; as.
_Jb ifz=1lorz=0.
)= { ¢ in other case.

It is easy to see that f is an homomorphism.
(2) If M is M3, M3, or M*. We define f : M — A, as.

b frz=1lorx=24.
f(z) *{ ¢ in other case.

It is easy to see that f is an homomorphism.
Now it is easy to check that A; and A, do not belong to any of the
these quasi-varieties, since.

541 (bAR) = oA (pAAC)
But b # c.
Therefore the quasi-varieties generated by M3, M3,, M, Mj,

and M* are not varieties.
D
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Now we will call 97t |, 93 |, M3 ,, T, and IM* the quasi-varieties
generated by M3, M3, M}, M32 and M* respectively. Since they
are generated by a smgle finite algebra we have that ISPP,{M} =
ISP{M}, where M is M} M3, M};, M3, or M* because any
ultrapower of a single finite aigebra, is 1somorph1(: to that algebra.

Now we will construct the corresponding free algebras over one gen-
erator for these guasi-varieties.

Remark 5.2. Let A be 9-algebra (where 2 can be 92 |, M3, M 5,
M, or IM*), since A is isomorphic to a subalgebra of a power of the
correspondmg M, in the next sections we will call Boolean element the
elements 0 € A such that Vi(a(i) = 0V af4) = 1) and we will denote
BI(A) the set of all Boolean elements of the algebra A. It is easy to
see that x € BY(A) if and only if z A z = z and that for every v € 4,

z Az € BI{A).

Lemma 5.3. Let A and B be I3 ;, M3, M3 4, M3, or M*-algebras
and f : A— B. Then f isan homomorphzsm if and only if f verifies
the next conditions:
(1) f restricted to BI(A) is a homomorphism between BY(A) and
BI(B).
(2) e ¢ BI(A) implies f(~ a) =~ f{a)
(3) a ¢ BI(A) implies f(a Aa) = f(a) A f(a)
Proof =) if f is an homomorphism it is easy to see that f veri-
fies the second and third items of this lemma and for the first

one we have that if z € BI(A) then z A 2 = z, hence we have
f(z) = flz Az) = f(z) A f(z) and therefore f(z) € BI(B)

«=) for a,b € A we have to prove that f(a+b) = f(a) » f(b), where
* is a binary connective (because f(~ a) =~ f(a) is true by

hypothesis).
axb = (aAa)*{bAD)
flaxb) = Fllana)s(bAD)
fla*xd) = flana)*f(bAD) since 7 A z € BI(A)
Flaxb) = (fla)Afa)) = (f(B) A f(b)) Dby hypothesis
flaxb) = f(a) = f(b)

d

5.1. Free 97} -algebra over a single generator. Let be an el-
ement of an iTJIl ,-algebra B, since B is 1som0rph1c to a subalgebra

of a power of Mj,, we can say that z € M3, ” for some set I and
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M3, T ME T M3 x M, where J = {i€ iz =0}, K =
{fieliz=1}and L={iel z =%} Wetake:ner,lr, I>3,
such that J # @, K # 0 and L # @, z can be regarded as the tuple
(0,1,1). Let F be the fm%,l-algebra, generated by x, it is easy to see

R )
that the elements of F are:

r = (0, 1,?')

~To= (1,0,5)

zhz = (0,1,0)

~agh~z = (1,0,0)

zh~z = (0,0,0)

vz = (1,1,0)

z—~z = (1,0,1)

~z—=z = (0,1,1)

z-+z = (1,1,1)

(z o~ zyA(~z—=z) = (0,0,1)

And its diagram is in Figure 5.1

XX

Xv—X ~X=X

Mo

~X

X AX (~x=2x)AX—~X)

Xa~X

FIGURE 5.1. Free 9} -algebra generated by x
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Theorem 5.4. F is the free I3 -algebra over a single generator x.

Proof. Let b be an eclement of a E)Jtil-algebra B, with the same proce-

dure of the last paragraph we could say that b € MilJ X MilK X MilL
we have five cases for this element. In all these cases we present the
Sﬁil—algebra generated by b and the unique homomorphism between F
and the corresponding 93 |-algebra generated by b, such that f(z) = b.

(YL=¢0

In this case we have.

b = (0,1)
~b = (1,0)
bA~D = (0,0)
b—b = (1,1)
And the homomorphism [ will be.
flz) = flz Az = fl~z—2z) = b
fvz) = flraA~z) = fmoma) = b
flzn~z) = fllx s~z A(~vz =) = 0
flz—-z) = flaVv ~x) = 1
(2 J=K=0and L#D
In this case we have.
1
h = =
2
b—b = 1
bA~B = 0
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I

*b

And the homomorphism f will be.

flz) =  fl~z) = b
fle=z) = flez—=a) = flz—s~z) = fllz 5~ z)A{~z— 1))
flzh~z) =  flzAnz) = flav~z) = fl~ oA ~ )
(3) J=10
b=b
~b-3b
bv.b bs~b
bab (~bablalboab) b
~bab
bA"“b
In this case we have
1
b = (175)
1
bAb = (1,0)
b—~b = (0,1)
A ~Db = (0,0)
b~+b = (1,1)

I

[y
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And the homomorphism f will be.

flz) = b
flva) = ~b
flzaz) = flzv ~ z) = HAD
flr—o~z) = fllzoa~vz)A(~vz—2)) = boa~bd
flzA~z) = f(~zA ~ ) = bA~D
flz—=z) = fl~z—z) = b—>b
(4) K=9
bb
ba~b
bwb ~b—sb
~ba~b (~bob)alr~b)  § ~b
bab
ba~b
In this case we have
1
b = (075)
1
~b = (1:'2-)
~bA~b = (1,0
~b-+b = (0,1)
A~b = (0,0
b—=b = (1,1)
And the homomorphism f will be.
flz) = b
fl~v) = ~b
flvzAa~z) = flav ~ x) = bAD
flv~z—2z) = fllzo~z)AN(~z2>52) = bo~b
flzA ~2) = flz A ) = bA~D
flz=>z) = flz =~ z) = b—ob
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(5) J# O, K #£0and L #10.
This case is obvious.
In all cases is easy to check using Remark 5.2 and Lemma 5.3 that
f is an homomeorphism, and it is obvious unique. O

5.2. Free 73 -algebra over a single generator. Let = be an el-
ement of an Emggl-algebra B, since B is isomorphic to a subalgebra
of a power of M3, we can say that z € MSJI for some set I and
M3, "= ME T x M3 K x M3, where J = {iel:z, =0}, K =
{ielizi=1}and L={icl:z; =1} Wetakex € M,", 1 >3,
such that J 5 0, K # @ and L # §, = can be regarded as the tuple
(0,1,%). Let F be the 013 ;-algebra generated by x, it is easy to see
that the elements of F are:

1

xr = (0,1,5)

~z = (1,0, )

TAZ (0,1,1)
~ZA~z = (1,0,1)
TN~ T (0,0,1)
Ve~z = (L,1,1)
~(zAz) = (1,0,0)

~ (A~ z) = (0,1,0)

~{zA~z) = (1,1,0)
~ (v ~2) = (0,0,0)

And its diagram is in Figure 5.2
Theorem 5.5. F is the free i3 | -algebra over a single generator z.

Proof. It is analogous to the proof of Theorem 5.4. O

5.3. Free M} ,-algebra over a single generator. Let z be an el-
ement of an Dﬁi;,-algebra B, since B is isomorphic to a subalgebra

of a power of M$,, we can say that z € Mi; for some set I and
M3, 2 M2 MK o MB35 where J = {i€ Tz =0}, K =
{iel:zmy=1}and L={iel:z;=1} Wetakea:EMﬁSI,Iz:?.,
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XX

~ (XA'-'X) XAX

~{xax) Xa~X

~{X X}
FIGURE 5.2. Free M ,-algebra generated by x
suhch that J # 0, K # @ and L # 0, = can be regarded as the tuple

(0,1, %) Let F be the EJJ"C‘;”3—a1gebra, generated by x, it is easy to see
that the elements of F are:

1

= 1, =

z (0, ,2)
~z = (1,0,0)
o~z o= (0,1,1)
zAhz = (0,1,0)

zAh~z = (0,0,0)

v~z = (1,1,0)

g~z = (1,0,1)

z—z = (1, 1,1)

(z =9~ z)A(~~z) = (0,0,1)

And its diagram is in Figure 5.3
Theorem 5.6. F is the free ﬂﬁib,-algebm over a single generator x.

Proof. It is analogous to the proof of Theorem 5.4. 0J
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X=X

Xy~-X

~X

Xa~X

X

HKa~Xya~~X

FIGURE 5.3. Free M} ;-algebra generated by x

5.4. Free 9 ,-algebra over a single generator. Let = be an el-
ement of an 93 ,-algebra B, since B is isomorphic to a subalgebra

of a power of M3,, we can say that z € MS,QI for some set I and
ME," 2 M3, x M3," x M3, where J = {iel:z; =0}, K =
{iel:z;=1}and L={icl:2z; =1} Wetakez € M3,/ I >3,
such that J # 0, K # 0 and L # §, = can be regarded as the tuple
(0,1,1). Let F be the M3 ,-algebra generated by x, it is easy to see

that the elements of F are:

~

o T
TAZ
TN~

~ (2 Ax)
~ (zV ~ z)
~ (ZA ~ )

I}

i

T—T =

1
(0, 1, 5)
(1,0,1)
(0,1,0)
(0,1,1)
{0,0,1)
(1,0,0)
(0,0,0)
(1,1,0)
(1,1,1}
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And its diagram is in Figure 5.4

XX

~{Xa~X) XAX

L

~{xax) Xa~K

~(XwX}

FIGURE 5.4. Free %gjg—algebra generated by x

Theorem 5.7. F is the free 908 y-algebra over o single generator z.

Proof. 1t is analogous to the proof of Theorem 5.4. 4

5.5. Free 9M*-algebra over a single generator. Let z be an el-
ement of an 9M*-algebra B, since B is isomorphic to a subalgebra
of a power of M* we can say that x € M*! for some set I and
MY 2 MY x MAF x M x MY, where J = {ie:z; =0},
K={iel:z;=1}, L={iel:z=TlandM={ie€l:z;=1}
We take z € M, I > 4, such that J £ 0, K #£0, L # 0 and M # 0,
z can be regarded as the tuple (0,1, T, L). Let F be the M*-algebra
generated by x, it is easy to see that the elements of F are:
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z = (0,1,T,1)

~z = (1,0, T,1)
zhz = (0,1,1,0)
~gA~z = (1,0,1,0)
A~z = (0,0,1,0)

v~z = (1,1,1,0)
r—=~z = (1,0,1,1)
~z—z = (0,1,1,1)

rog = (1,1,1,1)
(—=~z) A~z —3) = (0,0,1,1)

and its negations.

And its diagram is in Figure 5.5

~{X-%)

FIGURE 5.5. Free M*-algebra generated by x
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Theorem 5.8. F is the free M*-algebra over a single generator &.

Proof. Tt is analogous to the proof of Theorem 5.4. C

1
2

10.

11.
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