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1 Introduction

The present work is devoted to the study of complex abelian varieties and
the action of a group on it. In the main part of the text, we describe the
theoretic frame regarding abelian varieties, for which we need to talk about
complex manifolds, complex tori and topics surrounding those. Most of the
results here will not be proved; these contents can be found in classical books.
In section 2 we define complex manifolds and the main concepts we will need
later, especially vector bundles, sections and differential forms. The next
section gives a one-dimensional flavor to the theory of complex manifolds,
stating a few classical results in compact Riemann surfaces, without proof.
This section is not strictly necessary to understand what follows. In section
4 we describe how the theory of complex tori works. A complex torus is
the compact quotient of C™ by some discrete additive subgroup. One of the
most important things here is understanding how divisors can be seen as line
bundles, for what we need to speak about theta functions, among others.
Next we talk about abelian varieties, which are complex tori with a bilinear
form satisfying certain properties, and describe how this can be written in
terms of matrices. We also mention the important fact that an abelian variety
can always be seen as a submanifold of some projective space. To understand
how a group acts on an abelian variety, in section 6 we study part of the
algebra we need regarding group representations, for in section 7 apply this
theory to our case, stating Lange and Recillas’ isotypical decomposition. The
algebra needed can be found in classical books like [3], while its applications
to abelian varieties are studied in specific articles such as [13], [7] or [2],
for instance. Finally, we try to work out specific group actions on abelian
varieties. In [12], Rodriguez completely describes abelian varieties admitting
an involution. In the same spirit, the present works makes an attempt to
describe the action of an order-three group in an abelian variety. For this
we need to study symplectic matrices. Further interesting work would be to

work out the way different finite groups act on a complex abelian variety.



2 Complex manifolds

Roughly speaking, a complex manifold is a space that locally looks like C",
so that we can define holomorphic functions on it. Here we describe these

ideas more precisely.

Definition 2.1. A function f from an open set D C C" to C is said to
be holomorphic if every point a € D has a neighborhood in which f can be

expressed as a power series

o0

FE = Y (e — a)® (2 — ),

K1, ken=0

A function between open sets D C C*, E C C™ is said to be holomorphic if

every coordinate function is so.

Holomorphic functions in several variables quite behave like single-variable
holomorphic functions. We state a couple of useful lemmas, whose proofs can

be found, for instance, in [14]. The first one is known as Osgood’s lemma.

Lemma 2.2. Let f : D — C be a continuous function. If f is holomorphic

in each variable separately, then it is holomorphic on D.

As a consecuence of Osgood’s lemma, we have that a C! function f :
D — C is holomorphic iff % == % = 0. The following is the identity
principle for several variables.
Lemma 2.3. If f, g are holomorphic functions on a connected open set
D C C", and U C D is nonempty open subset satisfying flu = glu, then
f=y
Definition 2.4. Let X be a topological space. An atlas is a covering of X
gwen by a family of open subsets U; C X, together with a set of homeomor-
phisms ¢; - Uy — D;, where D; is an open set of C™, which satisfy that

¢iod; ' 9;(UiNT;) — ¢i(UiN ;)



is a biholomorphism for every par (i,j). We call a Hausdorff, second count-

able space X with such an atlas a complex manifold.

The functions ¢; are called charts. We may always assume that the family
{(U;, ¢;)} is maximal with respect to the condition above. We also assume
that X is connected, unless otherwise stated. In this case, the number n
does not depend on the chart and will be called the dimension of X. A
function f : X — Y between complex manifolds is said to be holomorphic
if every composition ;o f o ¢, !'is holomorphic, where ¢; and @, are charts
for X, Y, respectively. Of course, the condition need only be checked for one
chart at each point. Note that C itself has a natural structure of complex
manifold. Holomorphic functions between X and C will be referred to simply

as holomorphic functions on X.

Example 2.5. Consider C"™\{0} with the equivalence relation given by:
x ~y iff © =ty for somet € C*. The quotient is called the projective space

P"™ and is made into a complex manifold by setting U; = {[xo : ... z,) | x; #
0} and
¢z Uz — C"
xr Ti—1 I; Tn
[yco:...::iz:n}»—>(_07...7 L +17...’_).
T1 Z; X Z;

P" is the set of lines in C"1. For n = 1, we obtain the Riemann sphere,

that can be seen as C plus one point called infinity, oo = [1 : 0]. We denote

it by C = CU {oco} = P'.

Definition 2.6. A meromorphic function on X is a holomorphic function
fX— C which is not identically co. The space of such functions is denoted
M(X).

Let f, g be meromorphic functions on X, with g not identically zero. If
f(z) = [fi(z) : fa(2)] and g(2) = [g1(2) : ¢2(2)], we define the quotient



f/g simply as [fig2 : fog1]. It is not difficult to check that this indeed is
well defined and gives a meromorphic function, so this makes M(X) into a
field. A holomorphic function h on X can also be regarded as a meromorphic
function by identifying it with [A : 1].

Next we will come to an alternative definition of complex manifold using

the language of sheaves.

Definition 2.7. Let X be a topological space. A geometric structure O 1is
an assignment O(U) for every open subset U C X, where O(U) is a ring of

continuous functions defined on U, which satisfies the following conditions:
(1) The constants are in O(U) for every open subset U.
(2) If V. C U are open sets, then f|,, € O(V) for every f € O(U).

(8) If U; is a collection of open subsets and f; € O(U;) satisfy filUmU]- =
fj|UiﬁUj Vi, j, then there exists a unique f € O(U) such that f; =
fly, Vi, where U = JU;.

We call such a pair (X,0) a geometric space.

Note that every open subset U C C™ has a natural structure of geometric
space by letting O(V') be the set of holomorphic functions on V. If X is
a geometric space and U C X is open, U inherits a structure of geometric
space that we denote (U, O|,), given by Ol (V) = O(V) for V.C U an open
set.

Definition 2.8. Let (X,0x), (Y,Oy) be geometric spaces. A morphism
between them is a continuous function f : X — Y such that for every U C Y
open, go f € Ox(f~YU)). An isomorphism is a morphism with a two sided

tmverse that is also a morphism.

Now we give an alternative definition for a complex manifold.



Definition 2.9. Let X be a second countable, Hausdorff topological space
with a geometric structure O. We say that (X, 0) is a complex manifold if
it has a covering by open sets U; such that every (U;, O(U;)) is isomorphic to

some open subset of C™.

It is not too difficult to see that both definitions coincide. If we have a
geometric space X satisfying the conditions above and f; : (U;, O(U;)) —
(D;, Op,) are isomorphisms with open subsets of C", then the mappings
fi Uy — D; give coordinate charts for X, and the compatibility conditions
are easily checked to be satisfied. Conversely, if we have a complex manifold
with respect to the first definition, we can give it a complex structure putting
O(U) as the holomorphic functions in U for every open subset U C X, and
the coordinate charts give isomorphisms of geometric spaces. We leave the

details to the reader.

Remark 2.10. Likewise, we can define a differentiable manifold X asking
for O(U) to be the smooth functions on the open subset U. Smooth functions

are defined analogously.

Remark 2.11. Any open subset of a complex (smooth) manifold inherits a

natural structure of complex (smooth) manifold itself.

2.1 Vector bundles

Definition 2.12. Let X be a topological space and K be R or C. A K-
vector bundle 1s a topological space L together with a continuous mapping
7w L — X such that there exists a covering of X given by open subsets Uj;

and homeomorphisms

©; - Wﬁl(Ui) — Uz x K"



mapping 7 (p) into {p} x K" for every p € U; and satisfying the condition
that

piow;  U;NU; x K = U;NU; x K"

is of the form (id, g;;), for a continuous mapping g;; : U; " U; — GL(r,K).

We call the functions ; trivializations and the g;; transition functions. If
K = C and X is a complex manifold, we say that L is a holomorphic vector
bundle if the g;; are holomorphic. In this case, we can give L a structure of
complex manifold using the ¢; as charts, and then the mapping 7 happens
to be holomorphic. We define smooth vector bundles analogously.

It is easy to see that the transition functions given by a vector bundle

necessarily satisfy the following conditions:

Gis - G- g =id on U;NU; N U, (2.1)
gii =td on U,. (2.2)

We say that two vector bundles 7 : L — X, p: F — X are isomorphic
if there exists a homeomorphism h : L — E such that @ = p o h and every
composition ¢; o h o ¢ !'is linear in the second variable, where ¢;, ¢; are
trivializations for L and E, respectively. For holomorphic vector bundles,
we also ask h to be holomorphic. Now we will prove that a vector bundle is
determined by its transition functions. In fact, every collection of transition
functions satisfying the conditions above will drive a unique vector bundle

up to isomorphism.

Proposition 2.13. Let X be a topological space, and {U;} an open covering.
Suppose we have a collection of continuous mappings g;; = U;NU; — GL(r, K)
satisfying the compatibility conditions (2.1) and (2.2). Then there exists
a unique (up to isomorphism) vector bundle E having g;; as its transition

functions. If X is a complex manifold and the g;; are holomorphic (smooth),



then E is a holomorphic (smooth) vector bundle.

Proof. Consider the disjoint union | |U; and the equivalence relation given
by: (p,v) € U; x K" and (¢,w) € U; x K" are equivalent iff p = ¢ and
v = g;j(p)w. The compatibility conditions ensure that this is in fact an
equivalence relation. Let E be the quotient space | |U;/ ~. The projection
7 : (p,v) — pis a well defined continuous map from E to X with 7= (U;)
being the quotient image of U; x C" in E. Then E has the required properties,
using the obvious trivializations. If 7y : L — X is another vector bundle with
trivializations ¢; and satisfying the same properties, define h : L. — E by
setting h(z) to be the equivalence class of ¢;(z) in E, for any i satisfying
mo(2) € U;. Then h is a well defined biholomorphism and makes F and L

into isomorphic vector bundles. O

By abuse of language, two isomorphic vector bundles will be considered

to be the same.

Definition 2.14. Let 7 : E — X be a vector bundle. A section over an open
set U C X is a continuous map s : U — FE such that wo s is the identity in
U. We call s a holomorphic (smooth) section if s : U — E is so.

The set of sections over U is denoted I'(U, E). It will be clear from the
context whether we are referring to holomorphic, smooth or just continuous
sections. When we say just sections we will be talking about sections over
the whole X. Consider a section s for a vector bundle 7 : £ — X. For each
trivialization ¢;, let f; = ¢; o s. By the definitions, f; must be of the form
(id, s;) for a continuous (resp. holomorphic, smooth) mapping s; : U; — K.

It is easy to verify that these functions satisfy the condition

Gij * Sj = Si (2.3)

on U;NU;. In fact, any such collection of mappings satisfying (2.3) gives rise

to a section.



Proposition 2.15. Let 7 : E — X be a vector bundle with covering {U;}
and trivializations @;. Suppose we have a collection of mappings s; : U; —
K" satisfying (2.3). Then there is a unique section s : X — E such that
p;0s = (id,s;) for everyi. If the functions s; are holomorphic or smooth,

then so will be the section s.

Proof. For p € X, define s(p) to be ¢; *(p, s;(p)). The map s is well defined
because of the hypothesis. It is not difficult to check that s is the unique

section with the desired properties. O]

From this we see that, considering each section as the collection {s;} given
above, we can give I'(U, E) a K-vector space structure, since equation (2.3)

is linear.

2.2 Tangent bundle

We shall first define the tangent bundle for a smooth real manifold. Suppose
X is a connected smooth real manifold of dimension m, and ¢, is a coordinate
chart in the open set U,. Call ¢, = (x1,...,2,,), composing with the usual
projections in R™. For every p € U, we consider the following operator
acting on smooth functions defined about p, which we shall call 8%1-’ by abuse

of notation:

a o0
8_% C (Ua)—>R
0
fr= 2= (fod,")
I ©a(p)

Note that we can replace C*°(U,) by C*°(V) for any open set V C U,

containing p. The tangent space at p will be

TrpX = spcmR{ 0 . 0 }

oxy Oz,



There is a smooth vector bundle over X whose fibers are of the form Tx , X,
and we call it the tangent bundle of X. For this, we think of every (p,v) €
Us xR™asp e U, veTgp,X = R™ The tangent bundle is obtained as
the quotient of the disjoint union | |, U, x R™ by the following equivalence
relation: if (p,v) € U, x R™, (q,w) € Uz x R™, they are equivalent if and
onlyif p=g¢q € U,NUg and v, w € Ty, X define the same operator acting on
smooth functions over U, N Us. Let us understand the meaning of the latter

condition. Suppose that associated to U,, Us are the coordinate charts ¢, =

0
Ox;’

and w as ), bia%i' For a smooth function f defined in a neighborhood of p,

(1, Tm), &g = (Y1,---,Ym). Write v as a linear combination } . a;

we see that

where h = ¢ 0 ¢ '. Using the chain rule, we get

dy; 0
U(f)_zj ]ax ayl(f ¢B )
This is, (p,v) ~ (p,w) HE by = > a5 8y’ Vi, where the % are the partial
derivatives of the funcion h. From what we have said, we can state the

definition of the tangent bundle as follows:

Definition 2.16. Let X be a connected smooth real manifold of dimension m,
and suppose we have a system of coordinate charts given by ¢ : Uy — V.
Set hop = o © (bgl. The (real) tangent bundle TrX is the smooth vector
bundle achieved by setting

Jap = J]R(h,ag) o hgl U, N Ug — GL(m,R),



as transition functions, where Jg(hag) = ahT‘”; is the jacobian matriz for hag.

It is easy to see that the functions g.s above are smooth and satisfy the
relations (2.1) and (2.2), so that the definition makes sense. The sections of
the tangent bundle are called vector fields. Suppose f: X — Y is a smooth
function between smooth manifolds of dimension m and t, respectively. It is
not difficult to prove that we can define a map df : Tk X — TrY such that, if

(x1,...,2Zm) and (y1,...,y;) are coordinates about p and f(p), respectively,
then df <p, a%i) <p, > i gi’j 82 ) and is linear on each tangent space T ,.X.

Let V C X be a subset and ¢ : V < X the inclusion map. We will say that
V' is a submanifold if it is a manifold itself having the subspace topology and
the map di is of maximal rank in each point.

Consider now a connected complex manifold X of (complex) dimension
n. Then X is a real smooth manifold of dimension 2n, and it has a real

tangent bundle, where every tangent space Tg , X can be written as

9 .92 90 9
SpanR amlu ) axna ayla ) ayn )

using local coordinates. We define the complexified tangent space at p as

0 o 0 0
Tc,pX:TR,pX®C:8panc{a—xlw“73778—%7"',@} (2.4)

ox Oy; )’ 0%;

Letuscalli =1 <i —ii> 2 1 (
spanned in C by the elements of the form -2~

% ia ) so that the T¢ , X is
ai We define the holomorphic

0z,
and antiholomorphic tangent spaces at p as
0 0
T'X — i
P spanc {8217 ) azn} )
0 0
T" X = . 2
Span(:{a 782:”}’

respectively, so that Tt , X decomposes as a direct sum T)X @ T/X. Tt

10



is not too difficult to show that the spaces Tt , X are in fact the fibers of a
holomorphic vector bundle, that we denote T-X. The bundle whose fibers are
the holomorphic tangent spaces T; X will be called the holomorphic tangent
bundle and will be denoted by 7" X.

Definition 2.17. A holomorphic vector field on X is a holomorphic section
of T'X.

2.3 Differential forms

Consider again the real tangent bundle T X for a smooth manifold X, and

let k£ be a nonnegative integer. There exists a vector bundle whose fibers are
A* T, X, and we will call it \" T3 X.

Definition 2.18. A differential k-form on X is a section of the vector bundle
N TEX. The space of k-forms on X will be denoted as A¥(X,R).

If in an open set we have a coordinate chart given by ¢ = (z1,...,x,,), we
write {dx1, ..., dz,} for the basis of Ty X which is dual to {6%1, cee %}
in each point. Then, a k-form can be expressed locally as

w= Z Giv i (X1, oo T) - dayy N -+ - Ndy,, (2.5)
11 <<l

where the ¢;, are smooth functions that must satisfy the compatibility

7777 ik
relations given by the chain rule. We will not work out these compatibility
relations now. To simplify notation, let us write I = {i1,...,i;} and dx; =

Definition 2.19. For a k-form w defined locally by (2.5), its exterior deriva-
tive dw is the (k + 1)-form defined locally by

dw:iz%-d%/\dm.
j=1 I

J

11



It is an exercise to see that this in fact defines a (k + 1)-form. This gives
us a map dy : AF(X,R) — A*(X,R) for every k. One can check that
dis1 0 di, = 0 (we simply write d o d = 0). From this we can define the de
Rahm cohomology of X.

Definition 2.20. Let k > 1. The k-th de Rahm cohomology group of X is

ker(dy)

H*(X,R) = ()

A k-form w for which dw = 0 is called closed. We say that w is exact if,
in addition, w = dv for some (k — 1)-form v.

If we have a smooth map f: X — Y, the map df : Tg X — TrY induces
a dual map between A" T3V and A* T X. Call this map dfy. Then, if w is
a k-form on Y, we can define the pullback of w as f*(w) = dfyf ow o f, which
is a k-form on Y. To see how f*(w) looks locally, we find that if (zq,...,2,,)
and (yi,...,y;) are coordinates about p and f(p), respectively, then

frdy; = Z gi; dx;.
j=1

It can be shown that f* descends to a homomorphism f* : H*(Y,R) —
H*(X,R) for every k.

Now suppose X is a complex manifold of dimension n. Analogously, we
can define (complex) k-forms as the sections of the complex vector bundle
AFTEX . From now on, when talking about forms we will always mean com-
plex forms. The set of (complex) k-forms will be denoted simply by A*(X).
Set dz; = dx; +idy;, dz; = dv; — idy; using local coordinates. A k-form can

be written locally as

WZZQDLJ'dZ]/\dEJ,

,J
where the sum runs over the subsets I, J C {1,...,n} such that |I|+|J| = k.

12



Definition 2.21. Let k = p+q. A k-form w is said to be of type (p,q) if it

can locally be written as

w = Z Z@I,J'dZ]/\dEJ

=p |J|=¢

We denote AP?(X) the space of (p, ¢)-forms. Note that, in a similar way
as before, we can define maps 0 : AP9 — APT14 9 AP? — AP9HL guch that
d = 0+ 0. These maps also satisfy 9o d =0, 9o d = 0. The de Rahm
cohomology can be defined in a similar way. The k-th (complex) group of
cohomology will be denoted just by H*(X). It is not too difficult to see
that, in fact, it is isomorphic to H*(X,R) ® C. As in the real case, the pull
back of a smooth map descends to a homomorphism between de de Rahm

cohomology groups.

Definition 2.22. A k-form w on X is said to be holomorphic if it is of type

(k,0) and can be locally written as

w= Z frdzr

\I|=k

for holomorphic functions fr.

2.4 Integration

In this part we briefly talk about what it means to integrate a differential
form on a manifold, and state a few lemmas that are used later to prove
some fundamental results. The details can be found in classic books about
manifolds.

It is a theorem that if X is a real manifold, there exists a partition of
unity {f,} such that the support of each f, is contained in a coordinate
neighborhood U, for which ¢, : U, — D, is a chart. If X is orientable,

we can also assume that the charts ¢, define the same orientation, this is,

13



the jacobian matrices of the functions ¢z o ¢! have positive determinant.
Now suppose w is a smooth n-form with compact support, where n is the

dimension of X. We can define

/Xw = za: 5 dod,

where A is the Lebesgue measure in D,. This integral is well defined because

the ¢, must satisfy the compatibility relations given by the chain rule.

Definition 2.23. Let Z be an oriented r-dimensional submanifold of X with
the inclusion map 1 : Z — X. For a compact supported r-form w defined on

an open set containing i(Z), we define its integral over Z as

/w:/i*Z.
z X

The following is known as Stokes’ theorem.

Theorem 2.24. If Z C X 1is an oriented r-dimensional submanifold with

smooth boundary and w is a closed compact supported (r — 1)-form, then

/dw:/w
z YA

Using this one can show that integration can be defined in a slightly more
general context: the expression [, w makes sense when w € H"(X,R) and Z
is an element of the r-th homology group H,.(X,Z). We now state Poincaré’s

Lemma. For a proof see [4].

Lemma 2.25. Every closed differential form in an open set of R™ which is

a star domain is exact.

Definition 2.26. A differential k-form w in a complex manifold X is said

14



to be integer if for every closed k-dimensional submanifold Z C X we have

/wEZ.
Z

3 Riemann surfaces

In this section we give a brief discussion about Riemann surfaces and state a
few results without proving them. We are not going through the main topics,
but just try to give an idea of how the theory works on the one-dimensional

case. That can be useful for understanding some other concepts later.

Definition 3.1. A Riemann surface is a one-dimensional connected complex

manifold.

Note that every Riemann surface can also be regarded as a two-dimensional
real manifold. Because the coordinate changes satisfy the Cauchy-Riemann
equations, it must necessarily be orientable. We shall assume the fact that ev-
ery compact and orientable two-dimensional real manifold is homeomorphic
to a sphere with g handles, where g is a topological invariant and is called the
genus of the surface. The surface can also be achieved by identifying pairwise
the edges of a 4g-gon in the following way: we go over the edges counter-
clockwise naming them correlatively a;, by, a;*, by, ... ag, by, a; ", b, " Then
we identify each side a; with aj_l with reversed orientation and do the same
with b; and bj’l. The quotient topological space obtained is a sphere with
g handles, and the images of the curves aj,...,a4,b1,...,b, generate the

homology group H;(X,Z). For further references, see [8].

Proposition 3.2. Let f : X — Y be a holomorphic map between Riemann

surfaces, and suppose X is compact. Then f is either surjective or constant.

Proof. 1f f is not constant, then it must be an open mapping. Thus f(X) is
an open set, but it is also closed since X is compact. As Y is connected, this

completes the proof. O

15



As a consecuence, we see that for a compact Riemann surface, the only
holomorphic functions are the constants. The following proposition is not

very difficult to prove.

Proposition 3.3. Let f : X — Y be a non-constant holomorphic map be-
tween Riemann surfaces and let p € X. There exist coordinate charts about
p and f(p) such that, with respect to these charts, f is written as 2 for
some integer k > 1, this is, o f o ¢~ 1(2) = 2F for some charts ¢ and ¢,

respectively.

This says that, about p, the map f is k to 1. Of course, k£ does not depend
on the chart chosen. Suppose U is a neighborhood of p and go fog1(z) = 2*
on ¢(U), as above. Note that every point of U other than p has a smaller
neighborhood in which f is one to one. This says that the points for which

k > 2 are isolated. We shall call them ramification points.

Corollary 3.4. Let f : X — Y be a holomorphic map between Riemann

surfaces, where X is compact. Then the set of ramification points is finite.

Definition 3.5. For a non-constant holomorphic map f : X — Y and a
point p € X, we define the branch number of f at p as bs(p) =k — 1, where

k is the number described above.

Note that for almost every point in X the branch number of f is zero.
Now, if f is a nonzero meromorphic function on X (taking ¥ = @), we define

the order of f at a point p € X as

by(p) +1 if f(p) =0
ordg(p) = ¢ —(bs(p) +1) if f(p) =0

0 otherwise

The following proposition will not be proved.

16



Proposition 3.6. Let f : X — Y be a non-constant holomorphic mapping
between compact Riemann surfaces. There exists an integer m such that for

every q €Y

Z bf(p)-l—l:m.

pef~1(a)
m s called the degree of f.

If m is the degree of f, then every point in Y has m preimages, counted
by multiplicity. Except for a finite set, the number of preimages of a point
in Y is actually m. The next result, known as Riemann-Hurwitz theorem, is

a key step in studying maps between Riemann surfaces.

Theorem 3.7. Let f : X — Y be a non-constant holomorphic mapping of
degree m between compact Riemann surfaces. Let g be the genus of X, ~ the
genus of Y and call B =7} s bs(p). Then

29 —2=m(2y—2)+ B. (3.1)

Note that a holomorphic 1-form is just a section of the bundle whose
fibers are TI;*X . Locally, it can be written as f(z)dz with f holomorphic,
and must satisfy compatibility relations given by (2.3). This means that, if
z, w represent local coordinates and we let ‘fl—f be the derivative of the change
of coordinates z — w, then f(z)dz is equal to g(w)dw in the corresponding

intersection if and only if

dw

£(2) = glw) =" (32)

Using this we can define meromorphic differentials in an analogous way.

Definition 3.8. Let X be a Riemann surface with an atlas given by {(U;, ¢;)}.
A meromorphic 1-form on X is a collection of functions f;, each defined on

o:(Uy), satisfying the condition (3.2). The space of meromorphic 1-forms
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in X is denoted by K'(X), while the space of holomorphic 1-forms will be
written as Q1(X).

For a meromorphic differential w, we can define its order at a point p € X
in an analogous way as we did for meromorphic functions, using a local
expression for w. It is easy to see that this is well defined. We denote it
simply by ord,(p). We also see that the quotient of two meromorphic 1-
forms defines a meromorphic function on X. An important theorem is the

following.

Theorem 3.9. For a compact Riemann surface of genus g, the space Q*(X)

has dimension g.

3.1 Divisors on Riemann surfaces

Definition 3.10. For a Riemann surface X, Div(X) is the free abelian group
with basis X. An element D € Div(X) is called a divisor.

For a divisor D = >  _ a(p)p, we define its degree as the number
deg(D) = >, exa(p) € Z. From now on, suppose that X is compact.
If f is a meromorphic function on X, we can define its divisor as (f) =
Zpe + ords(p)p. As a consequence of proposition (3.6), the divisor of a mero-
morphic function is always of degree zero. Likewise, the divisor of a nonzero

meromorphic 1-form w is (w) = >~ ord,(p)p.

Definition 3.11. A divisor D is said to be principal if there is a meromorphic
function f on X such that (f) = D. Two divisors are said to be linearly
equivalent if they differ by a principal divisor.

Remark 3.12. The set of principal divisors is clearly a subgroup of Div(X).
Also, it is easy to see that any two monzero meromorphic 1-forms define

linearly equivalent divisors.
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A partial order relation on Div(X) can be defined pointwise. Next we
are going to state Riemann-Roch theorem, without proof. For this we need
a few definitions. For a better understanding and a proof one can see classic

books on Riemann surfaces.

Definition 3.13. Let D be a divisor on a compact Riemann surface X. We
define

LID) ={f e MX)"[(f) + D =0} U {0}
QD) ={we K'(X) | (w) > 0} U{0}.

These are clearly vector spaces, and can be proved to be finite dimen-

sional. We denote their dimensions by (D), i(D), respectively.

Theorem 3.14. If X is a compact surface of genus g and D a divisor on
X, the formula

r(D) =deg(D) — g+ 1+ i(D)

holds.

3.2 Group actions on Riemann surfaces

For a Riemann surface X, call Aut(X) the group of automorphisms of X,
this is, bijective holomorphic maps between X and itself. Consider G a finite
subgroup of Aut(X). The quotient space X/G is made into a topological
space in an obvious manner, making the projection 7 : X — X/G a con-
tinuous open map. Now we want to make it into a Riemann surface. The

following is a technical lemma and requires complex analysis.

Lemma 3.15. Let G < Aut(X) be a finite subgroup. For p € X call G, =
{h € G | h(p) = p}, the stabilizer of p. Then G, is cyclic. Further, if
|Gp| = k and h generates G, there exists a neighborhood U of p and a
coordinate chart ¢ on U such that ¢p o ho ¢~ (z) = 2™/,
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Proposition 3.16. For a finite subgroup G < Aut(X), the set of points with

nontrivial stabilizer is discrete.

Proof. Suppose p, is a sequence of points with nontrivial stabilizer converging
to p. As G is finite, we can assume that there exists a nontrivial g € G such
that g € G,,, for every n. By continuity, g(p) = p too. But then g and idx
agree on a set with an accumulation point, which contradicts the identity

principle. O

In particular, if we assume that X is compact, the set of points with
nontrivial stabilizer is finite. Now we give X/G a complex structure as fol-
lows. Let ¢ € X/G. If ¢ = ©(p), choose a neighborhood U about p and a
chart ¢ as in lemma (3.15). We define a coordinate chart on 7(U) by setting
o(w) = ¢(z)* for any z € U such that n(z) = w. Recall that k # 1 only for

a discrete subset.

Proposition 3.17. The above construction makes X/G into a Riemann sur-

face. The projection m: X — X/G is a holomorphic map.

3.3 Jacobian variety

Let X be a compact surface of genus g. The space of holomorphic 1-forms
has then dimension g. We can define an injection of H;(X,Z) into Q'(X)*

by sending a chain « to the application

o4

This makes H,(X,Z) into a subgroup of Q!(X)* isomorphic to Z*. The
quotient space Q'(X)*/H,(X,Z) is called the jacobian of X and denoted by
JX. Recall that Q'(X)* is a g dimensional complex vector space, so it is a
complex manifold in a natural way. It is not difficult to see that JX can be

made into a complex manifold by composing these charts with the projection
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onto the quotient. We now define a holomorphic map ¢ : X — JX as follows.
Choose any py € X and put

e(p): H'(X) - C

4
w»—>/ Ww.
Po

Proposition 3.18. ¢ is a well-defined holomorphic map and makes X into

a complex submanifold of JX.

We can extend ¢ linearly to Div(X), so it is a group homomorphism.
Call Div"(X) the subgroup of Div(X) consisting of the divisors of degree
zero, and let ¢ be the restriction of ¢ to Div®(X). Of course, ¢ does not
depend on the choice of pg. The following two theorems are due to Abel and

Jacobi, respectively.

Theorem 3.19. The kernel of ¢ is exactly the set of principal divisors.
Theorem 3.20. Let X, be the set of divisors D > 0 with deg(D) = g. The
restriction

oly, : Xg = JX

18 surjective.
As a consequence, we have

Corollary 3.21. As a group, JX is isomorphic to Div®(X)/PDiv(X),
where PDiv(X) is the set of principal divisors.

Now suppose aq,b1,...,a4,b, is a basis for Hy(X,Z) given by the con-
struction mentioned above with a 4g-gon. One can define a homomorphism
E : Hi(X,Z) x Hi(X,Z) — Z such that E(a;,a;) = E(b;,b;) = 0 and
E(a;,b;) = —E(aj,b;) = 6;;. Intuitively, E(cq,c2) counts the number of

times ¢y passes across ci, with the convention that passing from the right
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side is counted with a 1 and from the left with a —1. £ can be extended
R-linearly to H*(X)*. This is called the intersection product.

4 Complex Tori

Let V= C"™. A subgroup A C V is said to be a lattice if it is generated over
Z by 2n vectors which are R-linearly independent.

Definition 4.1. A complex torus is a quotient V//A, where A is a lattice in
V.

It is not difficult to see that a torus X = V/A naturally inherits a structure
of complex manifold. If 7 : V — X is the projection map and U C V is
an open set such that |, is injective, then W’(_]l is a coordinate chart. The
changes of coordinates correspond to translations by elements of A. The
number n is called the dimension of the torus. A torus of dimension 1 is

called an elliptic curve.

Lemma 4.2. Let A C V be a discrete subgroup. Then A is a lattice iff V//A

18 compact.

Example 4.3. Let X be a compact Riemann surface. The group Hy(X,Z)
can be seen as a lattice in QY (X)* = CY, so the jacobian JX is a complex

torus.

Let X be a torus. Choose a C-basis {ej,...,e,} of V and a Z-basis
{A1,- o, A} of Ao Write A = 375 Ajie;. Then the torus X is completely

determined by the matrix

)\11 e )\1,271

)\nl e )\n,2n
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We call II the period matrix. Now we describe the holomorphic maps between

complex tori.

Proposition 4.4. Let X = V/A, X' = V'/N be two complez tori and h :
X — X' a holomorphic map. Then there exists a group homomorphism
f: X — X' such that h(z) = f(x) + h(0) for all x € X. There also exists a
linear map F :V — V' with F(A) C A inducing f. The maps f and F are
uniquely determined by h.

Proof. Call f = h—h(0). V and V’ are the universal coverings of X and X',
respectively, so f lifts to a unique holomorphic map F' : V — V' satisfying
F(0) = 0. For every A € A we have that F'(z + A) — F(z) is a holomorphic
function defined in V' with image contained in A’, hence constant. This tells
that the partial derivatives of F' are A-periodic, hence constant. In other

words, F'is linear and f is a homomorphism. O

For a homomorphism f, the map F above is called the analitic represen-
tation of f and is denoted by p,(f). Its restriction to the lattice A is denoted
by p-(f) and is called the rational representation of f. If Il € M (n x 2n,C)
and II" € M(n’ x 2n/,C) are period matrices for X and X', with respect to
some bases V', A and V', A’, then, in these bases, p,(f) is represented by an
n' X n complex matrix A, while p,(f) is represented by a 2n’ x 2n integer

matrix R, satisfying
AIl = II'R.

Definition 4.5. Let X be a complex torus. We write End(X) for the algebra
of homomorphisms from X into itself. We also call Endg(X) = End(X)®Q.

Consider the torus X = V/A. If W <V is a subspace such that W N A
is a lattice in W, we say that W/WW N A is a subtorus of X. Note that a

subtorus is a complex submanifold according to our definition.
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Proposition 4.6. Let f : X — X' be a homomorphism. Call (kerf)y the

connected component of kerf containing zero. Then
(1) imf is a subtorus of X'.
(2) (kerf)o is a subtorus of X.

Definition 4.7. A surjective homomorphism between complex tori is called
an isogeny if it has finite kernel. Two complex tori X,Y are said to be

1sogenous if there is an isogeny between them. In this case we write X ~Y .

4.1 Differential forms

We call AV = C @ AFV*, this is, the space of maps w : V¥ — C that are
R-multilinear and alternating. These maps are also called forms. It is not
very difficult to see that A*V¥ is a complex vector space of dimension (2:)
Similar to the case of forms in a manifold, we say that a form w € A*V{ is
of type (p,q) if it is a complex linear combination of elements of the form
dzjy N ... Ndz, Ndz; N ... Ndz;,. The space of such forms is denoted by
APAVE A form w is real if w = w. One can check that, for £ = 2, a form
w € AV is of type (1,1) if and only if w(iz, iy) = w(z,y) for every z,y € V.
Recall that a Hermitian form on V' is a bilinear form H which is linear on
the first variable and antilinear on the second one. The following proposition
establishes a correspondence between (1, 1) real forms and Hermitian forms

on V.

Proposition 4.8. There is a bijection between the space of real (1,1)-forms
and the space of Hermitian forms on V, given by w — H, with H(x,y) =
w(iz,y) +iw(x,y). Its inverse is simply H — SH.

Proof. This is a straightforward calculation. O]

Definition 4.9. We say that a real (1,1)-form w is non-degenerated if its

corresponding hermitian form is positive definite.
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Let X = V/A be a torus and 7 : V' — X the projection map. For A € A,

we set

t)\IV—>V

T T+ A

Taking the pullbacks ¢} defines an action of A on A*(V). Recall that V, as a
complex manifold, can be covered by a single coordinate neighborhood, using
the identity map as a chart. Thus, a k-form v € A¥(V) can be completely
described by global functions v;; : V. — C, for subsets of indices with
|I| + |J| = k, such that

V= ZZ/LJCZZI/\CZEJ.

For w € A*(X), write v = m*w. Since ™ = 7 o ty, v must be invariant under

the action of A, this is, the functions v; ; above must be A-periodic.

Proposition 4.10. The pullback of © gives a bijection between k-forms on

X and k-forms on V that are invariant under the action of A.

Now, for any a € X we can define a homeomorphism

t,: X — X

T +— T+ a.

Lemma 4.11. For every a € X, the induced homomorphism t* : H*(X) —
H*(X) is the identity.

A form v € A*V{ can be regarded as a k-form in V' by considering the
functions v; ; as constants. As we have seen, v can then be seen as a k-form
in X, since constant functions are in particular A-periodic. Further, this
v € AF(X) is clearly closed, so we have a canonical map p : AFVE — H*(X).

The next theorem is a key step in studying complex tori.
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Theorem 4.12. The map p is an isomorphism between AFVZ and H*(X).

In C"*1\{0}, consider the (1, 1)-form defined by

/l. n - n - n -
Snle <|z|22dzj NdzZ; — <Z zjdzj> A (erdzr>> .
=0

=0 r=0

It can be shown that it descends to a (1,1)-form w in P", which is real,
closed, integer and at each point gives a positive definite hermitian form.
For a closed submanifold i : Z < P", the pullback i*w will have the same

properties.

Theorem 4.13. Let Z C P™ be a closed complex submanifold. Then Z must

possess a closed (1,1)-form, that is integer and positive definite at each point.

For the case of a complex torus X = V/A, this theorem says that, if there
is a holomorphic injection 7 : X < P" which makes X into a submanifold,
then there is necessarily some positive definite hermitian form H on V' whose

imaginary part is integer on the lattice, this is, SH(A x A) C Z.

4.2 Theta functions

Consider a lattice A in V', as always. For a non-constant holomorphic function
defined over V', we of course cannot expect it to be A-periodic. The following
notion is perhaps the most close to periodicity we can expect, and is related

to the construction of meromorphic functions on X = V/A.

Definition 4.14. A theta function on V with respect to A is a holomorphic
function 6 : V. — C such that for every X € A there exists a linear operator
ay € V* and a number by € C satisfying

0(z + \) = 2 @=t0g(2) V2 e V.
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The collection {(ay,by)} is called the type of 0. If 6, and 6, are theta
functions of the same type, then the quotient #; /605 is a meromorphic function

that is A-invariant, so it defines a meromorphic function on X.

Example 4.15. For a polynomial Q(z) of degree less or equal than 2, the

function e9® is a theta function.

We can use this example to define an equivalence relation on the set of

theta functions.

Definition 4.16. A theta function achieved by the previous example is said to
be trivial. Two theta functions 01, 0y are said to be equivalent if the quotient

01/05 is a trivial theta function.

Let H,, be the space of symmetric matrices with positive definite imagi-

nary part, this is,
H, = {r € M,(C) | 7" = 7,371 > 0}.
For 7 € H,, and a,b € R", we define

ea b(Z7 7') = Z eﬂ-i((era)tT(era)JrQ(era)t(z+b))'

mezZm™

It can be shown that the sum converges and that for every p,q € Z"
6a7b(z + Tp+ q) _ 627ri(—%pt7p—ptz+atq—ptb)6a7b(z’7_)

or, in other words, 0,,(-,7) is a theta function for the lattice whose period
matrix is II = [id 7]. This is called the Riemann theta function for the
parameters a, b and 7.

Let 6 be a theta function of type {(ay,by)} and A;, Ay two elements of the
lattice. Applying repeatedly the condition of being a theta function, for A,
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and then for \;, we have

9(2 + M+ >\2) — 627”'[(%1+CLA2)(Z)+0LA2(A1)+bA2+bA1]9(Z)'

On the other hand, using the property for A; + Ay € A, we see that the above

expression must be equal to

270 3 () ).
In other words, the {(ay, b))} must satisfy the following relations

Axi 429 = AN -+ AN, (41)

b)\1+)\2 = b,\l + b)\2 + CL)\2<)\1) (H’lOd Z) (42)
Define a mapping

a: AxV =sC
(A, 2) = ax(2).

This mapping is (Z, C)-linear. Since A generates V over R, we can extend a
to an R-bilinear map a : V x V' — C which is C-linear on the second variable.

We can now define a form wy € AZV* by wy(z,y) = a(z,y) — a(y, z).

Proposition 4.17. Let 0 be a theta function. Then wy is a real (1,1)-form

that is integer on the lattice.

Proof. Let A1, Ay € A. The condition (4.1) implies that wy(A1, A2) = ay, (A2)—
ay,(A1) = 0 (mod Z). Since A generates V' over R, then wy must be real.
Now a calculation shows that wy(iz,1y) — we(z,y) = i(we(iz,y) + we(x, iy)).
As wy is real, both hand sides of the equation must be zero. This completes
the proof. O

An immediate consequence of the previous proposition is that to every
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theta function 6 we can associate the hermitian form Hy achieved by the

correspondence in (4.8). We do not prove the following proposition.

Proposition 4.18. The hermitian form Hy is positive, this is, Hg(z,x) >
OVreV.

Note that we are not saying that Hy is positive definite; it still can be
singular. What we are going to do now is to bring every theta function into

a standard form.

Definition 4.19. Let H be a hermitian form and w the (1,1)-form associated
to it. Call S* C C the unit circle. A semicharacter for H is an application
a: A — St satisfying a(A + Ag) = a(A)a(Xa)(—1)*P122) for every Ay, Ay €
A.

Lemma 4.20. Let 6 be a theta function. Then 0 is equivalent to a unique
theta function 0 of type {(ax, b))}, with

1
i = — Hy(-, A
ay 2% 9(7 )
~ 1
Shy = = Ho(A, A)

and satisfying 0(z + X) = a(N)e™HoCNTEHONG(2) for some semicharacter
a for Hy.

Remark 4.21. If 0, ~ 0,, then wy, = wy,. In particular, the H; coincides
with Hg.

The function 6 is called a normalized theta function.

4.3 Divisors

Let X be a complex manifold. An admissible family is a collection {(U,, ha)},

where the U, form an open covering of X and each h, is a meromorphic
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function on U,, satisfying the following condition: for every «, S, ho/hgs is
a holomorphic function on U, N Uz. We define an equivalence relation by
declaring two admissible families to be equivalent iff their union is again

admissible.

Definition 4.22. A Cartier divisor on X is an equivalence class of admis-
sible families. The set of Cartier divisors on X is called Div(X).

Remark 4.23. It can be shown that, in a Riemann surface X, the notion

we had for divisors coincide with the one of Cartier divisors on X.

The divisor defined by an admissible family {(U,,hs)} will simply be
written as [(Uy, ha)]. Now we define a binary operation on divisors as follows.
Let Dy = [(Ua, ha)], D2 = [(V3,95)] be two divisors. We define Dy + D,
to be the equivalence class represented by the family of pairs of the form
(Ua N V5, hags)-

Lemma 4.24. The operation + is well defined and makes Div(X) into an
abelian group, whose identity element is [(X, 1)] and the inverse of an element
D = [(Ua, ha)] can be written as [(Uy, 1/ha)].

Definition 4.25. A divisor D = [(U,, ha)| is said to be effective if all the
functions h, are holomorphic. We say that D1 > Dy if D1 — Dy s effective.

The previous definition gives a partial order for Div(X).

Definition 4.26. Let f be a nonzero meromorphic function on X. The divi-
sor of fis [(X, f)], and we will write it as (f). A divisor of a meromorphic

function on X 1is called a principal divisor, and the set of principal divisors

is denoted by PDiv(X).
Proposition 4.27. PDiv(X) is a subgroup of Div(X).

Definition 4.28. The Picard group of X 1is the quotient
Pic(X) = Div(X)/PDiv(X).
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Theorem 4.29. Every divisor is the difference of two effective divisors.

Now let X = V/A be a torus. Choose a covering {U,} such that =|y, :
V, — U, is bijective, this is, 7r|‘_/w1 is a coordinate chart. Now let 6 be a theta
function on X. By the definition of theta functions, the family {(U,, for|},))}
is admissible. The corresponding equivalence class is called the divisor of the
function 6 and will be denoted by (#).

Theorem 4.30. FEvery effective divisor on a complex torus is the divisor of

a theta function.

Corollary 4.31. Every meromorphic function in a complex torus is the quo-

tient of two theta functions of the same type.

Corollary 4.32. Let u : X — P™ be a holomorphic function, where X 1is a

torus. Then there exist theta functions 0y, ... ,60, of the same type such that

u(z) = [0o(x) : ... : 0, (2)].

Recall that for every theta function we can associate a hermitian form
Hy, and for two theta functions 6,60, we have Hy,g, = Hy, + Hy,. We can
define a homomorphism ¢ from Div(X) to the set of hermitian forms in V.
Let D = D; — Dy for effective divisors D;. If D, is the divisor of 6;, set
©(D) = Hp, — Hp,. ¢ is well defined since, if D = (61) — (62) = (65) — (64),
then (0104) = (0203), so 616, and 0205 are theta functions of the same type,
which implies that Hy, + Hy, = Hp, + Ho,.

Proposition 4.33. ¢ descends to a homomorphism from Pic(X) to the set

of hermitian forms on V.

Proof. If f is a meromorphic function, then f = /65 for theta functions of
the same type. Then ¢((f)) = Hy, — Hy, = 0. O

Definition 4.34. The image of the mapping ¢ is called the Néron-Sever:
group of X, denoted by NS(X).
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Remark 4.35. [t can be shown that NS(X) is exactly the set of hermitian
forms whose itmaginary part is integer on the lattice, but we will not prove it

here.

4.4 Line bundles

Definition 4.36. Let X be a complex manifold. A line bundle is a holomor-

phic vector bundle of (complex) dimension r = 1.

Example 4.37. The product X x C with the projection on the first variable

1s a line bundle. It is called the trivial line bundle.

One can show that a line bundle p : L — X is isomorphic to the trivial
one iff it possess a nowhere vanishing holomorphic section. Now consider the

projective space P", covered by the open sets U; as given in example (2.5).

Definition 4.38. The line bundle Opn(—1) is the one defined by the transi-

tion functions g;; = x;/x;.

Each preimage p~1(U;) for the bundle Opn(—1) can bee seen as the set of
pairs (z,v) € P" x C"*! such that v belongs to the line defined by z, and the

trivialization is

@i p (U;) > Uy x C

(z,v) — (2, ),

where « is the i-th coordinate of v.

Now we are going to define a product in the set of line bundles over
X. Recall that a line bundle is determined by an open covering {U;} and
transition functions {g;;}. The g¢;; are just nonzero scalars, since we are
dealing with one-dimensional vector spaces. Note that the trivial bundle is

achieved by just setting all the g;; = 1.
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Definition 4.39. If two line bundles L, L’ are given by {U;, gi;}, {Vs, heic},
respectively, we define the product L ® L' as the line bundle given by the
collection {U; NV, gijhoi }

Proposition 4.40. The operation above is well defined on the set of line
bundles modulo isomorphism and makes it into an abelian group. The identity
element s the trivial bundle. The inverse of a line bundle is afforded by

replacing the transition functions by their multiplicative inverses.

Remark 4.41. Let {(Uy, ha)} represent a Cartier divisor D on X. The
functions hy/hg satisfy the conditions (2.1), (2.2), so we can define a holo-
morphic line bundle using the (Uy, ho/hg). This is called Ox (D). Moreover,
if f is a meromorphic function and (f) its divisor, then Ox (D + (f)) is iso-
morphic to Ox (D). Thus, we can define Ox as a mapping from Pic(X) to

the set of line bundles modulo isomorphism. It is clearly a homomorphism

of groups.

For a line bundle with transition functions g¢;;, we call a meromorphic
section a collection of meromorphic functions s; : U; — C satisfying the
relations (2.3).

Proposition 4.42. The map Ox is an isomorphism between Pic(X) and
the group of holomorphic line bundles that admit a non zero meromorphic

section.

Proof. If D = [(U;, h;)] and D’ = [(U;, hl)] have the same image, without
loss of generality we may assume h;/h; = h;/h; for every i,j. Then the
quotient f = h’;/h; is a well defined meromorphic function on X satisfying
D" = D + (f), so Ox is injective. Further, the collection {h;} is clearly
a meromorphic section for Ox (D). Conversely, if a line bundle admits a
meromorphic section {s;}, the quotients s;/s; must be holomorphic because

they are exactly the transition functions, so the line bundle is the image
under Ox of the divisor [(U;, s;)]. O
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Further, it can be shown that every line bundle on X admits a non-zero
meromorphic section, this is, Oy is an isomorphism between Pic(X) and the
group of all holomorphic line bundles. We are not going to prove this, but
we assume it to be true.

For a divisor D we define its linear space
LD) ={f e MX)" [ (f)+ D =0} u{0}.

Of course, it is a vector space.

Proposition 4.43. L£(D) is isomorphic to the space of holomorphic sections
['(X,0(D)).

Proof. Write D = [(U;, h;)]. If {s;} is a holomorphic section for Ox (D), then
f = si/h; is a well defined meromorphic function on X, clearly belonging to
L(D) as the s; are holomorphic. Conversely, for f € £(D) the functions fh;
are holomorphic by hypothesis and satisfy the relations (2.3). This defines a

linear bijection between both spaces. O]

Now we are going to find a way to construct line bundles over X. We try
to extend the action of A on V to some action in V' x C such that V' x C
results in a line bundle over X. For this to happen, we need that the action

has the form
A (z,t) = (2 + A ex(2)t)
for holomorphic functions ey satisfying eg = 1 and
exn(2) = ex (24 Ao)en, (2),

which is just the condition for being an action. But this is exactly the
condition that must be satisfied by the quotient 0(z 4+ \)/6(z) for a function
0 to be a theta function. Now let (H,«) be the type of a normalized theta
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function §. We define L(H, «) to be the line bundle afforded by setting

O(z+ )
0()

ex(z) =

in the construction above.
Lemma 4.44. L(Hy, 1) ® L(Hs, ag) is isomorphic to L(Hy + Ha, aqa).

Consider IT : V x C — L(H,«) and 7 : V' — X the canonic surjections
and let s € I'(X, L(H, «)), a holomorphic section. For every z € V| s(7(2))
is the image under II of a unique element in V' x C of the form (z,t), with
t € C. We define 05(z) = t. Then 6, is a holomorphic function on V.

Lemma 4.45. The application s — 0 is an isomorphism of vector spaces be-
tween T'(X, L(H, ) and the set of normalized theta functions of type (H, ).

Proof. First, the condition II(z+ A, ex(z)t) = II(z, t) implies that Os5(z+\) =
ex(2)0s(z), this is, 0 is a normalized theta function of type (H,«a). The
application is linear simply because of the definition of the vector space
structure in I'(X, L(H,«)). The injectivity is a direct consequence of the
relation s(7(z)) = I1(z,05(z)). Now, let  be a normalized theta function of
type (H, ). Since 0(z + \) = ex(2)0(z), then I1(z,0(2)) = (2 + X, 0(z+ \))
for every A € A, so we can define a section s by s(m(z)) = I1(z,6(2)). One
easily verifies that 6 = 6, so the application is surjective. This completes
the proof. n

Now we will state without proof an important result characterizing the

Picard group of a torus X. For a proof, see [4].

Theorem 4.46. FEvery line bundle on a torus X is of the form L(H,«)
for some H € NS(X). In fact, Pic(X) can be decomposed as a direct sum
Orenscx)Pic? (X)), where Pic(X) is the set of line bundles of the form

L(H,«) for some semicharacter c.
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5 Complex abelian varieties

Definition 5.1. A polarized abelian variety is a torus X = V/A together
with a real non-degenerated (1,1)-form w such that w(A X A) C Z. w is
called the polarization of X .

Lemma 5.2. Let w be a non-degenerated (1,1)-form integer on the lat-
tice. There exist positive integers dy, . .., d, with d; dividing d;11 and a basis
{li,...,lon} for the lattice (over R) such that, in this basis, the matriz of w

writes
0 D
-D 0|’

where D is the diagonal matrix with diagonal d, ... ,d,. The integers d; are

uniquely determined by w.

Definition 5.3. Such a basis {l1,...,la,} is called a symplectic basis of A
for w. The tuple (dy,...,d,) is called the type of the polarization. A prin-
cipally polarized abelian variety is an abelian variety with a polarization of

type (1,...,1). We abbreviate it by ppav.

Example 5.4. If S is a Riemann surface of genus g, then its jacobian JS is
a principally polarized abelian variety of dimension g, with the polarization

given by the intersection product.

Lemma 5.5. In a torus X = V/A, there exists a non-degenerated (1,1)-
form integer on the lattice if and only if there exists a complex basis B of
V', positive integers d;|d;+1 and a matriz T € H,, such that the period matrix
for the torus with respect to B is 11 = [D 7|, where D is the diagonal matriz
with entries dy, ..., d, in the diagonal. The matriz of such (1,1)-form in the

basis B is (S1)71.

The basis B can be achieved by taking a symplectic basis {l1,...,lo,}
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and letting v; = [;/d;, j = 1,...,n. The tuple (dy,...,d,) is the type of the
corresponding polarization.

As we saw in (4.13), if a torus X is a submanifold of P", then it necessarilly
carries a polarization, namely, the pullback of the Fubini-Study form. The

following theorem, due to Lefschetz, states the converse.

Theorem 5.6. Let L = L(H,«) be a line bundle on a torus, with H €
NS(X) a nondegenerate Hermitian form. Forr > 3, let 6y, ...,0, generate
the space of sections of L", as in lemma (4.45). Then, the map

v X — P
2 [0o(2) 1 ... 0,(2)]

is well defined and makes X into a complex submanifold of P™.

5.1 Homomorphisms of abelian varieties

Definition 5.7. Let (X,wx), (Y, wy) be two polarized abelian varieties, with
X =V/A. A homomorphism of complex tori f : X — Y is said to preserve

the polarization if

wx (z,y) = wy (pa(f) (@), pa(F)(y)) Y,y € V.

Such a homomorphism is called a homomorphism of abelian varieties. It is

an isomorphism of abelian varieties if it possesses a two-sided inverse.

Remark 5.8. If (Y,wy) is a polarized abelian variety and f : X — Y a
homomorphism of complex tori such that p.(f) is injective, then there is
a unique polarization wx on X that makes f a homomorphism of abelian
varieties. This is called the pullback of wy by f. In particular, any subtorus

of an abelian variety naturally inherits a structure of abelian variety itself.

Fix the complex space V. Using lemma (5.5), we can find a correspon-
dence between H,, and the set of threes of the form (A, w, {1, ...,ls,}), where

37



A is a lattice for V, w is a polarization of type (1,...,1) for the torus V/A
and {ly,...,l2,} is a symplectic basis. Now we would like to know which of

those principally polarized abelian varieties are isomorphic to each other.

Definition 5.9. We define the symplectic group as

Sp(2n,Z) = {R € Msn(Z) | RUJR = J},

jo [ é].

One easily verifies that this is indeed a group with the product of matrices,

where

and if R is a symplectic matrix, so is RY. We can write any 2n x 2n matrix

as

A B
C D

, (5.1)

for A, B,C, D n x n matrices. It not difficult to see that an integer 2n x 2n
matrix R given by (5.1) belongs to Sp(2n, Z) iff the following three conditions
hold:

(1) AB' is symmetric.
(2) CD' is symmetric.
(3) AD' — BC' = 1.

In this case, the inverse of R is
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Definition 5.10. If

A; B
RZ = ! ! 6 S ZHZ,Z 3
¢ D, Pl )
fori=1,2, we define
A1 0 By 0
0 A, 0 By
Ri*x Ry = € Sp(2(ny +ne),Z).
1 2 c, 0 D 0 p(2(m 2), )
0 Cy 0 Dy

Note that if R;, S; € Sp(2n;,7Z), then (Ry* Ry)(S1%S2) = (R151) % (R2Ss).

Let X; = V/A; be ppav’s, i = 1,2. From lemma (5.5), we can find bases
By, By of V such that the period matrices write IT; = [I7;], respectively. Note
that each ppav is completely determined by the matrix 7; € H,,. If f: X; —
X3 is an isomorphism, there are matrices A, R representing p,(f), p.(f) in the
respective bases, satisfying A[I 7] = [I 7o) R. The pullback of the (principal)
polarization in X5 is represented in X; by the matrix R'JR, so [ preserves
it if and only if R € Sp(2n,Z). Also, if R is given by (5.1), one easily checks
that 7, = (A+ C) 1B+ nD).

Proposition 5.11. Sp(2n,Z) acts on H,, by

A B

. 1= (A+70)"Y(B+71D) (5.2)

Theorem 5.12. Two elements in H, define isomorphic ppav’s if and only
if they are in the same orbit in the action defined by Sp(2n,7Z). This is, the

quotient H,,/Sp(2n,Z) parametrizes isomorphism classes of ppav’s.

The quotient H,, /Sp(2g, Z) is said to be the moduli space of the principally

polarized abelian varieties.
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Definition 5.13. Let (X,w) be a polarized abelian variety. A subtorus'Y C
X with the induced polarization w|y is called an abelian subvariety of (X, w).

An abelian variety is called simple if its only subtori are {0} and itself.

Note that if X,Y are two abelian varieties, then X X Y can be seen as
an abelian variety in a natural way. Likewise, we can define the power X*

for some posive integer k. The following theorem is due to Poincaré.

Theorem 5.14. Let X be an abelian variety. There exist simple abelian
subvarieties X1, ..., X,, not isogenous to each other, and positive integers
ki, ..., k., such that X is isogenous to Xfl X ...x Xk The X and k; are

unique up to isogeny and permutation of the factors.

6 Representations of finite groups

Now we want to talk about group actions on abelian varieties, so we first

need some tools from representation theory.

6.1 Decomposition of semi-simple rings

In this part, we are mainly concerned about the group algebra K G, where
K is a field and G a finite group. Some of the results we are going to give
are achieved because these algebras belong to a larger class of rings, namely,

rings with minimum condition.

Definition 6.1. Let R be a ring with unit element. R is said to satisfy the
manimum condition if every nonempty collection of left ideals has a minimal

element.

Throughout this section, R will always be a ring with 1 satisfying the

minimum condition.
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Remark 6.2. If K is a field and G is a finite group, the group algebra KG
can be regarded as a finite dimensional vector space over K. The left ideals

of KG are sub-vector spaces, hence KG satisfies the minimum condition.

If M is a module over R, then we say that M is completely reducible
if it decomposes into a direct sum of irreducible submodules. The next

proposition is given without proof. For a proof, see [3].

Proposition 6.3. If R is a ring with 1 satisfying the minimum condition,

then the following are equivalent

(1) Every R-module is completely reducible.
(2) R has no nilpotent ideals.

(8) If M is a left R-module, every submodule is a direct summand of M.

In the case the ring R satisfies the conditions for the previous proposition,
we say that the ring R is semi-simple. To know whether a group algebra is

a semi-simple ring, we have Maschke’s theorem:

Theorem 6.4. If G is a finite group and K is a field whose characteristic
does not divide the order of G, then KG is semi-simple.

Proof. If M is a left R-module and V' a submodule, we can find a com-
plementary vector space, so we can define a K-linear projection 7 onto V.
Now call g = %dec gmg~—t. Then 7 is a projection onto V that is also a

KG-module homomorphism. Its kernel is a KG-direct summand of V. [

Let’s look at R as a module over itself. The irreducible submodules are
exactly the minimal left ideals, that is, left ideals containing no proper left
R-ideals other than the trivial one. Now, if R is semi-simple, using induction
and the minimum condition, it is not difficult to show that we can write R

as a finite direct sum of minimal left ideals, R = L, & --- & L,,. Write

l=e;1+ - +ep, (6.1)
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with e; € L;. Then in particular e; = e;e; + - - - + ¢€;e,. Since ¢; € L; and the

sum is direct, we find that
€i€j = 6ij€i' (62)

If we have a set of nonzero elements satisfying (6.2), we say that they are
orthogonal idempotents. Also, equation (6.1) implies that R = Rey + -+ - +
Re,,. This together with the fact that Re; C L; says that Re; = L;. Note
also that xe; = z for all z € Re;.

So, we now know that if R is semi-simple, then it can be decomposed
into a finite direct sum of minimal left ideals, each of them generated by an
idempotent, and these idempotents are orthogonal to each other. Note that
we have not said at all that this decomposition is unique. Next we give a

good reason for being interested in minimal left ideals.

Theorem 6.5. If R is semi-simple, every irreducible R-module is isomorphic

to some minimal left ideal of R.
Proof. Write R = Rey @ --- @ Re,. If M is any nonzero R-module, we can

write .
M = Z ZReim.

meM i=1

Some of the summands, say Re;m, must be nonzero. Define

¢ : Re; - Re;m

xre; — xre;m.
© is an R-homomorphism of Re; onto Re;m, which is a nonzero submodule
of M. Since M is irreducible, Re;m must be equal to M. Further, the kernel

of ¢ is a left ideal of R contained in Re;. Then ¢ is injective, hence an

isomorphism. O

Note that from the proof we can infer that if M is an irreducible R-
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module, then for any decomposition R = Re; @ - -- @ Re, into minimal left
ideals, M will be isomorphic to one of the Re;. In particular, if R = ©Re
is another decomposition into minimal left ideals, then each of the Re] is
isomorphic to some Re;. Let’s give a connection with group representation

theory.

Definition 6.6. A representation of a group G over a field K is a ho-
momorphism ¢ : G — GL(V), where V is a K-vector space. We denote

9(v) =¢(g)(v) forge G, v e V.

We say that two representations ¢ : G — GL(V), ¢ : G — GL(W) are
equivalent if there exists an isomorphism of vector spaces T : V. — W such
that T'(gv) = g(Tv) for every v € V', g € G. The character of a representation
is the function y : G — K assigning to each g € G the trace of ¢(g). Note

that two equivalent representations have the same character.

Remark 6.7. It is an easy exercise to show that a representation is uniquely
determined by giving V' a structure of KG-module, this is, giving a homomor-
phism of K-modules p: KG — End(V'). Two representations are equivalent

iof the respective KG-modules are isomorphic.
Using Maschke’s theorem and the previous results, we have

Corollary 6.8. Let G be a finite group of order not divisible by the char-
acteristic of K. Then G has a finite number of non-equivalent irreducible

representations over K.

Now we are going to determine when two minimal left ideals are isomor-

phic.

Lemma 6.9. Let R be semi-simple. The minimal left ideals L and L' are
isomorphic if and only if L' = La’' for some o' € L'. Otherwise La’ = 0
Va' € L.
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Proof. Let @’ € L'. Define a R-homomorphism by

o:L—L

$'—>ZECL/

This must be either the zero homomorphism or an isomorphism, since its
image and kernel will be left ideals contained in L’ and L, respectively. If
L' = Ld’, ¢ will be surjective, hence an isomorphism. Conversely, if ¢ :
L — L’ is an isomorphism, then for x € L we have p(z) = ¢(ze) = xp(e),
where e is the idempotent for which L = Re. Choosing o’ = ¢(e), we have
L'=Ld. O

Another way to state what we have just proved is that if L and L' are
minimal left ideals, then they are isomorphic if and only if LL' = L’. Other-
wise, LL' = 0. What we are going to do next is to find another decomposition

of R, using two-sided ideals.

Definition 6.10. A ring with 1 is called simple if it satisfies the minimum

condition and has no nontrivial two-sided ideals.

Theorem 6.11. Let R be a semi-simple ring and L a minimal left ideal. Let
By, be the sum of all the minimal left ideals of R which are isomorphic to L.
Then By, 1s a simple ring and a two-sided itdeal. Further, R is the direct sum
of all the By, obtained by letting L range over a full set of non-isomorphic
manimal left ideals of R.

Proof. By, is easily seen to be a left ideal. By the previous lemma, if L' is
another minimal left ideal, then L = L' iff B L' # 0. But by definition of
By, if L =2 L' then ' C BL. Since every element of R can be written as
a sum of elements contained in some minimal left ideals, we find that By, is
a two-sided ideal. Further, L is equivalent to L’ if and only if BB, # 0.
Since R is the sum of its minimal left ideals, then R = By, +- - -+ By, where

the L; form a complete set of non-isomorphic minimal left ideals. Without
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loss of generality, we may assume L; 2 L, for i # j. Using the fact that
Br,Br, = 0if i # j and that R = Br, +--- + By, it is not difficult to
see that the sum is actually direct. If I C By is a nonzero two-sided ideal,
then it must contain a minimal left ideal L’ so, by lemma (6.9), I must also
contain the whole of By,. Note that B; = B/ because the sum is direct.

This proves that the By contain no two-sided ideals. Now write
1:b1++bm7

for b, € Br,. Then b; is a unit element for By,. In fact, we have a =
aby + -+ + aby, = bia + -+ + bpa. Since the By, are two-sided ideals, then
each abj, bja € Br,. If a € By, then a = ab; = b;a, because the sum is direct.

Finally, each of the By, satisfies the minimum condition since R does. O
We call the ideals By the simple components of R.

Proposition 6.12. If R is semi-simple, any two-sided ideal of R is a sum

of a certain number of its simple components.

Proof. Let B be a two sided ideal, and L a minimal left ideal contained in
B, and then B D Bjy. Let B’ be the sum of all the simple components of
R contained in B. Since R is semi simple, we can write B = B’ & B” for
some left ideal B”. If B” # 0, it must contain a minimal left ideal L”, and so
B D By, which is a contradiction because this would imply B;» C B'N B”.
Hence B” = 0 and the proposition follows. O]

As a consequence of the previous proposition, we have that a semi-simple
ring decomposes into two-sided ideals which are simple rings in a unique
manner, namely, as the direct sum of its simple components. At this point we
should take a look at what is happening in the case of group representations.

A representation is given by a homomorphism
p: KG— End(V).
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Set A = p(KG), which is a subalgebra of End(V'). Then A decomposes into
simple algebras as Ab; & --- @ Aby,, with b; central primitive idempotents.
By the discussion above, each Ab; is the direct sum of a certain number of
irreducible representations equivalent to each other. We may write Ab; =
Aey; & --- @ Ae,,;. Consider V= C". One can calculate (see, for instance,
[15]), that if ¢ : G — GL(V') is a representation, then the central idempotents

defining the simple components are given by

n;

b =
|G

ZXi(3_1)¢(S)7
seG

where the x; are the characters of a complete set of irreducible representa-

tions, each of degree n;.

6.2 Rational central idempotents

What we are going to do know is to try to understand what happens when
the field in which the representation is being considered is changed, and how
to relate the new central idempotents with the previous ones. We will present

some results without going trough the proofs. They can be found in [3].

Definition 6.13. Let T : G — GL(n,K) be a representation of G, F a
subfield of K. We say that T s realizable in F' if there exists a representation
T : G — GL(n, F) such that T and T" are K-equivalent representations.
Equivalently, let T' be afforded by a KG-module M. T is realizable over F' if
there exists an F'G-module N such that M and N @p K as left KG-modules.

In what follows, let K be the algebraic closure of F', where F' is of char-

acteristic zero.

Definition 6.14. A subfield E C K 1is said to be a splitting field for G if

every irreducible K representation is realizable in E.
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Let x be the character of an irreducible representation 7' of G over K.
For F' C K we define F(x) = F(x(s) | s € G). Note that |F(x) : F| is finite.
Note also that any field in which T is realizable must contain F'(x).

Definition 6.15. Let T' be an irreducible K -representation of G with char-
acter x and let F' C K. The Schur index of T with respect to F' is

mp(T) = min{|L : F(x)]},

where the minimum is taken over all extension fields L of F(x) such that T

1s realizable in F'.

Starting with an irreducible K-representation, one can ask about the
“minimum” field in which it is realizable. For this we have the following

result.
Theorem 6.16. Let T be a K-irreducible representation with character x.

(1) There exists an algebraic extension field L of F in which T is realizable
such that |L : F(x)| = mp(T).

(2) For every finite algebraic extension E of F' in which T is realizable,

mp(T) [ B F(x)]

(8) mp(T) is the minimal value of m such that the sum of m copies of T

is realizable in F(x).

(4) me(T) | deg(T)

Now let’s restrict ourselves to the case of Q. Let E be a splitting field for
G. We may assume E is Galois over Q. Let {Uy,...,U,,} be a complete set
of E-irreducible representations of G. Let Q C F' C E and T an irreducible
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F-representation. It will be given by a homomorphism
p: FG— End(V).

Looking T" as an F-representation is the same as considering the induced

homomorphism
P EG — End(V ®F E)

Let’s write the corresponding F-representation as 7'%. Then T is equivalent

to a sum of some of the U;,
TP 2qdU, @ -+ @ dt)U,. (6.3)

Fix a basis for V and consider the U; as matrix representations. Then the
group Gal(FE/F') acts on each of these matrices by acting on its entries. Each
o(U;) will give a new irreducible representation, hence must be equivalent to
one of the Uj.

Theorem 6.17. With the notation above, the components U; appearing in
(6.3) are conjugates to each other, in the sense that for all i, j there exists o €
Gal(E/F) such that o(U;) = U;. Further, the number of distinct conjugates
appearing in (6.3) is exactly |F(x1) : F| and d(1) = --- = d(t) = mp(Uy).

We finish giving a way to calculate the central idempotents for the rational
group algebra QG. Let E be Galois over Q and a splitting field for G.
Let x1,...,Xx, be the irreducible E-characters of G. If L C F and 0 is an

irreducible Q-character, then

0 =me(x:) Z o(xi)

c€Gal(E/Q)

for some i. Now, if we want to write Q as a direct sum of its simple compo-
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nents, we have

QG =p1QG @ --- © pQG,

where the p; are determined as follows: if p; corresponds to the irreducible
rational representation W, let x; be a character of one of the irreducible
E-representations associated to W;. Then
degxi _
bi = |G| ZTTQ(XH/Q(X@'<S 1))8' (64>

seG

7 Group representations in abelian varieties

For a complex torus X, recall the definition of the algebra Endg(X), given
n (4.5). As a consequence of theorem (5.14), we have that if X is an abelian
variety, then Endg(X) is a semi-simple algebra. Indeed, keeping the notation
as in the theorem, Endgy(X) is isomorphic to the product My, (Fy) X - -+ X
My, (Fy), where each F; = Endg(X;) is a skew-field of finite dimension over
Q, as X is a simple torus.

Now we are going to describe an analogous construction developed by
Lange and Recillas in [7] which involves the action of a group. Consider a
finite group G acting on an abelian variety X or, in other words, suppose
p: QG — Endg(X) is a homomorphism of Q-algebras. For h € Endg(X),
we define X = jh(X), for any positive integer j such that jh € End(X).
Let p; be the central primitive idempotents for the algebra QG, defined by
(6.4). Let

A = X P@i)

Then G acts on each A; and does not act in any proper abelian subvariety
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of A;. The map

Ay x - xAp — X

(a1, am) = a1+ ...+ ap

is an isogeny. For each 7, p; can be written as a sum p; = €;; + ... + €;,, of
primitive idempotents, where n; = deg(x;)/mq(x:) for x; any of the complex
irreducible representations associated to p;. This means that the KGe;; are
minimal left ideals (the way of writing so is not unique). Then the map
XPlen) i XPlem) A,
(bl,...,bni) )—>b1++bnl

is also an isogeny, and the action of G makes the X*(¢4) isogenous to each
other. Call

B; = xPleif)

for any j € {1,...,n;}. With this construction one can achieve the following

result, proved in [7].

Theorem 7.1. Let G be a finite group acting on an abelian variety X. Define
B, as above. Then G acts on each B} and the construction above defines an

1509€ny
X ~B" x---x Bm. (7.1)

This is called the isotypical decomposition of X. Note that the A; are

unique, whereas the B; are determined only up to isogeny.

50



7.1 Involutions on ppav’s

In [12], Rodriguez characterizes prinicipally polarized abelian varieties ad-
mitting an involution. Recall that an isomorphism of ppav’s is simply rep-
resented by a matrix R € Sp(2n,7Z). If we are to study involutions, we need

to know what involutions in Sp(2n,Z) look like.

Remark 7.2. A symplectic matriz R will correspond to an automorphism of
a ppav X having period matriz [I 7] (in some basis) if R-T = 7, according to
the action defined in (5.2). Note that here we are not saying that a symplectic

involution R will necessarily be an involution for some ppav.

Notation 7.3. If M; are square matrices for j = 1,...,m, we will write
(M, ..., M,y,) the block matriz whose diagonal blocks are the M; or, in other
words, (M, ..., M,,) is the direct sum of the M;.

1 0
lel ]
1 -1

Let x,y, z be nonnegative integers such that 2x +y + 2z = n. Call W(x,y, z)

Call

the block matrix (Jy,...,J1, =1, I.), written as in notation (7.3), having x
blocks equal to .Ji, and where I, is the r x r identity matrix. In [9], Reiner

proved the following.

Theorem 7.4. The block matrices of the form (W (z,y,z), W (z,y, 2)") form

a complete set of nonconjugate involutions in Sp(2n,Z).

Thus, if X = V/A is a ppav and h : X — X an order two automorphism
of ppav’s, there is a symplectic basis for the lattice such that the matrix of
h with respect to this basis is of the form (W (z,y, z), W (z,y, 2)"). Let

B:{ala"'aa2$7517'"ﬁya’71a"'77270/1%"70/2;376£a"'Béy?{)"'a?é}
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be such basis. The group (h) has two irreducible rational representations,
both of degree one, given by the identity and multiplication by —1. The
rational central idempotents in this case are

L.
P = i(ldx + h)
1.
P2 = §(ZdX — h)
Hence (h) induces an isogeny
X ~ Al X AQ,

for A; = XP: = B;. Using this one can calculate the following.

Proposition 7.5. With the notation above, let L; be the sublattice corre-

sponding to A;, respectively. Then

L, = <{2Oé2j71 + Qoj, Yk, 0/2];17%2};':1,...2:, k:l,...,z>Z

Ly = ({ayy, B, —0/23'71 + 0/2]'7 5Z}j:1,...m,l:1,..,,y>z-

One can also find the dimensions of A;, the induced polarizations on them
and the kernel of the isogeny, in terms of the basis for the lattice. All of that
is done in [12]. A principally polarized abelian variety admitting such an
involution will be given by 7 € H,, satisfying R-7 = 7, as in (5.2). Knowing
R, we can find the possible 7 satisfying that, this is, we can find the period
matrix of all the possible ppav admitting R as an involution. That is done
in [12] too.

7.2 Automorphisms of order three on ppav’s

Let h : X — X be an order-3 automorphism (preserving the polarization).

The group (h) has two irreducible representations: the trivial one and the
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two-dimensional one sending h to the matrix

ool

The latter is the direct sum of the two nontrivial complex irreducible repre-
sentations, given by multiplication by ¢ and ¢2, where ( is a cubic root of

unity. The corresponding central idempotents are

1
pL = g(z‘dX + h+ h?)

1
P2 = g(QZdX —h - h2)
As in the case of involutions, (h) induces a decomposition
X ~ Al X AQ,

for A; = XPi = B;.

Recall that a ppav with an automorphism of order three is given by
a matrix 7 € H,, and an order-three symplectic matrix R, satisfying the
equation R-7 = 7. Now we make an attempt to determine all the symplectic
order-three matrices, up to symplectic conjugation, as symplectic conjugation
only means a change of the basis. We begin by considering the group I',,
of m x m matrices with integer coefficients and determinant +1. Let p be
a prime. A matrix R € '), satisfying RP = I makes Z™ into a ZG-module,
where G' = (g) is a cyclic group of order p. Two such matrices are conjugated
in T, if and only if the corresponding ZG-modules are isomorphic. In [10],

Reiner proves the following.

Theorem 7.6. Let G be the cyclic group of prime order p generated by g
and let ¢, be a primitive p-th root of 1. Any finitely generated torsion-free
Z.G-module is isomorphic, as a ZG-module, to a direct sum of a number of

irreducible finitely generated torsion-free ZG-modules. Any such irreducible
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module V' is isomorphic to one of the following three kinds.
(1) V =Zy, with g(y) = y.
(2) V =u, where u is an ideal in Z[(,], with g(v) = (v for everyv € V.

(3) V = udy Zy, with u an ideal of Z[(,|, g(v) = (v for every v € V
and g(y) = y + B, where  can be chosen to be any element in u not

belonging to (¢, — 1)u.

In the case when p = 3, write ( = (3 and let u be an ideal in Z[(]. We
know that Z[(] is a principal ideal domain, so let u = (a). Then u can be
seen as a rank-two free Z-module, generated over Z by a and (a. Using this

basis, we see

g9(Ca) = —a — Ca.

As a conclusion, an irreducible ZG-module of kind (2) can be represented by

5|1 7]

acting on Z2. Now, for a nonzero ideal u = (a), neither a nor (a can belong

the matrix

to (¢ — 1)u, so we can represent an irreducible ZG-module of type (3), for

instance, by the matrix

0 -1 0
T'= 1|1 -1 1
0 0 1

For a square matrix M, we denote by M@ the block matrix with = diagonal

blocks equal to M. The discussion above together with theorem (7.6) implies
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the following.

Corollary 7.7. Let R € T, satisfy R®* = I. Then there exist non-negative
integers x,y, 2z such that 3z + 2y + z = m and R s conjugated in 'y, to the
block matriz (T®,SW I.), where T and S are the matrices described above

and I, is the z X z identity matrix.

Now we know all matrices in I, satisfying R* = I, up to conjugation
in I',,,. We work towards describing symplectic matrices satisfying the same

condition, up to symplectic conjugation. Let

0 —I, 0 I
P’r’ - i s = .
Note that S is just P;. Call

F(r,s,t,u,v) = Ppx Qg % (I;, S™ TW T, (52 (T7%)®),

where * is the operation defined in (5.10) and we are using notation (7.3)
for block matrices. It is easy to see that F' = F(r,s,t,u,v) is a symplectic
2n x 2n matrix, where n = r + s+t + 2u + 3v, satisfying F* = I. We now go
back to the case of a ppav with an automorphism h of order 3 and restrict

to the case when h has precisely this shape. So, suppose

B = {aj7Bk77176m76q7a;a51,g77l/a67/717611 (72)

is a symplectic basis for the lattice in X, where j = 1,...,;r, k =1,... s,
l=1,...,t,m=1,...,2u,q=1,...,3v, for which the matrix of h is written
as F'= F(r,s,t,u,v). Such a basis is said to be adapted to h. We calculate

I + F + F2 =0x0x (BIta Oa L(U)’ 3[157 O’ <Lt)(v)>’
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where

~

I
o o o
o o o
W

On the other hand,
2I — F — F? = 31, % 31, % (0,315, M), 0, 315,, (M")™)),

where

—_

=

I
o o w
o w o

|

—

Proposition 7.8. Suppose h is an automorphism of the form F(r,s,t, u,v)
and B is a symplectic basis adapted to h, given by (7.2). With the notation

as above, let L; be the sublattice corresponding to A;. Then

L, = <{717 —€3¢g—2 + €301+ 363(17 %/, qu}lzl,...t, q=1,..., U>Z

LQ = <{aj7 ﬁka 5m7 €3¢g—2, €3¢—1, CV;', 5]/6, 5;n’

/ ! ! !
€3g— T €341, 3€3q_9 T €3 Fi=1,.r k=1,....6, m=1,... 2u, ¢=1,..0) Z-

Proof. L; is just the intersection of A with the image of 3p;. Note that if
W = @;W; is a real subspace of V' and A can be written as a direct sum
®;A; satistying A; C W;, then W N A is just @;W; N A;. The generators for
the sublattices arise directly from this together with the fact that

<(37 07 1)t7 (07 3? _1)t>lR N ZS = <<17 17 0>t7 (37 07 1)t>Z7

which gives us the elements of the forms €, , +e€3, | and 3e;, , + €3, written

in the basis for L,. This completes the proof. n
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Corollary 7.9. With the same hypotheses as in proposition (7.8), the (com-
plex) dimension of Ay is t + v, while the dimension of Ay is T+ s+ 2u+ 2v.

Note that proposition (7.8) gives us a basis for the lattice L;, in each
case. Recall that this is an R-basis for the A;. Now we have the sublattices,
we can find the kernel of the isogeny and the type of the polarization on the

subvarieties A;.

Corollary 7.10. With the same hypotheses as in proposition (7.8), the kernel
of the isogeny A1 X Ay — X is the subgroup gemerated by the 2v points

1 1 1 2
_§€3q—2 + §€3q—1 + 2e3,, §€3q—2 + §€3q—1 ;

2/ / 1/
§E3q’63q—2+§63q |1<qg<wvy;.

The order of the kernel is 3*°. In particular, if v = 0, the isogeny is in fact

an 1somorphism.

Proof. Using the bases for A; over R given by proposition (7.8), we have that

the elements of the kernel are exactly the pairs of the form (zq, 2z5), for

2] = Z y;<—€3q_2 + €34-1 + 3€34) + ygegq
q

R2 = Z y363Q*2 + y2€3l1*1 + 1/2(63(172 + 6€3q71> + y2<3€gq72 + qu)a
q

with 3 € R satisfying

Yo+ Y. €L
Yo+ Yy EL
By;EZ
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and

be7

Yo + 3y,

ySEZ
2 +y, € L.

Notice that conditions for {y;,y3,y,} are independent from conditions for
y2,y°,9y5}. Putting the latter variables equal to zero gives us the subgroup
q q q

generated by pairs of the form

1 1 1 2
_§€3q—2 + §€3q—1 + 2e3q, §€3q—2 + §€3q—1 .

Analogously, putting the first set of variables equal to zero we get the other

set of generators. This completes the proof. n
Corollary 7.11. Keeping the same hypotheses, we have

(1) The induced polarization in A; is of type (1%,3").

(2) The induced polarization in Ay is of type (17Fs+T2utv 3v),
where, by d* we mean (d,...,d), d appearing x times.

Proof. Note that the basis given for L; in proposition (7.8) is already sym-
plectic, with

w(y, ) = -1

w(—€39—2 + €3g-1 + 3€34, €3,) = —3.

For Lo, we slightly change the basis given in proposition (7.8), by replacing

{€39—2,€30-1} by {€34-1, €39—2 — €34—1}. The basis for L, so obtained is now
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symplectic, with

w(e3q,1, 61/31172 + 6/qul)

-1
/ rN
W(qu_g — €3¢—1, 363(]72 + 63(1) = —-3.

Now the argument follows as in the case for L. n

Finally, we try to work out how far we are from describing all the order-
three automorphisms of abelian varieties, this is, how far we are from finding
all the symplectic order-three matrices up to conjugacy in Sp(2n,7Z). First,

we have an easy result for the case n = 1.

Lemma 7.12. Every 2 x 2 symplectic matriz R satisfying R® = I is conju-
gated in Sp(2,7Z) to a matrix of the form F(r,s,t,0,0), forr+s+1t=1.

Proof. For n = 1, symplectic matrices are just integer matrices with deter-
minant 1. Let R € Sp(2,Z). By corollary (7.7), if R # I, then there exists
U €Ty such that URU™! = S = P,. Call

1 0

0 —1|

Then either U or VU belongs to Sp(2,Z). As VPV~ = @, the lemma
follows. O

V:

Lemma 7.13. Let
A 0
R = € Sp(2n,7Z
[0 D] ( )

satisfy R®> = I. Then R is conjugated in Sp(2n,Z) to a matriz of the form
F(0,0,t,u,v).
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Proof. The hypothesis implies that A* = I, so A is conjugated in T',, to a
block matrix W = (I, ™, T™), say UAU~" = W. Note that D is just A%,

Call
W 0
v o [O W%] |

Then V € Sp(2n,Z) and VRV ™! = F(0,0,t,u,v). O

Lemma 7.14. Let R be a symplectic matriz given by (5.1). If either B or
C' are equal to zero, R is not conjugated in Sp(2n,Z) to P, nor to Q,.

Proof. Let

Ro -
Co Dy

] € Sp(2n,Z)

and suppose RyP,Ry* = R. Then B = —(ByB} + AgAf + ByAb) and C =
DyDk + CoCl + DoCE. Assume B = 0. Then (By + Ag)(By + Ag)' = ByAl,
since AgBf = ByAL. This implies that ByAf is positive as a quadratic form,
so —B is equal to the sum of three positive quadratic forms. But B = 0
implies that all of those are equal to zero, in particular, Ay = By = 0. This
is a contradiction as Ry cannot be singular. Analogously, C' cannot be zero.

The case for (), works in the same way. O]

The previous lemma makes it explicit the need of considering matrices of
the form P, and @),, when talking about order-three symplectic matrices, as
they cannot be brought to a matrix of the form F(0,0,¢, u,v) by symplectic
conjugation. Also, P, and (),, define indeed different transformations, as the

following lemma states.

Lemma 7.15. The matrices P, and (Q,, are not conjugated to each other in
Sp(2n,Z).
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Proof. Suppose RP,R™! = Q,, for R as in (5.1). Comparing the (1,2)-block
of this equality, we have BA* = I+ (A+ B)(A+ B)', so BA" is positive. The
same equality writes —(BB* + AA" + BA") = I. But this is a contradiction

because the left hand side is negative. ]

To this end, we have described a whole family of order-three group actions
on abelian varieties and worked towards answering the question about all the
possible symplectic order-three matrices. Our hope is that every symplectic
matrix R satisfying R® = I is conjugated to some of the form F(r, s, t,u,v),
which is of course true for n = 1, but we do not know in general. Further
interesting work would be to describe other finite groups acting on abelian

varieties, which is far from being trivial.
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