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Abstract

In this work we study and characterize the families of curves with the
action of a Weyl group, such that the group algebra decomposition for the
corresponding Jacobian becomes a product of elliptic curves.
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Chapter 1

Introduction

Ekedahl and Serre [ES93] ask two questions concerning completely decom-
posable Jacobian varieties over C.

• Question 1 Is it true that, for all positive numbers g, there exists a
curve of genus g whose Jacobian is completely decomposable?

• Question 2 Are the genera of curves with completely decomposable
Jacobians bounded?

In their work, they construct examples of curves of genus up to 1297.
However, even for that range there are genera for which there are no exam-
ples of curves having completely decomposable Jacobian.

The topic of completely decomposable Jacobian varieties has produced
much research. For these reasons, there are many works about it, see for in-
stance [Kan94], [CRR14], [Yam+07],[MSV09], [Nak+07], [Pau13] and [Pau08].

For a group G, let {W1, . . . ,Wl} be a complete set of the irreducible
Q-representations of G. If G acts on an abelian variety A, then the group
algebra decomposition is given by

A ∼ Bn1
1 × . . .×B

nl
l

where ni = dim (Vi) /mQ (Vi), Vi is a complex irreducible representation as-
sociated toWi and mQ (Vi) is the Schur index of Vi. (See [LR04] for details).

A Riemann surface X is said to satisfy Hypothesis A with respect to a
finite group G if there exist an action of G on X such that the correspond-
ing Jacobian is completely decomposable. This hypothesis implies that the
following holds:

g =
∑

ni · dimBi ≤
∑

ni ≤ |G|

where g is the genus of X . Thus, in order to make examples of completely
decomposable Jacobians (using the group algebra decomposition) with gen-
era of high order it is necessary to use groups of big order. With this in
mind, it is natural to find for a given family of finite groups G, all the Rie-
mann surfaces that satisfy Hypothesis A for some element of G. We call
this the classification problem for the family G. In general, this problem is
difficult to solve. See for instance, [CRR14], where the classification prob-
lem is solved for the family of symmetric groups. The methods used for
this case, are specific for the symmetric family. In this work, we continued
the classification problem for the Weyl groups, this is an important family
of finite Coxeter groups that includes the symmetric family. The solution
that we present can be used for any group such that its irreducible complex
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representations are realizable over Q this property is known as absolutely
irreducible.

This work has the following structure; through chapter 1 to 6 we include
some preliminares needed in the classification problem for this family of
groups. In Chapter 7, we prove necessary conditions for the actions that
we are looking for. Finally, in Chapter 8 we solve the classification problem
using the tools provided in the other chapters.
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Chapter 2

Abelian Varieties

2.1 Basic concepts

In this chapter we introduce abelian varieties and some of its properties
that will be used through this text. Most of the theory and definitions that
will be used in this chapter are based in the book Complex abelian va-
rieties of Birkhenhake & Lange [BL13] and the notes ”Introduccion a las
variedades abelianas y grupos Kleinianos” of Rubí Rodríguez and Rubén
Hidalgo [RH05].

Definition 2.1. A complex torus T of dimension g is the quotient group of
a complex vector space V of dimension g and a lattice L of V , i.e a discrete
subgroup of rank 2g. Let {e1, . . . , eg} be a basis of V and {λ1, . . . , λ2g} a
basis of L. For each λi write λj =

∑
i αijei. The the matrix,

Π =

α1,1 . . . α1,2g
...

...
αg,1 . . . αg,2g


is the period matrix of T .

A matrix Π ∈ M (g × 2g,C) is the period matrix of some complex torus
if and only if the matrix,

P =

(
Π

Π

)
is non-singular.

Definition 2.2. Let Ti = Vi/Li be a complex torus of dimension gi for i =
1, 2. A morphism of T1 to T2 is a holomorphic map f : T1 → T2 compatible
with the group structure.

It is well known that any holomorphic map between complex tori is
the composition of a homomorphism with a translation. Furthermore, any
homomorphism f : T1 → T2 is induced by a unique C-linear map F : V1 →
V2 such that F (L1) ⊂ L2. We denote by Hom (T1, T2) the set of morphisms
from T1 into T2. Note that this set endowed with pointwise addition is an
abelian group.

The uniqueness of the map F defines a group monomorphism

ρa : Hom (T1, T2)→ HomC (V1, V2)

f 7→ F.
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The restriction of F to the lattice L1 induces a monomorphism,

ρr : Hom (T1, T2)→ HomZ (L1, L2)

f 7→ F |L1 .

Definition 2.3. The maps ρa (f) and ρr (f) are the analytic, and rational rep-
resentations of f .

Since HomZ (L1, L2) ∼= Z4g1g2 , the injectivity of ρr implies that

Hom (T1, T2) ∼= Zm

for some m ≤ 4g1g2. In particular, if T1 = T2 then ρa, ρr are representations
of End (T ) ,EndQ (T ) respectively. These representations are related by

ρr ⊗ C ∼= ρa ⊕ ρa.

Thus, the complexification of the rational representation is the direct sum
of the analytic and the conjugated analytic representation.

Remark 2.4. Let Πi ∈ M (gi × 2gi,C) denote the period matrix of the torus
Ti = Vi/Li. With respect to the basis Li, there exists matrices
A ∈ M (g2 × g1,C), R ∈ M (2g2 × 2g1,C) corresponding to the analytical
and rational representations respectively. The condition ρa (f) (L1) ⊂ L2

can be rewritten as,
AΠ1 = Π2R.

Conversely, given A ∈ M (g2 × g1,C) , R ∈ M (2g2 × 2g1,C) satisfying the
above equation, we can define a morphism f : T1 → T2 with correspond-
ing analytical and rational representations given by A and R respectively.
In other words, any morphism is determined by matrices satisfying these
conditions. In particular, f is an isomorphism if and only if A ∈ GL (2g,Z)
and R ∈ GL (2g,Z)

Definition 2.5. Let T = V/L be a complex torus. A set S is said to be a
subtorus of T if there exists a subspace W ≤ V and a lattice M of W such
that M ⊂W ∩ L and S = W/M .

Remark 2.6. If f : T1 → T2 is a morphism, then Im (f) and the connected
component (ker f)0 of ker f containing 0 are examples of subtori of T1 and
T2 respectively.

Definition 2.7. An isogeny of a complex torus T1 to a complex torus T2 is
a surjective morphism T1 → T2 with finite kernel. Note that a morphism
T1 → T2 is an isogeny if and only if it is surjective and dimT1 = dimT2.

Proposition 2.8. Let f : T1 → T2 be an isogeny of complex tori. Then there
exists a natural number n and an isogeny g : T2 → T1 such that g ◦ f = n1 and
f ◦ g = n2, where ni is the endomorphism ni : Ti → Ti defined by ni ([v]) = [nv].

Proof. See [BL13, Ch. 1]

Remark 2.9. The above result implies that complex tori as objects and isoge-
nies as arrows define a category. Another consequence is that isogenies are
units of the ring EndQ (T ).
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Let T = V/L be a complex torus of dimension g. Consider the C-vector
space

Ω = HomC (V,C) := {h : V → C| h is C-antilinear}.

The map h 7→ =h defines an R-isomorphism from Ω to HomR (V,R). It
follows that the R-bilinear form,

Ω× V → R
(h, v) 7→ =h (v)

is non-degenerate. Hence the set L̂ = {h ∈ Ω| Imh (L) ⊂ Z} is a lattice in
Ω, which is called the dual lattice of L. The quotient

T̂ = Ω/L̂

is a complex torus of dimension g, called the dual torus.

2.2 Abelian varieties

Remark 2.10. For a complex vector space V , there exists a correspondence
Real bilinear anti-symmetric

forms E satisfying
E (iv, iu) = E (u, v)

 ←→
{

Hermitian forms H
on V

}
.

The natural correspondences are given by E (v, w) 7→ E (iv, w) + iE (v, w)
and H 7→ Im (H). Because of this, E and H will be used interchangeably.

Definition 2.11. Let H a Hermitian form on V such that Im (H) (L× L) ⊂
Z. We define the function

φH =: V → Ω

v 7→ Hv,

where Hv (w) = H (v, w). Note that φH (L) ⊂ L̂. Hence this map induces a
morphism

λH = λE : T → T̂

with analytical representation φH .

Proposition 2.12. Let T = V/L be a torus and H a Hermitian form on V satis-
fying H (L× L) ⊂ Z. Then the following are equivalent:

1. H is non-degenerate.

2. φH is an isomorphism.

3. λH is an isogeny.

Proof. See [RH05, Ch. 2].

Definition 2.13. A polarization on a torus T = V/L is a non-degenerate real
alternating form E on V satisfying

1. E (iu, iv) = E (u, v),
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2. E (L× L) ⊂ Z.

Definition 2.14. Let T = V/L be a complex torus of dimension g. Then T
is said to be an abelian variety if there exists a polarization on T . The pair
(T,H) is a polarized abelian variety.

Remark 2.15. Not every complex torus has a polarization. However, the
next example will show that for the 1-dimensional case it is always possible
to polarize them.

Example 2.16. Let H be the upper half complex plane. Given τ ∈ H, let
L = Z + τZ. We call the torus T = C/L an elliptic curve. The function given
by

E (α1 + β1τ, α2 + β2τ) =
−= ((α1 + β1τ) (α2 + β2τ))

=(τ)
= α1β2 − α2β1.

for αi, βi ∈ R is a polarization of T .

Remark 2.17. If we identify the elements 1 and τ as 1-cycles that generate the
lattice H1 (X,Z), the above formula gives the geometric intersection num-
ber of the 1-cycles αi + βiτ for all integral values of αi, βi.

Definition 2.18. Given a complex torus T1, a polarized abelian variety (T2, H),
and a morphism with finite kernel f : T1 → T2, we define a polarization on
T1 by

f∗ (H) (v1, v2) := H
(
ρa (f) (v1) , ρa (f) (v2)

)
.

This polarization is called the induced polarization or the pullback polarization
of f .

Definition 2.19. If (A1, H1) , (A2, H2) are polarized abelian varieties, then
f : A1 → A2 is said to be a morphism of polarized abelian varieties if f is a
morphism of complex tori and satisfies the relation f∗ (H2) = H1. An auto-
morphism of a polarized abelian variety is a bijective morphism f : A → A
such that f and f−1 preserve the polarization.

Proposition 2.20. For every polarized abelian variety (T,E) with T = V/L,
there exists a basis of L such that E can be written as(

0 D
−D 0

)
,

where D =

d1 0 0

0
. . . 0

0 0 dg

, with di positive integers such that di|di+1. Such

basis is called simplectic. The sequence (d1, . . . , dg) is called the type of the
polarization. If D is the identity matrix, then E is a principal polarization, and
T is a principally polarized abelian variety (ppav).

Proposition 2.21 (Riemann Relations). Let T be a complex torus and Π a pe-
riod matrix for T . Then T is an abelian variety if and only if there exists a non-
degenerated alternating integral matrix E of size 2g × 2g such that

1. ΠE−1Πt = 0.
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2. −i ·ΠE−1Π
t is positive definite.

Proof. See [BL13, Ch. 4].

Corollary 2.22. If A = (T,E) is a polarized abelian variety of type (d1, . . . , dg),
then there exist a basis of V and a symplectic basis of L, such that a period matrix
of T has the form:

Π = (Z D) ,

whereD is the diagonal matrix that contains as diagonal the type of the polarization
and Z is a complex g × g symmetric matrix such that = (Z) is positive definite.

Definition 2.23. Let A be an abelian variety, and A′ a sub-torus. Then A′

is said to be a sub-abelian variety if the polarization of A′ is induced by the
inclusion map i : A′ → A. If there exists a sub-abelian variety B of A such
that A = A′ +B, then we say that A′ and B are complementary.

An important property of abelian varieties is that every sub-torus (in
particular any abelian subvariety) has a complementary abelian subvariety.
This does not hold for arbitrary tori.

Theorem 2.24 (Poncairé’s Reducibility Theorem). Let (A,H) be a polarized
abelian variety and S a sub-torus of A. Then there exists a sub-torus R of A such
that A = S +R and S ∩R is finite.

Proof. See [RH05, Ch. 2].

Definition 2.25. An abelian variety is called simple if it has no proper abelian
sub-varieties.

Proposition 2.26 (Poncairé Decomposition). Given an abelian variety A, there
exist simple abelian varieties Ai not isogenous to each other, positive integers ni
and an isogeny

A→ Xn1
1 × . . .×X

nr
r

Moreover, the integers and the abelian varieties Ai are unique up to isogenies and
permutations. If all the components Ai are elliptic curves, then A is said com-
pletely decomposable.

Proof. It is straightforward from the definition of simple abelian variety and
Poncaire’s Decomposition.

Remark 2.27. Finding decompositions for arbitrary Abelian Varieties is in
general hard. We will see a way to find similar decompositions by using
group actions. It is still an open question to determine when they corre-
spond to the Poncairé decomposition.

2.3 Algebraic groups

In this section we consider mostly [SH77] and [Mil86]. Regular maps are
the morphisms of the category of algebraic varieties.

Definition 2.28. An algebraic group is an algebraic variety G which is at the
same time a group, in such a way that the product and inverse map are
regular maps. An algebraic subgroup H of G is a subgroup that is closed in
G. Finally, a morphism of algebraic groups is a group homomorphism which
is a regular map.
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Theorem 2.29. An algebraic group is a nonsingular variety.

Proof. Note that for each h ∈ G, the map

th : G→ G

th (g) = hg

is an automorphism of the variety. It follows that G is homogeneous. The
property of singularity is invariant under isomorphism of varieties. It fol-
lows that the set of singular points is empty or G. Finally, recall that the
set of singular points of a variety is a proper subset. Hence, the algebraic
group is nonsingular.

The next theorem will be useful to prove that regular maps defined on
abelian varieties are very rigid.

Theorem 2.30 (Rigidity Theorem). Let f : X × Y → Z be a regular map of
irreducible varieties X , Y and Z, with X projective. Suppose that for some point
y0 ∈ Y , the image of X × y0 under f is a single point in Z. Then, the image of
X × y is a single point for every y ∈ Y .

Proof. See [SH77, Ch. 4].

Theorem 2.31. Let ψ : G → H be a regular map of an abelian variety G to an
algebraic group H , then there exists a group morphism ϕ : G → H , such that
ψ (g) = ψ (e)ϕ (g), where e ∈ G is the identity element. In particular, two
abelian varieties are isomorphic as varieties if and only if they are isomorphic as
algebraic groups.

Proof. It is enough to show that g 7→ ϕ(g) := ψ−1 (e)ψ (g) is a group ho-
momorphism. To accomplish this, define the auxiliar function G×G → H
given by (g, g′) 7→ ϕ(g)ϕ(g′)(ϕ(gg′))−1 and apply the Rigidity Theorem.

2.3.1 Relation between Abelian varieties and algebraic groups

Proposition 2.32. Let G be an irreducible and projective algebraic group of di-
mension g over the complex numbers. Then, there exists a morphism

exp: TeG→ G,

that is surjective and its kernel is a lattice in the tangent space TeG ∼= Cg.

Proof. See [Mil86, Ch. 1, Section 2].

Remark 2.33. The above proposition implies that irreducible projective al-
gebraic groups are complex tori. Conversely, a complex torus is projective if
it can be viewed as an irreducible projective algebraic group.

Theorem 2.34. A complex torus is projective if and only if it is an abelian variety
i.e there exists a polarization on it.

Proof. It is almost the same as [Mil86, Thm. 2.8].

The above theorem allows us to apply the theory of varieties to abelian
varieties. The projective irreducible algebraic groups will also be called
abelian varieties.
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Chapter 3

Riemann Surfaces

3.1 Basic definitions and notation

A Riemann surface is a one-dimensional connected complex manifold. Un-
less otherwise stated we assume that the Riemann surface is also compact.
It can be proved that the compact Riemann surfaces are in correspondence
with algebraic curves. For this reason, both terms will be used interchange-
able.

Definition 3.1. Let U and S be complex manifolds. A (smooth) covering of
S is a surjective continuous function f : U → S such that for each s ∈ S
there exists an open neighborhood Vs of s in S for which f−1(Vs) consists
of a disjoint union of open sets Ui with f |Ui : Ui → Vs a homeomorphism.

Definition 3.2. A map F : X → Y between Riemann surfaces is said to be
holormorphic if it is holomorphic in local coordinates, i.e if for each x ∈ X
there exist charts ϕ1 : U1 → V1 on X , ϕ2 : U2 → V2 on Y with x ∈ U1,
F (x) ∈ U2, such that ϕ2 ◦ F ◦ ϕ1 is holomorphic at ϕ1(x).

Remark 3.3. Using local coordinates we can define meromorphic functions
f : X → C and their respective poles and orders. It can be proved that these
concepts are well defined. The set of meromorphic functions on X is de-
noted byM (X).

Proposition 3.4 (Local normal form). Let F : X → Y be a non-constant holo-
morphic map between Riemann surfaces and p a point ofX . Then there is a unique
integer m ≥ 1 such that F can be written in local coordinates near p as zm. This
number is denoted by multp (F ).

Proof. See [Mir95, Ch. 2, Section 4].

Remark 3.5. In the above case, the proposition implies that the set of points
satisfying multp(F ) ≥ 2 is discrete and therefore finite.

Definition 3.6. A non-constant holomorphic map F : X → Y is called a
branched covering. A ramification pointP ∈ X , is a point such that multp (F ) ≥
2. The image of a ramification point is a branch value.

Remark 3.7. For a branched covering F : X → Y , let B be the set of branch
values of F . Then the map X − F−1 (B) → Y − B is a covering map. That
is the reason of why these maps are called branched coverings.

Proposition 3.8. Let F : X → Y be a non-constant holomorphic function. Then
the number, ∑

p∈F−1(y)

multp (F )
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is independent of y ∈ Y . This value is defined as the degree of F and is denoted
by deg (F ).

Proof. See [Mir95, Ch. 4, Section 4].

Definition 3.9. Let S and M be complex manifolds. A covering transfor-
mation of a (smooth) covering f : S → M is a homeomorphism of S onto
itself which interchanges points having the same projection on M i.e the set
of topological automorphisms of S, such that the following diagram com-
mutes,

S S

M

f

h

f

These automorphisms form a group called the Galois group of the covering
and is denoted by Gal(f : S →M).

Remark 3.10. In the situation of f : S → M being a covering, if M is a Rie-
mann Surface there is a natural analytic structure on S that makes f holo-
morphic and the covering transformations holomorphic mappings from S
onto itself.

Definition 3.11. The Galois group of a covering is called fiber transitive if
there is a transformation in the group which carries any point P1 over P
into any other prescribed point P2 over P . In this situation the covering
f : S →M is a Galois covering.

3.2 Group actions on Riemann surfaces

Throughout this work G will denote a finite group and G y X an action
of G on a Riemann surface X . Actions are considered to be holomorphic
and effective, in other words, they can be represented by a monomorphism
from G to the analytical automorphism group of X , Aut (X).

Definition 3.12. Let G be a group acting on a Riemann surface X . For a
point p of X and H a subgroup of G, Gp denotes the stabilizer of p, OH

p the
orbit of p with respect to H , X/H the Quotient surface, and πH its quotient
map.

Proposition 3.13. Let G be a group acting on a Riemann surface X , and p ∈ X .
Then Gp is a cyclic subgroup.

Proof. See [Mir95, Ch. 3, Section 3].

Definition 3.14. Let G be a group acting on a Riemann surface X and H
a subgroup of G. Then the induced action of H produces two branched
coverings,

πH : X → X/H

πH : X/H → X/G

It can be proved that πH is always Galois and πH is Galois if and only if
H is a normal subgroup of G. The induced action of a subgroup and its
corresponding projection is called the intermediate quotient.
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Definition 3.15. Let f : X → Y be an holomorphic function between Rie-
mann surfaces. The Galois closure of f is a Galois covering g : Z → Y of
the lowest possible degree with the property that there is a third morphism
π : Z → X making the diagram commute

Z

X Y

π

g

f

The next result is remarkable because it allows us to make explicit com-
putations of the ramification points of a holomorphic map. It will be used
primarily for the quotient map.

Theorem 3.16 (Riemann-Hurwitz’s Formula). Let F : X → Y be a non-
constant holomorphic map between compact Riemann surfaces. Then

2g(X)− 2 = deg (F ) (2g (Y )− 2) +
∑
p∈X

(multP (F )− 1).

Proof. See [Mir95, Ch. 2, Section 4].

Lemma 3.17. LetG be a group acting on a Riemann surfaceX . Then the quotient
map π : X → X/G is holomorphic with degree |G| and multp (π) = |Gp| for any
p ∈ X .

Proof. See [Mir95, Ch. 3, Section 3].

Definition 3.18. For a branch value y ∈ X/G we say that y is marked with n
if the stabilizer of any point in its fiber has order n. Note that the stabilizers
corresponding to points of the same orbit are in the same conjugacy class.
Hence this number is well defined.

Applying the Hurwitz’s Formula and the above lemma we obtain the
following result.

Corollary 3.19. Let G be a group acting on a Riemann surface X and π its quo-
tient map. If yi ∈ Y are the branch values of π, marked with ri, then

2g (X)− 2 = |G|

(
2g (X/G)− 2 +

∑
i

1− 1

ri

)
.

Definition 3.20. Let Gi be a nontrivial cyclic subgroup of a group G acting
on a Riemann surface X . A branch value p ∈ S/G is of type Gi if the sta-
bilizer of the points in its fiber are the elements of the complete conjugacy
class of the group Gi.

3.3 Differential forms

In this section we consider the definitions given in [Mir95].

Definition 3.21. For an open set V ⊂ C, an expression ω of the form ω =
f (z) dz is called a holomorphic 1-form if the function f is holomorphic on V .
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Definition 3.22. Let X be a Riemann surface. A holomorphic 1-form on X is
a collection of holomorphic 1-forms {ωϕ = fϕ (zϕ) dzϕ}, one for each chart
ϕ : U → V , where ωϕ is defined on the open set V , such that if two charts
ϕi : Ui → Vi have overlapping domains, then

fϕ2 (w) = fϕ1 (T (w))T ′ (w) .

where z = T (w) = ϕ1 ◦ϕ−1
2 (w) is the corresponding change of coordinates

from U2 to U1. In this case we say that ωϕ1 transforms to ωϕ2 under T . The
space of holomorphic 1-forms on X is denoted by Ω1 (X)

Remark 3.23. In both definitions, if we change the word holomorphic for
meromorphic, we obtain the definition of a meromorphic 1-form over an open
set V ⊂ C and over a Riemann surface X . Informally, a meromorphic 1-
form ω is an expression that can be written in local coordinates as f(z)dz,
where f is a meromorphic function. The set of meromorphic 1-forms is
denoted byM(1).

Definition 3.24. We say that ω has a pole at p ∈ X if f(z) has a pole at p,
provided that ω can be written as f(z)dz in a neighborhood of the point p.
We define the order of ω at p by,

ordp (ω) = ordp (f)

It is easy to prove that both definitions do not depend on the chart.

Let F : X → Y be a non-constant holomorphic map between Riemann
surfaces and ω be a holomorphic 1-form on Y . We define a holomorphic
1-form F ∗ω on X as follows: fix a chart ϕ : U → V on X such that F (U) is
contained in the domain of a chart U ′ of Y . Now we have a local coordinate
z on U ′ and w on U such that z = h (w) for some holomorphic function h.
If ω has the form f (z) dz, we define the pullback of ω via F by

F ∗ω = f (h (w)) dw.

Note that F ∗ω is a holomorphic 1-form on X .

3.4 Divisors on a Riemann Surface

Definition 3.25. For a Riemann surface X , we define the group of divisors
of X denoted by Div (X) as the free abelian group over the set X . Thus, its
elements are formal sums with finite support of points on X . The element
of Div (X) are called divisors. Given two divisors D1 =

∑
nxx and D2 =∑

mxx, we say that D1 ≥ D2 if nx ≥ mx for all x ∈ X . Given a divisor
D =

∑
x∈X nxx, the degree of D is the number deg (D) =

∑
x∈X nx. Note

that deg is a homomorphism from Div (X) to the group Z. The kernel of deg
is denoted by Div0 (X).

Definition 3.26. For a meromorphic function f onX , we define the principal
divisor of f by

(f) :=
∑
x∈X

ordx (f)
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The set of principal divisors of X is a subgroup of Div (X) denoted by
PDiv (X). Given two divisors D1, D2, we say that they are linearly equiv-
alent if D1 −D2 ∈ PDiv (X).

Remark 3.27. Recall that the poles of a meromorphic function form a finite
set for compact Riemann surfaces. Hence, a principal divisor is in fact a
divisor on X . Furthermore (f) ∈ Div0 (X) since the sum of the degrees of a
meromorphic function is 0 (see [Mir95, Ch. 2, Section 4]). In particular, the
degree is stable under linear equivalence.

Definition 3.28. For a meromorphic 1-form ω on X , we define the canonical
divisor of ω by,

(ω) :=
∑
x∈X

ordx (ω)x

The set of canonical divisors is denoted by KDiv (X).

Remark 3.29. Again the set of poles of a meromorphic 1-form is a discrete
set, thus the canonical divisor is in fact a divisor. The following lemma
implies that all the canonical divisors over X have the same degree.

Lemma 3.30. Let ω1, ω2 be meromorphic 1-forms on a Riemann surface X , then
there exist a meromorphic function f satisfying ω1 = fω2. Furthermore, it can
be proved that the degree of all the divisors equals 2g − 2. In particular, all the
canonical divisors on X are linearly equivalent.

Proof. See [Tal09].

Definition 3.31. For a divisor D, we define the sets,

L (D) = {f ∈M (X) : (f) +D ≥ 0} ∪ {0}
I (D) = {ω ∈M(1) : (ω) ≥ D} ∪ {0}

whereM (X) andM(1) (X) denote the sets of meromorphic functions and
meromorphic 1-forms respectively. Note that L (D) and I (D) are vector
spaces over C. We define the numbers l (D) and i (D) to be the dimensions
of these vector spaces respectively.

Remark 3.32. If the degree of D is negative, then the space L (D) is empty.
In fact, if f ∈ L (D) then

0 ≤ deg
(
(f) +D

)
= deg (f) + degD = degD.

Note that L (0) = {f ∈ M (X) : (f) ≥ 0} is the space of holomorphic
functions on X . Since X is compact, this is the set of constant functions and
it is therefore isomorphic to C. It follows that l (0) = 1.

Lemma 3.33. Let D be a divisor and K a canonical divisor. Then the spaces
I(K − D) and L(D) are isomorphic as complex vector spaces. In particular, the
space I(D) is isomorphic to L(K −D) and L (K) is isomorphic to Ω1 (X).

Proof. The divisor K can be written as K = (ω) for some meromorphic
1-form ω. Note that the equality,

(f) +D = (fω)− (ω) +D = (fω)− (K −D)
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implies that a meromorphic function f lies in L (D) if and only if fω ∈
I (K −D). Thus, we have a morphism

L (D)→ I (K −D)

f 7→ fω

Lemma 3.30 implies the existence of an inverse map. Taking K −D instead
ofD we get an isomorphism between I (D) with L (K −D). FinallyK = D
gives the isomorphism of L (K) with Ω1 (X).

Lemma 3.34. Let D1, D2 be linearly equivalent divisors. Then the spaces I (D1)
and I (D2) are isomorphic. The same holds for L (D1) and L (D2).

Proof. Let f be a meromorphic function, such that D1 = D2 + (f). Given an
element ω ∈ I (D1), note that the element fω ∈ I (D2) since

(fω) +D2 = (f) + (ω) +D2 = (ω) +D1 ≥ 0.

This defines a morphism φ : L (D1) → L (D2) between the C vector spaces.
Since f is a meromorphic function, its reciprocal f−1 is meromorphic and
defines the inverse of φ. The proof for the isomorphism between the spaces
L (Di) is analog.

Theorem 3.35 (Riemann Roch Theorem). IfD is a divisor on a Riemann surface
of genus g. Then the following holds

l (D)− i (D) = degD + 1− g

Proof. See [Mir95] and [Tal09].

Corollary 3.36. Let X be a Riemann surface of genus g. Then Ω1 (X) is a C-
vector space of dimension g.

Proof. It is clear that Ω1 (X) is a C-vector space so it suffices to prove that
it has dimension g. Considering the Riemann Roch theorem for the divisor
D = 0, we get,

l (0)− i (0) = deg (0) + 1− g

From Remark 3.32 we know that l (0) = 1 and obviously deg (0) = 0. It fol-
lows that i (0) = g. The result follows from Lemma 3.33, since this implies
that I (0) ∼= Ω1 (X).

3.5 Integrals and the Jacobian variety.

For this section we consider mostly [Mir95].
Now we define the concept of integral of a 1-form over a path. A path on

a Riemann surface X is a continuous and piecewise C∞ function γ : [a, b]→
X . The path is closed if γ(a) = γ(b).

Definition 3.37. Let X be a Riemann surface, γ a path on X and ω a holo-
morphic 1-form on X . Choose a partition [ai, ai+1] of [a, b] such that each
image of γ restricted to this interval is a C∞ curve γi contained in the do-
main Ui of a chart ϕi. Then for the open set Ui, ω has the form ω = fi (z) dz
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with fi holomorphic. We define the integral of ω along γ as the complex
number ∫

γ
ω =

∑
i

∫ ai

ai−1

fi
(
φi ◦ γi (t)

)
dt.

It can be proved that the value of the integral is independent of the parametriza-
tion and the partition.

Proposition 3.38. Let γ1 and γ2 be homotopic paths on X and ω a 1-form. Then∫
γ1

ω =

∫
γ2

ω.

The above proposition implies that integrals of holomorphic 1-forms
can be defined in homology classes of H1 (X,Z). This induces the following
morphism:

H1 (X,Z) : → Ω1 (X)∗

[a] 7→
∫

[a]

Moreover, it can be proved that this morphism is injective. See [Mir95] for
references.

Definition 3.39. Let Λ denote the image of the above monomorphism. Then
H1 (X,Z) can be regarded as a subgroup of Ω1 (X)∗. An element T ∈ Λ is
called a period of X .

We have identifications Λ ∼= H1 (X,Z) ∼= Z2g and Ω1 (X)∗ is a vector
space of dimension g. Therefore Λ is a lattice of this space.

Definition 3.40. Let X be a Riemann surface of genus g. The Jacobian of X ,
denoted by Jac (X), is the g-dimensional complex torus

(3.1) Jac (X) = Ω1 (X)∗
/

Λ

Theorem 3.41. Let X be a Riemann surface of genus g. Then the Jacobian variety
Jac (X) can be regarded as a principally polarized abelian variety.

Sketch of proof. We know that Jac (X) is a complex torus of dimension g.
The principal polarization is given by the geometric intersection number in
H1 (X,Z) extended to Ω1 (X)∗ by the injection as in Remark 2.17.

3.5.1 Actions on the Jacobian Variety

For this section, we consider [Mir95] and [Wol02].

Remark 3.42. Given a linear transformation T : V → W between vector
spaces V , then there exist a dual map T ∗ : W ∗ → V ∗. Consider fixed bases
for V and W , and the corresponding dual bases for V ∗ and W ∗. The matrix
representation of T and T ∗ are related by [T ∗] = [T ]t. If a group G acts on a
vector space V , it induces an action of G on V ∗ given by:

G× V ∗ → V ∗

(g, f) 7→ f(g−1)
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For each g ∈ G the associated matrices are related by [g∗] = [g]−t. This is
the dual action.

Given an action of a finite group G on a Riemann surface X , let ϕ : G→
End (X) be the associated morphism. Note that the pullback φ∗ induces an
action on Ω1 (X) in the following way,

ψ : G→ End
(
Ω1 (X)

)
g 7→ ψg

where ψg (ω) = ϕ∗g−1ω. The dual action induces an action of G on the space
Ω1 (X)∗. This defines an action of G on the space Ω1 (X)∗.

Lemma 3.43. Let F : X → Y be a holomorphic map between Riemann surfaces,
γ : [a, b]→ X a path on X and ω a 1-form on Y , then

(3.2)
∫
F∗γ

ω =

∫
γ
F ∗ω

where F∗γ = γ ◦ F .

The above lemma implies that the action of G on Ω1 (X)∗ takes period
elements to period elements. Hence there is an induced action on Jac (X).
In conclusion, any action of a group G on a Riemann surface X induces
an action on Jac (X). This action is called the natural action on the Jacobian
variety.

The following theorem relates the automorphism groups associated to
a Riemann surface and its corresponding Jacobian variety.

Theorem 3.44. If a curve X has a non trivial group of automorphisms, then

Aut (X) =

{
Aut (JX) , if X is hyperelliptic,
Aut (JX) /{±1}, if not.

Proof. See [Wol02] and the references given in [LR04].
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Chapter 4

Representation theory of finite
groups

4.1 Semisimple rings properties

Definition 4.1. A ring R with unit is said to satisfy the minimum condition
if every nonempty collection of left ideals has a minimal element. Further-
more ifR does not have non-trivial two sided ideals thenR is called simple.

Remark 4.2. If K is a field and G is a finite group, then the group algebra
K[G] can be regarded as a K-vector space. Note that the left ideal of K[G]
are vector subspaces. In particular, this algebra satisfies the minimum con-
dition.

Definition 4.3. Let R be a nonzero ring and M a nonzero R-module. The
module M is said to be completely reducible if it is a direct sum of irreducible
R-submodules.

Theorem 4.1 (Weddeburn’s Theorem). Let R be a nonzero ring with unit sat-
isfying the minimum condition. Then the following are equivalent:

1. Every R-module is completely reducible.

2. The ring R considered as a left R-module is a direct sum

R = L1 ⊕ . . .⊕ Ln

where each Li is a simple R-module (i.e a minimal left ideal) with Li = Rei,
for some ei ∈ R with ei idempotent orthogonal such that 1 = e1 + . . .+ en.

3. As rings, R is isomorphic to a direct product of matrix rings over division
rings, i.e R ∼= R1 × . . . × Rr where Rj is a two-sided ideal of R and is
isomorphic to the ring of matrices of size nj × nj with entries in a division
ring Dj . The integer r, nj and the division rings Dj (up to isomorphism)
are uniquely determined by R.

Proof. See [DF04, Section 18.2].

Definition 4.4. A ring R satisfying any of the equivalent properties in the
above theorem is called semisimple.

Theorem 4.5 (Maschke’s Theorem). LetG be a finite group andK a field whose
characteristic does not does not divide the order ofG. IfM is aK[G]-module andU
is a submodule ofM , then there exists a submodule V ofM such thatM = U⊕V .
In other words, every submodule is a direct sum of M .
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Proof. See [DF04, Section 18.1].

Corollary 4.6. If K is a field and G is a finite group whose order is not divisible
by charK, then the group algebra K[G] is a semisimple ring.

Proof. This follows directly from Maschke’s Theorem and the first equiva-
lence in Wedderburn’s Theorem.

Proposition 4.7. Let 4 be a division ring, n ∈ N and R the ring of all n × n
matrices over4 with identity I . Then

1. R is a simple ring.

2. Let ei be the matrix with a 1 in the position i, i and zero elsewhere. Then ei
are orthogonal primitive idempotents whose sums is the identity.

3. Let Li = Rei. Then Li is a simple left R-module. Every simple left R-
module is isomorphic to L1. In particular R = L1 ⊕ . . . Ln ∼= Ln1 .

Proof. See [DF04, Section 18.2].

Lemma 4.8 (Schur’s Lemma). Let R be an arbitrary nonzero ring, M,N simple
R-modules and ϕ : M → N a nonzero R-module homomorphism. Then ϕ is an
isomorphism and HomR (M,M) is a division ring.

Proof. Recall that the image and kernel of a morphism between R-modules
are submodules N and M respectively.

Proposition 4.9. Let R be a semisimple ring, then every irreducible R-module is
isomorphic to some minimal left ideal of R.

Proof. Weddeburn’s Theorem implies that there exist left R-modules such
that R = Re1 ⊕ . . . Ren. Let M be a nonzero R-module. Note that M can be
decomposed in the following way

M =
∑
m∈M

n∑
i=1

Reim.

Therefore, some factor Rekm is nonzero. Define the map ϕ : Rek → M by
rek 7→ rekm. Note that φ is a nonzero R-homomorphism between simple
R-modules, so the above lemma implies that ϕ is an isomorphism.

Remark 4.10. Note that this proposition implies that the decomposition ofR
as a sum of minimal left ideals in the second equivalence of Wedderburn’s
Theorem is unique up to permutations.

Lemma 4.11. Let R be a semisimple ring and let L1, L2 be minimal left ideals of
R. Then L1 and L2 are isomorphic if and only if there exists some r ∈ L1 such that
L1 = L2r. Otherwise, L2r = 0 for every r ∈ L1.

Sketch of proof. The proof consists in definingR-homomorphisms of the form
x 7→ rx and the fact that both ideals are simple R-modules to conclude that
the kernel and the image are both trivial.

Definition 4.12. Let R be a semisimple ring and L a minimal left ideal of R.
We define CL as the sum of all the minimal left ideals of R isomorphic to L.
The ideal CL is called a simple component of R.
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Theorem 4.13. Let R be a semisimple ring, L be a minimal left ideal and CL the
simple component associated to L. Then CL is a simple ring andR =

⊕
CL where

L runs over a complete set of non isomorphic minimal left ideals ofR. Moreover for
each two sided ideal I of R, the ideal can be decomposed as a direct sum of simple
components of R

Proof. The proof is straightforward.

Remark 4.14. It follows from Wedderburn’s Theorem and the above result
that the simple components of a ring are isomorphic to matrix rings over
a division ring. In particular, let R1, R2 be different components in the de-
composition given by the third equivalence in Weddeburn’s Theorem and
let L1, L2 be minimal left ideals contained in them respectively. Then L1

and L2 are not isomorphic.

4.2 Basic concepts of representation theory

In this section G will denote a finite group.

Definition 4.15. Let G be a group and V a vector space over K. A K-
representation of G is a homomorphism T : G → GL (V ). We usually write
Tg for T (g). Two representations T, T ′ are said to be equivalent if there ex-
ists a K-isomorphism S : V → V ′ such that

T ′gS = STg.

The degree of T is the dimension of the vector space V overK and is denoted
by deg T . For this work, we will consider K = Q,C.

Remark 4.16. A representation ϕ : G → GL (V ) is uniquely determined by
giving V a structure of K[G]-module. The equivalence of representations is
translated into a isomorphism of K[G]-modules.

Definition 4.17. Let T : G → GL (V ) be a representation. A subspace W ≤
V is G-invariant if, for all g ∈ G, one has φg (W ) ⊂ W . A nonzero represen-
tation is said to be an irreducible representation or irrep if the onlyG-invariant
subspaces are {0} and V .

We introduce the concept of a character associated to a representation
ϕ : G→ GL (V ).

Definition 4.18. Let ϕ : G → GL (V ) be a representation. The character
associated to the representation ϕ is the function χϕ : G → K defined by
χϕ = Tr (ϕg). The characters associated to irreps are called irreducible char-
acters. We use the symbol IrrK (G), to denote the complete set of irreducible
representations of G over K.

Remark 4.19. Observe that any character is constant on the conjugacy classes
of G. A function with this property is called a class function.

Theorem 4.20. For a finite group G, the following holds:

1. | IrrC (G) | = Cl (G), whereCl (G) denotes the number of conjugacy classes
of G.
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2. |G| =
∑

Vi∈IrrC(G)

(dimVi)
2.

Proof. See [Ste11, Ch. 4]

Theorem 4.21. Let G be a finite group. Then | IrrQ (G) | is equal to the number of
conjugacy classes of cyclic subgroups of G.

Proof. See [Ser12, Ch. 13].

Given a representation of a subgroup H ≤ G we define an induced
representation on the group G.

Definition 4.22. LetH be a subgroup ofG, ϕ : H → GL (V ) be a representa-
tion of H and g1, . . . , gr be a full set of representatives in G of the left cosets
of H of degree d. We define the map ϕ̇x : G→ GL (V ) by

ϕ̇x =

{
ϕx, if x ∈ H
0, if x /∈ H.

where 0 is the d × d matrix with 0 on all its entries. We define the induced
representation by

IndGH ϕ : G→ GLmd (C) .[
IndGH ϕ

]
ij

= ϕ̇g−1
i ggj

.

Proposition 4.23. Let G be a group, H ≤ G a subgroup and ϕ : H → GL (V ) a
representation of H . Then the degree of the induced representation is given by:

deg IndGH ϕ = [G : H] degϕ.

Proof. To prove that the induced representation is a representation is straight-
forward. The degree of this is given by construction.

Definition 4.24. Let ϕ : G → GLn (K) be a representation of G and F ⊂ K
be a subfield ofK. We say that ϕ is realizable in F if there exists a representa-
tion ψ : G → GLn (F ) such that ϕ and ψ are K-equivalent representations.
In terms of modules: let M be the K[G]-module associated to ϕ. Then ϕ is
realizable in F if there exists a F [G]-module N such that M and N ⊗F K
are isomorphic as left K[G]-modules.

Let χ be the character of an irreducibleK-representationϕ : G→ GL (V ).
For any subfield F ⊂ K we define the field FV = F (χ) = F (χ (g) : g ∈ G).
This field is contained in a cyclotomic extension, since χ (g) is the sum of
roots of unity. In particular, this extension is Galois of finite degree. The
Galois group of this representation is defined as the Galois group of the
field extension FV /F , and it is denoted Gal (FV /F ). Finally, for a subgroup
H ≤ G, FixH (V ) denotes the set of fixed points of V under the action of H .

Definition 4.25. Let ϕ be an irreducibleK-representation of a groupGwith
character χ and F be a subfield F ⊂ K. We define the Schur index of ϕ with
respect to F as

`F (ϕ) = min{|L : F (χ) | ϕ is realizable over L}.
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Remark 4.26. If the Schur index is taken with respect to Q, then we omit the
subscript of the field. In this case the schur index is denoted by `V , where
V is the associated K[G]-algebra of the representation.

Definition 4.27. Let ϕ : G → GL (V ) be a Q-irreducible representation of
G, we say that ϕ is absolutely irreducible if ϕ ⊗Q C is irreducible over C.
If all representations of G are absolutely irreducible, then we say that G
is absolutely irreducible. An example of absolutely irreducible groups is
given by the family of symmetric groups Sn (See [CRR14]) more generally
any Weyl group is absolutely irreducible (See Theorem 5.38). Note that the
product of absolutely irreducible groups is absolutely irreducible.

Let V be a complex irreducible representation ofG, χ its character, `V its
Schur index and KV the extension field of V . Note that σV is an irreducible
representation for each σ ∈ Gal (KV /Q). Note that these representations
are those associated to the characters σχ, thus they are not isomorphic to
each other. We call the set {σV : σ ∈ Gal (KV /Q)} the Galois class of V .

Theorem 4.28. Let {V1, . . . , Vr} be a complete set of representatives of Galois
classes from the set IrrC (G) and let Kj = KVj , `j = `Vj and Gj = Gal (Kj/Q).
Then forW ∈ IrrQ (G) there exists precisely one Vj satisfying

W ⊗Q C ∼=
`j⊕
i=1

⊕
σ∈Gj

σVj :=
⊕
σ∈Gj

(σVj)
`j

Conversely, the right side of the equality is the complefixication ofW .

Proof. See [CR66, Ch. 10, Section 70].

Remark 4.29. If ϕ : → GL (V ) is a K-representation which is realizable over
a subfield F ⊂ K, then lF (ϕ) = 1. We will use this for absolutely irre-
ducible representations.

Definition 4.30. LetG be a finite group andK a field of characteristic 0. Let
{Ui}i∈I be an indexation of the set IrrK (G). We define the value N (G,K) =∑

dim (Ui). Note that if G is absolutely irreducible then IrrQ (G) = IrrC (G)
and N (G,Q) = N (G,C). In this case we simplify the notation by Irr (G)
and N (G) respectively.

4.3 Representations of a semi direct product with an
abelian factor

Let A,H be finite groups with A abelian and let G = A o H be a semi
direct product of them. There is a method to construct all the irreducible
representations over C of the groupG, known as Little Groups Method which
will be explained below

Let ΩA be a complete set of inequivalent irreducible representations ofA
over C. SinceA is abelian, the elements of ΩA are homomorphisms ρi : A→
C∗. There is a natural action of G on the set ΩA given by:

G× ΩA
φ−→ ΩA

(g, ρ) 7→ ρg,
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where ρg is defined by ρg (a) = ρ
(
g−1ag

)
and is known as the conjugate

representation. Denote by ΩH
A = {ρj}j∈J a set of representatives of the orbits

by the subgroup H in ΩA. For each j ∈ J , let Hj = StabHρj and Gj = StabGρj .
Observe that Gj is given by Gj = A oHj . We define an extension ρj of ρj
on the subgroup Gj by

ρj (ahj) = ρj (a) .

For each a ∈ A and each hj ∈ Hj , it is easy to show that this is an irre-
ducible representation of Gj of degree 1. Let {σij}i∈I be a complete set of
the complex inequivalent irreps of Hj . In a similar way as before, extend
these representations to obtain representations {σij}i∈I of Gj . Taking ten-
sor product defines a representation ρj ⊗ σij of Gj . Let θij be the induced
representation on G of the latter representation; i.e θij is defined as

θij = IndGGj
(
ρj ⊗ σij

)
.

Proposition 4.31. Let G = A o H be a semi direct product with A an abelian
group and let {θij} be the set of representations of G constructed above. Then the
following holds:

• Each θij is irreducible.

• The irreps θij and θi′j′ are equivalent if and only if i = i′ and j = j′.

• Every irreducible representation of G is isomorphic to one of the θij .

Proof. See [Ser12, Ch. 8].

4.4 The Isotypical decomposition

LetA be an abelian variety, G a finite group acting onA and Q[G] the group
algebra of G over the field Q. This action induces a Q-algebra homomor-
phism ψ : Q[G]→ EndQ (A).

Any element t ∈ Q[G] defines an abelian subvariety t (A) := Im (ψ (mt))
where m ∈ Z is an integer such that nt ∈ Z[G]. From this, it follows that
ψ (mt) ∈ End (A). Note that this definition does not depend on the chosen
integer m since any abelian variety is a divisible group. We choose special
elements to induce a decomposition of A.

For this purpose, use Wedderburn’s Theorem to decompose the group
algebra Q[G] as

Q[G] = Q1 × . . .×Ql.

with Qi a simple Q-algebra. Let ei be the unit element of the algebra Qi.
Considering ei as elements of Q[G], they form a set of orthogonal idempo-
tents contained in the center of Q[G] that satisfy the following equation

1 = e1 + . . .+ el.

Proposition 4.32. If Ai denotes the abelian variety Ai = ei (A) for i = 1, . . . , l,
then

1. Ai is a G-stable abelian subvariety of A with HomG (Ai, Aj) = 0 for i 6= j.
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2. The addition map induces an isogeny

ϕ : A1 × . . .×Al → A.

This decomposition is unique up to permutations and is called the isotypical de-
composition of A. The Ai are called the isotypical components.

Proof. See [LR04].

Now we decompose the isotypical components into a product of pair-
wise isogenous abelian subvarieties.

Theorem 4.2 (Isogeny decomposition). Let Ai 6= 0 be one of the nonzero
isotypical components of an abelian variety A associated to the irreducible Q-
representationWi, let Qi be the simple Q-algebra associated to it and let ei denote
the unit element of Qi. Then there are idempotent elements qi1, . . . , qisi ∈ Qi such
that ei =

∑
j qij . Define abelian subvarieties Bij by Bij := qij (A). Then the

following holds:

1. Let ni := dimD (Wi) with D := EndG (Wi) and let Vi a complex represen-
tation associated toWi. Then ni = dim (Vi) /mQ (Vi) = si.

2. There is an isogeny µi : Bi1 × . . . Bini → Ai.

3. The abelian subvarieties Bij are pairwise isogenous. Therefore any Ai is
isogenous to a power of an abelian variety Bi

Ai ∼ Bni
i

In conclusion, there exist abelian subvarieties B1, . . . , Bl of A and an isogeny

A ∼ Bn1
1 × . . .×B

nl
l .

Proof. See [LR04] and [CR06].

Remark 4.33. The factors Bi of the isogeny decomposition are called primi-
tive factors. Moreover, note that ifWi is an absolutely irreducible represen-
tation, then ni = dim (Vi) = dim (Wi).

Corollary 4.34. Suppose that G is an absolutely irreducible group acting on a
Riemann surface X . Let {Vi}li=1 denote the set Irr (G). Consider the induced
action on Jac (X) and apply the isogeny decomposition to this abelian variety.
This implies that there exist abelian subvarieties B1, . . . , Bl of Jac (X) such that:

Jac (X) ∼ BdimV1
1 × . . .×BdimVl

l .

We always assume that V1 is the trivial representation. In this case, it can be proved
that the component B1 is isogenous to the Jacobian variety of the curve X/G, from
which follows that dim (X/G) = dimB1.

Definition 4.35. Suppose that a finite group G is acting on a Riemann sur-
face X . Furthermore, suppose that the dimension of the factors Bi associ-
ated to the decomposition of Jac (X) is at most 1. Then we say that the pair
(G,X) (or simply G if there is no ambiguity) satisfies the Hypothesis A . In
particular, Jac (X) is a completely decomposable abelian variety.
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Chapter 5

Coxeter Groups and Weyl
Groups

Throughout this chapter, V will denote a real Euclidian space. Most of the
material of this chapter is based on [Hum92] and [BB06].

5.1 Finite reflection groups

Definition 5.1. Let V be a real Euclidian space endowed with a positive
definite symmetric bilinear form 〈, 〉. Let α ∈ V be an element of the space
and Hα the hyperplane orthogonal to the line Lα that passes through α. A
reflection with respect to α is a linear operator T = Tα on V such that:

T (α) = −α
T |Hα = idHα

A finite group generated by reflections is called a finite reflection group. From
now on we denote by W a finite reflection group acting on the Euclidian
space V . We say that a reflection group W is essentially relative to V if there
are no nonzero fixed points.

Remark 5.2. The operator Tα is given by:

Tαv = v − 2 (v, α)

(α, α)
α.

It follows that Tα is an orthogonal transformation of order 2 in the group of
all orthogonal transformations on V , O (V ).

Example 5.3. We introduce three of the most important families of finite
reflection groups.

• (Sn, n ≥ 2) The symmetric group Sn can be thought of as a subgroup
of O (n,R) as follows: a permutation σ ∈ Sn acts on Rn by permuting
the standard basis. Note that the transposition (ij) corresponds to the
reflection Tei−ej .

• (Bn, n ≥ 2). For V = Rn, note that the group generated by the reflec-
tions Te1 , . . . Ten (called the group of sign changes) is isomorphic to Zn2 ,
which intersects Sn trivially and is also normalized by Sn. Thus the
semidirect product of Sn and the group of sign changes yields a re-
flection group of order 2n ·n!. This group is called the Hyper-octahedral
group of rank n.
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• (Dn, n ≥ 3). Again consider the space V = Rn. Consider H the
subgroup of the sign changes generated by the reflections Tei+ej (for
i 6= j). Note that H is a subgroup of index 2 in the group of sign
changes. The semidirect product of Sn and the group of sign changes
yields another reflection group of order 2n−1 · n! which is called the
Demihedral group of rank n.

Remark 5.4. It can be proved that the groups S4 and D3 are isomorphic.

The goal of the following results is to understand the internal structure
of a finite reflection group. We start by studying properties of their action
over Euclidian spaces.

Proposition 5.5. Let F ∈ O (V ) and α ∈ V be a nonzero vector, then FTαF−1 =
TFα. In particular Tα ∈W if and only if Twα ∈W (assuming w ∈W ).

Proof. It is clear that FTαF−1 maps tα to its negative. Now we will prove
that FTαF−1 fixes the plane HFα. Recall that since F preserves the dot
product, v ∈ Hα if and only if Fv ∈ HFα. Hence, whenever v lies in Hα,

FTαF
−1 (Fv) = FTαv = Fv,

and the proposition is proved.

Definition 5.6. We say that Φ ⊂ V is a root system if,

1. Φ is finite.

2. Φ ∩ Lα = {±α} for every α ∈ Φ.

3. Φ is stable under Φ-reflections, i.e, TαΦ = Φ for all α ∈ Φ.

We say that the groupW is associated to Φ if it is generated by the elements
Tα where α ranges over Φ. Elements of Φ are called roots, W a Φ-group, and
|Φ| is the rank of the group.

Proposition 5.7. Let W be a finite reflection group, then W can be realized as a
Φ-group for some root system Φ. Conversely, any Φ-group is finite.

Proof. Suppose that W is a finite reflection group, let {Tαi} be a finite set of
reflections generating W with no elements proportional to each other. De-
fine Φ as the set of unit vectors lying on the lines Lαi . Then Proposition 5.5
implies that Φ satisfies the third hypothesis in order to be a root system.
First and second hypotheses are satisfied by construction.

Conversely, suppose thatW is a Φ-group. Note that Tα fixes 〈Φ〉⊥ point-
wise for each α ∈ Φ. It follows that a monomorphism W : → S|Φ| exists,
hence W is finite.

Remark 5.8. A finite reflection group is henceforth to be studied with a cor-
responding root system.

Definition 5.9. Let < be a total order on the euclidian space V that respects
the vector space structure. A set is positive if every element is greater than
0. Negative subsets are defined in the same way.

Remark 5.10. From now on, a total order on a euclidian space is assumed
to respect the algebraic structure. Every Euclidian space has a total order,
since the lexicographic order on V provides an example.
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Definition 5.11. Let Φ be a root system Φ. Then ∆ ⊂ Φ is called a simple
system if it is a basis for 〈Φ〉 and each root is a linear combination of elements
of ∆ with coefficients of the same sign.

Theorem 5.1. Let ∆ be a simple system in the root system Φ, then there exists a
unique positive system containing ∆, satisfying (α, β) ≤ 0 for all α 6= β in ∆.
Moreover, every positive system in Φ contains a unique simple system.

Proof. See [Hum92, Ch. 1, Section 3].

Theorem 5.2. LetW be a finite reflection group with a root system Φ and a simple
system ∆ in Φ. Then W is characterized by the presentation,

W =
〈
Tα, α ∈ ∆

∣∣∣(TαTβ)m(α,β) = e
〉
.

where m (α, β) denotes the order of TαTβ in W .

Proof. See [Hum92, Ch. 1, Section 9].

Definition 5.12. We say that a root system Φ ⊂ V is crystallographic if,

2 (α, β)

(β, β)
∈ Z ∀α, β ∈ Φ,

These values are called Cartan integers. In this case, the Φ-group is a Weyl
group.

Remark 5.13. The crystallographic condition implies that Φ is contained in
the Z-span of ∆. Thus if W is also assumed to be essential then the Z-span
of ∆ is a lattice stable under the action of W .

Proposition 5.14. The Weyl groups are the finite reflection groups for which
m (s, s′) ∈ {2, 3, 4, 6} for all s 6= s′ in W .

Proof. See [Hum92, Ch. 2].

Remark 5.15. It can be proved that for an irreducible root system there can
be at most two values for the length (α, α)1/2. These are called the short and
long roots of the system. If all roots have the same length they are taken to
be long by definition.

Example 5.16. The following are examples of crystallographic root systems
and their respective simple system ∆.

1. (Sn, n ≥ 2) Let H ⊂ Rn be the orthogonal space to the element
∑
ei

and the standard lattice L = Z1e1 + . . .+Znen. The root system is given
by

Φ = {v ∈ H ∩ L : |v|2 = 2}

Then Φ is given by the elements

ei − ej (1 ≤ i 6= j ≤ n+ 1)

And ∆ is given by

∆ = {ei − ei+1 : i = 1 . . . n}.
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2. (Bn, n ≥ 2). Let V = Rn and L the standard lattice. Then Φ is defined
by

Φ = {v ∈ L : |v|2 ∈ {1, 2}}.

Note that the short roots of Φ are given by ±ei and the long roots
are ±ei ± ej (i < j). Thus ∆ is given by v1 = e1 − e2, v2 = e2 −
e3, . . . , vn−1 = en−1 − en, vn = en.

5.2 Coxeter groups

Theorem 5.2 motivates the following definition:

Definition 5.17. Given a set S and a function m : S × S → {1, 2, . . . ,∞}
satisfying

m
(
s, s′

)
= m

(
s′, s

)
m
(
s, s′

)
= 1⇔ s = s′,

let W be the quotient group F/N , where F is the free group on the set S
and N is the normal subgroup generated by the elements (ss′)m(s,s′). Then
the pair (W,S) is called a Coxeter system, W a Coxeter group, m the Coxeter
function, S the set of Coxeter generators, and |S| its rank. Note that finite
reflection groups are examples of Coxeter groups.

Remark 5.18. We make the convention that m (s, s′) = ∞ means that there
are no relations between the elements s, s′ in the group W .

Definition 5.19. Given a Coxeter system (W,S), the associated Coxeter graph
is the undirected graph (S, {(s, s′) |m (s, s′) ≥ 3}) where arcs are labeled
by m. It is customary to omit the label 3 as it occurs frequently. A Coxeter
system is said to be irreducible if the corresponding graph is connected.

Example 5.20. The usual notation for the presentation of the dihedral group
D6 of order 12 is given as follows〈

r, s : r6 = s2, srs = r−1
〉

Following this notation, consider the following subsets of D6.

S = {r, r5s}
S′ = {s, r3, rs}

Note that both sets define Coxeter generators thus Coxeter systems, and in
fact they are irreducible. Moreover, the rank of these systems are 2 and 3
respectively. Despite that, the associated groups of both systems are iso-
morphic. In conclusion, the Coxeter system is not determined by the iso-
morphism class of its Coxeter group.

For a subset J ⊂ S, the subgroup of W generated by J is the parabolic
subgroup of J and is denoted byWJ . The following result implies that every
finite reflection group can be decomposed into the product of irreducible
groups and parabolic subgroups.
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Proposition 5.21. Let (W,S) be a finite Coxeter system with associated graph
Γ, Γi a connected component, and Si the corresponding subset of S. Then W is
isomorphic to

∏
iWSi .

Remark 5.22. The definition of a Coxeter system leaves some subtleties that
need to be considered. A priori, it may happen that some element of S
could be trivial in W . For example: it can be shown that the presentation〈

x, y : x4 = y3, xy = y2x2
〉

induces the trivial group. The following result implies that this does not
happen for Coxeter groups.

Proposition 5.23. For a Coxeter group W there is a unique morphism f : W →
{−1, 1} sending each s ∈ S to −1. In particular, each s is non trivial in W and
W has a subgroup of index 2.

Proof. Let F be the free group over the set S. We define the function f : S →
{−1, 1} sending each s into −1. Note that the elements (ss′)m(s,s′) lie in the
kernel, it follows that f can be extended to the desired morphism.

5.2.1 Geometric representation

Given a Coxeter system (W,S), we define a faithful representation σ : W →
GL (V ) for some real vector space V with a basis indexed by S. The idea
is to send each s ∈ W to a quasi-reflection in V . In this context, a quasi-
reflection is a linear operator T : V → V which fixes some hyperplane and
sends some vector to its negative. Moreover, we define an associated bilin-
ear form B related to the Coxeter function m(s, s′) which will determine a
geometry in the space V .

Definition 5.24. Let V be a finite dimensional real vector space and B a
bilinear form on V . A vector v ∈ V is said to be isotropic with respect to
B if B (v, v) = 0. The bilinear form B is non-isotropic if it has no nonzero
isotropic vectors. Furthermore, if B is non-degenerate and W ≤ V , we
define the perp space

W⊥B = {v ∈ V |B (w, v) = 0 for all w ∈W}.

Lemma 5.25. Let B be a non-degenerate bilinear form on V and W ≤ V a sub-
space. Then dimW⊥B = dimV − dimW . In particular, if B is non isotropic, then
V = W⊥B ⊕W .

Proof. The proof is straightforward.

Definition 5.26. Given a Coxeter system (W,S), and a real vector space V
having a basis indexed by {as|s ∈ S}. We define a symmetric bilinear form
B on V by

B (as, as′) = − cos
π

m (s, s′)

If m (s, s′) = ∞ then we interpret this expression as B (as, as′) = −1. For
each s ∈ S we define the operator Ts : V → V ,

Tsv = v − 2B (as, v) as
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Remark 5.27. Since Ts (as) = −as and fixes (Ras)
⊥
B pointwise, the operator

Ts is a quasi-reflection. Note that Ts belongs to GL (V ) for each s ∈ S.

Proposition 5.28. The map s 7→ Ts can be extended uniquely to a representation
σ : W → GL (V ). Moreover, for each pair (s, s′) ∈ S, the order of ss′ in W is
precisely m (s, s′). This representation is called the geometric representation of
the Coxeter system and is in fact faithful.

Proof. See [Hum92, Ch. 5, Section 4].

Theorem 5.3. Let (W,S) be a Coxeter system. Then the following statements are
equivalent,

1. W is finite.

2. The bilinear form B is positive definite.

3. W is a finite reflection group.

In other words, finite reflection groups and finite Coxeter groups are the same.

Proof. See [Hum92, Ch. 6, Section 4] for details.

5.2.2 Classification of finite Coxeter groups.

Recall that a Coxeter group can be described by its Coxeter graph.

Theorem 5.4. Let G be an irreducible finite Coxeter group. Then G is isomorphic
to one of the following groups,

An
. . .

Cn
. . .

4

Dn
. . .

E6

E7

E8

4

F4

5

H4

n

I2(n)

Moreover I2 (6) ∼= G2, I2 (4) ∼= B2, I2 (3) ∼= A2 = S3. And the other groups are
pairwise non isomorphic to each other.

Proof. See [Hum92] or [BB06].
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Remark 5.29. From now on, we denote the groups I2 (6) and Sn+1 by G2

and An respectively. The subscripts indicate the number of vertices in each
graph. Proposition 5.14 implies that the irreducible finite Weyl groups are
given by: An, Cn, Dn, E6, E7, E8, F4, G2. In particular, with the exception of
G2 none of these groups is isomorphic to a dihedral group.

5.3 Further properties of Coxeter groups

In this section we will study properties of the groups Cn and Dn. We
start with the representation theory of these groups using the Little Group
Method, see [Ser12, Ch. 8, Section 2] for details. Recall thatCn is isomorphic
to Zn2 o Sn and has Dn as a subgroup of index 2.

5.3.1 Representations of Cn

We follow the same notation used in the Little Group Method. We find an
isomorphism with the set ΩA. Let ΩA be indexed by

ΩA = {ρ0, . . . , ρ2n−1}

Furthermore, we will find explicitly the groups Gk.

Proposition 5.30. There is an isomorphism of groups between ΩA and Zn2 , such
that the action φ of Sn in ΩA is equivalent to the standard action (permutation of
coordinates).

Sketch of proof. Let xj be the canonical vector of Zn2 and let f : {−1, 1} →
Z2 be the isomorphism between these two groups. We define the map
ψ : ΩA → Zn2 by the rule

ψ (ρ) = (f ◦ ρ (x1) , . . . , f ◦ ρ (xn))

This is the required isomorphism.

Remark 5.31. The above proposition allows us to change the problem under
the identification: by abuse of notation we do not distinguish between the
elements ρ in ΩA and their image ψ (ρ).

The orbits under the standard action of Sn consist of the n-tuples having
the same number of zero entries. For each i = 0, . . . , n, let 0i be the set of
n-tuples having exactly i entries with one. The cardinality of Oi is

(
n
i

)
. As

representatives for the orbits Oi we take the elements,

ai =

{
(0, . . . , 0, 1, . . . , 1) , if i < n− i
(1, . . . , 1, 0, . . . , 0) , if i > n− i

.

Therefore the set ΩSn
A is given by ΩSn

A = {a0, . . . , an}. For a fixed element
x ∈ Zn2 , it follows that σ ∈ StabSnx if and only if there exist disjoint permuta-
tions σ0, σ1 such that σ = σ1σ0 and σi stabilizes the coordinates of x with value i.
In particular,

Hj = StabHρj
∼= Sj × Sn−j .
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Remark 5.32. By the Little Group Method, the set IrrC (Cn) is given by the
representations θij = IndGGj (ρj ⊗ σij). Hence, in order to construct the rep-
resentations, it suffices to find the representations of the groups Sj × Sn−j
para j ∈ {0, . . . , n}. We will analyze each case:

1. If G0 = G, then θi0 = ρ0 ⊗ σi0 are representations of G, of the type σi0
for Sn and the trivial action for Zn2 .

2. If Gn = G, then θin = ρn⊗σin are representations of G, in the way σin
for Sn and the generators of Zn2 acts as −Id.

3. For the other cases Gk ∼= Zn2 o (Sk × Sn−k). In this case, the degree of
the representation θik will be divisible by [G : Gk]. In particular, none
of them will have degree 1.

Using the fact that Sn has only 2 representations of dimension 1, we
see that Cn has exactly 4 of them. Moreover, we have that Cn has ex-
actly

∑n
j=0 p (j) · p (n− j) inequivalent irreps over C. Hence, the following

holds:

Corollary 5.33. The number of irreducible representations of the group Cn is
given by

Cl (Cn) =
n∑
j=0

p (j) · p (n− j).

Corollary 5.34. The commutator subgroup of Cn has index 4.

5.3.2 Properties of Weyl groups

The following results will be used to deduce necessary properties that sig-
natures must satisfy.

Lemma 5.35. Suppose that G is a finite group and H a normal subgroup of G.
Then,

Cl (H) ≤ [G : H] · Cl (G) .

In particular Cl (Dn) ≤ 2 · Cl (Cn)

Sketch of proof. Consider a set {g1, . . . , gr} of representatives of the cosets of
G/H where r = [G : H]. For each [h]H conjugacy class in Cl (H). We define
for each gi the class [g−1

i hgi] in the set Cl (G).

Lemma 5.36. For each positive integer n, the partition function satisfies

p(n+ 2) ≤ p(n+ 1) + p (n)

In particular, the inequality p (n+ 1) < 2 · p (n) holds.

Proof. For a natural number n ∈ N consider the set Pn of all its partitions.
Its elements are tuples of positive numbers that sum n. For each integer
a ∈ {1, . . . , n} consider the subset Pn (a) of tuples of Pn that contains a as
en element. It easily follows that

p (n) = |Pn|
|Pn (a) | = |Pn−a|
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From this it follows that

|Pn+2| = |Pn+2 (1) |+ |Pn+2 (1)c | = |Pn+1|+ |Pn+2 (1)c |

since Pn = Pn+2 (2). It is enough to prove that |Pn+2 (1)c | ≤ Pn+2 (2). Let
x = (n1, . . . , nr) be an element of Pn+2 (1)c. Recall that ni > ni+1 and∑
ni = n + 2. Thus the element nr ≥ 2 (otherwise x would be an element

of Pn+2 (1). Define the element z = (n1, . . . , nr−1, 2, nr − 2). If nr=0 then
ignore the 0 given at the end. This defines an injection from Pn+2 (1)c into
Pn+2 (2).

Definition 5.37. For a finite group G let ord (G) be the set of orders of non-
trivial elements of G. It is called the order set of G. Moreover, for each
n ∈ ord (G) let ord (G)n denote the set of elements of G of order n.

Theorem 5.38. The complex representations of Weyl groups are realizable over Q.
In other words, Weyl groups are absolutely irreducible.

Proof. References are given in [Hum92, Ch. 8, Section 10].

Remark 5.39. The irreducible Weyl groups of the above list are not abelian
groups.

The following table contains values associated to some Weyl groups.
These values will be useful for studying signatures. Recall that N (G) is de-
fined in Definition 4.30 and Cl (G) denotes the number of conjugacy classes
of G.

TABLE 5.1: Values of Weyl groups

Group |G| N (G) Cl (G) ord (G)

C3 48 20 10 {2, 3, 4, 6}
C4 384 76 20 {2, 3, 4, 6, 8}
C5 3840 312 36 {2, 3, 4, 5, 6, 8, 10, 12}
C6 46080 1384 65 {2, 3, 4, 5, 6, 8, 9, 10, 12, 16, 18}
D3 24 10 5 {2, 3, 4}
D4 192 44 13 {2, 3, 4, 6}
D5 1920 156 18 {2, 3, 4, 5, 6, 8, 12}
D6 23040 752 37 {2, 3, 4, 5, 6, 8, 10, 12}
D7 322560 3256 55 {2, 3, 4, 5, 6, 7, 8, 10, 12, 20, 24}
S3 6 4 3 {2, 3}
S5 120 26 7 {2, 3, 4, 5, 6}
S6 720 76 11 {2, 3, 4, 5, 6, 8, 9}
S7 5040 232 15 {2, 3, 4, 5, 6, 7, 8, 9, 10, 12}
F4 1152 140 25 {2, 3, 4, 6, 8, 12}
G2 12 8 6 {2, 3, 6}
E6 51840 892 25 {2, 3, 4, 5, 6, 8, 9, 10, 12}
E7 2903040 10208 60

Not necessary
E8 696729600 199952 112
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Proposition 5.40. Let D2n denote the dihedral group of order 2n, then the com-
mutator subgroup D′2n is given by

〈
r2
〉
. In particular, the order set of G′2 is given

by ord (G′2) = {3}.

Proof. Note that
〈
r2
〉

is a normal subgroup ofD2n andD2n/
〈
r2
〉

is an abelian
group, since the images of r and s commute in the quotient. Thus, the com-
mutator subgroup is contained in

〈
r2
〉
. It follows that

〈
r2
〉

= D′2n since the
only subgroup of

〈
r2
〉

is not normal.

Proposition 5.41. Let G2 be the dihedral group Weyl group. Then

• ord (G2)2 = {rks : k ∈ {0, . . . , 5}} ∪ {r3}

• ord (G2)3 = {r2, r4}

• ord (G2)6 = {r, r5}.

Proof. It is straightforward.

Remark 5.42. The group C3 is isomorphic to S4 × S4. We know that its com-
mutator subgroup has index 4, under this identification it easily follows
that the commutator subgroup is given by H × {1} where H denotes the
alternating group of S4. In particular, ord (C ′3) = {2, 3}.

Definition 5.43. For a finite group G, the minimum number of generators
of G, denoted by d (G) is defined as the minimum cardinality of all the
generating sets of the group G. Note that if ϕ : G→ H is a surjective homo-
morphism, then d (G) ≥ d (H).
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Chapter 6

Further properties of actions
over Riemann Surfaces

6.1 Signature of an action

We define some invariants that encode the geometric information associ-
ated to actions of groups on Riemann surfaces. The symbol G will always
denote a finite group acting on a Riemann surface X and γ the genus of
X/G. The symbol π will be the associated quotient map π : X → X/G.
Note that the action of G on X defines an equivalence relation on X given
by the orbits. Considering the above equivalence, a set is called a complete
branch set if it is a maximal set of non-equivalent ramification points with
respect to the action of G. From now on {p1, . . . , pr} denotes a complete
branch set.

Definition 6.1. Let G acting on the Riemann surface X . The signature of the
action Gy X , is the tuple σ = (γ;m1, . . . ,mr), where γ equals the genus of
X/G and mi is the order of the stabilizer subgroup of pi. In some cases we
reduce the notation of the signature, if aj denotes the number of orbits of
ramification points where the quotient map is j to 1. We define the ordered
signature σ∗ of the action as the tuple σ∗ = (γ; jaj , . . . , tat). By simplicity, we
abbreviate the ordered signature σ∗ by signature. To avoid confusions, the
symbols will be preserved (σ∗ and σ respectively). Note that if ai 6= 0 then
i ∈ ord (G), the set of orders on non trivial elements of G.

Theorem 6.2 (Riemann existence theorem). A group G acts on a curve X of
genus g with ordered signature σ∗ = (γ; 2a2 , . . . , tat) if and only if the Riemann-
Hurwitz equation

g = |G| (γ − 1) + 1 +
|G|
2

t∑
i=2

ai

(
1− 1

i

)
.

is satisfied, and there is a tuple

V = (α1, . . . , αγ , β1, . . . , βγ , g2,1, . . . , g2,a2 , . . . , gt,at) .

of elements of G that generate G, with gi,k of order i, that satisfies:

(6.1)
γ∏
j=1

[αj , βj ]
t∏
i=1

aj∏
k=1

gi,k = e.

Remark 6.3. Given a signature σ∗, the tuple V is called a generating vector for
the signature. From now on the symbol S will denote the sum

∑
ai
(
1− 1

i

)
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(if there is ambiguity we use the notation S (G) or even S (G, σ) to specify
the dependence of this number onG and σ). Note that the generating vector
has length 2γ+

∑
ai and that S ≥ 1

2

∑
ai. From this and the fact that ai ≥ 0,

the following holds

•
∑
ai = 0 if and only if 0 ≤ S < 1/2.

•
∑
ai = 1 if and only if 1/2 ≤ S < 1.

Theorem 6.4 (Hurwitz’s Theorem). LetG be a finite group acting on a Riemann
surface X of genus g ≥ 2. Then

|G| ≤ 84 (g − 1) .

If the equality occurs then the group is said to be a Hurwitz group.

Proof. See [Mir95, Ch. 3].

Definition 6.5 (Geometric signature). Let G be a finite group acting on a
Riemann surface X and {p1, . . . , pr} a complete branch set. For each pj , we
consider its stabilizer Gj . We define the geometric signature of Gy X as the
tuple:

(γ; [m1, C1], . . . , [mr, Cr])

where γ is the genus of the quotient curve X/G, mj the order of the group
Gj and Cj the conjugacy class of Gj .

Remark 6.6. The geometric signature consists of a signature (γ;m1, . . . ,mr)
and a specification of the type of the branch values. Note that the geometric
signature does not depend on the set {p1, . . . , pr} but on the action itself. In
other words, if another complete branch set is taken, the geometric signa-
ture is the same. However in order to make computations, we choose a set
of representatives of those conjugacy classes; the results will be the same.

Theorem 6.1. LetG be a finite group acting on a Riemann surfaceX with geomet-
ric signature (γ; [m1, C1], . . . , [mr, Cr]). LetWi be an irreducible and nontrivial
rational representation ofG andBi the associated subvariety of the isogeny decom-
position of Jac (X). Then the dimension of Bi is given by

dimBi = ki

(
dimVi (γ − 1) +

1

2

r∑
k=1

(dimVi − dim FixGk Vi)

)

where Gk is a representative of the conjugacy class Ck, Vi is a complex irreducible
representation associated toWi, and ki = li · |Gal (Ki/Q) |.

Proof. See [Roj02].

6.2 Signature of the restricted action

For a subgroup H of G, we are interested in the induced action on this
subgroup. Recall that the quotient map πH is Galois, thus its structure is
described by its signature. We consider [Roj02] for this section.
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Definition 6.7. Given an action of a group G on a Riemann surface X and
a point p ∈ X/G for a fixed fiber π−1 (p), a package is the set of points in
π−1 (p) with the same stabilizer. We also define the set

ΩGp = { left transversal of NG(Gp) in G}

Remark 6.8. Given two points x1, x2 in the fiber π−1 (p), let g1, g2 be elements
of the group such that xi = hi(p) for i = 1, 2. The relation in their stabilizers
is given by

Gx1 = Gx2 ⇔ h1Gph
−1
1 = h2Gph

−1
2

⇔ h−1
2 h1Gp(h

−1
2 h1)−1 = Gp

⇔ h−1
2 h1Gp(h

−1
2 h1)−1 = Gp

hence, the number of packages is [G : NG(Gp)]. Moreover each of them has
the same number of elements.

6.2.1 Genus of X/H

Let {`j} be an indexation of the set Ωp. Each `j determines one package

with stabilizer G
`−1
j
p . We follow this notation for the rest of the section.

Proposition 6.9. Let S be a curve with action of G with geometric signature
Γ = (γ; [m1, C1], ..., [ms, Cs]); for each H ≤ G, we will denote by S/H the
quotient curve of S by the action of H ; then the Riemann-Hurwitz formula for the
covering πH : X → X/H can be expressed as follows

gX = |H|
(
gX/H − 1

)
+ 1 +

1

2

∑
Gi∈Γ

∑
lj∈ΩGi

[NG(Gi) : Gi] ·
(
|G

`−1
j

i ∩H| − 1
)

whereGi is a representative for the conjugacy classCi, and ΩGi is a left transversal
of the normalizer in G of Gi.

Proof. See [Roj02].

Corollary 6.10. Applying the above proposition to H = G, the above equation
can be simplified to

gX =| G | (gX/G − 1) + 1 +
1

2

∑
Gi∈Γ

[G : Gi] ·
(
| Gi | −1

)
Thus, the genus of X/H can be completely described in terms of the genus of X
and the subgroups Gi.

A closed formula for the genus of X/G is given in the next proposition.

Proposition 6.11. Let X be a curve admitting G action with geometric signature

Γ := (γ; [m1, C1], ..., [mr, Cr]).
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For each H subgroup of G, the genus of the quotient curve X/H is given by

gX/H = [G : H]
(
gS/G − 1

)
+ 1

+
1

2

∑
Gi∈Γ

∑
lj∈ΩGi

[NG(Gi) : Gi] | G
l−1
j

i ∩H |
| H |

 | G
l−1
j

i |

| G
l−1
j

i ∩H |
− 1

 ,

whereGi is a representative for the conjugacy classCi, and ΩGi is a left transversal
of the normalizer in G of Gi for all i.

Proof. See [Roj02].

6.2.2 Marked points for the restricted action

Since we know the value of the genus of X/H , to describe completely the
restricted action, it remains to study the marked points with respect to H .
Recall that the covering πH is Galois, thus the points of the fiber of every
branch value of S/H have stabilizer of the same order, moreover they are
conjugate in H . Let (γ; [m1, C1], ..., [mr, Cr]) be the geometric signature of
the covering map π : X → X/G. For each i = 1, . . . , r consider the algo-
rithm:

• Choose an element l1 ∈ ΩGi and define the set

Li1 := {lj ∈ ΩGi : |G
l−1
j

i ∩H| = |Gl
−1
1
i ∩H|}

• Now, choose another element l2 ∈ ΩGi \Li1, |Gl
−1
2
i ∩H| and define the

corresponding set Li2 in the same way as before, and so on. The set
ΩGi is finite, thus the algorithm ends.

Remark 6.12. We denote by νi the number of steps of this algorithm. The
number νi is the same as the number of sets Lik that we used to partition
ΩGi . Thus, it follows that

νi∑
1

|Lik| = |ΩGi | = |G : NG (Gi) |

The following result easily follows from this partition of ΩGi .

Proposition 6.13. Let X be a curve with action of G, with geometric signature

Γ = (γ; [m1, C1], ..., [ms, Cs])

then, for each Ci ∈ Γ there are

|Lik|

 |NG(Gi) : Gi||G
l−1
k
i ∩H|

|H|


points marked with the number |Gl

−1
k
i ∩ H| on S/H for the action of H ≤ G,

k = 1, . . . , νi.
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Remark 6.14. Thus, given an action of a finite group G over a Riemann sur-
face X , we can obtain all the data of the quotient map πH i.e the geometric
signature of this map. Note that some of these numbers may be trivial.
To write the corresponding geometric signature, do not consider the cases

when |Gl
−1
k
i ∩H| is trivial. However, these points are still important for the

covering map πH : X/H → X/G. See [Roj02] for more details.

6.3 Moduli spaces

Informally, by a moduli space we mean a space with some geometric struc-
ture whose points represent objects or isomorphism classes of such ob-
jects. In this section we construct the moduli space of principally polarized
abelian varieties of dimension g and also we show some properties of the
moduli space of Riemann surfaces of genus g with k marked points. For
this part we use mostly [Ara12, Ch. 4] and [Rod14].

6.3.1 Moduli space of ppav of dimension g

To construct the moduli space of the isomorphism classes of ppav of di-
mension g we parametrize the set of period matrix corresponding to these
abelian varieties. Then we identify the elements that produce the same iso-
morphism class to produce a quotient space. Recall that a g × 2g matrix
Π is the period matrix of some abelian variety if and only if it satisfies the
Riemann relations. Moreover Corollary 2.22 applied to ppavs, implies that
there exists a basis such that the period matrix can be written as Π = (Ω Ig)
where Ig denotes the the identity g × g matrix and Ω is a complex g × g
symmetric matrix such that = (Z) is positive definite. With this in mind we
define the following set.

Definition 6.15. The Siegel space of degree g is defines as follows

Hg = {Ω ∈M (n× n,C) : Ω = Ωt and = (Ω) is positive definite}

Remark 6.16. The siegel space Hg is an open set of the space of g × g sym-
metric matrices over C. Thus its dimension is given by g (g + 1) /2.

Proposition 6.17. Let Π be a 2g × g matrix written in the form (Ig Ω) with I,Ω
g × g matrices. Then Π is a period matrix for some ppav A if and only if Ω ∈ Hg.

Proof. It follows directly from the Riemann relations.

This suggests that we can parametrize the isomorphism classes of ppavs
of dimension g using the elements of Hg, under the rule that sends each Ω ∈
Hg to the isomorphism class associated to the period matrix ΠΩ = (Ω Ig).
This application covers all the isomorphism classes of ppavs of dimension
g since given any ppav (A,H) of dimension g there exists a basis such that
the period matrix of A is written in the form Π = (Z Ig) with Z ∈ Hg.

Remark 6.18. Now we identify the elements Ω1,Ω2 ∈ Hg that produce the
same isomorphism class. To accomplish this we introduce the following
group.
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Definition 6.19. For a positive number g, we define the symplectic group

Sp (2g,Z) = {R ∈ GL (2g,Z) : RtER = E}

where

E =

(
0 Ig
−Ig 0

)
It is an easy exercise to prove that this is indeed a group with the standard
product of matrices.

Lemma 6.20. Let R be a matrix of size 2g × 2g written in the form

R =

(
A B
C D

)
for A,B,C,D g × g matrices. Then R ∈ Sp (2g,Z) if and only if the following
holds

• ABt is symmetric.

• CDt is symmetric.

• ADt −BCt = Ig.

Theorem 6.21. The group Sp (2g,Z) acts on the Siegel space Hg by(
A B
C D

)
∗ Ω = (A+ Ω · C)−1 (B + Ω ·D) .

Proof. For more details see [Ara12].

Proposition 6.22. Given elements Ω1 and Ω2 in the Siegel space Hg, then their
associated isomorphism classes of ppavs of dimension g are the same if and only if
there exists a matrix R ∈ Sp (2g,Z) such that Ω1 = M ∗ Ω2.

Sketch of proof. Let Ai = Cg/Λi be the abelian variety associated to the iso-
morphism class given by Ωi and Πi its matrix. Choose bases of Cg and the
associated lattice to write the matrix Πi as (I Ωi). Suppose that f : A1 → A2

is an isomorphism of ppavs. From Remark 2.4 there exist invertible matri-
ces A,R satisfying

A · [Ig Ω1] = [Ig Ω2] ·R

Recall that the pullback polarization by f onA1 is represented by the matrix
RtER. From this, it follows that f preserves the polarization if and only if
the matrix R belongs to Sp (2g,Z). Moreover, if that is the case a simple
computation shows that the matrix Ω1 is given by

Ω1 = (A+ Ω2 · C)−1 (B + Ω2 ·D) .

i.e Ω1 and Ω2 belong to the same orbit by the action of Sp (2g,Z). The recip-
rocal is a direct consequence of the above computations.

Remark 6.23. In conclusion, the quotient space Hg/ Sp (2g,Z) induced by the
action can be identified with the moduli spaceAg of all ppavs of dimension
g.
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Proposition 6.24. The action of Sp (2g,Z) in Hg is properly discontinuous. There-
fore the quotient is a Hausdorff space.

Proof. See [Ara12] for details.

Several deep questions regarding the geometry ofAg remain unknown.
Coleman’s conjecture states that given g ≥ 4 there are only finitely many
Riemann surfaces, up to isomorphism, of genus g and Jacobian of CM type.
This conjecture is known to be false for g ≤ 7, but it is still open for g ≥ 8.
See [MO11] for more details.

6.3.2 Torelli Theorem and moduli space of Riemann surfaces

Remark 6.25. We will not go into depth about the structure of the geometry
of the moduli space Mg of the isomorphism classes of compact Riemann
surfaces of genus g. The only aspect that we are concerned with is the exis-
tence of the space and the dimension it has.

Theorem 6.26. The moduli space of compact Riemann surfaces of genus g, Mg

has a natural structure of a quasi projective variety of dimension 3g − 3.

Proof. See [Ric10] and the references given in [Rod14].

For a Riemann surface X we denote by θX the polarization induced on
Jac (X) by the geometric intersection.

Theorem 6.27 (Torelli Theorem). Let X1, X2 be two Riemann surfaces of the
same genus such that (Jac (X1) , θ1) and (Jac (X2) , θ2) are isomorphic as polar-
ized abelian varieties. Then X1 and X2 are isomorphic as Riemann surfaces.

Proof. See [Pet14].

Definition 6.28. Let g > 1 be a positive integer. The period map with respect
to g is defined as follows

p : Mg → Ag
[X] 7→ [Jac (X)]

i.e carries isomorphism classes of Riemann surfaces into the isomorphism
classes of the respectively Jacobian in the category of abelian varieties. The
image of the period map is called the Jacobian locus.

Corollary 6.29. The period map p : Mg → Ag is injective.

Remark 6.30. The injectivity of the period map and some geometric aspects
implies the the following inequality if we compare dimensions

3g − 3 ≤ g (g + 1)

2
.

From this, it follows that if g ≥ 4, then the period map is not surjective.

Theorem 6.31. The dimension of the moduli space of the isomorphism class of
curves of a fixed genus g where a finite group G acts with a fixed signature is given
by

3γ − 3 + k
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where γ is the genus of the quotient curve byG and k is the number of ramification
points for the action.

Proof. See the reference given in [CRR14].
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Chapter 7

Signature properties of Weyl
groups

In this chapter, we prove some necessary conditions that a signature must
satisfy in order to be associated with an action that satisfies Hypothesis A .
Some of these conditions are specifically for absolutely irreducible groups
or other specific group properties that a Weyl group satisfies.

7.1 Signature properties

In this section we assume that G denotes a group that is acting on a curve
X of genus g. We denote by γ the genus of the quotient curve X/G, by σ =
(0; jaj , . . . , tat) the ordered signature and V the generating vector associated
to this action.

Lemma 7.1. Suppose that G is acting on X with γ = 0. Let σ = (0; jaj , . . . , tat)
be the signature and V = (gj,1, . . . , gt,at) the generating vector. Then the following
holds:

• If G is non cyclic then
∑
ai ≥ 3.

• If σ∗ =
(
0; 22,m

)
for somem ≥ 2 thenG is isomorphic to the dihedral group

of order 2m. We allow the case m = 2 by defining
(
0; 22, 2

)
=
(
0; 23

)
.

Sketch of proof. The Riemann Hurwitz equation implies that the elements of
the generating vector satisfy the equation

∏
gi,j = 1. It follows from this

and the fact that these elements generate the whole group that if we remove
any element of the generating vector then the resulting set still generates
the group. Combining this with the fact that the length of the generating
vector is

∑
ai implies the first part of the lemma. The second result follows

directly since if σ∗ =
(
0; 22,m

)
then G is generated by two elements x, y of

order 2 such that xy has order m. This implies that G is isomorphic to the
dihedral of order 2m.

Lemma 7.2. Let G be a finite group acting on a curve X with γ = 0. If G has a
subgroup H of index 2, then

∑
a2i ≥ 2. In other words, the number of orbits of

ramification points having stabilizer of even order is at least 2. In particular, this
holds for any finite Coxeter group.

Proof. Note that the group H contains all the elements of odd order since
x2 ∈ H and x2j+1 = e implies that x ∈ H . This observation implies that V
contains at least one element of even order. Suppose that V contains only
one element ga,b of even order. The Riemann-Hurwitz equation for this
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case is given by
∏
gi,j = 1, it follows that ga,b is generated by elements of

odd order, in particular ga,b ∈ H . Then V is not a generating set since the
generated group is contained in H . In conclusion, there exist at least two
elements on V of even order.

Lemma 7.3. Let G be a group acting on a curve X such that γ = 1. Let σ =
(1; jaj , . . . , tat) be the corresponding signature, V = (α1, β1, gj,1, . . . , gt,at) the
generating vector and S the sum

∑
ai
(
1− 1

i

)
. Then the following holds:

• If
∑
ai = 0 (equivalently 0 ≤ S < 1/2) then G is abelian.

• If
∑
ai = 1 (equivalently 1/2 ≤ S < 1 ) then the non-trivial element gi,j

belongs to G′. In particular, the corresponding ai,j ∈ ord (G′).

Sketch of proof. If γ = 1 then the Riemann Hurwitz equation implies that the
elements of V satisfy the following equation [α1, β1]

∏
gi,j = 1. To prove the

first assertion, suppose that
∑
ai = 0, then the generating vector has the

form V = (α1, β1), it follows that the equation simplifies to [α1, β1] = 1, in
other words the group is abelian. To prove the second part, suppose that∑
ai = 1, it follows that the generating vector has the form V = (α1, β1, gj,1)

for some j. In this case, the elements satisfy the equation [α1, β1] · gj,1 =
1. From this, it follows that the element gj,1 belongs to the commutator
subgroup G′.

Remark 7.4. Let G be a finite group and G′ its commutator subgroup. Re-
call that d (G) denotes the minimum number of generators of G (Defini-
tion 5.43). For each n, there exist a surjective homomorphism ϕ : Gn →
(G/G′)n. It follows that d (Gn) ≥ d ((G/G′)n). Suppose that G is an irre-
ducible Weyl group.

• IfG = C3, G2 thenG/G′ ∼= Z2×Z2. In this case the minimum number
of generators of (G/G′)n is 2n. It follows that d (Gn) ≥ 2n.

• If G = S3, D3, G2 then G/G′ ∼= Z2. In this case the minimum number
of generators of (G/G′)n is 2n. It follows that d (Gn) ≥ 2n.

In particular, the following corollary holds.

Corollary 7.5. Let G be a finite irreducible Weyl group and suppose that for some
integer, the group Gn is acting on a curve X with γ = 0 and signature σ =
(0; jaj , . . . , tat). Then the following holds

• If G is isomorphic to C3 or G = G2 then
∑
ai ≥ 2n+ 1.

• If G is isomorphic to S3, D3, D4 or G2 then
∑
ai ≥ n+ 1.

7.2 Bounds for S (G) and N (G).

Recall the definitions of N (G) (see Definition 4.30) and S (G) (see Remark 6.3).
In this section we find some restrictions involving the values S (G) and
N (G). These results will be useful in order to prove that some signatures
cannot occur in certain cases.
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Lemma 7.6. Let G be an absolutely irreducible finite group acting on a Riemann
surface X of genus g satisfying Hypothesis A . Then the following holds:

1.
g ≤ N (G) + γ − 1.

2.
S ≤ 2

(
N (G)− 2 + γ

|G|
+ 1− γ

)
Proof. Let {V1, . . . , Vr} be the set Irr (G). We are under the assumption that
W1 is the trivial representation, therefore γ = dimB1 ≤ 1.

Now, from Theorem 3.41 the dimension of Jac (X) is the genus of X .
From this observation, if we compare dimensions on the isogeny decompo-
sition of Jac (X) it follows that

g =

r∑
i=1

dim (Vi) dim (Bi) ≤
r∑
i=1

dim (Vi) = N (G) .

where the inequality follows from Hypothesis A . The first part of the
lemma is obtained by refining this bound. Suppose that γ = 0 then dimB1 =
0. In this case the above inequality is strict. It follows that:

g ≤ N (G) + γ − 1.

To obtain the second inequality, consider the covering π : X → X/G. Ap-
plying the Riemann Hurwitz formula and the latter inequality we obtain

g = |G| (γ − 1) + 1 +
|G|
2
· S ≤ N (G) + γ − 1

the second result follows directly.

Remark 7.7. In general there are no explicit formulas for the value of N (G)
and not even good bounds for it, since this requires a lot of knowledge
about the representation theory of G. See for instance [CRR14, Lemma 2.1].
Fortunately, there is a very simple bound that works on every absolutely
irreducible group which involves only the number of conjugacy classes.

Proposition 7.8. Let G be an absolutely irreducible finite group. Then the follow-
ing inequality holds

(7.1) N (G) ≤ |G|1/2Cl (G)1/2 .

Proof. From Theorem 4.20 and Cauchy–Schwarz inequality, we have:

N (G)2 =
∑

Vi∈Irr(G)

dimVi · 1 ≤ | Irr (G) | ·
∑

Vi∈Irr(G)

dim2 Vi = Cl (G) |G|.

Remark 7.9. If G = Sn denotes the symmetric group on n letters then it is
known that the number of conjugacy classes is the number of partitions of
n i.e Cl (Sn) = p (n). Note that the corresponding bound for S is smaller
than the bound given in [CRR14, Lemma 2.1].
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Corollary 7.10. Suppose that an absolutely irreducible group acts G on X satis-
fying Hypothesis A . Then the following holds:

S ≤ 2

(√
Cl (G)

|G|
+ 1− γ

)

Proof. It follows directly from the above result and Lemma 7.6.

Corollary 7.11. Let G and X satisfy Hypothesis A with γ = 0 and G abso-
lutely irreducible. Then the Riemann Hurwitz equation and the inequalities of this
section imply the following:

1.
85

42
≤ S.

2. |G| ≤ 84 · (N (G)− 2).

3. |G| < 842 · Cl (G).

Proof. Denote by g the genus of the surface X . We separate the proof of
each item by the same indexation.

1. Applying the Hurwitz formula with γ = 0, we have that

g − 1 = |G|
(

S
2
− 1

)
Recall that |G| ≤ 84 (g − 1), from this the first inequality follows. Note
that the equality holds if and only if G is a Hurwitz group.

2. The second inequality is obtained by simplifying the following in-
equality:

85

42
≤ S ≤ 2

(
N (G)− 2

|G|
+ 1

)
3. By the above, we have that |G| < 84 ·N (G). The result follows from

applying Proposition 7.8.

Finally, we consider an inequality for the number of conjugacy classes
of the Weyl group Cn.

Corollary 7.12. Let G and X satisfying Hypothesis A with γ = 0. Further-
more, suppose that G is an absolutely irreducible group and n is a positive integer
such that the group Gn satisfies Hypothesis A on a curve with genus of the quo-
tient surface 0. Then

n <
2 · ln (84)

ln |G| − lnCl (G)

Proof. The results follow directly from Corollary 7.11 and the fact the the
cardinality and the number of conjugacy classes of a group defines a multi-
plicative function over cartesian products.

Remark 7.13. The latter corollaries are useful because they allow us to prove
that some groups cannot satisfy Hypothesis A with the internal structure
of the group and no external theory about signatures or other facts.
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Remark 7.14. The representations of a cartesian product of finite groups are
given by the tensor product of the representations. This implies that N (G)
is a multiplicative function in cartesian products, more specifically

N (G)G×H = N (G) N (H)

for any pair of finite groups G,H .

Lemma 7.15. Let n ≥ 2, then the sequence Cl (Cn) satisfy the following

Cl (Cn+1) ≤ 4 · Cl (Cn)

In particular, if an is a positive sequence satisfying an+1/an > 4, then the sequence
Cl (Cn) /an is strictly decreasing.

Sketch of proof. Split the sum and then apply Lemma 5.36 to obtain the fol-
lowing

Cl (Cn+1) =
n+1∑
j=0

p (j) · p (n+ 1− j)

=

n∑
j=0

(
p (j) · p (n+ 1− j)

)
+ p (n+ 1) · p (0)

≤ 2 ·
n∑
j=0

p (j) · p (n− j) + 2 · p (n) ≤ 4 · Cl (Cn) .

The final step in the inequality follows from p (n) ≤ Cl (Cn).

Remark 7.16. The above lemma will be useful in order to bound the term
N (G) /|G| appearing in some inequalities involving signatures of the groups
Cn. Furthermore, this lemma and Lemma 5.35 will be used to bound this
term for the family of groups Dn.
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Chapter 8

The Classification Problem

The classification problem for a given group G consists in finding all Rie-
mann surfaces X and their respective actions satisfying Hypothesis A . We
solve this problem for the irreducible Weyl groups. The strategy we follow
is given in three steps:

1. In the first place, we propose necessary conditions that the signature
must satisfy (the cases γ = 0 and γ = 1 will be treated separately).
The first condition is the bound given by Lemma 7.6. Note that here
we use Hypothesis A only to deduce the inequality for S. Secondly, if
the hypothesis of Section 7.1 are satisfied, we consider these extra con-
ditions. The set of signatures satisfying all these conditions is called
possible data.

2. In second place, we define the set real data as the subset of the possi-
ble data for which there exists a generating vector associated to these
signatures. Recall that the existence of such a vector is equivalent to
the existence of an action.

3. Finally, we define the set final data as the subset of the real data satis-
fying Hypothesis A . In order to accomplish this, we calculate the di-
mensions of the factorsBi associated to the decomposition of Jac (X),
using the formula in Theorem 6.1.

Remark 8.1. Note that the conditions formulated in the first step are just
necessary conditions but not sufficient to satisfy Hypothesis A . That is the
reason why we include Hypothesis A as an extra condition in the last step.
In order to check Hypothesis A , we need the second step to ensure the
existence of an action.

To find the set possible data, we used Haskell (see Appendix A). To find
the generating vectors and calculate the dimension of the factors Bi, we
used Magma (see [BCP97] and [PR16]).

8.1 The classification problem for the Hyper-octahedral
family Cn

In this section we solve the problem for the family of Hyper-octahedral
groups Cn, for n ≥ 3. Suppose that Cn satisfies Hypothesis A for some
curve X , then the following holds,

(8.1) S ≤ 2

(
N (Cn)− 2 + γ

2n · n!
+ 1− γ

)
≤ 2

(√
Cl (Cn)

2n · n!
+ 1− γ

)
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Remark 8.2. According to Lemma 7.15, the right hand side of the inequality
is a decreasing sequence. We use this fact to bound S when we study in-
finite cases of the form n ≥ a. Hence, in these cases we use the following
inequality:

S ≤ 2

(√
Cl (Cn)

2n · n!
+ 1− γ

)
≤ 2

(√
Cl (Ca)

2a · a!
+ 1− γ

)
.

for each n ≥ a.

8.1.1 Curves with γ = 1

In this case we solve the problem assuming that the genus of the curveX/G
is 1.

• If n ≥ 4 then:

S ≤ 2

(√
Cl (Cn)

2n · n!

)
≤ 2

(√
Cl (C4)

24 · 4!

)
= 2 ·

√
20

24 · 4!
<

1

2

If the action exists, then Lemma 7.3 would imply that Cn is an abelian
group, which is a contradiction. Therefore, for n ≥ 4 the group Cn
does not satisfy Hypothesis A if γ = 1.

• If n = 3 then:

S ≤ 2

(
N (C3)− 1

|C3|

)
=

19

24

Recall that ord (C3) = {2, 3, 4, 6}, therefore the following holds:

a2

2
+

2a3

3
+

3a4

4
+

5a6

6
≤ 19

24

The solutions to this inequality are the possible signatures. Recall that
ord (C ′3) = {2, 3} (See Remark 5.42). We analyze each case.

1. (1). This signature is not realizable since C3 is not abelian.

2. (1; 4). This signature is not realizable in C3 since 4 /∈ C ′3.

3. (1; 2). We consider the identification C3
∼= S4 × Z2. Under this

identification, suppose that

V =
((
α, α′

)
,
(
β, β′

)
,
(
x, x′

))
is a generating vector associated to the signature (1; 2). The Rie-
mann Hurwitz equation implies that the first coordinate satisfies
the equation [α, β]x = idS4 . Moreover, this set of elements gen-
erates S4. Hence, the set (α, β, x) is a generating vector of S4

associated to the signature (1; |x|). Moreover, |x| 6= 1 otherwise
S4 would be generated by two commuting elements. We prove
in the section corresponding to the dihedral groups that this sig-
nature is not realizable in S4 (recall that S4

∼= D3). In conclusion,
the signature (1; 2) is not realizable in C3.
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4. (1; 3). This signature is realizable, we present the generating vec-
tor under the identification C3

∼= S4 × Z2. The vector is given by(
α, α′

)
=
(
(12) , 1

)
,
(
β, β′

)
=
(
(1234) , 1

)
,
(
x, x′

)
=
(
(132) , 0

)
.

Thus, the real data is given by (1; 3). Moreover this is the final data since
the decomposition of the curve is given by E × E × E × E × E × E × E.

In conclusion, in the case γ = 1 for the family of groups Cn. The group
C3 is the only one that satisfies Hypothesis A .

8.1.2 Case γ = 0

Suppose that the group Cn satisfies Hypothesis A for some curve X and
γ = 0. Then Corollary 7.11 implies that n satisfy the following condition:

2n · n! ≤ 842 · Cl (Cn)

Lemma 7.15 implies that this inequality does not hold for n > 6. Hence
(for γ = 0) the group Cn does not satisfies Hypothesis A if n ≥ 7.

Note that the groupCn satisfies the hypothesis of Corollary 7.11 and lem-
mas 7.1, 7.2 and 7.6, from this it follows that S satisfy the following condi-
tions:

•
∑

ai ≥ 3.

•
∑

a2i ≥ 2.

• σ∗ 6=
(
0; 22,m

)
for each m ≥ 2.

• 85

42
≤ S ≤ 2

(
N (Cn)− 2

25 · 5!
+ 1

)
We find all the possible signatures satisfying the above conditions. Re-

call that these are necessary conditions for a signature in order to satisfy
Hypothesis A for the group. As stated above, the signatures satisfying
these conditions will be the possible data.

• If n = 3 then

(8.2) S ≤ 2

(
N (C3)− 2

23 · 3!
+ 1

)
<

11

4

Recall that ord (C3) = {2, 3, 4, 6}, therefore the following holds:

(8.3)
a2

2
+

2a3

3
+

3a4

4
+

5a6

6
<

11

4
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TABLE 8.1: Data for C3 with γ = 0.

Possible data Real data(
0; 62,m

)
for m = 2, 3, 4, 6. (0; 4, 4, 6)(

0; 42,m
)

for m = 3, 4, 6. (0; 2, 4, 6)

(0;m, 4, 6) for m = 2, 3. (0; 2, 3, 4, 4)(
0; 2, 32,m

)
for m = 4, 6. (0; 2, 2, 6, 6)(

0; 23,m
)

for m = 3, 4, 6. (0; 2, 2, 4, 6)(
0; 22, 6,m

)
for m = 3, 4, 6. (0; 2, 2, 4, 4)(

0; 22, 3,m
)

for m = 3, 4. (0; 2, 2, 3, 6)(
0; 24,m

)
for m = 2, 3, 4. (0; 2, 2, 3, 4)(

0; 2, 42,m
)

for m = 2, 3, 4. (0; 2, 2, 2, 6)

(0; 2, 3, 4, 6) (0; 2, 2, 2, 4)

(0; 2, 2, 2, 3)

(0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 2, 2)

(0; 2, 4, 4, 4)

(0; 2, 3, 4, 6)

(0; 2, 2, 2, 2, 4)

The final data is given by:

1. (0; 2, 4, 6) with g = 3

2.
(
0; 23, 3

)
with g = 5

3.
(
0; 23, 4

)
with g = 7

4.
(
0; 23, 6

)
with g = 9

5.
(
0; 42, 6

)
with g = 9

6.
(
0; 22, 3, 4

)
with g = 11

7.
(
0; 22, 42

)
with g = 13

8.
(
0; 22, 3, 6

)
with g = 13

9.
(
0; 22, 4, 6

)
with g = 15

• If n = 4 then

(8.4) S ≤ 2

(
N (C4)− 2

24 · 4!
+ 1

)
< 2.39.

The data is given by:
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TABLE 8.2: Data for C4 with γ = 0.

Possible data Real data(
0; 42,m

)
for m = 4, 6, 8. (0; 4, 4, 6) .

(0; 3, 6,m) for m = 6, 8. (0; 2, 6, 8) .

(0; 3, 4,m) for m = 4, 6, 8. (0; 2, 4, 6) .

(0; 2, 8,m) for m = 6, 8. (0; 2, 2, 2, 8) .

(0; 2, 4,m) for m = 6, 8. (0; 2, 2, 2, 6) .(
0; 23,m

)
for m = 3, 4, 6, 8. (0; 2, 2, 2, 4) .(

0; 22, 32
)(

0; 2, 62
)

(0; 2, 3, 8)

The final data is given by the signature (2, 4, 6) and it has genus g =
17.

• If n = 5 then

(8.5) S ≤ 2

(
N (C5)− 2

25 · 5!
+ 1

)
< 2.17

TABLE 8.3: Data for C5 with γ = 0.

Possible data Real data
(0; 2, 4,m) for m = 5, 6, 8, 10, 12. (0; 2, 4, 12)

(0; 2, 3,m) for m = 8, 10, 12. (0; 2, 4, 10)(
0; 23, 3

)(
0; 2, 62

)
(0; 2, 5, 6)(
0; 3, 42

)
In this case, the final data is empty.

• Finally if n = 6 the possible data is given by the signatures (2, 4, 5)
and (2, 3, 8). The real and final data are empty sets.

8.2 The classification problem for the Demihedral fam-
ily Dn

In this section we solve the problem for the family of Demihedral groups
Dn, for n ≥ 3. Suppose that Dn satisfies Hypothesis A for some curve
X . Lemma 5.35 implies that Cl (Dn) ≤ 2 · Cl (Cn). If we apply this in the
inequality given by Corollary 7.10, we obtain that
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S ≤ 2 ·
√
Cl (Dn)

2n−1 · n!
+ 2 · (1− γ)

≤ 2 ·
√

2 · Cl (Cn)

2n−1 · n!
+ 2 · (1− γ)

=

√
·Cl (Cn)

2n−4 · n!
+ 2 · (1− γ)

Remark 8.3. For the same reason as before, Lemma 7.15 implies that the
right hand side of the inequality is a decreasing sequence. We use this fact
to bound S when we study infinite cases of the form n ≥ a.

8.2.1 Curves with γ = 1

In this case we solve the problem assuming that the genus of the curveX/G
is 1.

• (n ≥ 5). Since the sequence
√

Cl(Cn)
2n−4·n!

is decreasing, it follows that:

S ≤
√
Cl (Cn)

2n−4 · n!
≤
√
Cl (C5)

25−4 · 5!
=

√
36

2 · 5!
<

1

2
.

If the action exists then Lemma 7.3 would imply that Dn is an abelian
group, which is a contradiction. Therefore for n ≥ 5 and γ = 1 the
group Dn does not satisfy Hypothesis A .

• If n = 4

S ≤ 2

(
N (D4)− 1

|D4|

)
=

43

96
≤ 1

2

Hence the group D4 does not satisfy Hypothesis A if γ = 1.

• If n = 3

S ≤ 2

(
N (D3)− 1

|D3|

)
=

3

4

The solutions to this inequality are the possible signatures. Recall that
D3
∼= S4 and S′4 is the alternating group of rank 4 (order 12), thus ord (D′3) =

{2, 3}. We use this identification for the analysis. We analyze each case.

1. (1). This signature is not realizable since G2 is not abelian.

2. (1; 4). This signature is not realizable in D3 since 4 /∈ D′3.

3. (1; 2) This signature is not realizable in D3 ( See [CRR14]).

4. (1; 3). This signature is realizable, it has the following generating vec-
tor

α1 = (12) , β1 = (1234) , g1 = (132)

For γ = 1 the only action of Dn satisfying Hypothesis A is the action of
D3 associated to the signature (1; 3). We used [CRR14] for this case.
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8.2.2 Case γ = 0

Suppose that Dn acts on a curve X satisfying the Hypothesis A with γ = 0.
Then Corollary 7.11 and Lemma 5.35 implies that the following inequality
holds:

|Dn| ≤ 842 · Cl (Dn) ≤ 2 · 842 · Cl (Cn) .

Use Lemma 7.15 to prove that the solution of this inequality is n ≤ 7. Hence
the group Dn does not satisfy Hypothesis A for n ≥ 8. Now we study the
remaining cases.

Note that the groupDn satisfies the hypothesis of Corollary 7.11 and lem-
mas 7.1, 7.2 and 7.6. From this it follows that S satisfies the following con-
ditions:

•
∑

ai ≥ 3.

•
∑

a2i ≥ 2.

• σ∗ 6=
(
0; 22,m

)
for each m ≥ 2.

• 85

42
≤ S < 2

(
N (Dn)− 2

|Dn|
+ 1

)
We follow the same strategy used in the classification for Cn. In this case
we summarize the steps and write directly the data.

• If n = 3 then S ≤ 8/3.

TABLE 8.4: Data for D3 with γ = 0.

Possible data Real data
(0; 4, 4, 4) (0; 3, 4, 4)

(0; 3, 4, 4) (0; 2, 3, 3, 4)

(0; 2, 3, 3, 4) (0; 2, 2, 4, 4)

(0; 2, 2, 4, 4) (0; 2, 2, 3, 4)

(0; 2, 2, 3, 4) (0; 2, 2, 3, 3)

(0; 2, 2, 3, 3) (0; 2, 2, 2, 4)

(0; 2, 2, 2, 4) (0; 2, 2, 2, 3)

(0; 2, 2, 2, 3) (0; 2, 2, 2, 2, 2)

(0; 2, 2, 2, 2, 2)

The final data is:

1. (0; 3, 4, 4) with g = 3.

2. (0; 2, 3, 3, 4) with g = 8.

3. (0; 2, 2, 4, 4) with g = 7.

4. (0; 2, 2, 3, 4) with g = 6.

5. (0; 2, 2, 3, 3) with g = 5.

6. (0; 2, 2, 2, 4) with g = 4.
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7. (0; 2, 2, 2, 3) with g = 3.

• If n = 4 then S ≤ 39/16.

TABLE 8.5: Data for D4 with γ = 0.

Possible data Real data
(0; 4, 6, 6) (0; 4, 4, 6)

(0; 4, 4, 6) (0; 3, 4, 4)

(0; 4, 4, 4) (0; 2, 2, 3, 4)

(0; 3, 6, 6) (0; 2, 2, 3, 3)

(0; 3, 4, 6)

(0; 3, 4, 4)

(0; 2, 6, 6)

(0; 2, 4, 6)

(0; 2, 2, 3, 4)

(0; 2, 2, 3, 3)

(0; 2, 2, 2, 6)

(0; 2, 2, 2, 4)

(0; 2, 2, 2, 3)

The final data is the signature (0; 3, 4, 4) with g = 17.

• If n = 5 then S ≤ 1037/480.

TABLE 8.6: Data for D5 with γ = 0.

Possible data Real data
(0; 2, 5, 6) (0; 2, 5, 6)

(0; 2, 4, 8) (0; 2, 4, 5)

(0; 2, 4, 6)

(0; 2, 4, 5)

(0; 2, 3, 12)

(0; 2, 3, 8)

The final data is (0; 2, 4, 5) with g = 49.

• If n = 6 then S ≤ 793/384.

The possible data is given by (0; 2, 4, 5) and (0; 2, 3, 8). However, the
real and final data are empty sets.

• If n = 7 then S < 2.03.

In this case, all the data is empty.
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8.3 The classification problem for the Symmetric fam-
ily Sn

Now we solve the problem for the family Sn for n ≥ 3. Corollary 7.10
implies that

S ≤ 2 ·
√
p (n)

n!
+ 2 · (1− γ)

Lemma 5.36 implies that the right hand side of the inequality is a decreasing
sequence.

8.3.1 Curves with γ = 1

In this case we solve the problem assuming that the genus of the curveX/G
is 1.

• (n ≥ 5). Since the sequence
√

p(n)
n! is decreasing, it follows that

S ≤ 2 ·
√
p (n)

n!
≤ 2 ·

√
p (5)

5!
≤ 2 ·

√
7

5!
.

If the action exists then Lemma 7.3 would imply that Sn is an abelian
group, which is a contradiction. Therefore for n ≥ 5 and γ = 1 the
group Sn does not satisfy Hypothesis A .

• (n = 4). Recall that the group S4 is isomorphic to D3, thus this case is
omitted.

• (n = 3).

S ≤ 2

(
N (S3)− 1

|S3|

)
= 1.

The set ord (S3) is given by {2, 3}. Thus the possible signatures satisfy the
inequality:

a2

2
+

2a3

3
≤ 1

The solutions to this inequality are the possible signatures. We analyze each
case.

1. (1). It is not realizable, otherwise the group S3 would be abelian.

2. (1; 2). It is not realizable, since the commutator subgroup of S3 does
not have elements of order 2.

3. (1; 3). This signature can be realized with two different generating
vectors.

(a) α1 = (1, 2), β1 = (1, 2, 3), g1 = (1, 2, 3)

(b) α1 = (1, 2), β1 = (1, 3), g1 = (1, 2, 3)
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4. (1; 2, 2). This signature can be realized with two different generating
vectors:

(a) α1 = (1, 2, 3), β1 = (1, 2, 3), g1 = (1, 2), g2 = (1, 2)

(b) α1 = (1, 2), β1 = (1, 2, 3), g1 = (1, 2), g2 = (1, 3)

Moreover, these two actions satisfy Hypothesis A . For this case we
used [CRR14].

8.3.2 Case γ = 0

Suppose that the group Sn satisfies the Hypothesis A for some curve X
and γ = 0. Then Corollary 7.11 implies that n satisfies the following condi-
tion:

n! ≤ 842 · p (n)

Lemma 5.36 implies that this inequality does not hold for n ≥ 8. Hence
for γ = 0 the group Cn does not satisfy Hypothesis A if n ≥ 8. We prove
the remaining cases. Again, the groups Sn satisfy the hypothesis of Corol-
lary 7.11 and Lemmas 7.1, 7.2 and 7.6. From this it follows that S satisfies
the following conditions:

•
∑

ai ≥ 3.

•
∑

a2i ≥ 2.

• 85

42
≤ S < 2

(
N (Sn)− 2

|Sn|
+ 1

)
For the same reason as before, we omit the case n = 4, because S4

∼= D3 and
this case was done.

1. If n = 3 then S ≤ 8/3.

TABLE 8.7: Data for S3 with γ = 0.

Possible data Real data
(0; 2, 2, 3, 3) (0; 2, 2, 3, 3)

(0; 2, 2, 2, 3) (0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 2, 2)

The final data is given by:

(a) (0; 2, 2, 3, 3) with g = 2

(b) (0; 2, 2, 2, 2, 3) with g = 3

2. If n = 5 then S < 12/5.
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TABLE 8.8: Data for S5 with γ = 0.

Possible data Real data
(0; 4, 5, 6) (0; 4, 5, 6)

(0; 4, 4, 6) (0; 4, 4, 5)

(0; 4, 4, 5) (0; 3, 4, 6)

(0; 4, 4, 4) (0; 3, 4, 4)

(0; 3, 6, 6) (0; 2, 6, 6)

(0; 3, 4, 6) (0; 2, 5, 6)

(0; 3, 4, 4) (0; 2, 4, 6)

(0; 2, 6, 6) (0; 2, 4, 5)

(0; 2, 5, 6) (0; 3, 6, 6)

(0; 2, 4, 6) (0; 2, 2, 2, 6)

(0; 2, 4, 5) (0; 2, 2, 2, 5)

(0; 2, 2, 3, 3) (0; 2, 2, 2, 4)

(0; 2, 2, 2, 6)

(0; 2, 2, 2, 5)

(0; 2, 2, 2, 4)

(0; 2, 2, 2, 3)

The final data is given by:

(a) (0; 4, 5, 6) with g = 24

(b) (0; 4, 4, 5) with g = 19

(c) (0; 3, 4, 6) with g = 16

(d) (0; 3, 4, 4) with g = 11

(e) (0; 2, 6, 6) with g = 11

(f) (0; 2, 5, 6) with g = 9

(g) (0; 2, 4, 6) with g = 6

(h) (0; 2, 4, 5) with g = 4

3. If n = 6 then S ≤ 397/180.

TABLE 8.9: Data for S6 with γ = 0.

Possible data Real data
(0; 3, 4, 4) (0; 2, 6, 6)

(0; 2, 6, 6) (0; 2, 5, 6)

(0; 2, 5, 6)

(0; 2, 4, 6)

(0; 2, 4, 5)

(0; 2, 2, 2, 3)

In this case the final data is an empty set.
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4. If n = 7 then S < 527/252.

TABLE 8.10: Data for S7 with γ = 0.

Possible data Real data
(0; 2, 4, 6) (0; 2, 4, 6)

(0; 2, 4, 5)

Again, in this case the final data is an empty set.

8.4 The classification problem for the excepcional Weyl
groups

In this section we finish the classification problem for the Weyl groups. We
follow the same methodology used before. The exceptional Weyl groups
are given by E6, E7, E8, F4, G2.

8.4.1 Curves with γ = 1

None of these groups are abelian (Remark 5.39), hence, by Lemma 7.3, we
may discard the cases for which S < 1/2. Using Lemma 7.6 we obtain the
following bounds for S :

• For E6

S ≤ 2 · N (E6)− 1

|E6|
<

1

2
.

• For E7

S ≤ 2 · N (E7)− 1

|E7|
<

1

2
.

• For E8

S ≤ 2 · N (E8)− 1

|E8|
<

1

2
.

• For F4

S ≤ 2 · N (F4)− 1

|F4|
<

1

2
.

• For G2

S ≤ 2 · N (G2)− 1

|G2|
=

7

6
.

Therefore, the only group that can satisfy Hypothesis A is G2. Now we
study the problem for this group.

From Table 5.1 we know that ord (G2) = {2, 3, 6} therefore the following
holds:

a2

2
+

2a3

3
+

5a6

6
≤ 7

6

The solutions to this inequality are the possible signatures. From Propo-
sition 5.40 we know that ord (G′2) = {3}. We analyze each case.

1. (1). This signature is not realizable since G2 is not abelian.
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2. (1; 6). This signature is not realizable since 6 /∈ ord (G′2).

3. (1; 2) is not realizable since 2 /∈ ord (G′2).

4. (1; 3). This signature is realizable since it has the following generating
vector

(
r, s, r2

)
.

5. (1; 2, 3). It is not realizable, since if we suppose that (α1, β1, g2, g3) is
a generating vector for this signature with |gi| = i, then the element
g3 can be written as g3 = r2j with j ∈ {1, 2} and g2 belongs to the
set ord (G2)2 = {rks : k ∈ {0, . . . , 5}} ∪ {r3}. The Riemann Hurwitz
equation implies that the elements satisfy the condition g2g3 ∈ G′2 =
{r2, r4}. In particular, this implies that g2 6= r3. Otherwise, the prod-
uct g2g3 would have order 6, thus g2g3 /∈ G′2. Thus, if we suppose
that g2 can be written in the form rks for some k, then the product
g2g3 = rksr2j = rk−2js. However, this element does not belong to G′2.
In conclusion, this signature is not realizable.

6. (1; 2, 2). This signature is realizable with generating vector (s, s, rs, rs).

Thus the real data is given by:

• (1; 3) with generating vector
(
r, s, r2

)
.

• (1; 2, 3) with generating vector (s, s, rs, rs).

Moreover, both vectors satisfy Hypothesis A . Thus, the final data is the
same set.

8.4.2 Curves with γ = 0

Suppose that G satisfies Hypothesis A over a curve X for which γ = 1.
Then, Corollary 7.11 implies that the following condition must hold:

|G| ≤ 84 · (N (G)− 2)

In our family of groups, we checked that E7, E8 do not satisfy this condi-
tion. Hence, the only remaining candidates are the groups E6, F4, G2. From
these groups, by Remark 5.39 we know they are not abelian and all of them
have a subgroup of index 2. Therefore, in order to exist, an action satisfying
Hypothesis A must also satisfy the following conditions:

•
∑

ai ≥ 3.

•
∑

a2i ≥ 2.

• σ∗ 6=
(
0; 22,m

)
for each m ≥ 2. (with the exception of the group G2).

• 85

42
≤ S ≤ 2

(
N (G)− 2

|G|
+ 1

)
We follow the same methodology used before to construct the final data.
The conditions given above define the possible data.
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• For the group G2, the following holds:

S ≤ 2

(
N (G2)− 2

|G2|
+ 1

)
= 3.

TABLE 8.11: Data for G2 with γ = 0.

Possible data Real data
(0; 6, 6, 6) (0; 2, 2, 6, 6)

(0; 3, 6, 6) (0; 2, 2, 3, 6)

(0; 2, 6, 6) (0; 2, 2, 2, 6)

(0; 2, 3, 6, 6) (0; 2, 2, 2, 3)

(0; 2, 3, 3, 6) (0; 2, 2, 2, 3, 3)

(0; 2, 2, 6, 6) (0; 2, 2, 2, 2, 6)

(0; 2, 2, 3, 6) (0; 2, 2, 2, 2, 3)

(0; 2, 2, 3, 3) (0; 2, 2, 2, 2, 2)

(0; 2, 2, 2, 6)

(0; 2, 2, 2, 3)

(0; 2, 2, 2, 3, 3)

(0; 2, 2, 2, 2, 6)

(0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 2, 2)

And the final data is given by:

1. (0; 2, 2, 2, 3) with g = 2

2. (0; 2, 2, 2, 6) with g = 3

3. (0; 2, 2, 3, 6) with g = 4

4. (0; 2, 2, 2, 2, 2) with g = 4

5. (0; 2, 2, 2, 2, 3) with g = 5

6. (0; 2, 2, 6, 6) with g = 5

7. (0; 2, 2, 2, 2, 6) with g = 6

• For the group F4 The following holds:

S ≤ 2

(
N (F4)− 2

|F4|
+ 1

)
=

215

96
.



Chapter 8. The Classification Problem 61

TABLE 8.12: Data for F4 with γ = 0.

Possible data

(0; 3, 4, 4)

(0; 2, 6, 8)

(0; 2, 6, 6)

(0; 2, 4, 12)

(0; 2, 4, 8)

(0; 2, 4, 6)

(0; 2, 3, 12)

(0; 2, 3, 8)

(0; 2, 2, 2, 3)

The real data is only the signature (0; 2, 6, 6) and the final data is
empty.

• The group E6

S ≤ 2

(
N (E6)− 2

|E6|
+ 1

)
< 2.03.

In this case, all the data is empty.

8.5 The classification problem for powers of Weyl Groups

In this section we solve the problem for powers of Weyl groups for the case
γ = 0. We put bounds on the possible power that a Weyl group can satisfy
Hypothesis A for γ = 0. Using Corollary 7.12, we know that this power n
is bounded by the integer part of the following value

2 · ln (84)

ln |G| − lnCl (G)

Remark 8.4. For a group G we denote by Pow (G) the integer part of the
bound given above. The next table contains the values of Pow (G) for each
irreducible Weyl group that satisfies Hypothesis A .
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TABLE 8.13: Values of powers of Weyl groups

Group G Pow (G)

C3 5

C4 2

D3 5

D4 3

D5 1

S3 12

S5 3

G2 12

Recall that cartesian products of absolutely irreducible groups are abso-
lutely irreducible, thus it is possible to apply the same method to this family
of groups.

8.5.1 Possible data for the power of Weyl groups

We solve the classification problem for the power of Weyl groups for the
case γ = 0. First we bound the integer for whichGn satisfies Hypothesis A .
This number is given in the table of Remark 8.4. Now we define the possible
data for each case. In this case, the conditions to define the possible data
are slightly different since we add an extra condition given by Remark 7.4
and Corollary 7.5.

In summary we suppose that G is a finite irreducible group, such that a
power Gn is acting on a curve X with γ = 0 and satisfying Hypothesis A .
If σ = (0; jaj , . . . , tat) denotes the signature associated to this action. Then
the following holds

•
∑

ai ≥ 3.

•
∑

a2i ≥ 2.

•
∑

ai ≥ d
(
(G/G′)n

)
• σ 6=

(
0; 22,m

)
for each m ≥ 2.

• 85

42
≤ S ≤ 2

(
N (G)n − 2

|G|n
+ 1

)
Remark 8.5. The value of d ((G/G′)n) given in the third condition appears
in Corollary 7.5 and is explained in Remark 7.4.

8.5.2 Powers of C3

Suppose that Cn3 is satisfying Hypothesis A for n ∈ {2, 3, 4, 5}. Then the
following holds
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S ≤ 2

(
N (C3)n − 2

|C3|n
+ 1

)
≤ 2

(
N (C3)2 − 2

|C3|2
+ 1

)

= 2

(
202 − 2

482
+ 1

)
=

1351

576
<

5

2

On the other hand, Corollary 7.5 implies that∑
ai ≥ 2n+ 1 ≥ 5

Thus

S ≥ 1

2

∑
ai ≥

5

2

It follows that the possible data is empty for the group Cn3 if n ≥ 2.

8.5.3 Powers of C4

For this group, the table given in Remark 8.4, implies that if Cn4 satisfies
Hypothesis A , then n ≤ 2. Therefore, it is enough to study the case n = 2.
We consider the inequality

85

42
≤ S ≤ 2

(
N (C4)2 − 2

|C4|2
+ 1

)
= 2

(
762 − 2

3842
+ 1

)
< 2.08

If we consider this condition and the ones given above. Using Magma
we see that the possible data is an empty set.

8.5.4 Powers of D3

• (n = 2)

We consider the inequality

85

42
≤ S ≤ 2

(
N
(
D2

3

)
− 2

|D3|2
+ 1

)
= 2

(
102 − 2

242
+ 1

)
=

337

144
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TABLE 8.14: Data for (D3)
2 with γ = 0

Possible data Real data
(0; 4, 4, 6) (0; 2, 12, 12)

(0; 4, 4, 4) (0; 2, 2, 2, 3)

(0; 3, 6, 6)

(0; 3, 4, 12)

(0; 3, 4, 6)

(0; 3, 4, 4)

(0; 2, 12, 12)

(0; 2, 6, 12)

(0; 2, 6, 6)

(0; 2, 4, 12)

(0; 2, 4, 6)

(0; 2, 3, 12)

(0; 2, 2, 3, 3)

(0; 2, 2, 2, 6)

(0; 2, 2, 2, 4)

(0; 2, 2, 2, 3)

The final data is the signature (0; 2, 2, 2, 3) with g = 49. The decompo-
sition is given by

E2 × E2 × E3 × E3 × E6 × E6 × E9 × E9 × E9.

• (n = 3) In this case, Corollary 7.5 implies that∑
ai ≥ 4

Moreover consider the inequality

85

42
≤ S ≤ 2

(
N
(
D3

3

)
− 2

|D3|3
+ 1

)
= 2

(
103 − 2

243
+ 1

)
=

7411

3456
< 2.15.

Using Magma with these conditions, we see that the possible data is
an empty set.

• (n = 4, 5)

Suppose that Dn
3 is satisfying Hypothesis A for n ∈ {4, 5}. The fol-

lowing holds

S ≤ 2

(
N (D3)n − 2

|D3|n
+ 1

)
≤ 2

(
N (D3)4 − 2

|D3|4
+ 1

)

= 2

(
104 − 2

244
+ 1

)
=

1351

576
<

5

2
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On the other hand, Corollary 7.5 implies that∑
ai ≥ n+ 1 ≥ 5

Thus

S ≥ 1

2

∑
ai ≥

5

2

It follows that the possible data is empty for the group Dn
3 if n ≥ 3

8.5.5 Powers of S3

• (n = 2)

We consider the inequality

85

42
≤ S ≤ 2

(
N
(
S2

3

)
− 2

|S3|2
+ 1

)
= 2

(
42 − 2

62
+ 1

)
=

25

9

TABLE 8.15: Data for (S3)
2 with γ = 0

Possible data Real data
(0; 6, 6, 6) (0; 2, 6, 6)

(0; 3, 6, 6) (0; 2, 2, 6, 6)

(0; 2, 6, 6) (0; 2, 2, 3, 6)

(0; 2, 3, 3, 6) (0; 2, 2, 2, 6)

(0; 2, 2, 6, 6) (0; 2, 2, 2, 3)

(0; 2, 2, 3, 6) (0; 2, 2, 2, 2, 3)

(0; 2, 2, 3, 3) (0; 2, 2, 2, 2, 2)

(0; 2, 2, 2, 6)

(0; 2, 2, 2, 3)

(0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 2, 2)

The final data is

1. (0; 2, 2, 3, 6) with g = 10, the decomposition is given by

E2 × E2 × E2 × E4

2. (0; 2, 2, 2, 6) with g = 7, the decomposition is given by

E × E2 × E4

3. (0; 2, 2, 2, 3) with g = 4, the decomposition is given by

E2 × E2
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4. (0; 2, 2, 2, 2, 2) with g = 10, the decomposition is given by

E × E × E2 × E2 × E4

• (n = 3)

Corollary 7.5 implies that ∑
ai ≥ 4

Moreover the following holds

85

42
≤ S ≤ 2

(
N (S3)3 − 2

|S3|3
+ 1

)
= 2

(
43 − 2

63
+ 1

)
=

139

54

Using Magma, we see that the data is given as follows

TABLE 8.16: Data for (S3)
3 with γ = 0

Possible data Real data
(0; 2, 2, 3, 6) (0; 2, 2, 2, 6)

(0; 2, 2, 3, 3) (0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 6) (0; 2, 2, 2, 2, 2)

(0; 2, 2, 2, 3)

(0; 2, 2, 2, 2, 2)

The final data is the signature (0; 2, 2, 2, 6) with g = 37 and decompo-
sition given by

E × E2 × E2 × E2 × E2 × E4 × E4 × E4 × E4 × E4 × E8

• (4 ≤ n ≤ 12)

Suppose that Sn3 is satisfying Hypothesis A for n ∈ {4, . . . , 12}. Then
the following holds

S ≤ 2

(
N (S3)n − 2

|S3|n
+ 1

)
≤ 2

(
N (S3)4 − 2

|S3|4
+ 1

)

= 2

(
44 − 2

64
+ 1

)
<

5

2

On the other hand, Corollary 7.5 implies that∑
ai ≥ n+ 1 ≥ 5

Thus, S ≥ 1
2

∑
ai ≥ 5

2 . It follows that the possible data is empty for
the group Sn3 if n ≥ 4.
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8.5.6 Powers of S5

• (n = 2)

We consider the inequality

85

42
≤ S ≤ 2

(
N (S5)2 − 2

|S5|2
+ 1

)
= 2

(
262 − 2

1202
+ 1

)
< 2.10

Using Magma we see that the possible data is given by

TABLE 8.17: Data for (S5)
2 with γ = 0

Possible data

(0; 2, 4, 6)

(0; 2, 4, 5)

(0; 2, 3, 12)

(0; 2, 3, 10)

The real and final data are empty sets.

• (n = 3).

S ≤ 2

(
N (S5)3 − 2

|S5|3
+ 1

)
= 2

(
263 − 2

1203
+ 1

)
< 2.03

Corollary 7.5 implies that ∑
ai ≥ 4

Using Magma we see that the possible data is an empty set.

8.5.7 Powers of G2

For this group, the table given in Remark 8.4, implies that if Gn2 satisfies
Hypothesis A , then n ≤ 12. We study each case.

• (n = 2)

85

42
≤ S ≤ 2

(
N (G2)2 − 2

|G2|2
+ 1

)
= 2

(
82 − 2

122
+ 1

)
=

103

36
.

Moreover Corollary 7.5 implies that∑
ai ≥ 2n+ 1 ≥ 5

Using Magma we see that the possible data is given by
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TABLE 8.18: Data for (G2)
2 with γ = 0

Possible data

(0; 2, 2, 2, 3, 3)

(0; 2, 2, 2, 2, 6)

(0; 2, 2, 2, 2, 3)

(0; 2, 2, 2, 2, 2)

In this case, the real data and the final data are the signature (0; 2, 2, 2, 2, 2)
with g = 37 and decomposition given by

E × E × E × E × E × E2 × E2 × E2 × E2 × E2 × E2 × E2 × E2 × E4 × E4 × E4 × E4

• (3 ≤ n ≤ 12)

The following holds

S ≤ 2

(
N (G2)n − 2

|G2|n
+ 1

)
≤ 2

(
N (G2)3 − 2

|G2|3
+ 1

)

=

(
83 − 2

123
+ 1

)
< 3

On the other hand, Corollary 7.5 implies that∑
ai ≥ 7

Thus

S ≥ 1

2

∑
ai ≥

7

2

It follows that the possible data is empty for the group Gn2 if n ≥ 3.

8.5.8 Powers of D4

• (n = 2)

85

42
≤ S ≤ 2

(
N (D4)2 − 2

|D4|2
+ 1

)
= 2

(
442 − 2

1922
+ 1

)
< 2.11

Using Magma, we see that the possible data is given by

TABLE 8.19: Data for (D4)
2 with γ = 0

Possible data

(0; 2, 4, 6)

(0; 2, 3, 12)

In this case, the real and final data are empty sets.



Chapter 8. The Classification Problem 69

• (n = 3)

85

42
≤ S ≤ 2

(
N
(
D3

4

)
− 2

|D4|3
+ 1

)
= 2

(
443 − 2

1923
+ 1

)
< 2.03

Corollary 7.5 implies that∑
ai ≥ n+ 1 ≥ 4

We use Magma, to see that the possible data is an empty set in this
case.

The following two theorem summarizes the classification problem for
irreducible Weyl groups and powers of Weyl groups.

Theorem 8.6 (Classification problem for irreducible Weyl groups). Let X be
a curve of genus g with action of a finite irreducible Weyl Group G. Then the only
cases are the following:

TABLE 8.20: Actions where the group satisfies
Hypothesis A .

Group Genus Signature Dimension Decomposition

C3 3 (0; 2, 4, 6) 0 E3

5 (0; 2, 2, 2, 3) 1 E2 × E3

7 (0; 2, 2, 2, 4) 1 E × E3 × E3

9 (0; 2, 2, 2, 6) 1 E3 × E3 × E3

9 (0; 4, 4, 6) 0 E3 × E3 × E3

11 (0; 2, 2, 3, 4) 1 E2 × E3 × E3 × E3

13 (0; 2, 2, 4, 4) 1 E × E3 × E3 × E3 × E3

13 (0; 2, 2, 3, 6) 1 E2 × E2 × E3 × E3 × E3

15 (0; 2, 2, 4, 6) 1 E × E2 × E3 × E3 × E3 × E3

17 (1; 3) 1 E × E2 × E2 × E3 × E3 × E3 × E3

C4 17 (0; 2, 4, 6) 0 E3 × E6 × E8

D3
∼= S4 3 (0; 3, 4, 4) 0 E3

3 (0; 2, 2, 2, 3) 1 E3

4 (0; 2, 2, 2, 4) 1 E × E3

Continued on next page
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Table 8.20 – continued from previous page
Group Genus Signature Dimension Decomposition

5 (0; 2, 2, 3, 3) 1 E2 × E3

6 (0; 2, 2, 3, 4) 1 E3 × E3

7 (0; 2, 2, 4, 4) 1 E × E3 × E3

8 (0; 2, 3, 3, 4) 1 E2 × E3 × E3

9 (1; 3) 1 E × E2 × E3 × E3

D4 17 (0; 3, 4, 4) 0 E3 × E6 × E8

D5 49 (0; 2, 4, 5) 0 E4 × E10 × E15 × E20

S3 2 (0; 2, 2, 3, 3) 1 E2

3 (0;2,2,2,2,3) 2 E × E2

3 (1;3) 1 E × E2

4 (1;2,2) 2 E × E × E2

S5 4 (0;2,4,5) 0 E4

6 (0;2,4,6) 0 E6

9 (0;2,5,6) 0 E4 × E5

11 (0;2,6,6) 0 E5 × E6

11 (0;3,4,4) 0 E5 × E6

16 (0;3,4,6) 0 E5 × E5 × E6

19 (0;4,4,5) 0 E4 × E4 × E5 × E6

24 (0;4,5,6) 0 E4 × E4 × E5 × E5 × E6

G2 2 (0; 2, 2, 2, 3) 1 E2

3 (0; 2, 2, 2, 6) 1 E × E2

4 (0; 2, 2, 3, 6) 1 E2 × E2

4 (0; 2, 2, 2, 2, 2) 2 E × E × E2

5 (0; 2, 2, 2, 2, 3) 2 E × E2 × E2

5 (0; 2, 2, 6, 6) 1 E × E2 × E2

Continued on next page
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Table 8.20 – continued from previous page
Group Genus Signature Dimension Decomposition

6 (0; 2, 2, 2, 2, 6) 2 E × E × E2 × E2

5 (1; 3) 1 E × E2 × E2

7 (1; 2, 2) 2 E × E × E × E2 × E2

Remark 8.7. Each term En in the decomposition column denotes an isotyp-
ical factor, therefore each of these factors should be indexed by a rational
representation of the corresponding groups. However we omitted indexes
since some of these groups have many of them. We emphasize that eachEn

denotes a different isotypical factor and therefore they are not necessarily
isogenous to each other.

Theorem 8.8 (Classification problem for powers of Weyl groups). Let X be
a curve of genus g with action of a power of a finite irreducible Weyl Group. Then
the only cases are the following:

1. For the group D2
3, the final data is given by the signature (0; 2, 2, 2, 3) with

g = 49 and decomposition given by

E2 × E2 × E3 × E3 × E6 × E6 × E9 × E9 × E9

2. For the group S3
3 , the final data is given by the signature (0; 2, 2, 2, 6) with

g = 37 and decomposition given by

E × E2 × E2 × E2 × E2 × E4 × E4 × E4 × E4 × E4 × E8

3. For the group G2
2, the final data is given by the signature (0; 2, 2, 2, 2, 2)

with g = 37 and decomposition given by

E × E × E × E × E × E2 × E2 × E2 × E2 × E2 × E2

× E2 × E2 × E4 × E4 × E4 × E4

4. For the group S2
3 , the final data is given in the following table

Group Genus Signature Decomposition

S2
3

4 (0; 2, 2, 2, 3) E2 × E2

7 (0; 2, 2, 2, 6) E × E2 × E4

10 (0; 2, 2, 2, 2, 2) E2 × E2 × E2 × E4

10 (0; 2, 2, 3, 6) E × E × E2 × E2 × E4
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Appendix A

Haskell codes

import Data.List

quicksort :: (Ord a) => [a] -> [a]
quicksort [] = []
quicksort (x:xs) =

let smallerSorted = quicksort [a | a <- xs, a <= x]
biggerSorted = quicksort [a | a <- xs, a > x]

in smallerSorted ++ [x] ++ biggerSorted

partitions’ k n
| k>n = 0
| k==n = 1
| otherwise = partitions’ (k+1) n + partitions’ k (n-k)

temporal = partitions’ 1

partitions n = if n == 0 then 0 else temporal n

p n = partitions n

_partitions’ k n
| k>n = []
| k==n = [[n]]
| otherwise = [k:i | i<-(_partitions’ k (n-k))] ++
_partitions’ (k+1) n_partitions = _partitions’ 1

_p n = _partitions n

factorial n = product [1..n]

someDivs’ k n
| kk == n = [k]
| kk < n && n‘mod‘k==0 = k:n‘quot‘k:(someDivs’ (k+1) n)
| kk > n = []
| otherwise = someDivs’ (k+1) n
where kk = k*k

someDivs = someDivs’ 1
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conjweyl n = sum [(p i) * (p (n-i)) | i<-[0..n]]+ 2*(p n)

removeDuplicates :: Eq a => [a] -> [a]
removeDuplicates = rdHelper []

where rdHelper seen [] = seen
rdHelper seen (x:xs)

| x ‘elem‘ seen = rdHelper seen xs
| otherwise = rdHelper (seen ++ [x]) xs

ordersS n = quicksort (removeDuplicates [ product x | x <- _p n,
product x >1])

ordersC n = quicksort (removeDuplicates([ product x | x <- _p n,
product x >1] ++ [ 2*product x | x <- _p n, product x >1]))

orderstC n = map (truncate) (ordersC n)

orderstS n = map (truncate) (ordersS n)

facts n = take n (zipWith (/) [1..] [2..])

crossPow x n = sequence (replicate n x)

dotProd a b = sum (zipWith (*) a b)

vectsh n = map (\x -> (x-1)/x) (ordersC n)

sh x n = dotProd (x) (vectsh n)

par x = if odd x == True then 0 else 1

pard x = if odd x == True then 0.0 else 1.0

paresC n = map (pard) (orderstC n)

filterpro x = if ((dotProd x [1])==2 && (sum x) == 3) then
True else False

limit :: (Integral a) => a -> [a]
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limit 3 = [0..6]
limit 4 = [0..6]
limit 5 = [0..6]
limit x = [0..2]

limitv :: (Integral a) => a -> a
limitv 3 = 6
limitv 4 = 6
limitv 5 = 6
limitv x = 6

bound :: (Integral a) => a -> Double
bound 3 = 2.75
bound 4 = 2.39
bound 5 = 2.17
bound x = 2.06

inequality n = 2*84* 84 * (conjweyl n) - (2^(n-1)* factorial n)

proj i x = head (drop (i-1) x)

dimlim x = truncate (2*x)

pares x = map (pard) x

duplic x y = take x (repeat y)

gen x y = concat(zipWith (duplic) (map (truncate) (x))
(map (truncate) (y)))

tester (a,b,i,d) = [ gen x a | x <-crossPow [0..i] (length a) ,
(dotProd (x) (d)) <b, (dotProd (x) (d))>85/42, (sum x) > 2,
(dotProd x (pares a))>1]



75

Bibliography

[Ara12] Donu Arapura. Abelian Varieties and Moduli. 2012.

[BB06] Anders Bjorner and Francesco Brenti. Combinatorics of Coxeter
groups. Vol. 231. Springer Science & Business Media, 2006.

[BCP97] Wieb Bosma, John Cannon, and Catherine Playoust. “The Magma
algebra system I: The user language”. In: Journal of Symbolic
Computation 24.3 (1997), pp. 235–265.

[BL13] Christina Birkenhake and Herbert Lange. Complex abelian vari-
eties. Vol. 302. Springer Science & Business Media, 2013.

[CR06] Angel Carocca and Rubí E Rodríguez. “Jacobians with group
actions and rational idempotents”. In: Journal of Algebra 306.2
(2006), pp. 322–343.

[CR66] Charles W Curtis and Irving Reiner. Representation theory of fi-
nite groups and associative algebras. Vol. 356. American Mathe-
matical Soc., 1966.

[CRR14] Angel Carocca, Rubı E Rodrıguez, and Anita M Rojas. “Sym-
metric group actions on Jacobian varieties”. In: Riemann and
Klein Surfaces, Automorphisms, Symmetries and Moduli Spaces 629
(2014), p. 43.

[DF04] David Steven Dummit and Richard M Foote. Abstract algebra.
Vol. 1984. Wiley Hoboken, 2004.

[ES93] Torsten Ekedahl and J-P Serre. “Exemples de courbes algébriques
à jacobienne complètement décomposable”. In: Comptes rendus
de l’Académie des sciences. Série 1, Mathématique 317.5 (1993), pp. 509–
513.

[Hum92] James E Humphreys. Reflection groups and Coxeter groups. Vol. 29.
Cambridge university press, 1992.

[Kan94] Ernst Kani. “Elliptic curves on abelian surfaces”. In: manuscripta
mathematica 84.1 (1994), pp. 199–223.

[LR04] Herbert Lange and Sevin Recillas. “Abelian varieties with group
action”. In: Journal fur die Reine und Angewandte Mathematik 575
(2004), pp. 135–156.

[Mil86] James S Milne. “Abelian varieties”. In: Arithmetic geometry. Springer,
1986, pp. 103–150.

[Mir95] Rick Miranda. Algebraic curves and Riemann surfaces. Vol. 5. Amer-
ican Mathematical Soc., 1995.

[MO11] Ben Moonen and Frans Oort. “The Torelli locus and special sub-
varieties”. In: arXiv preprint arXiv:1112.0933 (2011).

[MSV09] Kay Magaard, Tanush Shaska, and Helmut Völklein. “Genus 2
curves that admit a degree 5 map to an elliptic curve”. In: Forum
Mathematicum. Vol. 21. 3. 2009, pp. 547–566.



BIBLIOGRAPHY 76

[Nak+07] Ryo Nakajima et al. “On splitting of certain Jacobian varieties”.
In: Journal of Mathematics of Kyoto University 47.2 (2007), pp. 391–
415.

[Pau08] Jennifer Paulhus. “Decomposing Jacobians of curves with extra
automorphisms”. In: Acta Arith 132.3 (2008), pp. 231–244.

[Pau13] Jennifer Paulhus. “Elliptic factors in Jacobians of hyperelliptic
curves with certain automorphism groups”. In: The Open Book
Series 1.1 (2013), pp. 487–505.

[Pet14] Chris Peters. “Lectures on Torelli Theorems Spring School Rennes
2014”. In: (2014).

[PR16] Jennifer Paulhus and Anita M Rojas. “Completely decompos-
able Jacobian varieties in new genera”. In: arXiv preprint arXiv:1603.00331
(2016).

[RH05] Rubí E. Rodríguez and Rubén A. Hidalgo. Introduccion a las var-
iedades abelianas y grupos Kleinianos. 2005.

[Ric10] Donald Richards. “An Introduction to Moduli Spaces of Curves”.
In: dim (Mg) 3.3 (2010), p. 2.

[Rod14] Rubı E Rodrıguez. “Abelian varieties and group actions”. In:
Riemann and Klein Surfaces, Automorphisms, Symmetries and Mod-
uli Spaces. Contemporary Mathematics 629 (2014), pp. 299–313.

[Roj02] Anita Rojas. Acciones de Grupos en Variedades Jacobianos. 2002.

[Ser12] Jean-Pierre Serre. Linear representations of finite groups. Vol. 42.
Springer Science & Business Media, 2012.

[SH77] Igor´ Rostislavovich Shafarevich and Kurt Augustus Hirsch. Ba-
sic algebraic geometry. Vol. 1. Springer, 1977.

[Ste11] Benjamin Steinberg. Representation theory of finite groups: an in-
troductory approach. Springer Science & Business Media, 2011.

[Tal09] Valeriya Talovikova. “Riemann Roch Theorem”. In: VIGRE/REUPapers
(2009).

[Wol02] Jiirgen Wolfart. “Regular dessins, endomorphisms of Jacobians,
and transcendence”. In: A panorama of number theory or the view
from Baker’s garden (Zürich, 1999) (2002), pp. 107–120.

[Yam+07] Takuya Yamauchi et al. “ON Q-SIMPLE FACTORS OF JACO-
BIAN VARIETIES OF MODULAR CURVES”. In: (2007).


	Abstract
	Acknowledgements
	Introduction
	Abelian Varieties
	Basic concepts
	Abelian varieties
	Algebraic groups
	Relation between Abelian varieties and algebraic groups


	Riemann Surfaces
	Basic definitions and notation
	Group actions on Riemann surfaces
	Differential forms
	Divisors on a Riemann Surface
	Integrals and the Jacobian variety.
	Actions on the Jacobian Variety


	Representation theory of finite groups
	Semisimple rings properties
	Basic concepts of representation theory
	Representations of a semi direct product with an abelian factor
	The Isotypical decomposition

	Coxeter Groups and Weyl Groups
	Finite reflection groups
	Coxeter groups
	Geometric representation
	Classification of finite Coxeter groups.

	Further properties of Coxeter groups
	Representations of Cn
	Properties of Weyl groups


	Further properties of actions over Riemann Surfaces
	Signature of an action
	Signature of the restricted action
	Genus of X/H
	Marked points for the restricted action

	Moduli spaces
	Moduli space of ppav of dimension g
	Torelli Theorem and moduli space of Riemann surfaces


	Signature properties of Weyl groups
	Signature properties
	Bounds for S(G ) and N (G ).

	The Classification Problem
	The classification problem for the Hyper-octahedral family Cn
	Curves with =1
	Case =0

	The classification problem for the Demihedral family Dn
	Curves with =1
	Case =0 

	The classification problem for the Symmetric family Sn
	Curves with =1
	Case =0

	The classification problem for the excepcional Weyl groups
	Curves with =1
	Curves with =0

	The classification problem for powers of Weyl Groups
	Possible data for the power of Weyl groups
	Powers of C3
	Powers of C4
	Powers of D3
	Powers of S3
	Powers of S5
	Powers of G2
	Powers of D4


	Haskell codes
	Bibliography

