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Abstract

We introduce ellipticity criteria for random walks in i.i.d. random environments
under which we can extend the ballisticity conditions of Sznitman’s and the poly-
nomial effective criteria of Berger, Drewitz and Ramirez originally defined for uni-
formly elliptic random walks. We prove under them the equivalence of Sznitman’s
(T") condition with the polynomial effective criterion (P)s, for M large enough. We
furthermore give ellipticity criteria under which a random walk satisfying the poly-
nomial effective criterion, is ballistic, satisfies the annealed central limit theorem or
the quenched central limit theorem.
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1 Introduction

We introduce ellipticity criteria for random walks in random environment which enable us to extend
to environments which are not necessarily uniformly elliptic the ballisticity conditions for the uniform
elliptic case of Sznitman [Sz02] and of Berger, Drewitz and Ramirez [BDR12], their equivalences and
some of their consequences [SZ99| [Sz01, [Sz02], RAS09, [BZ0S].

For € R, denote by |z|; and |z| its [; and I norm respectively. Call U := {e € Z% : |e|; =
1} = {e1,...,e2q} the canonical vectors with the convention that esr; = —e; for 1 < i < d and let
P = {ple) : pe) = 0,> .y ple) = 1}. An environment is an element w of the environment space
Q := P2 so that w := {w(z) : © € Z9}, where w(z) € P. We denote the components of w(z) by w(z,e).
The random walk in the environment w starting from x is the Markov chain {X,, : n > 0} in Z¢ with law
P, ., defined by the condition P, ,(Xo = z) =1 and the transition probabilities
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Piow(Xnt1=z+¢e|X, =2) =w(z,e)

for each z € Z% and e € U. Let P be a probability measure defined on the environment space € endowed
with its Borel o-algebra. We will assume that {w(z) : x € Z4} are i.i.d. under P. We will call P, the
quenched law of the random walk in random environment (RWRE) starting from z, while P, := [ P, ,dP
the averaged or annealed law of the RWRE starting from .

We say that the law P of the RWRE is elliptic if for every z € Z% and e € U one has that P(w(z,€) >
0) = 1. We say that P is uniformly elliptic if there exists a constant > 0 such that for every x € Z¢ and
e € U it is true that P(w(x,e) > k) = 1. Given [ € S?~! we say that the RWRE is transient in direction
lif

Py(A) =1,
where
A :={1lim X, -l=o00}
We say that it is ballistic in direction 1 if Py-a.s.

n°

lim inf > 0.
n—oo n

The following is conjectured (see for example [Sz04]).

Conjecture 1.1 Let | € S, Consider a random walk in a uniformly elliptic i.i.d. environment in
dimension d > 2, which is transient in direction l. Then it is ballistic in direction [.

Some partial progress towards the resolution of this conjecture has been made in [Sz01, [Sz02 DR11l
DR12, BDRI2]. In 2001 and 2002 Sznitman in [Sz01l [Sz02] introduced a class of ballisticity conditions
under which he could prove the above statement. For each subset A C Z? define the first exit time from
the set A as

Tap:=inf{n>0:X, ¢ A}. (1.1)
For L > 0 and I € S%! define the slab

Uyp={zcZ:~L<z-1<L}. (1.2)

Given [ € S9! and v € (0,1), we say that condition (7). in direction I (also written as (T),|l) is satisfied
if there exists a neighborhood V' C S%~! of [ such that for all I’ € V

hinjolip % log Po(Xty, , - I'<0)<0.
Condition (T")|l is defined as the fulfillment of condition (T'),|! for all v € (0,1). Sznitman [Sz02] proved
that if a random walk in an i.i.d. uniformly elliptic environment satisfies (7")|! then it is ballistic in
direction {. He also showed that if v € (0.5,1), then (7). implies (7”). In 2011, Drewitz and Ramirez
[DR11] showed that there is a 74 € (0.37,0.39) such that if v € (yq4, 1), then (T), implies (7”). In 2012, in
[DR12], they were able to show that for dimensions d > 4, if v € (0, 1), then (7). implies (7"). Recently in
IBDR12], Berger, Drewitz and Ramirez introduced a polynomial ballisticity condition, weakening further
the conditions (T'),. The condition is effective, in the sense that it can a priori be verified explicitly for
a given environment. To define it, for each L, L, L >0and e S%! consider the box

L oNd-1
B =R ((—leL) X (—L7L) ) aVAS

where R is a rotation of R? defined by the condition



R(el) =1. (13)

Let also

2
Lo := g329d. (1.4)
Given M > 1, we say that condition (P)ys in direction [ is satisfied (also written as (P)s|l) if for every
L>Lg L' < %L and L < 72L? one has the following upper bound for the probability that the walk does
not exit the box B, ;, 1 ; through its front side

A< L)< LLM
In [BDR12|, Berger, Drewitz and Ramirez prove that every random walk in an ii.d. uniformly elliptic
environment which satisfies (P)s for M > 15d + 5 is necessarily ballistic.

On the other hand, it is known (see for example Sabot-Tournier [ST11]) that in dimension d > 2,
there exist elliptic random walks which are transient in a given direction but not ballistic in that direction.
The purpose of this paper is to investigate to which extent can the assumption of uniform ellipticity be
weakened. To do this we introduce several classes of ellipticity conditions on the environment. Define

Py( X,

I,L',L,L

F, :=sup {a >0:E [ealog w<éve>} < oo} .

Let o« > 0. We say that the law of the environment satisfies the ellipticity condition (E), if for every
e € U we have that

min F, > a.
ecU

The first main result of this paper is the following one.

Theorem 1.1 Consider a random walk in an i.i.d. environment in dimensions d > 2. Let | € S~ and
M > 15d 4+ 5. Assume that the environment satisfies the ellipticity condition (E)g. Then the polynomial
condition (P)ar|l is equivalent to (T")|1.

In this paper we go further from Theorem and we obtain assuming (T"), good enough tail estimates
for the distribution of the regeneration times of the random walk. Let us recall that there exists an
asymptotic direction if the limit

0= lim ——
Tl Xl

exists Pp-a.s. The polynomial condition (P)j,; implies the existence of an asymptotic direction (see for
example Simenhaus [Sim07]). Whenever the asymptotic direction exists, let us define the half space
Hy :={leS™ :1-9>0}.

Let 8 > 0. We say that the law of the environment satisfies the ellipticity condition (E’)g if there exists
an & := {a(e) : e € U} € (0,00)?@ such that

k= r(@) =2 g a(e') —sup (a(e) + a(—e)) > 3 (1.5)
o ecU
and
S ea(e')logﬁ
for every e € U we have that E |e~'# 0N < oo (1.6)

Note that (E")s implies (E), for

0<ac< IeIéIIIJlOL(e). (1.7)
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Furthermore, we say that the ellipticity condition (E’)g is satisfied towards the asymptotic direction if
there exists an & satisfying (1.5 and ([1.6)) and such that

there exists c; > 0 such that a(e) = a; for e € Hy, while a(e) < «y for e ¢ Hy. (1.8)

The second main result of this paper is the following theorem.

Theorem 1.2 (Law of large numbers) Consider a random walk in an i.i.d. environment in dimen-
sions d > 2. Letl € St and M > 15d + 5. Assume that the random walk satisfies condition (P) |l
and the ellipticity condition (E'); towards the asymptotic direction (cf. , @ and @) Then the
random walk is ballistic in direction | and there is a v € R?, v # 0 such that

. n
lim — =v, Fy—a.s.
n—oo n

We have directly the following two corollaries, the second one following from Hoélder’s inequality.

Corollary 1.1 Consider a random walk in an i.i.d. environment in dimensions d > 2. Letl € S?1 and
M > 15d + 5. Assume that the random walk satisfies condition (P)p|l and that there is an o > 17—
such that

1
sup E e Ler e 198 55 7y <

ecU

Q.

Then the random walk is ballistic in direction [.

Corollary 1.2 Consider a random walk in an i.i.d. environment in dimensions d > 2. Let | € Sd-1
and M > 15d + 5. Assume that the random walk satisfies condition (P)y|l and the ellipticity condition
(E)1/2. Then the random walk is ballistic in direction [.

Theorems [I.T] and Theorem [I.2] give ellipticity criteria for ballistic behavior for general random walks in
i.i.d. environments, which as we will see below, should not be far from optimal criteria. Indeed, the value
1 of condition (E’); in Theorem is optimal: within the context of random walks in Dirichlet random
environments (RWDRE), it is well known that there are examples of walks which satisfy (E')g for
smaller but arbitrarily close to 1, towards the asymptotic direction (cf. , which are transient but not
ballistic in a given direction (see [Sallal [Sallbl [STT11]). We can also explicitly construct such examples
in analogy to the random conductance model studied by Fribergh in [F11]. In fact, for every e > 0, one
can construct an environment such that condition (E’);_. is satisfied towards the asymptotic direction,
but the walk is transient in direction e; but not ballistic in direction e;. Let ¢ be any random variable
taking values on the interval (0,1/4) and such that the expected value of ¢~1/? is infinite, while for every
e > 0, the expected value of ¢~ (1/2-9) is finite. Let X be a Bernoulli random variable of parameter 1/2.
We now define w(0,e1) = 2¢, w1 (0, —e1) = ¢, w1(0, —e2) = ¢ and w1 (0,e2) =1 — 4¢ and w2 (0, e1) = 29,
wa(0, —e1) = ¢, wa(0,e2) = ¢ and wo(0, —ez) = 1 —4¢. We then let the environment at site 0 be given by
the random variable w(0) := 1 x(1)w1(0) +1x(0)w2(0). This environment has the property that traps can
appear, where the random walk gets caught in an edge, as shown shown in Figure [1| and it does satisfy
(E")1—c towards the asymptotic direction. Furthermore, it is not difficult to check that the random walk
in this random environment is transient in direction e; but not ballistic. It will be shown in a future
work, that this environment satisfies the polynomial condition (P)ys for M > 15d + 5.



Figure 1: A trap produced by an elliptic environment which does not satisfy (E');.

As mentioned above, similar examples of random walks in elliptic i.i.d. random environment which are
transient in a given direction but not ballistic have been exhibited within the context of the Dirichlet en-
vironment. Here, the environment is chosen i.i.d. with a Dirichlet distribution at each site D(531, ..., f24)
of parameters 1, ..., 324 > 0 (see for example [Sallal [Sallbl [ST11]), the parameter §; being associated
with the direction e;. For a random walk in Dirichlet random environment, condition (E’); is equivalent
to

2d
A= 2Zﬁj — sup (B + Biya) > 1. (1.9)
= i:1<i<2d
This is the characterization of ballisticity given by Sabot in [Sallb] for random walks in random Dirichlet
environments in dimension d > 3. Tournier in [T11] proved that if A < 1, then the RWDRE is not ballistic
in any direction. Sabot in [Sallb], showed that if A > 1, and if thereisani = 1,...,d such that 8; # 8;14,
then the random walk is ballistic. It is thus natural to wonder to what general condition corresponds
(not restricted to random Dirichlet environments), the characterization of Sabot and Tournier. In section
we will see that there are several formulations of the necessary and sufficient condition for ballisticity
of Sabot and Tournier for RWDRE (cf. )7 but which are not equivalent for general RWRE. Among
these formulations, the following one is the weakest one in general. We say that condition (E.S) is satisfied
if

1
E
i:{%%}g{d 1 —w(0,e;)w(e;,—e;)

< 00.

We have furthermore the following proposition whose proof will be presented in section

Proposition 1.1 Consider a random walk in a random environment. Assume that condition (ES) is
not satisfied. Then the random walk is not ballistic.

We will see in the proof of Proposition how important is the role played by the edges depicted in
Figure [I] which play the role of traps.

Another consequence of Theorem and the machinery that we develop to estimate the tails of the
regeneration times is the following theorem.
Theorem 1.3 Consider a random walk in an i.i.d. environment in dimensions d > 2. Letl € S*1 and

M > 15d + 5. Assume that the random walk satisfies condition (P)r|l.
a) (Annealed central limit theorem) If (E’); is satisfied then

61/2(X[e*1n] - [Eiln]’U)

converges in law under Py as € — 0 to a Brownian motion with non-degenerate covariance matriz.



b) (Quenched central limit theorem) If (E')ssq is satisfied, then P-a.s. we have that

/2 (X|m1n) — [€ 'nJv)

converges in law under Py, as € — 0 to a Brownian motion with non-degenerate covariance matric.

Part (b) of the above Theorem is based on a result of Rassoul-Agha and Seppélainen [RAS09|, which
gives as a condition so that an elliptic random walk satisfies the quenched central limit theorem that
the regeneration times have moments of order higher than 176d. As they point out in their paper, this
particular lower bound on the moment should not have any meaning and it is likely that it could be
improved. For example, Berger and Zeitouni in [BZ08§]|, also prove the quenched central limit theorem
under lower order moments for the regeneration times but under the assumption of uniform ellipticity.
It should be possible to extend their methods to elliptic random walks in order to improve the moment
condition of part (b) of Theorem

It is possible using the methods developed in this paper, to obtain slowdown large deviation estimates
for the position of the random walk in the spirit of the estimates obtained by Sznitman in [Sz00] for the
case where the environment is plain nestling (see also [Berl2]), under hypothesis of the form

B [eaogw(o’e))f*} < o0,

for some 3 > 1. Nevertheless, the estimates we would obtain would not be sharp, in the sense that we
would obtain an upper bound for the probability that at time n the random walk is slowed down of the
form

_ B’ (d)
¢~ (logm)” (@

where 3'(d) > 1, but §'(d) < d (as discussed in [Sz04] and shown in [Berl2], the exponent d is optimal).
We have therefore not included them in this article.

The proof of Theorem requires extending the methods that have already been developed within
the context of random walks in uniformly elliptic random environments. Its proof is presented in section
To do this, we first need to show as in [BDR12], that the polynomial condition (P)ys for M > 15d+ 5,
implies the so called effective criterion, defined by Sznitman in [Sz02] for random walks in uniformly
elliptic environments, and extended here for random walks in random environments satisfying condition
(E)op. Two renormalization methods are employed here, which need to take into account the fact that
the environment is not necessarily uniformly elliptic. These are developed in subsections and
In subsection it is shown, following [Sz02], that the effective criterion implies condition (7”). The
adaptation of the methods of [BDR12] and [Sz02] from uniformly elliptic environments to environments
satisfying some of the ellipticity conditions that have been introduced is far from being straightforward.

The proof of Theorems[I.2|and [1.3] is presented in sections[@and[f] In section[d] an atypical quenched
exit estimate is derived which requires a very careful choice of the renormalization method, and includes
the definition of an event which we call the confinement event, which ensures that the random walk will
be able to find a path to an exit column where it behaves as if the environment was uniformly elliptic. In
section[5] we derive the moments estimates of the regeneration time of the random walk using the atypical
quenched exit estimate of section [4] Here, condition (E’); towards the asymptotic direction is required,
and appears as the possibility of finding an appropriate path among 4d — 2 possibilities connecting two
points in the lattice.

2 Notation and preliminary results

Here we will fix up the notation of the paper and will introduce the main tools that will be used. In
subsection [2.2] we will prove Proposition Its proof is straightforward, but instructive.



2.1 Setup and background

Throughout the whole paper we will use letters without sub-indexes like ¢, p or k to denote any generic
constant, while we will use the notation c31,¢32,...,¢4,1,¢a4,2,... to denote the specific constants which
appear in each section of the paper. Thus, for example ¢4 2 is the second constant of section 4. On the
other hand, we will use ¢y, ca, ¢3, ¢4, ¢} and ¢ for specific constants which will appear several times in
several sections. Let ¢; > 1 be any constant such that for any pair of points z,y € Z%, there exists a
nearest neighbor path between x and y with less than

¢y max{|z — yla, 1} (2.1)
sites. Given U C Z%, we will denote its outer boundary by
U :={x ¢ U:|z—ylp =1, for somey e U}.
We define {6,, : n > 1} as the canonical time shift on ZdN. For [ € S 1 and u > 0, we define the times
T :=inf{n>0:X, -1>u} (2.2)
and

T :=inf{n>0:X, -1 <u}.

Throughout, we will denote any nearest neighbor path with n steps joining two points =,y € Z% by
(x1,22,...,2,), where 1 = z and x,, = y. Furthermore, we will employ the notation

AIEZ' = X411 — Ty, (23)

for 1 < i < n—1, to denote the directions of the jumps through this path. Finally, we will call {t, : x € Z%}
the canonical shift defined on Q so that for w = {w(y) : y € Z¢},

te(w) = {w(z +y) 1y € 2. (2.4)
Let us now define the concept of regeneration times with respect to direction [. Let

a>2Vd (2.5)

and
D':=min{n>0:X, 1< X,-1}.

Define S[) = 0, MO = X(] . Z,

S1 =T}y rar R1:=D'obg,,

M, = sup{Xn~l:0§n§R1},

and recursively for k > 1,

! !
Skt1 =Ty 4ar  Bry1:=D"0bs,,, + Skt1,

Myqq :=sup{X,, - 1:0<n < Ryy1}.

Define the first regeneration time as

7 :=min{k > 1: .5} < oo, R, = oo}.

The condition on a will be eventually useful to prove the non-degeneracy of the covariance matrix
of part (a) of Theorem Now define recursively in n the (n + 1)-st regeneration time 7,41 as 7 (X.) +
Tn (X7 +.— X4, ). Throughout the sequel, we will occasionally write Tf, 7'%, ... to emphasize the dependence
of the regeneration times with respect to the chosen direction. It is a standard fact (see for example



Sznitman and Zerner [SZ99]) to show that the sequence ((71, X(r, 4 yrr — Xr ), (72 = 71, X(rytyar —
Xr,),...) is independent and except for its first term also i.i.d. with the same law as that of 7 with
respect to the conditional probability measure Py(-|D! = oo). This implies the following theorem (see
Zerner [Z02] and Sznitman and Zerner [SZ99] and Sznitman [Sz00]).

Theorem 2.1 (Sznitman and Zerner [SZ99|, Zerner [Z02], Sznitman [Sz00]) Consider « RWRE
in an elliptic i.i.d. environment. Let | € S¥=1 and assume that there is a neighborhood V of | such that
for every ! € V' the random walk is transient in the direction I'. Then there is a deterministic v such
that Py-a.s. one has that

Furthermore, the following are satisfied.

a) If Eg[m1] < 0o, the walk is ballistic and v # 0.
b) If Eo[t] < oo we have that

'/? (X[E—ln] — [efln]v)

converges in law under Py to a Brownian motion with non-degenerate covariance matriz.

In 2009, both Rassoul-Agha and Seppéldinen in [RAS09] and Berger and Zeitouni in [BZ0§| were
able to prove a quenched central limit theorem under good enough moment conditions on the regener-
ation times. The result of Rassoul-Agha and Seppéldinen which does not require a uniform ellipticity
assumption is the following one.

Theorem 2.2 (Rassoul-Agha and Seppéldinen [RAS09]) Consider a RWRE in an elliptic i.i.d.
environment. Let | € S¥=1 and let 7, be the corresponding regeneration time. Assume that

Ey[mF] < o0,
for some p > 176d. Then P-a.s. we have that

61/2 (X[E—ln] - [efln]v)

converges in law under Py, to a Brownian motion with non-degenerate covariance matric.

We now define the n-th regeneration radius as
XM= max |X;—X. |
Tn-1<k<T,

The following theorem was stated and proved without using uniform ellipticity by Sznitman as The-
orem A.2 of [Sz02], and provides a control on the lateral displacement of the random walk with respect
to the asymptotic direction. We need to define for z € R?

w(z) =2z — (z-0)0.

Theorem 2.3 (Sznitman [Sz02]) Consider a RWRE in an elliptic i.i.d. environment satisfying con-
dition (T)4|l. Let 1 € S™1 and v € (0,1). Then, for any ¢ >0 and p € (0.5,1),

limsupu~ P~ DN og Py | sup |7 (X,)| > cu” | <0,
u—00 0<n<T}

where T is defined in .



Define the function 7, : [2,00) — R as

log 2
= 2.6
T loglog L (26)

Given [ € S%~1 we say that condition (7)o in direction [ (also written as (T)o|l) is satisfied if there exists
a neighborhood V' C %1 of [ such that for all I’ € V

. 1 /
h?ljolip T log PO(XTUL’,L 1< 0) <0,

where the slabs Uy, are defined in .

Throughout this paper we will also need the following generalization of an equivalence proved by
Sznitman [Sz02], for the case v € (0,1) and which does not require uniform ellipticity. It is easy to
extend Sznitman’s proof to include the case v = 0.

Theorem 2.4 (Sznitman [Sz02]) Consider a RWRE in an elliptic i.i.d. environment. Let v € [0, 1)
and | € S¥1. Then the following are equivalent.
(i) Condition (T),|l is satisfied.

(ii) Po(A;) =1 and if v > 0 we have that Eglexp{c(XM)7}] < oo for some ¢ > 0, while if v = 0 we
have that Eglexp{c(X*M)12}] < oo for some ¢ > 0.

(#ii) There is an asymptotic direction O such that | -0 > 0 and for everyl’ such that ' - © > 0 one has
that (T)4|l' is satisfied.

The following corollary of Theorem [2.4] will be important.

Corollary 2.1 (Sznitman [Sz02]) Consider a RWRE in an elliptic i.i.d. environment. Let v € (0,1)
and | € S¥1. Assume that (T),|; holds. Then there exists a constant ¢ such that for every L and n > 1
one has that

1 o
P (X*(”) > L) < el (2.7)

2.2 Comments and proof of Proposition [1.1

Here we will show that (E’); implies (ES). We will do this passing through another ellipticity condition.
We say that condition (ES’) is satisfied if there exist non-negative real numbers as, ..., aq and o}, ..., o
such that

(0 +al) > 1
11;1%1[[(&Z +a;) >

and

1 o
max E || —— < oo and max E
1<i<d 1—w(0,¢;) 1<i<d

We have the following lemma.

(l—w<106+d))1 < oo (2.8)

Lemma 2.1 Consider a random walk in an i.i.d. random environment. Then condition (E'); implies

(ES") which in turn implies (ES). Furthermore, for a random walk in a random Dirichlet environment,
(ES) and (ES’) are equivalent to A > 1 (cf. (1.9)).



Proof. 1t is easy to check that that for random Dirichlet environments (ES’) and (ES) are equivalent
to A > 1. We therefore first prove that (ES’) implies (ES). Note first that by the independence between
w(0,e;) and w(e;, —e;), (2.8) is equivalent to

1 o 1 %
E .
1952 l(l - w(O,ei)> (1 — w(e;, —ei)> ] <

Then it is enough to prove that for each pair of real numbers wuy, us in (0,1) one has that

1 < 1
1—ujug = (1 —up)(l —ug)®

for any «, o > 0 such that a + o’ > 1. Now if we denote by v1 = 1 — u; and va = 1 — uy then (2.9)) is
equivalent to

(2.9)

V109 + va;" < w1 + va. (2.10)
But (2.10) follows easily by our conditions on vy, v, o and «’. To prove that (E’); implies (ES’), we
choose foreach 1 <7 <d
a; = Z ale), o= Z ale).
a(e)#a(es) a(e)#a(eita)

Note in particular that

a; +a>1, Yie{l,... d}. (2.11)
Then, (E’); and the monotonicity of the function logz imply that
E (e_ Liepe; ) log“’(o’e)) < oo, «;log Z w(0,e) > Z a(e)logw(0,e). (2.12)
e#e; e#e;

for each 1 <14 < d. Then (ES’) follows by (2.11]) and (2.12).
|

Let us now prove Proposition[T.1] If the random walk is not transient in any direction, there is nothing
to prove. So assume that the random walk is transient in a direction [ and hence the corresponding
regeneration times are well defined. Essentially, we will exhibit a trap as the one depicted in Figure|l] in
the edge (0, e;). Define the first exit time of the random walk form the edge (0, e;), so that

F:=min{n>0:X, ¢ (0,e;)}.
We then have for every k > 0 that

P$7W(F =2k + 2) = w]f+1w]2€(1 - w2)7

and
Pow(F =2k+1) = wfwh(1 —wy).
Hence,
P%L,_,(F > Zk) = (wlwg)k
and
inc w(Fy > 2k) = # (2.13)
’ 1— w12

k=0

This proves that under the annealed law,
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We can now show using the strong Markov property under the quenched measure and the i.i.d. nature of
the environment, that for each natural m > 0, the time T,,, := min{n > 0: X,, - | > m} can be bounded
from below by a sequence Fi,..., F,, of random variables which under the annealed measure are i.i.d.
and distributed as F. This proves that Py-a.s. T),/m — oo which implies that the random walk is not
ballistic in direction I.

3 Equivalence between the polynomial ballisticity con-
dition and (77)

Here we will prove Theorem establishing the equivalence between the polynomial condition (P)s and
condition (7"). To do this, we will pass through both the effective criterion and an version of condition
(T) which corresponds to the choice of v = v, according to (see [BDR12]). Now, to prove Theorem
we will first show in subsection [3.1] that (P) implies (T)o for M > 15d + 5. In subsection we
will prove that (T")¢ implies a weak kind of an atypical quenched exit estimate. In these first two steps,
we will generalize the methods presented in [BDRI12] for random walks satisfying condition (E)g. In
subsection we will see that this estimate implies the effective criterion. Finally, in subsection we
will show that the effective criterion implies (7”), generalizing the method presented by Sznitman [Sz02],
to random walks satisfying (E)o.
Before we continue, we will need some additional notation. Let [ € S4=1. Let L, L' > 0, L > 0,

B(R,L,L',[) =R ((—L,L') x (—i,i)d—l) Nz (3.1)
and
0.B(R,L,L',L) = dB N {:c €7l x-1> L' |R(e;) x| < L, for each 2 < j < d}.

Here R is the rotation defined by (L.3). When there is no risk of confusion, we will drop the dependence

of B(R,L,L',L) and 8. B(R, L, L', L) with respect to R, L, L’ and L and write B and 0, B respectively.
Let also,

5= DowXrs §04B) _ ap
' PO,w(XTB S 8+B) pB’

where ¢p := Py (X1, ¢ 0+B) and pp := Py (X1, € 0+B) and for 0 < o < min.ey Fe,

w=swe|(5a) | 2)

3.1 Polynomial ballisticity implies (7T')

Here we will prove that the Polynomial ballisticity condition implies (T)g. To do this, we will use a
multi-scale renormalization scheme as presented in Section 3 of [BDRI2]. Let us note that [BDR12]
assumes that the walk is uniformly elliptic.

Proposition 3.1 Let M > 15d+5 and | € S*~!. Assume that conditions (P) |l and (E)y are satisfied.
Then (T)o|l holds.

Let us now to prove Proposition Let Ny > %LO, where Lg is defined in {D For k > 0, define
recursively the scales

Nis1 = 3(No + k)2 Ng.
Define also for k > 0 and z € R? the boxes

B(z, k) := {yEZd:—]\;k<(y—x)~l<Nk, l(y — ) - R(e;)| < 25N for2<i<d}
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and their middle frontal part

B(z, k) == {yEZd:Nk—Nk,l <(y—x) 1< Ni, |(y—2)-R(e;)| < N} for 2 <i < d}
with the convention that N_; := 2Ny /3. We also define the the front side
0+B(x,k) :=={y € 0B(z,k) : (y — ) -1 > Ny},
the back side

0_B(z,k):={y € 0B(z,k): (y—z) -1 < _% ’

and the lateral sides

O B(x,k) == {y € 0B(z,k) : |(y — ) - R(e;)| > 25N for 2 < i < d}.
We need to define for each n,m € N the sub-lattices

Lom:={r€Z: [z 1] €nZ, [v-R(e;)] € mZ, for 2 < j <d}

and refer to the elements of

By = {B(m, k):ze £Nk71_1,N]§_1}

as bozes of scale k. When there is no risk of confusion, we will denote a typical element of this set by By
or simply B and its middle part as By or B. Furthermore, we have

UBEBkB = Zd?

which will be an important property that we will be useful. In this subsection, it is enough to assume a
weaker condition than (P)|l. The following lemma is straightforward, so its proof will be omitted.

Lemma 3.1 Let M > 0 and | € S '. Assume that condition (P)y|l is satisfied. Then, whenever
Ny > %LO one has that

sup P, (XTB0 Z 8+Bo) < NO_M.
zr€ By

We now say that box B € By is good if

sup Py (X1, & 04Bo) < Ny°.
xGBO

Otherwise, we say that the box B € By is bad. The following lemma appears in [BDR12] as Lemma 3.3.
Lemma 3.2 Let M > 0 and | € S*~1. Assume that (P)y|; holds. Then for all By € By and Ny > %LO,
P(By is good) > 1 — 2471 NZd+3-M,

Proof. Note that

P(By is bad) < Y P (Paw (Xrs, € 04Bo) = Ny'°). (3.3)
wEBo

Now by Markov’s inequality we have for z € By that

P (P (X1p, & 04 Bo) > Ny °) < Ng sup Py (X1, & 04 Bo) . (3.4)
€ By

12



Now, with the help of Lemma [3.1] (3.3, (3.4) and from a routine counting argument we obtain

P(By is bad) < 241 N3d+3-M
[ ]

Now, we want to extend the concept of good and bad boxes of scale 0 to boxes of any scale k£ > 1. To do
this, due to the lack of uniform ellipticity, we need to modify the notion of good and bad boxes for scales
k > 1 presented in Berger, Drewitz and Ramirez [BDR12|]. Consider a box Qj_1 of scale k — 1 > 1. For

each € Qj_1 we associate a natural number n, and a self-avoiding path 7(*) := (7r§w), . ,m(fi)

from z so that ng) = gz, such that (m(fi) —x) -1 > Ni_o and so that

) starting

3,1 Np—2 < ny < c3,20Ng—2,
for some pair of constants c3; and c3 2. Now, let
1 _ €3,2 log na+9d

&= 2¢ °3,1 . (3.5)

We say that the box Qx_1 € By_1 is elliptically good if for each x € Qk_l one has that

Zlog; < nglog (1>
; w(ﬂ'i(x),Aﬂ'i(x)) - £)

Otherwise the box is called elliptically bad. We can now recursively define the concept of good and bad
boxes. For k > 1 we say that a box By € By is good, if the following are satisfied:

(a) There is a box Qx—1 € Br_1 which is elliptically good.

(b) Each box Cy_1 € Bi_1 of scale k — 1 satisfying Cx_1 N Qg_1 # 0 and Cx_1 N By, # 0 is elliptically
good.

(¢) Each box By_1 € Bg_1 of scale k — 1 satisfying Br,_1 N Qx_1 = 0 and By_1 N By # 0, is good.

Otherwise, we say that the box By is bad. Now we will obtain an important estimate on the probability
that a box of scale k > 1 is good, corresponding to Lemma 3.4 of [BDR12]. Nevertheless, note that here
we have to deal with our different definition of good and bad boxes due to the lack of uniform ellipticity.
Let

1
C33:=C31 logg —C32 10g Na — 9d = C3.1 10g2 > 0.

We first need the following estimate.

Lemma 3.3 For each k > 1 we have that

P(B;, is not elliptically good) < e~¢3:3Nk-1, (3.6)

Proof. By translation invariance and using Chebychev’s inequality as well as independence, we have that
for any a > 0

P(By, is not elliptically good) <> 5 P <Z?jl log W > n, log (é))

< NkilNg(d—l)e—NkA (Cs,la log(%)—csa log 7]{1)

< e*Nk—l(Cs,l log(%)*cz,z log Na *9d)

where Nk,le(d_l) is an upper bound for \Bk| and we have used the inequality N < 12N,§_1. But this
expression can be bounded by e??* due to our choice of Ny. Then for any o > 0, using the definition of

¢ in (3.5)), we have that

13



P(By, is not elliptically good) < e=“3Nk-1,
|

We can now state the following lemma giving an estimate for the probability that a box of scale k > 0 is
bad. We will use Lemma [3.11

Lemma 3.4 Letl € S*', M > 15d + 5, and assume that (P)y|l is satisfied. Then for No > 3Lg one
has that for all k > 0 and all By, € By,

P(By is good) > 1 — e 2"
Proof. By Lemma [3.2] we see that

P(By is bad) < e” 0,

where
NM73d73
0870 = log ()2617—1
We will show that this implies for all £ > 1 that
Po(By is bad) < e~ 512" (3.7)

for a sequence of constants {cj ; : k¥ > 0} defined recursively by

log (3154(Ng + k)12
€3 = Chp — ( oFt1 ) : (3.8)

We will now prove using induction on k. To simplify notation, we will denote by g for k£ > 0, the
probability that the box By is bad. Assume that is true for some k, k > 0. Let A be the event that
all boxes of scale k that intersect By are elliptically good, and B the event that each pair of bad boxes
of scale k have a non-empty intersection. Note that the event A N B implies that the box By41 is good.
Therefore, the probability g1 that the box By is bad is bounded by the probability that there are
at least two bad boxes Bj, which intersect Bjy11 plus the probability that there is at least one elliptically
bad box of scale k, so that by Lemma [3.3] for each k£ > 0 one has that

Qrr1 < miqp + mye @3Nk (3.9)

where my, is the total number of bad boxes of scale k that intersect By41. Now note that
V2my, < 334Ny + k)54 (3.10)
But by the the fact that c3 3Ny > cg7k2k+1 for k > 0 we have that
e c33Ve < e—cé,k2k+l_

Hence, substituting this estimate and estimate (3.10)) back into (3.9 and using the induction hypothesis,
we conclude that

—c k+1 . k+1
Qr+1 < 316d(N0 + k)ude €3,12 = e~ C3e+12"

Now note that the recursive definition (3.8) implies that

Né\473d73 B o 10g (316d(N0 +]€)12d)

Qd—l 2k+1
k=0

Clg,k > log

Using the inequality log(a + b) < loga + log b valid for a,b > 1, we see that
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> log (3194(No + k)'27)
9k+1

< 16dlog 3 + 12dlog Ny + 12d.
k=0

From these estimates we see that whenever M > 15d + 5 and

log Ny — log 297 1316de12d+1 > (3.11)

then for every k£ > 0, one has that c’37,C > 1. But 1) is clearly satisfied for Ny > 3294
[ ]

The next lemma establishes that the probability that a random walk exits a box By through its lateral
or back side is small if this box is good.

Lemma 3.5 There is a constant c3 4 > 0 such that for each k > 0 and Bj, € By, which is good one has

sup Py (XTBk ¢ 8+Bk) < e—cs.alk,
Q’JGBk

Proof. Let us first note that for each k > 0,
Pr (X1, ¢ 01By) < Pos (X1, € 0-By) + Pos (X1, € 01Bi) .

We denote by py :=sup,cp, Pro (XTBk € 81Bk) and ry :=sup,c 5, Pro (XTBk € 8_Bk). We will first
show by induction on k that

pr < e xNeand (3.12)
iy < e (3.13)
where
. BlogNo 2‘“: log 27(No +4)* i 5N;_1 + log 24 + 6d(log €)2N,_;
3.k - NO =~ Nj_l pt Nj )

and ¢ is defined in (3.5)). The case k = 0 follows easily by the definition of good box at scale 0 with

0o 5log Ny
C30 = Ny

Now, we assume that and hold for some k£ > 0 and will show that this implies that
is satisfied for k + 1. Let x1 be the first time that the random walk exits some fixed box of scale k
whose middle part frontal part contains the point z. Define recursively for every n > 1, k,,11 as the first
time after time x,, such that the random walk exits some fixed box of scale k& whose middle frontal part

contains the point X,, . We choose these fixed boxes arbitrarily. We now define the rescaled random walk
{Y, :n >0} as

Yo:=2 and Y, :=X, ,

for n > 1. Since the box By is good, we know that there exists a box Q) € By, such that every box of
scale k, intersecting Bj1 but not Qy, is good. Let us now define for each k > 1 the collection of sets

{Br € By : BxNBry11 #0, and Vi € {2,...,d}, - R(e;) =y - R(e;),
S =
for somex € By, y € Qi } .

In words, this is the collection of boxes of scale &k which have at least one point whose component
orthogonal to [ coincides with the component orthogonal to I of some point in Q. Now, define the strip
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Sk = U Bk.

Br €Sk

(See Figure [2)

Figure 2: The bad box Q) with its strip Sk.

Let m; be the first time that the random walk {Y,,} is at a distance larger than 7N} 1 from the strip Sk
and from the sides 0;By41 of the box By1,

my = inf {n > 0: dist(Vy,, Sk) > TN, and  dist(Ys, 0 Brs1) = TNg ).
Let mgy be the first time that the random walk {Y},} exits the box Bj1 so that

me:=inf{n >0:Y, & Bry1}

and note that on the event {XTBk+1 S 8lBk+1} one has that

myp < mg < 00.

Also, define
msg = {’I’L >my:Y, € Sk}
Define
3Np+1/2
Jp = ———— + 1.
F Ni_1

This is the minimal number of steps needed by the random walk {Y},} to exit the box Bj41 through its
front side. Then, we have that a.s. on the event {XTBk+1 € 8;Bk+1} the following inequality is satisfied

TN} > 4 Nen

> 1.
"™ 95NE © 257N,

mo A ms —
Now note that starting from Y;,, if the random walk {Y,} consecutively exits Jj boxes of scale k through

their front side, it would leave the box Byi1 through 0, Byyi. Therefore, by the induction hypothesis
we have that
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Py,

mq ,UJ

(Y; € By, forall 1 <j < J;) < Je~ Nk
Thus, by the Markov property we get that

Ni41/Ng
< e_cé/,k+1Nk+1 .

Px’w(XTBk+1 € alBkJrl) < (€_C3kak+10g Jk-)

This completes the proof of (3.12) for k.
Recall the definition of r,. We will now assume that (3.12)) and (3.13)) hold for some k£ > 0 and will
show that (3.13)) is satisfied for k£ + 1. Define

3
Lo, :==inf{l-z:2€ Qr}— Ny Rg, =sup{l-z:z€ Qr}+ §Nk,

where Q) is a box of scale k in By41 with the property that any other box of scale & which does not
intersect it but which intersect By is good, while any other box of scale k which does intersect it but
which intersects By is elliptically good. We will define a one dimensional random walk which at most
sites has a very strong drift to the right (towards the front side of the box) whenever it is at any site
z € Z\([Lg,, R, | NZ): we define {Z, : n > 0} as a random walk which at each unit time, if it is at site
z € Z\([Lq,, Ro, ) NZ), it jumps Njy_; steps to the right with probability 1 — e~ and 3 Nj, steps to
the left with probability e_cé/»kN’“, while if it as a site x € ZN[Lg, , Rg,] it jumps Njy_1 steps to the right
with probability ¢V and %Nk steps to the left with probability 1 — ¢Vk-1. We will call P, the law of
this random walk starting from z € Z. Let us call Hj the first hitting time of the random walk to the
strip defined by Lqg, and Rg, so that

Hy:=inf{n >0:X, -l €[Lg,,Rq,l}-
Coupling in the natural way the random walk {X,,} with the random walk {Z, }, now note that

SUPze By s PI’W(XTBIC+1 € a*BkJrl)

<sup Ppuw(Hp <TyBpiy NTo,Biyy) X SUD P (T Moy < TNpoi—Ro, |- (3.14)
$€Bk+1 zE[LQk,RQk]mZ (RQkJr 2 ) ke

But,

SUP,c, ., P, ,(Hy, < T9,Bjy N T8+B;€+1)

S S‘:'lp PIE,M(XTBk+l E alBk+1) + Sl}p P.’E,w(Hk S TalBk+1 /\ T8+Bk+1 9’ TaBk+1 % TB;Bk+1)-
TEBrt1 TE€Bk41

Now, by the estimate already done concerning the probability to exit the box By41 through the sides,
we know that the first term is bounded from above by e~ %x+1Nk+1 | For the second term, we couple the
random walk to the random walk {Z,,} previously defined. It is easy to see that {Z,} can be coupled to
a random walk {Z,} which jumps 3N}, steps to the right with probability (1 — e~ Nk)3Ne/(2Nk-1) anq
%Nk steps to the left with probability 1 — (1 — e*Cg’kN"‘)?’Nk/@N’C*I). Now, the probability that a random
walk which jumps one step to the right with probability p and one to the left with probability ¢ to exit
the interval [—a, b] N Z through —a, where a,b € Z is given by

a pb_qb

q prra _ qb+a .

Applying the above formula with ¢ = (Ng41 — Ny — Rg, )/(3Ng/2),b=2,p= (1 — e_cg/'ka)BNk/(QNk_l)
and ¢ = 1 — p we get that for Ny > log %a

_ Bk (N —Np—R
sup Prw(Hi < T, NTo, By, Ton, # Top,) <€ 1 (Net1—Ne—Rqy)
zEBy,
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We will now find an upper bound for the second factor of (3.14)). Let z € [Lg,, Rg,] NZ and define the

events

2

Dt = {TNkJrrRQk <T, 001(Z)} and D~ := {T(RQ e <T.,o 91(2)}.
k
It is straightforward to see that

P.(D7)
sup P, (T_ N\ <IN, —R ) < sup —_—.
2€[Lay, R, INZ (Rau+=5) T T seliay e,z P (D)
Now, by the fact that the box Qi and those which intersect it are elliptically good, we conclude as in
[BDR12] that for Ny large enough,

1
P, DY)y > = c3,24 Ny
( ) —_ 2§ ?

where ¢ is defined in (3.5). On the other hand, by the strong Markov property we conclude that

Lg, +Ngq1/2
Ni

P.(D7)<3 (e—cé’,f«Nk)

From here we see that

sup Py (X, € 0-By) < e ohue
z€B;y,

It is easy to check that
€34 = i%f c§,’7,§ > 0.
|

We can now repeat the last argument of Proposition 2.1 of [BDRI2], which does not require uniform
ellipticity, to finish the proof of Proposition [3.1

3.2 Condition (7T), implies a weak atypical quenched exit esti-
mate
In this subsection we will prove that the condition (T")y implies a weak atypical quenched exit estimate.
Throughout, we will denote by B the box
B:=B(R,L,L,L), (3.15)
as defined in , with R the rotation which maps e; to [. Let

1
(loglog L)?"

Proposition 3.2 Let I € S?1. Assume that the ellipticity condition (E)o and that (T)o|l are fulfilled.
Then, for each function B, : (0,00) — (0,00) and each ¢ > 0 there exists c311 > 0 such that

c 1
P (PO,W(XTB €0,B) < e L ) < — e~csullm (3.16)

T o311

where B is the box defined in .
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Let us now prove Prop051t10n B2l Let p > 0. We will perform a one scale renormalization analysis

involving boxes of side pL @+t 77 which intersect the box B. Without loss of generality, we assume that e
belongs to the intersection of the half-spaces so that

eref{rezt z-1>0} (3.17)

and
er€{z ez -0>0} (3.18)

Define the hyperplane perpendicular to direction e; as

H:={zecR: 2 ¢ =0} (3.19)
We will need to work with the projection on the direction I along the hyperplane H defined for z € Z¢ as

Pz = <Z : el) l, (3.20)

l-el

and the projection of z on H along [ defined by

Qz =z — Pz (3.21)
Let 7 > 0 be a fixed number which will eventually be chosen large enough. For each z € Z% and n define
the mesoscopic box
Dyp(x):={ycZ: —n<(y—z)-e1 <n, —rn < |Qi(y — x)|o < rn},

and their front boundary

0" D, (z) :={y € 0D, (z): (y — ) -e; > n}.

Define the set of mesoscopic boxes intersecting B as

D :={D,(z) with € Z% : D,,(z) N B # 0}.

From now on, when there is no risk of confusion, we will write D instead of D,, for a typical box in D.
Also, let us set n := pL7+T. We now say that a box D(x) € D is good if

1
Pr (X1, €04D(2)) 21— 4. (3.22)

Otherwise we will say that D(z) is bad.

Lemma 3.6 Let | € S and M > 15d + 5. Consider a RWRE satisfying condition (P)y|l and the
ellipticity condition (E)o. Then, there is a c3 5 such that for r > c3 5 one has that

lim sup L~ % log P(D(0) is bad) < 0. (3.23)

L—oo

Proof. By (3.22) and Markov inequality we have that
. 1
P(D(0) is bad) <P <P07W(XTD(O> ¢ 0. D(0)) > L> < LP (XTD(O) ¢ 0.D(0)) . (3.24)

Now, by Proposition of Section we know that the polynomial condition (P)y/|l and the ellipticity
condition (FE), imply (T)o|l. But by Theorem and the fact that e; is in the half spaces determined
by { and v (see and (3.18), we can conclude that (T')o|l implies (T)gle,. On the other hand, it is
straightforward to check that there are constants ¢35, c3.6 > 0 such that for r > ¢35, (T')o|e, implies that

1 €LYL

Py (XTD(0> €8+D(0)) < - e—caol TF
3,6
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Substituting this back into inequality (3.24]) we see that (3.23]) follows.
|

For each m such that 0 < m < [%-‘ define the block R,, as the collection of mesoscopic boxes (see
Figure |3

R,, :={D(z) € D: for some x such that x - e; = nm}. (3.25)

block R
B(R,L,L,L)

Figure 3: A box B with a set of inner boxes D,,(x), which belong to a block R,

The collection of these blocks is denoted by R. We will say that a block R,, is good if every box D € R,, is
good. Otherwise, we will say that the block R,, is bad. Now, for each x € R,,, we associate a self-avoiding
path 7(*) such that

(a) The path 7(®) = (w%m), . ,ﬂéflll) has 2n steps.
(b) ﬂx) = z and the end-point 7T£;?+1 € Ry

(¢) Whenever D(z) does not intersect 94 B, the path 7(*) is contained in B. Otherwise, the end-point

ﬂ—én)qu S 6+B

Define next J as the total number of bad boxes of the collection D and define

G ={weN:J< LBL"'%HEL}.

We will now denote by {m1,...my} a generic subset of {0, ...,|R|—1} having N elements. Let £ € (0,1).
Define

N
1 d
Go:=qwe: sup sup log < 2nlog <) LPrtarres
N,{ml,...,mN}ijJER m; 121 (zJ) A )) g
where the first supremum runs over N < LPrHafrer and all subsets {m1,...,mn} of the set of blocks.
Now, we can say that
P (pB < e_CLBL+€L) <P (pB < el TN G Gg) +P(GS) + P(GY). (3.26)
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Let us now show that the first term on the right-hand side of vanishes. Indeed, on the event
G1 N Gy, the probability pp is bounded from below by the probability that the random walk exits every
mesoscopic box from its front side. Since w € G7, the random walk will have to do this for at most
LPr+ a4 bad boxes. On each bad box D(z) it will follow the path 7(*) defined above. But then on
the event G, we have a control on the product of the probability of traversing all these paths through
the bad boxes. Hence, applying the strong Markov property and using the definition of good box, we
conclude that for fixed & there is a c3,7 > 0 such that for 0 < p < c37 and on the event G; N Gy,

L
o5 > e*QLBL_HLPlOg(%) <1 _ 1) > 6_6L5L+6L
- L .

Let us now estimate the term P(GY) of (3.26). Note first that the set D of mesoscopic boxes can be divided

de
into less that 24rd=1pd L7t collections of boxes, whose union is D and each collection has only disjoint
boxes. Let us call M the number of such collections. We also denote by D; and J;, where 1 < i < M,
the i-th collection and the number of bad boxes in such a collection respectively. We then have that

P(GS) < Z]P’ ( LBLHML) : (3.27)
Now, by Chebychev inequality

d
Pt aaeL
e m Ele

IN

P (s = P et ) )

_ L5L+dL+16L D; ) n 1en _ |Di|—n
=e 7 — Z‘n:(‘) (l,%'l)(epL) (1 — epL)lDL\ (1176;1;;;) : (3.28)
where py, is the probability that a box is bad. Now the last factor of each term after the summation of
the right-hand side of (3.28)) is bounded by
1—pp 7
(1 - epL> ’

which clearly tends to 1 as L — oo by the fact that |D;| < Cg’ng7 the definition of €7, and by Lemma
for some c3 g > 0. Thus, there is a constant c3 9 > 0 such that

d
LPrtatrer

P (Ji > ]\Z_LﬁL'f’di’leL) < egge” 37

Substituting this back into (3.27) we hence see that

LPL

P (G) < c3.9(2p) rt LT LT T (3.29)

Let us now bound the term P(G$) of 1} Define 57 := B+ d;ileL. Note that for each 0 < o < min, F,
one has that

P(GS) < Z%‘:Ll P (3{m1,...,mn} and x; € Ry, such that

Z] 121 1 log ( <z]) (z]>) >2nlog( )LﬂL)

)Lﬁ’L

)2nLﬂL 2an log(

< ZL L (\71\3[|)rd—1(2p)L5L (log L) 4 1

. ’ e B8’ B84 1 B
< LBt [ZL(LGI)WL[%L Td71(2p)LBL ollog L)y# L L ,(log7a)2nLPL —2an log(g)L L

It now follows that for £ such that log (gza = ) > 0 one can find a constant c3 10 such that
1 .
P(GS) < ——ecanoller (3.30)

T c3,10

Substituting back (3.29)) and (3.30) into (3.26) we end up the proof of Proposition
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3.3 Condition (7T'), implies the effective criterion

Here we will introduce a generalization of the effective criterion introduced by Sznitman in [Sz02] for
RWRE, dropping the assumption of uniformly ellipticity and replacing it by the ellipticity condition
(E)o. Let I € S~ and d > 2. We will say that the effective criterion in direction [ holds if

d inf inf inf JY3@-Dfd-173(d-D+igrparl o 331
2 )LZC3,3%S£<L3 égooézlga{ [PB]} ) ( )
where
7 2
B=B(R,L—2,L+2,L) and T := max {;:1, < a 1) logni} , (3.32)
C1 —

while ¢3(d) and c3(d) are dimension dependent constants that will be introduced in subsection Note
that in particular, the effective criterion in direction ! implies that condition (E)q is satisfied. Here we
will prove the following proposition.

Proposition 3.3 Let | € S?1. Assume that the ellipticity condition (E)o and that (T)o|l are fulfilled.
Then, the effective criterion in direction [ is satisfied.

To prove Proposition we begin defining the following quantities

YL log 2
L)y="—=—"—
(L) 2 2loglog L
L log 2
L)y=—-=—72—
o(L) 3 3loglog L
a:=L"°W),

We will write p instead of pg, where B is the box defined in 1' (see with L = L2. Following
[BDR12], it is convenient to split Ep® according to

n—1
Ep* =& + Y & +&n (3.33)

j=1
where

4(1 - '7L/2)-‘ +1
YL ’

n:=n(L):= {
& =E (pa,pB > eicwl) ,

B By

for je{l,...,n—1}, and

&n=E (p‘ﬁpg < e‘CLﬁ">
with parameters

Bi(L) = Bi(L) + (G- DI,

for 2 < j < n(L). We will now estimate each of the n terms appearing in (3.33]). For the first n — 1
terms, we now state two lemmas proved by Berger, Drewitz and Ramirez in [BDR12], whose proofs we
omit. The following lemma is a consequence of Jensen’s inequality.
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Lemma 3.7 Assume that (T')q is satisfied. Then

.
& < ecLTL _ 3L (+o(1)

as L — oo.
The second lemma follows from Proposition [3:2}
Lemma 3.8 Assume that the weak atypical quenched exit estimate is satisfied. Then there exists

a constant cz 12 > 0 such that for all L large enough and all j € {1,...,n — 1} one has that

1 CL(%+%)’YL—Cg)lgL(i+%)’yL7€(L)

5j§ e

C3,12

In [BDRI2|, where it is assumed that the environment is uniform elliptic, one has that &, = 0. Never-
theless, since here we are not assuming uniform ellipticity this is not the case.

Lemma 3.9 Assume that (E)o and (T)o are satisfied. Then there exists a constant c316 > 0 such that
for all L large enough we have

1 1-e(L)
E, < e—¢cs.16L )

C3,16
Proof. Choose 0 < a < min, F,. Consider a nearest neighbor self-avoiding path (z1,...,z,,) from 0 to
04 B, so that ; =0 and z,, € 0+ B, 21,...,Z;,m—1 € B and which has the minimal number of steps m.

Then,

B[t < e | < B[ed T, S og il > A logina
Mgy 1 _~T.Bn
+E [e“zl e Y0 srraey < Htlog e, pp < e F } , (3.34)

where in the first line, we have used that for any a > 0, a < § for L large. Now, using Cauchy-Schwartz
inequality, Chebyshev inequality and (3.16[), we can see that the right-hand side of (3.34)) is smaller than

«

m 1/2 1/2 am n
B [o S ot s ] B (50 o by > 2o+ e e (g < o2

< e—mlogna =+ C3113 63‘3” log 77a703,13Lﬂ"(L)_e(L)7 (3.35)

for some constant c3 13 > 0. Now, using the fact that there are constants c3 14 and c3 15 such that

c3 14l <m < c3q15L,

we can substitute (3.35)) into (3.34)) to conclude that there is a constant c3 16 such that

a —cLPn 1 —c Li—e(@)
E[P ,pp < e ]ﬁae 316 .

It is now straightforward to conclude the proof of Proposition [3.3| using the estimates of Lemmas|3.7]

3.8 and 3.9
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3.4 The effective criterion implies (7")

We will prove that the generalized effective criterion and the ellipticity condition (E)q imply (77). To do
this, it is enough to prove the following.

Proposition 3.4 Throughout choose 0 < a < min, F,. Letl € S¥1 and d > 2. If the effective criterion
in direction | holds then there exists a constant cz 23 > 0 and a neighborhood Vi of direction | such that
for alll’ € Vi one has that

Tim L~ leca2s(os L)'/ log Py [Tl_/EL < Tlf/L} <0, forall b,b> 0.

L—oo

In particular, if is satisfied, condition (T")|l is satisfied.

To prove this proposition, we will follow the same strategy used by Sznitman in [Sz02] to prove Proposition
2.3 of that paper under the assumption of uniform ellipticity. Firstly we need to define some constants.
Let

24d  24d + 121
A(d,a) =13+ — + 20+ 1208 Tl
@ 2log N

cy(d, @) == crcf,
and
_ 48¢

C4(d7a) = a

where ¢; is defined in (2.1). Define for k& > 0 the sequence { Ny : k > 0} by

Ny, = SAgk, (3.36)
ug

where ug € (0,1). Let Lo, Lo, Ly and Ly be constants such that

3Vd<Lo<L3, Ly =NyLy and L, = NjLo. (3.37)
Now, for k > 0 define recursively the sequences {Lg : k > 0} and {Ek :k >0} by

L1 := NyLy, and Ly := NPLy. (3.38)
It is straightforward to see that for each £ > 1
Cyq K k(k—1) ~ Ly 3
Ly = () 8 2 Ly, Lp= () Ly. (3.39)
(0 Lo

Furthermore, we also consider for k& > 0 the box
By :=B(R,Ly — 1,Ly + 1, Ly),

and the positive part of its boundary 04 By, and will use the notations pr = pp,,Pr = PB,., % = ¢B, and
ng = [Ng]. Following Sznitman [Sz02|], we introduce for each i € Z

Hy={xecZ? 32’ €Z% |z —2'| =1, (x-1—iLo) (2’ -1 —iLg) < 0}. (3.40)

We also define the function I : Z¢ — Z by

L L
I(x) := 1, for x such that z -1 € |iLg — ?O,iLo + 20> .

Consider now the successive times of visits of the random walk to the sets {H; : ¢ € Z}, defined recursively
as
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Vo:=0, Vi:=inf{n>0: X, € Hrxo)+1 UHI(XO),l}

and
Vipr =V + W1 Oerv k> 0.

Forwe Q, x € Z%, i € Z, let

qA(x7w) = Pm’w [le S HI(m)fl] (3.41)
while p(z,w) := 1 — q(z,w), and
pli,w) = sup i(x’w) o € My, sup |R(ej)-z| < Lip. (3.42)
Pz, w) 2<j<d

We consider also the stopping time
T := inf {n >0: sup |X,-R(e)| > El} ,
2<;j<d

and the function f: {no+2,n0 +1,...} x Q — R defined by

no+1 ne+1
f(no+2,w) =0, f(i,w):= Z H pl,w)™t, for i< mg+1.

m=1 j=m+1

We will frequently write f(n) instead f(n,w). Let us now proceed to prove Proposition The following
proposition corresponds to the first step in an induction argument which will be used to prove Proposition

B4

Proposition 3.5 Let o > 0. Let Lo, L1, Loy and Ly be constants satisfying , with Ng > 7. Then,

there exist c3 17, ¢3.18(d), cs,.19(d) > 0 such that for Ly > ¢317, a € (0,a], ug € [€Lo/d 1], 0 < € < %
na

No < - <6>L0, (3.43)

and

the following is satisfied
L

. Ly
E[PT/Q} <318 {50'2L1 (03,19E§d_2)%L0E[q0]) 12Ng Lo

No+m—1

= —C O, 1
+ X0 (oL VERE]) T e M“g”%}- (3.44)

Proof. The following inequality is stated and proved in [Sz02] by Sznitman without using any kind of
uniform ellipticity assumption (inequality (2.18) in [Sz02]). For every w € Q

Py (Tf_Ll <TA T£1+1) < f(1f(—0)no)' (3.45)

Consider now the event
G .= {w : PO,w (T < ~1l—L1 /\T£1+1) < é‘(clfl)cll/l}7
and write

Elpy’*] = Elp}/?, G] + E[py’*, G°]. (3.46)
The first term E[p‘f/z, G] of || can in turn be decomposed as
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E[pi/*, G = Elp}/*, G, A1] + E[pi/?, G, A5, (3.47)
where we have defined

Ar = {w € Q: f(2=n0) = £(0) > f(1 = np)¢ A5 f(0) > f(1 = no)el Dty

Furthermore, note that

A C Ay U Az,
where
Ay :={weQ: f(2—n) — f(0) < f(1 —np)elca=Derli} while
As i={w e Q: f(0) < f(1 —no)glcr—Derla},
Therefore,

E[p{?] < E[p3'%, G, Ai] + E[p}?, A] + E[pS"?, G, As] + E[p}/*, G°]. (3.48)
We now subdivide the rest of the proof in several steps corresponding to an estimation for each one of
the terms in inequality (3.48)).

Step 1: estimate of ]E[p'f/2, G, A1]. Here we estimate the first term of display lj To do this, we can
follow the argument presented by Sznitman in Section 2 of [Sz02], to prove that inequality (3.45]) implies
that there exist constant cs 20(d) such that

no+1 ng+m—1
2

E o264 <23 (esao(@) L VElpg)) . (3.49)
m=0

Indeed on G N A; and with the help of (3.45) one gets that

PO,w[Tl—Ll-H <T/\TL1+1]+PU w[T<T—L +1/\TL1+1]

p1 = 1=Po, [Tl <TATE 4]=Po,oT<TE [ ATE ]
F(O)+F(1=ng)g1~ Vet 2/(0) (3.50)

! < /
= (FOmn0)=fO=fAmno)e ATV ) T (1 (1n0)—f(0) = (1=no) ATV EL)

where in the first inequality we have used the fact that w € G, while in the second that w € A;. Regarding
the term in the denominator in the last expression, we can use the definition of the function f and obtain

F=ng) — £(0) — f(1 —np)¢lr—erka
H;m;rl"o U, ) + f(2—mn0) — f(0) — f(1— no)g(cllfl)cllq

+1
H;LO2 no (a ) 17

where we have used that w € A; in the last inequality. Substituting this estimate in (3.50)), we conclude
that for w € G N A; one has that

no+1 no+l m

j=2—no m=0 j=2—

At this point, using (3.51)), the fact that (u+4v)*/? < u®/2+v%/2 for u,v > 0, the fact that {p(j,w), j even}
and {p(j,w),jodd} are two collections of independent random variables and the Cauchy-Schwartz’s in-
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equality, we can assert that

Elp1(w)*/?,G, Ay]

<2 > E| [ 6w
0<m<np+1 _17no<j§m
- 1/2 1/2
<2 > El J[ G| Ef JI 6w
0<m<ngp+1 1-no<j<m 1-no<j<m
L jiseven jisodd

2y I EBGwI.

0<m<np+1 1-np<j<m

In view of (3.41]) one gets easily that for ¢ € Z and x € H;,

Pz, w) = po o ta(w),
where the canonical shift {t, : € Z9} has been defined in (2.4)). Hence, for i € Z and = € H;,

—— < po o ty.

Following Sznitman [Sz02] with the help of (3.40) the estimate (3.49) follows.

Step 2: estimate of E[p'll/ 2, As]. Here we will prove the following estimate for the second term of inequality

B8,

—c1L1 10g ﬁ
a,

E[p"/2, o] < de

By the definition of ¢; (see )7 we know that necessarily there exists a path with less than ¢;(L; +
1+ \/&) steps between the origin and 04 B;. Therefore, for Ly > 1 + V/d, there is a nearest neighbor
self-avoiding path (z1,...,2,) with n steps from the origin to 0, By, such that 2¢1L; < n < 2¢1L; + 1,
T1,...,Tn € By and x,, - 1 > L1 + 1. Thus, for every r > 0 we have that

1
p

where Az; := x;41 —x; for 1 <i < n —1 as defined in (2.3). We then have applying inequality (3.52)
with 7 = a/2 that

n 1
P < — < e TimlBuEEy (3.52)

=3

E o2 Az] < B [e*/230 08 awmsm, a5, 5 og Ly < mlog (1]
a/23 " log —L1— n
B /228 5m, 5 og iy > nlog (1) (8:53)
Regarding the second term of the right side of (3.53]), we can apply the Cauchy-Schwarz inequality,

the exponential Chebychev inequality and conclude that and use the fact that the jump probabilities
{w(zi, A;) : 1 <i<n—1} are independent to conclude that

ad Tlo L 1/2 n 1/2
E [e = gmi’mi)} P<Zl log S azy > nlos (%))
< (2logna—alog(2))n/2, (3.54)
Meanwhile, note that the first term on the right side of (3.53)) can be bounded by

alog(%)n

e 2 P(Ay). (3.55)
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Hence, we need an adequate estimate for P(A45). Now,

MAﬂP<ﬂ2m)ﬂ®<e(%nghm@XAQ

—(e}—1er L log(2)
+P(f2=no) = fO)> e = A

7(c,171)c1L110g(%) (c)=1e1 Ly log(})

§P<ﬂ2m)ﬂ®<e2>+P<ﬂ1m)>ez)- (3.56)

The two terms in the rightmost side of display will be estimated by similar methods: in both cases,
we will use the fact that {p(j,w), j even} and {p(j,w), jodd} are two collections of independent random
variables, the Cauchy-Schwartz’s inequality and the Chebyshev inequality. Specifically for the first term
of the rightmost side of we have that

—(cf=1)e1 Ly log 1 —(c! —1)e L log l)
g (f(2 —no) = f(0) < 612(£>> <P <H;‘L3€1 plj,w)~t < 812(§>

(cllfl)clLlalog(%)

::P<Hiﬁlmmwr“2>e ’ )

—(ch —1)e1Lialog 1 1/2 1/2
<ot il et o] g [T o]
jodd jeven
7(C&71)C1L1alog(%) Lo 1/2
=e 7 [T E [5G, w)e] 2. (3.57)
By an estimate analogous to (3.52), we know that for Ly > 1 4 v/d, for each j € {0,...,ng + 1}
and each x € H;, there exists a nearest neighbor self-avoiding path (y1, ..., ym) with m steps, such that

2c1Lg <m < 2¢1Lg+1, between x and H; 1. Also, y1-1,...,ym—1-1 € (1—Lo,Lo+1) and yp, -1 > Lo+1.
Then, in view of (3.38)), (3.39), (3.41)) and (3.42)), we have that for each j € {0,...,no + 1}

E[p(j,w)?]"* < SE [z, )]

2 m 1/2 m log ng
<203 Vg [eazl log u(yi,lAyn} < or3ld—l gmigne (3.58)

where the summation goes over all x € H; such that supy<; <, |R(ei) - 2| < Ly. Substituting the estimate

(3.58) back into (3.57)) we see that

—(e! —1)eq Ly log( L —(cf—1)egLialog( L og na)m(n
p <f(2 B no) B f(()) <o 1 12 1 g(g)) <e 1 141 g(g) 2(n0+2)L?(d71)(n0+2)6M

7(cifl)c1Llalog(%)

<e 1

Hlog 2(no+2)+3(d—1) 220 Lo (no+2)+(log na) Ge1Lot)(not2)
1

L (%7176(d71)(1+10g(%))710g nu(361+1)>
<e ; (3.59)

where we have used the fact that for Ly > 2log ¢4 it is true that % < 14log (%) for all ug € [{Lo/d, 1].
Meanwhile, for the second term of the rightmost side of (3.56)), we have that

(c’lfl)clLllog(%) 1 1. _ (cllfl)clLllog(%)
P <f(1 —ng)>e— =z | =P T pGw) e

1+ IR B (c,l—l)clLlalog(%)/4
< Zk:rll(ino P H?ikJrl p(],W) o/2 > £ (2no+1)272
_(c,l—l)clLlalog(%) 14 41 . 1/
=¢€ * (2no + 1)/ DA, H;Lilc+1 E [p(j,w) ] /

28



d_l) (log na)m
e 2 .

In analogy to || we can conclude that E [p(7, w)*o‘]l/z < 2L:1)’(

2log cq4 we see that
(ch —1)eq Ly log 1
p (f(l o) > 61121(a)>

Therefore, for Ly >

—(cfj—-1e1Lya 105(%)

<e a1 (2710 + 1)a/2 it?o_no 2no+1ka§’(d_1)("0+1_k)e(logna)(2c1Lo+1)(ng+1fk)
—(ch —Dalog(L)ey L o
< e%—i—(%ﬁ)log(?no-%l)-ﬂno log 2+6(d—1)no (57280 ) Lo+ (4e1 Lono+2no) log na
(c¢h —Dalo LYe
—IL (%45)17176(%1)(1“%(%))7(4cl+1)(1og na))
<e . (3.60)

Now, in view of (3.55)), (3.56)), (3.59) and (3.60) the first term on the right side of (3.53) is bounded by

e —1alog(L)ey
—L (%—20401 log(%)—1—6(d—1)(1+log(%))—(4cl+l)(log 77(1))

% (3.61)
Now, since ¢} > 13 + %—d + %, we conclude that
(hDalor(d)er g0 1og (1) -1-6(d—1) (1+10g(})) - (s + 1)(logna)
> «acq log <%) — 2c1 log 1y,
and therefore, by and we have that
E[ a/? Az} celblos gy (3.62)

Step 3: estimate of E[p;l/z, G, A3]. Here we will estimate the third term of the inequality 1' Specifi-
cally we will show that
—c1 L log ﬁ

Elpy/*, G, As] < 2e (3.63)

This upper bound will be almost obtained as the previous case, where we achieved (3.62). Indeed, in
analogy to the development of (3.50) in Step 3, one has that for w € G,

F(0) + (1 — ng)gler—Derln
(f(1 =n0) = f(0) = gl Derla f(1 — o))

But, if w € A3 also, one easily gets that 0 < p; < 1if Ly > 20‘1(1)08;74 Thus,

p1 <

E [}, G, 45| <P(4y).

Therefore, since ¢} > 13 + %d + %, it is enough to prove that
€

cf—1)alog(L)e
%—1—6«1—1)(1+log(§))—(4c1+1)<logna)>

P(As) < 2¢ < (3.64)

To justify this inequality, note that

7((,1 l)clLllogg (c’lfl)clLllog%
P(A3) <P f(0) <e +P(f(1—mno) >e 2
—(ch— l)clLllog % (0’171)C1L110g%
gp(H?”Tlpm, Wyl <em ) fl=ng)>e ),

and hence we are in a very similar situation as in (3.56) and development in (3.57) and (3.60)), from where
we derive (3.64)).
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Step 4: estimate of E[p] a/2 ,G¢]. Here we will prove that there exist constants cs1(d) and cg 22(d) such
that

Ly

a o 3 12N L —c o 1
B 6 < om0 (cmB{ T LaEe0)]) T w TR o)

Firstly, we need to consider the event

Ay = {w €eQ: Py, (T£1+1 < f/\fll_Ll) > fzclLl}.

In the case that w € G°N Ay, the walk behaves as if effectively it satisfies a uniformly ellipticity condition
with constant k = &, so that we can follow exactly the same reasoning presented by Sznitman in [Sz02]
leading to inequality (2.32) of that paper, showing that there exist constants cg 21(d), 3 22(d) such that
whenever L > 48N0Z0 one has that

a c c c —c'e L 12No L
[ ?.a A4} <EP(GE) < ez & (03,22L(d 2 1L oElg (0)]> o (3.66)

The second inequality of (3.66) does not use any uniformly ellipticity assumption. It would be enough
now to prove that

( a/2 Ac) —c1ly IOgﬁ. (367)

To do this we will follow the reasoning presented in Step 2. Namely, for Ly > 1 + v/d, there is a nearest
neighbor self-avoiding path (z1,...,z,) with n steps from 0 to 04 B; such that 2¢1L; < n < 2¢;Ly + 1,
T1,...,Tyn € By and z,, - 1 > L1 + 1. Therefore

AjC{wEQ:Hw(xi,ASEi)<§”}={w€Q Zlog )>nlog2}
1 l

so that

a/2 c 2 1
E[ / A]<E[ a/237 O8 5(z;.82;) AM) leogw(az ) >n10g§:|

n 1/2 1/2
<E {ea >o7 log w(l’j,Al’q‘,)} P (Z? log m > nlog %)

(2logna—alog +)e1 Ly
<e £ ,

which proves (3.67)) and finishes Step 4.

Step 5: conclusion. Combining the estimates (3.49) of step 1, (3.62)) of step 2, (3.63)) of step 3 and ([3.65))
of step 4, we have ([3.44]). [ |

We will now prove a corollary of Proposition which will imply Proposition For this, it will be
important to note that the statement of Proposition is still valid if given k > 1 we change Lo by Ly,
Ly by Lgy1, Lo by Ly and L, by ik+1. In effect, to see this, it is enough to note that inequality
is satisfied with these replacements. Define

__4cylogna
€323 =€ (ea=De |

Corollary 3.1 Let 0 < ¢ < min{csas,e 24} and a > 0. Let {Ly : k > 0} and {Ly : k > 0} be
sequences satisfying (3.36}), (3.37) and (3.38). Then there exists c3 25(d, ) > 0, such that when for some
Lo > ¢3.95, ap € (0,a], ug € [¢F074,1], it is true that

b0 := c310LI LR [pl0] < gouoLo, (3.68)

then for all k > 0, _
Ok = 3,10l LiE[pp*] < (K + 1)€ovslr, (3.69)

with ag == a2~ %, uy = ue87F.
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Proof. We will use induction in & to prove (3.69)). By hypothesis we only need to show (3.69) for n = k+1
assuming that (3.69)) holds for n = k. To do this, with the help of Proposition we have that for any
k>0

Li41

o ~(d—2) L3, , + 12N, L
Elpp '] < es18 4 = 1rn (03,19L1(g+1) E%ILk]E[qu m

[Npl+m—1
2

F(d—1) a —c1Ly41 log 5t
+ 2 0<m<Ne+1 (C3,19Lk+1 Elpy"] € e o

so that, for k > 0 and with the help of (3.38)

N +m—1
~(d-1) L N2/12 k
br+1 < 3,183,190 o L1 Q€72 1O T+ Y 1 Pk

F(d—-1) —c1Ly41 log 5o
+esascsioly o " Litre §na

—c1Lky1 log ﬁ
a

: 7(d—1) au Ly,
Since £ < c323, we can assert that 0371803,19Lk+2 Liyie < uktibett - Hence, we only

need to prove that

. , 2 Nj+m—1
63,1803,19L§i__21)Lk+1 f_ch“l(?;in/lz + Z bp ° < (k + 1)gommrben (3.70)
0<m<Ny+1

Firstly, note that for Ly large enough by the induction hypothesis, li and the fact that £ < e

aukNng

2
gt/ < gebbin (k4 1) 3 ¢

1
' 1,1 calosg
C2(l°g’+ﬂ_T Lkt
e ¢ <1

Substituting this estimate back into (3.70)) and using the hypothesis induction again, we obtain that

Np+m—1
F(d-1) —ciL NZ/12 b
3,183,191 1o L1  §7 270 T4 3 1 P

~(q_ 2
< 63,1803,19[/5:1_21)Lk+1 {Qsivk/% + (Vg + 2)¢11¢Yk/4}
< 03,24z;ii;1)Lk+1Nk+l¢in/4
< 03,24zzgi;1)Lk+2¢ivk/8(k + 1)Ne/8gomuiLiNi/8

_ 03,24z](€i;1)Lk+2¢gk/8(]€ + 1)Nk/8—1(k + 1)£auk+1Lk+1,

where ¢34 1= 2c315¢3,19. Thus, in order to show that ¢r41 < (k + 2)§°‘“k+1Lk+1 it is enough to prove
that
c32a L\, Liya (k4 1)Ne/8=1g00/8 < 1, (3.71)

First, note that by the induction hypothesis,
e3,24 L Licya (b + YN8 00 S < g oy RD Ly o (4 1) N/ A7 102, (3.72)

From (3.37)), (3.38) and (3.39), we can say that
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03,24Z,Ei;1)Lk+2(k + 1)Nk/4—1§60'2Lk

3(d—1) - /
= (3,24 (inf) L(()dfl)LkH(k + I)Nk/4—1£6c2Lk

< 63,24Li(f;1)+1(k' + 1)Nk/4—1€60/2Lk
=34 (Nk+1Nk)3d72Lid_2(k + l)Nk/471£66,2Lk

< 63)248311—2de—2(]f + I)Nk/4—1£clLk.N]?d€(6c/1—1)c1Lk.. (373)
But, note that

€3.248%1 2 LT (k + )N/ A g ke <

for Ly large enough. Hence, substituting this estimate back into (3.73)) and (3.72) we deduce that

03’24Z1(€i_21)Lk+2(/€+1)Nk/8_1¢;ivk/8 < Ngdg(ﬁcll—l)clLk < N]?d€7701Lk7

by our choice of ¢j. Finally, choosing Lg large enough, the expression N4¢71Lr < 1 for all k > 1. In
the case of k£ = 0, we have that

6d
C —
(£> grrete <y Mgt <1

by our assumption on ug. Then (3.71) follows and thus we get (3.69) by induction and choosing Ly > ¢3 25
for some constant cz o5 > 0.
[ |

The following corollary implies Proposition Since such a derivation follows exactly the argument
presented by Sznitman in [Sz02], we omit it.

c1—1

Corollary 3.2 Let | € S¥', d > 2 and ¥ = max{%,( 2y )10g ni} Then, there exist constants
3,26 = ¢3.26(d) > 0 and c3,27 = c3,27(d) > 0 such that if the following inequality is satisfied

. . 3(d—1) Fd—173(d—1)+1mr a }
C3,26<d>Lozc&w)%godgoéga{T LMLy TRy <1, (3.74)

where B = B(R, Lo — 1, Lo + 1, io), then there exists a constant c3 28 > 0 such that

[m L-lec2s(os ) 100 Py [TL;L < TéL] <0, forall b,b> 0.

L—oo

Proof. If (3.74) holds then there is a £ > 0 such that

3(d—1)
c3.06(d inf inf alog = pa-ip3d=btigrat 3.75
) ﬁ{< eg) LBl (3.75)

with & < {c3,93,e"'/?*}. Then, by (3.36) and (3.37),
N e\ 3D
LY 'Ly = () Li' L.
Ug

3 L —-3(d—1)
. (d—1) paug L . Lo P 1
Now, the maximum of ug gamo o as a function of ug for ug € [€72 , 1], is given by ¢3.29(d) (aLo log 5)

3(d—1)
for ug = ;’L(j;)?%, when Ly is large enough, where ¢35 29(d) := (@) . Thus if (3.75) holds, (3.68

holds as well. Hence, applying Corollary we can say that (3.69)) is true for all £ > 0. The same
reasoning used by Sznitman in [Sz02] to derive Proposition 2.3 of that paper gives the estimate

32



I ! bL oL
Py (Th, <T3y) < (101 + B2 1) gt
< e*ELe_“3,28(10g EL)%

—= Y

3(d—1)
aLglog % ’

for some constant c3 28 > 0 and L large enough, and where we have chosen ug =

4 An atypical quenched exit estimate

Here we will prove a crucial atypical quenched exit estimate for tilted boxes, which will subsequently
enable us in section [5|to show that the regeneration times of the random walk are integrable. Let us first
introduce some basic notation.

Without loss of generality, we will assume that ey is contained in the open half-space defined by the
asymptotic direction so that

v-ep > 0.
Recall the definition of the hyperplane perpendicular to direction e; in (3.19)) so that

H:={zcR:z-¢ =0}

Let P := P; (see (3.20)) be the projection on the asymptotic direction along the hyperplane H defined

for z € Z¢
Pz .= <f'81) 0,
v-er

and @ := @Q; (see (3.21)) be the projection of z on H along ¢ so that

Qz:=z— Pz.

Now, for € Z%, 3> 0, o > 0 and L > 0, define the tilted bozes with respect to the asymptotic direction
U as

Bar(z)={yez’: L’ <(y—2)-e1 < L; |Qy—2)|loc < 0L"}. (4.1)
and their front boundary by

3+Bﬁ,L(l’) ={y€dBg(x):y-e1 —x-e =L}
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Figure 4: The box Bg 1(z).

See Figure {4 for a picture of the box Bg 1, and its front boundary.

Proposition 4.1 Let a > 0 and assume that 1, < 0o as defined in . Let M > 15d + 5 and assume
that (P)a|l is satisfied. Let By € (1/2,1), B € (%, 1) and ¢ € (0,00). Then, for each k > 0 we have
that

lim sup L9056 Jog P (poyw (XTBB o € a+Bﬁ,L(0)) < e—nL") <0,

L—oo

where

9(Bo, 8,¢) :==min{S + (,38 =2+ (d — 1)(8 — fo)}- (4.2)

We will now prove Proposition following ideas similar in spirit from those presented by Sznitman in
[Sz02].

4.1 Preliminaries

Firstly we need to define an appropriate mesoscopic scale to perform a renormalization analysis. Let
Bo € (0.5,1), B € (Bo,1) and x := o+ 1 — 8 € (Bo, 1]. Define

L — oLP
LO = W

Now, for each z € R? we consider the mesoscopic box
B(z)={yeZ': L% < (y—=)-e1 < oLo; |ly—2— Py —)|[ec < (L+0) L™},

and its central part

C(x) :z{yEZd:OS(y—x)-el<gL0; ||y—x—P(y—1‘)Hoo<L5°}.

Define also } ~
0"B(z) :={y€dB(z):y-e1 —x-e1 = oLo}
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and

otC(x) :={ycdC(z):y-e; —x-e1 = oLo}.
We now say that a box B(z) is good if

N 1
sup Py (X1, € 0+B(z)) < 5,
zeé(z) ( B ) 2

Otherwise the box is called bad. At this point, by Theorem [I.I] proved in section 3} we have the following
version of Theorem (Theorem A.2 of Sznitman [Sz02]).

Theorem 4.1 Let ] € S% ! and M > 15d + 5. Consider an elliptic RWRE satisfying condition (P)s|l.
Then, for any ¢ >0 and p € (0.5,1),

lim sup u~2*~Y log P, ( sup | X, — P(X,)| > cup> <0,

u—00 0<n<TE

where TS is defined in (2.9).
The following lemma is an important corollary of Theorem [4.1

Lemma 4.1 Let | € S and M > 15d + 5. Consider an elliptic RWRE satisfying condition (P)s|l.
Then

lim sup L~5+#=D 10g P(B(0) is bad) < 0. (4.3)

L—oo

Proof. By Chebyschev’s inequality we have that
P(B(0) is bad)
< 9d=11, Bo(d=1) (PO <sup0<n<T@L X, — PX,| > (1+ g)Lﬁo) o (Tf’mo < oo)) .
<n<TY

By Theorem [£.1] the first summand can be estimated as

limsup L=B+%Diog Py | sup  |X, — PX,| > (1+ o) L™ | <0.
L—oo Ognng’LO

To estimate the second summand, since (P) |l is satisfied, by Theorem [1.1]and the equivalence given by
Theorem [2.4] we can chose 7 close enough to 1 so that v3y > By + 3 — 1 and such that

lim sup L~7% log P, (TE(1+Q)LBO < oo) < 0.

L—oo
|
Let ki,...,kq € Z. From now on, we will use the notation z = (ky, ..., kq) € R? to denote the point
d
7= kig—Lob + ;21%(1 + 0)L%e;.

Define the following set of points which will correspond to the centers of mesoscopic boxes.

L= {zGRd:x:(kl,...,kd) forsomekl,...,kd€Z}.
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We will use subsequently the following property of the lattice £: there exist 2¢ disjoint sub-lattices
L1,...,Lqa such that £ = Ufilﬁi and for each 1 < i < 2%, the sub-lattice £; corresponds to the centers
of mesoscopic boxes which are pairwise disjoint. Let £y be the set defined by

Lo:={x=(ki,...,kq) € L: ky =0}.

For each x € Ly we define the column of mesoscopic boxes as

2 Loqs)
€1

See Figure [5f for a picture of the column C,, for some z € L.

[L'7X]

U B(x—i—knﬁ

ki=-1

€1

Figure 5: A box B with its corresponding middle part C', which belongs to the column
C,.

The collection of these columns will be denoted by C. Define now for each C, € C and —1 < k < [L'7X]
define

Ok,1Cy = 8+C' (x + k L0v> and 0Ok 2Cy = 8+B (z + k Lov) \Ok,1C%.

For each point y € 0y 1C, we assign a path (%) = {W%k) . 7Tn1)} with ny = [26117-961 LO] steps from

y to Ok+1,1C3, so that 7r( ) = = y and 71'7(11? € Ok41,1C5. For each point z € 0y 2C,; we assign a path
(k) — {ﬂ-ﬁk) 7‘7,(1]; } with ng = [QClgLﬁO] steps from z to O 1Cy, so that 7 ( ) — 2 and 7?7(3 € 0k1C;.
We will also use the notation {my,...,mn} to denote some subset of {—1,. [Llfx]} with N elements.

Let x € Ly and £ > 0. A column of boxes C, € C will be called elliptically good if it satisfies the
following two conditions

3 4 1
N?[H;g] {"11,S~1-1-271N}z;vm €Oy iC ;bg mJ> ATy =P (5) L’ (44
and
L] 1
R e, & ng O f gy < 2¢10log ( 5) Lo, (4.5)
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If neither (4.4)) nor (4.5) is satisfied, we will say that the column C,, is elliptically bad.
Lemma 4.2 For any xz € Ly, § > % and & > 0 such that log ﬁ > 0 we have that

limsup L™ log P (C,, is elliptically bad) < 0

L—oo
Proof. Let us first note that % > 1 by our condition on . Now, it is clear that

P (C, is elliptically bad) < P ((4.4) is not satisfied) + P ((4.5)) is not satisfied)
Regarding the first term on the right of (4.7)) and since 26 — By — 1 < 8 — fo < B we have that

LB
P ((4.4]) is not satisfied) < ZE\,LE]I P (3{m1,...,mn} and yp,, € Om,,1Cy such that

N 1 1
ijl Z?:ll lOg W > 201% IOg (Z) Lﬁ)

LB _ 3 3
< ﬁL(ﬁ*ﬁO)Toe(log L)Bo(d—l)Lﬁ Bo eQ(log Na)C1 'ﬂ-gel L €—2c1 ,ﬁ_gel (alog %)L[ < 6_04'11/3

= T,

for some constant ¢4 ;1 > 0 if L is large enough and log ﬁ > 0.

Similarly for the rightmost term of (4.7)) we have that,

P ((4.5]) is not satisfied)
L'=x
S P <E| 2K € Gk,ng such that Zinl] 27:21 IOg m > 201@10g (%) Lﬂ)

S elogL(Q,Bg(dfl)Ll_X)e2(logna)clgLﬂe—2019<O¢10g%)L'B S 675472Lﬁ

(4.9)

for some constant ¢4 2 > 0 if L is large enough and log ﬁ > (0. Substituting |b and 1) back into
|

7 follows.

The proof Proposition will reduced to the control of the probability of the three events: the
first one, corresponding to subsection gives a control on the number of bad boxes; the second one,
corresponding to subsection [£:3] gives a control on the number of elliptically good columns; the third
one, corresponding to subsection [4.4] gives a control on the probability that the random walk can find

an appropriate path which leads to an elliptically good column.

4.2 Control on the number of bad boxes

We will need to consider only the mesoscopic boxes which intersect the box Bg 1,(0) and whose ki index

is larger than or equal to —1. We hence define the collection of mesoscopic boxes
B:= {B(.’L‘) : B(J’J) n BQ’L(O) 75 [Z),.’[: = (/{‘17. . .,kd), kh. . .,kd S Z, k‘l > —1}

In addition, we call the number of bad mesoscopic boxes in B,

)

N(L) == HB eB:Bis bad}

and for each 1 < i < 2%, call the number of bad mesoscopic boxes in B with centers in the sub-lattice £;

as

)

N;(L) := ‘{B(m) € B: B(x) is bad and = € Ei}

Define
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G - {w €Q:N(L) < leL(dl)(MO)Lﬁ}
1= : =

2(1 + Q)d_lLO
Lemma 4.3 Assume that § > % Then, there is a constant ca3 > 0 such that for every L > 1 we
have that

ey 5 L3218 B0)

P(GS) < e

Proof. Note that the number of columns intersecting the box Bg,1,(0) is equal to

o1 [,[d=D)(5—50)
[ (1+ )41 ]
d—17 (d=1)(8—FB0)

Hence, whenever w € G1, necessarily there exist at least [9 ST -‘ columns each one with at most
0?1 L= (B=B0) 6 0?21, HB—F0) 0?1, (d=1)(8=00)

H—ﬂ bad boxes. Let us take my := { (170 T } and mg := |B| = [ (+o)? 1 it T

Now, using the fact that the mesoscopic boxes in each sub-lattice £;, 1 < i < 2%, are disjoint, and the
estimate (4.3)) of Lemma we have by independence that there exists a constant c4 3 > 0 such that for
every L > 1,

P(GS) = P(N(L) > my) < S P (N(L) > %)

~ n —
< S Y e ()P (B(O) is bad ) < 20502, om0

—eq 3 LPTP0—1H(d=1) (5= 00)+26— B 1 4 5 L33 (@=1)(8-80)

<e <e

Note that in the second to last inequality we have used the fact that 25+ By — 2 > 0 which is equivalent
to the condition § > @ Now, this last condition is implied by the requirement g > %
|

4.3 Control on the number of elliptically bad columns

d—17 (d=1)(8—Bo)
| L
Let ms = [W

nality less than or equal to mg has at least one elliptically good column

] and define the event that any sub-collection of the set of columns of cardi-

Gy :={weN:VYD CC,|D|>mg, 3C, € D such that C, is elliptically good}. (4.10)
Here we will prove the following lemma.
Lemma 4.4 There is a constant cq.4 > 0 such that for every L > 1,

—eqq LA (B=B0)

P(GS) <e
Proof. Note that the total number of columns intersecting the box Bg 1, is equal to
o1 [(d=1)(B~Fo)

(I+o)*!
Using the fact that the events {C, is elliptically bad}, {C, is elliptically bad} are independent if = # y,
since these columns are disjoint, we conclude that there is a constant c4 4 > 0 such that for all L > 1,

my =

P(G5) =P (3D C C, |D| > ms such that VC, € D, C, is elliptically bad)
<M mnP(C, s elliptically bad)" < e—caal” TV

n=ms

where in the last inequality we have used the estimate (4.6 of Lemma which provides a bound for
the probability of a column to be elliptically bad.
|
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4.4 The confinement event

Here we will obtain an adequate estimate for the probability that the random walk hits an elliptically
good column. We will need to introduce some notation, corresponding to the the box where the random
walk will move before hitting the elliptically good column and a certain class of hyperplanes of this region.
Let first ¢ € (0, o), a parameter which gives the order of width of the box B¢ s 1, where the random walk
will be able to find a reasonable path to the elliptically good column, so that
Bepri={rez®: —L¢ <z-e; < LS, ||z — Pz|o < L°}.
Note that this box is contained in Bg 1,(0) and that it also contains the starting point 0 of the random
walk. Define now for each 0 < z < L¢, the hyperplane
H, = {xEB¢757L:x-el :z},

and consider the two collection of hyperplanes defined as

HY={H.:2€2,0<2<L‘} and H ={H.:2€Z,—L°<z<0}.
Whenever there is no risk of confusion, we will drop the subscript from H, writing H instead. Let
r := [20LP]. Now, for each H € H* UM~ and each j such that e; # +e;, we will consider the set of
paths IT; with r steps defined by 7 = {my,...,m.} € II; if and only if
mCH and Tit1 — T = €5.
In other words, 7 is contained in the hyperplane H and it has steps which move only in the direction e;.

We now say that an hyperplane H € HT N'H™ is elliptically good if for all paths ™ € U;1,44+11L; one has
that

" 1 1
log ——— < 201 —) L. 4.11
> gy < 200 () (411

Otherwise H will be called elliptically bad (See Figure @

Li

==

Figure 6: The box B¢ g . The arrows indicate the uniform ellipticity condition given by
(4.11), which implies that each hyperplane is elliptically good.
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From a routine counting argument and applying Chebyshev inequality, note that for each H € HT UH™
and & > 0 such that log ﬁ > 0 there is a constant ¢4 5 > 0 such that

P (H is elliptically bad) < e=5L” (4.12)

Now choose a rotation R such that R(e;) = 0. Let 9; := R(e;) for j > 2. We now want to make a
construction analogous to the one which led to the concept of elliptically good hyperplane. But now, we
would need to define hyperplanes perpendicular to the directions {v;} which are not necessarily equal to
a canonical vector. Therefore, we will work here with strips, instead of hyperplanes. For each z € Z even
and k € {2,...,d} consider the strip Iy, :== {x € B¢ 51(0) : 2 —1 <z -9; < 2+ 1}. Consider also the
two sets of strips, I,j' and 7, defined by

I,j = {Ik,z :zeven,0 <z < QLB} and Z, := {Ik,z :z even, —oLP < z < 0} .

Whenever there is no risk of confusion, we will drop the subscripts from a strip I}, . writing I instead. We
will need to work with the set of canonical directions which are contained in the closed positive half-space
defined by the asymptotic direction, so that

Ut:={ecU:e-d>0}

Let s := [201 A ] For each I € Z;" UZ, and each y € I we associate a path & = {f1,...,7,}, with

f)-el
s <n < s+ 1, which satisfies
w C Ij,z

and

’friJrl—ﬁ'iEU-i_ fOI‘lSiS’I’L—l, ’f(nEH[Lg].

Note that by the fact that the strip I has a Euclidean width 1, it is indeed possible to find a path
satisfying these conditions and also that such a path is not necessarily unique. We will call I such a set
of paths associated to all the points of the strip I. Now, a strip I € I,j UZ, will be called elliptically

good if for all paths # € II;, one has that

- 1 1
Zlog W) < log (f) n (4.13)
i=1

Otherwise I will be called elliptically bad (See Figure [7)).
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Figure 7: In each strip Z, every path 7 chosen previously satisfies the uniform ellipticity
condition given by (4.13)). Then Z is elliptically good.

As before, from a routine counting argument and by Chebyshev inequality, note that for each k €
{2,...,d}, I € I,j UZ, and £ > 0 which satisfies log ﬁ > 0, there exists a constant ¢4 6 > 0 such that

P (I iselliptically bad) < ecaelt, (4.14)

We now define the confinement event as

Gy={weQ:3H; e H ,H eH_ I, €Ly ,.... 1  q€T] 1 2€T,,....]_4€TI;
such that Hy, H_, Iy o,..., I+ 4, 1_o,...,I_ 4 are elliptically good}.

We can now state the following lemma which will eventually give a control on the probability that the
random walk hits an elliptically good column.

Lemma 4.5 There is a constant cq7 > 0 such that for every L > 1,
P(GS) < el (4.15)

Proof. Note that
P (GS) < P (Ngep+ {H iselliptically bad}) + P (74— {H iselliptically bad})
+ P (Mg (s elliptically bad} ) + S, P (N ez {F s elliptically bad} )

Now, inequality (4.15) follows using the estimate (4.12)) for the probability that a hyperplane is elliptically
bad, the estimate (4.14) for the probability that a strip is elliptically bad, applying independence and

translation invariance.
[ ]
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4.5 Proof of Proposition 4.1
Firstly, note that for any x > 0,

P(Pow (X1, , ) € 07 B31(0)) < e™"F") < P(GY) +B(GS) + P(GY)

+P (Pow (Xrs, o) €07 B5.0(0)) < e, G1, G, Gs ) (4.16)

Let us begin bounding the first three terms of the right-hand side of |D Let ¢ € (0,8) and 3 > %
By Lemma [4.3] of subsection Lemma [£.4] of subsection [4-3] and Lemma [4.5] of subsection [£:4] we have
that there is a constant c4 g > 0 such that

1 24 (a-1)(a- 1 —1y(a— 1
P(GS) + P(Gg) + P(GG) < ——e cast™HHNIT00 2 pmeaun P00
C4,8 C4.8 C4.8

Since 8 < 1 is equivalent to S+ (d — 1)(8 — Bo) > 38 —2+ (d — 1)(8 — o), the sum in (4.17) can be
bounded as

emeslT (g1

1 Bo,
P(GS) + P(GS) + P(G5) < —— e caal 0%, (4.18)
C4,9
for some constant ¢4 9 > 0 and where g(8, 8, ¢) :==min{8+¢(,38 -2+ (d—1)(8 — o)}
We will now prove that the fourth term of the right-hand side of inequality (4.16) satisfies for L large

enough

P (Pow (X1, , ) €07 Bar(0)) < e, G1, G, Gs) = 0. (4.19)

In fact, we will show that for L large enough on the event G; N G2 N G3 one has that

Py (XTBB o) €07 Bg, L(o)) > e~rL”, (4.20)

We will prove (4.20) showing that the walk can exit Bg ,(0) through % Bg (0) choosing a strategy
which corresponds to paths which go through an elliptically good column. This implies, in particular,

that the walk exit successively of boxes B(z) through &+ B(xz). The event G; implies that there exist at
~17,(d=1)(8-00)

o’ ;(L1ig;dfl % } columns each one with at most [i—ﬂ of bad boxes. Meanwhile, the event

G5 asserts that in any collection of columns with cardinality ms or more, there is at least one elliptically

good column. Therefore, on the event G; N G2 there exists at least one elliptically good column D with

at most L /Ly bad boxes. Thus, on G1 N Gy we have that for any point y € D and & > 0,

least m3 = [

1 LP=Po 11
P,. (XTBﬂ,L(O) c 3+BQ,L(0)> > <2> 5201 7 LB£2C1QLB’ (4.21)
where the first factor is a bound for the probability that the random walk exits all the good boxes of
the column through their front side, while the second factor is a bound for the probability that the walk
traverses each bad box (whose number is at most L?/Lg) exiting through its front side and following a
path with at most 2%1_7@0 steps and is given by the condition for elliptically good columns, while
the third factor is a bound for the probability that once the walk exits a box (whose number is at most
LP=Po 4-1) it moves through its front boundary to the central point of this front boundary following a
path with at most [2¢; pLg | steps and is given by the condition for elliptically good columns.

Now, the confinement event GG3 ensures that with a high enough probability the random walk will
reach the elliptically good column D which has at most L”/Ly bad boxes. More precisely, a.s. on G3,
the random walk reaches either an elliptically good hyperplane H € H, U H_, an elliptically good strip
I €I U---UTZ] or an elliptically good strip I € Z, U---UZ; (recall the definitions of elliptically good

hyperplanes and strips given in (4.11)) and (4.13]) of subsection |4.3). Now, once the walk reaches either
an elliptically good hyperplane or strip, we know by (4.11)) or (4.13)), choosing an appropriate path that
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the probability that it hits the column D is at least §‘34,109Lﬁ for some constant c419 > 0. Thus, we know
that there is a constant c4,19 > 0 such that

Py, (the walk reaches D N B¢ g,1,(0)) > {C“O@LB. (4.22)

Therefore, combining (4.21)) and (4.22), we conclude that there is a constant cs4 11 > 0 such that for all
0 € (0,1) on the event G; N G2 N G5 the following estimate is satisfied,

PO,u.) (XTBﬂ (0) € 8+BL37L(0)> > 6754,11PL["

Hence, choosing o sufficiently small, we have that on G1 N G2 N G3,

_kILP
Py (XTBM(O) c a+Bﬁ7L(0)) > KL (4.23)

for L larger than a deterministic constant depending only on g. This proves (4.19).
Finally, with the help of (4.16)), (4.18]) and (4.23)) the Proposition is proved.

5 Moments of the regeneration time

Here we will prove Theorems and Our method is inspired on some ideas used by Sznitman to
prove Proposition 3.1 of [Sz01], which give tail estimates on the distribution of the regeneration times.
Theorem will follow from part (a) of Theorem while part (a) of Theorem from part (b) of
Theorem Part (b) of Theorem[L.3|will follow from Theorem [2.2] The non-degeneracy of the covariance
matrix in the annealed part (a) of Theorem can be proven exactly as in section IV of [Sz00] using

23

Proposition 5.1 Letl € S% ! 3> 0 and M > 15d+5. Assume that (P)p|l is satisfied and that (E')g
holds towards the asymptotic direction (cf. , @, (@) Then

limsup(logu) ~! log Po[r{ > u] < —3.

U— 00

The proof of the above proposition is based on the atypical quenched exit estimate corresponding to
Proposition [I.1] of section [l Some slight modifications in the proof of Proposition [I.I} would lead to a
version of it, which could be used to show that Proposition remains valid if the regeneration time 7{ is
replaced by 7! for any direction [ such that [-© > 0. Note also that Proposition implies that whenever
(E'); is satisfied towards the asymptotic direction, then the first regeneration time is integrable. Through
part (a) of Theorem this implies Theorem Similarly we can conclude part (a) of Theorem
Part (b) of Theorem can be derived analogously through Theorem

Let us now proceed with the proof of Proposition Let us take a rotation R in R? such that
R(ey) = 0 and fix 8 € (2,1) and M > 0. For each u > 0 define the scale

1 \7# ,
L=1L = 1 B,
= (53775 oen)
and the box
—L ~ L
= 74 7 < Re) < —— for0<i<2db.
CL {xe 2(@'61)7:10 R(e)72(@'61) or 0 <i< }

Throughout the rest of this proof we will continue writing 7; instead of 7. Now note that

Py(r1 >u) < Py (7'1 >u,Toy, < 7'1) + Py (TCL(u) > u) , (5.1)
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where T, is the first exit time from the set Cp(,) defined in l) For the second term of the right-
hand side of inequality (|5.1]), we can use Corollary to conclude that for every v € (3,1) there exists
a constant cs; such that

1
Po (m > u,Te,,, <71) < c—e*%,lwu). (5.2)
5,1

For the first term of the right-hand side of inequality (5.1)), following Sznitman [Sz01] we introduce the
event

Fr=<qwe:t, (CL(u)) >L1 ’
(logu)™

where for each A C Z¢ we define

tw(A) :==inf {n >0:sup Py (Ta >n) <

b

Py (Te,,, >u) <E[Ff, P (Te,,,, >u)] +P(F). (5.3)

To bound the first term of the right-hand side of (5.3]), on the event Ff we apply the strong Markov
property [(log u)%] times to conclude that

DN | =

Trivially,

1 [og )P
) : (5.4)

E[F{. Py (Tey, > u)] < (2
To bound the second term of the right-hand side of (5.3]), we will use the fact that for each w € Q there

exists xg € Cp(y) such that

7 2|CL(U)‘
Px,wH:v >TCu < — 5.5
oislley > Toy ) < ™ (55)
where for y € Z4,
E[y =inf{n >1: X, =y}
(5.5) can be derived using the fact that for every subset A C Z? and x € A,
P.,(H, <T
Em,w(TA) = Z ; ( ~y = A)
=y P, (Hy >Ta)
(see for example Lemma 1.3 of Sznitman [Sz01]). Now note that (5.5 implies
2(logu)?
P(F) <P (w € Q: 3 x¢ € Cpy) such that ngf),“,(ltjl‘f,c0 >Tcep,) < OiuCL(u)|> . (5.6)

Choose for each x € Cp,(,) a point y,. as any point in Z¢ which is closest to the point z+ (%) D=

x+2 (%) 0. It is straightforward to see that
N—-1<|ys —x[i <N +1,
where

_ _ |tlilogu
’ 2M\/&(’f)'61).

Let us call
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V(y:r) = {y € Zd : |yz - y|1 < 4d}7
the closed [; ball centered at y,. We furthermore define
V(yz) N CVL( ) if Yz € CVL
v’ L) = u . (w) 5.7
(v) { V(yz) N (Crw)® i Yo & Criu)- (5:7)
Now, there are constants K; and K5 such that for each 1 < i < 2d, we can ﬁnd 4d — 2 different paths
{n(#3) . 1 < j < 4d — 2}, each one with n; steps, with () = {7‘(%1"]), . ,’7'1'»5:;])} for each 1 < j < 4d — 2
such that the following conditions are satisfied:
(a) (the paths connect z or x + ¢; to V'(y,)) For each 1 < j < 2d — 1, the path 7(*7) goes from
x to V'(yz), so that ng) =z and Wﬁff) € V'(y,). For each 2d < j < 4d — 2, the path 7(*7) goes

from x + ¢; to V'(y,), so that wf’j) =z + e; and m(f].’j) € V' (yz)-

(b) (the paths start using 4d — 2 directions as shown in Figure [8]) For each 1 < j < 2d — 1,
wgl’])—ﬂ”) = fj where f; € U—{e;} and f; # fj for 1 < j # j' < 2d—1. For each 2d < j < 4d-2,
Wé%ﬂ) — ng) = gj where g; € U — {—e;} and g; # gj» for 2d < j # j' < 4d — 2.

(¢) (the paths intersect at most K, times) For each 1 < j < 4d — 2, the paths 7(-9) and 7(%7")
intersect at at most K7 vertexes. Furthermore, after each point of intersection, both paths perform
jumps in different directions in Hy.

(d) (the number of steps of all paths is close to N) The number of steps n; of each path satisfies
N—-1<n; <N+ K.

(e) (increments in H;) For each 1 < j < 2d—1, we have that Awl(f’j) € Hyu{f;} for2 <k <n;—1,
while for each 2d < j < 4d — 2, we have that Aw,iz’j) € HyU{g;} for 2 <k <n;—1.

A A g =
i T+ e

Figure 8: The 4x2—2 = 6 paths from z to V'(y,.) and from z+e; to V'(y,) are represented
by the arrowed lines. The set V'(y,) is given by the 5 endpoints of the paths.
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In Figureit is seen how can one construct such a set of paths for dimensions d = 2 (a similar construction
works for dimensions d > 3). From Figure note that the maximal number of steps of each path is given
by |y. — x|1 + 7, where the 7 corresponds to the extra steps which have to be performed when a path
exits the point = (or x 4 ¢;) or enters some point in V'(y,). Let us now introduce for each 1 < i < 2d
the event

;= {w € Q: for each x € Cp(y), 3j € {1,...,2d} such that
< 2(M—1)A(@~e1)ﬂnj}

w(r ) Axl)y = [0]1

peq log

and also

Fy = ﬂ?ilFQ’i.
Then, with the help of (5.6)) we have that

2(log u)Tlﬁ

P(F) <P (a o € Cr(y) such that Py o (Hyy > Tey,,,) <
u

|CL(u)aF2> +P(Fy). (5.8)
Let us define

1
~ 2(1 B
5= {w € Q: 3w € Cpy such that Py, o, (Hy, > TCL(u)) < M

ICriw, F2} .

Note that on the event F3, which appears in the probability of the right-hand side of ([5.8)), we can use
the definition of the event F» to join for each 1 < i < 2d, x¢ with V’(y,,) using one of the paths 7(h9) to
conclude that

1

_ 8(M—1)(d-e1)Vd ~ 2(1 B
w;e loh ui(lfﬁ) ‘I/H(f )PZ,w (TCL(u) < Hﬂﬂo) < Pryw (TCL(u) < Hzo) = M|CL(U)|’
2€V/ (Ys

(5.9)

U
where

w; = w(x,e;).

The factor w; above corresponds to the probability of jumping from x to x4+ ¢; (in the case that the path
7(h9) starts from x + e;). Summing up over ¢ in 1) and using the equality

2d
> wi=1, (5.10)
=1

we conclude that on the event F3 one has that

=

_8(M—1)(d-e1)Vd —(l—i) .
e” Py ) inf P, (Toy,, < H.) <4d
ZGV,(ym)

(log u)

In particular, on F3 we can see that for u large enough V'(y,) C Cru) (see (5.7)). As a result, on F3 we
have that for u large enough

—_

B
inf P (X e >z-€ ) < if P.(T. . <H,)< — ¢~ 2VdL(w)
2V () zZ,w Tz+Uﬁ,L 1 1] = 2V (y2) z,w( CL(u) 1) = UT}VI )

where

Usp={reZ: —L° <x-e; < L}.
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From this and using the translation invariance of the measure P, we conclude that

1
P (3 20 € Cpuy such that Py o [Hey > Te, ] < 44997 |0y ), Fz)

<P (3 20 € Cp () such that inf, ey, ) Psw(X7. ce1>z-e) < 672\/3L<u>">

TUs,L(u)

< IV @lICrlP (Pow (Xri,, €1 > 0) < e 2VaL@7)
< V' lICo P (Pow (X1, , ) -1 > 0) < e 2V,

where the titled box Bg 1 was defined in (4.1)) of section [4] Therefore, we can estimate the first term of
the right-hand side of (5.8) using Proposition [4.1| to conclude that there is a constant c5 2 > 0 such that
for each 3y € (%, 1) one has that

2l w)? |CL(u)|7F2> < L mesarqurono
— C5 2 )

)

P (EI 2o € Cp(y) such that Pxo,w[f{wo > Tyl < (5.11)

where ¢g(f8o, 3, () is defined in (4.2)) of Proposition We next have to control the probability P(Fy).
To simplify the notation in the calculations that follow, we drop the super-index ¢ in the paths writing
7)) .= 7(43) | Furthermore we will define

(0 61)\/3.

M1 = Q(M—l) |{)|1

Then, by the independence property (e) of the paths {7r(i’j)}7 we can say that
P(Fy) <
P (336 € Cp(y) such that ¥V j, log m + 30, log m > Mlnj)
< Z?il 2€Cpm b (V 1<j<2d—-1, logm + 347, log m > Mlnj)
xP (v 2d < j < 4d -2, log m + 30, log W > Mlnj) : (5.12)

Now, using Chebychev’s inequality, the first step property (b) of the paths, the intersection property (c),
the bound on the number of steps (d), N —1 < n;, and the property of the increments (e), we can bound
the rightmost-hand side of by the following expression, where for 1 < j < 2d — 1, a; := oy for
fi € Hy while aj := a(f;) < oy for f; ¢ Hy (cf. (L8), and similarly for 2d < j < 4d — 2.

2d 241 1 2Ky 2d—1 oy 3242, log )
i=1 %98 50,7, —M T angr2d—1 = o= an
Crw] izt B {6 ’ ( fﬂ} N R (=0.an)

2K, T 1
4d—2 - 1 — aj EkZQ og 7 7
«E |:€Ej—2d ajlog “,(0,_%)} oM e ang H;LdzggE e o(= axd)

< [Cry| 5 (o )2 08 me) X2t g =n(1 ) o,
where £ is defined in (L.5), 7 is defined in for < mineey a(e) (cf. (L.7)) and where
n =E {ez;%gj o log w(olsn]
and

47



2d—1 1
0 =E {Z o8 s |
3

Then, using the inequality n; < N + K, (property (g) of the paths), we have that

2d
- - 0, —r(1—+) logu
P (F5) < |Crw)l Z (7 ) 2K eUd=2 (N+K2) og na (1= ) logu_

ii'=1
Using the definition of N, and of condition (E')g (cf. (1.5) and (1.6))) we see from here that if we choose
M large enough, one has that for u large enough
P(FS) < es3u~". (5.13)

for some constant c5 3 > 0. Now note that for each § € (%, 1) there exists a [y € (%,ﬂ) such that for
every ¢ € (O7 %) one has that

9(B,80,¢) > B. (5.14)
Therefore, substituting (5.11)) and (5.13) back into (5.8) and using (5.14)) we can see that there is a

constant c¢5 4 > 0 such that for u large enough

P(Fy) < csqu™". (5.15)
Now with the help of (5.3), (5.4) and (5.15) there exists a constant c5 5 > 0 such that for u large

Py (TCL<“> > ’LL) < C575’LL_B.
Finally, since v € (8,1) in (5.2)), using (5.1]) we conclude the proof, since we see that for u large enough

Po(my > u) < cseu™®,
for a certain constant c5 ¢ > 0. This proves part Proposition

Acknowledgments. The authors would like to thank Christophe Sabot for pointing out that the
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