FLUCTUATIONS OF THE FRONT IN A ONE DIMENSIONAL
MODEL OF X +Y — 2X

FRANCIS COMETSY*, JEREMY QUASTEL? AND ALEJANDRO F. RAMIREZ?*

ABSTRACT. We consider a model of the reaction X +Y — 2X on the integer
lattice in which Y particles do not move while X particles move as independent
continuous time, simple symmetric random walks. Y particles are transformed
instantaneously to X particles upon contact. We start with a fixed number a >
1 of Y particles at each site to the right of the origin, and define a class of
configurations of the X particles to the left of the origin having a finite I' norm
with a specified exponential weight. Starting from any configuration of X particles
to the left of the origin within such a class, we prove a central limit theorem for
the position of the rightmost visited site of the X particles.

1. INTRODUCTION

We consider the following microscopic model of a combustive reaction or epidemic
on the integer lattice Z: There are two types of particles; X particles, which move as
independent, continuous-time, symmetric, nearest neighbor random walks of total
jump rate 2; and Y particles which do not move. Initially the Y particles occupy
sites 1,2,..., with a fixed number ¢ > 1 of Y particles at each site. Initially there is
at least one X particle at 0, and any distribution of X particles at sites ..., —2,—1
such that )., 7(0, z)e?” < 0o, where 6 > 0 is a parameter that will be chosen small
and (0, ) is the number of X particles at x € Z at time 0. When an X particle
jumps to a site where there are Y particles, all a of them immediately become X
particles and start moving as rate 2 continuous time symmetric random walks. We
are interested in the asymptotic behavior of the rightmost site r; visited by the X
particles up to time ¢, which we call the front.

Let n(t,z) denote the number of X particles at x € Z at time ¢ > 0. Since there
are always exactly a of the Y particles at each z > r; we do not have to keep track of
them and we can just think of an X particle as branching into a + 1 particles when
it jumps to r + 1, with the result that there are a + 1 particles at the new rightmost
visited site, r + 1. A naive state space of our Markov process is

S={(r,n) : r€Zne N1,
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with an infinitesimal generator acting over local functions given by,

Lftrn) =Y @) (f(r,n— 85+ duse) = f(r,n))

T,x+e<r

+’I7(7")(f(’l" + ]-a?] - 67‘ + (a + 1)57"+1) - f(Ta 77))
where §, denotes the configuration with one particle at . Nevertheless, to avoid
anomalies involving an explosion on the number of particles per site, we will take as
the state space of our process,

Sp={(r,n) €S : Zea(w”)n(m) < o0}

xz<r

Sp with, for example the metric d((r,n), (', 7)) = [r — 7| + X2, iz +r) —
n'(z + r')|, is a Polish space.

We will show (see Section 2 and 6) that if initially (r,n) € S}, with r = 0 and
n(0,0) > 1, then (ry,n(t)) € S and furthermore the process is Feller. In [11] it is
shown, for certain initial conditions, that there exists v, 0 < v < oo, such that a.s.,

li = .
gt ="

We will give an alternate proof in dimension d = 1 using the regeneration time
method (see Section 6) which works for arbitrary initial data in Sj. Note that this
could also be proved using the sub-additive ergodic theorem.

Our main results are:

Theorem 1. (Central limit theorem) For 6 > 0 small enough, there exists o2 non-
random, 0 < 02 < oo, and independent of the the initial conditions (0,n) € Sy, such
that

Bf :=¢'/? (re-1y — € tot), t >0, (1)

converges in law as € — 0 to Brownian motion with variance o>.

Theorem 2. (Ergodic theorem) Consider the process as seen from the front, 7_,,n(t).
For 8 > 0 small enough, there exist exactly two invariant measures: One supported
on the configuration with no particles, and another, po. The domain of attraction
of the first consists of exactly the configuration with no particles. Any nontrivial
configuration in Sy is in the domain of the second; if we denote by p; the distribution
of the process T_p,n(t), then py — poo in the sense of weak convergence of probability
measures.

The model we are studying has been considered in the physics literature (see [9]
and references therein). Recently there has been a resurgence of interest in such
models because, especially in one and two dimensions, strong deviations from mean
field behavior were detected experimentally.

Mathematically much less is known. [4] studies a model with at most one particle
per site in which particles jump to neighboring sites at rate /2 and create particles at
empty neighboring sites at rate % Considering initial configurations with a rightmost
particle, it is shown that viewed from the rightmost particle, the process has a unique
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invariant measure. Therefore the position of the rightmost particle grows linearly, in
fact with a computable speed.

A discrete time version of our model is known in the probability literature as the
"frog model". Shape theorems have been obtained for the model on Z? using methods
based on the sub-additive ergodic theorem (see [1] and [11] for the continuous time
version and [2] where the initial configuration of the Y particles is random). We
prove the corresponding result for arbitrary initial conditions in Sj (see Section 6)
which could alternately be obtained with such methods. However, using the method
of regeneration times we are able to obtain in addition the central limit theorem for
the position of the front and the ergodic theorem for the law of the process as seen
from the front. The disadvantage of the method is that it appears at the present
time to be restricted to one dimensional systems.

In [7], Kesten and Sidoravicius consider a model in which the Y particles move as
well. Let Dx and Dy denote the jump rates of the two types. If Dx = Dy > 0 they
prove a shape theorem in Z%. When Dy # Dy they can only obtain a linear upper
bound. Note that [8] observed experimentally that for one dimensional models of
this type with exclusion, the speed does not depend on Dy > 0 but only on Dx (as
long Dx > 0).

One of the aspects which makes these type of problems difficult is that the process
as seen from the front does not converge exponentially fast to its equilibrium. For
example, starting from one X particle at the origin, the probability that the rightmost
occupied site up to time # is still at the origin decays with O(t~'/2). Hence, with
such an initial condition, if p; is the law of the environment seen from the the front
at time ¢ and peo the (nontrivial) invariant measure of the process seen from the
front,

|14t — proo] Ty > O1?),

indicating that we are in the gap-less case. In the physics literature such fronts are
called pulled fronts [12].

In [5] we considered a preliminary model in which there was a threshold: Any par-
ticle which jumps to a site with M particles is immediately killed. That model lacks
the sub-additivity of the present model. On the other hand, it is considerably easier
in that case to define the renewal structure. The unboundedness in the particle con-
figurations makes it particularly difficult to set up the renewal structure. Essentially
one has to show that at the regeneration time, one is not in a bad situation in which
there are an unusually large number of particles around. Nevertheless, if uniform
estimates on the initial conditions are not obtained, then there is no finiteness of
the first and second moments of the corresponding regeneration times. Therefore,
to prove Theorem 1, we have defined regeneration times in terms of a modified re-
newal structure which provides a global control on the number of particles per site
far from the front. This difficulty in constructing regeneration times appears to be
very common when dealing with dynamic environments (see, for example, [3]).

Regeneration time methods were already used by Kesten in [6] to study the in-
variant measure of an i.i.d. environment as seen from a one dimensional random
walk on that environment (RWRE). Our approach to define the regeneration times
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in terms a sequence of stopping times is inspired in the methods presented in [14]
for multidimensional RWRE. At a heuristic level, regeneration occurs each time the
front moves forward and the particles behind it never catch it up later on. After
such a time, the behaviour of the front depends only on the a newly created par-
ticles sitting at the front at that time, but not on those behind the front at that
time. The idea is to find an increasing sequence {k, : n > 1} of regeneration times,
having independent increments and such that the probability of the event {x, > t}
decreases fast enough as t — oo providing good enough integrability conditions. As
in [5], in order to estimate the tails of the regeneration times, it is useful to decouple
particles initially on the front from those behind it. Nevertheless, a crucial difficulty
and difference in the construction of the sequence of stopping times with respect to
[5], is that in this model the number of X particles per site is not bounded. This
requires a control in terms of some norm of the size of the cloud of particles behind
the front. To do so, we introduce at each time ¢ > 0, an exponential norm depending
on the parameter § and on an integer z, which is given by > . @iy, (¢, z).
Here, n,(t, ) is the number of X particles at site x and at time ¢ which originated
from some branching (of an X particle) at some site y < z. This is a measure of the
magnitude of the density of particles from r; to —oo, which originated from some
site y < z. We then define a stopping time S depending on an integer length L, as
the first hitting time to a site of the form rq + jL, 7 > 1, such that the exponential
norm of the particles originating to the left of ro + (5 — 1)L is small enough. In
[5], the corresponding stopping time was defined simply as the first time the front
advances L steps to the right. One of the main difficulties of our proof, is to show
that the tails of the law of S provide good enough integrability conditions for the
corresponding regeneration times and the associated position of the front. We are
able to do this only for small values of § and large values of L: we obtain polyno-
mially decaying tails of a degree which increases linearly with L for the regeneration
times {k, : n > 2}. It is conceivable that for a fixed value of L, the optimal bound
for the corresponding regeneration times is indeed of power law type (see [13] for a
discussion of this problem within the context of transient multidimensional RWRE).

In the next section, we will define the notion of exponential norm, and the labeled
and auxiliary processes, which will be needed subsequently to define the renewal
structure. In Section 3, the renewal structure is defined, following the algorithmic
approach of [14]. Here it is proved that the regeneration times, define sequences with
independent increments, and except for the first term, are identically distributed.
This is used in Section 4, to prove the law of large numbers, the central limit theorem
in Theorem 1, and Theorem 2. In Section 5, the crucial estimates which ensure
the finiteness of the second moments of the i.i.d. sequences defined through the
regeneration times are derived. Of particular importance is Lemma 20, which shows
that the tails of the stopping time S are small enough. Finally, in Section 6, it is
proved that the process is Feller on Sj. Note that in related models (see [7]) it is not
known whether the Feller property holds. Throughout the paper a generic constant
will be denoted by C.
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2. SETUP AND PRELIMINARY DEFINITIONS

The process will be constructed out of a large collection of independent, continuous
time, symmetric, simple random walks, each with jump rate 2. For each site x < 7,
we have a countable collection of these: {Yy 1,Yz9,...}. For each site z > r, we need
only a of them: {Y;1,...,Y;q}. Assume that Y;;(0) = z.

First we construct the process for finite initial conditions (r,7) i.e., those in which
71 has only a finite number of particles.

For each z < r, and i < n(z), let Z;;(t) = Y i(t). Let 7 be the first time that
one of the random walks Z;;(t), z < r, hits r+ 1. For 0 < ¢ < 7y, let r, = r and
() = Soay, s Wnilt) = 2).

At time 71 we add a particles, {Zy 41,1, .., Zr41,a}, Where Z, 1 ;(t) = Yop1,:(t—71).
Let 75 be the first time that one of the random walks Z;;(t), x < r + 1, hits 7 + 2.
Form <t <m,let iy =r+1and n(z,t) =3 <1, HZosi(t) = 2)

Continuing in this way, we define the process {(ry,n(t) : t > 0} for finite initial
conditions and the sequence of stopping times {7, : n > 1}. In Section 6 we will show
that the definition makes sense. In particular, one has to show that lim,_,., 7, = o0
with probability one.

For general (r,n) € S}, with arbitrary 8, we construct the process by taking limits
of approximations with finite initial conditions. For each £ = 1,2,..., let n(z) = 0 if
x < r—/4, and nt(z) = n(z) if r —¢ < 2 < r. Consider the process {(rf,n(t)) : t > 0}
starting from this finite initial condition. In Section 6 we will prove

Proposition 1. For every (r,n) € S} and t > 0, r, = limy 0o 7f and n(t,z) =
limg oo ' (t, ) exist, are finite a.s. and (rt,n( )) € Sy. The limit is a Markov
process with Feller semi-group P,f(r,n) = E,,[f(re,n(t))] on C(S})), where E,, is
the expectation associated to the joint law P, of {(r,n(t)) : t > 0}.

2.1. Auxiliary process. Let

M = 4(a +5). (2)
Let now r € Z, define vy := 0 and v; as the first time one of the random walks
{Y;; : 1 < i < a}, hits the site r + 1. Next, define 15 as the first time one of the
random walks {Y,; : r <z <r+1,1 <4 < a} hits the site r + 2. In general, for
k > 2, we define vy, as the first time one of the random walks {Y, ; : 7V (r+k—M) <
z<r+k—1,1<1i<a}, hits the site r + k. For n € N, let

n+1

Ty =r+mn, if Zl/k<t<21/k

Now, observing that for each 1 < j < M — 1, the random variables {vpsp+; : k > 1}
are independent and have finite moments since M > 3, we see that a.s. (see also [5]),

e,
tlgélo’"t/t = a>0. (3)
2.2. Labeled process. We enlarge the state space of the stochastic combustion

process so that particles carry labels indicating at which site they originated. Each
particle will have a starting position z € Z and label (z,i),z € Z,i € {1,...,a}
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describing its birthplace, allowing the possibility that z # z. Throughout the sequel,
we will adopt the convention of calling z the site where the particle originated,
whereas z the site where the particle was initially.

We fix at time 0, an r € Z representing the rightmost visited site, and a subset
Z(0) of the labels (z,%) with z < r, representing the set of labels of particles at time 0.
To each one of these labels we assign a position z = Z;;(0) < r which is the position
at time ¢ = 0 of that particle. The position at time t is Z;;(t) = Ygi(t) + z — 2.
Now, the first time a particle jumps to site 7+ 1, the labels {(r +1,1),...,(r+1,a)}
are added to the set of labels of particles. Let us call p; the time this happens.
The trajectories Z,1,(t) of these new particles are then equal to Y,1; (¢t — p1) for
t > p1. Similarly, for k£ > 2, p1 + -+ + pr will be the first time a particle jumps to
r+k adding at that time the labels {(r + &, 1),...,(r +k,a)} to Z, with trajectories
Zyiki(t) = Yoygi(t —p1 — -+ pg) for t > pr + -+ py.

Now denote by Z(t) the set of labels of particles at time ¢ and by Z(t) := {Z,(t) :
(z,i) € Z(t)} their corresponding positions. We assume that initially the set of labels
of particles includes at least one with « = r. Then, the rightmost visited site is
defined as ry = sup{z : (z,7) € Z(¢)}. Call L the triples (r,Z, Z) of integers r, labels
Z C {(z,i) : <71 <i<a}and position function Z :Z — {...,r — 2,7 — 1,7}.
The unlabeled process defined in the previous section is just the particle count

n(y,t) = > UZzi(t) = ).

(z,i)€Z(t)

For § > 0, let us now denote by Ly the set of triples (r,Z, Z) € L such that (r,n) € Sj.
Then define

Sg:= {(’I‘,I,Z) C Ly : max x:r}.
(z,i)eT

From Proposition 1, note that if wy = (ro,Z(0),Z(0)) € Sy then w; =
(re,Z(t),Z(t)) € Sp for t > 0. We now define the labeled process starting from
wp as the triple {wy : ¢t > 0} = {(r+,Z(t), Z(¢)) : t > 0}, with a law given by a
probability measure P,, defined on the Skorohod space D([0,00);S4). Throughout
this paper, we will occasionally use the notation P ¢4 to denote any law P, with an
initial condition w compatible with r and the particle count 7.

Using sub-additivity we have the following result (see also Lemma 3 of [5]),

Lemma 1. Suppose that (r,1),...,(r,a) € Z(0), all initially at r. Then p < vi.

Let us now define R(t) as the set of labels obtained after removing from Z(¢) all
labels (z,i) with z < r = sup{y : (y,7) € Z(0)}. We define for y < r; the particle
count

Cty) = > UZwalt) =y). (4)

(z,2)ER(1)

2.3. Exponential density norm of particles. Assume that the initial condition
of our process is (r,n). Let us also fix two integers z1, 29, such that z; < z9 <r —1
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and follow the individual particles which originated at z1 < y < 2s:

Nz1,20 (tay) = Z 1(Zw,i(t) = y)a

(z3):z1<z<22

We will also write 7,(t,y) for n—« . (t,y). We will use the notation,

22
M,z (t) 1= Z N2,z (2, 1),
r=21+1
to denote the total number of such particles which are still in the same interval at
time .
For 6 > 0 and ¢ > 0 define,

¢.(t,m,m) == Z ea(x_”)")z(ta ),
TEZ
which we will call the ezponential density norm of particles. Sometimes we will write
¢.(t) instead of ¢,(t,r, 7).

3. THE RENEWAL STRUCTURE

Let us now define the renewal structure that will be used to define the regeneration
times. The exponential density norm of particles will be an important ingredient and
will enable us to control the number of particles far from the front. Let us now fix
some integer L satisfying

al > M, (5)
and real numbers @, «; and a9 satisfying
0 <2sinh20 < a1 < ap < @ = lim 7} /t. (6)
t—00

Let us now consider the labeled process w; with its natural filtration F; with an
initial condition wy € Sy having particles with labels (r,1),...,(r,a) at site r, and
any allowable configuration of particles with labels to the left of r. Call n(0) the
initial particle count corresponding to wy.

Define the stopping times,

W = inf{t > 0: ¢,_1(t,7,7(0)) > e{lrtl=(re=m)y

and

=inf{t > 0: Zyi .
Vi=inf{t >0 | max 112?; 2i(t) > loat] + 1}

When W = oo, none of the particles initially to the left of » — L ever touches the
line |aqt] + 7. Define,

U:=inf{t >0:7 —r < |agt]}.
We then let

D := min{U,V,W}.
We will also need to define Uof,, Vof; and W ol as the first times U, V or W happen
starting from the initial condition w; for s > 0, and Dof,; := min{Uo6,, Vols, Wol,}.
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For each y € Z, let

Ty :=inf{t > 0: 7 > y}.
Fix p such that

0 < pe? < 1. (7)
We will furthermore impose the following additional condition on L,
(@a=1e ™ <p (8)

Now define for = > r,

Jr=inf{j > 1: oy (jo1)p(Totjr) <pand myy 1y oyin(Torin) > aL/2}. (9)

Define the sequence of Fi-stopping times, {Si : k > 0} and {Dy : k > 1} as follows.
Let Sy := 0 and Ry = r. Then define

S1 = TR+, L D, :=Dofg, + 51, Ry :=rp,
and for k > 1,
Sky1 1= TRk+JRkL Dyi1:=Do 05k+1 + Sk+1, Ryi1=7Dy s
Let
K :=inf{k > 1: Sy < 00, Dy = oo},
and define the regeneration time
k= Sk, (10)

with the understanding that £ = oo on the event {k > 1: Sy < oo, D = oo} = 0.
Note that  is not a stopping time with respect to F;.

Define G, the information up to time x, defined as the completion with respect to
P, of the smallest o-algebra containing all sets of the form {x <t} N A, A € F;.

Proposition 2. For every initial condition w € Sy with at least one particle at the
rightmost visited site,

K < 00, P, — a.s. (11)

Furthermore, if ady denotes a configuration with rightmost visited site 0 such that

the number of particles at 0 is a and the number of particles at each site x < 0 is 0,

Eas, [Fa2|U = oo] < 00 and Eus, [r,%\U = oo] < o0. (12)

Proposition 2 will be proved in Subsection 5.6. Recall the definition (4) of ¢. The
key observation is

Proposition 3. Let A be a Borel subset of D([0,00);Sp) and w € Sg. Then,
Py[m—r C(5 + ) € A|G] = Pago[n(-) € AU = ).



FLUCTUATIONS OF THE FRONT IN A ONE DIMENSIONAL MODEL 9

Proof. We have to show that for any B € G,

Pw[Ba {T—'I'N,C(h: + ) € A}] = IP)w[B] IP)0,50 [77() €A | U= OO] (13)
Now, using (11),

Pw[Ba {T—MC(K + ) € A}] = Pw[{ﬁ" < OO}, B, {T—MC(’% + ) € A}]

= pr [{Sk < OoaDk = OO},B,T_TNC(KZ + ) € A]
k=1

00
= Zzpw[rsk :l',Sk <007Dk :OO,B,’waC(Sk—i—') EA] (14)
k=1z€Z

From the definition of G there is an event By € Fg, such that By = B on £ = 5.
Therefore, we can continue developing (14) to obtain,

00
= ZZPW [T‘Sk =z, Sk < OO,-Dk = OO,Bk,foC(Sk + ) € A]
k=1z€Z

= ZEU [1(rs, =, Sk < 00, B)Py [Dy, = 00, 7_2((Sk +-) € A | Fs,]],(15)
k,x

where |, is the expectation defined by IP,,. But on the events S; < oo and rg, = =,
we have that

Cuw(Sk +*) = 7as, (*) (16)
when Uy = Vi, = W) = oo, and that 74, (-) is independent of the configuration
of particles initially to the left of z. Here, ad,, is the configuration with rightmost
visited site z and with a particles at site  with labels (z,1),...,(z,a — 1) and none
elsewhere. Indeed, on the event V, = W) = oo, the particles with initial positions
z to the left of z, are never to the right of [@1t] + z. And on the event Uy = oo,
the front 7, is always to the right of |ast| + = and hence of |ayt] + z. Therefore,
there is no effect of the particles initially to the left of x on the front r;, so that
Cw(Sk++) = Nas, (+). Then, (16) combined with the independence of Uy and Vi A Wy,
given Fg, , the translation invariance, and the strong Markov property imply that on
the events Sy < oo and rg, =z,

Py [Ug = 00, Vg, A W, = 00, T—z((Sk + ) € A | Fg,]
Py [Uk = OO,T,w?’)agm(-) €A | fsk] Py [Vk AWy =00 | fsk]
= Pgs, [U = 00,n(:) € AJPy[Vie AN W = 0 | fsk]. (17)
Summarizing, we have,
]P)’IU[B7 T_TK,C(K + ) € A]
= ]P)atfo [U = OOJ?() € A] ZPW[V]C A Wk =00, Trs, = T, Sk < OO,Bk]. (18)
k,x

Letting A = Sj, gives

Poy[B] = Pagy[U = 00] Y Py[Vik AWy = 00,75, = 2,8 < 00,Bi].  (19)
k,z
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(18) and (19) together imply (13). O
Now define kK1 < ko < --- by k1 ;==K and forn > 1

Fn+t1 = Kn + K(Wg, +.)-

where k(wy,+.) is the regeneration time starting from w,, 4. and we set Kkp41 = 00
on k, = oo for n > 1. We will call k; the first regeneration time and &, the n-th
regeneration time.

For each n > 1 we define the o-algebra, G,,, as the completion with respect to P, of
the smallest o-algebra containing all sets of the form {x1 < t1}N---N{kp <ty }NA,
A € F;,. Now, noting that {k; = oo} is a null event for P,, one can see that
{U < oo} N{k1 < oo} ={fy <rg }N{Kk1 < oo} € Gy (see Lemma 5 of [5]). Hence,
{U = o0} € G1. So we have the following general version of Proposition 3,

Proposition 4. Let A be a Borel subset of D([0,00);Sy) and w € Sg. Then,
PylT—r,, C(kn +-) € A | Gn] = Pasy[n(-) € A | U = oq].
We can now describe the full renewal structure.

Corollary 1. Let w € Sy. (i) Under Py, ki, ks — K1,K3 — Kg,-.. are independent,
and kK9 — K1,K3 — K2,... are identically distributed with law identical to that of k1
under Pos, [|[U = o0]. (ii) Under Puy, Tawy, T(ky+)Ake — Thi1s T(ko+)Aks — Tkas- -+ GT€
independent, and T (g, + YAk, — Tr1s T(ka+-)Aks — Thas - - - 0T€ tdentically distributed with
law identical to that of v, under Pus,[-|U = o0] .

4. LIMIT THEOREMS

We now use the renewal structure to prove the law of large numbers and the
central limit theorem for r;. Throughout, we will consider an an initial condition
(0,m) € Sj such that 1(0,0) > 1.

4.1. Law of Large Numbers. We will prove that,

LTy Eusy [, |U = o0]
1 —_— = = 0 ! . 20
theo ¢ © Eas, [61|U = o] (20)
Note that we have that k1 < 0o, Py 4-a.s. Hence, by Corollary 1 a.s.
. Kn Tk
lim — =E.5,[k1|U =00], and lim —* = By, [rg, |U = o0]. (21)

n—oo 1M n—oo 1N
Now, for t > 0, define n; := sup{n > 0: k, < t}, with the convention k9 = 0. From
(21) we see that a.s. ny < 0o. Also, lim¢ 00 7k,, /t = v. The limit (20) now follows
from the observation,

|
lﬂ?}ot 1t — 7w, | =0,

which is a consequence of the inequality |ry —rx,, | < |7, —Tx,,| and the fact that
limy 00 Tk, J/t =v as.
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4.2. Central limit theorem. Consider the quantity Bf defined in (1) and

Ym = Z;"Zl R;, (22)
where Rj := 71y, — T, — (Kj+1 — K5)v. Now, for 0 < ¢ < T < oo,

(Knt+1 — Kn)- (23)

On the other hand, from Corollary 2, we can conclude that for every u > 0,

1/2 1/2
S 2e / SuPOSnSnLE (rh‘,n+1 - TK,n) + 2ve / SupOSTLSnLE

71TJ 71TJ

limPys,[e/?  sup  (Kni1 — Kn) > u] = 0.
e—0

OS"SnLe—lTJ
Hence, in probability
sup €2 (kpy1 — kn) = 0. (24)
Ogngnle_lm

and

sup 61/2(7”,%+1 —Tg,) — 0.

OSnSan_lTJ

This proves that Bf —€'/25, _,
sets of £. From Donsker’s invariance principle, we know that /eX./. converges in
law to a Brownian motion with variance E,g, [(rs, — £1v)%|U = 00], where 4,5 > 0,
now stands for the linear interpolation of ¥,,,m > 0. Using that lim; o, n¢/t =
1/Egs,[k1|U = o0] we can conclude that as € — 0, Bf converges to a Brownian
motion with variance,

, converges to 0 in probability, uniformly on compact

> _ Fagy[(rey — r10)?U = oo
T BamlU=od

4.3. Non-degeneracy of the variance. We will show that o? > 0. It is enough
to show that there exists some 3, 0 < 8 < v such that,

(25)

Paso[re; = L, LB™" < k1|U = 0] > 0.
Now,
Pusy[re; = L, LB < k1,U = 00] > Pyus [LB™ < Sy < U, Do b, = oa).
But the right hand side can be written as
Euso [L(LB ™! < St < U)Eysy [L(min{V 0 8s,, W 0 8s,} = 00)1(U 0 05, = o0) | Fs,]]-
Now note that given Fg,, Uofg,, V 00, and W o g, are independent. Hence,

Eqs, [1(min{V 0 fg,, W 0 0g,} = 00)1(U 0 05, = 0) | Fg,]
= PG%[V 0fg = o0 | fSl]PMO[W 0fg =00 | f51]]P)a50[U0051 =00 | -7:51]' (26)
This implies that,

Pus, [LB™" < 81 < U,Dofs, = 0] > CPus,[LE~" < 81 < UJ,
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for some constant C' > 0. Now, we have to show that P,s,[LA~! < S1 < U] > 0.
Note that the event {LA~! < S; < U} contains the following event: one of the
initial a particles at 0 jumps to site 1 at some time vy, such that 7! < v; < 2871;
the other a — 1 particles initially at 0 stay at the same site during the time interval
[0,2L371]; at time w1, one of the a particles originating at site 1 jumps to site 2 at
some time vy + v1 such that 871 < vy < 287'; the other a — 1 particles born at site
1 stay at the same site during the time interval [0,2L371]; in general, if k is such
that 3 < k < L, at time vy +vg_1 + - - - + v1 one of the particles born at site k£ moves
to site k 4+ 1, and 7' < v, < 2871; all other a — 1 particles born at site k stay at
the same site during the time interval [0,2L37!]. Note that Tr, = v + -+ + vz, and
at this time we have ¢o(T7) < (a — 1)eL?. By (8) this quantity is smaller than p.
It is easy to see that the above described event has positive probability.

4.4. Ergodic theorem. Let p; be the law at time ¢ of the process as seen from the
front

T_nn(t) € Q:={0,1,2,...}5-

under Py ). Note that 7_,,7(t) is itself a Markov process with infinitesimal gener-
ator

Lf(n) =nO)[f(r-1(n - 0) +ado) — F]+ > n(@)f(n— s+ dy) — f(n)]

z,y<0,
|lz—y|=1
Let f be a bounded continuous local function f on Q Denote by £(f) the smallest
integer £ such that f(n) does not depend on 7n(z),z < —¢. The formula

Easo [fn T F(m—r,n(s))ds | U = oo
dpoo = ah , N(ag—ai)>"¢ 27
QOfp Ty [ | U = ool (a2 —an) > £(f)  (27)
defines a probability measure i on €. The righthand side of (27) does not depend
on N provided that condition N(as — a1) > £(f) holds. This shows that the family
of probability measures defined on finite cylinders by this formula is consistent.

Theorem 3. We have p; — Poo weakly ast — oo, and P is invariant for L.

Proof. Let f be bounded and continuous on Q. To prove convergence, first note that
the last term in the decomposition

; fdpy =Eo oy [env1 <2, f(T-rn(1)] + Eo o) [en41 > ¢, f(T—ryn(2))]
0
vanishes as t — co. Also,

Eo,n(0) [En+1 < 2, f(7—r,m(2))]
=2 k>1,2¢2 Bon©) [Ev4k <t < ENikt1: ey, = T, f(T-r,n(2))]

= > k>1,2¢7 Bo(0) [T:sk =z, Eyo)[sn+k <t < BNk, f(T—rm(t))|gk]]

=2 _k>1,2¢7 Eon(0) [Tnkzﬂﬁ,]Eo,n(o) [5n1k <t <tnipstsf (Tor (B (E — Ky)) |Qk]](28)
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where ¢(¥) is a short notation for ¢ (kg +-). Note that we have used that N (s —a) >
£(f). By Proposition 4, this quantity is equal to

¢
Z /0 Py, [rs = T, kg € ds]

k>1,x€Z
X Eas, [KZN <t—s< KN+l f (T_rt_sn(t — s)) | U = oo]

¢
uLs Z /0 Py n(0)[ru = z,t— Ky € du]

k>1,2€Z
XEaso (kN < u < Kny1, f(T—r,n(u)) | U = o0

t
— /0 Ni(du)Fy(u)  (29)

where

Ni([0,u]) =D Po o) [ € [t — u, 1]

k>1
and
Fy(u) = Eugo [6n < u < kN1, [ (Tr,n(u)) | U = o0].

We will use the following renewal theorem (Theorem 6.2 in [15]). To state the
theorem we say that a random walk

Spn=58+X1+ -+ X,, n=20,1,2,...

i.e. X1,Xo9,... are i.i.d. and independent of Sy, is a renewal process if Sy is non-
negative and X}, are strictly positive. We say it has spread out step-lengths if there
exists an 7 > 1 and a nonnegative measurable function m such that [p m(z)dz > 0
and

P(Xi+---+ X, €A)> / m(x)dz,
A
for all Borel sets B.

Theorem 4. ( Renewal theorem). Let S be a renewal process with spread out step
lengths and E[X1] < co. For Borel sets B, let

k=0

Then for each h € [0,0),
E[N(t + B)] = |B|/E[X1]
uniformly over Borel sets B C [0,h]. Here |B| is the Lebesgue measure of B.

One can check the spread-out assumption in Theorem 4 as follows: With T7, the
time of L-th jump for the particle with label (0,1) first jumps, A the event that all
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these L jumps are to the right, B the event that no other particle moves between
times 0 and 1, we have for 0 < s <t < 1,

Pooylk2 — K1 € (s,8] = Pagyli1 € (s,8] | U = 0]
> ]P)a(so[TLE(S,t],A,B,UOOlzoo,Voglzoo]
B ]P)ado [U = OO]

t
_C / F1.(w)du, (30)

with fr, the L-fold convolution of the exponential density with rate 2 and C is a
constant that we can check using independence satisfies C' > 0. This shows that
Ko — K1 is spread-out.
Hence from the renewal theorem,
Ni(B) = |B|/Eyso k1 | U =00] ast— oo (31)

uniformly over Borel sets B in any finite interval.
Since Fy(u) is bounded and measurable, we have from (29)

[ rdon— [ s
Q Qo
Because the process is Feller (Proposition 1), any limit measure is invariant. O

5. EXPECTATIONS AND VARIANCES OF THE REGENERATION TIMES
5.1. Bounds on W.

Lemma 2. Let {X; : t > 0} be a simple symmetric continuous time rate 2 random
walk on Z, such that Xo = z. Let My := z + supy<,<;|Xs — z|. Then, fort >0,

b

E [eﬁMt] < 3eﬂm+2(c0sh 0—-1)t
where E is the expectation defined by the law of the random walk.

Proof. The reflection principle tells us that for every integer n > 0, P[M; > n] =
2P[X; > n] + P[X; = n]. Hence we have, P[M; = n] < P[X; = n] + 2P[X; =
n+ 1]. Therefore, E[e?M¢] < E[e?Xt] 4 2e~? E[e?Xt] < 3E[e?Xt]. Finally remark that
E[eaX‘] — fz+2(cosh §—1)t

0

We will in several occasions consider the random process,

Mo i(8) = Zai(0) + SUD |Z2i(s) = ZagO)
_s_

defined for each (z,7) € Z. Furthermore, we will need to define for each initial
condition (r9,Z(0), Z(0)) compatible with a particle count 7(0) and each z < 7y —1
the quantity,

P, (t,10,m(0)) := Z e (Ma,i(t) =)

(z,4)€Z(0),z<z
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Usually we will drop the argument, writing 1 (¢) instead of 9 (¢, r9,7(0)). Let us also
note that since,

b:ltrom(0) == D 07,

(z,6)€L(0),z<z
it is true that,

$2(t) < p2(2), (32)

for every ¢ > 0 and z < 19 — 1. Due to condition (6), and the intermediate value
theorem it is true that,

p:=60a; —2(coshf — 1) > 0. (33)

This enables us to obtain the following exponential bound.

Lemma 3. For all initial conditions (r,n) such that ¢,_r,(0,7,n) < 0o and t > 0 we
have that,

Prylt <W < o00] < Cor_r(0,7,7)exp {—pt},

where C' = 36962(“5}‘9*1)%.

Proof. Without loss of generality we assume r = 0. Let us first note that,

Py [t < W < 0] <Py [uszt {qb_L(s) > e(’(LalsJ—Ts)}] .

From inequality (32) and the fact that M, ;(¢) is nondecreasing in ¢, it follows using
Lemma 2 that,

[e.e]
Pyt <W <oo] < > Py 3 Mz i(n+1) 5 (Bloin]
n=|t] (z,8)€Z(0),x<—L
o
< 3 Z e2(cosh0—1)(n+1)—0|_a1nj Z eGZW;(O)
n=[t] (z,5)€Z(0),2<—L
< 3¢—L(O) Z eZ(coshG—l)(n—f—l)—HLaan’ (34)
n=[t]
Summing up the last expression over n we finish the proof of the Lemma. O

Define for t > 0, and z < r,

Nz(t) — eBrt—Z(coshH—l)t¢z(t)'

Lemma 4. Consider an initial condition (0,n) and an integer z such that z < 0 and
¢.(0) < 0o. Then, {N,(t) : t > 0} is an Fi-martingale.
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Proof. Let us remark that,

Nz(t) — eGZm,i(t)—Q(cosh 0—1)t_

(w,i)EIZ(O)wSz
Now, each one of the terms in the above sum is an F;-martingale. Furthermore,
since ¢,(0) < oo, the martingales 3, ic7(0),—n<z<z 0 Za,i(t)=2(cosh 0-1)t converge in
L'(Py,) norm to N,(t) as n — oo. Thus, {N,(t) : t > 0} is an Fy-martingale. O

Lemma 5. There is a § > 0 such that for all initial conditions w with particle count
n, initial position of the front r =0, such that ¢_1(0,0,n) < p,

Py [W < o0] <1-4.
Proof. By inequality (33), note that,

Py [W < o0] < Ey [e<(’al—2<005h9—1>>w1(w <o)l . (35)

Now, from the definition of the exponential density norm and of the stopping time
W, the a.s. right-continuity of the trajectories of the random walks, and Fatou’s
Lemma, it follows that e(laWl=rw) < ¢, (W). Hence, from inequality (35) we
conclude that P, [W < oo] is bounded by,

'R, [e‘”w*Z(Cosh"*l)qu,L(W)l(W < oo)] =By [N L(W)1(W < 0)].  (36)
Now, note that E[N_p(W)L(W < n)] < E,[N_r(n A W)]. Thus, by the optional
stopping theorem and Fatou’s Lemma,

Ey[N_(W)1(W < 00)] < HILI{.IOE’J[N—L(TL AW)] = N_5(0) <p.
This and the condition pe? < 1, shows that P, [W < oo] < 1. O
5.2. Bounds on V.
Lemma 6. There is a C, 0 < C' < o0, such that for all initial conditions w and all
t>0
Pyt <V <oo] < Cexp{—-tC}.

Proof. Without loss of generality we assume that initially » = 0. Note that the
probability Py, [t < V < oo] is bounded by the probability that one of the random
walks born at a site between —L and —1 is at the right of |a;s] at some time s > ¢.
Now this probability is bounded by the worst case in which initially all these random
walks, al, are at site 0. But this has probability,

aLP[t < T < o0],
where 7 := inf{t > 0 : X; > |ait]}, {X; : t > 0} is a continuous time simple
symmetric random walk on Z, of total jump rate 2, starting from 0, and P is its
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law. It is easy to prove that this probability is bounded by Cexp{—Ct} for some
constant C' < oo (for example, see Lemma 8 of [5]). O

Lemma 7. There is a § > 0 such that for all initial conditions w,

Py [V <o0] <1-04.

Proof. Without loss of generality we can assume that » = 0. Note that the probability
Py [V < o0] is upper bounded by the probability that a random walk within a group
of aL independent ones all initially at site x = 0, at some time ¢ > 0 is at the right
of |ait|. But this probability is 1 — %L, where « is the probability that a single
random walk starting form z = 0 never is at the right of the curve {|a1t| : ¢ > 0}.
By Lemma 8 of [5] we know that v < 1. O

5.3. Bounds on U. The following two lemmas can be proved observing that at each
instant of time ¢ > v;, with j > M + 1, the auxiliary process has at least M > 20
particles behind the front (see also [5]).

Lemma 8. There is a constant C, 0 < C' < oo, such that for all initial conditions
w with particles (r,1),...,(r,a) at the rightmost site r, and all t > 0
Py [t < U < o0] < Ct~M/2,
Lemma 9. There is a 6 > 0 such that for all initial conditions w with particles
(r,1),...,(r,a) at the rightmost site r,
Py [U < o0] <1-—4.

5.4. Bounds on D. The following lemma is elementary.
Lemma 10. There is a constant C, 0 < C' < oo, such that for every t > 0

Pos[v1 > 1] < Ct™2,
while for every j > M +1 andt >0

Paéo [Vj > t] < Ct_M/2,

M/2
so that Eug, [v; / ] <o
From here we obtain the following estimate.

Lemma 11. Let B be such that 0 < 8 < a. Then there is a constant C, 0 < C < o0,
such that the following statements are true.

a) Assume that n has at least a particles at 0. Then,

Po, [T, > n/B] < On~9/2,
b) Assume that 1 is such that m_r,0(0) > aL/2. Then,

Poy [Tn > n/B] < Cn~ M/,
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c) Assume that 1 is a configuration with at least one particle. Then, for all
k > M we have,

]P)()ﬂ7 [Tn+k — T > ’I’I,/,B] < CTL_M/4.

Proof. Let us prove part (a). First remark that Py, [T, > n/f] < Pus,[Tn > n/B].
Now, T;, = > i, p;. Hence, by Lemma 1 we have T, < Z;‘Zl vj. Therefore,

Paso [Tn > n/B] < Pas, Do7q vi > n/B].
Choose now £’ such that 8 < 8’ < a. Then since 1/8 = (1/8 —1/8") +1/3" and
vy is stochastically larger than v; for j > 2, we have for n > M + 1,

n (1 1 1 < 1
Puso [T > n/B] < MP,s, [u1 > (5 — E)] + Pgs, [; o ovi> E] . (37)
i=M+1
But, Pgs, [% i1 Vi > %] < Puso [2 30 01 % > ¢], where 7; := v; — 1/a and
c:= % — 1> 0. On the other hand, for each 0 <i <1, 1= [(M +1)/(a+1)], the

random variables {7yg;y; : kK > 1} are independent. Thus,

1 n 1 -1 1
s [5 S ui>ﬁ] 3 T ERD S R
1=0

i=M+1 k:(M+1—i) /I<k<n
Now, for ¢ > 2, if Xy, Xs,... are independent and identically distributed random
variables with mean zero, and if E[|X;|9] < oo, then E[| 3", X;|9 < Cn9/? for
some C' < oo (see item 16, page 60 of [10]). Hence, since by Lemma 10 we have
Eas, [7JM/ 2] < 00, it follows that the last expression of the above display is bounded
by, Cn~M/%, for some other constant C' < co. Finally observe that M > 2(a + 1),
and use again Lemma 10 to bound the first term of inequality (37) to finish the proof.
The proofs of parts (b) and (¢) are similar using the inequality (5) satisfied by the
parameters M and L. O

Let us now obtain the estimates for the stopping time D. From lemmas 3, 6 and
8 we obtain

Corollary 2. There is a constant C = C(p), 0 < C < oo, such that for all initial
conditions w with ¢_1,(0,w) < p, and with particles (r,1)...,(r,a) at the rightmost
visited site r, and for all t > 0,

Py [t < D < 00] < Ct~M/2,

We also have the following lemma.

Lemma 12. There is a 6 > 0 such that, for all initial conditions w with particle
count n and initial position of the front r = 0 such that ¢4(0,0,1) < p and with
particles (0,1),...,(0,a) at 0,
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Py [D < 00] <1 —4.
Proof. Since W,V and U are independent,

Py [D < o0l =1—Py, [W = 0] Py [V = 0] Py, [U = . (38)
Applying lemmas 5, 7 and 9, we end up the proof. O
We finish this subsection with three lemmas and a corollary which will be subse-

quently used to obtain estimates for the stopping time S. The following lemma will
be proved in Section 6.

Lemma 13. There are constants C and ~yp, 0 < C < oo and vy > 0, such that for
allw €Sg, v> v andt >0,

Py[re > 7t < ¢o(0,w)e . (39)

Lemma 14. There is a constant C = C(p), 0 < C < oo, such that for all initial
conditions w such that ¢_r(0,w) <p, and t >0,

Py [rp > t,D < 00] < Ct~M/2,

Proof. Note that,

Py [rp > t,D < 00] <Py [rp >4t, D <t]+ Py [t < D < 0]
<Pylre >t + Pyt < D < o0]. (40)
The statement now follows from (39) of Lemma 13, the fact that ¢o(0,w) <

¢_1(0,w) + aL and Corollary 2. -
O

Lemma 15. Consider an initial condition w with rightmost visited site 7 = 0, at
least a particles at 0 and such that ¢_r(0,w) < p. Then, Py-a.s. on the event
{D < oo} we have,

é_r(D) < €.

Proof. First note that by the assumption ¢_5(0,w) < p < 1, necessarily we have
D > 0. Now, by definition of U, note that whenever ¢t < U < oo, we have 7, > |aot].
By Lemma 1 we have r; > 7. It follows that 7, > |agt]|. Therefore, if t < U < oo,
we have

lait] —ry < —(lagt] — |aat]) < 0. (41)

Therefore, if D = U, inequality (41) shows that a1 D] — rp < 0. Hence, since in
this case with probability one D < W, it follows that,

¢_(D) < laPl=rp) < 1, (42)
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Similarly, if D = V, since D < U and D < W happen with probability one, inequality
(42) still holds a.s. On the other hand, if W < oo we have,

¢—L(W) < eﬁee(alwfrw)’ (43)
since in the worst case scenario, at time W all particles jump one step to the right.
Hence, if D = W, since with probability one we have D < U, by inequality (41), the
exponent in the right hand side of (43) is non-positive, so that ¢_r,(W) < €’. O

Corollary 3. There is a constant C, 0 < C < oo, such that for all initial condition
w with rightmost visited site r = 0, such that ¢_1,(0,w) < p and at least the particles
with labels (0,1),...,(0,a) at 0,

By [¢rp, (D), D < 00] < C.

Proof. Placing ourselves in the worst case scenario were all particles born between
sites —L and rp are at site rp at time D, we see that ¢, (D) < ¢_r(D)+a(L+71p).
Hence, by Lemma 15, ¢, (D) < €’ +a(L + rp). Lemma 14 together with the fact
that M > 3 finishes the proof.

O

5.5. Bounds on S. We will now perform some key estimates which will let us obtain
fast enough decay estimates for the tail probabilities of J in Lemma 20.

Lemma 16. There ezxists a constant C, 0 < C < oo, such that the following state-
ments are satisfied.

a) For all initial conditions w € S¢ with at least a particles at the rightmost
visited site, and all n > 1,

1
na/2’

b) For all initial conditions w € S¢ with at least a particles at the rightmost
visited site, and all n > 1,

Py[mon(Th) < an/2] < C

1

]P’w[mrD,rD-I-n(TrD-l-n) <an/2] < CW'

(44)

c) For all nontrivial initial conditions w € S,

lim Py[m_n (TL) < aL/2] = 0.

n—00

Proof of part (a). Choose 0 < 8 < a. Then,

P, [mo,n(Tn) < %] <P, [mo,n(Tn) < %,Tn < %n] + P, [Tn > %n] . (45)

Note that the event {mg,(Ty) < an/2,T, < n/B} is contained in the event that at
least one particle born at any of the sites [n/2], |n/2|+1,...,n hits some site z < 0
in a time shorter than or equal to n/B. Hence, we can conclude that,
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Pu m0n(Ts) < ' Ton < g0 < alr = n/2) PO 5 202, (46)

where P is the law of a simple symmetric rate 2 random walk {X; : ¢t > 0}
on Z starting from 0 and M| := supp<s<tXs. Now, by the reflection princi-
ple, P[M{ > z] < 2P[X; > z]. Hence, from inequality (46), we see that
P, [mo,n(Tn) <an/2,To, < %n] is bounded by a(n+1)P[X,/s > n/2]. But, for ev-
ery t > 0 and positive integer z, P[X; > z] < e~ 2H(#/(%) | where I(u) = usinh ' u —
VI+u? + 1. Hence, a(n + 1)P[X,5 > n/2] < (¢ + 1)(n + 1) exp {—%"I(ﬁ/él)}.
Finally, using the inequality Py,[T, > n/f] < Pus[In > n/B], part (a) of
Lemma 11 to bound the second term of inequality (45) and using the fact that

(a+1)(n+1)exp {—%"1(5/4)} < C/n®%? for n large enough, we conclude the proof.

Proof of part (b). By part (a) and Lemma 14, Py,[myp, rptn(Trp+n) < an/2] is upper
bounded by,

Zk:lgkgn ]Pw[mk,k:-l-n(Tk-Fn) <an/2]+Py[rp >m,D < oo
< Om-Ly 1 Ot

for some constant C' > 0 and for every m > 1. Choosing m = n+ we obtain (44).
Proof of part (c). Note that,

alL al
Py m—n,L(TL) < 7:| < Py |:m—n,L(TL) < TaTL <n|+ Py [TL > n] . (47)

Clearly lim,,_,o, Py, [T > n] = 0. On the other hand, an argument similar to the
one used to derive (46), shows that the first term of the righthand side of (47) is
bounded by aLP[M), > n], which tends to 0 as n tends to oo. O

Throughout the sequel, to simplify notation, we will define on the event {D < oo}
for each n > 1,

Fn =drp+Ln — D.

Lemma 17. For every 0 < 8 < «, there exists a constant C' < oo depending only on
B, such that for all initial conditions w with rightmost visited site r, with at least aL /2
particles at a distance strictly smaller than L to r, and such that ¢, (0,w) < p,
and for all natural n > 1,

1 1
Proof. Without loss of generality we can assume that initially » = 0. Note that
Po. [Fn > %Ln, D < oo] is upper-bounded by,
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1
> Pw[Fn > -Ln,rp=k,D < oo] +Pylrp > Ln,D <oco].  (48)
k:1<k<Ln ﬁ
Now, on the event {D < oo} we have that T, < D so that F,, < T, 1o — Tr
Hence,

D"

1 1
Py [Fn > BLn,rD =k,D< oo:| < Py, [T;H_Ln — Ty > BLn] .
Now, by part (¢) Lemma 11, for all & > M we have P, [Tk+L” — Ty > %Ln] <

(nL)LM/‘“ for some constant C < oo. On the other hand for 1 < k£ < M,

Py [Tk+Ln — T > %Ln] < Py [TM+Ln > %Ln] Thus, by part (b) of Lemma 11,
since the initial condition w has at least aL/2 particles to the right of r = 0 at a
distance strictly smaller than L to the origin, we know that P, [TM+ n > %Ln] <

(nL)LM/‘“ for some other constant C < oc. We therefore conclude that,

1 1
Z Pw[Fn > —L’I’L,’I"D = k’,D < OO:| S CW (49)
k:1<k<vyLn ’8 (nL) /
Using Lemma 14 to estimate the second term of display (48) and combining this
with inequality (49) we finish the proof. O

Now we will be concerned with proving that given Dy ; < oo, the stopping time
Sy happens almost surely and has tails that decay fast enough.

Lemma 18. Let ¢ > 1 be an integer. Consider a sequence {ay : k > 1} of non-
negative real numbers such that > poqar < 1 and Y ;o klar < oo. Assume that
{em : m > 1} is a sequence such that,

C1 S ai, (50)
and for every m > 2 we have that,
m—1
cm < am + Z Ayp—kCl - (51)
k=1

Then,

o
Z kic, < oo.
k=1

Proof. We will use induction on 0 < ¢’ < ¢ to prove the lemma. We introduce the
notation Ay =y 72, k7 a), and Cy =) 10y k7 ¢k Let us first show that if 49 < oo
then Cy < oo. Let n > 2 be a fixed natural. Summing up inequality (50) with
inequalities (51) from m = 2 to m = n we see that,
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n—1

D a1 a;) +cn < Ao,
k=1 j=1

Taking the limit when n — oo above and using Fatou’s Lemma we conclude that,

OOE cp < 4o < 00
k_l—A()
k=1

Now assume that Cy_1 < oo for some 1 < ¢’ < g. We will show that then Cy < oo.
Summing up inequality (50) with inequalities (51), multiplied by m?, from m = 2
to m = n we see that,

n m—1
Somlen <t t 3 S e 52
m=2 k=1
Substituting the binomial expansion m?¢ = 2120 (({)(m — k)7~ on (52) and in-

terchanging the order of the summations on m and on k, we conclude that,

qucm I—Za] +nlc, < Ay +Z< )qu lckZmam

Taking the limit when n — oo and using Fatou’s Lemma, we get

7 ) Cy—iAi
qu_ +21_E40) : Z<OO.

O

Lemma 19. Consider an initial condition w € Sy such that the rightmost visited
site associated to w is r = 0 and at least one particle.

a) For every h > 0,5 >0 and n > 1 we have

Pu [fo(To) > B, Ty < 5] < 32000 (2’ ©) cafeosh 0ot (53)

b) For every h > 0,s >0, k > 1 and n > k we have

P [Y6(Tn) — Yr—r(Tn) > h, T, — Ty < 8| Fpy,] < 3“hL 2(cosh 0—1)s—0(n—k) (54)

Proof. Note that of the event T}, < s, it is true that e?M=i(Tn) < #Mz,i(s) Therefore,
since g (T},) = e~ 2 (2,1),5<0 e?Me,i(Tn) we have

on(Tn) S e—en Z eaMM(s)_

(x,i),2<0
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Now, by Lemma 2 we have that E, [Z(I’i),z@ eMai(s) | < 3apg (0, w)e2(cosh b-1)s,
Hence,

E, [¢0(Tn)] < 3¢0(0’w)e2(cosh 9—1)5—9n'
Using Tchebyshev’s inequality we obtain (53). A similar argument, using the fact
that d’k(Tk) — d’k—L(Tk) S alL proves (54). O

We end up this section with the following result providing a tail estimate for the
law of J,, (with J, for z integer, defined in (9)). An important idea in the proof is
that essentially, the event that the exponential norm ¢,,, is larger than p, is contained
on the event that some of the exponential norms ¢;;, are larger than p/27 for some
0<3<n—1.

Lemma 20. Assume that M and L satisfy (2) and (5), 0,01, a2 (6) and p satisfies
(7). Then, there is a constant C, 0 < C < oo, and an integer Lo such that if L > Ly,
the following statements are satisfied.

a) Consider an initial condition w € S¢ with rightmost visited site 7 = 0, such
that the number of live particles at 0 is a, and such that m_r,(0) > aL/2.
Then, for every t > 0,

Py[Jy, > t,D < oo] < Ct3~ M/,
b) Consider an initial condition w € S¢ with rightmost visited site 1 = 0. Then,
for every t > 0,

PylJo > t,U = co] < Ct3~M/4,

Furthermore, for every nontrivial initial condition w € Sy,

Jo < 00, P, — a.s. (55)
Proof of part (a). Call F] :=T,, 41, = F;+ D fori>1. Forn=1,2,...,
P[J > n,D < o] < P[Bp,D < 0], (56)
where we have dropped the subscripts on P, and J,,, and defined
By, := 0y {$rp+ -1y (F},wp) > p} U Bj,
B} = {mypq(i-1)Lrp+iL(F}) < aL/2}.
We have used here that ¢,(t) < 9,(¢) (see (32)). By the strong Markov property,

part (a) of Lemma 19, and translation invariance, we see that for A > 0 and n > 1,
P [ (Fy wp) > A, F < 2E, D < o0
=Ey, [P’T;TDZUD [QbO(TnL) >N Thr < %] 1(D < OO)]

< %e—%(ala—Z(coshH—l)) (57)



FLUCTUATIONS OF THE FRONT IN A ONE DIMENSIONAL MODEL 25

where C := 3sup,, Ey[¢r, (D), D < o0] < oo by Corollary 3, the supremum being
taken over all w € Sy satisfying the conditions described, and we have used the fact
that ¥, ,(D,rp,n(D)) = ¢, (D). Using (57) for n = 1, with A = p, and Lemma 17
we see that,

C1 - L (a10-2(cosh 9-1)) c

P[¢TD (TT'D-‘rL) > paD < OO] < ?6 ma (58)

for some constant C > 0. Therefore, from (58) and part (b) of Lemma 16, we have
that,

IP)[Blalj < OO] < P[w"'D (TTD-I-L) >p,D< OO] + P[mTD,TD-FL(TTD-f-L) < CI,L/2]

L
¢y —=~(a10—2(cosh §—1)) C c
< 716 > + ajit + famyaEEn (59)

for some constant C' > 0. Let us examine now the terms with n > 2 in (56). Note
that in this case, ¥r, 1 (n-1)L = ¥rp + 22;11 Ay, where

Ak = Yrp4kr — Yrpt(k—1)L-

Since %%1 + Zz;i 2,1%,6 =1, we have,
{rosnvr >k € (o > o2 o [ {Ar > /2 M (00)
Let

8= (o (FR) > p/2°7} . Ap = {Au(Fy) > 2"+
for 1 <k <n—1. From (60), for n > 2,
B, CBp1N(B,UAFUATU---UAT_ ).

So for n > 2,
n—1
P[Bp,D<o0] < Y P[A},Bn1,D <o0]+P|[B),By1,D<oo|. (61)
k=0

By the strong Markov property, we have forany A€ Rand 1 <k <n —1,
P[Fa-Fi2 ) D<oo|Fry | <Puy [Topinp -T2 (62
Hence, by part (c) of Lemma 11 and the fact that oy < a, we have
p [F,’L — F > (n—k)L/o| }"F;G_l] < O((n — k)L)™M/4,
By the strong Markov property again, and part (b) of Lemma 19,
P [Ak(F,g) > p/2" 7k, F! — Fl < (n— k)L/ou| ]—'Fé_l]

(n—k)L
S?)%Qn*ke_ a1 (a10—2(cosh0—1))' (63)
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Therefore, forn >2and 1 <k <n—1,
PlARFr | <P[AKE) > gk, By B < A0 - K)L| Fy_ ]
+P[F, — Fy > L(n— K)L| Fpy_]

(=KL (4, 6—2(cosh 1))

< 3elon—he e + (64)

C
(n—k)L)M/
From inequality (57) with A = 2"/p, Lemma 17 and the assumption that initially
m_r,0(0) > aL/2, we then obtain that for n > 2,

2n

nL
P[AG, D < o] < Ol_e_a(ala—Z(coshe_l)) C
p

(nL)M/471 )
Now, for n > 2, by part (a) of Lemma 16, the strong Markov property, and the fact
that there are a particles at the rightmost visited site at time F, _;,

C
!
P [Bn|.7-"p7ll_l] <. (65)
Define a sequence
C
a1 = 3w, (66)
4
ap = ¢ for n > 2. (67)

(ORI
Now note that there is a Ly > C4, such that if L > Lg, for n = 1,2, ..., we have that

2" nL(410—2(cosh §—1)

(3L +C1)—e = ) < OmL) M < ay/4. (68)

(which is possible by inequality (33)) and that,

oo
Z an < 1.
n=1

Let us now define ¢, := P[By,, D < oo] for n > 1. We want to prove that the sequence
{cn : n > 1} satisfies

C1 S a1 (69)
n—1

cn < ap + Z An—kCk n 2. (70)
k=1

From (58), (68) and the fact that 1/LM/41 < 1/L8M/(4+2M) (which follows from
(2)) note that (69) is satisfied. Now note that by inequality (65), whenever L > Ly,
for n > 2 we have that

C
P[B), Bn_1,D < o] < W]P’[Bn_hD < 0] < a1P[Bp-1,D < x]. (71)
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Inequality (65) and condition (68) imply P[Af, D < o] < a,/2 and P[AT, D < oo] <
an/2. Hence, for n > 2,

]P)[Ag,anl,D < OO] +]P’[A711,Bn,1,D < OO] < ay. (72)

Similarly for 2 < k < n — 2 we have P [Ag‘}—F,Q_l] < ap_g+1- Thus, since B, C
By 1 for2<k<n-—2

]P’[Ag,anl,D < OO] < ]P[Az,Bk_l,D < OO] < an—k—HP[Bk—laD < OO] (73)

Also, by inequality (64) and condition (68) for n > 2, we have P [Ag_ﬂ]: Fé_z] < %
Thus, since B,—1 C Bp—a, for n > 3,
PlAT

B,_1,D < OO] < IP)[A B, _9,D < OO] < G/Q]P)[BH_Z,D < OO] (74)

n—1» n—1»

For n = 2, (70) now follows after substituting estimates (71) and (72) in inequality
(61), for n = 3 after substituting (71), (72) and (74) in inequality (61) while for
n > 4 it follows after substituting (71), (72), (73) and (74) in inequality (61).

But remark that,

o0
ZnM/‘lf?’an < oo0. (75)

Hence, by Lemma 18, (69), (70) and inequality (56) we conclude that,

o0

ZnM/4_3]P’ [Jrp, >n,D < o0] < o0.

n=1
This implies that limsup,, ., nM/*3P[J,, >n,D <oo] = 0. Thus, there
exists a constant C > 0, such that for every m > 1 it is true that
P[Jy, >n,D < oc] < C/n™M/*=3. This together with the monotonicity in # of the
expression P[J,, > t, D < oo, finishes the proof.

Proof of part (b). This time, in analogy with (56), note that for n =1,2,...,
PlJy > n,U = 0] < P[B,,U = 0], (76)
where again we have dropped the subscript on P,, but now
Bn = ﬂ? % 1)L( i, w) > p}UBL,
= {m (i—1)rir(Tin) < aL/Q}

An analysis similar to that of part (a) proves (69), (70) and (75) with ¢, :=
P[B,,U=o] for n > 1 and {a, : » > 1} as in (66) and (67). Part (b) now
follows by Lemma 18 as in part (a).

Proof of (55). Note that {Jy = oo} C {J, = oo}. Now, for every n > 1,
Pw[JL = OO] < ]pw[JL = oo,m_n,L(TL) > G,L/Q] +]P)w[m—n,L(TL) < aL/2].
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Now, following the proof of part (a), it is possible to show that P,[J, >
t,m_nr(Tr) > al/2] < Ct3~M/* for some constant C > 0. Hence, for every
n > 1,

]Pw[JL = OO] < ]P)w[m—n,L(TL) < CI,L/Q].
Taking the limit as n — oo and using part (¢) of Lemma 16 we finish the proof. O

Corollary 4. For every nontrivial initial condition w € Sg, it 1s true that,

S1 < o0 P, — a.s., (77)
and for every k > 2,

Pw[Dkfl < 00,8, < OO] = ]P)'w[Dkfl < OO] (78)

Proof. Assertion (77) is a consequence of (55) of Lemma 20 and the fact that {S; <
oo} = {Jp < oo}. Similarly, assertion (78) follows directly from part (a) of Lemma
20 and the fact that {Dg_1 < 00, Sk < 00} = {Dj—1 < o0, JTDk_1 < oo}

g

5.6. Variance bounds for the regeneration times and positions. In this sub-
section we will prove Proposition 2. Let us first prove assertion (11) of Proposition
2. By Corollary 4, note that for every k > 1,

Pk = 00] < Py[Dy < 00).
But by the strong Markov property and Lemma 12, the righthand side of the above
inequality is bounded by (1 — §)*. It follows that,

Pk = 00] < (1 — 6)F,
for every k > 1. Taking the limit when & tends to infinity concludes the proof of

(11) of Proposition 2.
To prove (12) we will need the following lemma.

Lemma 21. For every € > 0, there is a constant C, 0 < C < 00, such that

Pas, [k > t| U = 00] < Ct~M/4+3+¢, (79)
proof. Without loss of generality we will assume that initially,
ro =0. (80)

By the fact that k < o0, a.s., we can write,

Plk>tU=00] =Y P[Sk>tK =kU =00,
k=1
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where we have dropped the subscript adg in Pg,s,. Applying recursively the strong
Markov property to the stopping times {S; : j > 1} we see that for every k > 1,

P[Sy >t K =k|lU=o00] <(1-0)*",
where § > 0 is given by Lemma 12. Let 0 < 8 < 1/2. For any [ > 0 we therefore

have,
l
Plr>tU =00 <Y P[t< Sy <oo|U=o00]+d" (-4 (81)
k=1

Let 0 < v < 1 and consider the event,

Ay :={rp, —rs, <tV,rp, =15, <t7,...,rp,_, —T5_, <17, < o0}

On Ay we have, rg, < kt7 + L Z?;ol J,Dj, where we adopt the convention Dy := 0,
so that rp, = 0 by (80). Since 74 < 14, if U = oo, then r, > |agt] for all ¢ > 0.
Therefore, on Ay N {U = oo},

k—1
laaS] <kt + LY JTpp -
j=0
Now define, the event
By :==A{Jrp, <tV Jrp, <5 dpp, <7, 8k < o0} (82)

Then on Ay N By, N {U = oo} we have,

lagSk] < kt"(1+ L).
Hence for ¢t > (It"(1 4+ L) + 1)/ and k <1,

P[t < S < OO,Ak,Bk|U: OO] =0

and therefore,

Plt < Sk < 0o|U = o0] < P[A}, Sk < oo|U = o0] + P[By, S, < oo|U = 0. (83)

Using part (a) of Lemma 20 to bound the probability of the event {.J,, > t7} =
{Jo > t7} and part (b) to bound the probability of the events {erj > {7}, for
1 <5 <k—1, we can see that the second term of the righthand side of inequality
(83) is bounded by Ckt—7(M/4=3) " On the other hand, by Lemma 14, the first term is
bounded by Ckt~"/2, Choosing | = C logt with C; = (M /4 — 3) (log(1 — ) 1)1
and v close enough to 1 we obtain (79). O

Proof of (12) of Proposition 2. The assertion for k of (12) follows from Lemma 21
noting that M > 21 (by condition (2)) and that for r, from Lemma 21 and (39).
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6. CONSTRUCTION AND FELLER PROPERTY

Throughout, 8 > 0 is arbitrary, P is the joint law of the independent random
walk used to define the process for finite initial conditions and E the corresponding

expectation. By our construction note that rf is increasing in £ and hence we can

define

Ty := lim Tf.
{—00

We will see that for every ¢ > 0, a.s. 74 < 00.
Consider fp(n%) where

fo(m) = n(x)e®.
We compute ’

Lfon’) =Y n'(2)e’ [ + e =24 (a+ 1)’ — )i(z =1)] .

Hence if we let A\ g = e +e % — 2 and Aog = (a+ 1)60 +e % — 2 then

Mofo < Lfg < Aapfo-
In particular,
Elfo(n'(2)) | Fo] < €24 fo(1(0)). (84)
In addition, fe(n‘(t)) is a nonnegative sub-martingale and therefore by Doob’s in-
equality,

P(Oiugt fo(n'(s)) > € | Fo) < e " Elfo(n(2)) | Fol- (85)
_S_
Since rf is the rightmost site which has been occupied up to time ¢ we have

SUPg< <t fo(nt(s)) > et . Hence from (84) and (85) we have

P(rf > 7t | Fo) < =" fo(5(0)) (86)
where ¢, g = v¥0 — Ay 9. This proves that for each £ and ¢ > 0, a.s. rf < 0o and hence
limy, 00 T, = 00. Also, taking the limit when £ — oo in (86), we obtain,

P(ry >t | Fo) < e " fo(n(0)) (87)

This proves Lemma 13 of Section 5.4. Furthermore, if (r,n) € S} then fs(n) < oo so
we have r; < o¢ a.s.
Choose now vy large enough so that we have c, g > 0. Define for each y = 1,2,...,

Ty :=inf{t > 0:7r, = y}. (88)
We have r1,n¢ = limy o0 T%y - Let £ be the smallest natural number such that

TT At = T%C/\t for all £ > #;. Then if £ = max{/1,...,%,}, the front r.,; generated by

the initial condition 5¢ up to time ¢, does not depend on £ if £ > £. This means that
particles that are initially at any site z < r — £, never visit any site to the right of the
front before time ¢. Using attractiveness, we can then conclude that the sequence
n’(s) is increasing for s < ¢ and £ > £. Therefore,

n(t) :== lim n*(t),
{—oo
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exists almost surely. Taking the limit when £ — oo in (84) and using Fatou’s Lemma
we see that,

E[fo(n(2)) | Fo] < €2 fo(1(0)). (89)

Noting that r; is increasing, this shows that (r¢,7(t)) stays in Sj. Hence we have
shown that (r4,7(t)) is a Markov process on S,

We next want to show that it satisfies the Feller property. We need some more
preliminary estimates. Note that

Lf§ —2foLfo
- Z” e (e —1)2 + (7 = 1)+ ((a® = 1)e?’ — 2(a — 1))

< >‘3,9f20 (90
for some X3 p < oo. Hence if My(t) = fo(n‘(t) — J§ Lfo(n’(s))ds then (Mp(t)) =
f(f (L"fa2 - 2f0['f0) (nz(s))ds, and then,

E[M§(t) | Fo] <23 /OtE[fw( (5)) | Folds < 2X3,92; 34" f4(n*(0)).

~—

Here we used in the last inequality that foa(n®(0)) < fo(n%(0)), since there are no
particles initially to the right of the origin. In particular, by Chebyshev’s inequality,

P(fo(n" (1) < e fo(n(0)) — A | Fo) < A72M" fy(n'(0)) (91)
for some A4 9 < co. We can pass to the limit to obtain,
P(fs(n(t)) < X' fy(n(0)) — A | Fo) < A2 fo(1(0)). (92)

This proves that we have a well-defined Markov process starting from any initial data
in Sj. Next we show the process satisfies the Feller property. We start by identifying
the compact sets of Sj.

Lemma 22. The compact sets K in S} are those which are closed, bounded in norm
|(r,n)|| = d((r,n), (0,0)), and have uniform tails i.e.

lim sup @ (z) = 0. (93)
N—oo (T,W)EK $<2T;N

Proof. Suppose (r,n);, 7 =1,2,... are elements of such a K. Since K is bounded, we
can find a weakly convergent subsequence. We have to show they converge in norm
as well. Relabeling, we can call the weakly convergent subsequence (r,7n); — (r,n).
Also, note that r; = r for large enough . So without loss of generality assume r; = r.
Let € > 0 and choose Ny such that

SUP; 35 cr—No ?@="n,(z) < e. (94)
Now choose i so that for 7 > i,
Z"’*NOS-'L‘ST 69(1‘*7')|,rh_ (3:) - 77(55)| <e (95)

It follows that for ¢ > 4,
d((’)", 77)“ (lra 77)) < 3e.
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Since K is closed (r,n) € K and such a set is compact. Suppose on the other hand
that a subset K of Sj is compact. Fix € > 0. Let

By = {(r,n) : Z @ (z) < €}.
o<r—N

By are open sets whose union is S'a. So By are an open cover of K. Since K is
compact, there is a finite sub-cover, and hence an N such that K C By. In other
words, K has uniform tails. O

Lemma 23. For each t > 0, € > 0 and K C S} compact there exists a compact
Koy C S} such that

P((n(t),re) € K | (n(0),r0 = 0) ¢ Ko) <e. (96)

Proof. Fix t > 0, € > 0 and K C Sj compact. By Lemma 22, K is of the form
K=A{(r,n) | Xs<r—nm) ?@=n(z) < B/m, forallm =1,2,...} (97)
for some B < oo and some N(m) T oo as m — oo with N(1) = 0. We have to find a
By and Ny(-) so that for each mo =1,2,...,if 35 - n (o) e?*n(0,z) > By/mg then
P (Y s<ri—N(m) @=rip(t,z) < B/m for allm =1,2,...}) <e.
Choose «y large enough such that
P(ry > yt) < €/2. (98)
We start with mg = 1. Use (92) with A2 = f5(n(0))e*¢¢/2. We can find By so
that if fo(1(0)) > By then e*16% f5(n(0)) — A > Be* and hence from (92) and (98),
if 3 p<o e9%1(0,z) > B,
P(Xcr, "7 n(t,2) < B) <e. (99)

Next we consider the case mg > 1. It is not hard to see that for each N, there
exists A = A(t) < oo such that

P(Y e ne™n(t,z) < 5 < n-ae™n(0,2)) <e/2. (100)
Indeed, the left hand side of the event in (100) is only smaller if we suppress the
branching. If we temporarily denote z;(0) the initial positions of particles to the
left of —N — A then we have continuous time random walks and the event is that
3, efiW1(z;(t) < —N) < s> e92i(0) We can assume that Y., %1 (0,z) < By,
for otherwise we have (99). Then it is clear that there exists an A such that
P(Ui{zi(t) > —N}) < ¢/4. Hence we only need to show that P(}, %) <
D e92i(0)) < ¢/4 which is easy to deduce from the fact that e~ 10t 37, ef%i(") are
martingales. This proves (100).
From (98) and (100) with No(m) = N(|BB, '2me”*| + 1) + A, we have that if
2 5<—No(m) e?n(0,z) > By/m and 222<0 e?n(0,z) < By then

P(Ewgrt—N(m’) eﬂ(m—rt)n(t,m) < B/m,) <e (101)
for m' = | BBy '2me" | + 1. This completes the proof. O
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Lemma 24. For each € > 0 and t > 0 there exists 6 > 0 such that if (r,n) and
(r,n') are any two configurations of particles on S} with y_, ., e®|n(z) —n'(z)| < 4,
there is stopping time T and a coupling of two copies (r5,7(s)) and (r’,n'(s)) of our
Markov process with generator L for 0 < s < 7 satisfying

(1) P(tr<t)<e.

(2) Eld((re,n(t)), (ri,n' () 1r>] <.

(3) Plro =ry=rn(0) =n,7'(0) =n]=1.
Here P is the coupling measure and E the corresponding expectation.

Proof. Consider the difference ¢ =7 —7n'. We have Y, €%%|¢(z)| < d so choosing &
sufficiently small we have ((z) = 0 for z € {—L, ..., 0} for some large L. We attempt
to couple the two processes by moving the particles together whenever possible. Then
positive and negative parts of ( move as independent random walks of positive and
negative type, the two types annihilating on contact and the coupling succeeds up
to the first time 7 when a particle of either type hits rs. It is easy to choose §
small enough, and therefore L large enough, so that (1) is satisfied. To prove (2),
note that up to time 7, d((r¢,n(t)), (ry, 7'(t)) = > ,<r, e?@=14)|¢ (¢, )| and we can
get an easy upper bound by using r; > 0 and letting_ ¢(t) be the process obtained
by starting with |¢(0)| and using the same random walks, but dropping the signs
and the annihilations. Then Y, e?@7)|¢(t,2)| < 32, e?*C(t, x). (2) follows since
e 0t 3 eP7¢(t, z) is a martingale. O

Proposition 5. Let (r,n) € S} and P,, the law of the process {(ry,n(t) : t > 0}
with initial condition (r,n) under P. Then, Pig(r,n) = Ey,g(r¢,n(t))], t > 0 form
a Feller semi-group on S), where E,, is the expectation associated to Py ,.

Proof. Suppose that ¢ is continuous and vanishes at infinity and let ¢ > 0. In
particular |g| < B < oco. There is a compact K such that |g(r,n)| < €/2 for (r,7n) in
the complement of K. By Lemma 23 there is a compact Ky such that P((r,n(t)) €
K | (ro,n(0)) & Ko) < €/2B. So if (r,n) ¢ Ko,

Ptg('ra 7)) = ET,T} [g(rta n(t))l(rt,n(t))EK] + Er,n[g('rta n(t))l(rt,ﬂ(t))QK] <€

This proves that P;g vanishes at infinity as well.

Next we show that P;g is continuous. Since ¢ is continuous and vanishes
at infinity, it is uniformly continuous. So we can choose ¢ > 0 so that
d((r,m), (r',n")) < € implies |g(r,n) — g(r',n")| < €/3. By Lemma 24, there ex-
ists 0 such that if d((r,n), (r',7")) < &, then there is a stopping time 7 > 0 such
that P(d((r,n(t)), (r},n'(t))) > e, 7 > t) < ¢/(6B) and P(1 < t) < ¢/(3B). Hence
| Ernlg(re,n(t))] — Ev g lg(ri,n' ()] < Elg(re,n(t)) — g(ri,n' (1) [1r>e] + 2BP(r <
t) < e. This proves that P;g is continuous as well. O
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