LARGE DEVIATIONS OF THE FRONT IN A ONE
DIMENSIONAL MODEL OF X +Y —2X

JEAN BERARD' AND ALEJANDRO RAMIREZ!"?

ABSTRACT. We investigate the probabilities of large deviations for the position
of the front in a stochastic model of the reaction X +Y — 2X on the integer
lattice in which Y particles do not move while X particles move as independent
simple continuous time random walks of total jump rate 2. For a wide class of
initial conditions, we prove that a large deviations principle holds and we show
that the zero set of the rate function is the interval [0, v], where v is the velocity of
the front given by the law of large numbers. We also give more precise estimates
for the rate of decay of the slowdown probabilities. Our results indicate a gapless
property of the generator of the process as seen from the front, as it happens in
the context of nonlinear diffusion equations describing the propagation of a pulled
front into an unstable state.

1. INTRODUCTION

We consider a microscopic model of a one-dimensional reaction-diffusion equation,
with a propagating front representing the passage from an unstable equilibrium to
a stable one. It is defined as an interacting particle system on the integer lattice
Z with two types of particles: X particles, that move as independent, continuous
time, symmetric, simple random walks with total jump rate Dx = 2; and Y particles,
which are inert and can be interpreted as random walks with total jump rate Dy = 0.
Initially, each site z = 0, —1, —2,... bears a certain number n(z) > 0 of X particles
(with at least one site = such that n(z) > 1), while each site x = 0,1,... bears a
fixed number a of particles of type Y (with 1 < a < +00). When a site z = 1,2, ...
is visited by an X particle for the first time, all the Y particles located at site x are
instantaneously turned into X particles, and start moving. The front at time t is
defined as the rightmost site that has been visited by an X particle up to time ¢, and
is denoted by r¢, with the convention ry := 0. This model can be interpreted as an
infection process, where the X and Y particles represent ill and healthy individuals
respectively. It can also be interpreted as a combustion reaction, where the X and Y
particles correspond to heat units and reactive molecules respectively, modeling the
combustion of a propellant into a stable stationary state. We will denote this model
the X +Y — 2X front propagation process with jump rates Dx and Dy. Within
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the physics literature, a number of studies have been done both numerically and
analytically of this process for different values of Dx and Dy and of corresponding
variants where the infection of a Y particle by an X particle at the same site is not
instantaneous, drawing analogies with continuous space time nonlinear reaction-
diffusion equations having uniformly traveling wave solutions [19], [15, 16, 17], [23],
[8]. A particular well-known example is the F-KPP equation studied by Fisher [10]
and Kolmogorov, Petrovsky and Piscounov [13].

Mathematically not too much is known. For the case Dy = 0, when
Y w<oexp(fz)n(x) < 400 for a small enough 6 > 0, a law of large numbers with a
deterministic speed 0 < v < 400 not depending on the initial condition is satisfied
(see [22] and [4]):

. -1

tlgrnoot rE =10 a.s. (1)
In [4] it was proved that the fluctuations around this speed satisfy a functional central
limit theorem and that the marginal law of the particle configuration as seen from
the front converges to a unique invariant measure as ¢ — oco. Furthermore, a multi-
dimensional version of this process on the lattice Z?, with an initial configuration
having one X particle at the origin and one Y particle at every other site was
studied in [22], [1], proving an asymptotic shape theorem as ¢ — oo for the set of
visited sites. A similar result was proved by Kesten and Sidoravicius [12] for the case
Dx = Dy > 0 with a product Poisson initial law. In particular, in dimension d = 1
they prove a law of large numbers for the front as in (1). For the case Dx > Dy > 0,
even the problem of proving a law of large numbers in dimension d = 1 remains open
(see [11]).

Within a certain class of one-dimensional nonlinear diffusion equations having
uniformly traveling wave solutions describing the passage from an unstable to a
stable state, it has been observed that for certain initial conditions the velocity of
the front at a given time has a rate of relaxation towards its asymptotic value which
is algebraic (see [8], [19] and physics literature references therein). These are the so
called pulled fronts, whose speed is determined by a region of the profile linearized
about the unstable solution. For the F-KPP equation, Bramson [3] proved that
the speed of the front at a given time is below its asymptotic value and that the
convergence is algebraic. In general, the slow relaxation is due to a gapless property
of a linear operator governing the convergence of the centered front profile towards
the stationary state. A natural question is wether such a behavior can be observed
in the X +Y — 2X front propagation type processes. Deviations from the law of
large numbers of a larger size than those given by central limit theorem should shed
some light on such a question: in particular it would be reasonable to expect a large
deviations principle with a degenerate rate function, reflecting a slow convergence
of the particle configuration as seen from equilibrium towards the unique invariant
measure [4]. In this paper, we investigate for the case Dy = 0 the large time
asymptotics of the distribution of ry /¢,

P[%e-].
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Our main result is that a full large deviations principle holds, with a degenerate
rate function on the interval [0,v], when the initial condition satisfies the following
growth condition:

Assumption (G). For all § > 0

Zexp(@m)n(w) < +o00. (2)

<0

Theorem 1. Large Deviations Principle There exists a rate function I
[0, +00) — [0, 400) such that, for every initial condition satisfying (G),

1
lim sup - log P [E € C} < — inf I(b), for C C[0,400) closed,
t—too b t beC

and
o1 Tt .
— — > — .
1t1m+1nf ; log P [ L € G} ggé[(b), for G C[0,4+00) open

Furthermore, I is identically zero on [0,v], positive, conver and increasing on
(v, +00).

It is interesting to notice that the rate function [ is independent of the initial
conditions within the class (G): the large deviations of the empirical distribution
function of the process as seen from the front appear to exhibit a uniform behavior
for such initial conditions. Furthermore, this result seems to be in agreement with
the phenomenon of slow relaxation of the velocity in the so-called pulled reaction
diffusion equations. In [8], a nonlinear diffusion equation of the form

0o = 070+ f(9) (3)
is studied where f is a function chosen so that ¢ = 0 is an unstable state and the
equation develops pulled fronts. It is argued that for steep enough initial conditions,
the velocity relaxes algebraically towards the asymptotic speed, providing an explicit
expansion up to order O(1/t?). Such a non-exponential decay is explained by the
fact that the linearization of (3) around the uniformly translating front, gives a
linear equation for the perturbation governed by a gapless Schrodinger operator.
The position of the front in the X + Y — 2X particle system can be decomposed
as ry = f(f Lg(ns)ds + My, where L is the generator of the centered dynamics, g is
an explicit function and M; is a martingale. The fact that under assumption (G)
the zero set of the large deviations principle of Theorem 1 is the interval [0, v] is an
indication that the symmetrization of L is a gapless operator.

The second result of this paper gives more precise estimates for the probability
of the slowdown deviations. Let

1

log | > n(y) |, u(n) :=liminf ——1log { > n(y) | ,
= z——o0 log |z| =

1
U := limsu
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and
s(n) :==min(1,U(n)).

For the statement of the following theorem we will write U,u,s instead of

U(n),u(n),s(n).

Theorem 2. Slowdown deviations estimates. Let n be an initial condition
satisfying (G). Then the following statements are satisfied.

(a) For all0 <c<b<w, ast goes to infinity,
Tt s/240(1)
< =< > — .
P[c_t_b}_exp( t ) (4)

(b) In the special case where n(x) > a for all x < 0, one has that, for every
0<b<w, ast goes to infinity,

Tt _ 41/340(1)
< <
P{t_b}_exp(t ) (5)
(¢c) When u < +o0, as t goes to infinity,
exp <—tU/2+O(1)> <P[r, =0] <exp (—t“/2+0(1)> . (6)

One may notice that the slowdown probabilities considered in (4) and in ( 6)
exhibit distinct behaviors when v > 1. Furthermore, the results contained in The-
orems 1 and 2 should be compared with the case of the random walk in random
environment with positive or zero drift [21, 20].

A natural question is whether it is possible to relax assumption (G) in Theorem 1.
It appears that even if assumption (G) is but mildly violated, the slowdown behavior
is not in accordance with that described by Theorem 1. Moreover, if assumption (G)
is strongly violated, the law of large numbers with asymptotic velocity v breaks
down, so that the speedup part of Theorem 1 cannot hold either.

Theorem 3. The following properties hold:
(i) Assume there is a 6 > 0 such that

lim inf n(z) exp(z) = +oc.
Then there exists b > 0 such that

1

limsup — log P [ﬁ < b} < 0.
t—+00 t t

(ii) There exists @' > 0 and v' > v such that, when

lim inf () exp(§'x) = +o0,

then
P@mmﬂzzu]zL

t——+o0
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It is important to stress that the proof of Theorem 1 would not be much simpli-
fied if we considered initial conditions with only a finite number of particles. Indeed,
condition (G) is an assumption which delimits sensible initial data. To prove Theo-
rem 1 we first establish that for initial conditions consisting only of a single particle
at the origin, for all b > 0, the limit

lim ¢ 'logP(r; > bt) (7)

t—-+o0
exists. The proof of this fact relies on a soft argument based on the sub-additivity
property of the hitting times. On the other hand, it is not difficult to show that for
b large enough the decay of P(r; > bt) is exponentially fast. Nevertheless, showing
this for b arbitrarily close to but larger than the speed v is a subtler problem. For
example, it is not clear how the standard sub-additive arguments could help. Our
main tool to tackle this problem is the regeneration structure of the process defined
in [4]. To overcome the fact that the regeneration times and positions have only
polynomial tails, we couple the original process with one where the X particles have
a small bias to the right, so that they jump to the right with probability 1/2 + €
for some small € > 0, and the position of the front in the biased process dominates
that of the front in the original process. We then use the regeneration structure to
study the biased model and how it relates to the original one as € tends to zero. In
particular, if v, is the speed of the biased front, we establish via uniform bounds on
the moments of the regeneration times and positions that
lim v, = v.
e—0t

Furthermore, we show that the regeneration times and positions of the biased model
have exponentially decaying tails. Combining these arguments proves that the limit
in (7) is positive for any b > v. We then establish that this limit exists and has
the same value for all initial conditions satisfying (G) by exploiting a comparison
argument.

To show that the rate function vanishes on [0,v] (and more precisely (5)), we
first consider initial conditions having a uniformly bounded number of particles per
site. In this case it is essentially enough to observe that the probability that the
front remains at zero up to time ¢ is bounded from below by (1/ \/f)tl/2+o(l), since
there are at most of the order of t'/2+°(1) random walks that yield a non-negligible
contribution to this event. Similar estimates on hitting times of random walks
are used to prove (6) and Theorem 3, while more refined arguments are needed
to establish (4) for arbitrary initial conditions within the class (G). On the other
hand, the proof of the upper bound for the slowdown probabilities (5) in Theorem 2
is more involved, and relies on arguments using the sub-additivity property and the
positive association of the hitting times, together with estimates on their tails and
their correlations, refining an idea already used in [22] in a similar context.

The rest of the paper is organized as follows. In Section 2, we give a formal
definition of the model and introduce its basic structural properties, including sub-
additivity and monotonicity of hitting times. In Section 3, we explain how Theorem 1
is proved, building on results proved in other sections. Section 4 is devoted to
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the proof of the fact that speedup large deviations events have exponentially small
probabilities. Section 5 contains our estimates on slowdown probabilities, with the
proofs of Theorems 2 and 3. Several appendices contain proofs that are not included
in the core of the paper.

2. CONSTRUCTION AND BASIC PROPERTIES

Throughout the sequel we will use the convention inf () = +oco.

2.1. Construction of the process. For our purposes, we have to define on the
same probability space not only the original model, but also models including ran-
dom walks with an arbitrary bias defined through a parameter 0 < e < 1/2.

In the sequel, we assume that we have a reference probability space (Q2,F,P)
giving us access to an i.i.d. family of random variables

[(Tn(u, 1), Up(u,2));n>1,ueZ, 1<i<al,

such that, for all (n,u,?), 7,(u,7) has an exponential(2) distribution, and U, (u, 1)
has the uniform distribution on [0, 1], and 7, (u,?) and Uy (u, i) are independent.
For every n > 1, (z,i) € Z x{1,...,a} and 0 < e < 1/2, we let

en(x,i,€) :=2(1(Up(x,i) <1/24¢€)) — 1.

Let (Y, )t>0 be the continuous-time random walk started at Y, , := 0, whose

sequence of time steps is (7,,(x,%))n>1, and whose sequence of space increments is
(En(x7 i, 6))”20'

A configuration of particles is a triple w = (F,r, A), where r € Z, A is a non-empty
subset of Zx {1, ..., a} such that max{z; (z,7) € A} <r,and F : A — {—o0,...,7}
is a map. To every index (z,i) € A corresponds the position F'(x,i) of an X particle,
and we say that (z,4) is the birthplace of the corresponding particle. We see that
such a configuration carries more information than just the number of X particles
at each site, since every X particle is labeled by its birthplace (z,7). Note that, to
allow for various types of initial configurations, we do not require that the initial
configuration of the model satisfies F'(z,7) = (x,7). In fact, any distribution of X
particles on {...,—1,0} with a finite number of particles at each site can be encoded
by such a triple w = (F,r, A).

For w = (F,r,A) and (x,i) € A, we use the notation w(z,i) to denote the
configuration (F',r', A") with ' = r, A" = {(x,i)}, and F'(z,i) = F(z,i). For a
configuration of particles w = (F,r, A) and q € {1,2,..., }, we define a configuration
wdqg=F 1" A)Yby A == Au{r+1,....r+q¢} x{1,...;a}, ¥ :=r+q, F/ :=F
on A, and F'(z,i) := x for (x,i) e {r+1,...,r+q} x{1,...,a}.

The following definitions list special kinds of configurations that are used in the
sequel. For v € Z and 1 < i < a, let §, be defined by A := {(u,1)}, 7 := v and
F(u,1) := u; let ad, be defined by A := {u} x {1,...,a}, r := u, F(u,i) := u for
every 1 <i < a; let Z,, be defined by A := {—o0,u} x{1,...,a}, r:=wu, F(z,i) ===z
for every (z,1) € A.
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For w = (F,r, A) and 0 > 0, we let
fo(w) := Z exp(0(F(x,i) —r)).

(zi)€A

and 7, be the map defined on {...,r—1,r} so that n,(x) is the number of particles
at site x of the configuration w. Hence

nw(z) == #{(y,1) € A; F(y,i) = z}.

As a consequence, fyp(w) = >, ., nw(z)exp(f(z —r)). When r = 0, we define for
x <0 B

Hy(z) =) nu(y)- (8)
y=0

Now, for every 6 > 0, let
Lo :={w = (F,r, A); fo(w) < +o0}.

Observe that Z,,, §,, and ad, belong to Ly for all u € Z and 6 > 0.

For w = (F,r,A) and (z,i) € Z x {1,...,a}, let xp(w,x,i) = 1((x,i) €
A)exp(0(F(x,i) —r)). We equip Ly with the metric dy defined as follows: for
w=(Fr/A) and w' = (F',r", A",

d@(w’w/) = |T—’f’,| + Z |X9(W,1I,i) —Xg(w,,fl',i)‘.
(z,i)€Zx{1,...,a}

The metric space (Lg,dp) is a Polish space. We let D(ILy) denote the space of
cadlag functions from [0, 400) to Ly equipped with the Skorohod topology and the
corresponding Borel o—field.

Now, for every 0 < € < 1/2, and every w = (F,r, A) € Ly, we define a collec-
tion of random variables (Xf(w))i>0 = (Ff(w), 5 (w), Af(w))s>0 which describes the
time-evolution of the configuration of particles. In order to alleviate notations, the
dependence of Fy, r{, Af with respect to w will not explicitly mentioned in the sequel
when there is no ambiguity. Moreover, we shall often not mention the dependence
with respect to € when € = 0, and for example, use the notation r; instead of r?.

The definition is done through the following inductive procedure. Let of := 0,
o =1, Aj = A, and for every t > 0 and (z,4) € Af, let F(z,i) := F(z,9) + Y, ,.

Assume that, for some n > 1, we have already defined of < ... < 0f_;, Af and r{
for every 0 <t < of,_;, and Ff(z,i) for every t > 0 and (z,7) € Ae . Let

oy = inf {t >0y, 1; thereis an (z,1) € Aze  such that Fy(z,i) =r5e  + 1} ,

n n—1»

Now, for of,_; <t < oy, let r{ := Toe s Af = A5, |, and let 7. = ree 1 and
AGe = Afe U{(r5e,1); 1 <i < a}. Then, for v =rg., i € {1,...,a}, and ¢t > oy,
let Ff(x,i) := 2 + Yz i¢—0c. We shall see that sup,, oy, = +00 a.s.

From the results in [4], (where only the case € = 0 is treated, but it is immediate to
adapt them to the present setting), the following results hold. For any 0 < e < 1/2

and w € Ly, almost surely with respect to IP:
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e for every n > 1, 05, _; < 0;, < 400, and there is a unique (r,i) € Ayc | such
that Fy. (z,7) = r5;

limg,— 400 0, = +00;

for all t > 0, X;(w) € Lg;

the map ¢ — X[ (w) belongs to D(Ly).

For any 0 < e < 1/2, 0 > 0, and w = (F,r,A) € Ly, let Qf,}g denote the
probability distribution of the random process (Xf(w))i>0, viewed as a random
element of D(Ly). Again, as in [4],

Proposition 1. For any 0 < e < 1/2 and 0 > 0, the family of probability measures
(ij,@)weLe defines a strong Markov process on Lg.

In the sequel, we use E to denote expectation with respect to IP of random variables
defined on (€2, F). The notation ES’ is used to denote the expectation with respect
to Qf,}g of random variables defined on D(Lg) equipped with its Borel o—field.

2.2. Properties of hitting times. For w = (F,r, A) € Ly, and u > r, we define
the first time that the front touches site u, given that the initial condition was w,

T: (u) := inf{t > 0; r{ = u}.

For all u,v € Z such that u < v, 1 <i<a,and 0 <e < 1/2, let

A(u,i,v) ;= inf {Z T (u,1); u+ Zsk(u,i,e) =v,m> 1} . 9)

k=1 k=1
This represents the first time that the random walk born at (u, ) hits site v (assum-
ing that the walk starts at u at time zero).

Proposition 2. Let w = (F,r, A) € Ly.
(i) For allu>r and 0 <e<1/2, P—a.s.

L-1
T (u) = inf - A(xj,i5,2541),

j=1
where the infimum is taken over all finite sequences with L > 2, x1,...,x[ €
Z and iy, ...,i—1 such that xr1 = F(y1,i1) for some (y1,i1) € A, r < x2 <
< xp 1 < U, X[ =U, 19,...,0[-1 € {1,...,@}.

(ii) For allu > 1 and 0 < e < 1/2, the following identity holds P—a.s.
T(w) = inf Tog

(ili) For allr < u < v and 0 < € < 1/2, the following sub-additivity property
holds P—a.s.

Ty (v) < Ty (u) + Tigury (v)-
(iv) Forany0 < e < ez < 1/2, and alluw > r, P—almost surely, TS (u) > T2 (u).
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Proof. The proof of (i) is quite similar to that in [22], and so is the proof that (iii)
is a consequence of (i). Then (ii) is a simple consequence of (i). As for (iv), this
is an easy consequence of the characterization in (i) and of the fact that, for every
(x,i) € Zx{1,...;a} and n > 1, ey(x,i,€1) < en(x,1, €2). O

An immediate consequence of (iv) in the above proposition is the following result.

Corollary 1. For any w € Ly, 0 < 1 < €9 < 1/2, P—almost surely, for all t > 0,
rit(w) < ri?(w).

3. PROOF OF THE LARGE DEVIATIONS PRINCIPLE FOR tith

Proposition 3. There ezists a convex function J : (0,+00) — [0,4+00) such that,
for all b € (0,+00),
lim 7 !log IP’(T(QO (n) <bn) =—J(b).
n—-+00

Proof. For any b > 0, and all n > 1, it is easily checked that ]P’(T(% (n) < bn) >
0. Then let u,(b) := log IP’(T(% (n) < bn). Observe that, by subadditivity (part
(7i7) of Proposition 2), Tg) (n+m) < T(?O (n) + T(?O@n(n + m). Now, by part (i7)
of Proposition 2, T§0®n(n +m) < Tj (n + m), since the infimum characterizing
T(?(J@n(n +m) runs over a larger set than the infimum characterizing T (n+m). As
a consequence, T(?O (n+m) < T(% (n) +Tj (n4m). We deduce that, for all m,n > 1,
and all b, ¢ > 0,

{T(Q0 (n) <bn}n {T(?n (n+m) <em} C {T(% (n+m) < bn+cm}. (10)

Now, observe that T(?O (n) and T(?n (n + m) are independent random variables,
since their definitions involve disjoint sets of independent random walks. As a con-
sequence,

P({TQ (n) < bn}N{T2 (n+m) < em}) = P(TY (n) < bn)P(TL (n+m) < em). (11)

(From the above two relations (10), (11), and the fact that, by translation invariance
of the model, T(QO (m) and Tgn (n+m) possess the same distribution, we deduce that,
for all m,n > 1, and all b,¢c > 0,

bn +cm
Up+m (711771) > U (b) + um(c). (12)
Applying Inequality (12) above with ¢ = b, we deduce that the sequence (uy(b))n>1
is super-additive. Since u,(b) < 0 for all n > 1, we deduce from the standard
subadditive lemma that there exists a non-negative real number J(b) such that
limy, 400 N tup (b) = —J(b). Moreover, by definition, b +— u,(b) is non-decreasing,
and so b — J(b) is non-increasing.

To establish that J is convex, consider b,c, such that 0 < b < ¢, t € (0,1),
k > 1, and apply (12) with ny := [kt] and my := [k(1 —t)]. For large enough k,
brdemi < 4 4 (1 —t)c, 50 that i, 1m, (tb+ (1 —1)€) > Un, (b) + tm, (c). Taking the

Nng+myg

limit as k goes to infinity, we deduce that J(tb+ (1 —t)c) < tJ(b) + (1 —t)J(c).



10 JEAN BERARD! AND ALEJANDRO RAMIREZ!:2

Proposition 4. The function J defined in Proposition 8 is identically zero on
[v™1, +00), positive and decreasing on (0,v71).

The proof of the above proposition makes use of the following result, which is the
main result of Section 4.

Proposition 5. For any ¢ > v,

limsupt ! log P(rY(Zo) > ct) < 0.

t—+o00
Proof Proposition 4. For n > 1, (ii) of Proposition 2 implies that Tgo (n) < T(?O (n)
P—a.s. In view of the immediate identity {T5(n) < bn} = {r) (w) > n}, we deduce
that

B(TY (n) < bn) < P(19,(Zo) > n).

;From Proposition 5, we deduce that .J is positive on (0,v~!). On the other hand,
by the law of large numbers (1), we see that J must be identically 0 on (v™1, +00).
The function J being convex on (0, +00), it is also continuous, so that J(v~!) = 0.
Moreover, as we have already noted, J is non-increasing. These facts imply that J
is decreasing on (0,v7!). O

Let I be defined by I(b) := bJ(b~') for b > 0 and I(0) := 0. ;From the previous
results on J, it is easy to deduce the following.

Corollary 2. The function I is identically zero on [0,v], positive, increasing and
convex on (v, +00).

Proof. Only the convexity of I is not totally obvious. Note that, since J is convex,
b J(b~1) is convex on (0, +00) as the composition of two convex functions. Then,
since b — J(b~!) is also increasing and positive, the convexity of b — b.J(b~!) on
(0, 4+00) follows easily.

]

Proposition 6. Assume that the initial condition w satisfies r = 0 and (G). Then,
for all b >0,

lim n~tlogP(T0(n) < bn) = —J(b),

n—-—+o0o
where J is the function defined in Proposition 3.
The proof of the proposition makes use of the following lemma.
Lemma 1. Let w = (F,r, A) € Ly. For allt >0, and all v > 0,
P| sup sup FP(z,i) >+t | < fo(w)exp[—g,(0)t],
(z,3)EA 0<s<t

where
g~(0) := v0 — 2(cosh 6 — 1).
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—_

Proof. Let G := {Sup(az,i)eA SUpg<c FO(,1) > r+7t}. For all integers K
0, let Gx = U@ijea; Foi>r {SWPo<s<t Fo(x,i) > r + At} Clearly, K
K, implies that Gk, C Gg,, and Ux< Gxk = G, whence P(G)

limg .o P(Gx). Now observe that, for all K, the process (M s)s>0 defined by
Mics =D 4.y A: F(z,i)>K €XP (0 (FY(x,i) — ) — 2(cosh @ — 1)s) is a cadlag martin-
gale. Then note that, for all K, Gx C {supg<s<; MK, s > exp(g,(0)t}, then apply
the martingale maximal inequality to deduce that,

P<sup MK,SZexp@v(e)t))s S epl0(Fi) ) — gy (0)].
Oss<t (z0)€A; F(x,i)>K

I IA IA

For all K, the r.hs. of the above inequality is upper bounded by <
fo(w) exp [—g,(0)t] . The conclusion follows. O

Proof of Proposition 6. Consider 0 < b < v~!, and fix § > 0. Choose v > 0 large
enough so that
g+(0)b > J(b).

Denote by w = (F,r,A) the initial condition, and consider the set B, :=
{(z,i); F(z,i) < —[vbn]}. Let my 1= 3, yep, exp(0(F (z,7) — [7bn]). Now let
=, := inf{s > 0; 3(z,i) € By, F2(x,i) = 0}. We see that Z,, < bn implies that
SUD(3,)e B, SUP0<s<bn F9(z,i) > 0. Thanks to Lemma 1 and translation invariance
of the model, we deduce that

P(E, < bn) < my, exp(—gy(0)bn). (13)

JFrom the fact that w satisfies (G), we obtain that, for all ¢ > 0, y <0, #{(z,1) €
A; F(z,i) = y} < fo(w)exp(—¢y). As a consequence, whenever ¢ < 6, we have
that

mn < fo(w)(1 = exp(p — 0)) " exp(p[ybn]). (14)

Now consider (z,i) € A\ By, so that F(z,i) > —[vybn]|. By an easy coupling
argument, we see that, since F(z,i) <0,

P(Ty(z,i) < bn) < P(T5, < bn). (15)

Moreover, according to (G),

#A\ Bn < fo(w) exp(p[yn]). (16)

Now, by (ii) of Proposition 2,
E, >bn}tN{Ty(n) <bn} C inf Ty <bnp.
b0 (T <ty < { |t | Ty <t
We deduce from (13), (14), (15), (16) and the union bound that
P(Ty(n) < bn) < fo(w)e?M" [(1 — exp(p — 0)) 7! exp(—g, (0)bn) + P(Ts, < bn)] .
(17)

Now, according to Proposition 3,

lim 7 !log IP’(T(% (n) <bn) =—J(b).

n—-+o00
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Since we have chosen 7 so that g,(0)b > J(b), we deduce from (17) that

limsupn ' log P(T2(n) < bn) < —J(b) + @vb.

n—-+o0o

Since ¢ > 0 is arbitrary, we deduce that

limsupn~tlog P(T2(n) < bn) < —J(b). (18)

n—-+00
On the other hand, consider a given (z,7) € A. Clearly
P(Ty(n) <bn) > P(Tw(w’i) (n) < bn).

Now consider 7 = inf{s > 0; F¥(z,i) = 0}. Clearly, 7 is a.s. finite, and, conditional
upon 7, Tz (n) — 7 has the (unconditional) distribution of 7j,(n). Choosing
any M such that P({7 < M}) > 0, one has that P(T,y,4(n) < bn) > P{7 <
M}Y)P(Ts,(n) < bn — M). Taking an arbitrary ¢ > b, we deduce that

liminf n~ ' log P(T2(n) < bn) > —J(c).

n—-+o0o

By continuity of J, we conclude that

liminf n = log P(T2(n) < bn) > —J(b).

n—-+00

The above inequality, together with (18) concludes the proof. ]

Proof of Theorem 1. Consider a non-empty closed subset F' C [0,400), and let
b := inf F. Assume that b < v. We have that infr I = 0, so the upper bound
of the LDP for F is always satisfied. Assume now that b > v. One has that
P(t~1rd(w) € F) < P(rd(w) > [tb]) = P(TY([tb]) < t). Proposition 6 entails that
limy oot~ log P(TY(tb] < t) < —I(b), so that the upper bound of the LDP holds
for F since I is non-decreasing.

Consider now an open set G C (v,4+00). For every b € @G, there exists
an interval [b,c) C G. By the large deviations upper bound, we know that
limsup;_, ;oo t 1 log P(r (w) > bt) < —I(b) and that limsup,_, .t~ log P(r?(w) >
ct) < —I(c). By strict monotonicity of I on (v, +00), we have that 1(b) < I(c), so
we can conclude that liminf; . .t 'logP(bt < r¥(w) < ct) > —I(b). As a con-
sequence, liminf; o P(t~'r)(w) € G) > —I(b). Since this holds for an arbitrary
b € G, the lower bound of the LDP for G follows.

Consider now a non-empty open set G C [0, 400) such that G N [0,v] # (. Then
infg I = 0. On the other hand, there is a non-empty interval of the form [c,b) C
G N [0,v]. In Section 5, we prove that, under Assumption (G),

i (w)

t

lim inf ¢~ log P [c < < b} =0. (19)
— 00

Applying Inequality (19), we see that liminf¢~!logP(t~'rY € G) = 0, so that the
lower bound of the LDP holds. 0
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4. SPEEDUP PROBABILITIES

The main result in this section is Proposition 5:

for any b > v, limsupt ' log P(rY(Zy) > bt) < 0. (20)
t—-+o00
For the sake of readability, the reference to the initial condition Zy is often dropped
in this section, so that r{ should be read as r§(Zp).

Our strategy for proving Proposition 5 is to exploit the renewal structure already
used in [4] to prove the CLT. However, this renewal structure leads to random
variables (renewal time, and displacement of the front at a renewal time) whose tails
have polynomial decay (see Appendix 7, and asymptotic exponential bounds such as
(20) cannot be derived from such random variables. Whether it is possible to modify
the definition of the renewal structure so as to obtain random variables enjoying an
exponential decay of the tails, as required for a direct proof of Proposition 5 is
unclear and instead we make use of a different idea. Indeed, we apply the renewal
structure defined in [4] to a perturbation of the original model, one in which the
random walks have a small bias to the right. Again, a law of large numbers holds:

Proposition 7. For all small enough € > 0, there exists 0 < v, < 400 such that

tlim t7rf = v, P —a.s. and in L*(P).
—00

The interest of introducing a bias to the right is that, reworking the estimates
of [4] in this context, we can show that for any small value of the bias parameter
€ > 0, exponential decay of the tail of the renewal times holds, so that the following
result can be proved.

Proposition 8. There exists ¢g > 0 such that, for any 0 < € < €y, for any b > v,
limsupt~ ! log P(r$ > bt) < 0.

t——+o0
On the other hand, it is shown in Corollary 1 above that, as expected, biasing the
random walks to the right cannot decrease the position of the front, so that at each
time ¢, a comparison holds between the position of the front in the original model
and in the model with a bias. We deduce that

Proposition 9. For any 0 <e<1/2 andt >0, and all x € {1,2,...},
P(r) > z) < P(rf > ).
As a consequence, we can prove that (20) holds for all b such that there exists an

0 < € < ¢ for which v, < b. Noting that v, is a non-decreasing function of €, we see
that the following result would make our strategy work for all b > v:

Proposition 10.
lim v, = . 21
Jim ve (21)
It is indeed natural to expect such a continuity property to hold, but proving it
seems to require substantial work.
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Indeed, write
Ve = th:l tE(rf). (22)
_ 1(..0
v = tileroot E(ry).
For fixed t, it is possible (using the dominated convergence theorem) to prove that

lim E(rf) = E(9). (23)

Hence, to prove Identity (21), it is enough to prove that
lim hm tIE(rf) = hm hm tIE(r).

e—04+t—+ — 400 e—0+

Our strategy for proving Proposition 10 is based on the observation that, if some
sort of uniformity with respect to € € [0, €g] is achieved in (22), then the limits with
respect to € — 0+ and to ¢ — +o0 in (22)-(23) can be exchanged. Reworking the
estimates in [4] to obtain uniform upper bounds (with respect to 0 < ¢ < ¢) for
the second moments of the random variables (renewal time, and displacement of the
front at a renewal time) defined by the renewal structure, we can prove that the
required uniformity in (22) holds.

4.1. Some random variables on D(Ly). It will be convenient in the sequel to
work with random variables defined on the canonical space of trajectories D(LLg)
rather than on (2, F,P). We use the sign in order to make apparent the distinction
between random variables defined on € and their counterparts. on D(Ly).

On D(Lg) we define the following random variables. Let w. = (w)i>0 =
(Ft,rt,At)t>0 € D(Ly). The random process (f’t)t>0 is defined through (w)i>0 =
(Ft, Pt, At)t>0 Under the probability measure Qw the process (Ft, P, At)t>0 has the
same law as (Fy,rf, Af)i>o0.

For all 5 > 0, let Z . (w.) := x if (2,1) ¢ A, and Z, ,(w.) = Fy(x,7) otherwise.
For y € Z, let T(y) := inf{s > 0; #, = y} if y > 7o + 1, and let T'(y) := 0 otherwise.
Let also Gszi(w.) = ZT(:):)Jrsa:z
form a family independent nearest-neighbor random walks on Z with jump rate 2
and step distribution (1/2 + €)d41 + (1/2 —€)d_1.

For z € Z, and w = (F,r, A) € Ly, define ¢.(w) by

¢(w) := > exp(0(F(x,1) —r)),

(z,i)eAN{...,z—1,z} x{1,...,a}

With respect to Q%’, the processes (Gs.2,i)s>0

and for z1 < z9 € Z, let

My 2 (W) 1= Z 1(z1 + 1 < F(x,1) < 2z9).
(z,i)eAn{z1+1,...,z2} x{1,....a}

We use the notation 65 to denote the canonical time-shift on D(Ly) and the
notation w, to denote the truncated space-shift on D(LLg) defined by w,(F,r, A) =
(F' 7" A", with A" = {(x — y,9); (z,i) € A, x >y}, F'(z) = F(z+y), " =r—y.
In words, this corresponds to removing all the particles that are born at the left
of y, and then shifting all birth positions by y. We denote by (F; ’g)tzo the usual
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augmentation of the natural filtration on D(Ly) with respect to the Markov family
0
(@fl’f )’LUE]LQ .

4.2. An elementary speedup estimate. The following lemma is stated in [4]
in the case ¢ = 0, and its adaptation to the more general case 0 < ¢ < 1/2 is
straightforward.

Lemma 2. Let A(¢,0) := 2(cosh — 1) + 4esinh 6 + a(1 + 2¢) exp 0 and cy(€,0) :=
v0 — A€, 8). For all0<e<1/2, wely, andt >0,

qu’e(ft — 70 > 7t) < ¢5y(w) exp(—c, (€, 0)t).

4.3. Definition of the renewal structure. We follow the definition of the renewal
structure in [4]. Consider a parameter

M = 4(a +9). (24)

Let vy := 0 and v be the first time one of the random walks {(Gs r,.i)s>0; 1 <@ < a},
hits the site 7o+1 (the random walks (G ;i) are defined in section 4.1). Next, define
v as the first time one of the random walks {(Gs 2 i)s>0; 7o < 2 <7o+1,1<i<a}
hits the site 7y + 2. In general, for k£ > 2, we define v; as the first time one of the
random walks {(Gs . i)s>0; 7o V (o +k — M) <z <79g+k —1,1 <i < a}, hits the
site 79 + k. For n € N, let

n+1

n
T = To + n, if Zyk§t<ZVk.
k=0 k=0

The following proposition (see Lemma 1 from [4]), shows that the so-called auxiliary
front 7; can be used to estimate the position of the front 7.

Proposition 11. For every 0 < e < 1/2, 0 > 0 and w € Ly, the following holds
S almost surely:
for every t > 0, 7y < 74.

Now, observe that for any w = (F,r, A) such that r x {1,...,a} C Aand F(r,i) =
r for all 1 <4 < a, with respect to Qﬁ;e, foreach 1 < j < M —1, the random variables
(v4)i>1 are a.s. finite, and that the random variables {vasg4; : & > 1} are i.i.d. and
have finite expectation since M > 3. We deduce that a.s. (see also [5]),

tlim 7/t =: a(e) > 0.

First note that a(e) does not depend on 6 nor on w since the distribution of the
random walks (G 4.i)s>0 with respect to fo does not. Moreover, a(e) is a non-
decreasing function of € by an immediate coupling argument.

Now consider ¢y < 1/2,0 > 0, a1, as > 0 such that

0<ag <agy<al0),
671(2(cosh @ — 1) + 4egsinh 0) < ay, (25)
deg < 7.

In the sequel, we always assume that 0 < e < €.
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Let us define the following random variables on D(Ly):

U(w.) :=1inf{t > 0; 7y — 7o < |aat]|},
V(w.) :=inf{t > 0; maxi, _p11<2<io—1 Zewi > [oat] + Fol,
W(w.) == inf{t > 0; ¢, (w;) > elllertl=(Fe=ro))y

Note that, for all €, U, V, W are stopping times with respect to (.7:;’9)@0, and that

they are mutually independent with respect to QZ}E.
Let

D :=min(U,V,W).
Now let p > 0 be such that
pexp(f) <1,
and L such that
LY*>M+1 and aexp(—LO)(1 —exp(—0))~ < p. (26)
For x € Z, let

Jo(w.) :=nf{j > 1; dop (o) L(Wi(upir) <P Mpijr 11/ g (Wi jr)) 2 al LY4]/2}.
Let Sy := 0 and Ry := 79. Then define for k > 0,
Sk+1:=T(Ry + Jr L),  Digy1:=Dols,, +Skt1,  Riy1=7py.,
K :=inf{k > 1:S; < 00, Dy, = o0},

and define the regeneration time
k:= Sk,

Note that k is not a stopping time with respect to (ff’e)tzo. Define G5Y, the in-
formation up to time k, as the smallest o-algebra containing all sets of the form
{(k<tynA, AecF¥ t>0.

4.4. Properties of the renewal structure. Throughout this section, we assume
that 0, a1, a9, €y satisfy the assumptions listed in part 4.3.

Proposition 12. The following properties hold:

(i) There ezist 0 < C, L* < 400 not depending on € (but possibly depending on
the choice of 0,1, a9, €y) such that, for L := L*, and all 0 < € < ¢,

EZ’ (k%) < C, Egp (k2|U = +o0) < C,

EZ’((7)?) < C and  EY) ((7)?|U = +00) < C.
(ii) For all 0 < € < €, there exist 0 < C(e€), L(€),t(e) < +oo such that, for

L := L(e),
EZ’ (exp(t(e)r)) < C(e), By (exp(t(e)r)|U = +00) < C(e),

ES? (exp(t(e))) < C(e) and ESL

ado

(exp(t(€)7)|U = 400) < C(e).
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Proposition 12 provides the key estimates needed for the proof of the main re-
sults in this section. Most of the technical work needed to prove it consists in a
reworking of the estimates in [4], either proving that, for each positive value of the
bias parameter €, exponential estimates can be obtained instead of the polynomial
ones derived in [4], or that the polynomial estimates already obtained in [4] can be
made uniform with respect to 0 < ¢ < ¢y. The proofs go along the lines of [4], and
are deferred to Appendix 9. In the sequel, we always assume that either L := L*
or L := L(e). As a consequence of Proposition 12 we see that for all 0 < e < ¢,

%09(0 < Kk < 4o00) =1 and QZ’§0(0 <k < +oolU = 400) = 1.
As in [4], the following propositions and corollary can be proved.

Proposition 13. Let 0 < e < ¢y. If w =Ty or w = ady, then for any Borel subset
I' of D(Ly),

Q5f (@, (wete)iz0 € TIGY) = QGp (DU = +00) Q5 —as.
Define k1 := & and for ¢ > 1, kj41 := k; + Ko 0,,. Now, for all 7 > 1, define g;ﬁ

as the smallest o-algebra containing all sets of the form {x; <t} N A, A € Ff >
0.The following general version of Proposition 13 holds.

Proposition 14. Let 0 < e < ¢ and i > 1. If w = Zy and w = ady then for any
Borel subset T of D(Ly),

Q5 (@, (Wr,+t)1z0 € TIGF7) = QS (DU = +00) Q5 — aus.

Corollary 3. The following properties hold:

(i) Under Q;f, K1, K9 — K1, K3 — K2, . .. are independent, and kg — K1, K3 — K2, . . .

are identically distributed with law identical to that of Kk under QZ’(? (|U =
0

+00).

(ii) Under Q;Oe, Trys Tro — Trys Thy — Thas - - - are tndependent, and Fr, — Ty, Try —
Try,--. are tdentically distributed with law identical to that of r, under

0

Qys, (U = +o00).

We now give the proofs of Propositions 7, 8 and 10.

Proof of Proposition 7. First, note that the P—a.s. convergence stated in Proposi-
tion 7 follows from the integrability of renewal times by a standard argument. To
prove that the convergence also takes place in L!(P), we note that, from Lemma 2

above, it stems that Eezoe (7¢) < 400 for all t and that the family of random variables
(t=1#4);>1 is uniformly integrable with respect to @;09. The convergence in L'(P)

then follows from the P—a.s. convergence.
O

Proof of Proposition 8. Fix 0 < e < €, and let L := L(e). For all t > 0, define
a(t) := sup{n > 1; Kk, < t}, with the convention that sup() = 0. From Corol-
lary 3 and Proposition 12, we deduce that, a(t) < 400 a.s. for all ¢ > 0 and that
limy_, 4o a(t) = 400 a.s. Using the fact that the map ¢ — 7 is non-decreasing, we
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have that 7; < g1 NOW Observe that, for any 0 < € < ¢, any b > v, and any
0 < ¢ < 400, by the union bound,

Q%7 (7 > bt) < Q% (a(t) > [et]) + QF (P, > bE).

Note that Q%f(a(t) > |ct]) < Q%f(KLCtJ < t), and observe that, by a standard large

deviations bound for the i.i.d non-negative sequence (kj41—£;);>1 and Proposition 12
0 . — 0

< IEZ’(SO (k|U = +00), limsup,_, .t ! log Q% (Kle) < 1) <

0. On the other hand, writing 7., ,, = fx, + ziitﬁl(?ﬁml — T,;), and using

Proposition 12, together with a standard large deviations argument (see e g. [6]), we

for k1, whenever ¢~

have that, as soon as b/c > EZ’(; (Fx|lU = +00), limsup,_,, ot 'log @Z (P o1 =

bt) <0
Note that we can deduce from the renewal structure that
EE 0 U =400
G ) o
o 50(&](] —i—oo)

As a consequence, if b > v, We see that we can choose a ¢ > 0 such that ¢! <

aéo(/{]U +00) and b/c > E7 (fH|U = +00). O
Lemma 3. There exists 0 < ¢ < +o0 such that, for all 0 < e < ¢,
2590(/-@|U +00) > c.

Proof Use the fact that, by definition, x > 7(1), so that EZ’gO(m]U = +o0) >
]Ezg (T(1)1(U = +00)). Now, by coupling, QZ’? (U = —|—oo) > QO’G (U = +oo) for all
0 < e < ¢9. By coupling again, for all u > 0, @a5o( (1) > u) > QGO’ (T(1) > w).
Now, since Qeo’ (T( ) > 0) =1, we can find u > 0 small enough so that QEO’ (T(1) >

u) >1—-(1/2)Q aéo(U +00). Putting the previous inequalities together, we see

that, for all 0 < ¢ < e, QU (T(1) > u,U = +o0) > (1/2)Q0 (U = +00). The
conclusion follows. O

The following proposition contains the uniform convergence estimate that is re-
quired for the proof of Proposition 10. Broadly speaking, the idea is to control the
convergence speed with second moment estimates on the renewal structure, so that
uniform estimates on these moments yield uniform estimates on the convergence
speed.

Proposition 15. For all ¢ > 0, there exists tc > 0 such that, for all t > t; and all
0 <e< €0,

ve <EZ(t717) + ¢

Proof. Let 0 < A < 1 be given, and let

m(t.0) = | (1= N (B5h, (6l = +00)) .
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In the rest of the proof, we write m instead of m(¢,¢) for the sake of readability.
Note that, in view of Proposition 12, for all 0 < e < ¢, EZ’;O(R’U = +00) < C/2 50
that m > 1 as soon as t > C'/2(1 — \)~1, which does not depend on e.

We now re-use the random variables a(t) defined in the proof of Proposition 8
above. Using the fact that ¢ — 7 is non-decreasing, we see that 7, > f,.;a( e More-
over, iy, > Fu,,1(a(t) > m), and 7y, 1(a(t) = m) > 7y, 1(a(t) > m) when
m > 1. Taking expectations, we deduce that, when m > 1,

€0/,—14 €0/,—14 €0/,—1x
Ep (t L) > Ep (t Yoo ) — Ep (t Y, 1(a(t) < m)). (28)
Consider the first term in the r.h.s. of (28) above, and observe that

€0/~ €0/~ €,0
Ez (Pr,) = EZ (7)) + (m — 1)E

ado

(7|U = +00).
JFrom Proposition 12, E;f(fn) < CY2 for all 0 < € < €. Moreover, from Iden-

tity (27), (Ee’e (F|U = —i—oo)) (EZ’(?O (k|U = +oo)> = v.. We easily deduce that,

ado
as t goes to infinity, uniformly with respect to 0 < € < ¢,

EZ’ (7x,,) = (1 = Mtve + O(1). (29)

Consider now the second term in the r.h.s. of (28). By Schwarz’s inequality,
€0 /,—1~ €,0 —1a 1/2 €,0
EZ(t Y 1(a(t) < m)) < (EIO (¢ 1mm>2]) Q7 (a(t) < m)Y/2. (30)
From Proposition 12 and Corollary 3, it is easily checked that
B [ (7r,,)?] < Cm?. (31)

On the other hand, one has that Q;f(a(t) <m) < @%Og(nm > t). {From Proposi-
tion 12 and Corollary 3, the variance of k,, with respect to Q%Oo is bounded above
by Cm, so that we can use the Bienaymé-Chebyshev’s inequality to prove that,

0
whenever t > EZ (),
0 [ _
Qalt) < m) < Cm(t — B! ()2 (32)

Now, using Proposition 12 as in the proof of (29) above, we can easily prove that,
as t goes to infinity, uniformly with respect to 0 < e < ¢,

EZ’ (km) = (1 = At + O(1).

Putting the above identity together with (32), (31) and (30), we deduce that, as t
goes to infinity, uniformly with respect to 0 < € < ¢,

B! (17, 1(a(t) < m)) < Cm®2(M2 + O() ™"

In view of Lemma 3, we have that m < ¢!t for all 0 < € < €, so we can conclude
that, uniformly with respect to 0 < € < €,

lim EZ’(t7y, 1(a(t) < m)) = 0. (33)

t—-+o00
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Plugging (29) and (33) in (28), we finally deduce that, as t goes to infinity, uni-
formly with respect to 0 < € < ¢,

E(t717) > (1= Mve + o(1).

The conclusion of the Proposition follows by noting that, since ve < ve,, (1 —A)ve >
Ve — AVgq-
O

Lemma 4. For allt > 0,
Jlim EZ(7f) = B (7).

Proof. Consider a given t > 0. By Proposition 17 in Appendix 8, with [P probability
one, we can find a (random) K < 0 such that sup{F°(z,i); 0 < s <t,z < K, 1<
i <a}<0,s0that sup{F(z,i); 0<s<t,z < K,1<i<a}<0forall0<e<e.
As a consequence, for all 0 < e < ¢y, with probability one, 7§(Zy) = r§(w(K))s>0),
where w(K) is the configuration defined by A ={K,...,0} x {1,...,a}, r =0 and
F(x,i) = x for all (z,i) € A.

Since, for every 0 < e < €y, with probability one r§ < r;°, we see that the value of
r{ is entirely determined by the trajectories up to time ¢ of the random walks born
at sites (z,7) with K <z <r;°. With probability one again, we are dealing with a
finite number of random walks, and a finite number of steps. We now see that, for
all e small enough, these trajectories are identical to what they are for e = 0, so that
7§ =19, Since 0 < 7§ < 7 and r{° is integrable w.r.t. P, we can use the dominated
convergence theorem to deduce the conclusion. O

Proof of Proposition 10. Let ¢ > 0, and, following Proposition 15, consider a t; such
that, for all £ > t; and all 0 < e < ¢,

ve SEZ(t71) + ¢

Consider now, thanks to Proposition 7, a t > ¢, such that Eg’()o(t_lft) <wv+(. Now,
thanks to Lemma 4, we know that, for all e small enough,

]E;f(t—lft) < E%f’(t—lft) +C.

Putting together the above inequalities, we deduce that, for all ¢ small enough,
ve < v+ 3(. Since v, > v, the conclusion follows.

0

Now Proposition 5 follows from Proposition 8, Proposition 9 and Proposition 10,
as explained in the beginning of this section.

5. SLOWDOWN LARGE DEVIATIONS

For x > 1 and ¢ > 0, let ({;);>0 denote a continuous time simple symmetric
random walk starting form 0 of total jump rate 2. Let

Gi(z) =P ( sup (s < .CE) , Gi(z) =P (¢ > x).

s€[0,t)
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In the sequel we will use the fact that for fixed ¢ > 0, Gy(-) is non-decreasing and
G4(+) is non-increasing, and that, thanks to the reflection principle,

1— Gy(z) = 2Gy(z) — P (¢ = ). (34)

5.1. Proof of Theorem 2 (a) and (c). We start with the proof of Theorem 2 (c).
The fact that 4 = 0 means that no particle in the initial configuration hits 1 before
time ¢. Both the upper and lower bounds can then be understood heuristically as
follows. Since we consider simple symmetric random walks, for large ¢, the constraint
of not hitting 1 before time ¢ has a cost only for particles within a distance of order
t1/2 of the origin. Now these particles perform independent random walks, and their
number has an order of magnitude lying between ¢%(")/2 and tV(m)/2,

We start with the lower bound. When U = +o00, the inequality holds trivially,
so we assume in the sequel that U < +oo. The event t~'r,(w) = 0, implies that
none of the random walks corresponding to particles in the initial condition w hit 1
before time ¢. By independence of the random walks, the corresponding probability
equals

-0
TGl + 1)),
=0
Now let by > 0 be such that 1 — 2s > exp (—4s) for all 0 < s < by. From (34), we
see that for any t > 0 and y < 0, G¢(—y + 1) > 1 — 2G¢(—y + 1). By the central
limit theorem, we can find to and K > 0 such that, for all ¢t > ¢y and y < —Kt/2,
Gi(—y +1) < by. Let ky := [KtY/?]. Then, for all t > tg

I G2+ 1) >exp [ =4 > nu(2)Gi(—2+1)

rx=—k¢ rz=—kt

Now, by definition of G,

S @Gz + 1) = E (S m(@)1(G > —x + 1))
x=0

=G+l
1(¢G > 1) ( Z ﬁw(JU))

z=0

=E = E(G = D(Hu(=G+1))].

By assumption, Hy, (z) < |z|Y*T°(). Holder’s inequality yields that
E1(¢ > 1)(Hu(—C + 1)) < 972+,
We deduce that for all ¢ > tg

[T Gila)™® > exp(—t/2+e), (35)
r=—kt
Now, for —k; < y < 0, observe that Gy(—y + 1) > G(1). As a consequence,
—ke+1

[T G+ 1)m@ = Gy(1)!helher,
=0
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But there exists ¢4 > 0, such that, for large enough ¢, Gy(1) > c4t=/2. Using
again the fact that H,(z) < |z|VT°(D it is easy to deduce that Gy(1)Hw(=kt1) >
exp(—tV/2t°(M) whence

—ki+1
[T Gi(=2+ 1)) > exp(—t72oW), (36)

=0

From (35) and (36), we deduce that
P(t~ ') (w) < 0) > exp(—t7/2+W),

Now, let us prove the upper bound when u < +o00. Using an argument similar to
the one used in the proof of the lower bound above, we easily obtain that

P(t~'re(w) = 0) < exp (=B [1(¢ 2 1) (Huw(~G +1))]).
It is then easy to deduce that
E[1(G = D) (Hu(=G +1))] = /20,

and the upper bound follows.

We now turn to the proof of Theorem 2 (a). The idea of the proof when s(n) = 1/2
is to combine the following two arguments. First, for b > 0, it costs nothing to
prevent all the particles in the initial condition from hitting [bt] up to time t.
Intuitively, this result comes from the fact that hitting |bt] before time ¢ has an
exponential cost for any particle in the initial condition within distance O(t) of the
origin, and, due to (G), there is a subexponentially large number of such particles.

Second, in the worst case where all the particles attached to sites 1 < z < bt are
turned into X particles instantaneously at time zero, the cost of preventing all these
particles from hitting bt up to time t is of order exp(—tl/ 2+0(1)), due to the lower
bound in (6) proved above, The actual proof is in fact more complex since we want
to consider probabilities of the form P(ct < r; < bt), and not only P(r; < bt), and
deal also with the case s(n) < 1/2.

We state two lemmas before giving the proof.

Lemma 5. Consider an initial condition w = (F,0, A) satisfying assumption (G).
Then, for allb> 0, and all ¢ > 0,

P [ max sup Fy(z,i) > bt] < fo(w) exp [t(cosh(2¢) — 1)] Gy (|bt]) 2.
(z9)€A 0<s<t

Proof. The probability we are looking at is the probability that at least one of the
random walks corresponding to particles in w exceeds bt before time t. By the union
bound, this probability is smaller than

_an(x)(l — Gi(—z + [bt])) < _X:QUw(x)Gt(*ﬂﬂ + [bt])).
=0 =0
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Now observe that by definition of Gy,

an (—z+ [bt]) = (an 1(G > x+thJ)>
—Ce+ bt
1(¢ > thj)< > %(@)]

=0

E1(¢ = |bt]) (Huw (=G + [bt]))] -

JFrom assumption (G), we deduce that, for all ¢ > 0, Hy, ( ) <
for all x < 0. As a consequence, when ¢; > |bt], Hy(—C + |b tJ
Jo(w) exp(p(;). Applying Schwarz’s inequality, we see that

E (G > [bt)(Hu( =G+ [b8])] S B(G 2 [bt])'72 fo(w) E fexp(20G)] /2.
Now note that F [exp(2p(;)] = exp[2(cosh(2¢) — 1)¢]. O

Lemma 6. Consider an initial condition w = (F,0, A) satisfying assumption (G).
Then, for all ¢ >0

E

> exp (p(Fy(x, ) Tt))] < exp[2(cosh(p) — 1)t] fio (w) + al(r+).
(am')EAt

Proof. Write }_, hea, = D(sijed T 2(wijeana- For (z,i) € A, observe that
exp (p(Fi(x,i) —ry)) < exp(¢Fi(x,i)) and that Elexp(eFi(x,i))] = explpxr +
2(cosh(p) — 1)t]. As a consequence,

E { > e (p(Fi(w,d) - rt))] < exp(2(cosh(ip) — 1)t] fip (w). (37)
(

zi)EA

On the other hand, observe that A;\ A ={1,...,r} x{1,...,a}. Since it is always
true that Fi(x,i) <y,

Z exp (@(Fi(z,i) — 1)) < ary. (38)
(x,i)EAt\A
The result follows from putting together (37) and (38). O

Proof of Theorem 2. Let «,6 € (0,1) be such that c < v(1—a) < b, ¢ < (1 —a)(1—
v < (I1—a)(1+0)v < b, and define v :=b— (1 —«a)(1+0)v. For each t > 0, define
the events

By = {v(l—a)(1—08)t <rg_ay <v(l—a)(1+6)t},

= FS ’ ‘ S —« t 5
Ct {(m,i)eAt(l_a)?i((la)SsSt (x Z> rt(l ) +’Y }

D, = max T4 Yyis < bt} .

r(1—a)t<e<bt, 1<i<a, 0<s<at

Observe that



24 JEAN BERARD! AND ALEJANDRO RAMIREZ!:2

BtmctﬂDtC{CtSTtSbt}. (39)

Indeed, thanks to the choice of 9, By implies that 7(;_,); > ct, so that r; > ct. On
the other hand, since r(;_qy; < bt on By, the event B; N {r; > bt} implies that either
a particle born before time #(1 — «) at a position x < T¢(1—a)s Or a particle born
between time (1 — a)t and t at a position T(1—a)y < « < bt, exceeds bt at a time
between t(1 — «) and ¢. The former possibility is ruled out by B; N Ci, since on
BN C, 1t < 1(1_a)e + vt < bt. The latter possibility is ruled out by D;. Now define

[(t) := exp[2(cosh(p) = 1)(1 = a)t] fp(w) + aB(r_ay),

and

Ht = Z exp (@(F(l—a)t(xﬂ 7’) - T(lfoz)t)) S 2l(t)
(:E,i)GA(l_a)t

By Lemma 6 and Markov’s inequality, for all ¢t > 0, P (H;) > 1/2. Moreover, by the
law of large numbers (1), limy_, o P(B;) = 1. We deduce that there exists a ¢y such
that, for all ¢t > to, P(B; N Hy) > 1/4. Let us call F; the o—algebra generated by
the history of the particle system up to time t. Observe that B; and H; belong to
F(1-a)t» and by Lemma 5, on Hy,

P(CF|F—ay) < 21(t) exp [at(cosh(2¢) — 1)] Gar([t]) /2.
We deduce that

P(B, N H, N CF) < 21(t) exp [at(cosh(2p) — 1)] Gau (|7])2. (40)
Moreover,
P(Dy|F1—ayt) = P(rat(Zo) = 0),
so that
P(B, N H, N D) > (1/4)P(ray(Zo) = 0) > exp(—t/2oM), (41)

where the last inequality is due to the lower bound in (6). By standard large de-
viations bounds for the simple random walk, there exists ((a,v) > 0 depending
only on v and « such that, as t goes to infinity, liminf, .t 1log Gar(|Vt]) =
—((a,7). Furthermore, limy_. ot~ !log(2((t)exp [at(cosh(2p) — 1)]) = &(a, ),
where &(a, @) = a(cosh(2p) — 1) + 2(cosh(p) — 1)(1 — ). We see that, choos-
ing ¢ small enough, (o, ¢) < ((a,7)/2. For such a ¢, (40) and (41) show that
P(B;NH;NCS) = o(P(B;NHyN D)), so that P(B; N H;N DN Cy) > exp(—t/2+ol)),
It then follows from (39) that P(ct < r; < bt) > exp(—t/?°(1)) 5o we are done
when s(n) =1/2.
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Now, let us choose an (z,i) € A for the initial condition w = (F,0, A). Define
also 7 = inf{s > 0; Fs(z,i) = 0}. Let

K = {1-(1-a)@+)t<7<(1—(1-a)(l-20)t}

Ly = Act <ra-aya—syrr(w(z, ) < ra_a)aroypr (w(z, i) < bt}
Ly = {ct <ra_aya-t00) < ra—a)yars(d) < bt}

M, = {forall (y,j) € A\ {(z,i)} and all 0 < s < t, Fi(y,5) < 0}.

Observe that, on My, r(w) = r¢(w(z,4)). Moreover, K; N Ly C {ct < r¢(w(x,i)) <
bt}. As a consequence,

Mt N Kt N Lt - {Ct S T‘t(w) S bt} (42)

But according to the lower bound of Theorem 2 (b), P(M;) > exp(—tV(m)/2+0(1),
On the other hand, conditional upon 7, 751 (w(x, 7)) has the (unconditional) distri-
bution of r4(dp), for all s > 0. As a consequence, P(K; N L;) = P(K;)P(L;), and, by
the law of large numbers (1), lim;—, 4o P(L};) = 1. Moreover, it is easily seen from el-
ementary estimates on hitting times by a simple symmetric continuous time random
walk that liminf; o, t~Y/?P(K;) > 0. Finally, M, being defined in terms of random
walks that do not enter the definition of K; and L;, we deduce that M; is indepen-
dent from K; N L;. We finally deduce that P(M; N K; N L;) > exp(—tV(m)/2+o(1)),
and the result follows from (42).

([l

5.2. Proof of Theorem 3. As for the upper bound in (6), we easily obtain that
P(try () < bt) < exp (—E[1(G > [b]) Hao(—o + [b2])]).
It is easily checked that, for small enough b > 0,
liminf ¢~ log B [1(G > [bt]) exp (0, — [b£]))] > 0. (43)

— 400
This proves (i). We now prove (i). Again, it is easily checked that, for all b > 0,
there exists 6 > 0 such that (43) holds. Choosing b > v, the result follows.

5.3. Proof of Theorem 2 (b). Note that by coupling, it is enough to prove the
result with an initial condition consisting of exactly a particles per site x < 0, that
is, with w = Zy. Hence, we will establish that for all 0 < b < v, and all o > 0,

0
Tt

g‘))gbﬂzl/&

lim inf log )~

log P [

Using the fact that P(T2 (|bt]) > t) < P(rf(Zo) < bt) < P(TZ, ([bt]) > t), it is easy
to see that (5) is equivalent to the following result.

1

Proposition 16. For every ¢ > v™", as n goes to infinity,

P(T7,(n) > cn) < exp (_n1/3+o(1)) .
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Our strategy for proving Proposition 16 can be sketched as follows. By subadditivity,
forallm>1

[n/m|
T2, (n Z TI m(j +1)),
so that
[n/m]
P(T9 (n) > cn) <P Z 17,,(m(j+1)) > (me)[n/m] | . (44)

Now, by translation invariance, for all j > 0, Tgmj (m(j + 1)) and TP (m) have the
same distribution, and it can be shown that
lim m_lE(T})O (m)) =v L.
m—-+00
Hence, given ¢ > v~! we can always find m > 1 such that mc > IE(TIO0 (m)), so
that the r.h.s. of (44) is the probability of a large deviation above the mean for
the sum Z]LZ/OmJ TIOmj (m(j 4+ 1)). We then seek to apply large deviations bounds
for i.i.d. variables in order to estimate this probability. Of course, the random
variables {TO (m(j + 1))} are not independent, but the dependency between

{TO (m(5+1)) } ~and { ; m(j +1))}'>‘ is weak when jo — j; is large.
J>j2
Indeed, for given j, TO S(m (7 + 1)) mostly depends on the behavior of the ran-

dom walks born at 81tes close to mj. We implement this idea by using a tech-
nique already exploited in [22] in a similar context. Given ¢ > 1, we define
a family {T} (m(5 + 1))} 150 of hitting times as follows: T}mj (m(j + 1)) uses

the same random walks as TO j(m(j + 1)) for particles born at sites (z,i) with

mj —ml < x < m(j + 1), but uses fresh independent random walks for parti-
cles born at sites (z,7) with z < mj — mf. We can then prove that the following

properties hold:
(a) For all j > 0, the family { ﬁpmwﬂ)(mj +pm(l+1)+m) }pZO is i.i.d.;

(b) when ¢ is large, the probability that Témj (m(j+1)) = Tgmj (m(j +1)) is
close to 1.

We can thus obtain estimates on the r.h.s. of (44) by estimating separately the
probability that T/ (m (j+1) = Tgmj (m(j4+1)) for all 0 < j < |m/n], and the

probability that Ztn/ m] Ty ( (j+1)) = (mc)|n/m|. Now, thanks to property (a)
above, this last sum can be spht evenly into £+ 1 subsums of i.i.d. random variables
distributed as TOO( m). Controlling the tail of T 00( m) then allows us to apply large
deviation bounds for i.i.d. variables separately to each of these subsums. In fact,
the proof of (5) is a bit more subtle, since it also makes use of a positive association
property, but we do not go into the details here (see Remark 3 below).
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5.4. Proof of Proposition 16. Observe that, since for all u € Z and k£ > 0,
Ty ® k = Ik, the subadditivity property (part (iii)) of Proposition 2 reads as:

for all n,m >0, Tgo (n+m) < T§0 (n) + T%L (m).
Now, let ¢ > v~!. Thanks to subadditivity, for all m > 1 we have that

[n/m)
P(T9(n) > cn) <P | > T2 (m(j+1)) >cn
j=0

In Steps 1 and 2 below, m and ¢ denote fixed positive integers, while o denotes
a fixed real number 0 < o < 1. For the sake of readability, the dependence with
respect to these numbers is usually not mentioned explicitly in the notations. Only
in Step 3 have the values of m, ¢ and « to be specified.

5.4.1. Step 1: Comparison with a sum of i.i.d. random variables. Assume that the
probability space (£, F,P) is such that we have access to an i.i.d. family of random
variables

(7 ,0), U (w,1)); j 20, k=1, ue Z, 1 <i <,
independent from
(T (u,2), Ug(u,i)); k>1,ueZ,1<i<al,
and such that, for all (7, k, u, ), T,g(u, i) has an exponential(2) distribution, UIZ (u,1)

has the uniform distribution on (0, 1), and T,Z (u,i) and U Iz_ (u,i) are independent.
Let

el (x,1) := 2(1(UJ (x,i) < 1/2)) — 1.
Now, for all £ > 1 and j € Z, define, for all u,v € Z such that u < v, and 1 < i < a,

m m
B;(u,i,v) := inf {ZTg(u,i); U+ Zzsé(u,z) =v,m> 1} ,
k=1 k=1

and let

C;(u,4,0) : { Bj(u,i,v) if u <mj —ml

A%(u,i,v) if u>mj—ml
where A is defined in display (9) in Section 2. Then let

L—1
1z, (m(j+1)) := inf Z Cj(zg,ig, Tg11),
g=1
where the infimum is taken over all finite sequences with L > 2, xy,...,xp € Z
and 41,...,ip—1 such that x1 < mj, mj < 29 < - < xp1 < m(j+ 1),z =

m(j + 1), i1,42,...,i—1 € {1,...,a}. Clearly, T%mj (m(j +1)) and Tgmj (m(j +1))
have the same distribution. Moreover, we have the following lemma, whose proof is
immediate.
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Lemma 7. For every j € Z, the family of random variables
(TImj—i-pm(é-i-l)(mj + pm(ﬁ + 1) + m))peZ
18 i.1.d.

We now study the event {T}mj(m(j +1)) = TIOmj (m(j + 1))} To this end, let

L—1 L—1
Jj = inf Z Cj(zg,ig, xg41), Kj :=inf Z A?(:cg, ig, Lg+1),
g=1 g=1
where in both cases the infimum is taken over all finite sequences with L > 2,
T1,...,2r € Z and i1,...,i_1 such that x1 < mj—ml, mj < z9 < --- < xp_1 <
m(j+1), zp =m(j+ 1), i1,i2,...,i—1 € {1,...,a}. Let also
L—1
L 0 .
Lj :=inf Z A (zg,ig, Tg+1),
9=1
where the infimum is taken over all finite sequences with L > 2, x1,...,x; € Z and

i1y...,ip—1 suchthat mj—ml < xy <mj,mj <axze <---<zp_1<m(j+1), zp =
m(j + 1), 21,92, ..,0[—1 € {1,...,@}.

Observe that, T}mj(m(j + 1)) = min(J;,L;) and that T}mj(m(j + 1)) =
min(Kj;, L;). As a consequence,

{min(Jj, K;) = L;} © {Tg, (m(G+1) = T8, (m(j + 1))}
For a > 0, we now define
D(j) := {min(J;, K;) < a(ml)*},
and
F(j) == {L; > a(mt)*},
so that
F(j)*n D) € { T, (m(+1) = T2, (m(j + 1)) }. (45)
Lemma 8. There exist \1(a) and Ay > 0, not depending on m, ¥, «, such that
P(D(j)) < 4aa(m€)2Ga(m4)2 (mf)) + Ai(a) exp (—)\ga(mﬁ)Q) =\

Proof of Lemma 8. Consider the random walks born at sites (z,7) for x < mj —
a(m?)?. By Lemma 1 choosing v = 1 and § > 0 small enough so that g,(6) > 0, we
obtain the existence of Aj(a) > 0 and A2 > 0 such that the probability that any of
the walks born at a site (x,4) with x < mj — a(m#)? hits mj before time a(m#)?
is < X\i(a) exp (—A2c(ml)?). On the other hand, for mj — a(ml)* < x < mj — md,
the probability that a walk started at = hits mj before time a(m/)? is less than the
corresponding probability for the walk started at mj —m#, that is, 1 — Ga(mg)2 (m?).
In turn, this probability is less than 2G(p)2(mf). A union bound over all the
corresponding events yields the result.

O
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Lemma 9. There exist Vi(m), Va(m) > 0, not depending on ¢, «, such that for all
Js
P(F(j)) < Vi(m)exp <—V2(m)ozl/2€> :

Proof. By translation invariance, we can assume that j = 0. Let t = a(mf)?. Since
F(0) implies that no random walk born at a site —mf+1 < x < 0 hits 1 before time
a(ml)?, one has that P(F(0)) = [T_,.r11<z<0 G¢(1 — )% Since 0 < o < 1, we see
that t'/2 < mt, so that P(F(0)) < I 2 11<a<0 G(1 — z)%. Using monotonicity
of Gy, we deduce that P(F(0)) < Gy(|tV/2])elt"?]. i

By the central limit theorem, lim;_, 4 G (Lt1/2j) > 0, so that, since G; < 1—GYy,
limsup,_ o, Gt ([t*/2]) < 1. As a consequence, we can find p > 0, and o > 0 such
that, for all ¢ > t, Gy (|[t'/2]) < 1 — p. For t > ty, we deduce that P(F(0)) <
(1 - p)““mJ. For t < ty, we see that we can find a large enough V; such that
P(F(0)) <Vi(1— p)attl/ﬂ, using only the trivial bound P(F(0)) < 1.

U

Lemma 10. For all t > 0, the events {Z]Li/omJ Tgmj (m(i+1)) > cn} and
UJLZ/OmJ D(j) are negatively associated.

Proof. For an integer K > 1, let

m m
A%u,i,v, K) := inf {Zm(u,i); u—i—Zsk(u,i,e) =v,1<m< K} .
k=1 k=1

Similarly, let
m ) m )
B;(u,i,v,K) = inf{ 3 (u,1); u+ Zs{t(u,z) =0v,1<m< K} ,
k=1 k=1

and let B (i, 0, K) if 1 < mj .
. i(u,1,v, ifu<mj—m
Cj(u,1,0, K) := { A%(u,i,v,K) if u > mZJj —ml
Now let
L—1
TS (u, K) := inf Z A(zj,i5, 541, K)
j=1
where the infimum is taken over all finite sequences with L > 2, x1,...,x, € Z and
i1,...,i—1 such that (z1,i1) € A, 21 > —K,r <29 < -+ < xp1 < u, T = u,
12,...,1,—1 € {1,...,@}.
Similarly, let
L-1 L—1
Jj,K = ianCj(xg,ig,iL‘g+1,K), Kj,K = ianA?(xgaigaxg—H,K)a
g=1 g=1

where in both cases the infimum is taken over all finite sequences with L > 2,
T1,...,2r € Z and iq,...,i_1 such that — K < x1 <mj—ml, mj < xo0 < --- <
rr—1 < m(] + 1), xp = m(j + 1), 11,82, ..,0[—1 € {1, - ,a}.



30 JEAN BERARD! AND ALEJANDRO RAMIREZ!:2

Observe that P—almost surely, for all © < v, the sequence (Tgu(v,K ))K>1 18
ultimately stationary, and that its limiting value is Tgu (v). Similarly, P—almost
surely, the sequences (J; x)x>1 and (K g)k>1 are ultimately stationary, and their
respective limits are J; and Kj.

Then let S, i == Y1 Tzopm(eﬂ)(pm(f +1)+m, K) and

D(j,K) := {min(J; i, K; k) < a(ml)*} .
Now let g1 :=1(S; > 1), g2 :=1 ( ZZO D(p(¢ + 1))), and g1,k = 1(Sq,x > t) and

go.ic =1 (U D(p(¢ + 1), K)).
Note that (g1,x)k>1 is a bounded sequence of random variables that is P—a.s.

ultimately stationary and converging to g1 as K goes to infinity. The same holds for
(92,x)k>1 and go. Now, for every K, g1 k and gp  are functions of a finite number
of the random variables (U, (x, i), Uj (i), 77 (z,1),7(z,i); n > 1, 2 € Z, 1 < i < a).
Moreover, it is easy to check from the definitions that, with respect to these random
variables, g1 x is non-increasing, while g r is non-decreasing. Since these random
variables are independent, we deduce that E(—g1 k92 k) > E(—g1,x)E(g2,x) (see
e.g. [9]). Taking the limit as K — +o0, and using the dominated convergence

theorem, we obtain the result.
O

Now consider the following inclusion.

[n/m]
YT (m(+1)>emp CXUYUZ (46)

where
[n/m] [n/m]
X:=3¢ Y TP (m(j+1)>cnpn U

[n/m
Y = ZTZO (m(j +1)) ﬂ F(5)°),

Let
Ln/m]
fn,e) =P Z TImJ (j+1) >cn
Then f(n,c) <P(X)+P(Y)+ ]P’(Z). Now, according to Lemmas 10, 8 we see that

P(X) < f(n,c) x (|n/m] + 1)A.
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JFrom (45), we see that

[n/m]
P(Y)<P ZTZ m(j+1)) > en

JFrom Lemma 9, we see that,

P(2) < ([n/m] + 1)Va(m) exp (~Va(m)a'/2¢) .

This leads to the following bound.

[n/m]
6(n)f(n,c) <P Z Tz, (m(j+1)) > en | +([n/m]+1)Vi(m) exp (—Vg(m)a1/2m€>.

(47)
where 6(n) :==1— (|n/m| + 1)\
Using the independence properties of the random variables T%mj (m(5 + 1))
(Lemma 7)7 and the union bound, we see that the following inequality holds

P Z TImJ G+1)>zen| <L+ 1)3%16(71) ([cn(€ +1)71, —|—oo)) ,

where §2F denotes the distribution of the sum of k independent copies of Tgo (m),

and where k(n) =1+ Ln/ﬁ;lj

5.4.2. Step 2: Large deviations estimates for i.i.d. random variables. We start with
a general bound on the tail of T.(0,m).

Lemma 11. There exist Ap, ¢y > 0 such that, for all w = (F,0,A) and t > 0
P(TS(0,m) = 1) < Ay exp (—cm Hu(—[1/2)))

Proof. Observe that the event T (m) > ¢ implies that none of the random walks born
at sites F(x i), (z,i) € A has hit m before time t. As a consequence, P(T2(m) >
t) < H 7 Gi(—x+m)™ @) Using monotonicity of G, we deduce that P(T0(m) >

t) < Gt(m + Lt1/2j)Hw(*Lt1/2J). Re-using the notations of the proof of Lemma 9, we
see that, for all t > tq, P(T2(m) > t) < (1—p)Hw(_Lt1/2J). Now, for ¢t < tp, we can find
A,, such that, using only the trivial bounds H,,(—[t'/2]) > 0 and P(T9(m) > t) < 1,
P(TO(m) > t) < Ap(1 — p)Hw12) for all 0 < ¢ < . O

Remark 1. The lower bound (4) shows that the upper bound of Lemma 11 yields
the right order of magnitude for the tail of T,,(m), at least when U(ny,) < 2.

The probabilities of large deviations for §&* are described by the following lemma,
whose proof is deferred to Appendix 6.
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Lemma 12. Let (Rj);>1 be a sequence of i.i.d. non-negative random variables with
common distribution p. Let M := [ zdu(x). Assume that there exist A,c > 0 such
that for every x >0

p([z, +00)) < Aexp (—c:cl/Z) . (48)

Then M < 400 and for all f > M, there exists h(f) > 0 and n(f) such that if
n > n(f)
P (0~ (Ry 4o RBy) = f) < exp (—h(f)n'/?).

5.4.3. Step 3: Conclusion. Lemma 12 above can be applied to probabilities of large
deviations of the form F2¥ ([bk,4+o0)), where b > E(Tr,(m)), and our goal is to

control probabilities of the form Fokm) ([en(¢+1)71, +00)). It is easily checked
that

en(f 4+ 1)1 > k(n)em (1 + @)4 : (49)

Now observe that Kingman’s subadditive ergodic theorem (see e.g. [14]) can be
applied to the sequence of random variables (Tgu (v))u<v- Indeed, these variables
are non-negative, integrable (Lemma 11), and satisfy the required distributional
translation invariance properties. We deduce that

lim m A E(Tz, (m)) = v L. (50)

As a consequence, for all ¢ > v~!, we can find m > 1 large enough so that
em > E(T,(m)).

In the sequel, we assume that m is chosen such that this inequality holds. Now let
us choose ¢ := ¢, = n'/3. Taking into account Lemmas 11, 12, and (49), we see
that, as n goes to infinity, there exists a constant h; > 0 such that

B2 (ln(ta -+ 1) +00)) = O (exp(—hun'’)) o

Now, for 0 < ¢ < 1/2, let us choose a := a,, = n~¢, and consider Inequality (47).
With our definitions, ai/ 2(mﬂn) = mnt/37¢/2 while mf,, = mn'/3. As a consequence,
a moderate deviations bound for the simple random walk (see e.g. [6]) yields that
Ga, (mtn)2(mln +1) = O (exp(—hant)) for some constant hy > 0, whence the fact

that d(n) =14 o(1). Using (51), we see that Inequality (47) entails that, for large

" f(n,c) <O <exp (—hgnl/ng/Q)) .

Since ¢ can be taken arbitrarily small, the conclusion of Proposition 16 follows.

Remark 2. In view of (4) and (5), we see that our upper and lower bounds on slow-
down probabilities do not match. One may wonder whether it is possible to improve
upon either of these bounds so as to find the exact order of magnitude of slowdown
large deviations probabilities. What we can prove (the details are not given here)
s that the exp (—n1/3+°(1)) bound in Proposition 16 gives the best order of mag-
nitude that can be reached by following our proof strategy based on subadditivity.
Indeed, despite the fact that each TIOW_ (m(j + 1)) has a tail decaying roughly as
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exp (—tl/z), so that the probabilities of large deviations above the mean would be of
order exp (—n_1/2) if these random variables were independent, the positive depen-
dence between these variables makes such large deviations much more likely, with
probabilities of order exp (fnl/?’).

Remark 3. One may wonder whether the use of association (see Lemma 10) is really
needed in the proof. Indeed, a simpler approach would be to bound the probability

of the event X in (46) above by P (U]LZ{)mJ D(j)). By properly choosing oy, and

L, we could make this probability of the order of exp (—n1/3+°(1)), compared to
the exp (—hQn_C) obtained in the proof of Proposition 16. Howewver, such a choice
interferes with the other bounds used in the proof, (making cu, smaller increases the
probability of F(j). The best order of magnitude we could obtain with that simpler
method is exp (—n2/7+°(1)).

6. APPENDIX: LARGE DEVIATIONS OF L.I.D. RANDOM VARIABLES WITH
exp(—t'/?) TAILS

Neither the result stated in Lemma 12 nor the idea of its proof are new, but we
failed in finding a reference providing both a statement suited to our purposes and
a short proof, so we chose to give a detailed exposition.

We refer to the paper [18] for a review of results concerning large deviations of
random variables with subexponential tails, and to Theorem 4.1 in [2] for an example
of a result from which Lemma 12 may be derived. See also the recent preprint [7].

Proof of Lemma 12. Let A and ¢ be as in the statement of the lemma. And let G
be defined by G(z) := pu([z, +00)).

Let A, be the following event: A, := ();;<,,{R:i < n}. By the union bound,
P(A%) < nu([n, +00)), so that, by Assumption (48) above and Lemma 13 below,

P(AY) =0 {nexp (—(c/2)n1/2>] . (52)

We now apply the Cramér bound for i.i.d. random variables possessing finite
exponential moments (see e.g. [6]) to the i.i.d. bounded random variables R;,
defined by R;, := min (R;,n). For every A > 0, the following inequality holds.

P (nil(RLn +- -+ Ryp) > f) < exp [-nAf] [Eexp (AR1n)]" . (53)

Let X\, := (c/3)7’F1/2 and K, := n'% By definition Fexp (MRipn) =
f[oyn) exp(Apz)dp(z) + exp(Apn)u([n, +00)). Let us split the above integral into
f[o n) = f[o Kn) +f[Kn n)’ Fix a real number o > 0. Since A\, K, goes to zero as

n goes to infinity, we have, for all large enough n (depending on «), an inequality of
the following form: for every = € [0, K5,), exp(Apz) < 1+ (1 4+ a)A,z. Taking the
integral in this inequality, we obtain that, for all large enough n,

[ expa)duta) < p(0.5) + 0+ ) [ ad(a),
[0,K7) [0,K7)
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Since « is arbitrary in the above argument, we see that
/ exp(Anz)dp(z) < p([0, Ky,)) 4+ (1 + o(1)A, / xdp(x). (54)

[0,Kr) [0,Kr)
By definition, M = f[O’K")xd,u(:c) + f[Keroo) xdp(z). Integration by parts
yields that f[Kn,Jroo) zdp(z) = — [2G(2)] 5 + f[Keroo) G(x)dz. Assumption (48)
above says that G(z) < Aexp(—cz'/?). As a consequence, —[xG(x)]}io

AK,, exp <_CK,1/2>. Moreover, Lemma 13 yields that 'f[Kn +o00) G(z)dr =

0 [exp (—(c/Z)K%/Zﬂ

Putting the above estimates together, and using the definitions of A, and
K,,, the above estimates clearly imply that f[Kn +00) xdp(z) = o(Ay). Similarly,
p([Kp, +00)) = 0(Ay). As a consequence, Inequality (54) above yields that

/ exp(Apz)dp(z) <14 (14 0(1))MA,.
[0,Kn)

We now study f[Kn,n) exp(Apx)du(z). Integration by parts says that
f[Kmn) exp(Apz)du(r) = — [exp (M) G(2)]f + f;n An exp (A\pz) G(x)dz. Observe
that, with our definitions of ), and K, for every 0 < 2 < n, Az < (¢/3)z'/2.
As a consequence, exp (A,x) G(z) < Aexp (—(26/3)561/2). This estimate, together
with Lemma (13), yields that, as n goes to infinity, f;n exp (Apx) G(z)dxr = o(1).
Similarly, [exp (Anz) G(%)]?{n = o(\,). As a consequence, as n goes to infinity,
f[Kmn) exp(Apx)dp(z) = o(Ay,). Similarly, exp(A,n)u([n, +00)) = o(Ayn).

Finally, we obtain the following estimate: Eexp(AMRin) = 1+ Aym(l +
o(1)). As n goes to infinity, an expansion yields that [Eexp(A,Rin)]" =
exp (nM A, (14 0o(1))). jFrom Cramér’s inequality (53), we obtain that

P(n Y Rin+ -+ Ryn) > f) <exp(—nAu(f — M)(1+0(1)))). (55)

Now, on the event A,, R; = R;,, for all 1 <¢ < n.
As a consequence, P (n_l(Rl +- 4+ Ry > f) <P (n_l(Rl,n +-+ Rpp) > f)_|_
P(AS).
The statement of the Lemma now follows from the bound (52) on P(AS) and the
large deviations bound (55) for Ry + -+ Ryn.
O

Lemma 13. For every v > 0, as x — 400,

/{:OO exp (—l/ul/2> du= 0O [exp (—(1//2)3:1/2” .

Proof of Lemma 13. Observe that there exists di > 0 such that, for every
u > 1, u1/2exp(—(1//2)u1/2) < dyi. As a consequence, exp(—yul/Q) <
diu=' % exp (—(v/2)ul/?), so that

/+OO exp (—Vu1/2> du < dy /+OO u % exp (—(1//2)u1/2) du.

x
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The r.h.s. of the above inequality is then equal to dy(4/v) exp (—(V/2)1'1/2) .
U

7. APPENDIX: POLYNOMIAL TAIL OF RENEWAL VARIABLES WHEN € = (

That « may have a polynomial tail is not necessarily an obstacle for proving an
exponential bound for speedup large deviations, as long as 7, has an exponential
tail. However, as we now prove, both x and 7, have a polynomial tail under Q?,;"
when w satisfies (G).

Let w be such that » x {1,...,a} C A, F(r,i) = r for all 1 < ¢ < a and
¢r—r(w) < p. Let Ay :={U > t}, so that Ay = {7, — 7o > |agu] for all u < t}. Let
By = {1 — 79 < [2a(0)t]}. Now choose K > 0 such that Kas > 2a(0) and consider
the event C; that the (at most) aM random walks involved in the definition of vy, 41
remain below their position at time ¢ during the time interval [¢, Kt]. On B; N Cy,
Trt — o < 2a(0)t, so that, with our choice of K, for ¢t large enough (non-random),
B:nNCy C {U < Kt}

Now, we know that Q?U’@(At) > Q?U’G(U = 400) > d2 > 0. Moreover, it is easily
checked that, by the law of large numbers, lim; 1 Q%Q(Bf) = 0 uniformly with
respect to all w such that F(r,i) = r for all 1 <i < a. As a consequence, for large
enough t (not depending on w), Q%O(At N By) > d2/2. Moreover, conditional on
A; N By, Cy has a probability larger that ct=*M/2 for some ¢ > 0. As a consequence,
there exists d > 0 such that, for large enough ¢ (not depending on w), Q%H(At N
BN Cy) > dt=M/2 so that QP (t < U < Kt) > dt—*M/2. Since U, V and W
are independent and Q%’(V = +00) > & > 0 and Q% (W = +00) > 65 > 0, we
deduce that Q?f(t < U < 400, V = 400, W = +00) > db;63t~*M/2, Then observe
that, on the event {t < U < +o0, V = 400, W = +0o0}, one has that D > t and
Tp > Ty > |aot]. Since k > D ofg, + 51 and 7, > FDofs, +81 5 this ends the proof.

8. APPENDIX: NEGLIGIBILITY OF REMOTE PARTICLES

Proposition 17. For any w € Ly, 0 < € < 1/2, and any t > 0, with P probability
one,

lim su exp(Q(FS(x,i) —r)) = 0.
Jm sup > p(O(Fy (x,9) — 7))
(z,i)eA;2<r+K

Proof. For all z,i,t, let Cp; = exp(6(Ff(z,i) —r)) and v := [2(coshf — 1) +
4esinh 0]. Let also
Hg (s) == Z Cyis and Hg _oo(s) = Z Cois-
(z,i)eA;r+ K+k<ae<r+K (z,i)eA;x<r+K

Since for every (z,i), (Ciisexp(—7s))s>0 is a cadlag martingale, so is
(Hg k() exp(—~t))i>0, and we have the following inequality, valid for all A > 0:

P ( sup Hi j(s) exp(—ys) > >\> < A'E (Hg 1(0)).
0<s<t
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Now E (Hk k(0)) = X iye s rt K+h<o<rt i XP(O(F(x,4) —1)). We deduce that

P ( sup Hp p(s) > )\> < A lexp(qt) Z exp(0(F(z,i) —1)).
Oss<t (2,0)€A; T+ K +k<e<r+K

(56)
Now observe that, for every s, the sequence (H 1 (s))kg=0,—1,.- is non-decreasing since
we are summing non-negative terms. As a consequence, P (supp<,<; Hx,—oo(s) > A)
equals P (U, 25 supo<,<; Hi k(s) > A) , which is the probability of the union of a non-
decreasing sequence of events, and so is equal to limy_, . P (supos s<t H Kk(s) > )\).
As a consequence, by (56),

P ( sup Hg —oo(s) > A) < M lexp(qt) Z exp(0(F(z,i) —1r)). (57)
0<s<t .
(zi)€A; 2<r+K

Now observe that, for every s, the sequence (Z(z,i)eA;mngrK Caris) K=0,—1,... 18
non-increasing, since we are summing non-negative terms. As a consequence,
Mg oo SUPg< s Hi —oo(s) exists, and P (img__ oo Suppc o<t Hx,—oo(s) > A)
equals P (ﬂ k<0 SUPo<s<t K, —0o(8) > /\> , which is the probability of the intersec-
tion of a non-increasing sequence of events, and so is equal to lim .o P(supg<s<; Hr,—oo(5)) >
A). (From Inequality (57), we see that this last expression equals zero. O

9. APPENDIX: ESTIMATES ON THE RENEWAL STRUCTURE

In the sequel every constant C; or d; appearing in the estimates is assumed to
depend on a, @, ¢y, a1, a2, p, L, €, unless there is a special mention that dependence
with respect to some of these parameters is absent. The notation (£5)s>0 stands
for a nearest-neighbor random walk on Z with jump rate 2 and step distribution
(1/2 + €)d41 + (1/2 — €)d_1, started at zero. The probability measure governing
(€5)s>0 is denoted by P. We use the shorthand M’ := M /4 — 1, which is an integer
number according to (24). We also use the notation

Ly :={w= (F,r,A) €Lg;r x{l,...,a} C A, F(r,i) =r forall 1 <i <a}.

For every x € Z, let M, ; := SUP<s<t Zs z,i- Let also, for z € Z,

Yop = > exp(O(M; i — 7)) (58)

(Ivi)§ Q:SZ) (‘T’i)EAt

Let pe := 0 — 2(cosh® — 1) — 4esinh . Now, for all 0 < e < €9, pe > pe,, and,
according to (25), pe > e, > 0 for all 0 < e < €.

Lemma 14. There exists Ch < +oo not depending on € or L such that, for all
0<e<e and allw = (F,r, A) € Ly,

QY (t < W < +00) < Cr¢r—r.(w) exp(—puet).

Proof. Without loss of generality we assume r = 0. Let us first note that

Qs [t < W < o0] < QY [Uszt {m(ws) > ee(m”J‘“)H '
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By the fact that s — M, ,; is nondecreasing, and the union bound, we deduce
that

400
QlE<W<oo< Y Q@ > /Mt > gflean]
n=|t| (zi)EAN]...,—(L—1),—L}x{1,...a}

Using the Markov inequality, we obtain that
“+oo

QY [t <W < o0] < Z exp(—0|ain]) Z ESY (eeM"“vm*i) .
n=|t| (z3)eAn{...,—(L—1),—L}x{1,...,a}
(59)
For (z,i) € A, write (Zs4,)s as the independent sum of a symmetric nearest
neighbor random walk on Z with rate 2 — 4e and a Poisson process with rate 4e.
Using the reflection principle to treat the symmetric part, and the fact that the
Poisson process part is non-decreasing, we deduce that

E<? (eeMSvZ’i> < 2exp(0F (x,1))exp (s[2(cosh® — 1) + 4esinh 0]) .

Plugging the last identity into (59) and summing, we finish the proof of the
Lemma.

O

Define for ¢ > 0, and z < 7y,

Nt,z(w~) — eGth[Q(cosh071)74esinh9]t¢z(wt). (60)
Lemma 15. For all 0 < € < ¢, and all w = (F,r, A) € Ly, the family (N; ;)t>0 is
a cadlag (ff’e)tzo-martmgale with respect to QZ}Q,.

Proof. Let us remark that,

_ 0Z; . i—[2(cosh 8—1)—4esinh 0]t
Ny et
7Z - °
(zg)eAx<z

Now, each one of the terms in the above sum is an (F; ’e)tzo—martingale Furthermore,

since ¢-(0) < +oo, the martingales >, »eu _n<u<s e0Zt.w,i—[2(coshO—1)—desinh O]t )y

verge in L* (Qf,;e) to Ni» asn — co. Thus, (Ny2)i>0 1s an (ff’e)tzo—martingale. That
the paths are cadlag is an easy consequence of (ws)s>0 being cadlag.
O

Lemma 16. For every 0 < e < ey and w = (F,r, A) € Ly,
Q' [W < o0] < exp(6)ér— 1 (w).
Proof. See [4]. O

Lemma 17. There exist 0 < Co,C3 < +00 not depending on € or L such that, for
all0<e<ey, w=(F,r,A) €Ly andt >0,

QY [t <V < 00] < LCyexp(—Cit).
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Proof. Without loss of generality, assume that » = 0. Then Qige(t <V < 4x)
is bounded above by the probability that one of the random walks born at a site
between —L + 1 and —1 is at the right of |a;s]| at some time s > ¢. By coupling, we
see that the worst case is when all the walks start at zero, in which case, by the union
bound, the probability is less than aL times the probability for a single random walk
started at zero to exceed |as] at some time s > ¢. Let 7 := inf{s > ¢; £ > |a1s]}.
Using the fact that (exp(6£5 — [2(cosh@ — 1) — 4esinhf]s))s>0 is a martingale,
and applying Doob’s stopping theorem, we obtain the bound P(r < +o0) <

exp(0) exp(—pct). The result follows.
O

Lemma 18. There exists 61 > 0 not depending on € such that, for all 0 < e < ¢
and w = (F,r, A) € Ly,
QP [V < o] <1—4dy.

Proof. Without loss of generality we can assume that » = 0. Note that the
probability (@f,}e[V < o0] is upper bounded by the probability that a random
walk within a group of aL independent ones all initially at site x = 0, at some
time t > 0 is at the right of |at|. But this probability is 1 — f(¢)**, where
f(e) := P(for all s >0, ££ < |ays]). By coupling, observe that f is a non-increasing
function of €. For € = ¢y, the asymptotic speed of the walk is 4¢y. Since, from (25)
a1 > 4ep, an easy consequence of the law of large numbers is that f(ey) > 0. This
ends the proof. O

Lemma 19. There exists 0 < Cy < +00 not depending on € or L such that for all
e<e andw = (F,r,A) € Ly, and all t > 0,

QY [t <U < o0] < Cyt ™.

Proof. The proof given in [5] for € = 0 is based on tail estimates on the random
variables (v4)r>0. By coupling, for all 0 < e < 1/2, and every s > 0, Qf;e(yk >5) <

%% (1 > s). Thus, the estimate in [5] is in fact uniform over e.

0

Lemma 20. There exists 0 < Cy5 < 400 not depending on € or L such that for all
e<eyand allt >0,

Q;—’Oe [Uszt’ﬂ; < |_0518H < 04575_M/.

Proof. Since we start with the initial condition Zy, we can define a modified auxiliary
front (7,)s>0 by replacing the random variables (v4)r>o used in the definition of
(7s)s>0 by the random variables (v})r>0 defined as follows. Let v, := 0 and, for
k > 1, v, is the first time one of the random walks {(Gj.)s>0; (fo+k— M) <z <
fo+k—1, 1 <14 < a}, hits the site 7o + k. With this definition, 7, < 74 for all s > 0,
and, for each 1 < j < M — 1, the random variables {Vj\/[kﬂ» : k > 0} are i.i.d. with
finite moment of order M /2, whereas this is only true for {va4; : & > 1}. The
argument of [5] used to prove Lemma 19 can then be easily adapted to prove the
present result. Alternatively, one can invoke Lemma 38. U
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Lemma 21. For every0 < e < 1/2,there exist 0 < Cs(¢€), Cs(€) < +00 not depending
on L such that, for every w = (F,r, A) € Ly, and everyt >0,

@Z’,G [t <U < o0] < Cs(€) exp(—Chg(€)t).

Proof. We observe that, for a given € > 0, v has an exponentially decaying tail due
to the positive bias of the random walks (G 4,i)s>0. Using standard large deviations
estimates rather than moment estimates in the proof of Lemma 19, we get the result.

O

Using a similar argument, we can prove the following Lemma.

Lemma 22. For all 0 < € < €, there exists 0 < Cs3(€), Cs4(€) < +00 not depending
on L such that for all e < €y and all t > 0,

Q% [Usseis < |ans]] < Css(e) exp(—Csa(e)t).
Lemma 23. There exists 6o > 0 not depending on € such that, for all 0 < € < ¢,
w=(FrA)ely, andt >0,
QY U < 00] <1 — 6o.
Proof. By coupling, we see that Q5 [U < 0] is a non-increasing function of e. Thus

the estimate for € = 0 proved in [5] is enough.
g

Lemma 24. Let 3 be such that 0 < < a(0). Then there exists 0 < C7() < oo
not depending on € or L such that, for all 0 < € < €q, the following properties hold
for all w = (F,r, A) € Ly.

a) Ifr=0and w e L), andn > 1,

Qi [T(n) > n/8| < Cr(Bn""
b) Assume that r =0, m_|p1/a) o(w) = a|L'V*|/2 and n > 1. Then,

!’

Q! [2() > /8] < (CHLE 2l 4 (3

c) Assume that r = 0. For all k > M and n > 1, we have,

Q[T+ k) = (k) > /5] < Co(Bn "

Proof. The proof given in [4] for ¢ = 0 is based on tail estimates for the random
variables (vg)r>0 and for hitting times of symmetric random walks, so that, by
coupling, the estimates proved in [4] are in fact uniform over e.

O

Lemma 25. Let 3 be such that 0 < 3 < «(0). Then there exists 0 < C7(5) < 00
not depending on € or L such that, for all 0 < e < €y, for allw = (F,r, A) € Ly such
that 1 =0 and m_ p1/4) o(w) = a| LV )2, for alln > 1,

Qs? [T(nL) >nL/B| < Cs7(8)(nLY/2)~M'.
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Proof. Easy consequence of Lemma 24 b), using the first inequality in (26). O

Lemma 26. For all 0 < € < 1/2 and 8 such that 0 < 8 < «(0), there exist 0 <
Cs(e, 3), Cy(e€, B) < 0o not depending on L such that: for every w = (F,r, A) € Ly,
andn > 1,

Q! [7(n) > n/B] < Cs(8,¢) exp(~Co(B,e)n).

Proof. Stems from the exponential decay of the tail of v, as in Lemma 21.
O

Corollary 4. There exists 0 < C1g,C11 < 0o not depending on € or L such that,
for all e < €y, allw = (F,r, A) € Lj such that ¢,_r(w) < p, and all t > 0,

QL (t < D < 00) < C1o(t ™' + Lexp(—Cnit)).

Corollary 5. For every 0 < € < 1/2, there exist 0 < C12(f3,¢€),C13(8,€) < oo not
depending on L such that, for allw = (F,r, A) € Ly such that ¢,_r(w) < p, and for
all t >0,

QY (t < D < 00) < LC12(3, €) exp(—Ci3(, €)t).
Corollary 6. There erists 0 < 3 < oo such that, for all 0 < € < ¢y, and all
w= (F,r, A) € Ly such that ¢,_r(w) < p,

QY (D < o0) < 1 — 6.
Proof of the corollaries 4, 5 and 6. See [4]. O

Lemma 27. There exists 0 < C14,C15 < +00 not depending on € or L such that,
for all 0 < e <€, allw = (F,r, A) € Ly such that ¢,_r(w) < p, and all t > 0,

QZ}G(?D —r>tD < 400) < Cly (thl + Lexp(—015t)) .

Lemma 28. For every 0 < € < €, there exists 0 < Cig(€),Ci7(e) < 400 not
depending on L such that, for all w = (F,r, A) € L} such that ¢,—r(w) < p, and for
all t > 0,

ij)e(f[) —r>t,D< +OO) < LClﬁ(G) exp(—Cly(e)t).

Proof of Lemmas 27 and 28. Consider g > 0 large enough so that
Cyo (60,9) > 0. (61)
Observe that then ¢, (€,8) > ¢, (€0, 6) for all 0 < e < .
Observe that by the union bound and the fact that (7s)s is non-decreasing,
QY (Fp—r>t,D < 400) < Qf,;e(f%_l —r>1,D <ty )+ QL (g < D < +00).
Moreover, note that, by definition, ¢,(0) < ¢,_1,(0)+aL. Then apply Lemma 2 and

Corollaries 4 and 5.
O

Lemma 29. Consider w = (F,r,A) € Lj, such that ¢,_r(w) < p. Then, for all
0 <e<e, ij,@—a.s. on the event {D < oo} we have,

¢T—L(D) < 60.
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Proof. See [4]. O

Corollary 7. There exists 0 < Ci1g < 400 not depending on € or L, such that, for
all 0 < e < ey, and all w = (F,r, A) € Ly satisfying ¢,—r(w) < p,

ES? (¢, (D), D < o0] < CigL.
Proof. See [4]. O

Lemma 30. There is a constant 0 < Ci9 < +00 not depending on € or L, such
that, for all 0 < € < €y, and all w = (F,r, A) € Lj:

a) QZ’;H (mr,r+LL1/4J (wT(r+LL1/4J)) < a{Ll/AlJ /2) < ClgL_a/s;

b) Q5 (mmﬁuLL1/4J,fD+L(wa+L) < CLLLMJ/?) < CrgLaM'/BOM'HL)

Proof. Without loss of generality, assume that » = 0. For the sake of readability, let
n:= |LY*]. We start with the proof of a).
Choose 4eg < f < a(0). Then,

an

€ e an
Qu;o m()’n(’ij(n)) < ?} < qu)a |:m07n(wT(n)) <

5 T(n) < ”] +Qf {T(n) > ”} .

B s
(62)
Note that the event {mO,n(wT)(n) < an/2,T(n) < n/B} is contained in the event
that at least one particle born at any of the sites |n/2], |n/2| + 1,...,n hits some
site x < 0 in a time shorter than or equal to n/3. Hence, we can conclude that,

P Pn) < g] < a(n+1— |n/2))P[AS5 < —|n/2]), (63)

QZ’,@ [mo}n(wT(n)) < 5

where and A§ := info<s<¢ &5.

Noting that, by coupling, P[A, /g < —n/2] is non-increasing as a function of €, we
can assume that € = 0.

Now, by the reflection principle, P[A?L/[3 < —n/2] < 2P[§2/ﬂ < —n/2]. Hence,

from inequality (63), we see that QP [mon(T(n)) < an/2,T(n) < %] is bounded
above by a(n + 1)P[£2/ﬁ < —n/2|]. By a standard large deviations argument, for
every t > 0 and positive integer x, P[¢) > z] < e /Y where g(u) > 0 for all
u > 0. Hence, a(n + 1)P]| 2/6 < —n/2] <a(n+1)exp {—%9(6/2)}. Finally, using
part a) of Lemma 24 to bound the second term of inequality (62) and using the fact
that a(n + 1) exp {—%g(ﬁ/Z)} < 1/n%? for n large enough, we conclude the proof
of a).

Now for b), Po[msp+1niper(T(Fp + L))(wT(TADJrL)) < an/2] is upper bounded
by,

> ki<hem @3 (Mt Lot L (Wi oy ) < 00/2] + Qi [fp > m, D < o0
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Letting m := Lo/ (8(M /+1)), and using part a) and Lemma 27, we obtain the result.
O

Throughout the sequel, to simplify notation, we will define on the event {D < oo}
for each n > 1,
Fn:=T#p+nL)- D, F! :=T(fp +nL).

Lemma 31. For every 0 < # < «(0), there exist 0 < Co(f),C21(8) < oo not
depending on €, L, such that for all 0 < e < €q, and all w = (F,r, A) € Ly such that
my,_ /4] (W) 2 a|LY*]/2, and ¢,_r(w) < p, and for all natural n > 1,

Qs [Fn > ”ﬁL,D < oo} < Coo(B) (LM ~M'+1,

Proof. Without loss of generality we can assume that initially » = 0. Note that
&9 [Fn > %, D < oo} is upper-bounded by

L

> Q;"[Fn > %,fD =k D < oo] + Q5P [fD >n|LY?],D < oo} . (64)
k1<k<|LY2]n

Now, on the event {D < oo} we have that T(7p) < D so that F, < T'(7p 4+ nL) —

T(7p). Hence,

QEO |:Fn > nﬁL,fD = k7D < 00:| < Qg)e [T(k+nL) _T(k) - né;:| ‘

Now, by part ¢) of Lemma 24, for all k > M we have Q%' [T(k‘ +nL) —T(k) > %} <

(SZ()@, On the other hand for 1 < k < M — 1, Qf,}e [T(k +nL) — T(k) > %} <

QY {TA(M +nL) > %]
Now let § < ' < a(0). Observe that, when nLY? > M(8'/8 — 1)~1, (nL +
M)/ < nL/B, so that Q5 [T(M +nL) > %} <y’ [T(M +nL) > "Lﬁﬂ}
Thus, by Lemma 25, since m,._ 174 .(w) = a| L'Y*| /2, we know that

nL + M
/3/
When nLY? < M(3'/8 —1)~', the same bound holds, with a possibly larger con-

stant, using only the trivial inequality ij,@(-) < 1. Using Lemma 27 to estimate the
second term of display (64), and combining with (65), we finish the proof. O

Qs [T(M tnL) > ] < (Car(B)(nLY2) ™M), (65)

Lemma 32. For every 0 < € < ¢ and 0 < [ < «f0), there exist 0 <
Ca2(B,€),Ca3(f3,€) < 0o not depending on L, such that for all w = (F,r, A) € Lj
such that ¢p_r,(w) < p, for all natural n > 1,

nL

Qs |F, > 5

,D < ool < 022(,6, 6) exp(—ng(ﬁ, e)nL)
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Proof. Consider ¢ > 0 such that 5(1 4 ¢) < a(0).
As in the proof of the previous lemma, QZ}H [Fn > %, D < oo} is upper-bounded
by

k:1<k<|¢nL|

By Lemma 28, Q% [fp > |¢nL|,D < 0] < LC’16( )exp(— 6‘17( )LEnLJ) On
the other hand, for 1 < k < LEnLJ [ (k —i—nL) (k) } <
il [T({nL(l +0)]) > } By Lemma 26, [ ([nL(1+ L} < Cs(B

€), €) exp(—Co(B(1 + 1), )L L1+ 0)]). -

Lemma 33. Consider w = (F,r, A) € Ly such that r = 0. Then for all 0 < € < €,
the following properties hold.

a) For every h > 0,5 >0 and n > 1 we have

%;(zw) exp(s(2(cosh 6 — 1) +desinh ) — 6n). (67)

Q5 [ty > 1 T(n) < 5] <2
b) For every h > 0,8 >0, k> 1 and n > k we have a.s.

€,0 7 €,0
Qw [wk,jﬂ(n) - wk—L,T(n) > h7T(n) T( < S’ FT(k ]
<

L
2% exp(s(2(cosh@ — 1) + 4esinh ) — O(n — k)).

Proof. See [4]. O

Corollary 8. There exists 0 < Coy < 400 not depending on € or L such that, for
allw= (F,r,A) € Ly, for all0 < e<e€y, A>0,n>1,

QZ}G waFJL >\ B, < aflnL, D < +oo] < )\_1024Lexp(—af1nLu€O).
Proof. See [4]. O

Corollary 9. There exists 0 < Cas < 400 not depending on € or L such that, for
all 0 < € < eo, and allw = (F,r, A) € Ly such that m,_| 14 . (w) > a|L'V*|)2,

QY [{wsp, > p, T(Fp + L)} U {mippn— 014 5 pp (Wip+L) < alL'*|/2}, D < 400
< C%LfaM//(S(M’Jrl))'

Proof. See [4]. O

Lemma 34. Let ¢ > 1 be an integer. Consider two sequences (ax)r>1 and (Cx)p>1
of non-negative real numbers such that > ;2 ap <1 and such that

c1 <aq, (68)
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and for every m > 2 we have that,

m—1
Cm <y + Z Am—kCk- (69)
k=1
For all integers ¢ > 0, let Ay := Iﬁ arpk? and Cy = k: Slexkd. Fort > 0,

let A(t) := Y212 apexp(tk) and C(t) := 3425 crexp(tk). The following properties
hold:

a) Assume that g > 1 is such that Ay < +00. Then Cj, < 400 foralll < k < g,

" Cq < (1—Ag)~ (A +Z<) kAk>

b) Assume that A(ty) < +oo for some tg > 0. Then A(t) < 1 for all small
enough t > 0 and, for all such t,

C(t) < (1— A(t))"LA().

Proof. Part a) is proved in [4]. As for part b), observe that the power series a(z) :=

Zo‘i apz* has a convergence radius > exp(tp). As a consequence, the map t —

a(exp(t)) is well-defined and continuous for ¢ < ty. For t = 0, a(exp(t)) = S5 a5, <
1 by assumption. By continuity, a(exp(t)) < 1 for all ¢ > 0 small enough.

Summing (68) and (69), we see that, for all m > 1 and ¢ > 0, > | ¢; exp(ti) <
arexp(t) + >0, (ai exp(ti) + 30 ai e exp(ti)), so that Y ", ciexp(ti) <

a; exp(ti) + cr exp(tk m a;—rexp(t(i —k))). As a consequence,

Zz 1 ( ) Zk 1 ( 1=k+1

S eiexp(ti) < A(t) + A(t )Zk 1 crexp(tk)). When A(t) < 1, we deduce that

S eiexp(ti) < (1—A(t)) "L A(t). Letting m go to infinity, we conclude the proof.
g

Lemma 35. Let (O, H,T) be a probability space, and (Hy)n>1 be a non- decreasmg
sequence of sub-o—algebras of H. Let (Bp)n>1, (A})n>2,0<k<n—1 and (B})n>2 be
sequences of events in H such that the following properties hold:

(i) for alln>1, B, € H,

(ii) for alln > 2, B, C Bp—1 N (B,UAFUATU---UA"_}).

Now assume that we have defined a sequence (an)n>1 of non-negative real numbers

enjoying the following properties:

(1) T(B)) < as;

(2) for alln > 2, T(B’\Hn 1) <ay a.s.;

(3) for allm >3, T(A?_{|Hn- 2)<a2 a.s.;

(4) for alln > 2, T(A” ) < an/2 a.s.;

(5) for alln > 2, T(AY) < an/2 a.s.;

(6) foralln>4 and all2 <k <n— 2, T(A}Hr-1) < ap—kt1 @.S.;
then, letting ¢, := T(By,) for all n > 1, the inequalities (68) and (69) are satisfied
by the two sequences (an)n>1 and (cp)p>1-
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Proof. First, observe that Inequality (68) is a mere consequence of assumption (1).
Assume now that n > 2. By the union bound,
n—1
T(B) < S T(ALBu1)+T (Bl Boi). (70)
k=0

Now, since By,_1 € H,_1, assumption (2) entails that T (B}, Bp—1) < a1T(Bp_1).

On the other hand, (4) and (5) imply that T(A{) + T(A}) < ap.

When n = 2, we deduce from (70) that T(B,) < T(Af) + T(A}) + T (B, Bn-1),
so that T(By,) < ay, + a1T(Bp—1), and so (69) is proved for n = 2.

Assume now that n > 3. Since by assumption B, 1 C By_2, T(A}_,Bp—1) <
T(A}]_,, Bn—2). Now, thanks to assumption (3) and to the fact that B,_2 € H,_2,
T(Az_l, Bn_Q) S GQT(Bn_Q).

For n = 3, we deduce from (70) that T(B,) < T(Af) + T(A}) +T(A}_,, Bp—1) +
T (B}, Bn-1), so that T(B,,) < a,, + a2T(B,—2) + a1T(By—1), and so (69) is proved
for n = 3.

Assume now that n > 4. For 2 < k < n — 2, the fact that B,,_1 C Bi_1 implies
that T(A}, Bn—1) < T(A}, Bi—2). Since By_; € Hj_1, assumption (6) entails that
T(AR, Be-1) < an—k+1T(Bg-1).

As a consequence, plugging the previous estimates into Inequality (70), we obtain
that

n—2
T(By) < an + a2T(Bn-2) + a1T(Bu-1) + Y _ an k11 T(Bi_1),
k=2
which is exactly (69).
]

Lemma 36. There exists 0 < Ly < 4+00 not depending on € such that, for all L > Lg
there exists 0 < Cag < 400 not depending on €, such that for all 0 < € < €, the
following properties hold.

a) For alln > 1, Q%S(Jg > n) < Cogn® M,

b) For all w = (F,r,A) € Ly such that m,_ 14 ,(w) > alL'*]/2, and
¢r—r(w) < p, we have that, for all n > 1, Qif(JpD >n,D < 4o00) <
C%n?)—M’ )

¢) Foralln>1, Qg (Jo > n,U > Top) < Cogn® M.

In the sequel, we use the notation F; instead of Fj Y to alleviate notations.
Proof of part a). For all n > 1, let
By =iy {¢(i—1)L,T(z‘L) > p} U B;,
Bj = {miL—LL1/4J,iL(wT(iL)) <alL'4) /2}'
Since ¢, (w;) < 1,4, the following inequality holds:
5 (Jo > n) < Q7 (Bn). (71)
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Forn>2and 1<k <n-—1,let
Ak = Upr pnr) — Y1) LA (L)
and let
Ap = {wO,T(nL) > p/2n71} ) b= { L> p/2n7k} i

We now prove that the assumptions (i)-(ii) of Lemma 35 are satisfied, with (O, H)
being the space D(Lg) equipped with the cylindrical o-algebra, and probability Qi{,o,
and H,, := F(nL) for all n > 1.

Assumption (i) is immediate. Note that, for n > 2, V-1 7 (L) = Yodmr) T

o %A” Since 2n =1 + Zk 1 2n =% = 1, we have that

{¢(n_1)L,f(nL) > p} C {%j(nm > p/2”*1} U [UZS { kK> p/2”*kH ,  (72)

so that (ii) is established.

We now look for a sequence (ay)n>1 such that assumptions (1)-(6) of Lemma 35
are satisfied. Assume that n > 2. By the strong Markov property and Lemma 24
c), using the fact that, by (26), L > M, we have for any 1 <k <n —1, a.s.

’

Q3 (T (nL) = T(kL) > (n — k)L/a1|FT((k_1)L)) < Cr(on)((n —k)L)~ M.

By the strong Markov property again, and Lemma 33 b), using the fact that pue > g,
we have that a.s.

€,0 n n—k a
QY [Af > p/2"* T(nL) = T(RL) < (0 — K)L/a1| Fpg_yyp)|
< 2aLp~'2" " exp(—picy (n — k) L/cvr).
We deduce that, forn > 2, and 1 <k <n—1, a.s.

&0/ an —-M’ —lon—
Q7 ( k’fT((k_l)L)) < Cr(an)((n = k)L)™M + 2aLp=2" " exp(—picy(n — k) L/a).
(73)
Similarly, using Lemma 25, which is possible since m_, 14| o(Zo) = a| LV )2, we
have that
%09 <T(nL) > nL/al) < Cyr(ay)(nLM/?) ™M

On the other hand, by Lemma 33 a), we have that

0= [wo 1, >p/2"T(nL) < nL/al} < 2p™ 12" po(Zo) exp(—pe,nL/ar).
We deduce that
QY (AR) < Caz(on)(nLY?)™™" 4 2p~12" 9o (To) exp(—piegnL /o). (74)

Now, for n > 2, by part a) of Lemma 30, the strong Markov property, the fact
that (n— 1)L < nL — |LY*] and that there are at least a particles at the rightmost
visited site at time T'(nL — |LY*]), a.s.

EG(B, |-7: T((n— I)L)) < CrgL™*/%. (75)
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Finally, observe that, by the union bound, Q%OQ(Bl) is upper bounded by
€,0 7 €,0 /1 €,0
QIO (¢07TA(L) > p,T(L) < L/al) + QIO (T(L) > L/al) + QI() (mLfLLl/‘lJ,L(wT(L)) <
alLYV4]/2).
Thanks to Lemma 24 a), Lemma 33 a) and Lemma 30 a), we obtain that

22(B1) < 2p™'p0(Zo) exp(—pie, L/ 1) + Crlar)L™? + CroL™/5. (76)

Now we see that, by Inequalities (75) and (76), (1) and (2) of Lemma 35 are
satisfied if we let

ay = 2p~ ' ¢o(Zo) exp(—pie, L/ 1) + Cr(ar)L™%? 4 CrgL™/5,

Now, for m > 2, let
Uy = 2 [07(041)((7% —1)L) ™M 4 2aLp 2™ exp(—puey (m — 1)L/a1)}
+2 [037(a1)(mL1/2)*M’ + 2p om0 (o) eXp(—MGOmL/al)] .

Inequalities (73) and (74) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Note
that the sequence (@, )m>1 depends on €y but not on e. Moreover, observe that, for
large enough L (not depending on €), > amm™’ =3 < 4o00. On the other hand,
as L goes to infinity, Z;rf:ol a.m, goes to zero, as can be checked by studying each
term in the definition of (@, )m>1. Part a) of Lemma 36 then follows from applying

Lemma 34.

O
Proof of part b). We use exactly the same strategy as for part a).
For all n > 1, let
By, =iy {¢fD+(i71)L,T(fD+iL) >p, D < +oo} U Bj,
Bl .= {meJriL—LL1/4J,fD+iL(wT(fD+iL)) < aLLl/‘LJ/Q, D < —I—oo} )
Since ¢, (we) < 1,4, the following inequality holds:
Q% (Jsp, > n, D < +00) < Q5 (By). (77)
Forn>2and 1 <k<n-—1,on{D < +oo}, let
AL = 1/’fD+kL,T(fD+nL) = Vit (k=) LT (P p+n L)

and let
8= {0t ansy > P2 D < ook, A= AR > p/2" K, D < 4o},

for1<k<n-1.

We now prove that the assumptions (i)-(ii) of Lemma 35 are satisfied, with
(O, H,T) being the space D(Lgy) equipped with the cylindrical o —algebra, and prob-
ability Qf,}e, and H, := j:T(fD +nL) for all n > 1.
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Assumptions (i) is immediate. Note that, for n > 2, on {D < +oo}

_ R n—1 . 1 n—1 1 _
ip () LA ptnL) = Yip Fipint) T 2k=1 Df- Since mmr + 3501 =g = 1,
we have that

{wFDJr(nfl)L,T(FDJrnL) >p, D < +OO} =
{wa,T(fD+nL) >p/2", D < +OO} U Uiz {A) > p/2"7%, D < +oo}]

so that (ii) is established.

We now look for a sequence (ay)p>1 such that assumptions (1)-(6) of Lemma 35
are satisfied. Assume that n > 2. By the strong Markov property and Lemma 24
¢), using the fact that, by (26), L > M, we have for any 1 < k < mn—1, on the event
{D < 40}, as.

Q! (T(p +nL) = Tip + kL) = (n = K)L/o1| Fris )
< Cr(ar)((n = k)L)~™"

By the strong Markov property again, and Lemma 33 b), using the fact that e > pc,,
we have that, on {D < 400}, a.s.

Qi |Af > p/2" 7, Dip + nL) = T(Fp + kL) < (0 = K)L/01|Fpey 1y |
< 2aLp~"2" " exp(—pieo(n — k) L/ ).
We deduce that, for n > 2, and 1 <k <n—1, on {D < o0}, a.s.
QAL F sy s o)) < Crlan) (n—k)L) ™M +2aLp12" exp(— =it/
78

Similarly, using Lemma 31, which is possible since meL1/4J’0(w) > a|L'*]/2 and
¢r—r(w) < p, we have that

Qs (T(fD +nL)—D>nlL/ay, D < +oo) < Cyo(ay)(nLM?)~M'+1,
On the other hand, by Corollary 8, we have that
QP [%D’T}DJML > p/2" 1, T(nL) — D < nL/al} <p 12" CouLexp(—a 'nLpue,).
We deduce that
Q57 (AD) < Caplan)(nLM?)=M*1 4 p=1on=1Co Lexp(—aq 'nLjte,). (79)

Now, for n > 2, by part a) of Lemma 30, the strong Markov property, the fact
that (n —1)L < nL — [ LY*], and that there are at least a particles at the rightmost
visited site at time T'(7p + nL — |L'/*]), on {D < 400}, a.s.

QZ’JG(B;|f‘T(fDJr(nfl)L)) < Cl9L_a/8- (80)
Finally, observe that, by Corollary 9,
Q57 (By) < Cos L™oM/BAIHD), (81)
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Now we see that, by Inequalities (80) and (81), (1) and (2) of Lemma 35 are
satisfied if we let
ay = ClgL_a/S + 025L—aM’/(8(M’+1))_
Now, for m > 2, let

= 2 [07(a1)((m —1)L)™ 4 2aLp= 2™ exp(—prey (m — 1)L/a1)}
+2 [C2o(a1)(le/2)_M/+l +p 2" Oy L eXp(—aflmLMEO)] '

Inequalities (78) and (79) entail assumptions (3)-(4)-(5)-(6) of Lemma 35.

Note that the sequence (ap,)m>1 depends on ¢y but not on e. Moreover, observe
that, for large enough L (not depending on €), ;FLO:OI amm™' =3 < 400. On the other
hand, as L goes to infinity, ;Ozol am, goes to zero, as can be checked by studying
each term in the definition of (a;,)m>1. Part b) of Lemma 36 then follows from

applying Lemma 34. g
Proof of part ¢). For all n > 1, let

By =0y {0y > p U > TGL) } U B,

B = {miLfLLl/‘lj,iL(wT(iL)) <alL'*/2,U > T(iL)}-
Since ¢, (wy) < 1,4, the following inequality holds:
Q5 (Jo > n,U > Tnr) < QY (By). (82)
Forn>2and 1<k <n-—1,let

AR = ¢kL,T(nL) - w(k—l)L,T(nL)’
and let

AP = {%,mm >p/2nl U > T(nL)} , AR = { ns /2R U > T(nL)} ,

for1<k<n-1.

We now prove that the assumptions (i)-(ii) of Lemma 35 are satisfied, with (O, H)
being the space D(Ly) equipped with the cylindrical c—algebra and probability QZ’(;BO,
and Hp := Fipi,py- Assumption (i) is immediate. Assumption (ii) is proved as in a).

We now look for a sequence (ay)n>1 such that assumptions (1)-(6) of Lemma 35
are satisfied.

Assume that n > 2. Exactly as in part a), we can prove that, for n > 2, and
1<k<n-1,a.s.

Qo (AR F o honyry) < Crlan)((n— k)L™ +2aLp™' 2" exp(—pey (n — k) L/cn).
(83)
Now, note that, on A%, one has T(nL) < (nL + 1)/ since U > T'(nL), whence
T(nL) < nL/oy when L > oy /(ag — ay).
On the other hand, by Lemma 33 a), we have that

QZ’(?O Yoir, > p/2" 1, T(nL) < nL/al} < 2p 12" g (adp) exp(—puenL/ar).
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We deduce that

Q8 (A7) < 20712 go(ado) exp(—pgnL /). (84)
Exactly as in a), a.s.
€,0 —a
Qalgo(BM]:’f((nfl)L)) < ChgL ™8, (85)

Finally, observe that, by the union bound, Qz’go (B1) is upper bounded by
€,0 P €,0 /1 €,0
Qaéo (¢0,T(L) >p,T(L) < L/on) + Qago (I'(L) > L/o) + on (mLﬂLl/ﬂ,L(wTA(L)) <
a|L'4]/2).
Thanks to Lemma 33 a) and Lemma 30 a) and Lemma 24, we obtain that

Q%f (B1) < 2p ' do(ady) exp(—peg L)1) + Cr(ay)L™Y? 4 Cyg L~3. (86)

ado

Now we see that, by Inequalities (85) and (86), (1) and (2) of Lemma 35 are
satisfied if we let

ar = 2p " do(ado) exp(—pieg L)1) 4 Cray) L=Y% + Cyg L5,

Now, for m > 2, let
am =2 [ Crlen) ((m =)L) + 2aLp™' 2" exp(—puey(m — 1)L/an)|
+2 [2p o (adp) 2™ exp(—peemL/ar)] .

Inequalities (83) and (84) entail assumptions (3)-(4)-(5)-(6) of Lemma 35.

Note that the sequence (ap,)m>1 depends on €y but not on e. Moreover, observe
that, for large enough L (not depending on €), :;0:01 amm™M' =3 < 400. On the other
hand, as L goes to infinity, :;o:ol am goes to zero, as can be checked by studying
each term in the definition of (@, )m>1. Part ¢) of Lemma 36 then follows from
applying Lemma 34.

O

Lemma 37. For every e > 0, there exists Li(e) < +oo such that, for all L > Ly(e),
there exists 0 < Car(€), Cag(€) < +o00 such that the following properties hold.
a) For alln > 1, Q%S(Jg >n) < Cor(e) exp(—Cas(e)n).
b) For all w € Ly such that m,_ 1), (w) > a| LV /2, and ¢, (w) < p, we
have that, for alln > 1, Qfl}e(J,aD >n,D < +00) < Car(€) exp(—Cag(e)n).
c) Foralln>1, QZ’(?O(JO > n,U > Tpnr) < Cor(e) exp(—Cog(e)n).

Proof of part a). We use exactly the same definitions as in the proof of part a) of
Lemma 36, except that we look for a different sequence (ay,),>1 such that assump-
tions (1)-(6) of Lemma 35 are satisfied. Assume that n > 2. By the strong Markov
property and Lemma 26, we have that, for any 1 <k <n —1, a.s.

Q7 (T(nL) = T(KL) = (n = k)L/o1 | iy ) < Cslar, ) exp(~Colar, ) (n—k)L).
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As in the proof of Lemma 36, a.s.
< 2aLp 12" F exp(—pue,(n — k)L/ay).
We deduce that, forn > 2, and 1 <k <n—1, a.s.
Q%f( Z|}—T((k—1)L)) < Cg(a1,€) exp(=Cy(ar,€)(n — k)L)
+2aLp 12" * exp(—pue,(n — k)L/ay). (87)
By Lemma 26 again,
oy (7 ( (nL) > nL/a1> < Cs(a1, €) exp(—Cy(ar, )nL).
On the other hand, as in the proof of Lemma 36,

@%09 [1/107:@& > p/2”_1,T(nL) < nL/al] < 2p_12"_1¢)0(10) exp(—pe,nL/an).
We deduce that
Q;f(Ag) < Cs(aq, €) exp(—Co(a, €)nL) + 2p~ 12" 1 po(Zo) exp(—peynL /o). (88)
Now, for n > 2, as in the proof of Lemma 36, a.s.
QF) Byl Fo(n1yy) < CroL /5. (89)
Similarly,
QY (B1) < 20~ ¢0(Zo) exp(—pieg L/ 1) + Cr(a1) L™ + CroL™"%. (90)

Now we see that, by Inequalities (89) and (90), (1) and (2) of Lemma 35 are
satisfied if we let

a1 = 2p" 60 (Zo) exp(—pieg L/ o) + Cr () L™% + Crg L7/5.
Now, for m > 2, let
m =2 [Cs(a1,€) exp(—Co(ar, €)(m — 1)L) + 2aLp 2™ ' exp(—pie,(m — 1)L /1)
42 [Cg(al, €) exp(—Cy(a1, €)mL) 4+ 2p~12™ Lo (Zp) exp(—peomL/al)] )

Inequalities (87) and (88) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Now
observe that, for L large enough S apexp(tn) < +oo for t > 0 small enough.
As L goes to infinity, Z 1 an goes to zero, as can be checked by studying each term

in the definition of (am)mzl Part a) then follows from applying Lemma 34.
O

Proof of part b). We re-use exactly the same definitions as in the proof of part b) of
Lemma 36, except that we look for a different sequence (ay,),>1 such that assump-
tions (1)-(6) of Lemma 35 are satisfied. Assume that n > 2. By the strong Markov
property and Lemma 26, we have for any 1 <k <n—1, on {D < +oo} a.s.

Qi (T(p +nL) = T(ip + kL) = (n = K)L/o1| Fre 1))
< Cg(ag,€) exp(—Cy(a,€)(n — k)L).
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As in Lemma 36, we have that, on {D < +o0} a.s.
Q57 |Af > p/2" ™, T(ip +nL) = T(Fp + kL) < (n = K)L/01|Fpgep o1y |
< 2aLp~"2" " exp(—piey(n — k)L/an).
We deduce that, for n > 2, and 1 <k <n—1, on {D < +o0}, a.s.
Q% (AR F 5 k1)) < Ol €) exp(=Cy(ar, €)(n — k) L)
+2aLp~ 12" F exp(—piey (n — k)L/ay). (91)
Similarly, using Lemma 32, which is possible since ¢,_1(w) < p, we have that
Q7 (T(7p +nL) = nLjay, D < +00) < Coala, €)Lexp(—Cas(ar, e)nL).
As in the proof of Lemma 36, we have that
€,0 R
Qw [wf’D7TfD+nL
We deduce that
QZ’,@(ABL) < Cog(an, €)Lexp(—Casz(ar, €)nL) + p 12" Coy L exp(—aflnLueo). (92)
Now, for n > 2, as in Lemma 36 a.s.

Q;g(B:z‘fT(fDJr(n,l)L)) < Cl9L_a/8a (93)

> p/2" L T(nL) < nL/al} < p 12" 0y Lexp(—a 'nLiu,).

and
QZ,}G(BI) < C25L—CLM/(16(M+1)). (94)
Now we see that, by Inequalities (93) and (94), (1) and (2) of Lemma 35 are
satisfied if we let
ay = ClgL—a/8 + CQ5L_QM/(16(M+1)).
Now, for m > 2, let
A, 1= 2 [Cg(al, €) exp(—Cy(a1,€)(m —1)L) + 2aLp~tom1 exp(—fe, (M — 1)L/a1)]
42 [022(041, €)L exp(—Caz(ay, €)nL) + p~ 2™ 1Coy L exp(—aflmLueo)] )

Inequalities (91) and (92) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Now
observe that, for L large enough, > a,, exp(tn) < 400 for ¢ > 0 small enough.
As L goes to infinity, ZZS& an goes to zero, as can be checked by studying each term

in the definition of (am,)m>1. Part b) then follows from applying Lemma 34. O

Proof of part ¢). We use exactly the same definitions as in the proof 36 c), ex-
cept that we look for a different sequence (a,)n>1 such that assumptions (1)-(6) of
Lemma 35 are satisfied.

Assume that n > 2. Exactly as in the proof of part a) of the present lemma, we
can prove that, forn > 2, and 1 <k <n—1, a.s.

Q;f( Z|fT((k—1)L)> < CS<041> 5) exp(—Cg(oq, 6)(” - ]‘C)L)
+2aLp~ ' 2" * exp(—pieo (n — k) L/v1). (95)
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As in the proof of Lemma 36 c),

Q55 (A5) < 2p™'2" gy (ady) exp(—piegnL/a). (96)
Similarly, a.s.
QZ’(?O(B;|fT((n71)L)) < CigL ™%, (97)
and
QZ(SGO (B1) < 2p™ "¢0(ado) exp(—peo L/ 1) + Cr(ar) L™ + Cro L™/, (98)

Now we see that, by Inequalities (97) and (98), (1) and (2) of Lemma 35 are satisfied
if we let

a1 := 2p~ ' o(ady) exp(—piey L/ 1) + Cr(ar) L2 4+ CrgL~/5,
Now, for m > 2, let
am =2 [Cs(ay, €) exp(—Cy(az,€)(m — 1)L) + 2aLp~ 12"  exp(—pue, (M — 1)L/a)]
+2 [2p712m71(;50(a50) exp(—,uEOmL/ozl)} .

Inequalities (95) and (96) entail assumptions (3)-(4)-(5)-(6) of Lemma 35. Now
observe that, for L large enough, > a,, exp(tn) < 400 for ¢ > 0 small enough.
As L goes to infinity, :L:'i an goes to zero, as can be checked by studying each term
in the definition of (ay;)m>1. Part c) then follows from applying Lemma 34. O

Lemma 38. Let (Y;)i>1 be a sequence of random variables on a probability space
(O, H,T), and (H;)i>o0 an non-decreasing sequence of sub-c—algebras of H such that
Ho = {0,0}. Assume that the following properties hold:

e for alli > 1, Y; is measurable with respect to H;;

e there exists an integer ¢ > 1 and a constant 0 < ¢1(q) < 400 such that a.s.

Ex(Y[Him1) < e1(a).

Then there exists a constant 0 < ca(q) < 400, depending only on q and c1(q), such
that for allt >0 andn > 1,

T (sup kL
k>n

Proof. Observe that Er(Y;|H;_1) exists and is finite for all i since Ep(Y;4|H;_1) <
+oo. Now let Z; = Y; — Ep(Y;|Hi—1). Observe that, with our assumptions,
Er(Zi|Hi—1) = 0 a.s. Moreover, thanks e.g. to Jensen’s inequality, ET(Z?q|Hi_1) <
c3(q), where c3(q) depends only on g and ¢1(q).

We now prove by induction on ¢ that, for all 0 < ¢ < ¢ there exists a constant
0 < ¢4(¢) < 400, depending only on ¢, g and ¢1(q), such that, for all n > 1,

Er((Z1+ -+ Zn)*) < ca(t)n’, (99)

For ¢ = 0, the result is trivially true for all n > 1. Now consider 0 < ¢ < g — 1,
assume that the result holds for ¢, and let us prove that it holds for £ + 1. For all

k
Vit Yi— Y Ep(YilHi)
i=1

> t) < CQ(q)n_qt_Qq.
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n>1,

Er((Z1+ -+ Zni)* ) = I

2042 <2£ +2
k=0

)mma+m+%W%*%m.

With our assumptions, Er((Z1 + -+ + Z,)**'Z,.1) = 0. Now, by Jensen’s in-
equality, ET(Z%H]HH) < e3(q 4+ 1)@t a5, By our induction hypothesis, we see
that Bp((Z1 + -+ + Z,)%) < ca(€)n?, with c4(¢) depending only on ¢, ¢, and ¢;(q).
As a consequence, Ex((Zy + -+ + Z,)%*Z2,,) < cs(0)es(q)t/ @ nd. On the other
hand, by Jensen’s inequality, for k > 3, Ep }(Zl + -+ Zn)2£+2_k‘ <Er((Z1+---+
Zn)ﬂ)(zenfk)/% < (64@)”@)(2“271@)/%_ Similarly, Ep (‘Zﬁ+1| !Hn) < C3(q)k/2‘1 as.
so that [Er((Z1+ -+ + Z,)2* P27k ZE )| < c3(@)?/29 (cqa()nt)PH2-R)/20 Putting
these estimates together, we obtain that

Er((Z1 4+ -+ Zn+1)2£+2) —Er((Z + -+ Zn)2€+2) <

(26;— 2> ca()es(q)/ant

20 242

+ <2€+;—_ k)C3(Q)k/Qq(04(@”6)(2“—2_16)/%-
k=3

Since the are only terms of order n’ or less in the r.h.s. of the above inequality,

summing, we easily deduce that Ep((Z1 + -+ + Z,)%*%2) < c4(0 + 1)n*+? for all

n > 1, with a constant c¢4(¢ + 1) depending only on ¢, ¢, and ¢1(q), so the induction

step from ¢ to ¢ + 1 is complete.

Now observe that the sequence (My)y>o defined by My := 0 and M}, := k=Y (7 +
.-+ + Zj) is a martingale with respect to (Hy)r>0. As a consequence, using the
maximal inequality for martingales and Inequality (99), we see that, for all integers
n>1and ¢ >0,

T( sup rMangmmm%“@”t%

2Wn<k<2t+1n
By the union bound,
> t)

T (sup k=t

k>n

k
YVi+- Y, — ZET(Y;’HZ'—I)
i=1

is bounded above by

Wn<k<2t+1n

“+oo
ZT( sup |Mk|2t>
=0

and so by
“+o0o

264@ (2e+1n) "2

=0
The conclusion follows. O
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Lemma 39. Let (Y;);>1 be a sequence of non-negative integer-valued random vari-
ables on a probability space (O, H,T), and (H;)i>0 an non-decreasing sequence of
sub-c—algebras of H such that Ho = {0,0}. Assume that the following properties
hold:

e for alli > 1,Y; is measurable with respect to H;;
e there exists 0 < c1,co < 400 such that for all i > 1 and k > 0, T(Y; >
t|/Hi—1) < c1 exp(—cak).
Then there exists c3 depending only on c1,cs such that, for all t > c3, there exist
0 < ¢3,c6 < +00 such that, for alll <n <m, T(Y1+---+Y,, > mt) < c5exp(—cgm).

Proof. For 0 < A < c¢g, one has a.s.

+oo
Er(exp(A\Yi)[Hio1) < 14 (M = )T(Y; > k|H; 1)
k=1

A—co

< 1+Cl(1_€7)\)1_67)\_c2.

Letting j(A) :==c1(1 — e_)‘)ﬂ we deduce that

176)\762 9
Er(exp(A(Y1 + -+ + Y;n))) < (L+5(\)™.
Then, by Markov’s inequality,
T(Y1+ -+ Yy > mt) < exp(—mAt)Er(exp(A(Y1 + -+ Yin)),

so that

T(Yi 4 + Y > mit) < exp [—m (M + log(1 + j(\))]. (100)
As X goes to zero, we see that j(\) = csA + o(\), with ¢3 := 1f;202. Choosing A
small enough in (100) yields the result when n = m. For n < m, observe that by

assumption Y1 +---+Y, <Y1 +...4+Y,.

O
Lemma 40. For L > Ly, there exists 0 < C7y, C75 < 400 such that, for all 0 < e <
€y, and all k > 1,
a) QY (75, > kCrs +u, K > k) < Cpak®u™?;
b) Q%Y (fg, > kCqs +u, U = 400, K > k) < Crak2u2.

ado
Proof. Fix L > Ly. Observe that, for any k£ > 1, on {K > k},
k—1
P, = o+ (Fs, — 7o) + > (Ps;., — o, +Pp, — fs;) 1(K > ). (101)
j=1
Observe that, for w = Wi, with 1 < j < K, denoting w = (F,r, A), the three
conditions w € Lp, ¢,—r(w) < p, and m,._|p1/a) . (w) > a|L'/*]/2 are satisfied. As
a consequence, by Lemma 27 and the strong Markov property, for all 1 < j < k—1,
and all ¢ > 0, a.s. Q%Oe(fpj — g, > t, K > j|Fs;) < Cu <t_M/ + Lexp(—C’lg,t)).
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Now letting, for j > 1, Y; := (fD]. — fsj) 1(K > j), and H; := Fg,,,, we see that
the assumptions of Lemma 38 are satisfied with ¢ = 2, since M’ = a + 8.
Thanks to the above observation on w = W and to the fact that, on {K > j},

7S —TD; = LJ;Dj, we see that, by Lemma 36 b) and the strong Markov property,
forall 1 < j < k-1, and all t >0, as. Q' (fs,,, —ip, >t, K > j|Fs,) <
Cae( LLiltJ)?’*M/. Similarly, thanks to Lemma 36 a), one also has that, for all ¢ > 0,
as. Q7 (Fs, —fo > t, K > j|Fs;) < Cog([L71))>M"

Now letting Y7 := 7g, — 7, and, for j > 2, Y := (fgj —ijil) 1(K > j), and
H; = Fg;, we see that the assumptions of Lemma 38 are again satisfied with

q = 2. Applying Lemma 38, we deduce the existence of two constants Cvs1, C741 not
depending on € such that for all £ > 1 and u > 0,

N

—1
QY | Y- (7p, —is,) UK > j) > kCrs1 +u, K > k | < Crark®u™,
j=1

and
Q3 | 75 —T0+Z P, — ;) WK > j) > kCrs1 +u, K >k | < Crnk*u”

Part a) of the lemma then follows from the two above inequalities, (101), and the
union bound.
To prove part b), we note that, for all k > 1, on {K > k, U = 400},

k—1
s, = To + (fs, — 70)1(U = +o0 —i—Z 7S;,y — D, +7D; — ) 1(K >j). (102)
Jj=1

We can use the same argument as in the proof of part a) to deal with
S 51 (Fp, — ;) (K > j) and Y01 (fg,,, — #p,) 1(K > j). To deal with the
remaining term (s, — 79)1(U = +o00), observe that 7g, — 79 = LJy, and apply

Lemma 36 c). O
Lemma 41. For all 0 < € < €, and L > Ly(e), there exist 0 <
Cyr(€), Cog(€), Cog(€) < +00 such that, for all k < m,

a) QY (75, > mCyr(e), K > k) < Cos(c) exp(—Cog(€)m); and

b) Q° 0 (75, > mCor(e), U = +00, K > k) < Cog(€) exp(—Cog(e)m).

ado
Proof. Adapt the proof of Lemma 40, using Lemma 39 instead of Lemma 38, and
Lemma 37 instead of Lemma 36. ]
Proposition 18. For all L > Lg, there exists 0 < Cy9 < 400 not depending on €
such that, for all 0 < e < ¢,
a) (k%) < Chg, BZ"((7)?) < Cho;
b) EEH ( 2’U = +OO) < 029, EZ’?O((fH)2‘U = +OO) < Cy9.

ado
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Proof of Proposition 18. Observe that, for any integer £ > 1,
l
{r >t} C{K > u | J{K =k, S > t},
k=1
whence

l
{k>t} C{K >/(}U U{K =k, g, > |oat]} U{Us>7s < |1s]}. (103)
k=1
By the union bound,

l
Q7 (s> 1) QYK >0+ > Q7 (75, > |oat], K = k) + Q) (Ussiis < |aas)).
k=1

(104)

Now remember &3 defined in Corollary 6 and let ¢ := —4log ((1 — d3)~*[¢]).
By (26), ¢r—1(Zop) < p so that Q;OG(D < 400) < 1 — 3. Moreover, for all
j>1,on K > j, (ﬁr,L(waj), so that, by the strong Markov property, we have

a.s. Q%OO(D < +00|Fs;) <1 —d3. We deduce that
QY (K >0) < (1-d5)" <t (105)

Now observe that, for large enough ¢ (not depending on €), |a1t| > ¢Cr5 + aqt/2.
Using Lemma 40 a), we deduce that, for all 1 <k </,

QY (7s, > |ont], K > k) < Crak?(ant/2)™ (106)
Finally, by Lemma 20,
QY [Ussifs < lons]] < Cust ™. (107)

Plugging (105), (106) and (107) into (104), we deduce the conclusion of part
a) regarding IE;OG(F?). The conclusion for E;f((fn)z) follows by an application of
Lemma 2.

As for part b), observe that the estimate in (105) is still valid when Zj is replaced
by adg. On the other hand, the estimate obtained in (106) follows from Lemma 40
b). Then, by definition, the event U = 400 rules out the event Us>i7s < |ars].
Part b) is then proved exactly as part a), noting that, Qus5,(U = +00) > 1 — ds.

O

Proposition 19. For all 0 < € < ¢, and L > Lq(e), there exists 0 <
C30(€), C31(€) < 400 such that

a) B (exp(—Cio(e)k)) < Caa(e), EZY (exp(—Cio(€)f) < Can(e);

b) ESy (exp(—Cao(e)k|U = +o0) < Cai(e), By (exp(—Caole)i|U = +00) <

ado ado

Cs1(e).

Proof of Proposition 19. The proof is very similar to the proof of Proposition 18,
but this time, we use £ := | (1/2)Co7(¢) 'ayt], so that the r.h.s. of (105) now decays
exponentially as t — —+oo0.
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We then use Lemma 41 instead of Lemma 40, noting that, for large enough ¢,
lait| > €Cy7(€). Finally, we use Lemma 22 instead of Lemma 20, and the conclusion
follows as in the proof of Proposition 18.
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