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Abstract

Consider a random walk in a uniformly elliptic i.i.d. rand@nvironment in dimensiong > 2. In 2002, Sznitman
introduced for each € (0, 1) the ballisticity conditiongT'), and(7"), the latter being defined as the fulfilment(@f),
for all v € (0, 1). He proved thatT”) implies ballisticity and that for each € (0.5, 1), (T) is equivalent tq7"). Itis
conjectured that this equivalence holds forale (0, 1). Here we prove that foy € (vq, 1), wherey, is a dimension
dependent constant taking values in the inte(@a866, 0.388), (1), is equivalent tq7"). This is achieved by a detour
along the effective criterion, the fulfilment of which we aslish by a combination of techniques developed by Sznitman
giving a control on the occurrence of atypical quencheddisiributions through boxes.
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1 Introduction

We study the relationship between the ballisticity comaisi(7”) and(T')., for v € (0, 1), introduced by Sznitman in
[Szn02] for random walk in random environment (RWRE). Gieesitex € Z4, define the vectap(z) := {w(z,e) : e €
Z%,le| = 1} with w(z,e) € (0,1) and such tha}> ,_, w(z,e) = 1. We call the quantity := {w(z) : = € Z%} an
environmentConsider a Markov chaifiX,, : n > 0} onZ? which jumps from each site € Z¢ to the nearest neighbour
sitex + e with probabilityw(x, €). If the starting position of this chain is a sitec Z?, denote byP, , its law on(Z%)".
Assume that the environmentis random and calk its probability distribution. Theuenched lavef a RWRE is defined
as the set of random probability measufes, with = € Z¢ underu. Theaveragedor annealed lawof a RWRE is the
set of probability measureB, := [ P, du with z € Z?. We will suppose that is a product measure, i.e. the random
variables{w(z) : = € Z?} are i.i.d. with respect ta.. We will furthermore assume that is uniformly elliptic which
means that there exists a constant 0 such that

u(li‘nflw((),e) > k) = 1. (1.2)
Given a vectol € S?~!, a RWRE is calledransient in the directior if Py-a.s.

lim X, -1l = cc.

n—oo

Moreover, it is calledallistic in the direction! if Py-a.s.

X, -1
lim inf

n— o0 n

> 0.
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Using renewal techniques it is not difficult to prove thatlisttity in the direction/ is equivalent to the law of large
numberdim,,_, XTl = v, with v > 0 deterministic. In dimensiod = 1 it is well known that transience does not
necessarily imply ballisticity. In dimensiors> 2 some fundamental questions about this model remain open.

Conjecture1.1. Transience in the directiohimplies ballisticity in the directior.

Sznitman and Zernef [SZPB9] and Zerner [Zér02] proved thadithit lim,, .., X,,/n exists Py-a.s. Subsequently,
Sznitman [Szn02] introduced the conditiof¥s) and(7") related to a fixed directioh € S?—! which entail ballisticity.
Lety € (0,1). We say that conditio(iT"), relative to! is satisfiedwritten as(7"), |{) if for every!’ in a neighborhood of
[ one has that

limsup L™ log Po (X1, -1 <0) <0,

L—oo
forallb > 0andUy 4 1, := {z € Z¢: —bL < - 1I' < L} with T, ,, denoting the first exit time a¥/;. ;, ;. We say that
condition(7") is satisfied relative té (written as(7")|!) if condition (T)~|! holds for everyy € (0,1). We furthermore
agree that conditiofiI") relative tol is satisfiedand write(T")|l if (T'),|l holds fory = 1. Let{e; : 1 < j < d} be the
canonical generators of the additive grdf In dimensiond = 1, (T)|e; is equivalent to transience in the direction
(see Proposition 2.6 of[Szn01]) for which one has nice gatat hand. Using an alternative characterisatio((of, ,
in terms of transience in a given direction, one can in paldicdeduce thatT"), |e; is equivalent to transience in the
directione; for any~y > 0. In [Szn02], Sznitman proved that any RWRE in a uniformlypité environment which
satisfieq7”)|l, has a deterministic velocity

v:= lim X,,/n, Py—a.s.,

n—oo

suchthaw - [ > 0, i.e. it is ballistic. He also showed that a central limitahem is satisfied, so that

1
%(X[n-] = [n]v)
converges undep, in law on D(R, , R%) to a Brownian motion with non-degenerate covariance mafixthermore, in
[Szn02], the following conjecture for higher dimensionstiated:

Conjecture1.2. Letd > 2. For eachy € (0,1) andl € S?~1, (T, |l is equivalent tq7")|L.

Sznitman proved (seE[Szn02]) that for each (0.5,1) andl € S?~1, (T), |l is equivalent tq7”)|l. The main result of
this paper is the following.

Theorem 1.3. Letd > 2 and

3d2—d—d
2d—1
Then, for each € (y4,1) andl € S?-1, (T'),|l is equivalent tq7")|l.

Vd =

Remarkl.4. By direct inspection one observes thatis monotonically decreasing th Thereforesy,, := limg .o, 74 =
@ exists and we obtain
0.366 ~ Yoo < va < 72 =~ 0.387.

The proof of Theorei 113 follows renormalization ideasddticed by Sznitmai [Szn01], to control the probability
of the existence of slowdown traps, and passes through tlvalkem effective criterionintroduced by him in[[Szn02]
as a tool which facilitates the checking of conditiéFY). The effective criterion in a given direction is a sort of Inig
dimensional version of the well known one-dimensional ¢toid E(p) < 1 [Sal/5], which ensures ballisticity to the
right of the RWRE and where = w(z, e;) /w(x, —e;). Itintroduces boxe® = {x € Z¢ : x € R((—(L —2), L +2) x



(—L, L)4~1)}, whereR is a rotation that fixes the origin and such (e, ) = [, with / the direction in the definition of
condition(7"). L will usually be chosen large and has to sati3fyd < L < L3. It is important then to obtain a good
control on the decay for large of

B

P(Poo(Xr, 1> L) < ), (1.2)

whereT} is the first exit time from the boB and where3 € (0,1) is an appropriately chosen parameter. Sznitman
[Szn02] proves the equivalence fore (0.5, 1), betweenT')., |l and(7")|!, establishing the equivalence betwé&m., |,

the effective criterion in the directiohand(Z7”)|l. To prove tha{T"), |l implies the effective criterion in the directidn

he bounds the quantitl(1.2) fér= ~ through Chebychev’s inequality. An ingredient in the probTheoren LB of this
paper, is the use of a renormalization step which starts &esed estimateéoth introduced by Sznitman ihTSzn01], to
obtain better controls of the quantify{lL.2). Nevertheléss materialisation into something useful via such anddgmt,
requires a crucial step involving a careful decompositibtine quantity analogous f&(p) (in the one-dimensional case)
entering the definition of the effective criterion.

In subsectionE211 arld 2.2, we recall this criterion andbdirce some notation which will be needed afterwards,
discussing the concept of asymptotic direction and statérgma 2.3, which provides a non-trivial control for the qtign
(3). The proof of Theorel.3 is the subject of subseiidn SectiolB is dedicated to proving Lemmd 2.3. For this
purpose, in subsection 3.1 we first recall a renormalizdéomma of Sznitmarl[SznD1]. In subsection 3.2, we prove the
seed estimate result, Leminal3.3, which is a modification afrba 3.3 of [Szn01], under conditidff’)., instead of the
stronger conditiori7’). Then, in subsection 3.3, these estimates are used to olgaivdecontrol on[{1]2) proving Lemma

23

2 Preliminariesand proof of Theorem[L3

Here we prove Theorefn_1.3, showing that the effective doiteis satisfied with respect to the so called asymptotic
direction. In subsection 2.1, we recall the definition of éffective criterion and its equivalence to the fulfilment®f)

as well as its equivalence to the fulfilment(@f), for somey € (0.5, 1) proved by Sznitman i ISznD2]. In subsection
2.2, we recall thatT), implies the a.s. existence of a deterministic asymptotieation for the walk. Furthermore, we
state Lemm&2]3, which gives a control on the quenched exlitatrilities from boxes appearing in the definition of the
effective criterion. The proof of this lemma is postponedéation 3. In subsection 2.3, departing fré¢f)., for some

~v € (v4,0.5], we prove the effective criterion with respect to the asyriptdirection. Finally, in subsection 2.4, we
briefly explain how this implies Theorem1.3.

2.1 Equivalence between (7") and the effective criterion

To prove Theorerfill3 we will employ the so-called effectivieecion. For positive numberg, L’ and L as well as a
space rotatiork around the origin we use the box specificati®(R, L, L', ﬂ) to describe the set of boxes of the form
B:={zeZ':x e R((—L,L) x (—L, L)*1)}. Furthermore, let

_ Pow(X1, 0, B)
Py (X1, € 0+B)

pB(w) :

where
0yB:=0BN{xecZ:l-2>L|R(e) x| <Lyie{2...,d}}.

Here,0B := {z € Z* : d(x, B) = 1} with d(z, B) the distance fromx to B in the 1-norm, and fot/ C Z? we denote

by Ty the first exit timely, := inf{n € N: X,, ¢ U} with the conventionnf () = co. We will sometimes writg instead

of pg if the box we refer to is clear from the context. Note that dughe uniform ellipticity assumptiori?-a.s. we have
€ (0,00). Givenl € S?~1, we say that theffective criterion with respect tiois satisfied if

: 1 3d—1)7d=1730d=1)+1 a
%ng {e1(d)(log /-c) L "L Ep} < 1.



Here,c1(d) > 1 andca(d) > 1 are dimension dependent constants andns over[0, 1] while B runs over the box-
specifications3 = (R, L — 2, L + 2, L) with R a rotation such thaR(e,) = I, L > ¢5(d), 3v/d < L < L.

The equivalence betweé¢f'), foranyy € (0.5, 1) and(7") was established by Sznitman passing through the effective
criterion.

Theorem 2.1 (Sznitman,[[Szn02]) For eachl € S?~! the following conditions are equivalent.
(a) Thereis ay € (0.5,1) such thatT'),|! is satisfied.
(b) The effective criterion with respecttds satisfied.
(c) (T is satisfied.

To prove Theorer 113 we will also take advantage of the e¥fedriterion with respect to a particular direction
called theasymptotic direction

2.2 Asymptotic direction and atypical quenched exit distributions

Here we recall that und¢f’), |l the random walk has an asymptotic directiorAs it will be explained, this implies that
it will be enough to prove thatl’"), |l implies the effective criterion with respecttoIn Corollary 1.5 of [Szn02](T")-,|!
is shown to be equivalent to the simultaneous fulfilment efftilowing conditions.

(i)

{X,, : n > 0} is transient in the directioi.

(i) For somec > 0,
Epexp{c sup |X,|"} < . (2.1)
0<n<nm
Here,| - | denotes the Euclidean norm andthe regeneration time defined as the first tikie- [ obtains a new maximum
and never goes below that maximum again, i.e.

5l ::inf{nzlz sup Xp-l< X, -land iank-lZXn~l}.
0<k<n-—1 k>n

Transience in the directiadnmplies thatr; is Py-a.s. finite, sed [SZ99].
Due to(7), (T),|! implies that conditioria) of Theorem 1 in[[Sim07] is fulfilled. Hence we have the existenf an
asymptotic directiom € S?~1, i.e.
nhﬁngo X, /| Xnl =0 Py—a.s. (2.2)

Furthermore, as it is explained in Theorem 1.1[0f [Szn02}leu(T")|l, (T),|!’ holds if and only ifo - I’ > 0. Therefore,
if we establish tha{T') |l implies the effective criterion with respect to the asyntigtdirection, by the equivalence
between partgh) and(c) of TheorenZZIL, we conclude th@’)|o holds, and hencgl™)|l also.

We now turn to two basic lemmas giving estimates on the oeoes of atypical quenched exit distributions for the
RWRE. In the formulation of these resuli8,denotes the bokz € Z9 : 2 € R((—(L — 2), L + 2) x (=3L,3L)% 1)}
where R is a rotation mapping; to o, cf. (Z3). A typical quenched exit distribution for the RWRE gives a large
probability to laws concentrated on the walk starting fr@exiting the boxB through the front part of the boundawy B
defined in[Z1L). The first lemma, whose proof we omit, is aalicensequence of Lemma 1.3 In]Szh02].

Lemma2.2. Letl € S¢~! and assume thdfl"), | is satisfied. Then

—01 := limsup L™ 7 log Py(X1, ¢ 0+B) < 0.

L—oo



The second lemma will turn out to be a key estimate in the pobdtheorenTI3. For this purpose we define the
function

18) = a(p - 5= ) =2 23)

forgde (1+~)"11).

Lemma 2.3. Assume thatT"), o is satisfied. Then, if € ((1 +~)~*, 1), foranyc > 0 and¢ € (0, f(3)) we have

—65 := limsup L™ log P(Py (X1, € 94 B) < e~°Y") < 0.
L—oo
Note thats, may well depend or¥, ¢ and(. However, we usually do not name this dependence expliditig proof
of this lemma involves the use of renormalization ideasito@gg with aseed estimatemma. We postpone it to section

2.3 Proof of the effective criterion with respect to the asymptotic direction

As in the proof of Theorefdi2 1 given by Sznitmanin.[SZn02],witt show that the quantitfp$ decays as a stretched
exponential ad, — oo for a suitable choice of and3. A key ingredient of the proof turns out to be the use of the
renormalization ideas of Sznitman to obtain upper boundghfoprobability of slowdown traps on the environment.

We will only consider the case < 0.5. We seta := L~ for somea € (0, 1) and consider the boxd$ := {z € Z% :
z e R((—(L—2),L+2) x (—3L,3L)% ")} whereR is a rotation mapping; to , cf. (Z2). Uniform ellipticity yields
P(Py (X7, € 04+ B) < x°4L) = ( for some dimension dependent constéa). Thus we can spliEp$; according to

Ep® = (I)+ (IT)+ (I1I), (2.4)
where
(I) :==E(p®, Poo (X1, € 04B) > e Fol7),
(IT) :=E(p®, e L™ < Py o(Xp, € 9, B) < e ML)
and .
(I11) := Y E(p%, e M+ H7 < Py (X, € 04 B) < e 7). (2.5)
j=1
Here,n andk, as well ask; andg; for j € {1,...,n + 1} are positive constants to be chosen later and satisfying
1=0ps1 >8> >/ >0+7)"" (2.6)
as well agk,, 1 large enough. In fack, ..., k, > 0 can be chosen arbitrarily.

Lemma2.4. Forall L > 0,
(I) < ko™= oL,

Proof. By Jensen’s inequality, we see thdh < e**oL" Py(Xy, ¢ 0, B)*. The conclusion now follows from Lemma

Z3. O
From this lemma it follows that if we choose
o <7y (2.7)
and
ko < 61, (28)

there exist positive constants andc, such that for allL > 0,

(I) < cre= 2t ",



Lemma2.5. Forall L > 0,
(IT) < eleﬁlfﬂ—aleo(m)_
Proof. Note that
(I1) < ¥ L B(Py o (X1, ¢ 04 B)®, Poo(X1, ¢ 04B) > 1 — e L")
< M Py (X, ¢ 04 B)(1 - e P) T,
where to obtain the second line we used Chebychev'’s indgguali O

From this lemma we see that choosing
B <2y (2.9)

and« satisfying
a € (B —7,7) (2.10)

one then has that there exist positive constantndc, such that for all. > 0,

(IT) < cre=e2b”,
Now, to control the third term, we use the following lemma.

Lemma 2.6. Lettheg;'s be chosen as if{d.6). Then, for @l> 0, j € {1,...,n} and¢ € (0, f(5;)),

E(Pa,efkj“LBHl < Poo(Xry €04B) < eikiLﬁj) < kit L7 =8, LS 40(L°)
wheref is defined as if{213).

Proof. We estimate

E(pa7€*kj+1LBj+1 < Pyo(Xr, € 94B) < efkjLﬁj)

< Fn L Tp(py (X, € 84 B) < e kil
Sinces; > (1 + )1, the application of Lemm@a2.3 yields the result. O

To prove the effective criterion with respect &0 it is enough to prove that the ternig), (1) and (I11) of the
decomposition[{Z]14) decay stretched exponentially. Alfed from the discussions subsequent to Lemimds 2.4ahd 2.5,
for (I) and(I7) this is achieved by respectidgP. T {2.81.12.9) dnd {p.lt@herefore remains to deal wii I ). Since
we may choose: < ~ arbitrarily close toy, LemmaZb assures the desired decay once the following set@falities
is fulfilled:

ﬁ<61 <2’77
ﬁ<62 <’Y+f(61)7
ﬁ<63 <’Y+f(62)7

(2.11)

‘)—‘

L <8y <yt f(Bur),
L <+ f(Bn)

Now defineF (z) := v + f(z) and fork > 1, F®¥) (z) := F o F*=D(z) with F(O)(z) = 2. Then in particulad{Z1) is
fulfilled if

—_

1 - .
T < B; < FU=Y(3,_1), je{l,...,n+1}, (2.12)



with 3, := 2. Therefore, it is enough to choosesuch that(1 + )~ < 2y and(F¥)(27));>, forms an increasing
sequence with
1< lim FO(2v). (2.13)

J—

In this case we can choose the constants appearifigln (2&)dieg ton := inf{j € N : FU)(y) > 1} andg; as large
as permitted by[{212).

Now in order to chec{Z13) we solve the equatios F'(z) for x to obtain the (unstable) fixed-point
_d=7
(1 +y)d—~
Thus, we observe that it is sufficient to hade > 2* > (1 + )~ ! in order for ZIB) to be fulfilled. Foy € (0,0.5], it
is easy to check that the second inequality is satisfiedhErtrtore, the first inequality

* .

d—~?
2>
(1+7)d—~y
is clearly true whenever
—2d 4+ V12d? — 4d
Y>> Vd = .

2(2d — 1)

2.4 Proof of Theorem[L3

By TheorenZ1l of Sznitmafi[Szr02], it is enough to consiberdase in whick € (v4, 0.5]. Assume thatT), |l holds
for somel € S¢-1. It follows from Theorem 1.1 of[Szn02] thatd > 0 and that7).,|!’ is satisfied if and only if:-1’ > 0.
In particular,(T"),|? holds. In the previous subsection we proved th&fij,|o is satisfied for some € (v4,0.5], then
the effective criterion is satisfied with respect to the agtotic directiond. Now, by the equivalence between pa(s
and(c) of TheorenZ11, it follows tha{r”)|¢ is satisfied. Sincé - > 0, it follows that(7”)|l is satisfied.

3 Atypical quenched exit distribution estimates

The aim of this section is to prove Lemmal2.3. We will apply lrean3.2 of [Szn01], which we recall in subsection 3.1
and a modification of Lemma 3.3 of the same paper, which weegirogubsection 3.2. In subsection 3.3 we show how
these results imply Lemnia2.3.

3.1 Sznitman’srenormalization lemma

We introduce for3, L > 0 andw € Z¢ the notation

Xﬁ_,,;(w) = —log inf Py o (XTB2,ﬁ,L(w) S 8*327[5,,;(10)),

z€B1 3,0 (w)
where
Bigp(w) = {z €2z € Rw+[0,L] x [0, 171" 1)},
Bopi(w) = {w € 21w € R(w+ (=dL”, L] x (=dL’, (d+ 1)L7)* ")}
and

9" Ba,p,(w) == 0Bag,r(w) N B1g,(w + Le1).
We now recall the statement of the renormalization resUBah01].

Lemma 3.1 (Sznitman,[[Szn01]) Assumel > 2 and [I1). Assume thay € (0, 1) and f, is a positive function defined
on [y, 1) such that

Jo(B) = fo(Bo) +B— o forB e [Bo,1)



and, forﬁ € [605 1)7< < fo(ﬁ)a
él/rTn limsup L™ log P(X3,.2(0) > L”) < 0.

L—oco
Denote byf the linear interpolation origy, 1] of the valuefy(5y) at 5, and the valuel at 1. Then, forg € [3,,1) and

¢ < f(B),

lim lim sup L=¢log P(X5..,(0) > L) < 0. (3.1)
! L—oo

3.2 Seed estimate under condition (77),

To prove Lemm&2Z13 we will apply LemniaB.1. But we need to findptimal functionf, for which the assumption
of this lemma are satisfied. That is the content of the soaaled estimate, Lemrial3.3, which we will prove in this
subsection. This result is analogous to Lemma 3.830f [Szn@liich assumeg§T”) and in turn relies on Lemma 2.3 of
the same paper which gives a control for the annealed priitydbr the fluctuations of the projection on the orthogonal
complement ofo of the walk. Since we will instead only assume condit{@)., we need some control analogous to
Lemma 2.3 of[[SznU1]. For completeness, we state such reghilth was also proved by Sznitman, as Theorem A.2
in [Szn02]. First we introduce as il [Szn02], ferc Z9 the following notation for the orthogonal projection on the
orthogonal subspace o6f

w(z) =2z — 2z 00,

and foru € R andl € S?~!, the last visit ofX,, to {z € Z? : | - x < u} is denoted by

L =sup{n>0:X, -1 <u}.

Theorem 3.2 (Sznitman, [[Szn02]) Assume that for some € (0, 1], (T')., holds with respect td € S~. Then for any
¢>0,pe(0.51],

lim sup v~ 2P~ HAP 1ogP0( sup |7(X,)| > cu”) < 0.
U—00 0<n<Li
Now, with the help of Theorefi3.2, we will prove the followitemma, following closely the proof of Lemma 3.3 of
[Szn0O1]. We also include the whole proof in the paper for clatgmess.

Lemma3.3. Lety € (0,1) and assume that conditidfl’), |¢ is satisfied. Then, for eagh € (1/2, 1), we have that for
everyp > 0andg € [6y, 1)
lim sup L~ (A+Fo=1)A75o logP(Xg,.1 > pL?) < 0. (3.2

L—oco

Proof. We proceed as in the proof of Lemma 3.3[0f[SZn01], taking athge of Theoref3.2. Defing:= Bp+1— 03 €
(607 1]1

_ nT.Bo
LO = 7L 7’]L
[ L1=x]
as well as
Bi(w) == {x € Z* : 2 € R([0, Lo] x [0, L%]*~1)}
and

By(w) == {z € Z¢ : x € R((—dL™, Lo] x (—nL™, (1 +n)L%)* 1)}

for w € Z% andn > 0. Keeping to the notation of [SznD1] we say that a paint Z< is badif

inf P, (X, = €04Ba(w)) <1/2
z€B1(w) 2(w)



andgoodotherwise. Heré,, B, is defined as if{211). By Chebyshev’s inequality

P(wis bag < 2¢+1LyL(d—1ko (PO( sup (X)) = L) + Po(T;0 < oo)). (3.3)
0<n<T},

Here forv € R? andL € R we define the stopping tinfE? := inf{n € N: X,, - v > L}. The first summand can now be
estimated via TheoreMm3.2. This yields

0 > limsup L™= 50 jog Py ( sup  |m(X,)| > nL™). (3.4)

L—oo 0<n<T},

The second summand is estimated a§in[Szn01] yielding d@@&Ipthat

lim sup L~7% log PO(T&%D <o00) <0 (3.5)
L—oo

Inserting the definition of, 3:4), [Z3) and(313) gives the estimate

lim sup L~ (A+Ae=DA5o 166 Py (w is bad < 0. (3.6)
L—oo

We now consider a certain set of trajectories startingirg,,(0) and leavingB; 3,1,(0) via 9* B2 g,1,(0). We then
show that if the pointgLoes, j € {0,...,|L'=X|} are all good, the above set of trajectories has a probalailiger than
¢~"L” to occur, hence it remains only to estimate the probablif bne of the Lye; is bad in an adequate way.

Now to describe the above mentioned set of trajectoriesidena walk starting inB; g, (0) N Bl(joLoel), some
jo € {0,...,|L'=X| =1} and let it leaveBs (jo Loe; ) throughd Ba(jo Loe; ). From this point of exit, the walk can reach
Bi((jo + 1)Loe) within ¢(d)n L steps and stay withids ((jo + 1)Loe;) along this way. We then assume the walk to
exit By((jo + 1)Loe1) in the same way aBs(joLoe: ), return to the boxB3; ((jo + 2)Loe1) in the same way as before
to B;((jo 4+ 1)Loe;) and so on. When reachirdy By ((| L' =X | — 1) Lge; ), we want the walk to enteB; (| L' =X | Loe;)
without leavingBs 3, 1.(0) N Bo(| L' X L, e;) and then exitBy 5, 1.(0) throughd* B, 4, 1.(0). These two requirements
can be met withire(d)x=™ steps.

Now assume that the poinjd.oeq, 7 € {0,...,|L'"X] — 1} are all good. The strong Markov property applied to
each of the exit and entrance times of the trajectories ihestabove, yields

1 Lix
Pro Xy, , 0 € 0+ Bapn(0)) > (SR ) 7 el
,B0,
> exp{—pL"}

for n > 0 small enough and alt € B g, 1(0). Thus, translation invariance of the environment yieki{X, 1, >
pLP) < L'=XP(0 is bad, which in combination with[[3]6) finishes the proof. O

3.3 Proof of LemmaZ3

Fore > 0 small enough we defing . : [(1+~)~! +¢,1) — [0,1] by

foe(B):=B—(1+~)""

Then, by Lemm&3]2 the assumptions of Lenima 3.1 are satisfie®)f:= (1 + )~ + ¢ and fy := fo... Therefore,
definingf. : [(1++)~! +¢,1) — [0,1] as the linear interpolation between the vatua (1 + v) ! + ¢ and the valuel
atl,i.e.

1 E)(1+7)(1—§)+E

fa(ﬁ):d(ﬁ—m— N — e

by Lemmd31L we can see that forc [(1+ )~ ! +¢,1) and¢ < f.(3), @) holds.

Using the strong Markov property applied®&, , , (o) we obtain for all3 € (0,1) andZ > 0 large enough

PO’M(XTBz,/B,L(O) € B*Bg,@L(O)) < P07M(XTB S (9+B) . Ii_zc(d)
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and hence in combination with the previously establishesioa of [311), forany3 € [(1+v)~! +¢,1) and¢ < f.(3),

limsup L~ log P(Py (X7, € 9, B) < e_CLﬁ)

L—oo

< limsup L™ logP (Xp,.(0) > cLP + 2¢(d) log K)
L—oo

= —05 < 0.

Lettinge | 0, this proves LemmB&2.3.

Acknowledgement. We thank A.-S. Sznitman for introducing this topic to us amduseful discussions.
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