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QUENCHED EXIT ESTIMATES AND BALLISTICITY CONDITIONS FOR
HIGHER-DIMENSIONAL RANDOM WALK IN RANDOM ENVIRONMENT

BY ALEXANDER DREWITZ *T8 AND ALEJANDRO F. RAMIREZ #1
ETH Zirich? and Pontificia Unversidad Catica de Child

Consider a random walk in an i.i.d. uniformly elliptic ersfirment in di-
mensions larger than one. In 2002 Sznitman introduced fci eac (0, 1)
the ballisticity condition(T"), and the conditior(7") defined as the fulfill-
ment of (T"), for eachy € (0,1). Sznitman proved thatl”) implies a bal-
listic law of large numbers. Furthermore, he showed thaafioy € (0.5, 1),
(T, is equivalent to(T"). Recently, Berger has proved that in dimensions
larger than three, for each € (0, 1), condition(7"), implies a ballistic law
of large numbers. On the other hand, Drewitz and Ramirez Slaown that in
dimensionsi > 2 there is a constanty € (0.366, 0.388) such that for each
v € (74, 1), condition(T') is equivalent tq7"). Here, for dimensions larger
than three, we extend the previous range of equivalencé tol(0, 1). For
the proof, the so-calleéffective criteriorof Sznitman is established employ-
ing a sharp estimate for the probability of atypical quemniobet distributions
of the walk leaving certain boxes. In this context, we alstawban affir-
mative answer to a conjecture raised by Sznitman in 2004ecoimy these
probabilities. A key ingredient for our estimates is the tisahle method de-
veloped recently by Berger.

1. Introduction and statement of themain results. We continue our investigation of the interrelations
between the ballisticity conditiond’), and (7”) introduced by Sznitman in [Szn02] for random walk
in random environment (RWRE). In dimensions larger thanaurak to four, the results we establish
in this paper amount to a considerable improvement of whathegen obtained in [DR09]. To prove
the corresponding results we take advantage of technigeestly developed by Berger in [Ber08]. We
derive sharp estimates on the probability of certain qued@&xit distributions of the RWRE and thereby
provide an affirmative answer to a slightly stronger vergiba conjecture announced in [Szn04].

We start by giving an introduction to the model, thereby fixthe notation we employ. Denote byl
the space of probability measures on the setc Z? : |le||; = 1} of canonical unit vectors and set
Q := (M,)%". For eachenvironmenty = (w(z, ))zeza € 2 we consider the Markov chaifiX, ),en
with transition probabilities from: to z+e given byw(z, e) for ||e||; = 1, and0 otherwise. We denote by
P, ., the law of this Markov chain conditioned ¢X, = = }. Furthermore, |leP be a probability measure
on £ such that the coordinatés(z, -)),cz« Of the environment are i.i.d. undei. ThenlP is called
elliptic, if P(minj.,—; w(0,e) > 0) = 1 while it is calleduniformly ellipticif there is a constant > 0
such thatP(min., - w(0,e) > x) = 1. We call P, ,, thequenched lavef the RWRE starting fron,
and correspondingly we define theeragedor annealegl law of the RWRE byP, := [, P, ., P(dw).
Given a directiorl € S¢, we say that the RWRE isansient in the directior, if

Py(A) =1,

where

Al::{lim Xn-l:oo}.
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2 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

Furthermore, we say that the RWRBaallistic in the directionl if Py-a.s.

X, -
lim inf l

n—oo n

> 0.

It is well known that in dimension one there exists uniforralljptic RWRE in i.i.d. environments which

is transient but not ballistic to the right. It was also regeastablished that in dimensions larger than one
there exists elliptic RWRE in i.i.d. environments whichrartsient but not ballistic in a given direction,
see Sabot and Tournier in [ST09]. Nevertheless, the foligilindamental conjecture remains open.

CoNJECTUREL.L. Indimensions larger than one, every uniformly elliptic REVR an i.i.d. environ-
ment which is transient in a given direction is necessardifitic in the same direction.

Some partial progress has been made towards the resoldtithis @onjecture by studying transient
RWRE satisfying some additional assumptions introducd&am02], usually calledballisticity condi-
tions For each € S ! andL > 0, let us define

T :=inf{n>0:X,-1>L}.

DEFINITION 1.2. Lety € (0,1) andl € S?~1. We say thatondition (7). is satisfied with respect to
(written (T'), |l or (T'),) if for each!’ in a neighborhood of and eachb > 0 one has that

lim sup L™ log Py(T} > Tbj;l/) <0.
L—oo
We say thatondition (7") is satisfied with respect tb(written (7”)|l or (")), if for eachy € (0,1),
condition(7"),, | is fulfilled.

It is known that in dimensiond > 2, condition(7") implies the existence of a deterministic= R%\ {0}
such thatPy-a.s.lim,, o % = v, as well as a central limit theorem for the RWRE so that under th

annealed law?,
_ XLTLJ - L’I’LJ’U

)

B
n

converges in distribution to a Brownian motion in the Skdmatt spaceD ([0, o), R?) asn — oo; see
for instance Theorem 4.1 in [Szn04] for further details. &wly, in [Ber08] the author has shown that
in dimensions larger than three, the above law of large nusnded central limit theorem remain valid
if condition (7"),, is satisfied for some € (0, 1). In addition, in [Szn04] the author has proven that if
P is uniformly elliptic, then in dimensiong > 2, for eachy € (0.5,1) and each € S*"!, condition
()|l is equivalent ta'7”)|l. In [DRO9] the authors pushed down this equivalence to eaeh(v,, 1),
wherevy,; € (0.366,0.388) is decreasing with the dimension. The first main result ofptlesent paper is
a considerable improvement of these previous results foedsions larger than three.

THEOREM1.3. Letd > 4 andP be uniformly elliptic. Then for ally € (0,1) andl € S?~!, condition
(T)|lis equivalent tq T")|l.

The proof of Theorem 1.3 takes advantage of the effectiterain and is therefore closely related to up-
per bounds for quenched probabilities of atypical exit b@ha of the RWRE. To state the corresponding
result, denote for any subsBtC Z? its boundary by

OB := {z € Z\B : 3y € B such thaf|z — y|; = 1}

and define the slabis; ;, := {z € Z¢: —LP < x -1 < L}. Furthermore, for the rest of this paper we let
Tp = inf{n € Ny : X,, € B} denote the first hitting time. Far ¢ Z¢ setT}, := T, - Interms of these
notations, in [Szn04] the author conjectured the following
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 3

CONJECTUREL.4. Letd > 2, P be uniformly elliptic and assum{@”)|! to hold for somé € S?~!. Fix
c¢>0andg € (0,1). Then for alla € (0, 5d),

lim sup L_alogP(Po,w(XTaUBlL 1>0) < e—cLB) <.

L—oo

Theorem 4.4 of [Szn04] states that the above conjecturestinld for all positivex with

a<d<(2ﬁ—1)\/d2—fl>.

Bd — -

Figure 1:Sketch of the known and conjectured boundsofor

The second main result of the present paper gives an affireetiswer to a seemingly stronger statement
than the one of Conjecture 1.4. Hoe S?~! denote by
m:R¥sz—z-l eRY
the orthogonal projection on the spalcd : A € R} as well as by
me :R¥3 2= 2 — m(x) € R

the orthogonal projection on the orthogonal complemigrit: A € R}+. Using these notations, for
K > 0 we define the box

Brig={r€Z:0<z-1<L,|mu.(2)|e <KL}
as well as its right boundary part
(1.2) O4Brk ={x € dBr ik :x-1>L,|m(2)]|ec < KL}.
We can now state the desired result.

THEOREM 1.5. Letd > 4, P be uniformly elliptic and assum@"),|! to hold for somey € (0,1),
1 €S Fixc>0andg € (0,1). Then there exists a constait > 0 such that for alla € (0, 3d),

—L%) <.

limsup L™ %log ]P)(Po,w(TaBL,Z,K = T8+BL,Z,K) <e

L—o0
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4 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

Figure 2:The setBy, ; x and its boundary patt, By, ; i .

REMARK 1.6.  (a) The result we prove is slightly stronger than the conjezannounced in [Szn04]
since we can dispose of the extent of the slab in directioras well as restrict the extent in
directions orthogonal t@. Scrutinising the proof it will be clear that one can improvwéstresult
replacing the box5y, ; k- by a parabola-shaped set which grows in the directions warsal to?
at least likeL“ for somex > 1/2.

(b) Note that this theorem is optimal in the sense that itscleaion will not hold in general for
a > fd. In fact, for plain nestling RWRE, this can be shown by the ds®-aallednaive traps
(see [Szn04], p. 244).

(¢) In both, Theorem 1.3 as well as Theorem 1.5, the regrictd dimensions larger than three is
caused by the following: For a very large set of environmemésneed that the trajectories of
two independent-dimensional random walks in this environment intersedy orry rarely, see
equations (4.36) and (4.37).

The proof of Theorem 1.5 exploits heavily a recent multisdathnique introduced in [Ber08] to study
the slowdown upper bound for RWRE. To explain this in moraiiatote that from that source one also
infers that every RWRE in a uniformly elliptic i.i.d. envitment which satisfies conditidfl”), for some

€ (0,1), has an asymptotic speed# 0. The main result of [Ber08] states that for every RWRE in a
unifomly elliptic i.i.d. environment satisfying conditio(7"), somey € (0, 1), the following holds: For
eacha # v in the convex hull of) andv as well as > 0 small enough, and any < d, the inequality

X,
{5
n

holds for alln large enough. To prove the above result, Berger developslisoale technique which
describes the behaviour of the walk at the scale of the seccabiive traps, which at timeare of radius
of orderlog n. Here, we rely on such a multiscale technique to make expliei role of the regions of
the same scale as the naive traps, to prove Theorem 1.5.

< e> <exp{ — (logn)*}

o0
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 5

In Section 2 we show how certain exit estimates from boxedyimiheorem 1.5 and how in turn such
a result implies Theorem 1.3. In Section 3, we start withrgjva heuristic explanation of a modified
version of Berger's multiscale technique and of how to dedilhe aforementioned exit estimates. We
then set up our framework of notation and auxiliary resuttote making precise the previous heuristics
by giving the corresponding proofs. Section 4 of this papam appendix where several specific results
concerning local limit theorem type results and estimateslving intersections of random walks, are
given.

2. Proofsof themainresults. The proofs of Theorems 1.3 and 1.5 are based on a multiscalenent
and a semi-local limit theorem developed in [Ber08] for RWIRElimensions larger than or equal to
four.

It is well known that if for somey € (0,1) andl € S¢~1, condition (7).l is fulfilled, then P-a.s. the
limit

exists and is constant (cf. for example Theorem 1 in [Sim0&ig called theasymptotic direction
Define for a vectoe; of the canonical basis @< andl € S~ such that - e; # 0 the projections; via

~. m.e
le:Rdaxr—)—JleRd
l-ej

on the spacé\l : A € R} and byfrljl the projection

TG e R

i Rz —
l e,
j

on the spacge; : A € R} Inthe casej = 1 we will abbreviate these notations By and#,. . For
je{l,...,d}, 5 >0andL > 0 define the set

Cr = {w €7 0<x- ej < L1+6, | ﬁgL(x)HOO <P 4. e; L_Q‘;}.
In analogy to (1.1) denote
0.0 :={x € dCy:x-e; > L'}

aswell as), (z + C) := = + 0,.C for z € Z.
The proof of the following proposition will be deferred toc@ien 3.

ProPOSITION2.1. Letd > 4, P be uniformly elliptic and assum@’) |l to hold for somey € (0, 1),
I € S?-1. Without loss of generality, let; be a vector of the canonical basis such thate; > 0 and fix
B € (0,1) aswell asx € (0, 5d).
Then for all§ > 0 small enough there exists a sequence of evEghtsn such that for allL large
enough we have
. _[B—¢
inf Pyo(Toc, = To.c,) > ¢

wezp,

and

For the sake of notational simplicity and without loss of giatity we assumg = 1 from now on.
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6 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ
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Figure 3:The selC}, and its boundary patt, Cf..

2.1. Proof of Theorem 1.5. We will show that Theorem 1.5 is a consequence of Proposii@nFor
this purpose let the assumptions of Theorem 1.5 be fulfillegarticular, let(7"), |l be fulfilled (which
impliesi-v > 0, cf. Theorem 1.1 of [Szn02]) and fix> 0, 5 € (0,1) as well asx € (0, 5d). Letd > 0
small enough such that the implication of Proposition 2 &and3é < 3 — §. Choose?’ € (5 — 6, 3)
and definer € Z? to be one of the (possibly several) sites closest/td. Then the following property
of the displaced set + C7, will be used:

(Exit) Let K be large enough antl> 0 small enough. Then fak large enough, if the walk starting in
leavesz + C7, throughd, (x + C), it also leaves the boRB;,; k throughd, By, k-

Now since the measuieis uniformly elliptic, we know that there exists a constéhtlepending on the
dimensiond, such that for allL large enough and fdP-a.a.w it is true that

_crpf
(2.1) Pow(Top, o > To) > e OF.

By Proposition 2.1, forx € (0, 8d) fixed, there are subseEs; C 2 such that forL large enough,
P(Z1) > 1 — e~ 1" and such that fow € =, one has

PO,W(TBBLJ,K = T5+BL,L,K)
> Pow(Tony, x> Tos Torcy) (01.(X) = To, (wrcy) (07, (X))
> Pow(Tony, x> To)Pow(Towrcy) = To,(wrcn))
> e—CLﬁle—LB*‘s _ o, CLP

)

for L large enough, wher@, : (Z4)No — (Z4)No denotes the canonicakfold left shift and to obtain
the first inequality we used property (Exit). In the seconegumality we have used the strong Markov
property and in the third one we employed inequality (2.1ya#l as Proposition 2.1 in combination
with the translation invariance of the measii€T his finishes the proof of the theorem.

2.2. Proof of Theorem 1.3.1n [Szn02] the author introduces the so calltective criterion which
is a ballisticity condition equivalent to conditiaff”) and which facilitates the explicit verification of
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 7

condition(7"). The proof of Theorem 1.3 will rest on the fact that the effeetiriterion implies condition
(T"). Indeed, we will prove thatl’)., implies the effective criterion, the main ingredient befftgeorem
1.5.

For the sqke of convenience, we recall here the effectiterion and its features. For positive nurpbers
L, L' andL as well as a space rotatidharound the origin we define ttmx specificatioB(R, L, L', L)
asthe boxB := {z € Z?: 2 € R((—~L, L") x (—L,L)*")}. Furthermore, let

o PO,w(XTaB ¢ 8-I-B)
pB(W) o PO,w(XTaB S 3+B)'

Here,0, B := {x € 9B : R(e1) - > L', |R(e;) - x| < LYj € {2,...,d}}. We will sometimes write)
instead ofo if the box we refer to is clear from the context and e label any rotation mapping
to . Note that due to the uniform ellipticity assumptidha.s. we have € (0, c0). Givenl € S* !, we
say that theeffective criterion with respect tois satisfied if

3(d—1) -
(2.2) inf {cl (d) ( log %) Ld—1L3(d—1)+1EpaB} < 1.

,a

Here, when taking the infimuna, runs over|0, 1] while B runs over the box-specificatio® R, L —
2, L + 2, L) with R a rotation such thaR(e;) = I, L > ¢»(d), 3v/d < L < L?. Furthermoreg; (d) and
c2(d) are dimension dependent constants.
The following result was proven in [Szn02].

THEOREM2.2. For eachl € S?~! the following conditions are equivalent.

() The effective criterion with respect tds satisfied.
(b) (T")]l is satisfied.

Due to this result we can check conditi¢fi’), which by nature of its definition is asymptotic, by inves-
tigating the local behaviour of the walk only; indeed, to édve infimum on the left-hand side of (2.2)
smaller thanl, it is sufficient to find one boX8 anda € [0, 1] such that the corresponding inequality
holds.

Recall that from Theorem 1.1 of [Szn02] we infer that fsuch that - © > 0, we have tha(T'),|!
implies (T')|v, and (T")’|0 implies (T")’|l. Thus, because of (2.2) and Theorem 2.2, in order to prove
Theorem 1.3 it is then sufficient to show thdt), |o implies that

(D) for every naturah € N, one has thap® = o(L"™) asL — oo;

here,p corresponds to a box specificatiR, L — 2, L + 2, L?).
To show the desired decay we sfiljp* according to

n—1
(2.3) Ep® =&+ Y & +&n,
j=1

wheren = n(y) is a natural number the choice of which will dependyon
&0 = E(p% Poo(X1,, € 04 B) > e 117,
£ =B(p", e b < Py (Xp,, € 0,B) < e R
forje{l,...,n—1}and
En = E(p", Poo(X1,, € 01 B) < e Fnl™),

with parameters

Y=< P < ... < By =1,
a= L% ¢e¢€(0,1), as well ask,, large enough and arbitrary positive constahitsks, ..., k,—1. TO
bound&, we employ the following lemma, which has been proven in [DR09
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8 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

LEMMA 2.3. Forall L > 0,
Sy < LTI Ho(L77F)

)

where
01 := —limsup L™ " log Py(X7,, ¢ 0+B) > 0.

L—oo
To deal with the middle summand in the right-hand side of)(2v@ use the following lemma.
LEMMA 2.4, Forall L > 0,5 € {1,...,n}ande > 0, we have that

£ < hint LT =LA (LR
< .
PROOF. Using Markov’s inequality, foy € {1,...,n — 1} we obtain the estimate

(2.4) £ < b LTI (py (X, € 04B) < e PV,

Due to Theorem 1.5, far > 0 fixed, the outer probability on the right-hand side of (2.} be estimated
from above bye— L o119 O

For the term&, in (2.3) we have the following estimate.

LEMMA 2.5. There exists a constant > 0 such that for any > 0,

g < eCLlfs_LBnd*E_’_O(LBnd*S)
n = .

PRoOOF. Using the uniform ellipticity assumption we see that thiera constan’ > 0 such that
(2.5) En < VP (Py (X1, € 04 B) < e *n L.

An application of Theorem 1.5 to estimate the second fadtdhe right-hand side of inequality (2.5)
establishes the proof. O

From Lemmas 2.3, 2.4 and 2.5 we deduce thatfox ¢;, n = n(y) large enough, arbitrarily chosen
positive constants,, ..., k, as well as and 5y, . . ., 3, satisfying

B =", e <7,

Bi+1 < Bjd,

forje{l,...,n—1},and
1 < fBnd,

all the termsty, . . ., &, on the right-hand side of (2.3) decay stretched expongntitis easily observed
that the above choice of parameters is feasible, which ledtab the desired decay in (D) and thus
finishes the proof of Theorem 1.3.

3. Proof of Proposition 2.1 and auxiliary results. The proof of Proposition 2.1 is based on a modified
version of the multiscale argument developed in [BerO8éneral, in our construction we will name
the corresponding results of the construction in [BerO&]riaxckets in the corresponding places.

We start with giving a heuristic version of the proof. Aftemals, we will set up all the necessary notation
and auxiliary results before giving a rigorous proof of Rysiion 2.1.
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 9

3.1. Heuristics leading to Proposition 2.1.The basic strategy of the proof is to construct, dok 5d
given, a sequence of everftS, ) .y contained irf2 such that one has

(3.1) P(GS) < e ",
and at the same time

(3.2) wieanL Po,w(TaJrcL = TaCL) > 6_Lﬁ.
To defineGG,, we divide the boxC, into small boxes of finitely many scales. The first scale is posed
of boxes with extent roughly,¥ in direction?, and extent a little larger thab’ in directions orthogonal
to 0. Here,y) > 0 is much smaller tha@. Given an environment, we declare such a box t@gbed if
within this box and with respect to the given environmerg, daenched random walk behaves very much
like the annealed one conditioned to exit through the righirtalary part; in particular, the distribution of
its exit position is close the the annealed one. A similaistwretion is applied for boxes at larger scales.
We now defing5;, as the event that there are no more tih&rbad boxes at every scale containedin
By the binomial theorem, it is easy to establish that the g@ibdlly of the complement of this event is
smaller thare==“, so that (3.1) is satisfied. Now we claim that @1, (3.2) is satisfied. Indeed, by the
uniform ellipticity condition, the cost of forcing the raoich walk to exit a bad box through its front side
is of the order of—<L*". Since the probability that the random walk exits a good lhogugh the right
boundary patrt is relatively large, one can bound the prdibabf leaving C, throughd, C, from below
roughly bye=¢V Lw, whereN is the number of bad boxes that the walk visits. Now if we canddhe
random walk to have ballistic fluctuations in directionsgeersal to its asymptotic direction at a low
cost, and ifM is a lower bound fotV (as a function of the trajectory of the walk), then@n we should
have

MLE=D8 < o

It follows that M < L”. Thus, there must exist a random direction such Mat L°. Forcing the walk
to choose this direction is what Berger calls thadom direction evenWith the help of a semi-local
limit theorem, it is then possible to do a similar analysis boxes of scales larger than the first one.
Choosingy small enough, this shows that (3.2) holds.

3.2. Preliminaries. We first recall an equivalent formulation of conditi¢fi), and introduce the basic
notation that will be used throughout the rest of this paper.

We will use C' to denote a generic constant that may change from one sidetother of the same
inequality. This constant may usually depend on variouarpaters, but in particular does not depend
on the variablel nor N (recall thatL is the variable which makes the slabs and boxes grow,\amdll

play a similar role in general results). In “general lemmasgé will usually denote the corresponding
probability measure and expectation Byand E, respectively. Furthermore, when considering stopping
times without mentioning the process they apply to, they tié usually refer to the RWREX.

Not all auxiliary results will appear in the order in whictethare employed. In fact, in order to improve
readability, we defer the majority of them to the appendizt®a 4.

In addition, we assume the conditions of Proposition 2.1etdufilled for the rest of this paper without
further mentioning.

We first introduce the regeneration times in directignSettingr, := 0 we define thdirst regeneration
timer; as the first timeX,, - e; obtains a new maximum and never falls below that maximunmagai

51 ::inf{nGN: sup Xp-e1 < X,-er and inf X e 2Xn-el}.
0<k<n—1 k>n

Now define recursively im the (n + 1)-st regeneration time,,; as the first time after,, that X, - [
obtains a new maximum and never goes below that maximum dgain, 1 := 71 (X, +.). Forn € N,

n
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10 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ
we define theadius of the n-th regeneration as

XM= sup || Xp— X 1
Tn71§k§Tn

This notation gives rise to the following equivalent formion of (7", proven in [Szn02], Corollary
1.5.

THEOREM3.1. Lety € (0,1) andl € S?~1. Then the following are equivalent.

(i) Condition(T'),|l is satisfed.
(i) Py(A;) =1andEyexp{c(X*1)7} < oo for somee > 0.

REMARK 3.2. Note in particular that, similarly to Proposition 1.3 of [92], condition (ii) implies
Egexp{c(X*™)7} < oo for anyn > 2.

We will repeatedly use the above equivalence. Now for eatlralg and N we define the scales
Ry(N) := [exp{(loglog N)**+'}].
Note that for every natural, N andk one has that
R(N) € o(R41(N)) and Ri(N) € o(N).
Define for each naturaV the sublattice

Zd_l

Ly = N2Z x {R‘ffNWJ

of Z<. Furthermore, for eachV andz € Z% we define the blocks
P(0,N) = {y e 2 ~N?* < y-e1 < N, |75 (1)lloo < Ro(N)N}

and
P(z,N):=z+P(0,N)

as well as their middle thirds

P(0,N) := {y eZd: “N%/3 <y e1 < N2/3, |For (1)]loo < Rg(N)N/Z%}

and . .
P(x,N) :=z+P(0,N).

Note that this construction ensures that for eackk N?Z x 791 there exists & € Ly such that
x € P(z,N). Furthermore, define its right boundary part

9+P(x,N) :={y € 9P(x,N) : (y — ) - e1 = N?}.
For N > 1 define the event
AN(X) == {X*™W < Ry(N) Vn € {1,...,2N?}},

where at times we writel v instead ofA ;- (X) if the corresponding process is clear from the context.
Using Markov’s inequality, the following lemma is a conseqae of Theorem 3.1.
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4—48+P(1‘7N)

2Rg(N)N

[ 2N? |

Figure 4:The setP(x, N') and its right boundary paét.P(xz, N') as well as its middle thir® (z, N).

LEMMA 3.3. There exists a constant > 0 such that for eachlv > 1,

(3.3) Py(A%y) < Ce= € N7,
and, defining the event
Ay = ﬂ {P,o(AG) < e BN
zeP(0,N)

which is contained in the Boret-algebra of(2, one has
P(AS) < Ce=C T R2(N)Y,
We define the set of rapidly decreasing sequences as

S(N) := {(an)neN e RV : sup \nkan\ < oo Vk e N},
neN

and note that due to Lemma 3.3 we have tNat> P)(A%,) andN — P(A$,) are contained i&(N).

3.3. Berger’s semi-local limit theorem and scalingAs a first step in the scaling we introduce a clas-
sification of blocks. We need to define some parameters whikkinemain fixed throughout this paper.
For 5 anda as in the assumptions of Proposition 2.1, chabsach that

Bd — «
0<d< S(d—1)
Furthermore, fix
W € (20,39)

andy such that

0<x<(1p—20)A(8/3).
From now on letl € N, defineL; := | L¥| and recursively irk the scaled.; 1 := L;,| LX]. Define: to
be the smallest such thatZ.? > L'*°. Fork € {1,...,.} andz € C, N Ly, , we call a blockP(z, L)
goodwith respect to the environmeutif the following three properties are satisifed fér= x and all
z € P(x, Ly):
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12 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

(i)
(3.4) Peo(Top(a,ny) # Toupo,ny) < € )T
(ii)
(3.5) HEZv"J(XTBP(m,Lk)‘TBP(Z‘,Lk) = Taﬂa(x,Lk))
- EZ(XT@’P(w,Lk) Top(e,L,,) = T8+P(x7Lk))H1 < Ry(Ly).
(i)

mQaX‘PZvW(XTO’P(w,Lk) € Q‘TBP(ZB,Lk) = Taﬂ’(w,Lk))

(3.6) — P.(XTyp(, 1) € QTop@,Ly) = To, Pla.iy)]

(9-1)(d-1)—9(571)

k )
where the maximum i@ is taken over alld — 1)-dimensional hypercubed C 0, P(x, Ly) of
side length[ LY.

Otherwise, we say that the blo@k(x, L) is bad Fork € {1,...,.} we will usually refer to boxes of
the formP(z, L) as abox of scalek.

The following result is essentially Proposition 4.5 of [B8}, which can be understood as a semi-local
central limit theorem for RWRE. For the sake of completenesswill give its proof in Section 4

PROPOSITION3.4 (Proposition 4.5 of [Ber08]). Assume thatT'),|! is satisfied and fi¥ € (0, 1]. Then
there exists a sequence of eveftt,)en C €2 such thatP(G¢) € S(N) and for allw € G, and
ke{l,... },
(i) display (3.4),
(ii) display (3.5), and
(i) display (3.6)
are satisfied forale €¢ Cr N Ly, , 2z € 75(95, L) and the chosen.

In particular, due to the translation invariance of the eoviment, we hav®(P(z, -) is bad) € S(N)
for anyz € Z¢.

REMARK 3.5. For the sake of notational simplicity, we will prove the posfiion by showing that there
exist sequences'”, G%’) and Gg“), L € N, of subsets of? such that

P(Gy"). B(GE) andP(GE"")

are contained inS(N) as functions inL and such that fotw contained in these sets, = 0, and z €
P(0, L), displays (3.4), (3.5) and (3.6), respectively, are fulfilfer L instead ofL;,. The required result
then follows by observing th&tis translation invariant and usingC7| < CL?*? in combination with a
standard union bound.

We next give an upper bound on the probability that an enwiremt has many bad blocks. For this
purpose set

O :={weQ:|[{z €CrNLy, : Plx, L) is bad with respect ta}| < L*F°

(37 Vke{l,...,.}}.

Furthermore, observe that, can be represented as the disjoint unio 08! (translated) sublattices
of Z¢ such that for any sublatticé of these and, 2, € £, we haveP(z1, L) N P(zq, L) = 0.
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 13
LEMMA 3.6 (Lemma 5.1 of [Ber08]). For L large enough,
P(O%) < e L7,
PROOF. Fork € {1,...,.}, set
Jr,(w) :=[{z € CrN Ly, : P(z, L) is bad with respect ta }|

and note that

3.9) P(O5) < 3 B(J1, > L),
k=1

As in [Ber08] we can writely, = J\)+--.+J ") with J{™ distributed binomially with parameters
D(Ly) andp(Ly) form € {1,...,2-8%1}. Here,p(L) := P(P(0, L) is bad, that is, in particular, due
to Proposition 3.4,

(3.9) peSN),

and D(Ly) is the maximal number of intersection points any of the aboeationed translated sublat-
tices has withC'y, that is, in particular

(3.10) D(Ly) < CL*
for some constanf’ and allZ. Now form € {1,...,2-8/"!} we have
a+d a+d
my o LT L (m)
with

Eexp{Jg:)}

(3.12) & (DL i it (1= p(Ly) \ P
< 22%( P ety - ez (SRS T

and from (3.9) and (3.10) we conclude that

, 1—p(Lg) \PL)—i
Lh—Igo <1 - ep(Lk)>
Substituting this back into equations (3.12), (3.11) an8)(@&e conclude the proof. O

We now need to recall the conceptabsenesbetween two probability measures introduced in [Ber08].
Here and in the following, i is ad-dimensional random variable defined on a probability speite
probability measure:, we write E,Z := [ Zdy and if u is a measure oiR? then we writeE,, :=

|  du, whenever the integrals are well-defined. Furthermore, \iielés variance vid/ar Z := E||Z—
EZ||?, whenever this expression is well-defined and correspoiyinga probability measurg on R?
with appropriate integrability conditions we wrikér,, .

DEFINITION 3.7. Letyu; andus be two probability measures 6if’. Let\ € [0,1) and K be a natural
number. We say that, is (A, K)-closeto y; if there exists a coupling of three random variable&;,
Z9 and Z, such that

@) poZ; ' = p;forje {12},

(b) p(Z1 # Zo) < A,
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14 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

© wllZo — Zaly < K) =1,
(d) E Z = E,Zy,
© X llz = EuZil - |n(Z1 = w) — (2o = 2)| < AVar Zy.

Let nowz € £y andz € P(z,L). Following [Ber08], forw € Q we definep’, , to be the law
of X1, ., With respect toP, (- [Top(e,ry = To,p(x,r))- Similarly, we defineuf,x as the law of
XTypiory with respect toP, (- |Top(z,0) = 1o, P(a,1))-

3.4. General auxiliary results. The following lemma is a sort of remedy for the fact that
n
L X, — X, ))
(ﬂ-UJ- <;( J ]71) TLE{Z,,ZLQ}
with respect taPy (- |Ar ), due to the restriction tely,, is not a martingale. To state the result, set

EO(XT2 - XTl)]]'AL
HEO(XT2 - XT1)]1AL”2

(3.13) bp, =

We start with showing that fok large,v;, hardly deviates from the asymptotic direction

LEMMA 3.8.
1o —.]l2 € S(N).
ProoOF. Note that
||@—{)L‘|2 — H EO(XT2 _X’Tl) o EO(XTQ _X’Tl?AL) H
| Eo(Xr, — Xn)ll2 [[Eo(Xry, — Xoy, AL) 2112

(3.14)
_ HEO(XTz - Xﬁ) HEO(XTz - XTlvAL)HQ - EO(XTQ - X7'17AL) HEO(XTz - XTl)H2H2

[ Eo(Xr, — X7)ll2 |1 Eo(Xry, — Xry, AL)ll2

Inserting a productivé, the numerator evaluates to
HEO(XT2 - XTl) HEO(XTz - XTUAL)H? - EO(XTz - Xﬁ) HEO(XTz - XTl)H2
+ EO(XTz - Xﬁ) HEO(XTz - XTl)H2 - EO(XTQ - X7'17AL) HEO(XTz - XT1)||2H2
< | Eo(Xr, — Xr)ll2 [I1Bo(Xry — Xryu AL 2 = | Eo(Xr, — X7 l2]
+ [1Eo(Xr, — X7y, AL) 2 [ B0 (X7, — X7))l2
< 2|[Eo(Xr, — X7)l2 [ Eo(Xr, — X7y, AL) |2,

where the last inequality follows from the reverse triarigkquality. But Cauchy-Schwarz'’s inequality
and Lemma 3.3 yield

HEO(XTz - XTUACL)”? < EO(”XT2 - X7'1H27ACL)
1 ol
< Eo([|Xr, — XﬁH%)zPO(AL)Q
< Qe C Rl /2,

whence (3.14) is contained $(N) as a function inL. O

Therefore, (7, (37—, (X7, — XTH)))ne{2 212} IS nearly a mean-zero martingale with respect to
Py(-]Ar) and this is what we will exploit in the proof of the next lemma.

i msart-aop ver. 2010/04/27 file: quenchedExitEsti matesl7.tex date: Septenber 7, 2010



EXIT ESTIMATES & BALLISTICITY CONDITIONS 15

LEMMA 3.9. For L andz € P(0, L) define the event

For={3ne{0,.... T2} : |75 (Xn, — 3)||loc = R3(L)L
or (Xn — :L') e < —RQ(L)}.
Then there exists a constafit> 0 such that for allL,

max Pp(Fy ) < Ce O BaD)
x€P(0,L)

In particular,

(3.15) max  Py(X1,p,, ¢ 04P(0,L)) < Ce™C RalD),
x€P(0,L)

PROOF. SettingF,, ; := {3In € {0,...,Tp2} : |50 (Xy — 2)lloc > R3(L)L}, we have
(3.16) P,(Fp 1) < Px(Fg’mL,AL) + P,(A7).

Note that(fr@i(zyzl(XTj — Xijl)))ne{zv___’ZLQ} is a(d — 1)-dimensional martingale with respect to
P,(-|AL). Furthermore, observe that due to Lemma 3.8, in particulanave

sup |71 (y) — Tpr (y)[loo < Ra(L)

for L large enough. Therefore, Azuma'’s inequality applied toctherdinates yields
Py(Fppr,AL) < Po(3n € {m,... 712}
7o (X — X7 ) |loo = R3(L)L — 2Ro(L) | ApL)
<P,(Ine{n,..., o2}
e (X — Xr)lloo > R3(L)L — 3Ra(L) | AL)
<P,(3ne{l,... 20%
: Hﬁi(XTn — X )|lo > R3(L)L — 4Ro(L) | Ap)

L)L/2)?
-l Ze o{ i)
< 4(d —1)L*exp {M} < exp{—Rs(L)},

4L2R5(L)?
for L large enough. In particular, in combination with (3.16) #BcB) this reasoning finishes the proof
of the first part. (3.15) is an immediate consequence. O

In order to obtain bounds o¥iar Lo the following lemma, which we will prove in Subsection 4.6llw
prove useful. ’

LEMMA 3.10. Let(C’ be a positive constant. Then there exists a positive constsuch that for allZ
large enough, and alt € P(0,L), y € 9, P(0, L) with |7, (y — z)|l1 < C'L, we have

PSL’(XTBP(O,L) =y) > L4,
We now get the following result.
LEmMMA 3.11. There exists a constaft such that for allz € P(0, L) and all L,

C7'L* < Var, < CL%
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16 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

PrRoOOF. The lower bound is a consequence of Lemma 3.10.
To prove the upper bound, note thgf := > ), X;, — X7, _, — Eo(X;, — X, _,) isamartingale im
with respect taP,. We define the stopping time

T := inf {n e N: (Sn —|—§:_1E0(X7k — Xml)) cep > LZ}

and note that in particul&S, A7 - ¢;)ren IS @ martingale for any € {2,...,d}. The independence of
the increments yields that so is

(Spat - ej)2 - (E(Sm ) ej)2)m:n/\T'

Since forn = 0 the martingale equalg we have, noting thak(S,, - ¢;)* = > 1, E(Sk - ¢;)? as well
asT < L?, that
E(ST . €j)2 < CL2.

Taking into consideration Lemma 3.3 and Lemma 3.9, thisiesghe upper bound. O
Abbreviate forz € Z¢ andk € Z the hyperplanes

(3.17) Hy:={xecZ 2z e =k}

In [Ber08], the author derived a result similar to the follog corollary of Proposition 3.4.

COROLLARY 3.12. Fix 9 € (0,5/8]. Letk € {1,...,t}, x € O, N L, andw € 2 such that (3.4) to
(3.6) are fulfilled for this choice af and all z € P(z, Ly).

d—1
Let L be large enough. Thewls, is (L, *“"" dLY)-close toul%, for all admissible choices df, z, w
andz.

PROOF. For fixedk, z,w and z as in the assumptions we will show the desired closeness farge
enough. Observing that this lower bound bmolds uniformly in the admissible choices ofz, w and

z then finishes the proof.

We will construct the coupling of Definition 3.7 in the case= 0, the remaining cases being handled in
exactly the same manner. CoverP (0, L) by at mostn = (2Rg(Ly))? ! [L,&d_l)(l_% disjoint cubes
Q1,Q9,...Q, of side Iength[LZ}. Consider an i.i.d. sequenc¥;) ey of random variables defined on

a probability space with probability measufe (the space should also be large enough to accomodate
the random variables we will define in the remaining part & groof) such that

Ly,
P*O/*],:x):w’ erj7

Hh(Q))
andP*(Y; = z) = 0if 2 ¢ Qj; setY := 3" Yilixr, i, @) @NAP- = Pew(|To, po,Ly) =
Topo,L,)) ® P*. Clearly, Pz,w—a.s.,|]XTaP(07Lk) — Y1 < (d—1)[LY] and consequently we have
IE:wY = B X100, b < (d— 1)[L?]. Display (3.5) yields

1Bz XTopo ) = E=(XTopo 1, [ Tor po.21) = Torp(o,L) It < Ra(Li)

and thus||E. )Y — EZ(XTBP(O,Lk)’Ta+P(O7Lk) = Typ(o,1,))|l1 < dL for L large enough. Let now/
be anH,-valued random variable defined on the same probabilityespache sequend®’;) cn (and
chooseU to be independent of everything else) such fat,-a.s. we havglU||; < dL}g as well as

EZ,UJU = EZ(XTQP(O,L]C) ‘T8+'P(O,Lk) = Ta'P(O,Lk)) - EZ,OJY'
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 17
Define
Zy:=Y +U

and

Zy = XTBP(O,Lk)'
Then takingP ., as theyu of Definition 3.7, Part (c) of that definition is fulfilled fak = dLg and L
large enough. To show the remaining parts, we first note that &€ Z¢ we have

Pz,w(ZO - y) - Z Pz,w(U = U)Pz,w(y =Y - u)
w: Jull1 <dL?

Since furthermoré,, ,, o Y~ is supported o, P(0, L), we get

Z |Pz,w(ZO =y) — Mﬁfé(yﬂ

Zd
(3.18) ve

<2 ) P.(U=u > Pow(Y =y —u) — ulh(y)|.

w: |lully <dLY y:y—u€04P(0,Ly)
By Part (b) of Lemma 4.2, for eaghe HL% and everyu such that|u||; < dLY
by —u) = plh(y)l < CLY - L = CLy ™.
In combination with (3.18) and Part (iii) of Proposition 3ts yields

Z |Pz,w(ZO =y) — ,uffé(y)|

yezd

<2 Y (Pou(Y =y) - ulhw)|+CLY)
y€04+P(0,Ly)

[(Z“‘zow :uzO(Qj)|> + (2Rg(Ly,)) L4 CLZ—d]

<CRNMW4LWJ + (2Rs(L »dlmdluq% ﬁﬂUWl)ﬂjﬁ
d—1(rp9—1 (551) _79(_1)
< Ro(Li)"H(CLT + Ly, ) < R7(Ly)L, ™

—0(57)
(3.19) <L, 2

L large enough; here, the second inequality is obtained bggtitat the sign ofP . ,,(Y = y) —ué’;(y)\
is constant ag varies overQ); for fixed j, while the penultimate inequality takes advantage} 6f 5/8
andd > 4. Thus, due to (3.19), there exists a random variabledefined on the probability space

with probability measuré®, ,, such thatP, , o Z; ' = p.o andP, (2 # Zy) < L ¥trn) . This

_9(—d=1
establishes the Conditions (a), (b) and (d) of Definitionf8r7A = L, (i),
To see (e), observe that

Var, ,Z1 = Vary (X, 1, [Toro.r) = To, po,1))
Now note that the support ofy* (-) — P ,(Zo = -) is contained in

{ye Hy 232 € 04P(0, Lx) such thafly — z[|; < sz}.

i nsart-aop ver. 2010/04/27 file: quenchedExitEsti natesl7.tex date: Septenber 7, 2010



18 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

Thus, for anyy in the support ohi’g(-) — P, .(Zy = -) we get as a consequence of (b) that

2
ZHx ~ E.(XTyp0.1,) 1T, P0.L0) = Topo.0)||1
X ’Pz w(Zl = x) - P, w(ZO = x)‘
< 4d*(L,R3(Ly,)) Z 2 (2) = Pew(Zo = )

,19( d—1 )
<Ad*RE(Ly)L} - Rr(Ly)L,

where the last inequality holds fdrlarge enough. In combination with Lemma 3.11 we can deduate th
the right-hand side is bounded from aboveXyar Z; for L large enough, which finishes the proof]

REMARK 3.13. The above proof shows that given a random variable that igibiged according to
Mﬁ,’;;,w, the corresponding coupling can be defined on an extensidregqirbbability space this variable is
defined on. We will therefore assume this property to belédffrom now on without further mentioning
when dealing with such couplings.

3.5. Auxiliary walk. As a preparation to prove Proposition 2.1, for each envimmmnve introduce a
refinemen(Y,,) of the finite-time auxiliary random walk defined in [Ber08j.blocks of the environment
where the quenched RWRE,,) behaves similarly to the annealed one, the quenched @Falkwill
behave more or less liKeX,,). In blocks of the environment where the quenched and annbatealiour
of (X,,) differ significantly, the quenched walik’,) will make up for this deviation by corrections,
in order to more or less mimick the annealed behaviou(of). As a consequence, the wa(k’,),
starting in0, will leave C'y, througho, C, with a probability not too small, with respect to sufficigntl
many environments. Note that its construction will dependaa@ouple of parameters (suchw@asnd y
introduced before) and in particular will be done for edch- 0 separately. For the sake of notational
simplicity, we do not explicity name these dependencieshi notation(Y,,). In order to facilitate
understanding for the reader familiar with [Ber08], we lstio the notations of that paper wherever
appropriate.

On a heuristic level, the construction of the auxiliary wélk, ) can be described as follows. Letand

w be given. In order to leavé€’;, throughd, Cy, the walker starts with performing a few deterministic
steps in positive -direction.

Then, starting a recursive step, there is associated aahatalet’ € {1,...,.} to the current position
of the walker (this scale is roughly given by the largest {1,...,:} for which Li divides the current
e1-coordinate of the walker); the walker then looks for goodém of the formP(z, L), such that
k€ {l,...,K}, = € L1, and such that his current position is containe@{a, L;,). We now distinguish
cases:

e If such a box exists, then the walker picks the largest ofehssxes and moves according to a
random walk in the corresponding environment, conditiooedeaving this box through its right
boundary part. If this box is of the for®(x, L) for somek < k', then before starting the
recursion step from a position with natural scaleagain, the walker will perform a correction,
making up for having moved in boxes smaller than the onegspanding to its natural scale.

e If no such good box exists, the walker performs some detéstitrsteps in positive; -direction
again and then returns to the start of the recursive step.

To formally construct our process, we need some auxiliasylte. The following lemma will be proved
in Subsection 4.6.

LEMMA 3.14. There exists a finite consta@t, such that for allL andz € P(0, L),

2—1"61

0 . < C1Rs(L)

A~

H Hio - el
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EXIT ESTIMATES & BALLISTICITY CONDITIONS 19

and

L2—-$'61A

(3.20) e X0 — 2 = o

< CiRy(L).

V- el

In order to state further auxiliary results, fore Z% such thatr - e; € L7N, definez(z, k) to be an
element: € £, suchthat:-e; = z-e; andz € P(z, Ly). Furthermore, for: such thate-e; ¢ L%N set
z(z, k) := 0. In addition, abbreviate fof, k € N the hitting timesl} (j) := inf{n e N: Y,,-e; = jL3}.
LEMMA 3.15. Letk € {1,...,0 — 1}, Ag € Ho N P(0, Lyy1) deterministic andAy),cry |12
be random variables. Sef; := Z{ZO A; and assume furthermore that for everyconditioned on
Ay,...,A;_1, the variableA; takes values 8, P(z(S;—1, k), Lx) — z(Si—1, k) only, with

(3.21) |E(AAL ..., A1) — (E 1, — Sic1) ||, < Ra(Ly)

Fsi_1,2(85-1.0)
a.s. Then for large enough and > R5(Ly)Lk1,
P(3j €{l,. .., [LX} 1750 (S) — Ag)loe > 1)

2 t
<2(d - )L Pexp | - 36L§+136(Lk)2}'

(3.22)

PROOF. Noting thatr,. (A0) = 0 for all A € R, the triangle inequality yields
~ 1 2 3
(3.23) 1751(S5 = 200 € 12 lloo + 122 lloc + 12,7 l1c,

where

J
ZW =" F (A~ B(AAL . Aiy), Ge L., [2X)%), ZY =0,

i=1
J
(2) . -
ZJ a o (E(AZ’Ah . 7Ai_l) N (E/Jg 1,2(8;_1.k) B SZ_l))
Z:1 71— 1
and
J 2
L
Z(g) = ons E — 5, . kA~
’ i=1 o (( “gilvz(sia»k) 5 1) v - €1 )
Due to (3.21), a.s.
(3.24) 1220 < jRa(Ly),

while Lemma 3.14 results in
(3.25) 129l < CiRa(Ly,).

Using (3.23) to (3.25) and becausetof R5(Ly)Lx+1, for L large enough the probability in (3.22) can
be bounded from above by

PEje{l,... LX)« |7 (2|, = 1/3).
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20 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ
Now with respect toP, the sequencéﬁ@L(Z](I)))je{o N
martingale such thdtﬁﬁl(Z](fl) {)L(Z]('l))”oo < 2Ly Re¢(Ly) for all j € {0,...,[LX]*}. Thus,
Azuma’s inequality yields

is a(d — 1)-dimensional mean zero

P(3j e{l,..., |LX)%} : 75 (Z) ]l > 1/3)

< 2(d 1) LX 2 tz

< 2(d - 1)|L¥] eXp{_36LLXJ2(LkR6(Lk))2}
—=9(d—1)|LX|? s

=2(d - 1)|LX] eXp{_:aﬁLzHRG(Lk)Z}'

O

We now introduce some quantltles that will play an importahé in the remaining part of this paper.

Fork > 2let \, := Royx(L)L, Poten and K, := 4| LX|?d[LY_,], whered := x as in the definition
of good blocks. Furthermore, define the boxes

P1(0, L) := {y € P(0, Ly.) : [|7pr (¥)lloo < Re(Li)Ly/2}

and
731(33, Lk) =+ 731(0, Lk),

as well as its right boundary part
04+ Pi1(x, L) == {y € OP1(x,Ly) : (y —x) - e1 = Lz}

From now on we will occasionally emphasise the process tclwaicertain random time refers by writ-
ing it as a superscript to the corresponding random timegias¥ampler’ a+7>1(o List) in the following
lemma).

LEMMA 3.16. ConsiderSLLXJz of Lemma 3.15 and assume that the dlstrlbutRmSL‘L ‘2 of S|y 2 18
(2kAj41, 2k Ky41)-Close touxk“ for somer € P(0, Li1). Then forL large enough, the distribution
of S| ;2 with respect taP (- T PO L) = ngl(o,LkH)c) is ((2k + 1)A\ps1, (2k + 1)Ky 1)-close
to ML“l for all admissible choices ok, k andz.

PROOF. Let Zy, Z; andZ, as in the definition of2k ;. 1, 2k K} 1)-closeness, i.e. such that

(@) ,qull —,uilz)“ and,qu21 POSL_LXJQ,
(b) (21 # Zo) < 2kN41,

© w(llZo — Z2|l1 < 2kKjq1) =1

(d) E,Zy = E,Zy,

©) X, llz = BuZi|} - (21 = x) — u(Zo = )| < 2kAgyq Var Z;.

Then we look forZ(’], Z1 and Z}, such that

@) poZzZy " = uijko“ andu o Zé_l =
(0) w(Z] # Zy) < (2k + 1) Ak,

©) n(llZy = Z3|h < (26 + 1) Kiy1) = 1,
(d) E,Z] = E,Z,

©) >l - EuZiH% 2y = x) — p(Zy = )| < (2k + 1) Apqq Var Z7.

g _
( ‘ 0+ P1(0,Liy1) Tpl(Ova+l)) SLLXJ
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For this purpose and due to Remark 3.13, without loss of gdihewe can assume

Z2 = Sl_LXJ2
Set
Z{ = Zl
and
Zh = Zolps + Z2]1T

=75 )
04 P1(0,Lg 1) " P1(0,Lg )¢ 94 P1(0, Lk+1)7£ P1(0, Lk+1)c

whereZ; is independent of the remaining random variables and bliged asSLLXJz with respect to

S _mS
P( ’ ‘T8+P1(07Lk+1) - TPl(OvaH)C)'

Furthermore, set

S #TS .
9+7’1<0 Lp1) ™ TP 0, Lg41)° 94 P1(0,Lyy1)” " P10 Ly )

Now asEZ; = EZ, and since due to Lemma 3.15 we have that
S S
HE)XP(Taﬂ’l(OvaH) a T7’1(07LH1)C)

is contained inS(N) as a function in_ (where the maximum is taken over all admissible choice& gf
see the assumptions of Lemma 3.15), it follows {h&tZ; — EZ ||, is contained inS(N) as a function
in L. Thus, there exists a random varialdfetaking values inH, such thatP(||U|; < Ki41) = 1,
P(U #0) is contained inS(N) as a function of.L, andEZ} + EU = EZj. Set

Zh =75+ U.
Then (&), (¢’) and (d’) are fulfilled. Furthermore,
P(Zy # Z1) < 2kXk1 + P(TS 0.0y 7 Tin(o.nenn)) + P(U #0)

for L large enough, which establishes (b’). With respect to thiamae bound we obtain

L
Z\Iy E LkHIIl ™ (y) = P(Zy = y)l

L
= ZH?J E Lk+1”1 ‘N 0 (y) = P(Zolps

=T3 )
94 P1(0,Lyyq)” "P1(0,Lyyq)¢

—I—Z +U =
2 a+7>1(0 Lk+1)7é P1(0,Lpy1)° y)‘

< BdLs1 Ro(Li1))* (P(T5, py(0,0001) # Thi(0,400)) + P(U #0))
L
F 2= B rn [ -l )~ P(Zo = )
Y

< (2k + 1) Ak VarMLk+17
x,0

for L large enough. Since the above computations are uniforneiadmissible choices d, £ andx,
the result follows. O

LEMMA 3.17. Letk € {1,...,:} andz € P(0, L;) N Hy. Furthermore, let a distribution’ be given
which is supported of); P (0, L) and ((2k — 1) \g, (2k — 1) K}, )-close toug,’;). Then forL large enough,

v(-+ x) is (2kAg, 2k K}, )-close toué’g] for all admissible choices df and .
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22 ALEXANDER DREWITZ AND ALEJANDRO F. RAMIREZ

PROOF. If vis ((2k — 1)k, (2k — 1)K})-close to;zi%, then there exisZy, Z; and Z; fulfilling the
requirements of Definition 3.7, where we denote the couptiegisure byP.

We setZ), := Z,—x and will constructZ andZ; such that the corresponding points of Definition 3.7 are
satisfied. First of all, note that (as a consequence of Leméhar®l a decomposition into regenerations)
there exist random variablg$ andV taking values i, P(0, L) and{0, 1}, respectively, and such
that P(V = 0) € S(N) as a function in_ and

Zy = (Zy — ) gycn, Py (w,00),v=1 T Z1 1{ 20¢6, P\ (2, L) }U{V =0}

is distributed according tpé’g]. Let furthermore

Zy = (Zo — )L zyc0, Py (o,1) + ZoL 20¢0, Py (w,L4)-

As a consequence, there existsfgnvalued random variable independent from everything aelsh that
P(||U|1 < Kx) =1, P(U # 0) is contained inS(N) as a function inL, andE(Z; + U) = EZ]. Set
Zh =75+ U.

Then, sinceP(Zy # Z1) < (2k — 1)\, by assumption, we get

P(Zy 4 7)) < P(Zo £ 7) + P(Zy ¢ 0:Pr(s, L)) + P(U £ 0) + P(V = 0)
< Qk/\lm

for L large enough. Furthermor&(||Z), — Z4||1 < 2kK}) = 1. To check the remaining variance
condition, note that

Dy =B n i 1P(Z =y) = P(Zy =)l
. |

_ . 2

=Sy B

X UP((Zl — )L z0c0,Pu(e, L), v=1 T Z1 L Zo¢0, Py (2,1)}0{V =0} = ¥)

— P((Zo — )L gyc0, Py (a.11) + 250 2020, Pr(oLi) + U = ¥) \]
< (dLyRs(Ly))? (P(Zo ¢ 04 Pi(x, Li,)) + P(U #0) + P(V = 0))
2y = B - @) — P(Zo =)l
; !

< 2kM, Var 1,

Ho,0

for L large enough, where to obtain the last inequality we emplape ((2k — 1)\g, (2k — 1) Ky)-
closeness of to “i% as well as Lemma 3.11. Again, since the above computatiensrdform in the
admissible choices df andzx, this yields the result. O

In order to construct the auxiliary walk, we need the follogiresult which guarantees that if boxes on
a certain scale are left in some way close to the annealaibdtibn conditioned on leaving through the

right boundary part of the boundary, then the same appli¢giset@ontaining box on the larger scale as
well. Essentially, this is Lemma 4.16 of [Ber08]

LEMMA 3.18. Let) € (0,1), L be large enough and € {1,..., |LX|?}. Furthermore, let(A;)"_,
be random variables such that for everyA; takes values ird,.P(0, L) only, and, conditioned on
Ay, ..., A1, the distribution ofA; is (), K')-close tO,ué”O. In addition, assumé?;(L) < K < L and
A>nL L

Then forS,, := Y"1 | A;, the distribution ofS,, is (R (L)), 4nK)-close tou(\{om.
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The proof of this lemma can be found from page 52 onwards.

Now we construct the auxiliary wallk’,) in environmenty starting in0, and denote the corresponding
probability measure by ., also. Fork € {1,...,. — 1} we recursively define

M, as the smallest integer larger than or equal to
k
L7~ 4 [>X such thatl.; , , divides Y ~ M, L?.
j=1

(3.26)

Note thatL, ., = L;|LX| implies that)M, < [L#~29] + 2[L?X], and that for every: € {2,...,.},
froma - ey — Y2571 M;L? € L2No we can infer that: - e; € LZN. DefineP®) (z) := P(z(x, k), L),

k—1
(3.27) k(z) = max {k €{l..c ) aw-er = Y ML? € LiNg andP®M (2) is good}
j=1
and
k—1
(3.28) K'(r) := max {k: e{l,...;1}:x-e1 — ZMjL? €L} },
j=1

with the maximum of the empty set defined to eWe now define the auxiliary random wall’,)
and a corresponding sequence of stopping tifigg$ recursively. Choose € 0, P(0, L) according
to ,u&o and letYp, ..., Y;, be a nearest-neighbour path of shortest length connectmighC: such that
{Yo,...,Y;,_1} € P(0,Ly). Furthermore, sef; := (] := TBY;P(O’L” = [;. Next we define the recur-
sive step of the construction.

(R) Assume that the walk is defined up to tigjgand set: := Y- .
e If k() > 0, then choosé’, ,. according to the law ok with respect to

up to time¢/, + l,,, where
1 = TYCkJr'
n = L ap () (z)°

e Otherwise, ifk(x) = 0, then similarly to the start of the construction, we choose

Yoo Yo,

to be a nearest-neighbour path of shortest length congectinith =z, wherez is chosen
according tg! ) and such that this path Iea\/éél)(x) in its last step only.

z,2(x,1
In both cases s&},+1 := (/, + .
If 1V k(x) =K (Y,,,) thensetYy, 1 =Y, . +e, Y 42 =Y, aswellas(, , =
Cnr1 + 2 and repeat step (R).
Otherwise, if1 v k(x) < k'(Y,,,), given i, ..., Cuy1 and (Yi)ieqo,...c., 1} define for each
ke{(lVk()+1,...,K(Y,,,)} the numberj(k) := Y¢, ., - e1/L3. Furthermore, define for
J, k € N the stopping timé7 () equal to¢/, if there existsn < n + 1 such that,,, = Tj(j), and
equal toT(j) otherwise.

Now for k& € {(1V k(xz)) +1,...,K (Y, ,)} with increasing order we iteratively perform the

following step, where;,gﬂrvlk(‘”)) = Cpg1 -
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(B) Conditioned onYTé(j(k)_l), by construction (and as a consequence of Corollary 3.12 and
Lemma 3.18), the distribution of the variable

Yoo = 2(Yry(e)-1), %)

7L1

is (2(k — 1)\, 2(k — 1) Ky)-close to

Ly,
Yry -1 "2y (50 -1)K)-07

We now condition the variable
Yooy = (Y1 (k) -1), )
on the event

T/(J(k) 1+ T’(J(k) D+
(3'29) Dk _{ 8+P1(2(YT,(j(k) 1) ) ) Tapl(’z( T/(](k) 1)7 )Lk)}.

In combination with Lemma 3.16 we may infer that fbrlarge enough, the distribution of
this conditioned random variable still {62k — 1) \x, (2k — 1) K} )-close to

Ly,
Yry -1 "2y (50 —1) K)-07

Thus, Lemma 3.17 implies that
the distribution of the variablézﬁlm =Y (j(k)-1)

(3.30)
is (2kAy,, 2k K,)-close tops
SetCnJrl = C,(f[ll + 1Bk, jk)ll1, where thep,, ;) defined below take values ify and
play a correcting role. Furthermore, Ib’z(k .- Ym be a nearest-neighbour path of
+
shortest length frony” =1 toY (k=) + B,”(k Note that from the conditioning in (3.29) in
7L +1
combination with Remark 3. 20 below we may infer thag,, — Y7 (j(k)-1) takes values in
n+1
94+ PR(0) only. If k < k'(Ye,,,), then repeat step (B) fdr + 1; if k = k/(Y¢, ., ), continue
below.
Seth,i’fﬁﬁl CﬁlJrel as well asy’ 1+2 =Yw andg¢;, —Cn+1+2 If Yc’ ey > L9,

then we stop the construction bf OtherW|se we contlnue the construction at the recursiep st
(R).
It remains to define the variablgt ;. Set3; ; = 0 for all 5. For anyn € N, we will define those3;, ;,
ke {2,...,.}, forwhichY, € HjLi’ using only the environment, the auxiliary walkyY” up to time
(n as well as the values df3; ; : ke{2,...  k—1} andjL% = jL%}. We defines, ; to be0 in the
following cases:

(a) Ifthere is non € N such that, = Ti(j — 1), theny, ; = 0.
(b) Otherwise, let: be such that,, = Ty (j — 1). If P*) (Y, ) is good, theng;, ; = 0.

Thus, assume now that, = 7;(j — 1) such thatP®) (Y., ) is bad. Letr := Y and letu;;" be the
distribution of the variablé” (k1) = T, which due to (3.30) i$2k Ay, 2k K}, )-close tougg Thus, we find

7L+1
(Zo, Z1, Z>) defined on the same probability spacd Es) (which without loss of generality is assumed

to be large enough) such thag equaIsYC(;H) — x, such thatz; ~ ué’g], and such that furthermore the
n+1 ’
requirements of2k )\, 2k K )-closeness (cf. Definition 3.7) are satisfied. Now define

(3.31) Br,j = Zo — L,

and note thap;, ; € Hy a.s. This completes the definition 6f ;.
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REMARK 3.19. Observe that by construction we infer thg},, = 75 ., a.s., withC;, denoting the
set of Proposition 2.1.

The following lemma shows that the deterministic correwicaused by the variablek ; are not too
big, that is, not too expensive in terms of probability.

REMARK 3.20. Note that by construction @t},), for everyk € {2,...,:} andj € N such thatg ;
has been defined above, with probability

(3.32) Br.; < 20K, < L3X
for L large.

3.6. Random Direction Event.As in [Ber08], we will introduce a so-calledindom direction evenh
order to ensure that, in most environments, the walker doekittoo many bad boxes. For this purpose,
fork € {1,...,.} set

Z’f 1ML2

(3.33) By = =

Forw ¢ [-1,1]%1, k€ {2,...,.}andj € {By + 1,..., M} define

Wi G) = {[¥ry) — Yoy — G = B (B, — Li0.w) | o < Li},
where in a slight abuse of notation we writg(0, w) to denote the vectdo, Liyws, . .., Lywg_1) € R
Furthermore, define
By+ M,
W(w o ﬂ W(w
j=B+1

as well as theandom direction event
~ ()
w
W) .— H W,

To obtain a lower bound for the probability of this event, veeéto establish some auxiliary results first.

CLaim 3.21. Forall L large enough and alk € {1,...,t},7 € {Bx+1,...,Br + My} andw € Q,
one has that (- [Y1, ..., Y7y (;—1))-a.s. the distribution o7, ;) — Y7v(;_1) Is (2kA, 2kK};)-close

to g

PrRoOOF. Similarly to Lemma 6.6 of [Ber08], this result is a consemge of the construction of the
auxiliary walk. In fact, ifP(k)(YTé(j_l)) is good, then the statement follows from the first part of step
(R) in the construction of the auxiliary walk in combinatiasith Corollary 3.12.

Otherwise, ifP(*) (Yry(j-1)) is bad, it follows from step (B) of that construction. O

We now get the following corollary.

COROLLARY 3.22 (Corollary 6.7 of [Ber08]). There exists a constapt> 0 such that for all large
enough, allk,j andw as in Claim 3.21Y := = Ypj-n + E L and for allz € H, JL2 such that

|Y — |1 < 4Ly, one has

(3.34) Pow(IlYry () — =l < Li [ Ya, .., Yoy (io1)) > p-
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PrRooOFE This follows from Claim 3.21 in combination with Lemma 3.44d 3.10. O

LEMMA 3.23 (Lemma 7.1 of [Ber08]). There existe > 0 such that for all. large enough, alkv €
[—1,1]%" ! as well ask, j andw as in Claim 3.21, one has

Pow (W DIW o WL W (B + 1), W (- 1)) >
(with W) (By) := Q).
PrROOF. On the event

w0 nw W B+ ) -G - 1)

one has
¥ry-1) = Yy = U = 1= Bi) (B, g — Li(0,w) ||, < L
and thus
| Y (B, + (G = Bk)(EM(ﬁza + Lip(0,w)) =Ygy -1y + Eué,’a)Hoo
< 2Ly. -
Corollary 3.22 now yields the desired result. O

Departing from this result we obtain the desired lower boondhe probability of the random direction
event.

LEMMA 3.24. There exists a constant > 0 such that for allL large enough as well as alt € 2 and
w e [_17 1]d_17
Do (W®) > ¢~ CL7

PrRoOOF. The strong Markov property yields the first equality in

Po,w(W(w))
v Bp+M;j
=1I II P 0w, Wi Wi (B +1),... . W — 1))
k=1j=Bj+1
> p22:1 My, > 6—0L5726

)

for C > 0 large enough, where the first inequality is a consequencesoimha 3.23 while the second
follows from the bound\s;, < 2[LA~29] for L large enough. O

We now want to bound from above the probability that the @amxilwalk hits too many bad boxes. For
this purpose, we start with the following auxiliary result.

LEMMA 3.25 (Lemma 7.4 of [Ber08]). For all L large enoughw € Q, k € {1,...,c— 1},

j € {Byra[LX)?,... [LYT/L}]} andz € Lr, N H,p one has

/[ Pl (1 T} 1P L) # O du
—1,1]4—

< [(~B+2042)(d-1)

(3.35)
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PROOF. Choosek’ to be the number out dff, ..., — 1} such thatBy, L7, < jL? < By1L3, ;. We
start with noting that for fixeds € [—1, 1], with probability 1 with respect taPy( - |[IW (™)), the walk
Y is located in &d — 1)-dimensional hypercube of side Iengﬂj;?':‘l1 Lj < tLp_; attimeT},(By).
Letting w vary over[—1, 1]~ the union of all appearing hypercubes covers a hypercubeelength
atleastMy 1Ly 1 > [L5_26—|Lk/_1.

Now let{y1,...,y-} C Lr,, be the set of all elemenig € L, such thatP(z, Ly) N P(y;, Ly) # 0
forall 7 € {1,...,r}, and note that, due to a reasoning similar to the observatisinbefore Lemma
3.6, is bounded from above b3/ 1541,

From steps (R) and (B) in the construction of the auxiliarykwé it follows that if there existg/ such
thatz(Y , k') = y;, thenY leavesP(y;, L;) throughd, P(y;, L;). Therefore, we conclude that

{{¥n:ne N} NPz, L) # 0} € | {{Yn :n e N}NP(y;, L) # 0}

j=1
But due to the above reasoning, there exists a conétamich that the right-hand side can have positive

probability with respect tdP (- [W)) only if w lies in a certain(d — 1)-dimensional hypercube of
side length
CRs(Ly) Ly
LB—QéLk,_l
This establishes (3.35). O

< CL_B+26+3X/2.

Now adopt the notations

Dy i={r€CLNLyL, :x-e; > BiLi andP(z, L) is bad with respect ta}
and
(3.36) Biw=|{z € Dpo: {Yn:ne{l,...,T) s}t NPz, Li) # 0}].

We are interested in the distribution of the variablg,,.

LEMMA 3.26 (Lemma 7.5 of [Ber08]). For all L large enough and alk € {1,...,. — 1} as well as
w € O,

/ Eo (B o[ W) dw < 1521772
[—1,1)4-1

PrROOF. With the same reasoning as in the proof of Lemma 3.25, sipar{d (B) of the construction
of the auxiliary walky imply that Py ( - |W (*))-a.s. we have
{zeCrnLy, : Bl <z - ey < By Li,
(3.37) Pz, Le) N{Yn in e {1,..., Thiust} # 0}]
<3-15471Mp, < (15% — 1)L,

Now consider: € Dy, ., with x - e > Bk+1Li+1. Then by Lemma 3.25,

/[ L Py, ({Yn cne{l,... ,Tz/prs}} NP(x, L) £ 0] W(w)) dw

< I,(=B+26+2x)(d—1)

(3.38)

for L large enough. Therefore, (3.37) and (3.38) in combinatigh (8.7) yield
/ oo (Beo[W®)) dw < (154 — 1)1~ 4 [(~6+26+20(d=1) s
1,141 ’ N

due to our choice of. O
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Because of the modifications in our construction of the &nyilwalk in comparison to the one in
[Ber08], we give here a modified result concerning the dgmdithe path measures &f with respect to
Y.

LEMMA 3.27 (Lemma 6.5 of [Ber08]). Let (v,) = (v1, ... ,’UT£1+6) be a finite nearest-neighbour path
in Z¢ starting in0 such thatl?, . ; = inf{n € N: v, -e; > L'*%Y. Furthermore, fork € {1,...,.} and
w € Q, let

Qrw®) == [{z € Dy : {vn in e {1,..., T]ius}} NPz, Li) # 0}

and set),, (v) := > 1 Qrw(v).
Then for all L large enough and alb € 2 we have
POw(X = Uy Vi e {1,. 1+5})

HsQw(u)LL3X+4LLB*25
Pow(Y;=v;Vje {1, o L1+5})

(3.39)

)

l\')lr—t

for all admissible choices d,,).

ProOF. Due to ellipticity, the numerator in (3.39) is positivegtifore, it is sufficient to consider those
trajectories(v,,) only for which the probability in the denominator is posiias well.

To any such(v,,) and environmenw there belong sequences,) and({),) as in the definition ot In
fact, set(p := ¢} :=0and¢; := ¢} := T3p(0.1,)- Gvendo, ..., G andC(), o, ¢)_q, definex,, == v,

G, = min{l > (, : v_1 - e1 >z, - €1} as well ase), := v . Fork(z;,) asin (3 27), ifk(x],) > 0, set
Cni1 = T§+P<’“>(xib)’ otherwise seg, .1 := T§+P<1>(xg)
Now to estimate the probability in the denominator from aowe only consider the contributions
coming fromY moving in good boxes, in which it behaves likKé conditioned on leaving the box

through the right side:

Poo(Yy=v;Vje{l,.... T} 1))

< H Py o (Xl =ve Ve {1,...,Cuy1 — ¢}
n:k(x),)>0

| Topetat a.) T8+P(k(w4L))(m’n))‘

To obtain a lower bound for the numerator, as a consequent®eatrong Markov property we may
decompose it into movements in the corresponding boxedlas/fo

Pow(X;=v;Vje{l,...,T/1:s})
> H Puy (Xz =vg Ve {l,... . (o1 — (b

n:k(vch)>0
T AN — T v )
‘ BP(k( dl))(vg,’l) 8+73(k( dl))(vg,’l)
X P (T A )
H v \Taptea ) = Ty ptq )y
3
% (HLL X)Qw(v)

% (2—L)QUJ(U)

I e
n:(n<Tzl+6
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for L large enough as well as(v;; ) and k(v ) as defined in (3.27) and (3.28). Here, the first and
second product on the right-hand side come frdinmoving in good boxes. The third and fourth factor
on the right-hand side originate from the corrections indhse of moving in a bad box. In this case,
Remark 3.20 tells us that each of the correcting variaplesis bounded from above by®X. Since
each time such a correction occurs, the number of influermingecting variableg, ; is bounded from
above by, we obtain the third factor. The fourth factor originatesifirthe conditioning oDy, in (3.29),
the probability of which can be estimated using Lemma 3.1t [ast factor follows from the fact that
directly before each time¢/, we force the walk to do one step in the directionegpfand one step back.
Consequently, we obtain

PO,w(Xj = Uy vj S {17 s 7T£1+5})
Pow(Y; = v; %) € {1, T¥ s })

= Pt w <Ta7>(k(w{n))(m/n) = Taer(k(w(rL))(;p;L))
(3.40) n:k(z,)>0
« (HIQu(NE)

IR
n:Cg<Tzl+5

for L large enough. Sinck(v. ) > 0 implies that“P('“(”%))(v%) is good, from (3.4) we infer that the
value of the first factor is bigger thary2 uniformly in all (v,,) we consider, for allL large enough.
Due to the construction of the auxiliary walk there are at most_, _, M, < 2.LP~2% stopping times

¢/ such that(/, < 17,5 Therefore, forL large enough, the total expression on the right-hand side is

bounded from below by3@« @)L +4L772 19 \which finishes the proof. O

3.7. Proof of Proposition 2.1. With By, ,, as defined in (3.36) and fat large enough, Lemma 3.26

yields
/ Eo ( > Bk,w|W(“’)> dw < 159,10~
(=114 k=1
for w € ©. Hence, for suchu and L fixed, we can findv € [—1, 1]4~! such that

(3.41) Eo,w(in,w|W<w>> < 159,152,
k=1

Fix suchw and define

W= {3 Brw < 21541772 0w,
k=1
Using (3.41), Markov's inequality yields

Pow "5 w > 215007 ‘W(“’) <L
({3 e <3
whence we obtain

(3.42) Pow(W) = P ({ ;Bkw <2. 15dLL6—25} ‘W(w))PoM(W(w))

= %P 0(W ) > = CL,
for L large enough and where the last inequality follows from Len8124.
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We now observe that there is a $ét,, of paths such thalV’ = {(Y,,) € V. } and in particular, for
(vn) € Vi, we haveQ,(v) < 2- 154 LP=29 Thus, as a consequence of Lemma 3.27,

(343) Pov"-’((X") € VL,W) = e_Lﬁ76/2PO,w((Yn) S VL,w) = 6_L576/2P0,w(W) > e_LBﬂsa

for L large enough, where the first inequality follows from thetflatw € © in combination with
Lemma 3.27 and our choices &fand y, while the last estimate follows from (3.42). Due to Remark
3.19, we may and do choosg, ,, in such a way that it only contain paths that starbiand leaveC',
througho, Cr. We take the required family of events in Proposition 2. Eags= ©, and observe that
from (3.43) and Lemma 3.6 we can infer ti&t has the desired properties.

4. Appendix: Auxiliary results and proof of Proposition 3.4. This section contains slight modifica-
tions of auxiliary results proven in [Ber08] as well as soragtfer lemmas. With respect to results to
which the first point applies, this section is very much base{Ber08].

In order to prove Proposition 3.4, we will proceed as oudimeRemark 3.5.

4.1. Proof of Proposition 3.4 (i). Set

Gg) = {w e0: max PZ,W(TE?P(O,L) 75 Ta+73(07L)) < G_Rl(L)W}.
z€P(0,L)

Then Markov’s inequality in combination with Lemma 3.9 yisl

P(G(Li) ) < eRl(L)VEZGI;%%XL) Pz,w(TBP(O,L) # T8+P(O,L))
< M)y Z P.(Topo,0) # Ta, Po,1))
2€P(0,L)
< L) Ce=CT (L) < 0O Ba(D)T,

In combination with Remark 3.5, this finishes the proof.

4.2. Auxiliary results for the proof of Proposition 3.4 (i) andi, We need the following local CLT-
type results.

CLAIM 4.1. Let(Y;);en beZd-valued, independent random variables with firfite 4- 1)-st moments
for somem > 3. Furthermore, assume that;);>. are identically distributed and that there exists
v € Z4 such thatP(Y, = v) > 0and P(Y2 = v +¢;) > O forall j € {1,...,d}. LetI denote the
covariance matrix ot andS,, = >, (Y; — EY;). Then there exists a constafitwhich is determined
by the distributions o¥; and Y5 such that for alln € N and allz, y and 2 € Z? with ||z — y||; = 1 and
z—y=y—uwx,

(@)

(4.1) P(S, =) <Cn"%,
(b)
(42) [P(S, = @) — P(S, = y)| < Cn~"F'
(©)
(4.3) |P(S, = ) — 2P(Syp =) + P(Sp = 2)| < On~"%".
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(d) In addition, for allw, x, y and z such that there exist # j withxz —y = w — z = ¢; and
r—w=y—2z=ej,
d+2

(4.4) |P(Sp =)+ P(Sp=2) — P(S, =y) — P(S, =w)| < Cn~ z .

PROOF OFCLAIM 4.1. (4.1) is essentially a consequence of the local linebtbkm, see for example
Theorem 2.3.8 in [LLO9]. Indeed, EY; € Z4, that source yields that fa#/, := Zig(Yk — EY}) and
I" the covariance matrix dfs, there exists a constant such that

d+1

(4.5) |P(S), = ) — pn(x)] < Cn™ 2

T =1, _
(Qeln=% +1)e==5= 4 n="5%)

foralln € Nandz € Z%, where

1 «Tr—1y

pn(x) = e T 2n

(27n) 2y/detT
d

denotes the heat-kernel. (4.5) in particular impligsS], = ) < Cn™2, which entails (4.1). IfEY; ¢
Z%, then as one may check by redoing the proof, (4.5) holds tnualfa € N andz € Z¢ — nEY5, with
P(S], = z) replaced byP(S], = = + nEY>), which implies again (4.1).

Now in order to prove (4.2), note that the triangle ineqyalields

P(Sp1 =) = P(Sur1 =) € max |P(S) = 21) = P(S), = )|

z1,22:||z1—22|[1=1

< max |P(Sy, = 21) = pu(21)| + |pn(21) — pu(22)]
z1,22:||z1—22][1=1

+1pn(22) — P(S; = ).

Then (4.5) in combination with standard heat kernel estihgtelds the desired result.
In a similar manner, (4.3) und (4.4) can be deduced from Témadt.3.8 of [LLO9], which we will omit
for the sake of conciseness. O

Using a decomposition according to regeneration timeg&é@ous claim can be employed to prove the
following lemma.

LEMMA 4.2. For L andz € P(0, L), letv, ;, denote eithe, (X1, € ), Po(X1yp01) € ), pik o or
Py(X1,, € - |(Xn —2)-€1>0Vn €N).

(a) There exists a constafit such that for allL, z € P(0, L) andy € H:,
(4.6) Ve (y) < CL™41,
(b) There exists a constadt such that for allL, 2 € P(0, L),y € H;» andj € {2,...,d},
va,L(y) = va,L(y + €5)] < CL™
(c) There exists a constaatsuch that for allZ. andz, y € P(0, L) with ||z —y||; as well asz € H 2,
e (2) — vy 1(2)] < CL™

(d) There exists a consta6tsuch that for allZ, = € P(0, L) andw, y, z € H» such that|w —yl|; =
landw —y =y — z,

Va.r.(w) — 205 1.(y) + v (2)] < CL™L
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(e) There exists a constaft such that for allL, =z € P(0, L) andv,w,y,z € H;» such that|v —
wh=lz—y=w—-—vandz —w =y — v,

Ve,1.(2) = Ve, L(y) — (Va,.(w) — Ve 1.(v))] < crL—1,

PROOF. The fact that the particular choice among the first threeipdiies for ux 1, isirrelevant, is a
direct consequence of Lemma 3.9. With respect to the case.tha= P, (XT , € (X —x) e >
0Vn € N), the desired result follows analogously from what comesvbﬁha:ombmation with Corollary
1.5 of [SZ99].

We will give the proof forv, ;, = P:L,(XTL2 € ).

Fork,l € N we define the evenB(l, k) := {X,, - e; = I} as well asB(l) := U,_ B(l, k) and

L?-1

B():=BW)n [ BG):

j=l+1

that is, forl < L? and onB(l), | is the e;-coordinate at which the last renewal before reaching the
e1-coordinateL? occurs.

(a) We have
L2
(4.7) Py(X1, =y) < P(A7)+ > F
I=L2—Ry(L)

with F} := P,(Xr,, =y, B(1)), and furthermore

L2
— Z Z Pu(Xy, = 2, X1, =y, B(l))

k=0z€H,;

= Z Z Py(Xs, = 2)P, (XT 2 y7B(l)‘XTk =2)

k=0z€H,
L2
(4.8) = Z Pw(XTLQ :va(l)|XTl :Z)ZPI(XTk :Z).
z€H; k=0

In order to estimate the inner sum of (4.8), set= Ey(X,, — X,,) and forl € {L? — Ry(L),...,L?}
fixed, defind* := [mlelj. We now distinguish cases.
First assumek > [*. Then{X,, -e; = I} C H' U H? whereH' = {X,

H? :={(X,, _XTm) -e; <1/2}. We get
2

-ep < [/2} and

L%

Py(X,, =2z H') = Z P.(X,, = z|XTm = P(X, . =),
yye1<l/2 ?

and uniformly iny andz we haveP, (X, = z]XT 5 = =y) < Ck~ 3 due to the independence of the

renewals (cf. Corollary 1.5 in [SZ99]) and (4.1). Now obsethat using standard estimates for centred
random variables with finit@d-th moment (note thatX,, — X, ) - e; has finite2d-th moment as a
consequence of the assumpti@), ), there exists a constagt such that uniformly irk and Z we have

(4.9) Po(Xr, e <1/2) < 1A Ck(k — 1772,
2
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We therefore get

L? 00
S P(Xo = 2 ) < 013 (VE £ 300 + G+ OV V) )
j=1

k=l*
<crT
and analogously fof/2, whence
L2
(4.10) S PuXy =2) <CITT
k=l*

Now assumeé; < [*. Then in the same manner as above we obtain

*
—d+1

(4.11) > P(X, =2)<Cl 2
k=1*/2

and furthermore (4.9) supplies us with

1%/2 1*/2
(4.12) Y Pu(Xr =2)<CY K-k <t
k=0 k=0

In order to deal with the outer sum of (4.8), note that for fixexs well asy* € H;2 andz* € H; we
have

Y PelXr, =y BOIXn =2)= Y PuXr,, =y, BO)IX,, =2
ZGH[ yGHLQ

~

(4.13) = P.(B()| X, = 2%).
Using (4.10) to (4.12) in combination with (4.8), we therefdeduce that for alle {L?>—Ry(L),..., L?},
F, < CP,(B(1)) L™
Thus, in combination with (4.7) and Lemma 3.3 we get
Py(X7, =y) < CL™,

which finishes the proof.

(b) We have
L2
(4.14) |Po(X1,, =y) = Po(Xr, =y+e)| <2P(A5)+ Y. F
I=L2—Ra(L)

with B(1) as defined before and

F = Py(Xr1,, =y, B(l)) — Po(Xr,, =y +e;, B()).
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We compute

L2
F=3" 3" (PulXe, = 2 X1,, = v, B())

k=0 ZGH[

_ Px(XTk = Z:l:ej’XTL2 == yj:ejag(l)))

—Z > (PulXn, = 2)P(X1,, = 9, BO)| X, = 2)

k=0 z€H,

— Po(Xr, = 2+ ¢))Pu( X7, = yiej,é(l)|XTk - z:l:ej)>

(4.15) =Y Pu(Xr, =y.BO)|X;, =2) Z |Pu(X,, = 2) — Po(X,, = 2 £ ¢j),
z€H,
where to obtain the last line we used the translation inwageofP. Fix | € {L? — Ry(L),...,L?} and

let m andi* as before. Again we distinguish cases.
First assumé > [*. Then{X,, -e; =1} C H' U H? whereH' and H? as before. Then

|PLB(XTk = Z7H1) — P (XTk :Z:tEj,Hl)|

= Z ‘Px( Tk_Z’XTE _y)_PSU(XTk_Zj:e]‘X Lk :y)’
yy-e1<l/2 =
XPZB(XTLkJ :y)7
2

and uniformly iny, we have

| P (X

k

due to the independence of the renewals and (4.2). Usin 4 get

S |Pe(Xy, =2, H') = Po(X,, = 2% ¢;, H)|
k=l*

(x/z—*+§:z* + G+ VRV ) < ot

7=1

and analogously fof/?, whence

(4.16) Z |Py(X,, = 2) — Po(X,, = 2% ¢;)| < CI7%.
k=l*

Now assumeé; < [*. Then in the same manner we obtain

l*
(4.17) S Pu(Xr, = 2) — Pu(Xn, = 2% ¢j)| <CU 2,
k=L2/2

and furthermore (4.9) supplies us with

1*/2 1*/2
(4.18) Z |Po(Xy, = 2) = Pol(Xy, = 2k ¢)| <CY K" — k) < crm .
k=0
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Using (4.13) and (4.15) to (4.18) we deduce that there e&istsch that for all € {L?—Ry(L), ..., L*},
Fy < CP(B(1))L™.
In combination with (4.14) and Lemma 3.3 we get
|Po(X1,, =y) — Po(X1, =y +e;)| <CL™,

which finishes the proof.
Parts (c), (d) and (e) follow from analogous calculationag$4.2), (4.3) and (4.4), respectively. For the
sake of conciseness, we omit giving the corresponding proeife. O

To prove Parts (ii) and (iii) of Proposition 3.4, we quote aeprove a conditional Azuma-type inequality
appearing in [Ber08].

In this context, denote byM})rcn, @ one-dimensional martingale on a probability spdeeF, P) with
filtration () ren, andMy = 0. SetAy, := M, — Mj,_; and assume that thé& ;| are uniformly bounded
from above by a finite constant. Define for any non-negatineloan variableX its conditional essential
supremunmwith respect taF; asesssup(X|Fr—1) = lim, 0 E(X"|}‘k_1)%, where the right-hand
side exists due to Jensen’s inequality. Set

o, = esssup(|Ag[|Fx-1).
Then theessential variancef the martingale is defined as

2
2.

k
=1

Vi, := esssup <

J

LEMMA 4.3. Forall n € Nandt > 0,
752
P(|M,| >t) <2e 2.

it M, = (M, ... mi®) with M being one-dimensional martingales fulfilling the propestide-
scribed above an(ﬁ’,fj) as essential variance, then writiig"** := max;cg ) Vé]) one has

2
P(HMnHoo >1) < 2de” 2V,

PrROOF. First observe that thé-dimensional case is a direct consequence of the one-diomathsase
by considering its components and a standard union boursltherefore sufficient to prove the one-
dimensional case.

We start with showing that for eadhe {1,...,n},

(4.19) B (eXi= 29| Fp_y) < e3 oo i1 Fh1)
To establish this inequality in the cake= n, we first of all note that
(4.20) Jim B(|A|™ [Fooa)mla > esssup(|AnfLa)La —e.

forall z € [0,00), e > 0 and
A= A= { lim B(|A," | Foot)m € (2,7 + €]} € F_.

We then observe that for suchand withC'4 := esssup(|A,|14) as well as

eCa 4 e=Ca n efa — e Ca ¢
2 2 Ca’

hA : [—CA,CA] DS
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we obtain

E(eA| Fpi1) < E(ha(An)|Fno1)la
= ha(E(An1 4| F,—1))1a
e e Ca

=ha(0)1y = 5

14 = cosh(Cy)l4.

Since by comparison of the corresponding power series aeokia(z) < v’/ 2 we obtain with (4.20)
that

1
(4.21) E(eAn]lAu:n—l) < eCi/2ﬂA < exp {5( lgn E(|An|m |]:n—1)% + 5)2}]114-
Summing (4.21) over alll := A, . for x = je, j € Ny we get

1. m =
E(eA”|fn_1) SeXp{§ W}gnooEﬂArJ |]:n—1)m}
x exp{esssup |A, % +&2/2}.

SinceA,, was assumed to be bounded, taking0 yields (4.19) fork = n.
Now we assume (4.19) to hold true fbr 1 and deduce its validity fok:

E(eZ?:k B9 Fei) = E(eAlﬂE(eZ?:k+1 291 Fio) | Fim1)
< E(eAke% 58 Sup(Ziop 1 o5 175) | Fr—1)

< B(eAreb SRS HF ) )

Il
®
N

1 " 7

esssup(37_; 11 0; |]:k*1)E(eAk | Fr-1)
< e% ess Sup(Z?:k+1 0']2'|‘Fk*1)6%0%
2

_ ehesssup(Si o3 Fen).

where to obtain the second inequality we used that for anynagative random variabl& we have
(4.22) esssup(X|Fi) < esssup(X|Fr_1).

Altogether, this establishes (4.19).
Insertingk = 1in (4.19), we deduc&e*M» < e3¥°Va for any real\. This estimate in combination with
the exponential Chebyshev inequality yields

P(|M,| >t) = P(M, >1t)+ P(M, < —t)
S e—)\t(Ee)\Mn _I_Ee—)\Mn)

< 9 Mz AV
for A > 0. Setting\ := t/V,,, this finishes the proof. O
The following result appears as Lemma 3.3 in [BZ08] and witiye helpful in the following.

LEMMA 4.4. Letd > 3 and let(vy, )nen be i.i.d.,Z?-valued random variables such thRta.s. we have
vy - e; > 1 aswell asE|jv;||” < oo for somer € [2,d — 1]. Furthermore, assume that for sorfie> 0,

P(’U1 e = 1) >(5,
and that for allz € Z? of the formz = e; £ ¢, j € {2,...,d}, one has
P(vy = z|vy -e1 = 1) > 0.
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SetS,, := > , v;. Then there exists a constaht > 0 such that for allz € Z<,
P(AneN: S, =2) < K|z ¢ | "D/ (rHd=1)

Furthermore, for alll € N,
Y PEneN:S§,=2)<1.
z€H,

The following result guarantees that with positive proligbivith respect to the annealed measure, the
trajectories of two independent RWRE do never intersect.

LEMMA 4.5. Letd > 4. Then there exist8/ € (0, c0) such that forz, x5 € Z with (27 —22)-e; = 0
and||z; — z2||ec > M we have

(4.23) Pooy({XV :neNn{X? :neN}=0)>0
where
Poiayi=Po (XY 61> 21 -1 Vn € N)@ Py (-|X? -eg > 253 ¥n € N)

and XM and X denote copies of the RWRE ‘driven’ by P,, and P,,, respectively.
In particular, for all l € N,
inf P, @ Pp,({ XV :neN}N{XP :neN}=0) >0

x1,w2€ Hy,x1 702

also.

PrRoOOF. Due to uniform ellipticity, the last statement is a direohsequence of (4.23). Thus we prove
(4.23) now.

The proof is inspired by the proof of Proposition 3.4 in [BZ0Bhe translation invariance @ implies
that we can assume- e¢; = z - e; = 0 without loss of generality. Denote by := E,, (X(1)*() the
expectation of the second renewal radius and\or N set

. N/(4m) . _
BY ={ 3 1X9 - x9 |y < Nj2},
k=1

Forj € {1,2}, with respect t@P, ., (- |Ax (X)),

(Z HX(J q—k 1”1 - Em,rz(HXv(’]) Xg 1H |AN(X(J))))ne{O,...,2N2}

is a martingale with bounded variance. Therefore, applpimgma’s inequality forN € 4mN results in

P, . ((BY))
N/(4m)

= Prl,m( Z HX7(-{) - X%),l 1> N/2>
k=1
N/m) _
(4.24) <Poas( D I1XP - XD I
k=1

Eo, 0, (IXY) — X9 |l4|AN (X)) > N/4 ( AN(XU)))
+ Py (AN (X))
(*7\7/4)2

b Pa s (A (X)),
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where without further mentioning the renewal timggefer to the walk which is evaluated at these times.
In addition, to apply Azuma’s inequality we also took adweayg of

m > Ex17x2(HX£ - XY HI‘AN(X(])))

Tk—1
forall N € N.
Furthermore, forj € {1,2}, n € Nandv € (0, 1) define the natural numbets,, := max{k € Ny :
XY . ¢, < n} as well as the event

T = () {9 < emnyy,
n>N/(4m)

Then(T), implies that for anys > 0 and K > 0 there exists a constant > 0 such that for allNv we
have

(4.26) me((TV( )¢) < ONTE,

Now we distinguish the situations in which the trajectordéshe two walks could intersect in order to
explain the decomposition in (4.28) and (4.29) below; fas thurpose assume that andx, from the
assumptions satisfy

(4.27) |21 — ][0 > N

(a) If the walks intersect within the firgY/(4m) renewal times of both walks, then due to (4.27) this
event is a subset ¢B\)))c U (B\)°. This yields the first summand in (4.28).

(b) Otherwise, the intersection may occur(d?fj)v)c U (TV(?J)V)C, which yields the second summand in
(4.28).

(c) It remains to consider intersections afféy(4m) renewal times for at least one walk (Bf\}) N
B(z) N T(lj)V N T(z) ; note that due to the restriction IB(l) N B(Q) and (4.27), the intersection
can take place i,, with n > N/(4m) only. In this case, since we restncti;ﬁ1 N T(J)V, if the
trajectories intersect in the hyperplafg, there must have occured a renewal for each of the walks
in distance at mosgmn)” from the point of intersection which implies that the twoemls must
occur at sites that have distar@@mn)” at most from each other. Thus, (4.29) corresponds to an

intersection after at least/(4m) renewals for at least one walk, (Bﬁv B(2) N T(}, N TIE},

Consequently, choosing > 0 small enough, we obtain using Lemma 4.4 with- 2 as well as (4.25)
and (4.26)

| S, ({X,(ll) ‘neNIN{X® :neN}+# 0)

(4.28) < 2P, 1 (BY)O) + 2P, 4, (TIV))
(4.29) + >y S Pon(@i XY = )Py, 4,3k XP) = 2)

Jj>N/(4m) z€H; 2’:||z—2'||1 <2(2mj )V
(4.30) <e(NE+ > Y P @i XD =2)

Jj=2N/(4m) z€H;
% Z (j — Q(Qmj)u)—Z(d—l)/(d+1))

24|z — /|| <2(2my)”

(431) < C(N_K + Nl/dN—2(d—1)/(d+1)+1) N 0’

asN — oo. Choosingl/ = N* for someN such that the term in (4.31) is smaller than 1, this estaddish
the lemma. O
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Forw € Qandz € Z¢ we setP. , := P., ® P., aswell asP, := [, P., ® P. . P(dw), where the
RWRE ‘driven’ by the first factor is denoted by(!) and the one driven by the second factor is denoted by
X () Using the previous lemma we can bound the number of intéosecof two independent RWRES
as follows.

LEMMA 4.6. There exists a positive constafitsuch that for allL large enough as well as € P(0, L)
andm € N,

P.({xV :ineN}n{XP :ne N} nP(0,L)| >mRy (L),
Ap(XW), AL (XP)) < emOm

PROOF. For L large enough, an such that: + Ry(L) < L andj € {1,2} we have

(432) ]lAL(X(j)) : HI’ S {XT(LJ) ne N} k<z-oe < k‘—i—RZ(L)H < Rg+1(L)
as well as

For everyk, letQ; :=P(0,L)N{z : z-e1 < kRa(L)} andQ; := P(0,L)N{z : z-e1 > kRy(L)}.
Due to Lemma 4.5 we can infer that there exjsts 0 such that for ever and uniformly inz € P(0, L),

P.({{XV :neN}N{XP :neN}NQf,, =0}

(4.34)
Ap(XWY, A (XY (X :n e N}NQp {XP :ne N} NQL) > p.
Let
JE = ke 2Ny : {XI :neN}N{XP :neN}NQf NQp,, #0}
and

JO = {ke2Ng+ 1: {XM :ne Ny n{XP :n e NI NQF NQp,, # 0}

Then by (4.34), conditioned oA, (X)) N A7 (X®), both.J(¢eY and.J(°99) are dominated by a geo-
metric variable with parameter.
The lemma now follows when we remember that by (4.32) andBjj4.3

]lAL(X(l))]lAL(X(Q)) . HXT(Ll) :neNPN {XT(?) :neNPN P(O,L)‘
< RYPH(L) (&0 4 g dD),

As a corollary of Lemma 4.6 we obtain the following estimate:
COROLLARY 4.7. With the same notation as in Lemma 4.6,
]P’(Elz € P(0,L):
(4.35) E.o({X" :neN}n{XP :neN}nP(0,L)] |AL(XM), AL (X@))
> R3(L))

is contained inS(N) as a function inL.
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PrROOF. SetZ := [{X}" :n e N} N {X” :n e N} NP(0, L)1, (x(1))n4, (x) and note that is
bounded from above byP(0, L)| < (2L2)?. Then

]P)(Ez,wZ > R3(L))
<P(E.w(Z,Z > nR§M(L)) > Ry(L)/2)
+P(E..(Z,Z < nR§TH(L)) > R3(L)/2)

=0forn=R3(L)
< (2L%)"P.(Z = nR3T (L)) < e~ W)

for n = Ry(L) and L large enough due to Lemma 4.6. Taking the union bound ferP(0, L) finishes
the proof. O

We defineJ (L) C Q to be the set of atb such that for every € P(0, L),

E.o({XY ineN}n{XP :neN}NP0,L)] |[AL(XW), AL (X®))
< R3(L).

Then by Corollary 4.7,
(4.36) P(J()%) € S(N),
and forw € J(L) andz € P(0, L),

(4.37) > P.u(T, < 0)® < Ry(L).
z€P(0,L)

4.3. Proof of Proposition 3.4 (ii). The following lemma will yield Part (ii) of Proposition 3.4.
LEMMA 4.8. There exists a sequence of ev@lé@ C Q such that

PG e S(V)
and for everyw € G\ and z € P(0, L),

| Bz XTypo.0y [ Topo,L) = Top(0,1) — B=(XTypo 1) [ Top(o,L) = To,p0.)]|;
< Ry(L).

PROOF. As a consequence of Lemma 3.3, Proposition 3.4 (i) and Y4iB& sufficient to show that
denoting

U(w,z) = HEZM(XTLW AL,J(L)) - EZ(XTL27 AL,J(L))|

17

one has that

(4.38) ]P’( U {w:U(w,z)>R4(L)/2}>

2€P(0,L)
is contained inS(N). To this end, note that oA, the walk starting ir?(0, L) can visit sites in

(4.39) Spi={z€Z": —Ro(L) — L?/3 < w-e1 < L*,||mes ()]0 < 2L*Ra(L)}
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only before hittingH ;2. Order the vertices contained &y, lexicographically, that is in increasing order
of their first differing coordinate, as;, xo, ..., z,. LetGy := {Q,0} and fork € {1,...,n}, let Gy be
theo-algebra orf2 that is generated b (;)) jcq1,... k). Furthermore, define the martingale

Mk = EZ(XTL2 ) AL? ‘](L)|gk)

Note that due to the independence structur@®,afiking the conditional expectation with respeciio

is nothing else than taking the expectation with respedtégorocess as well as over all thesgr) for
whichz ¢ {z1,..., 2} Thus, B, (Xr,,, AL, J(L)) = E.(X1,,, AL, J(L)|Gn)(w) for P-a.a.w and
E(X1,,, AL, J(L)) = E-(X1,,, AL, J(L)|Go).-

Next we estimatess sup(|| My — My_1]|1|Gr_1) similarly to [Ber08], which again is based on ideas
from [BS02]. Forz € Z¢ let

B(x):={y € Hye,—1: |z —ylh < Ro(L) +1}.

Note that ifz is visited, then o4, the first visit to the affine hyperplang,.., 1 will occur at a point
contained inB(x). Therefore,

Uy = esssup(|| My — Mi_1|[1|Gk-1)
= esssup (HEZ(XTL27AL7 J(L),Txk < OO’gk)

— E.(X71,,, AL, J(L), Ty, < OO|Q19—1)H1‘Q;C—1)
< R3(L)P.(Ty, < o0, AL, J(L)|Gr—1)

(4.40) < R3(L) Z P.(X1,., =y, J(L)|Gk-1)
yEB(zr)NSL
= R%(L) Z PZ,W(XTy~51 =Y, J(L))
yeB(z)NSL

<BIL( Y Pl <00, J(L) + Pl por # Toron))-
yEB(x4)NP(0,L)

Here, the first equality follows since
EZ(XTL2 3 AL7 J(L)7 Txk - OO’gk) - EZ(XTL2 5 AL7 J(L)7 Txk - OO’gk—l) - 07

which is due to the fact that the restriction’fp, = oo makes the inner random variables independent
of the realisation ofv(xy). The first inequality follows since, if the walker hits., then onA, the site

of the subsequent renewal has distance at ig&L ) to =5, and consequently, using standard coupling
arguments, one obtains that the values of

Ez (XTLgyALv J(L)’Trk < Oo‘gk)

as a function inv(z;) (and all other coordinates fixed) lie within distancel%3f( L) of each other.
Now for w € G(LZ) N J(L), remembering thatB(z;)| < (3R(L))? and that every is in B(z) for at
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most(3Ry(L))? different pointsz, (4.40) yields

k=1
n 2
<SSR Y Paully <00, J(L) + PeulTo pony # Torony))
k=1 yeB(z,)NP(0,L)

2(3Ra(L))* RY(L Z( Yo PulTy < oo, J(L))

k=1 yeB(z)NP(0,L)
+ P w(To, po,) # T8P(O,L))2>

< 2(332(L))4dR§(L)( N Pu(Ty < 00, J(L))?
yeP(0,L)

+ P.w(To, po,) # T8P(O,L))2>
< 4(3Ry(L))"R3(L)R3(L) < R3(L),

for L large enough, where the fourth inequality is a consequeh@e3Y) and Part (i) of Proposition 3.4.
Therefore, by Lemma 4.3 applied to thé— 1)-dimensional martingal@/y,,

R2(L)

P(U(w,2) > Ra(L)/2) < 2de *HB® 4 P(J(L)°) +P(GY)

and the right-hand side is containedd(IN) as a function in. due to Proposition 3.4 (i), Lemma 3.3 and
(4.36). Now since the above estimates and hence the lagsionlwere uniform i € P(0, L), (4.38)
follows, which in combination with Remark 3.5 finishes theqit

O

4.4. Auxiliary results for the proof of Proposition 3.4 (iii). The following lemma is the basis for proving
Proposition 3.4 (iii).

LEMMA 4.9. Fix 9 € (431, 1], let C be a constant and denote /(L) the set of thoses for which

forall M € {{2L?],..., L%}, all z € P(0, L) and all (d — 1)-dimensional hypercube3 of side length
[LY] that are contained irfl,;, one has

(4.41) |P.o(Xr,, € Q) — P.(Xp, € Q)| < CLP-DE-1),

Then forC large enoughP (B?(L)*) is contained inS(N) as a function inL.

PROOF. Choosed’ € (421,9), setU := [L?], fix M € {|2L?],...,L?} and with S;, as in the
previous proof seb“y =S N{xcZ: x-e < M}. Similarly to the proof of Lemma 4.8, we let
x1,x9,. .., 2T, be alexicographic ordering of the verticesSﬁf and denote by, the o-algebra o)
generated by(z1),...,w(xy). Forv € Hyyp, we start with estimating

‘PZ(XTMJrU =v,Ar,J(L)|Gn) — (XTM+U v, Ap, J(L))‘,
and for this purpose consider the martingale
Mk = PZ(XTMJFU =, AL, J(L)’gk)

As in the proof of Lemma 4.8, from which we borrow the notati®try ), we are going to take advantage
of Lemma 4.3, whence we will need to bouq := esssup(| My —Mjy_1||Gr_1). By Part (c) of Lemma
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4.2, again in combination with standard coupling argumesmésobtain
Ay, < 2Ry(L)P, (T, < 00, A, J(L)|Gy_1) - U2
<20 PRy(L) Y Pu(Xr,., =y, AL J(L))
yEB(z)NSM
< PR Y PeulTy < 00, J(L))

yE€B(x)NP(0,L)

+ Pz,w(T6+P(O,L) # TE)P(O,L))>'

Therefore, fow € J(L) N G(Li), and based on the same calculation as in the proof of Lemma 4.8,
(4.42) ess sup (Z A ) < Ry (L U,

In fact, continuing the previous chain, fere J(L) N G(Li) we have

Zn: A? < AU YR3(L Z ( > P, (T, < o0, J(L))

k=1 k=1 yeB(z)NP(0,L)

2
+ P:w(To, po,r) # Top 0,L))>

< SUR2(L)(3R2(L))* ( P, (T, < 00, J(L))
k=1 yeB(z,)NP(0,L)

+ Pz,w(T6+P(O,L) # TE)P(O,L))2>

<SUTRILGBRADM (Y Pl < o0 (D))
yEB(z)NP(0,L)
+nP. w(Topo,L) # T8+P(0,L))2)
< R{ (LU,
for L large enough and where to obtain the second line we apple€#uchy-Schwarz inequality in

combination with| B(z)| < (3Ry(L))?. Therefore, using (4.42) and Lemma 4.3, for each H/, ¢/
we have

P(‘PZ(XTA1+U = U7AL7 ( ) ‘gn) - (XTM+U U7AL= J(L)) ‘ > Ll_d/4)
< 2¢ 32%3?@

_d-1
with 7 := d 52— > 0 (here we use the assumptidh> (d — 1)/d to guarantee the positivity af). We
define the subset

T(L) = ﬂ {‘P XTM+U =v|Gn) — (XTM+U = U)‘ <r d/2}
Me{[3L?],..,L%},
veEHM U,
z€P(0,L)

of 2. Now for any of these choices @f/, v andz, we obtain

(‘P XTM+U =v[Gn) — (XTMHJ = U)| > L1~ d/2)
= P(‘PZ KXo = v, Ar, J(L)|Gn) — (XTMJrU =v,Ar, J(L))‘ > Ll_d/4)
+P(J(L)) + P(P.(A] | Gn) > L'™9/4 — P.(A])).
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Thus, in combination with Lemma 3.3 and Proposition 3.4 did since the previous bounds were
uniform in the (at most polynomially many) admissible cleaofM, v andz, we get that

(4.43) P(T(-)°) € S(N).
Now in order to estimate
‘PZ,W(XTM € Q) - PZ(XTM € Q)‘,
we denote by:(Q) the centre of the cub@ and set/(Q) := ¢(Q) + u_lél” Furthermore, set
QW = {ve Hyyv : lv— Q)] < (0.9)Y€@D L7 2}

and
Q¥ = {ve Hysv : lv—d(@Q)llo < (1.1)YEDL? 21,

Then by standard annealed estimates there existsS(N) such that for alt: € P(0, L),

(4.44) P.(X1y 1 € QW) < Po(X7y, € Q) + (L),
(4.45) PZ(XTM+U € Q(2)) > PZ(XTM € Q) - SD(L),
(4.46) P.(X1y,y € QW[ Gn) < Po(X1y, € Q) + (L)
and

(4.47) PZ(XTMJrU € Q(Z) | gn) > PZ,w(XTM € Q) - @(L)a

forw € Ar. Indeed, in order to prove equation (4.44) note that

P.(X1y, 0y € QW) < Py(X7y, € Q, X1y, € QW)
+ PZ(XTM ¢ Q7XTM+U S Q(l))

By Lemma 3.3 and restricting td,, using Azuma'’s inequality one can show that

sup PZ(XTM g—f Q7XTIVI+U € Q(l))
z€P(0,L)

is contained inS(N) as a function in; this then implies (4.44). The remaining inequalities arevah
in similar ways.
In order to make use of (4.44) to (4.47), note thatdor T'(L) N A1, we get with Lemma 4.2 (a) that
‘PZ(XTIVI+U S Q(l)’gn) - PZ(XTAI+U S Q(Z))‘
< |PZ(XTM+U € Q(1)|gn) - PZ(XTM+U € Q(l))| + ‘ Z PZ(XTM+U = U)
veQ@N\QM
< |Po(X7y 0 € QUIGH) = Po(Xry, .y € QW)+ 1QPNQW|CL
< oL@-H-1)
with C' depending or. andd only. If P, ,,(Xr,, € Q) < P.(Xr,, € Q), then this estimate in combina-
tion with (4.45) and (4.46) yields (4.41). Otherwise, adainw € T'(L) N Az we compute
|PZ,w(XTM+U € Q(Q)) - PZ(XTM+U € Q(l))|
< |Po(X7y,0 € QPGH) — Pa(Xry, .y € Q)] +1QPNQW|CL
< cp-nE-1),
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which in combination with (4.44) and (4.47) again impliesi{).

Thus, forC' large enough, and since the bounds we derived so far wer@omifh the admissible choices
of M, z, andQ, it follows thatT'(L) N A;, € BY(L). Therefore, employing (4.43), we gB{BY(-)¢) €
S(N). O

Departing from Lemma 4.9, due to the following result, formegke set of environments we can bound
from above the quenched probability of hitting a hyperplana hypercube of side lengft.”] for any
v € (0,1].

LEMMA 4.10. For 9 € (0,1] andh € N, denote by?i(L) the set of those» for which for all z €
P(0,L),all M € {|$L?],...,L?} and all (d—1)-dimensional hypercube$ of side lengthf LV] which
are contained inH,,,

(4.48) P, (X1, € Q) < Ry(L)L=DE=D),
Then there exists(19) € N such thaﬂP)(Fgw)(L)c) is contained inS(N) as a function inL.

PROOF. We prove the lemma by descending inductiondoremma 4.9 in combination with Lemma
4.2 (a) implies thaiP’(Ff(-)C) € S(N) for eachd € (%31, 1]. For the induction step, assume that the

statement of the lemma holds for somfeand choose such thap := & € (42, 1]. Seth’ := h(¥').
Forz € Z4 define the natural shift 0B? viac, : Z% 5> 2 — z + z € Z% and let

* =V
G:=B(L)NG, N () o=(Bu(lLr)),
z€P(0,L)
whereB?(L) as in Lemma 4.9 and
= ) ) AP Top@ire)) # Tosp.Lep) < e BEDT
2€P(0,L) yeP(x,|Lr))

The translation invariance @ implies that

P(o- (B (|L°))) = P(Bu (L)),

and therefore, as a consequence of Proposition 3.B(@°) is contained inS(N) as a function inL.
Thus, itis sufficienE to show that for someand all L large enough, we have thatC FZ(L). To thisend
we fixw € G, z € P(0,L), M € {[3L?],...,L*} and a cub&) of side length[ L] in P(0, L) N Hy;.
Let ¢(Q) be the centre of) andz’ be an element of? closest toc(Q) — Lf’;Jle Due to the strong

Markov property and the fact that ¢ G’[L,JJ,

(4.49) P..(Xr, € Q) — > P, (Xt = 0)P, (X7, € Q)

M—|LP|2
VEH 1 1o 2NP (2, LP])

is contained inS(N) as a function inL. To estimate the second factor of the sum, observe that since

we () o @Bur),

z€P(0,L)

we get that for every € HM_LLPJ2,

(4.50) P, (X1, € Q) < Ry (L)LY =D — R, (L)L V=P)d=1)
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With respect to the first factor of the sum, fbrlarge enoughf,, |, 2 N P(a’, [L?]) is the union of
less thanR; (L) cubes of side lengthL?|. Sincew € B*(L), we deduce that for every culg¢ of side
length | L” | that is contained ilﬂM_LLsz NP(0,L), one has

(4.51) P, (X7 € Q') < Ry(L)Llp~ D=1

M—|LP |2

for L large enough. Combining (4.49), (4.50) and (4.51), we itifat

P. (X7, €Q) < R7(L)Rh/(L)L(ﬁ_p)(d_1) -Rg(L)L(p_l)(d_l)
é Rh(L)L(ﬂ—l)(d—l)

for h = max{7, '} + 1 and L large enough.
Noting that the above estimates are uniform in the (at mdghpmially many) admissible choices of
M andq@), this finishes the proof. O

The next result employs the previous lemmas to yield bound$he difference of certain annealed and
semi-annealed hitting probabilities.

LEMMA 4.11. LetG be thes-algebra inQ2 generated by the functiod$2 > w — w(z) : 2 -1 < L?}.
Letn € (0,1), U := | L"] and denote by3(L,n) the set of those for which for all = € P(0, L) and
allve Hp2,y, 0ne has

1—
|P.(Xr oy =019) = Po(X1, = V)| < st
ThenP(B(L,7)¢) is contained inS(N) as a function inL.

PROOF. Letv € H;2, and letd > 0 be such that) < 11—217. Define K1, to be the natural number such
that2=5c 2 > U > 27K=112 and fork € {1,..., K} — 1} we set

PR = PO, L)N{x: L2 —27F[2 <x.eg < L?—27F 112}
In addition we take
PEL) = PO, L)N{z: L> -2 KL% < 2. ey < L7},

PO .= PO, L)N{x:x-e; < L?/2}

and
F(v) = {z € P(0,L) : ||z — u(v,2)|l < Ry(L)||(v — ) - ex]y*},

whereu(v, z) = v + &< ”) 9. Then fork € {0,..., K.} we define
PH () := P® N F(v),

and
PE (v) == {y € Z? : Tz € P¥)(v) such thal]z — y|; < Ra(L)}.

Similarly to the previous we use a lexicographic enumenatig x, . . . , z,, of UL%, P*) and the cor-
responding filtration{G; };c (o,... n}- We consider the martingalé/; = P (XTLQHJ v, Ar, J(L)|G;).
Again, in order to use Lemma 4.3, we need to boliad= ess sup(|M; — M;_1||G;_1). With the same
reasoning as in the proof of Lemma 4.9 and with Lemma 4.2 (cdlvtain

Ui < CRy(L)P.(Ty, < 00, Ar, J(L)|Gia) - L2013,
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2Rg(L)L —
P

()

212 — U —

Figure 5:The setsP*) (v) contained irP(0, L).

For this purpose, fok € {0,..., K1} andw € E}Z(ﬁ) N J(L), we will estimate

Vok) = Y P.o(Th < o0, Ap, J(L)).
zeP k) (v)

Using (4.37), we get faw € J(L) that

Now chooseh () > 8 such that the implication of Lemma 4.10 holds true; thenkfas 0 as well as
B(x) as in the proof of Lemma 4.9,

Vw(k‘) = Z Pz,w(Tz < OO,AL)2
z€P k) (v)

< Z ( Z Pz,w(XTy.el = ?/))2
zeP®) (v) yeB(z)

<( 3R2 d ! Z PszTyelzy)2
yep“”()

(4.52) (3Ry(L Z Rh(ﬁ L2(19—1)(d—1)
yeP®) (v)

= Rhw)+1(L)LQ(%ﬂL(ﬁ—l)(d—n) z—kL%J7

for L large enough, where inequality (4.52) follows from the fhettw € Fz(ﬁ) (L).
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Therefore, we get that fas € J(L) N sz) we have

ess sup ( Z Uf)
i=1

Ky,
< CR3(L) > Vi, (k)L 2%
k=0

Ky,
< CRh(ﬁ)ﬂ(L)L—zd I CRh+1(L)L2(%+(ﬂ—1)(d_1)) —2d Z okd—k <L
k=1

< ORnw)1(L) (L‘zd + L3‘3d+2<d—1>ﬁ2fﬁ%>

- - - _d-1
< CRp9)+1(L) (L 2d 4 12-2d+2(d=-1)077- 5 )
< L*MyEt ),

for L large enough and where the penultimate inequality followsnfthe definition ofi;,, while the
last inequality is due to the choice 6f Thus, Lemma 4.3 yields that

P(|P.(X1,,,, = v.AL|Gn) — P(X1y,,, = v, AL)| > LU /2)

24U

is contained inS(N) as a function inL, uniformly in the admissible choices af and v. Observe
furthermore that similarly to Proposition 3.4 (i), the sétwsuch that]PZ(XTLQW =v,A1|Gn) —

Pow(Xr,,,, = v,AL)| > Ce=¢ '11(L)Y is contained inS(N). A union bound in combination with

Lemma 3.3 and Lemma 3.9 completes the proof of the lemma. O

LEMMA 4.12. Forany® € (0, 1] denote byD” (L) the set of those for which for all z € P(0, L) and
all (d — 1)-dimensional hypercubeg of side length/ V] that are contained i, P (0, L),

|szw (XTaP(O,L) € Q|T8P(0,L) = T8+P(O,L))
(4.53) — P.(X1yp) € QTopo,L) = To, p0.1))|

< L(ﬂ—l)(d—l)—ﬂ(j—ﬂ)

ThenP(D?(L)°) is contained inS(N) as a function inL.

PROOF. Choosey’ ¢ (%19, 9¥) andU := LL%} Then by Lemma 4.11 and Proposition 3.4 (i) we know
thatP (B(-, 22)° U G"") € S(N) whence it is sufficient to show that(L, 22) N G\ ¢ D?(L); this
we will do similarly to the last step of the proof of Lemma 4/8e denote by:(Q) one of those elements

of Z? closest to the centre @} and letz’ € H; 2, be one of the lattice points closestd@)) + -Z-4.

v-e1
Furthermore, leQ™) andQ® be (d — 1)-dimensional hypercubes that are containeddip ;; and
are centred ine’, such that the side length 6§V is | LY — Rg(L)v/U | and the side length ap® is

[L? + Rg(L)VU]. Then due to Lemma 4.11, d(L, #2;) for i € {1,2},

(4.54) P.(Xr,, , €QV|G) — PXr,  €QW)<|QVLUS

2+U 2+U

for all corresponding: and@. Now similarly to (4.44) to (4.47), there exisgse S(N) such that for all
suchz and@,

(455)  P.(Xr

L24U

€ QW) — (L) < P(Xr,, € Q) < P(Xr,, , € QP)+ (L)
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as well as
(456)  P.(Xr,, , €QW(G) - ¢(L) < P.u(Xr,, € Q) < P.(X1,, , € QP|G) + o(L).
Proposition 3.4 (i) and Lemma 3.9 imply that fore G(Li),

1Pz (XTypo.r) € QTop0,L) = To, po,L)) — Prw(Xr,, € Q)

and
1P (XTypo) € QTop0,L) = To, p0,) — Po(X1,, € Q)

are both contained i5(N) as functions inL. Therefore, forv € B(L, ;—fl) N G(Li), using (4.54) to
(4.56) and as a consequence of Lemma 4.2 (a),

| P (XTypor) € QTop0,L) = T, P(0,1))
— P.(X1yp) € QTopo,L) = To, p0.1))|
< |Pw(X1,, € Q) — P(X1,, € Q)| +¢(L)
< QPIL U +0(1QP] - 1)L + (L)
< C(LO-DEDTST 4 Ry(L)VU LY 142014
< L))

I

for L large enough and somec S(N). Here we used thdl = LL«%J andy’ € (34,4) to obtain the
last line. O

4.5. Proof of Proposition 3.4 (iii).
PROOF OFPROPOSITION3.4 (i11). Denote byD?(L) the set of alts such that
e Pz (XTypory € QTop0.0) = To,P0.1))

— P, (XTBP(O,L) S Q‘TBP(QL) = TBJFP(O,L))‘
< L(ﬂ—l)(d—l)—ﬂ(%)7

holds, where the maximum i€ is taken over al(d — 1)-dimensional hypercube9 c 9, P(0, L) of
side length[LV]. Lemma 4.12 then yields th&(D”(L)¢) is contained inS(N) as a function inL. In
combination with Remark 3.5, this finishes the proof. O

4.6. Further auxiliary results. The principal purpose of this subsection is to prove Lemm& 8at
has been employed in step (B) in the construction of the iamnyxilandom walk on page 24.

We start with proving some further auxiliary results, sorhelich have been stated and employed above
already.

PROOF OFLEMMA 3.14. We observe that due to Lemma 3.9, it is sufficient tdoista(3.20). Witho,
as defined in (3.13), we obtain

L? —z-e . L?—z-e .
Xr —x— —0| < || X7 — T — ———— UL
oP(0,L) b eq 1 aP(0,L) b eq 1
(4.57) 5 5
_+“l; —x-e1, L —xz-e1,
o~ v, — — vl .
VI, - el Vel 1
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To estimate the first summand on the right-hand side of (4.5a% that forH := inf{n € N :
Dot (X = Xo ) e > L?}, we can infer from Lemma 3.9 and Lemma 3.3 that

(4.58) 1BaXTypo 1) — Ea(X

TH

Ap)lli £2Ry(L)

for L large enough. Now( S Xy = Xy = E(X — XT];l]AL))ne{1 212) is a zero-mean
martingale with respect t&,( - |Ar), whence the optimal stopping theorem implies

(4.59) Eo(X7y — w]AL) = (Ex(H|AL) — 1) - Eo(Xe, — X7 [AL) + Eo(Xr, — x[AL).
But as a consequence of the conditioningAn we have

(4.60) | Ey(Xry — x|AL) €1 — (L2 — 2 - e1)|l1 < Ro(L).

Since furthermore

(4.61) | Bu(Xr, — Xry|AL) — Ex (X7, — 2|AL) |1 < 2R2(L),

using (4.59) to (4.61), we get

L2 — 2 e
HEI(XTH CalAp) - ST Ay,
vl - €1

‘1 < 3Ry(L).

Combining this with (4.58) we obtain that the first summandtaright-hand side of (4.57) is bounded
from above bys Ra(L).

Furthermore, the second summand on the right-hand side5)(® contained i$ (N) as a function in
L due to Lemma 3.8. This finishes the proof. O

In the following we will sometimes consider distributiom@{gL for j € N, and in particular,,/nL
is not necessarily a natural number anymore. However, asrayecheck, this does not lead to any
complications.

CLAam 4.13. Forj € {1,..., LLXJQ}, let U be distributed according to the convolution /mﬁo and
ugvé’_lL. ThenU can be represented d% = U + U’ such thatl/ ~ ua{gL and

P(|U]|1 > 2Ra(L)) < Cae=C2 Bo(L)
for some constant’;s independent of and L.

PROOF. Since we assume all appearing probability spaces to be ¢éargugh, it is sufficient to construct
U,U andU’ as desired. First observe that for

Ay = {X"™ < Ry(N)Vn € {1,...,k}},
the same reasoning as in the proof of Lemma 3.3 yields that
Po(A{ 1y pye.n) < Cexp{—=C ' Ro(L)"}.

This in combination with Azuma’s inequality, Lemma 3.9 andnima 3.14, yields that fof. large
enough we have

Po(Topo,=11) # Lo, P0,v5=TL))

. 2
< (PO(AaLX |py2.0) + 2d([LX]L)? exp{ - 4];@62(3)2 }>

< Cexp{-C7'Ry(L)"}.
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Now for/ € N, let n(l) be the unique natural number such thgy)_; < 7; < 7,(;. Then due to the
above, in combination with Lemma 3.3,

Po(IIXr, ; 1ye2y = XTopo. =iy It = Ra(L)) < Cexp{~C ™ Ry(L)7}.
Let now Z denote a RWRE with the same distribution &Esand coupled taX in such a way that
Zo = XT6+73(0,\/jT1L) and
It = Xo gonet ~ Xrugonrey
Now
Fo <{T6P(O,\ﬁL) # Tp, p(0,1/7L) }

U{Topo,vi=1r) # To, p(0.i=ir) }

U{Top(20,0)(Z) # Top(zo,1)(Z)}
(4.62)

U{ max ”Z _ZOH1 >R2(L)}

U AfLLXJL)%L(X )>
< Cexp{—C™'Ry(L)"}

for C' large enough and all; restricted to the complement of the event on the left-hadd sf (4.62),

(4.63) HXT0+7>(0,\/]-T1L) + (ZTaJrP(zO,L) - ZO) XTa+7><o ViL) Hl < 2Ry(L).

Furthermore, with respect to

A Z
Po( - [Topo,vi=1r) = To,po.i=tr) Top(zo.1) = 16, P(20.1))

the variable

U= XT6+P(O,¢ij) + ZTa+7:(ZO,L) — Zo

is distributed according tpv 1Ly M(ﬁo; while with respect to

Po( | Topo,51) = To,p(0./5L))»

the variablel/ := X0, vin) is distributed asﬁfL Therefore, setting/’ := U — U, in combination
with (4.62) and (4. 63) we deduce the desired result. O

The following lemma is essentially a discrete second or@gitof expansion.

LEMMA 4.14. Lety be a finite signed measure @4 and letf : Z¢ — R. Choosem, k, J, N € N
andp € Z¢ such that

(a) for everyz,y € Z¢ such thatl|z — y||; = 1, we have f(x) — f(y)| < m;

(b) foreveryz,y,z,w € Z%andi,j € {1,...,d} suchthatr —y = z —w =¢; andz —z = y —w =
e;, we have thatf(z) + f(w) — f(y) — f(2)| < k (note that ifi = j theny = = and this is the
discrete second derivative, whileiit£ j it is a discrete mixed second derivative);

(©) >pu(z )

@ || 3, zu( !!1 < N

©) 2, o —ollf - |u(a )<

Then
(Zf (<mN+kJ
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PrROOF. From (c) weinferthad f(z)u(x) = . (f(x)+c)u(x) for everye € R. Therefore, without
loss of generality we may assume tiféb) = 0. Letg : Z¢ — R be the affine function characterised by

(4.64) g(o) = fle)=0 and glo+e)=flo+e), Vie{l,... d}.
Then for anyz € 7,
(4.65) |f(z) = g(x)] < kllz — olf}.

In fact, settingh := f — gwe getforB(z,0) == {y € Z%: x; Aoy <y; <a;Vo; Vi € {1,...,d}} that

0
ie{rnl,(fi..),(d}, ‘8ei (y)‘ |z — oll1,

yEB(z,0)

(4.66) [f(z) = g(@)] < [ho)] +

wherea%h(y) = h(y +e;) — h(y).
In addition, for%éeih(y) =h(y+e)—h(y) — (h(y +e; +e;) —h(y +e;)) we getfory € B(z, o)
that

0

2
max ‘
je{l,...d}, | Oej0e;
z€B(x,0)

(@.67) by < |hlo)] + h(a)| -y ~ el

Noting thath(o) = 22 (o) = 0 as well asagj;ei h = aggei . and plugging (4.67) into (4.66), (b) yields
(4.65).
Now (e) in combination with (4.65) results in

> f@n) = o) < 3 1f@) - (@) - Iu@)] < k.
In addition, sincg is affine,g — ¢(0) is linear and hence (4.64) in combination with (a) and (d)dge
> g@n@)| = |o( Yo wu@)) —9(0) + 3 gOu(@)| < mA.

Due to the triangle inequality, these two estimates impéydtatement of the lemma. O

PrROOF OFLEMMA 3.18. We will construct a coupling that establishes therddstloseness. For each
ke {1,...,n}, conditioned om\y, ..., Ax_1, the distribution ofA is (A, K)-close tou(ﬁO by assump-
tion, whence a coupling as defined in Definition 3.7 existsmfntioned in Remark 3.13, the coupling
can be constructed on the (possibly extended) probabgages the variabled ;. are defined on. We will
assume such couplings to be given. Thus, for each sueh still denote the variable corresponding to
Z» in Definition 3.7 byAy; the variable corresponding &, will be denoted byy;.. Without loss of gen-
erality, we assume all these couplings to be defined on onenconprobability spacé, F, P). Thus,
using the notatiorF;,_ := o(A1,...,Ax_q) fork € {2,...,n} andF, := {0, Q}, the following hold
P-as.:

@) Y, [P(Yi = x| Fr1) — pfo(z)| < X
(b)) POV, — Aglh < K|Fp—1) =1
©) E(YilFi1) = B,z ;

@) 3o llz = B 13 [PV = 2| Feo1) — po(x)| < AVar,r

9

To prove the desired result, it is sufficient to show thatehexists a random variablé’ defined on the
same probability space such that

@) 3, [P(Y =) — s (@) < ARy(L);
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(b") P(|Y" = Sully < 4nK) = 1;
(©) BY'=E, s

00

(@) Solle = B, yme [} P = ) = ug" ()] < ARo(L) Var e .

H0,0

To this end, set
(4.68) S0 Z Y.

Using descending induction, we start with showing that fbfja& {1,...,n} the following holds:

(I1S) Conditioned oMy, ...,A; 1, we can writeSU) = YU) + Z0U) for someY () and ZU) such
that||Z)||; < (n — j)Rs(L) a.s. and such that with respect/g - |F;_1), the variabIeY(j> is
distributed ag.y )~ L +D§j), whereng) is a signed measure the variational nqﬂﬁ2 |7y of
which is bounded from above by?) with A(® = X andAW) < AG+D 1 Gy Rg(y/n — jL)(n —
4)~1 for j < n and some constaut; .

For j = n the statement holds true due to the assumptions ®ith = 0. We now assume that the
statement holds fof 4+ 1 and prove it forj.
SettingH :=Y; + YU+ for eachz we have

P(H = z|Fj_1) = > PY; =a|F_)P(YU) =z —2|V; = 2, F;_y).

With [L,LM’Y], defined as the convolutio,mov,g_jL * P(Y; € -|F;_1), this yields that
D |PH = 2\Fj1) = iy, (2)]
<Y N P(Y; =2l F)

% |p(y(j+1) =z—z|V;=2,F4) - NS/O—L(Z — )|
=3 PG =alF) - [PV = y|v; =2, ) — s )]

(4.69) < |IDY |y < AGHD

holds a.s.
N —qL .
Next we sefif,, ; := ufo* 5o~ and will bound

@70) |k, () — ik (2 \—\Zu ) (P(Y; = 2 = alF;1) — ol — 2))]

from above.

For this purpose, for given, we will apply Lemma 4.14 to the functhm0 0 L with the corresponding
measure. given by P(Y; € -|Fj_1) — uf; (note that]uul|lzy < X).

We now determine the parametédrsn, J and N of the assumptions of Lemma 4.14. Parts (d) and (e)
of Lemma 4.2 yield that we can chooke< C(y/n — jL)~%~!. Furthermore, as a consequence of (c’)
we can choosé&V equal to0, whence the value af does not matter. In addition, (d’) yields thatcan

be chosen equal &\ Var by with o equal to one of the elements Bf closest toF, L . Thus, Lemma

3.11 and Lemma4.14 in comblnatlon with (4.70) yield that,a.s

d—1

(4.72) |5 (2) = g v, ()| < CALT(n = 5) 7=
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Note that forz such thaf| 2 — E; ||OO > 4dRe(v/n = jL)/n—jL, if,, (= )andﬂi%yj(z) vanish.
Thus, using (4.69) and (4.71), the triangle inequality $iegpus with

STIP(H = 2IFj-1) = ik (2)]
< S IPUH = 2|Fjo1) — ik sy, (2)]

+ > iy .y, (2) = i e (2)]
ZeH(n—j)L27
l==Eap  Ih<ddRo(vn—jL)Vn=jL
m—j
< AU+D)
+ CARg((n— §)2L)(n— j)~"

a.s. Consequently, we get that the distributiorfofan be written aﬁl 'n—j t Dé 7) such that

(4.72) 15 llrv < AUFD + CARg((n — )2 L)(n — ).
By Claim 4.13 there exist&’(;) such that
P(|Z'()lh > Ra(L)) < Cem @ 1),
and such that the distribution &f + Z’(j) is MW + D(J) Let
H:=H+Z'(j) - Lyz)h<rs(w):

Then due to (4.72), the distribution &f equalsugvg_jHL + Déj) for some signed measu[ééj) such
that
1D v < D |ry + CemC R < \GHD 4 CARg((n — )2 L) (n — )"

We letZ0) := ZU+D + Z/(5) - 1 210y, <rs(r) @AY D) 1= SU) — 7 Then we infer that
(4.73) 1Z9V]l1 < (n— j)Rs(L)

and the distribution o ) is 3y 7" + DY) where DY is a signed measure such thjd2’’ || 1y <
AU with

(NI

@) < AU+ CARg((n—j)2L)(n — j)_l'

This establishes (IS).
Using (c’) and (4.68), the expectation Bf") is computed via

(4.74) EYW = BSW - pz0 =nE,, — EZW.

Therefore, in combination with (4.73), Lemma 3.14 resuits i
L _ _

|BY® B mi |, < 0By, ~ B,

< CnRy(vnL) + nRs(L)

’1 + HEZ(I)”l

§27’LR3(L),
for L large enough, since < L. Indeed,
nlL?
nk r " — ) 00— F &
H Koo uooLul HGo  §oep I 0-ep o Nl

< C(nRy(L) + Ra(v/L)).
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As in the proof of Corollary 3.12, we can find a varialblenvhich is independent of all the variables we
have seen so far, and such that||; < 2nRs3(L), U € H, almost surely and

EU =E 1 ~ EY®,

Ho,0

We defineY” := Y (1) + U which directly yields that (c”) holds. To check Part (b”),tadhat in combi-
nation with (IS) and the definition &§(1) we get

150 = Y'll < (|80 = SWl +118Y = YOl + )y =Y’y

(4.75)
<nK +nRs(L) +2nR3(L) < 4nkK,

since K > Rs(L). Now from (IS) it follows thatA(!) < CARg(L?)log(n) < CAR7(L) for L large
enough. Thus, (a”) is a consequence of

Z PO =) — g ()]
<2 ) ‘ > PU=ypPEY =z —y) - w5 @)
2€d, P(0,\/nL) y€ Ho,

lyll1 <2nR3(L)

<2 > (| X Pu=pEe-s-y-wite@-y)

z€04+P(0,4/nL) yEHo,
lylli<2nR3(L)

+ CnRy(L) (VL) ™)
(4.76) < AR7(L),

for L large enough and where we used Lemma 4.2 (b) to obtain thed&wequality, and also the fact
that\ > nL~!.

The remaining part of the proof consists of establishing Yialso satisfies Part (d"). Denoting @y be
the signed measure such thdt~ u\/_L + D>, this amounts to showing that , ||« — EuﬁL |2+ Da(z)|
0,0

is bounded from above byRy(L )VaruﬁL .
0,0
To start with, note that

Z|yx—EMO¢gLH%-\D2( z) <(d-1 ZH%—E nl!z | Da ()]

=(d-1) ZZ {L'—E \FL 62) - | Da()].

=2 T

4.77)

To proceed, we writdy = Dy — D, for the Jordan decomposition &f, and estimate

D (@ =B m) i) Da(a)]

xT

(4.78) <22 (=B ym)- e:)” - Dy (x)

00

(4.79) +(Z (0= B ) Z.)Z,D2(:E)‘.

To estimate (4.78), note thdd, (z) < u\/_L( ) for all z. Combined with the fact thatD; |7y <
| D2||7v < AR7(L) (due to (4.76)), we obtain

(4.80) S (@~ E ym) - e)’ Dy (x) < ARs(L)nL?

H0,0
X
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for L large enough, sincpa{gL is supported 0@, P (0, /nL).
In order to estimate (4.79), note that due to (c”) we havexzD»(x) = 0, and hence (4.79) equals
| Var(Da, )| with

(4.81) Var(Dy, 1) := Z(x -e;)2Dy(z) = Var(Y' - ¢;) — Var(W - ¢;),

xT

wherelV denotes a random variable distributed accordir;go"fg)L . By Claim 4.13, there exists arandom

variableW" such thatiV’ ~ (ugo)*", with (uf;,)*" denoting then-fold convolution ofyf,, and such
that
P(|W = W[y > nRs(L)) < Cne= ¢ 2L

for L large enough. Therefore,
| Var(Da,4)| < | Var(W - ;) — Var(W' - ¢;)]
(4.82) + | Var(W’ - e;) — Var(SW - ¢;)|
+ | Var(S™ . ;) — Var(Y" - ¢;)].
Now for L large enough,
| Var(W - ¢;)— Var(W' - ¢;)| = | Var((W — W' + W') - ¢;) — Var(W' - ¢;)|
< Var((W —W') - ¢;)
+ 2| Cov (W — W) - e;, W' -e1)
<esssup(W = W') - e;)?P(|W = W'[|y > nR3(L))
+ 2n%R3(L)* + 2nR3(L)+/Var(W')
(4.83) < Cn®?R3(L)L,
where among others we used Lemma 3.11. Furthermore,
| Var(Y' - ¢;)— Var(sM) . ei)|
= | Var((SW +U’) - ¢;) — Var(SW - ¢;)|
< 2esssup(||U’ 1)1/ Var(SM) + esssup(||U”||1)?
(4.84) < Cn®?R3(L)L 4 4nR3(L)
(4.85) < Cn®?R3(L)L,

where we used < L and that by the definition df’, we know thatl’ := Y’ — S(1) satisfieg|U’||; <
3nR3(L) due to (4.76).
To estimate the remaining summand, note that(Y;,Y)) = 0 a.s. forj # k, and hence

(4.86) | Var(SW) - e;) — Var(W' - ¢;)| < Z | Var(Y; - €;) — Varuéyoo(,,ei)fl |
j=1

Furthermore, sincé?uoL,0 = IY for everyj, from (d’) we infer that
| Var(Yj - e;) = Var,r o(.c)-1 |
= |3 (e = (B, - e)*(PY; = 2) — py(a)
<D (wee— (B, - €)' IP(Y; = o) = o (@)

<A Varué,o’
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and as a consequence
(4.87) | Var(SM - e;) — Var(W' - ¢;)| < nA Varu&O .
Using (4.82) to (4.87) in combination with Lemma 3.11, we utzsithat
| Var(Ds,1)| < CAnL?,
whence in combination with (4.78) to (4.81) we have

> (z-ei— E ym - i)’ |Da(a)] < 2Rs(L)AnL?,
0,0

xT

for L large enough. Therefore, (4.77) yields

Sl - E%@LHf - |Do(2)| < 2d*Rg(L)AnL?,

for L large enough. In combination with Lemma 3.11, Part (d”)dof. O
We now prove the previously employed Lemma 3.10.

PROOF OFLEMMA 3.10. We continue to use the notatioBg/, k) and B(l) introduced in the proof
of Lemma 4.2, from which this proof draws its strategy. Agalenote byl" the covariance matrix of
X,, — X, with respect toPy and setn := Ey(X,, — X, ). Using (4.5) and the fact that, sin¢e!
is positive definite, the corresponding quadratic form getua norm, we infer that for ary > 0 there
exists a constant > 0 such that fork large enough angl € H, - with ||y — z — km/|; < CvVk, we have

(4.88) P.(Xr,, =y, B(L*,k)) > ck™ %,

Settingl* := Li;iffl andC := 4C’, for k € {|I* —VI*],...,[I* + VI*]} andz,y as in the assump-
tions, we have
ly =z —kmlly < |[|750 (y — 2)[1 + 1I"m — km|y < CL

for L large enough. Then, using (4.88) wijhe 9, P(0, L), uniformly inz € P(0, L) we have

Po(Xr,, =y) > Po(X7,, =y, B(L?))
[1*+V1%]
> Y Pu(Xry, =y BUI2LK)
k=[1*—V1*|
> et

which due to (3.15) finishes the proof. O
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