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Abstract

We review some old and prove some new results on the survival probability of a random walk
among a Poisson system of moving traps on Z?, which can also be interpreted as the solution of a
parabolic Anderson model with a random time-dependent potential. We show that the annealed
survival probability decays asymptotically as e~ V¢ for d = 1, as e~ *2t/108t for ¢ = 2, and as e~ et
for d > 3, where A1 and A2 can be identified explicitly. In addition, we show that the quenched
survival probability decays asymptotically as e~ *t, with Ay > 0 for all d > 1. A key ingredient in
bounding the annealed survival probability is what is known in the physics literature as the Pascal
principle, which asserts that the annealed survival probability is maximized if the random walk
stays at a fixed position. A corollary of independent interest is that the expected cardinality of the
range of a continuous time symmetric random walk increases under perturbation by a deterministic
path.

AMS 2010 subject classification: 60K37, 60K35, 82C22.
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dynamics.

1 Introduction

1.1 Model and results

Let X := (X(t))>0 be a simple symmetric random walk on Z¢ with jump rate x > 0, and let

)<< 4 be a collection of independent simple symmetric random walks on Z¢ with jump rate
Y]y 1<j<N,yezd P llecti find dent simpl tri d 1k 7% with j t
p > 0, where N, is the number of walks that start at each y € Z¢ at time 0, (Ny)yeza are i.i.d. Poisson
distributed with mean v > 0, and ij = (ij(t))tzo denotes the j-th walk starting at y at time 0. Let
us denote the number of walks Y at position = € Z% at time ¢t > 0 by

(o) = > (1) (1.1)

yeLZY1<j<Ny

It is easy to see that for each t > 0, (£(t,2)),czae are i.i.d. Poisson distributed with mean v, so that
(&(t,-))t>0 is a stationary process, and furthermore it is reversible in the sense that (£(t,-))o<t<7 iS
equally distributed with (£(T" —¢,-))o<t<r. We will interpret the collection of walks Y as traps, and
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at each time ¢, the walk X is killed with rate v£(¢, X (¢)) for some parameter v > 0. Conditional on
the realization of the field of traps £, the probability that the walk X survives by time ¢ is given by

Z}, = IEX eXp /st dsH (1.2)

where EJ denotes expectation with respect to X with X (0) = 0. We call this the quenched survival
probability, which depends on the random medium £. When we furthermore average over &, which we
denote by E¢, we obtain the annealed survival probability

Ef(Z)) = EfEX exp /gs X(s dsH (1.3)

We will study the long time behavior of the annealed and quenched survival probabilities, and in
particular, identify their rate of decay and their dependence on the spatial dimension d and the
parameters k, p, v and 7.

Here are our main results on the decay rate of the annealed and quenched survival probabilities.

Theorem 1.1 [Annealed survival probability] Assume that v € (0,00], kK >0, p >0 and v > 0,

then )
8pt
exp{—ywi(l—i—o(l))}, d=1,
T
E¢[Z7.] = _ t _ (1.4)
L exp { vppe (1 o)}, d=2,
| exp{ — Adampu L +0() ), d=3,

where A\ x,pp depends on d, vy, k, p, v, and is called the annealed Lyapunov exponent. Furthermore,
Ay rpw = A0 = Y/ (1 + %f(o)), where G4(0 fo pt(0) dt is the Green function of a simple

symmetric random walk on Z% with jump rate 1 and transition kernel pe(+).

Note that in dimensions 1 and 2, the annealed survival probability decays sub-exponentially, and the
pre-factor in front of the decay rate is surprisingly independent of v € (0,00] and x > 0. The key
ingredient in the proof is what is known in the physics literature as the Pascal principle, which asserts
that in , if we condition on the random walk trajectory X, then the annealed survival probability
is maximized when X = 0. We will extract a rigorous proof of this from the work of Moreau, Oshanin,
Bénichou and Coppey [MOBCO03, MOBC04]. As a corollary of the Pascal principle, we will also show
in Corollary [2.1] that the expected cardinality of the range of a continuous time symmetric random
walk increases under perturbation by a deterministic path.

In contrast to the annealed case, the quenched survival probability always decays exponentially.

Theorem 1.2 [Quenched survival probability] Assume thatd > 1, v > 0, K > 0, p > 0 and
v > 0. Then there ewists deterministic Ag x,p,p depending ond,~, k, p,v, called the quenched Lyapunov
exponent, such that PS-a.s.,

Zje = exp{ — Aaumput(l+0(1)} ast— cc. (1.5)

Furthermore, 0 < S\dm,@’p’,, <Ay +k foralld>1,v>0,k>0,p>0 and v > 0.

Remark. When v < 0, Z;Y ¢ can be interpreted as the expected number of branching random walks
in the catalytic medium £. See Section for more discussion on this model. As will be outlined out
at the end of Section (1.5)) also holds in this case, and lies in the interval [—yv — K, 00).

In Proposition [3.2] below, we will also give an upper bound of the same order as in Theorem
for the survival probability E¢ [Zt7 ¢], where (£(0,2))cza is deterministic and satisfies some constraints.
These constraints hold asymptotically a.s. for i.i.d. Poisson distributed (£(0,)),cz4¢. Therefore we
call this a semi-annealed bound, which we will use in Section 3| to obtain sub-exponential bounds on
the quenched survival probability in dimensions 1 and 2.



1.2 Relation to the parabolic Anderson model

The annealed and quenched survival probabilities ng and IEﬂZV | are closely related to the solution

of the parabolic Anderson model (PAM), namely, the solution of the following parabolic equation with

random potential &:

7U(t, ZL‘) = ’%Au(t’ l’) -7 g(ta SL’) ’LL(t, :E)a
u(0,2) =1,

zeZs t>0, (1.6)

where 7, k and ¢ are as before, and Af(z) = o 2 fly—alj=1(f(y) — f(z)) is the discrete Laplacian on

Z%, which is also the generator of a simple symmetric random walk on Z? with jump rate 1.
By the Feynman-Kac formula, the solution u admits the representation

u(t,0) = B [exp {—’y /Ot E(t—s5,X(s)) ds}] , (1.7)

which differs from Z] ¢ in ’ by a time reversal in £&. When we average u(t,0) over the random field
&, by the reversibility of (£(¢,-))o<s<t, we have

E[u(t,0)] = ESE [exp{—'y /0 tg(t —5,X(s)) ds}] —E{ES {exp{—’y /0 tg(s, X(s)) dsH = E*(Z],].
(1.8)

Therefore Theorem [1.1|also applies to the annealed solution E¢[u(t, 0)]. Despite the difference between
Zgg and u(t,0) due to time reversal, Theorem also holds with wu(t,0) in place of Z,

Theorem 1.3 [Quenched solution of PAM] Letd > 1, v > 0, Kk > 0, p > 0, v > 0 and
/\d,7 r,pw > 0 be the same as in Theorem. Then P¢-a.s.,

u(t,0) = exp { — 5\d777n7p7y t(1+o0(1)} ast— oo. (1.9)

Remark. By Theorem and the remark following it, for any v € R, t~!logu(t,0) converges in
probability to —Ag,xp,, because u(t,0) is equally distributed with Zg ¢ However, we were only able
to strengthen this to almost sure convergence for the v > 0 case, but not for v < 0.

1.3 Review of related results

The study of trapping problems has a long history in the mathematics and physics literature. We
review some models and results most relevant to our problem.

Immobile Traps Extensive studies have been carried out for the case of immobile traps, i.e., p =0
and £(t,-) = £(0,-) forall ¢ > 0. A continuum version is Brownian motion among Poissonian obstacles,
where a ball of size 1 is placed and centered at each point of a mean density 1 homogeneous Poisson
point process in R?, acting as traps or obstacles, and an independent Brownian motion starts at the
origin and is killed at rate « times the number of obstacles it is contained in. Using a large deviation
principle for the Brownian motion occupation time measure, Donsker and Varadhan [DV75] showed

that the annealed survival probability decays asymptotically as exp{—Cdﬁtﬁ(l + 0(1))}. Using
spectral techniques, Sznitman [S98| later developed a coarse graining method, known as the method
of enlargement of obstacles, to show that the quenched survival probability decays asymptotically
as exp{—C’dﬁm(l + o(1))}. Similar results have also been obtained for random walks among

immobile Bernoulli traps (i.e. £(0,z) € {0,1}), see e.g. [DV79, [B94] [A94] [A95]. Traps with a more
general form of the trapping potential £ have also been studied in the context of the parabolic Anderson
model (see e.g. Biskup and Kénig [BKO01]), where alternative techniques to the method of enlargement
of obstacles were developed and the order of sub-exponential decay of the survival probabilities may



vary depending on the distribution of £. Compared to our results in Theorems and we note
that when the traps are moving, both the annealed and quenched survival probabilities decay faster
than when the traps are immobile. The heuristic reason is that, the walk survives by finding large
space-time regions void of traps, which are easily destroyed if the traps are moving. Another example
is a Brownian motion among Poissonian obstacles where the obstacles move with a deterministic drift.

It has been shown that the annealed and quenched survival probabilities decay exponentially if the
drift is sufficiently large, see e.g. [S98, Thms. 5.4.7 and 5.4.9].

Mobile Traps The model we consider here has in fact been studied earlier by Redig in [R94], where
he considered a trapping potential £ generated by a reversible Markov process, such as a Poisson
system of random walks, or the symmetric exclusion process in equilibrium. Using spectral techniques
applied to the process of moving traps viewed from the random walk, he established an exponentially
decaying upper bound for the annealed survival probability when the empirical distribution of the
trapping potential, % fg &(s,0)ds, satisfies a large deviation principle with scale ¢. This applies for
instance to & generated from either a Poisson system of independent random walks or the symmetric
exclusion process in equilibrium, in dimensions d > 3.

Annihilating Two-type Random Walks In [BLI1], Bramson and Lebowitz studied a model from
chemical physics, where there are two types of particles, As and Bs, both starting initially with an i.i.d.
Poisson distribution on Z¢ with density p4(0) resp. pg(0). All particles perform independent simple
symmetric random walk with jump rate 1, particles of the same type do not interact, and when two
particles of opposite types meet, they annihilate each other. This system models a chemical reaction
A+ B — inert. It was shown in [BLII] that when pa(0) = pp(0) > 0, then pa(t) and pp(t) (the
densities of the A and B particles at time t) decay with the order t~%* in dimensions 1 < d < 4, and
decay with the order ¢! in d > 4. When p4(0) > pp(0) > 0, it was shown that pa(t) — pa(0) — pp(0)
as t — 00, and —log pp(t) increases with the order v/t in d = 1, t/logt in d = 2, and t in d > 3,
which is the same as in Theorem [I.1] Heuristically, as pg(t) — 0 and pa(t) — pa(0) — pp(0) > 0,
we can effectively model the B particles as uncorrelated single random walks among a Poisson field
of moving traps with density p4(0) — pg(0). In light of Theorem [1.1} it is natural to conjecture that
pp(t) decays exactly as prescribed in Theorem with v = pa(0) — pp(0) and v = oo, whence we
obtain not only the logarithmic order of decay as in [BL91], but also the constant pre-factor. However
we will not address this issue here.

Random Walk Among Moving Catalysts Instead of considering £ as a field of moving traps, we
may consider it as a field of moving catalysts for a system of branching random walks which we call
reactants. At time 0, a single reactant starts at the origin which undergoes branching. Independently,
each reactant performs simple symmetric random walk on Z¢ with jump rate %, and undergoes binary
branching with rate |y|{(t,z) when the reactant is at position z at time ¢. This model was studied
by Kesten and Sidoravicius in [KS03|, and in the setting of the parabolic Anderson model, studied by
Gértner and den Hollander in [GHO6]. For the catalytic model, v is negative in (1.2)), (1.3), and
, and ZZ& and E¢ [Zlgy g] now represent the quenched, resp. annealed, expected number of reactants
at time ¢. It was shown in [GHOG] that E¢[Z] ¢] grows double exponentially fast (i.e., t~" loglog IS 1Z]]
tends to a positive limit as ¢ — oo) for all v < 0 in dimensions d = 1 and 2. In d > 3, there exists a
critical 7.4 < 0 such that EE[ZZE] grows double exponentially for v < 7.4, and grows exponentially
(ie., t7! logIEg[Zzg] tends to a positive limit as t — oo) for all v € (7.4,0). In the quenched case,
however, it was shown in [KS03] that Z?Z ¢ only exhibits exponential growth (with log Zz ¢ shown to be
of order t) regardless of the dimension d > 1 and the strength of interaction v < 0. Such dimension
dependence bears similarities with our results for the trap model in Theorems and

Directed Polymer in a Random Medium We used Zgg to denote the survival probability, because

Z;Y ¢ and E¢ [Z;Y 5] are in fact the quenched resp. annealed partition functions of a directed polymer model
in a random time-dependent potential £ at inverse temperature . The directed polymer is modeled



by (X(s))o<s<t- In the polymer measure, a trajectory (X(s))o<s<t is re-weighted by the survival
probability of a random walk following that traject?ry in the environment £&. Namely, we define a
change of measure on (X (s))o<s<; with density e~7 /o é(57)((5))C15/Z§€ in the quenched model, and with

density ES[e™ Jo €(s.X(s)) ds)/E8[Z) ¢] in the annealed model. Qualitatively, the polymer measure favors
trajectories which seek out space-time regions void of traps. However, a more quantitative geometric
characterization as was carried out for the case of immobile traps (see e.g. [S98]) is still lacking.

For readers interested in more background on the problem of a Brownian motion (or random
walk) in time-independent potential, we refer to the book by Sznitman [S98] on Brownian motion
among Poissonian obstacles, and the survey by Gértner and Konig [GK05] on the parabolic Anderson
model. For readers interested in more recent studies of a random walk in time-dependent catalytic
environments, we refer to the survey by Gértner, den Hollander and Maillard [GHMO09]. For readers
interested in more recent studies of the trapping problem in the physics literature, we refer to the
papers of Moreau, Oshanin, Bénichou and Coppey [MOBCO03, MOBC04] and the references therein.

1.4 Outline

The rest of this paper is organized as follows. Section [2]is devoted to the proof of Theorem on the
annealed survival probability, where the so-called Pascal principle will be introduced. In Section
we give a preliminary upper bound on the quenched survival probability in dimensions 1 and 2, as
well as an upper bound for a semi-annealed system. Lastly, in Section [4] we prove the existence of the
quenched Lyapunov exponent in Theorems and via a shape theorem, and we show that the
quenched Lyapunov exponent is always positive.

2 Annealed survival probability

In this section, we prove Theorem We start with a proof in Section [2.1] of the existence of the
annealed Lyapunov exponent Ag, x - Our proof follows the same argument as for the catalytic model
with v < 0 in Gértner and den Hollander [GHO6], which is based on a special representation of E¢ [ZZ ¢l
after integrating out the Poisson random field &, which then allows us to apply the subadditivity
lemma. In Section we prove Theorem for the special case k = 0, i.e., X = 0, relying on
exact calculations. Sections and H prove respectively the lower and upper bound on E¢ [ZZE} in
Theorem for d = 1,2 and general k > 0. The lower bound is obtained by creating a space-time
box void of traps and forcing X to stay inside the box, while the upper bound is based on the so-called
Pascal principle, first introduced in the physics literature by Moreau et al [MOBCO03, MOBC04]. In
Section we will also prove the aforementioned Corollary on the range of a symmetric random
walk.

2.1 Existence of the annealed Lyapunov exponent

In this section, we prove the existence of the annealed Lyapunov exponent

!
A= Ny p = = Jim = log B*[Z] ). (2.10)

t—o0

Proof. The proof is similar to that for the catalytic model with v < 0 in [GHO06]. As in [GHO06], we
can integrate out the Poisson system & to obtain

E[Z]] = Ef[u(t,0)] = EQES [exp{—'y /0 £t — 5, X(s) ds}] =B [exp {v}" (ox(t.y)-D}], 211)

y€ezd



where conditional on X,

ox(t.y) =EY [exp{ /50 (t—s))ds}] (2.12)

with Ez//[] denoting expectation with respect to a simple symmetric random walk Y with jump rate
p and Y (0) = y. By the Feynman-Kac formula, (vx(t,¥));>0 yez¢ solves the equation

0
EUX( y) = pAvx (t,y) — v0x ) (y) vx(t,y),

UX(()? ) = 17

yeZ’ t>0, (2.13)

which implies that Yx(t) := >~ cz4(vx(t,y) — 1) is the solution of the equation

d

—x(t) = — t, X(t

L5v(t) = —yox(t.X(0) o

Yx(0) =0.
t .
Hence, ¥x(t) = —v [, vx (s, X(s))ds, and the representation becomes
t
Ef[Zzg] =k [exp {—V’y/ vX(s,X(s))dsH . (2.15)

0

We now observe that for t1,ty > 0,

BZ) ., ) = EY [exp{—yfy/otl vX(s,X(s))ds}exp{—w/tm UX(S,X(S))dsH

t1

> 5 oo {-0n [ ' (s X(9) dsfexp {01 [ : o x5 (00 X)(9) ds

= E°[Z] JE*[Z] ], (2.16)

where 0y, X = ((04,X)(5))s>0 = (X(t1 + 8) — X (t1))s>0, we used the independence of (X (s))o<s<t,
and ((0¢, X)(s))o<s<t,, and the fact that for s > t;,

s) [exp{ / do(Y X(s—71)) drH
X(s [exp{ 7/0 do (Y (r) — X(s—r))dr}] = g, x (s — t1, (05, X) (s — t1)).
From (2.16), we deduce that — logE¢[Z]

)

vx (s, X(s))

IN

| is subadditive in ¢, and hence the limit in 1D exists and
1
Adyy,rpw = —SUp — log ES[Zgg]- (2.17)
t>0 1 ’

Clearly A > 0, and Theorem will imply that A\ always equals 0 in dimensions d = 1,2. For d > 3,
the lower bound for the quenched survival probability in Theorem will imply that A < yv+k < o0,
while an exact calculation of A for the case k = 0 in Section and the Pascal principle in Section
will imply that A > 0 for all v,v,p > 0 and x > 0. |

2.2 Special case Kk =0

In this section, we prove Theorem for the case x = 0, which will be useful for lower bounding
Ef[Z] ¢| for general 1 > 0, as well as for providing an upper bound on VA ¢| by the Pascal principle.



Proof of Theorem for k = 0. We first treat the case v € (0,00). When x = 0, (2.15|) becomes

RE(Z]] = exp {—w /0 " v0(5,0) ds} , (2.18)

where vy is the solution of (2.13]) with X = 0. It then suffices to analyze the asymptotics of vy(¢,0) as
t — oco. Note that the representation ([2.12]) for vy (t,0) becomes

vo(t,0) = EY [~ Jo So(Y () ds), (2.19)

which is the Laplace transform of the local time of Y at the origin. For d = 1,2, vy(¢,0) | 0 as t T oo
by the recurrence of simple random walks, while for d > 3, vy(¢,0) | Cy for some Cy > 0 by transience.
By Duhamel’s principle, we have the following integral representation for the solution vx of (2.13)),

vx(t,y) =1— ’y/otpps(y —X(t—s))vx(t—sX(t—s))ds, (2.20)

where ps(-) is the transition probability kernel of a rate 1 simple symmetric random walk on Z?. When
X =0, we obtain

vo(t,0) =1— 7/[)tpps(0)vg(t —5,0)ds. (2.21)

Denote the Laplace transforms (in ¢) of vo(¢,0) and p:(0) by
do(A) = / Moo, 0)dt, (N = / =M, (0) dt. (2.22)
0 0
Taking Laplace transform in (2.21]) and solving for 99(A) then gives
. 1 1)
o\ =~ —FL 2.23
=3 p+vD(A p) (223)

We can apply the local central limit theorem for continuous time simple random walks in d = 1 and
2 (i.e., pe(0) = (i)d/2 (14+0(1)) as t — o0) to obtain the following asymptotics for p(A) as A | 0,

27t
L(1to(1),  d=1
e o ) =4,
V2
H(\) = ¢ In(3 2.24
() n()\) (1+o0(1)), d=2, ( )
s
Ga(0)(1 +o(1)), d >3,
with G4(0) = [;° p(0) dt, which translates into the following asymptotics for oo()) as A | 0:
v2p 1
VP (14 0(1)), d=1,
5 ﬁ( (1))
R mp 1
- Ly 1+ 0(1)), d=2, 2.2
oo(A) v Aln (%)( +O( )) ( 5)
P 1
- T d>3.
p+~Ga(0) et B

Since vg(t,0) is monotonically decreasing in ¢ by (2.19), by Karamata’s Tauberian theorem (see
e.g. [F66, Chap. XIIL.5, Thm. 4]), we have the following asymptotics for vg(t,0) as t — oo,

1 [2p 1 B
> ?-%(1—%0(1)), d=1,
vo(t,0) = 7;p.hnlt(Hou)), d=2, (2.26)
p
\ p+’de(0)( +o(1)), d>3,



which by (2.18]) implies Theorem for k =0 and v € (0, 00).
When x = 0 and v = oo, we have

Eg[sz] = P(&(S,O) =0Vse [O,t]) = exp{ —v Z @Z)(t,y)},
yeZ4

where 9 (t,y) = PZ(H s €[0,t] : Y(s) = 0) for a jump rate p simple symmetric random walk Y starting
from y. Note further that (¢, y) solves the parabolic equation

0
V() = pAP(Ly), Yy #0,620, (2.27)
with boundary conditions ¢ (-,0) = 1 and (0, -) = 0. Therefore ZyEZd ¥ (t,y) solves the equation
d
T D bt y) = —pAp(t,0) = p(1 = P(t, 1)) = p(t, e1), (2.28)
y€Z4

where e; = (1,0,---,0), ¢(t,e1) :== 1 —1(t,e1), and we have used the fact that > ;4 AY(t,z) =0
and the symmetry of the simple symmetric random walk. Therefore

E*[Z]] = exp {—l/p /Ot H(s,e1) ds} . (2.29)

By generating function calculations and Tauberian theorems (see e.g. [L96l Sec. 2.4] or [ST6, Sec. 32,
P3]), it is known that ¢(t,e;1), which is the probability that a rate 1 simple random walk starting

from e; does not hit 0 before time pt, has the asymptotics ¢(t,e1) = ,/ﬂ%t(l + 0(1)) for d = 1,

o(t,e1) = (14 0(1)) for d = 2, and @(t,e1) = G4(0)"*(1 4 o(1)) for d > 3. Therefore as t — oo,

[P o)), d=1,
0
log B*[Z] ] = —1/77%(1—1—0(1)), d=2, (2.30)
n
pt
—v 1+o0(1)), d>3,
\ Gd(0)< (1))

which proves Theorem for k =0 and v = co. n

Remark. When £ = 0 so that X = 0, the representation allows us to easily compute the
Laplace transform of Dy := 1 fot €(s,0)ds, since Eg[Zzg] = Ef[exp{—~tD;}]. By replacing vt with a
suitable scale At/a;, where A € R, a; = Viford=1, a; = logt for d = 2, and a; = 1 for d > 3, we can
identify Ny

U(=N):= tlg})lo %Eg[exp{ - a—tDt}]
using the asymptotics in . As shown in Cox and Griffeath [CG84], applying Gartner-Ellis theorem
then leads to a large deviation principle for D; with scale t/a;, except that in [CG84], the derivation

of ¥(—\) was by Taylor expansion in A, which can be greatly simplified if we use the representation
(2.18) instead.

2.3 Lower bound on the annealed survival probability

In this section, we prove the lower bound on E$ A g] in Theorem for dimensions d = 1 and 2, i.e.,

Lemma 2.1 For ally € (0,00], k >0, p>0 and v > 0, we have

P | 8p
liminf — log E¢[Z],] > —vy/—, d=1,
=00 }/E ¢ m (2.31)
t
lim inf HT log Eé[ZZE] > —vmp, d=2.



Proof. The basic strategy is the same as for the case of immobile traps, namely, we force the
environment £ to create a ball B, of radius R; around the origin, which remains void of traps up to
time ¢, and we force the random walk X to stay inside Bg, up to time ¢. This leads to a lower bound
on the survival probability that is independent of v € (0,00] and x > 0. Surprisingly, in dimensions
d =1 and 2, this lower bound turns out to be sharp, which can be attributed to the larger fluctuation
of the random field £ in d = 1 and 2, which makes it easier to create space-time regions void of traps.
Note that it is clearly more costly to maintain the same space-time region void of traps than in the
case when the traps are immobile.

Recall that £ is the counting field of a family of independent random walks {}/jy}yeszS j<n,» Where
{Ny} ez are ii.d. Poisson random variables with mean v. Let B, denote the ball of radius r, i.e.,
B, = {r € Z? : ||z|lso < 7}. For a scale function 1 << R; << v/t to be chosen later, let F; denote
the event that N, = 0 for all y € Bg,. Let F; denote the event that ij(s) ¢ Bp, for all y ¢ Bg,,
1 <j < Ny, and s € [0,t]; furthermore, let G; denote the event that X with X (0) = 0 does not leave
Bp, before time ¢t. Then by ,

E*[Z] ] > P(E: N F; N Gy) = P(E)P(F,)P(Gy). (2.32)

Note that P(E;) = e V@R To estimate P(G:), note that by Donsker’s invariance principle, if
1 << Ry << /t as t — oo, then there exists « > 0 such that for all ¢ sufficiently large,

inf P (X(s) € B,V se0t], X(t) € Bﬁ/z‘X(O) - x) > a. (2.33)
$€B\/Z/2

By partitioning [0, ¢] into intervals of length R% and applying the Markov property, we obtain
P(Gy) > IP’(X(S) € Br, Vs € [(i —1)R},iR]], and X (iR}) € Bp, /2, i =1,2,-- -, [t/Rﬁ)

> Ql/Ri = ¢tho/Ri, (2.34)

To estimate P(F}), let F; denote the event that Vi(s) #0forally e 74 1< j < N, and s € [0,1].

Note that P(F}) is precisely the annealed survival probability Eg[Zzg] when £ = 0 and v = oo, which
satisfies the asymptotics in Theorem by our calculations in Section We next compare P(F})
For a jump rate p simple random walk Y starting from y € Z¢, let TBp, denote the stopping time
when Y first enters Bp,, and 7y the stopping time when Y first visits 0. Then standard computations
yield
mP(F) =-v > P} (s, <t), (2.35)
y€Z\ B,

and a similar identity holds for In ]P(Ft) with Bp, replaced by By. Note that

Z PZ(TBR,: < t) > Z PZ(TO < t) = Z ]P)Z(To < t) — Z ]P)Z(TO < t).

y€Z4\Bg, y€Z4\Bg, yeZe yEBR,

Hence
ImP(F) <InP(F) +v Y PY(r <t) <InP(F) + v(2R + 1) (2.36)
YEBR,

On the other hand, for € > 0, we have

S P(ro<t+et)> > PBY(rp, <t <ttet)>
yEZd yEZd\BRt

z

: Y Y
elangRt P2 (m0 < et) Z Py (TBRt <1),
yEZYN\Bg,

where we used the strong Markov property. Therefore

ZyeZd IP’Z(TO <t+et)
infzeagRt P?(T{) S ét) ’

Y
>, By (rp, <)<
y€Z4\BR,



and hence by (2.35)), .
In P(Ft+€t)

InP(F}) > .
nP(F) > infzeaBRt PY (19 < et)

(2.37)

We now choose Ry for d =1 and 2. For d =1, let Ry = \/t/Int, which is by no means the unique
\/WPZY(TO <et) - 1ast — oo. By (2.36)—(2.37), the fact that

P(F}) satisfies the asymptotics in Theorem for Kk = 0 and v = oo, and that € > 0 can be made
arbitrarily small, we obtain

scale appropriate. Clearly inf,cop

mP(F) = —v %(1 +o(1)) = InP(F).

Furthermore, for R; = /t/Int we have
InP(E;) = —v(2y/t/Int + 1) and InP(Gy) > Inalnt,

whence substituting these asymptotics into (2.32)) gives (2.31)) for d = 1.
For d = 2, let Ry = Int. Then we have inf.cpp, , PZ(T@ < et) — 1 as t — oo, which is an easy

consequence of [L96, Exercise 1.6.8]. By the same argument as for d = 1, we have

nP(F)) = —mpﬁ@ +o(1)) = InP(F)).

Together with the asymptotics

tl
WP(E) = —v(@ht+1)?  and  WP(G) > 7 I;‘:
n
we deduce from (2.32)) the desired bound in (2.31)) for d = 2. n

2.4 Upper bound on the annealed surivival probability: the Pascal principle

In this section, we prove an upper bound on the annealed survival probability, called the Pascal
principle.

Proposition 2.1 [Pascal principle| Let £ be the random field generated by a collection of irreducible
symmetric random walks {}/jy}yeszSjSNy on Z¢ with jump rate p > 0. Then for all piecewise constant

X :[0,t] — Z¢ with a finite number of discontinuities, we have

E¢ [exp{—’y/ot{(s,X(s))dsH < E* [exp{—'y/otﬁ(s,O) ds}] . (2.38)

In words, conditional on the random walk X, the annealed survival probability is maximized when
X = 0. This result was first established by Moreau et al in [MOBC03, MOBC04], where they named it
the Pascal principle, because Pascal once asserted that all misfortune of men comes from the fact that
he does not stay peacefully in his room. The Pascal principle together with the proof of Theorem [I.1]for
k = 0 in Section imply the desired upper bound on the annealed survival probability in Theorem[I.]
for dimensions d = 1,2, and it also shows that for d > 3, the annealed Lyapunov exponent Ay . 5, is
always bounded from below by Ag~0.,., = v7/(1+ %}0)).

We will extract a proof of the Pascal principle from [MOBCO04], which being written as a physics
paper, can be hard for the reader to separate the rigorous arguments from the non-rigorous ones. As
a byproduct, we will show in Corollary that the expected cardinality of the range of a continuous
time symmetric random walk increases under perturbation by a deterministic path.

Moreau et al proved in [MOBCO04] the Pascal principle for a discrete time random walk among
a Poisson field of moving traps, defined as follows. Let X be a discrete time mean zero random
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walk on Z? with Xy = 0. Let {Ny}yeza be iid. Poisson random variables with mean v, and let
{ij}yezd,léjé n, be a family of independent symmetric random walks on Z® where ij denotes the
j-th random walk starting from y at time 0. Let

Ena)i= Y 6070, (2.39)

y€ZH1<j<N,
Fix 0 < ¢ < 1, which will be the trapping probability. The dynamics of X is such that X moves
independently of the traps {ij}yezd,lgjg n,» and at each time n > 0, X is killed with probability
1 — (1 — q)sX(™), Namely, each trap at the time-space lattice site (n, X(n)) tries independently to

capture X with probability ¢q. Given a realization of X, let 6% (n) denote the probability that X has
survived till time n. Then analogous to (2.11)), we have

o (n) =B [(1 - =0 0¥ D] —exp { — v 3~ 0¥ (n,) }, (2.40)

yeZd

where if we let Y denote a random walk with the same jump kernel as ij, then
@X(n,y) =1 —EY [(1 - q)2?=olmw=fw>}] (2.41)

The main result we need from Moreau et al [MOBC04] is the following discrete time Pascal principle.

Lemma 2.2 [Pascal principle in discrete time [MOBC04]]
Let Y be an irreducible symmetric random walk on Z* with Py (Y(1) = 0) > 1/2. Then for all
q€10,1], n € Ny and X : Ny — Z%, we have

Y@ (n,y) = Y @ (n,y), (2.42)

yeZd yEZ4a
and hence & ( ) < 5%n), where w90 and &° denote @ and 5% with X = 0.

Proof. The argument we present here is extracted from [MOBCO04]. First note that the assumption
Y is symmetric implies that the Fourier transform f(k) := E} [eitk:Y ()] is real for all k € [—m, m]?.
The assumption P (Y (1) = 0) > 1/2 guarantees that f(k) € [0,1]. If we let p} (y) denote the n-step
transition probability kernel of Y, then by Fourier inversion, we have

P (0) = (),

- o for all n > 0, y € Z%. (2.43)
Pn (0) 2 pn-i-l(O)

If we now regard X as a trap, then @w%* (n,y) can be interpreted as the probability that a random
walk Y starting from y gets trapped by X by time n, where each time Y and X coincide, Y is trapped
by X with probability q. More precisely, let Z;, i € Ny, be i.i.d. Bernoulli random variables with mean
q, where Z; = 1 means that the trap at (i, X (7)) is open. Then X is killed at the stopping time

7¢(Y) :=min{i > 0:Y(i) = X(i), Z; = 1}, (2.44)

and w9 (n,y) = PZ(TX <n).
We examine the following auxiliary quantity, where by decomposition with respect to 7¢, we have

a= > By (Y(n)=X(n), 2, =1) = S 5 B (rs = bl (K0) — X0+ 3 B = )

yeZd k=0 yezd yeZ4

IN
Q
~
<=
b

|
o~
S

3

S
S
=
< >~<\
)

I
S

(2.45)
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where in the inequality we used (2.43)). Similarly, when X is replaced by X = 0, we have

— n—1 — —
q:ZP;/(Y(”)ZO,Zn:1>ZQZZP;/(TO:]CPTL (0 ZIP’;/ o =MN). (2.46)

yezZ? k=0 yez yeZ?
Denote _ _ _
Sno= Y w"(ny)= Y B(rg <n),
) yezZd o yezd . (2.47)
Sn = Z w? (n7y) - Z IFDy (7—0 < n)
y€eZ4 y€EZ4

Note that Si = S§ = ¢, and 3., 5 PY (15 = k) = S¥ — SX |, 3" cpaPY (10 = k) = S) — S)_,, where

we set 571 = 5’71 = 0. Together with |i and 1’ this gives

qusz(o)(sg — Sp_1) 45— Sy < qun k(0 Sl?( Sic1) + Sy =Sy
k=0

Rearranging terms, we obtain
S¥ = 80> (1-apl () (S50 = S00) +a Y (Proaa 0) =PI (0))(SE - 80). (248)

This sets up an mductlon bound for SX SY. Since SX Sy =0,1- qpi (0) > 0 and pk,( ) is
decreasing in k by (|2 , it follows that SX > 59 for all n € Ny, which is precisely (2 |

Proof of Proposition Integrating out £ on both sides of (2.38)) as in (2.11)) shows that ([2.38))
is equivalent to

> w X (ty) 2 3w (), (2.49)

y€zZ4 y€zZd

where .
wr X (t,y) =1— Ezj [exp{ - 'y/ 00(Y(s) — X(s)) ds}] . (2.50)

For n € N, let Y™ (k) = Y(%) and X" (k) = X (L) for k € Ny. Clearly Y (™ is symmetric, and for
n sufficiently large, ]P%/(m (Y™ (1) = 0) > 1/2. Therefore we can apply Lemma . with Y = Y (™),
X = X™ and ¢ = ¢(™ = ~t/n to obtain

Z 7Iﬂt/n,X(") (7’L, y) > Z QI]’Yt/nvo(n’y). (251)

yezd yezd

By (2.41) and the definition of Y™ and X we have

/X (n,y) = 1—E§("> [(1 _ ’Yt)zzﬂ1{Y<">(k>—x<“><k>}] = 1—EZ [(1 - lt)zk o Ly (kt/m)= xu@t/nn} ‘
n n

By the assumption that X is a random walk path which is necessarily piecewise constant with a finite
number of discontinuities, for a.s. all realization of Y, we have

1 n n
lim (1 - lt)Zk oG —exp{ / Jo(Y (s) — X (s ))ds}.

n—oo n

Therefore by the bounded convergence theorem, lim,,_,qo @?/™X o (n,y) = wX(t,y). By the same
argument, lim, o @"/™0(n,y) = w?9(t,y). Next we note that wrt/mX (n,y) is the probability

that Y™ is trapped by X before time n. Since Y and X are embedded in Y and X, we
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have w7t/mX"™ (n,y) < PZ(TX < t) uniformly in n, where 7x = inf{s > 0 : Y (s) = X(s)}. Clearly
> yezd P) (tx < t) < oo. Similarly w0 (n, y) < PY (10 < t) uniformly in n and > yezd P?(Tg <
t) < oo. Therefore we can send n — oo and apply the dominated convergence theorem in (2.51)), from
which (2.49) then follows. n

The Pascal principle in Lemma and Proposition have the following interesting conse-
quence for the range of a symmetric random walk, which we denote by Ry(X) = {y € Z% : X(s) =
y for some 0 < s < t}.

Corollary 2.1 [Increase of expected cardinality of range under perturbation]

Let Y and X be discrete time random walks as in Lemmal2.4 Let Y be a continuous time irreducible
symmetric random walk on Z* with jump rate p > 0, and let X : [0,t] — Z% be piecewise constant with
a finite number of discontinuities. Then for all n € Ny, respectively t > 0, we have

EY [[Ra(Y — X)[] > EY[|R.(Y)]],
0 [ ] 2’[ ] (2‘52)

Eg [|[R(Y —X)[] = Eg [|R(Y)]],
where | - | denotes the cardinality of the set.
Proof. The first inequality in (2.52)) for discrete time random walks follows from the observation that

Z Pg(TX <n) = Z ]P’g(?(i) — X (i) =y for some 0 < i < n) = E§[|Rn(f/—f()|],
A yezd

S () = 3 (V) =y forsome 0 £ 1) = B[R]
y€eZd yeZa

(2.53)

where 74 = min{i > 0:Y; = X;} and 79 = min{i > 0 : ¥; = 0}, which combined with Lemma [2.2] for
q = 1 gives precisely ) i
SR (rx <n) = Y Py (o <n). (2.54)

yEZY yeZ?

The continuous time case follows by similar considerations, where we apply Proposition [2.1] with
v = o0, or rather v > 0 with v T co. |

3 Quenched and semi-annealed upper bounds

In this section, we prove sub-exponential upper bounds on the quenched survival probability in di-
mensions 1 and 2 (the exponential upper bound in dimensions 3 and higher follows trivially from the
annealed upper bound by Jensen’s inequality and Borel-Cantelli). Although they will be superseded
later by a proof of exponential decay using difficult results of Kesten and Sidoravicius [KS05], the
proof we present here is relatively simple and self-contained. Along the way, we will also prove an
upper bound (Proposition on the annealed survival probability of a random walk in a random
field of traps £ with deterministic initial condition, which we call a semi-annealed bound.

Proposition 3.1 [Sub-exponential upper bound on Zgg] There exist constants C1,Cy > 0 de-
pending on v, k, p,v > 0 such that a.s. with respect to &, we have

logt
limsup%logZzg < -4, d=1,
e 559
limsup —> 2" log 7], < —Ca, d=2.
t—oo ’

The same bounds hold if we replace 275 by u(t,0) as in Theorem .
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Proof. The proof is based on coarse graining combined with the annealed bound in Theorem
Let us focus on dimension d = 1 first. Let X be a random walk as in (1.2), and let M (t) :=
supp<s<¢ | X (8)|oo- The first step is to note that by basic large deviation estimates for X,

EY [exp{ - V/OtE(S’X(S)) a5 qarsn| <B4 2 1) < O

for some C' > 0 depending only on x. Therefore to show ([3.55)), it suffices to prove that

Ct

Eo [exp{ - ’Y/Otf(S,X(S))dS}l{MKt}} <e lost (3.56)

for some C' > 0 for all ¢ sufficiently large. Since the integrand in the definition of ZZ ¢ is monotone in
t, we may even restrict our attention to ¢ € N.

The second step is to introduce a coarse graining scale L; := Alogt for some A > 0, and partition
the space-time region [—2t,2¢t] x [0, ¢] into blocks of the form A; y := [(i — 1)L¢,iL¢) x [(k — 1) L7, kL)
for i, k € Z with —%’i+1§z‘§%’i andlgkgfg. We say a block

Ay, is good if Yoo Lk-1ILF ) >
(i—l)Lt§$<iLt

Since for each s > 0, (£(s,x))zez are i.i.d. Poisson distributed with mean v, by basic large deviation
estimates for Poisson random variables, there exists C' > 0 such that for all ¢ > 1,

P(A; ; is bad) < e”CVE,
Let G¢(§) be the event that all the blocks A; ; in [—2t,2t] x [0,¢] are good. Then

P(GH(e)) < peOvie - 1
t - L} A3(log t)3tCvA=2’

which is summable in ¢t > 2, t € N, if A is chosen sufficiently large. Therefore by Borel-Cantelli, a.s.
with respect to &, for all ¢ € N sufficiently large, the event G¢(§) occurs. To prove (3.55), it then

suffices to prove
Ct

t
Le(o)Ed [exp{ - 7/0 £(s, X (s)) ds}l{Mtq}} < e Tost (3.57)

almost surely for all ¢ € N sufficiently large.
The third step is applying an annealing bound. More precisely, to show (3.57)), it suffices to average
over ¢ and show that

2Ct

t
EE [exp { - 7/0 §(5, X () ds 1y Laye)| < € et (3.58)

for some C' > 0 for all ¢ € N sufficiently large. Indeed, (3.58|) implies that

P (16, B4 [ exp _,Y/Otg(s,X(s))ds}l{Mtq}} > TR ) < eI,

from which (3.57) then follows by Borel-Cantelli.
2
To prove (3.58), let us denote Zj, := exp { — 'yf(]Zle)L% &(s, X (s))ds}, and let F, be the o-field
generated by (X, &(s,))o<s<rr2- Replacing L? by t/|t/L?] if necessary, we may assume without loss

of generality that t/L? =t/(Alogt)? € N. Then

t/L

t
EéEg[exp{ —’)//O g(saX(*S))ds}l{Mt<t}1Gt(§)] = EEng {I{Mt<t}1Gt(£) H Zk}
k=1
t/L? 7 t/L?
— ESEX |1 1 k ESEX (74| Fii] |- 3.59
0 [ (Me<t}LGa(e) kl;[l RN (2| Fr 1] kl;[l 0 [Zk|Fr 1]} (3.59)
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By Propositionbelow, on the event | X ((k—1)L?)|o < t and A; is good for al —%’i +1<i< %’i,
which is an event in Fj_1, we have

kL2
ESEY [ 24| Fi_1] = ESEX [exp{ - 7/ £(s, X (s ds}‘fk 1} < ¢=CLt (3.60)
(k-1)13
for some C' > 0 dependmg on 7, K, p, V. substituting this bound into (3.59) for 1 < k < t/L? and using
the fact that Ht/ Wz is a martingale then gives the desu“ed bound e~ Ct/Li — g=Ct/(Alogt)

k=1 BEES (21| Fr—1]
for (B55).

For dimension d = 2, the proof is similar. We choose L; = Alogt with A sufficiently large. We
partition the space-time region [—2t, 2¢]* x [0,¢] into blocks of the form A; ;5 := [(i — 1) L¢,iL¢) X [(j —
iLt, jLy) x[(k—1)L? kL?), and we define good blocks and bad blocks as before. Applying Proposition

2
below then gives an upper bound of exp { C’L2 Tos T } = exp{—lOgAfW}, analogous to (3.58]).

Lastly we note that the arguments also apply to the solution of the parabolic Anderson model

u(t,0) = EX exp /gt—sX )dsH

The only difference lies in passing the result (3.55)) from ¢ € N to ¢ € R, due to the lack of monotonicity
of u(t,0) in t. This can be easily overcome by the observation that for n — 1 <t < n with n € N,

u(n,0) > e D=7 [ €0 dry ¢ o),

and the fact that almost surely f;—H £(r,0) dr < /i for all i large by Borel-Cantelli because fol &(r,0)dr
has finite exponential moments. |

The following is a partial analogue of Theorem for ¢ with deterministic initial conditions.

Proposition 3.2 [Semi-annealed upper bound] Let £ be defined as in with deterministic
initial condition (£(0,2))yeza- For L > 0 and 7 = (iy,--- ,iq) € 2%, let By ;= [(i1 —1)L,i1L) x

X [(ig — 1)L, iqL). Assume that there exist a > 2 and v > 0 such that for all i € [-3L* 3L%)¢,
ZmeBL zg(O,x) > vL®. Then there exist constants Cq > 0, d > 1, such that for all L sufficiently large

and for all x € Z with |v|s < L, we have

6—C1L d= 1’
L? L2
E°Ey [exp{ —v | (s, X(s)) dsH <{ Comir d=2, (3.61)
0
e_CdL2, d> 3.

. . L2 L2 2
The same is true if we replace [;° (s, X (s))ds by [;" £(s, X(L* — s)) ds.

Proof. The basic strategy is to dominate (£(L?/2, T)) 2| <2Le from below by i.i.d. Poisson random
variables, which then allows us to apply Theorem [1.1} We proceed as follows.

Let £ be generated by independent random Walks ( )yGZd 1<j<€(0,y) @S In , and let & be
generated by a separate system of independent random Walks (Y} )yezd 1<j<€0.9) Where (€(0, Y))yezd
are i.i.d. Poisson distributed with mean 7. Choose any v € (0, 1/). Then by large deviation estimates
for Poisson random variables,

IP’E(GCL) = ( Z £(0,x) Z £(0,z) for some i € [— 3L“,3La]d) (3.62)

z€EB, z€EB; 7

Z Pg( Z 5(07$) > VLd> < 6dLad€_Cu,pLd.

;E[_3La73La]d J”EBL,?

IN
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On the event G, we will construct a coupling between (Yy)yezd 1<j<E(0) and ( V)yeza 1<j<&(0,y) @
follows. For each walk ij with 1 < j < £(0,y) and y € B ; for some 7 € [-3L", 3L“] , we can match
ij with a distinct walk Y;* for some z € B Li and 1 < k < (0, z), which is possible on the event Gp,.

Independently for each pair of walks (fij,Ykz), we will couple their coordinates as follows: For
1 < i < d, the i-th coordinates of the two walks evolve independently until the first time that their
difference is of even parity. Note that this is the case either at time 0 already or at the first time when
one of the coordinates changes. From then on the i-th coordinates are coupled in such a way that
they always jump at the same time and their jumps are always opposites until the first time when
the two coordinates coincide. From that time onward the two coordinates always perform the same
jumps at the same time. For walks in the ¢ and € system which have not been paired up, we let them
evolve independently. Note that such a coupling preserves the law of £ (resp. £), and each coupled
pair (ij, Y)?) is successfully coupled in the sense that 17]?”(L2 /2) = Y;7(L?/2) if the trajectory of }7jy is
in the event

V. VY (VY (0)), i VY () —YY(0)); € [—L. — <i<
B! {0;;152/2@3 (-Y/O) € [L/2.L] and _inf, (V)(0)-¥/(0))i € [-L,-L/2) ¥1<i<d}

because |y — z|oo < L by our choice of pairing of ij and Y. Then by our coupling of € and &, on the
event GGy, we have

§IL2/2,2) > ((x) =) LgrLiyuzyn=gy  forall zfoe < 2L° (3.63)
yEZd,
1<5<€(0,y)

Now observe that, because (£(0,z)),czq¢ are i.i.d. Poisson with mean 7, and (Y} yera, 1<j<é(0y) ATe

independent, ({(z)),eza are also i.i.d. Poisson distributed with mean a := = pP¢ (Ey) = uP¢ (EY), which
is bounded away from 0 uniformly in L by the properties of simple symmetric random walks. This
achieves the desired stochastic domination of ¢ at time L?/2. Let (1 (t,-) denote the counting field of
independent random walks as in with initial condition (1(0,y) = ((y)1{jy|.c<2re}- Then using
, uniformly in = € Z¢ with |z[o < L, we have

EEEX eXp / £(s, X (s dsH E&EX eXp / £(s, X (s H

_ L2/2
PE(GY) + BY (X (L2 > 12) + sup ESEX [exp{ - 7/ o5, X (5)) ds}
|| oo <L2 0

IN

L?/2
< ¢lpade=Crrl® 4 o=OL* L gup ESLEX [exp{ - ’y/ Cr(s, X(s)) dsH. (3.64)
|00 < L2 0

By the same argument as for (2.11]), we have
L2%)2
ESEY [exp{ -9 / s X()dsf| =BX [ep{—a > (1 -ux(B?/29)}], (3.65)
0 [yloos2L0
where
L2/2
ox(2/2.9) =B} [exp { =7 [ du(v () - X(s))as} |
0
To bound (3.65)), note that by large deviation estimates,

sup Pf( sup | X(8)|eo > 2L2) <e O, (3.66)
lolw<L2 0<s<L2/2

On the complementary event {supy<s<z2 /9 |X(8)|oo < 212}, we have

1—vx(L?/2,y) <P} (ror2 < L?/2) S P(Pr2js > |ylos — 2L7),
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where Ty72 := inf{s > 0: [Y(s)|oo < 2L?}, and P25 is a Poisson random variable with mean pL?/2,
which counts the number of jumps of Y before time L?/2. Therefore for L sufficiently large,

Yo A-wux(L/2,9) < Y P(Prajs 2 |yleo —2L7)

[yloo>2L0 Y| oo >2L4
[e.e]
< OY B(Puapz o2t < CBPh) Y rio
r=2L% r=2L%
< C(pL?/2)k (2L * < op~(a=Dhtad < (3.67)

where we have changed the values of the constant C' (independent of L) from line to line, and the last
inequality holds for all L large if we choose k large enough. Substituting the bounds (3.66])—(3.67)) into
(3.65) then gives the following bound uniformly for = € Z¢ with |z|s < L?:

ESLEX [exp{ - 7/0L2/2 Cr(s, X(s)) ds}]

< Pi{(ogill;p 1 X (8)]oe > 2L7) +EX [exp{ - ay;;d(l —wux(L?/2,y)) + IH
< O B [exp{ -} (1-ux(L2/2.9)}],

y€Zd

where by the representation , the expectation is precisely the annealed survival probability of a
random walk among a Poisson field of traps with density «, for which the bounds in (1.4)) apply with
v replaced by a and t by L?/2. Substituting this bound back into then gives . The same
proof applies when we reverse the time direction of X in . |

4 Existence and positivity of the quenched Lyapunov exponent

In this section, we prove Theorems [[.2] and [[.3] In Section [4.I] we state a shape theorem which
implies the existence of the quenched Lyapunov exponent for the quenched survival probability ZZ ¢
In Section we prove the stated shape theorem for bounded ergodic random fields. In Section
we show how to deduce the existence of the quenched Lyapunov exponent for the solution of the
parabolic Anderson model from what we already know for the quenched survival probability. Lastly

in Section we prove the positivity of the quenched Lyapunov exponent, which concludes the proof
of Theorems [1.2 and [L.3

4.1 Shape theorem and the quenched Lyapunov exponent

In this section, we focus exclusively on the quenched survival probability ZﬂY The approach we adopt
to proving the existence of the quenched Lyapunov exponent for ZVE uses the subadditive ergodic
theorem and follows ideas used by Varadhan in [V03|] to prove the quenched large deviation principle
for random walks in random environments.

For s > 0 and x € Z¢, let Pé{ s and Ef s denote respectively probability and expectation for a jump
rate x simple symmetric random walk X, starting from z at time s. For each 0 < s < t and z,y € Z,

define .
c(ost€) = 2 [oxp {7 [ elu X au b 1 | o

a(S,t, x7y7£) = = loge(s,t,m,y,f).

We call a(s,t,x,y,&) the point to point passage function from z to y between times s and ¢. We will
prove the following shape theorem for a(0,¢,0,y,£).
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Theorem 4.1 [Shape theorem] There exists a deterministic conver function o : R® — R, which
we call the shape function, such that P¢-a.s., for any compact K C RY,

lim  sup [t 'a(0,t,0,y,€) — a(y/t)| = 0. (4.69)
t=00 et K NZd

Furthermore, for any M > 0, we can find a compact K C R?® such that

1 t

lim sup n log EX [exp {—7/ &(s, X(s)) ds} 1{X(t)¢tK}] < —M. (4.70)
t—o0 0

Remark. Note that (1.5) in Theorem follows easily from Theorem which we leave to the

reader as an exercise. In particular, the quenched Lyapunov exponent satisfies

Nirspr = inf a(y) =a(0) = lim t'a(0,t,0,0,¢), (4.71)
bl b b b yERd t_>oo

where infcga a(y) = (0) follows from the convexity and symmetry of a, since § is symmetric.

The unboundedness of the random field £ creates complications for the proof of Theorem
Therefore we first replace £ by {n := (max{&(s, ), N})s>0 zeza for some large N > 0 and prove a cor-
responding shape theorem, then use almost sure properti?as of ¢ established by Kesten and Sidoravicius
in [KS03] to control the error caused by the truncation.

Theorem 4.2 [Shape theorem for bounded ergodic potentials] Let ¢ := (((s,%))s>0 zezd be a
real-valued random field which is ergodic with respect to the shift map 0, .¢ := (¢(s+, .’L'+;))S>O7$ezd,
for allT >0 and z € Z*. Assume further that |C(0,0)| < A a.s. for some A > 0. Then the conclusions
of Theorem hold with & replaced by (.

Remark. Note that Theorem [£.2] can be applied to the occupation field of the exclusion process or the
voter model in an ergodic equilibrium, which in particular implies the existence of the corresponding
quenched Lyapunov exponents.

Before we prove Theorem in the next section, let us first show how to deduce Theorem
from Theorem using almost sure bounds on £ from [KS03].

Proof of Theorem Note that, since £ is non-negative, follows from elementary large
deviation estimates for the random walk X, if we take K to be a large enough closed ball centered at
the origin, which we fix for the rest of the proof.

By Theorem [£.2] applied to the truncated random field £y, we have that for each N > 0, there
exists a convex shape function ay : R — R such that holds with £ replaced by &y and «
replaced by ay. Note that ay is monotonically increasing in N, and its limit « is necessarily convex.
To prove , it then suffices to show that, for any € > 0, we can choose N sufficiently large such
that Pt-a.s.,

1 sup a(0,t,0,y,&) —a(0,t,0,y,én)| < € for all ¢ sufficiently large. (4.72)
yetKNZd
To prove , we will need Lemma 15 of [KS03|, which by Borel-Cantelli implies that there exist
positive constants Cy, C1, Co, C3,Cy with Cy > 1, such that if =; denotes the space of all possible
random walk trajectories 7 : [0,¢] — Z?, which contain exactly [ jumps and are contained in the
rectangle [—Citlogt, Chtlogt]?, then Pt-a.s., for all ¢ € N sufficiently large, we have

t 00
r — v/
ey /0 £(57(5) Le(amaps ey ds < (E+1) Y CoCp @O ym e NI>0, (473)

TED] r=m

d+6)+d__cycn/*
where A, := 32 CgCg( FOFd—CiCe™ 0 as m — oo.
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One important consequence of (4.73)) is that

0 < sup a(y) < . (4.74)
yeK

Indeed, if I;(X) denotes the number of jumps of X on the time interval [0,¢], then

t
< lim —¢7'1 inf E —/ X d}l _]
swpa(y) < Jim —oginf B [exn { < [t X0 100

t
lim —t 'log inf E{ [GXP{—’Y/O f(st(S))dS} LEX (8)=y,le (X)<2D(K)t, X €2, (x)} |

t—oo yEtKNZ4a

IN

where D(K) := sup,cx |y|1. We can then apply (4.73) and large deviation estimates for random walks
to the above bound to deduce sup,¢ a(y) < oo. The fact that sup,cx a(y) > 0 for a large ball K
again follows from basic large deviation estimates.

By large deviation estimates, we can find B large enough such that

Py (I;(X) > Bt or X ¢ Bl (x)) < e~ 25uPyek a(y)t for all ¢ sufficiently large. (4.75)

Let N = CQVCgm. Then by (4.73), P¢-a.s., uniformly in y € Z? and for all ¢ large, we have

t
e(0,t,0,y,6) > e*(1+B)Am7tEé( [exp {—fy/o En(s, X(s)) ds} 1{X(t)=y,lt(X)SBt,XEEzt(x)}
> e_(1+B)Am7t(e(0at7anagN) - e—?supyeKa(y)t)’ (476)

where in the last inequality we applied (4.75)). Since —t~'loge(t,0,y,&n) — an(y/t) uniformly for
y € tK NZ% by Theorem and sup,ex an(y) < supyex a(y), 1} implies that Pé-a.s., uniformly
in y € tK NZ%* and for all ¢ large, we have

La(0,t,0,,&) < t7a(0,t,0,y,én) + (1 4+ B)Apy + o(1).

Since a(0,t,0,y,&) > a(0,t,0,y,&n), and A, can be made arbitrarily small by choosing m sufficiently
large, (4.72)) then follows. |

Remark. Theorem in fact holds for the catalytic case as well, where we take v < 0 in and
(4.70)). This implies the existence of the quenched Lyapunov exponent in Theorem for the catalytic
case, where we set v < 0 in the definition of Z'Y Indeed, Theorem (4 n still applies to the truncated
field £x. To control the error caused by the truncatlon the following modifications are needed in
the proof of Theorem {4.1] . To prove , we need to apply - More precisely, we need to first
consider trajectories (X;)o<s<t Which are not contained in [~Cjtlogt, Citlogt]?. The contribution
from these trajectories can be shown to decay super-exponentially in ¢ by large deviation estimates
and a bound on ¢ given in (2.37) of [KS03, Lemma 4]. For X which lies inside [~C1tlogt, Citlogt]?,
we can then use and large deviations to deduce . In contrast to , we need to upper
bound e(0,¢,0,y,&) in terms of e(0,t,0,y,&n). The proof is essentially the same, except that in place
of (4.75)), we need to show that we can choose B large enough, such that Pé-a.s.,

t
B / L X(8))ds p Lyl f PX(Xy =
y;;gzd 0 [exp{h ; £(s, X (s)) 5} (xXW=y L (xX)>Bt or X¢=,x)} yetllgmzd (X: =vy).
(4.77)

This can be proved by appealing to (4.70]), and applying (4.73) and large deviation estimates.
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4.2 Proof of shape theorem for bounded ergodic potentials

In this section, we prove Theorem From now on, let Q4 denote the set of positive rationals, and
let Q% denote the set of points in R? with rational coordinates. We start with the following auxiliary
result.

Lemma 4.1 There ezists a deterministic function o : Q% — [—vA, 00) such that for every y € Qe,

lim t71a(0,t,0,ty, ¢) = a(y) PS¢ — a.s. (4.78)

tyezd

Furthermore, for each r € Q4 and y € Q%, we have
a(ry) = ra(y). (4.79)

Proof. Since we assume y € Q% and ty € Z% in (4.78), without loss of generality, it suffices to consider
y € Z¢ and t € N. Note that by the definition of the passage function a in (4.68)), P¢-a.s.,

a(ty, ts, 21, 23,C) < a(ty, ta, v1,29,C) + alte, t3, v2,23,() Vi1 < ta < t3, x1,29, 73 € Z%  (4.80)

Together with our assumption on the ergodicity of (, this implies that the two-parameter family
a(s,t,sy,ty,C), 0 < s < t with s,t € Z, satisfies the conditions of Kingman’s subadditive ergodic
theorem (see e.g. [L85]). Therefore, there exists a deterministic constant a(y) such that holds.
The fact that a(y) > —yA follows by bounding ¢ from above by the uniform bound A, and «a(y) < oo
follows from large deviation bounds for the random walk X.

The scaling relation follows from the definition of a, and the fact that for any y € Q% and
r € Q,, we can find a sequence t,, — oo with t,y, t,ry € Z%. [ |

To extend the definition of a(y) in Lemma to y ¢ Q¢ and to prove the uniform convergence in
(4.69), we need to establish equicontinuity of t~1a(0,t,0,ty,¢) in y, as t — oco. For that, we first need
a large deviation estimate for the random walk X.

Lemma 4.2 Let X be a jump rate k simple symmetric random walk on Z* with X (0) = 0. Then for
every t > 0 and x € Z¢, we have

BY (X (1) = ) =

77 (L+o(1), (4.81)

where

d
d .
J(x) =7 gﬂ( x) with  j(y) :=ysinh™'y — /2 +1+1,
; K
and the error term o(1) tends to zero as t — oo uniformly in x € tK N Z%, for any compact K C R?,

Proof. Since the coordinates of X are independent, it suffices to consider the case X is a rate x/d
simple symmetric random walk on Z. Let o :=t/[t]. Let Z7,- - ’Zﬁﬂ be i.i.d. with

P(Z} =y) =P(X(0) =)V *N,  yez,
where -
P(N) = logE[e)‘X(”)] = F(COSh/\ —1).
Note that
2
E[Z}] = i—(/l\)()\) = %{ sinhA  and  Var(Z}) = %()\) = %cosh A

20



We shall set A = sinh™*(£) so that E[Z7] = 2/[t]. If we let St = ZH Z, then observe that
PY(X () = 2) = P(Spy = 2)e 12N — p(Spy = z)e a(
Note that Sf;) — 2 has mean 0, variance t/ f—; + 2—;, and characteristic function

oIt (®(ik+2)—®(N)) —ike _

e'i:v(sin kfk)ft\/f—;Jr';—g(lfcos k)
Applying Fourier inversion then gives (4.81)). |

With the help of Lemma we can control the modulus of continuity of t~'a(0,¢,0, ty, ().

Lemma 4.3 Let K be any compact subset of R%. There exists ¢x : (0,00) — (0, 00) with lim, o ¢ (r) =
0, such that for any € > 0, PS-a.s., we have

limsup sup ¢ 'a(0,t,0,x,¢) — a(0,t,0,y,¢)| < dx(e). (4.82)
t—o00 g yetknzd
le—yll<et

Proof. Let K C R? be compact. It suffices to consider € € (0,1/2), which we also fix from now on.
First note that, by Lemma P¢-a.s.,

inf  €(0,£,0,2,¢) > e inf PY(X; = z) > e (ATDIsPuex (W)t (4.83)
z€tKNZ4 zELKNZ4
for all ¢ sufficiently large.
Also note that for all z € Z% and ¢ > 0,

e(0,£,0,2,() = > e(0,(1 = e)t,0,w,{) e((1 = e)t, t,w, 2,¢). (4.84)

weZ4

By large deviation estimates, we can choose a ball Br centered at the origin with radius R large
enough and independent of €, such that K C Bp and P¢-a.s.,

sup > e(0,(1— €)t,0,w,¢) e((1 — €)t, t,w, 2,()

d
2€EZ wezd

wgtBR

< Pé( (X((l o 6)t) ¢ tBR)eAt < e—(A—i—Q)t—supueK J(u)t

for all ¢ sufficiently large. In view of (4.83), the dominant contribution in (4.84]) comes from w €
tBr N Z%. Therefore to prove (4.82), it suffices to verify

limsup sup ¢! |log > wetBpnzd €00, (L —€)t,0,w, () e((1 — €)t, ¢, w,y, ()
t—o0 z,yetKﬁZd EwetBRﬂZd 6(0, (1 - f)t’ 07 w, C) 6((1 —_ 6)]57 t’ w’ x’ C)

le—yl|<et

< ¢k(e).  (4.85)

Note that P¢-a.s., and uniformly in =,y € tK N Z¢ with ||z — y|| < et,

ZwEtBRﬁZd 6(07 (1 - E)t’ 07 w, C) 6(( )t t w,Yy, C
ZwEtBRﬁZd 6(07 (1 - G)t, 0, w, C) 6(( )t t,w,z,(
t

)
)
)=
)=

¢y (OO B =y w)
wetBrNZ3 e((1—e)t,t,w,z,() wetBrNZ4 ]P (X (et w)
r—w y—w
< t - Aet
< oofa m ((55) - (151) s e}
< exp {et sup |J(u) — J(v)| + 3Aet}
U':UEBQR/E’HU_U”SI
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for all ¢ sufficiently large, where we applied Lemma and Byg/. denotes the ball of radius 2R/e,
centered at the origin. Therefore (4.85)) holds with

oK (e) =3Ae+e sup |J(u) — J(v)].

uvaBQR/57||u_U||§]-

It only remains to verify that ¢x(€) | 0 as € | 0, which is easy to check from the definition of J. &

Proof of Theorem Because ( is uniformly bounded, (4.70) follows by large deviation estimates
for the number of jumps of X up to time ¢t. Lemma implies that for each compact K C R, the
function o in Lemma [4.1] satisfies

sup |a(u) — a(v)] < ¢k (e) for all e > 0. (4.86)

u,vEKﬂQd
[lu—v][<e

This allows us to extend « to a continuous function on R%.
To prove (4.69), it suffices to show that for each 6 > 0,

limsup sup |t a(0,t,0,y,&) — aly/t)| < 6. (4.87)
t—o0  yetKnzd

We can choose an € such that ¢ (¢) < /3. We can then find a finite number of points z1, - - - , z,, € Q%
which form an e-net in K, and along a subsequence of times of the form t¢,, = no with ox; € 72 for all
x;, we have t, *a(0,t,,0,t,7;) — a(z;) a.s. The uniform control of modulus of continuity provided by
Lemma and then implies along t,. This can be transferred to ¢ — oo along R using

e(0,4,0,,¢) > e(0,5,0,y,0) e(s, t,y,9,¢) > €(0,5,0,y, )e” FTNE=) for 5 < ¢,
Lastly, to prove the convexity of o, let 2,y € R? and 8 € (0,1). Then P¢-a.s., we have

CL(O, tn707 ﬁyn + (]- - B)xnu C) S a(oa 5tn,0,ﬁyn, C) + a(ﬁtn7tnuﬂynaﬁyn + (]— - ﬂ)l"rh C)u

where we take sequences t,, Ty, yn With t, — 00, 2p/ty — @, Yn/tn — y, and By, (1 — Bz, € Z°.
We have shown that the first two terms above converge a.s. to a(8y + (1 — f)x) and «(fy) = fa(y)
respectively, while the third term converges in probability to a((1 — 3)z) = (1 — §)a(x) by translation
invariance. The inequality also holds for the limiting constants, which implies the convexity of . 1

4.3 Existence of the quenched Lyapunov exponent for the PAM

Proof of ( in Theorem |1 .. Since Z,; is equally distributed with u(t,0) for each t > 0,
—t~tlogu(t, 0) converges in probability to the quenched Lyapunov exponent S\dm,@ pv- It only remains
to verify the almost sure convergence. We will bound the variance of log u(t,0), which is the same as
that of log Z, g’ and then apply Borel-Cantelli.

Assume that ¢ € N. Note that we can write £ as a sum of i.i.d. random fields (&;(s,%))s>0 zezd,
each of which is defined from a Poisson system of independent random walks with density v/ ¢, in the
same way as £&. Then we can perform a martingale decomposition and write

t t
IOng E§ IOg Z Z (Eé lOg Zf’fl’ o 7§Z] - ]Eg[]"og ZZ§|€17 e 7§i—1]>7

=1

and hence Var(log Z/,) = St EEVA).
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For each 1 < i <t, we have

Vi = Eéit1r e [log Z:g _ E&i [log Z;Yé]]
Eé( [e—’Y o (213'9,#2' 'fj(st(S))-i-Ei(S,X(S))) ds]

— RSt &epéd log
EX[e7h (S1scrimi &(5:X () +€(5,X(5))) ds)

—  Réi+1r &RE [log EX:i [e*’Yf(f Ei(S»X(S))dS] —log EX:i [e*’ont EQ(S»X(S))dSH

)

where ¢ denotes an independent copy of &;, and EX+* denotes expectation with respect to the Gibbs

t
transform of the random walk path measure P{, with Gibbs weight e~ JoEngjsrzi (X () ds  They
by Jensen’s inequality,

ES[V;7]

IN

REE [( log B [e™ Jlei(s,x(s)) ds] —log EX [e™ Jlei(s,x(s)) ds] )2}

IN

OREL! {( log EX# [e~7 Jo &(s:X () ds] )2] | oR&E [( log BX# [¢7 o (X () ds] )2}
2

S (log B [ s 60 XD )]

ARE [(EX,i [7 /Ot (s, X(s)) ds])z}

< apEs( /Ot&(s’ X(s))dsﬂz B ES | (/Otéi(s,X(s))dsf}, (4.88)

IN

where in the third line we used the exchangeability of {§;, £}, and in the fourth line we applied Jensen’s
inequalityﬂ to the non-negative convex function —logx on the interval (0, 1].
Note that for any realization of ((X(s))o<s<¢, we have

E&[(/Otgi(s,X(s))ds)z} —9 // B € (u, X (1))&: (v, X (0))] du dv

O<u<v<t
V2 2
O<u<v<t y;/&%)

t
< 2%+ 2u/0 Pyo(Y(s) =0)ds,

where ]P’?;S denotes probability for a simple symmetric random walk on Z¢ with jump rate p, starting
from y at time s, and in the last line we used that ]P’?{O(Y(s) = y) is maximized at y = 0 for all s > 0.
Combined with the previous bounds, we obtain

¢ t
Var(log u(t,0)) = Var(log Z/) = ZIEg[Vf] < 822t + 872vt/ Pyo(Y(s) = 0)ds < Cit2
i=1 0

for some C' > 0, since fot PKO(Y(S) = 0)ds is of order v/# in dimension d = 1, of order logt in d = 2,
and converges in d > 3. Therefore for any € > 0,

¢

2\t

which by Borel-Cantelli implies that along the sequence t, = n3, n € N, we have almost sure conver-

Pg({ log u(t,0) — E¢[log u(t,0)]] > et) <

gence of —t~!logu(t,0) to the quenched Lyapunov exponent Ady ke po-

!Note that this is where the proof fails for the v < 0 case.
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To extend the almost sure convergence to ¢t — oo along R, consider t € [t,, t,+1) for some n € N.
As at the end of the proof of Proposition we have

u(t,()) > e K(t— tn wft £(s,0)ds (tn’0)7

u(t,0) < ertnr1=te7 Je "1 g(s,0) dsy (4,21, 0).

Note that (t,+1—t,)/tn — 0 as n — oo, and we claim that also ¢! ftt”“ £(s,0)ds — 0 a.s. as n — oo,
which then implies the desired almost sure convergence of t~!logu(t,0) as t — oo along R. Indeed,
since fo (s,0) ds has finite exponential moments, as can be seen from 1' applied to the case v < 0

and X = 0, we have exponential tail bounds on fol &(s,0)ds, which by Borel-Cantelli implies that a.s.

SUPg<i<m J; ZH (s,0)ds < logm for all m € N sufficiently large. The above claim then follows. n

4.4 Positivity of the quenched Lyapunov exponent

In this section, we conclude the proof of Theorems[I.2]and by showing that the quenched Lyapunov
exponent S‘dmn,p,v is positive in all dimensions. The strategy is as follows: Employing a result of
Kesten and Sidoravicius [KS05, Prop. 8], we deduce that P%-a.s. for eventually all integer time points
t, sufficiently many X paths encounter a &-particle close-by for of order ¢ many integer time points.
Using the Markov property, we then show that with positive ]P’gf probability, X moves to a close-by
&-particle (which itself stays at its site for some time) within a very short time interval and collects
some local time with this £ particle. This then implies the desired exponential decay.

Proof of Theorems and -. Since we have shown the quenched Lyapunov exponent M\ AP
in Theorems|1.2[and [1.3] - to be the same, it suffices to consider only Theorem [1.2] Note that the upper
bound on )\d ~.mpe i Theorem |1 . 2| follows trivially by requiring the walk X to stay at the origin. To
show )‘dmn,p,v > 0, we will make the strategy outlined above precise. In compliance with [KS05] we
let Cy and r > 0 be large integers and for i € Z% define the cubes

d
Q,(i) == [ [lij. 5 + C)-

j=1

In a slight abuse of common notation, let D([0, 00), Z%) denote the Skorohod space restricted to those
functions that start in 0 at time 0 and have nearest neighbour jumps only. Then set

Jr == {® € D([0, 00),Z%) : ® jumps at most dC(x V 1)k times up to time k}.

For integer times ¢ > 0 define

Then standard large deviation bounds yield
PY (X € E(t)°) < ecltro®), (4.89)
for some ¢ > 0. In addition, define the cube
C == [—dC(k Vv 1)t,dCh (kv 1)) N 22,
as well as for arbitrary t € N, k € {0,--- ,t}, & € Z(¢) and € > 0 the events

A(t,®,k,e) := {3 €C; : D(k) € Q,(7) and Ty € Q,.(4) : &(s,y) > 1Vs € [k, k +¢/p]}
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and

Gt)= ) { > Lat,®,ke) = et},

PEE(t)  kef[t/4], - -1}
which both depend on &.

For € small enough, using Borel-Cantelli, it is a consequence of [KS05, Prop. 8] that Pé-as., G (t)
occurs for eventually all t € N. Indeed, denoting by Z()|{|¢/4],... 1} the subset of (zHILH/4) 5t obtained
by restricting each element of Z(¢) to the domain {|¢t/4],--- ,t}, we estimate

P4(G(t)) < Pg( U { Z Laa ke < et}>

DEE(t)  ke{[t/4], - t—1}

§P§< U { Z Lot k0) < ;})

DEE(t)  ke{|t/4], - i1}
HEO(e/4), 3] X maf)ﬂ”f( Y lagero >
ke{|t/4], - t—1} ke{Lt/4j o t—1}
t/2

§P§< U{ > Lagak,0) < 2})+’~ MLe/a),- t}\XP<ZPze<€t) (4.90)

PES(t)  ke{[t/4], t—1}

Lag,a ke < d)

l\D\w

where in the last step we observed that, given ® € =(t), by the strong Markov property of £ applied
successively to the stopping times 7; := inf{j > [t/4] : Zi:Lt/M La(t,,k,0) = 1}, we can couple  with
a sequence of i.i.d. Bernoulli random variables (p; ¢);eny with

P(pl,ﬁ =1)= PS(Y'lO(S) =0Vse [an/p] ‘5(070) > 1)7

such that 144,07, > Pic as. for all i € N, and hence Zke{[t/4j,-~,t—1} LA(td k) = 22/31 Pi,c on the
event Zke{Lt/4J7--~,t—1} La,,k,0) = % Here p; . corresponds to the event that given A(t,®,7;,0), a
chosen Y-particle, which is close to ® at time 7;, does not jump on the time interval [7;, 7; + €/p].
By [KS05, Prop. 8], the first term in is bounded from above by 1/t2 for ¢ large enough. For
the second term we have ‘_ ‘{Lt /4], t}‘ < et for some C' > 0 and all ¢, while large deviations yield

that we can find € > 0 such that y
t/2

(Y pre <et) < e
k=1

for ¢ large enough. From now on we fix such an e. Borel-Cantelli then yields that P¢-a.s., G(t) holds
for all t € N large enough.

Next observe that by the strong Markov property of X, we can construct a coupling such that on
the event Zke{Lt/4J,~- -1} LA(t,X k,¢) = €t, the random variable fg &(s, X(s)) ds almost surely dominates
the sum of i.i.d. random variables (g;¢)1<i<e With

Plave =¢/(2p)) = o= Wf P, (X(s) = 2Vs € [¢/(20).¢/p)]) > 0,

P(q1,e =0) =1-q
gie corresponds to the event that given 7; := inf{j > [t/4] : Zi:tt/‘ﬂ La@,xke) = i}, X finds a
Y -particle in the £ field which guarantees the event A(t, X, 74, €), and then occupies the same position

as that Y-particle on the time interval [1; + ¢/(2p),7; + ¢/p]. Since P¢-a.s., G(t) holds for all ¢t € N
large enough, for such ¢, we have

B [exp{ - y/té(s,X(s)) ds}, E(t)} < E[e_72521inf} = (ae‘”e/@p) +1—a)“. (4.91)
0
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Thus, with ([#.89) and (4.91]) we obtain that P¢-a.s., for all ¢ € N large,

B [exn{ o [ e xnas)] < B [ow {7 [ elo. XD ash.20] + B (x € 20)

. 0)

for some § > 0. This establishes the desired result along integer ¢. Since Zzg is monotone in t, we
deduce that the result holds as stated. |
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