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Abstract

Consider a random walk in a time-dependent random environment on the lattice Z.
Recently, Rassoul-Agha, Seppéldinen and Yilmaz [RSY11] proved a general large deviation
principle under mild ergodicity assumptions on the random environment for such a random
walk, establishing first level 2 and 3 large deviation principles. Here we present two alter-
native short proofs of the level 1 large deviations under mild ergodicity assumptions on the
environment: one for the continuous time case and another one for the discrete time case.
Both proofs provide the existence, continuity and convexity of the rate function. Our meth-
ods are based on the use of the sub-additive ergodic theorem as presented by Varadhan in
[V03].
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1 Introduction

We consider uniformly elliptic random walks in space-time random environment both in
continuous and discrete time. We prove a level 1 quenched large deviation principle under
mild conditions on the environment. For the continuous time case, our method is an extension
of the technique presented by Drewitz, Gértner, Ramirez and Sun in [DGRS11] to prove the
existence of the quenched Lyapunov exponent of the survival probability of a random walk
in a system of moving traps. In the discrete time case we develop a different approach which
relies directly on sub-additivity. Nevertheless, both methods are based on the use of the
sub-additive ergodic theorem as presented by Varadhan in [VO03].

Let ko > k1 > 0. Denote by G := {e1,e_1,...,eq,e_q} the set of unit vectors in Z<.
Define Q := {v = {v(e) : e € G} : k1 < infecgv(e) < sup.cqv(e) < ko). Consider a
continuous time Markov process w := {w; : t > 0} with state space . := de, so that

wy = {wi(z) : € Z4} with wi(x) := {wi(z,e) 1 e € G} € Q. We call w the continuous time
environmental process. We assume that for each initial condition wg, the process w defines
a probability measure Qg on the Skorokhod space D([0,00);€2). Let p be an invariant
measure for the environmental process w so that for every bounded continuous function
f:9Q.— R and t > 0 we have that
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/f(wt)dMZ/f(wo)du.

Assume that p is also invariant under the action of space-translations. Furthermore, we
define @y, := [ Q¢ du, where with a slight abuse of notation here w € Q.. For a given
trajectory w € D([0,00); ) consider the process {X; : t > 0} defined by the generator

Lyf(z) =) ws(z,e)(f(z +e) = f(2)),

eeG

where s > 0. We call this process a continuous time random walk in a uniformly elliptic time-
dependent random environment and denote for each z € Z4 by P , the law on D([0, 00); Z%)
of this random walk with initial condition Xo = z. We call P}, the quenched law starting
from x of the random walk.

We will also consider a discrete version of this model which we define as follows. Let
k>0 and M € N. Define U := [-M, M]¢ and R := [-M, M]? N Z% and define P := {v =
{v(e) : e € R} :inf.crv(e) > Kk, cpv(e) = 1}. Consider a discrete time Markov process
w = {w, : n > 0} with state space Q4 := P2, so that w, = {wn(z) : € Z4} with
wp(z) = {wp(z,e) : e € R} € Q. We call w the discrete time environmental process. Let
us denote by Q¢ the corresponding law of the process defined on the space QSI. Let u be
an invariant measure for the environmental process w so that for every bounded continuous
function f : Q4 — R and n > 0 we have that

[ = [ rnin.

Assume that p is also invariant under the action of space-translations. Furthermore, we
define QZ = ngdu. Given w € Qg and = € Z?, consider now the discrete time random
walk {X,, : n > 0} with a law P¢  on (Z%)" defined through P¢ (X, = ) = 1 and the
transition probabilities

Pzg,w(XﬂJrl =T+ 6|Xn = (E) = wn(m, 6),

for n > 0 and e € R. We call this process a discrete time random walk in space-time random
environment and call P;{w the quenched law of the discrete time random walk starting from
x.

For x € R?, |z|s, |z|; and |7| denote respectively, their Euclidean, I; and l.-norm. Also,
for r > 0, we define B,.(v) := {y € Z% : |y — x| < r}. Furthermore, given any topological
space T, we will denote by B(T) the corresponding Borel sets. Throughout we will make
the following ergodicity assumption. Note that we do not demand the environment to be
necessarily ergodic under time shifts.

Assumption (EC). Consider the continuous time environmental process w. For each
s > 0 and # € Z? define the transformation Ts, : D([0,00);Q.) — D([0,00); Q) by
(Ts,aw)e(y) = wiys(y + z). We say that the environmental process w satisfies assump-
tion (EC) if {Ts, : s > 0,2 € Z%} is an ergodic family of transformations acting on the
space (D([0,00); Q.), B(D([0,00);2)), Q5,). In other words, the latter means that whenever
A € B(D([0,00); Q) is such that T, }A = A for every s > 0 and z € Z%, then Q,(A) is 0
or 1.

Assumption (ED). Consider the discrete time environmental process w. For x € Z¢ define
the transformation T3 , : D([0, 00); Q4) — D([0,00);Qg) by (T1,5w)n(y) := wpt1(y +x). We
say that the environmental process w satisfies assumption (ED)if {T} , : * € R} is an ergodic
family of transformations acting on the space (€, B(Qy),Q%). In other words, whenever

A € B(©})) is such that TE;A = A for every x € R, then QZ(A) is 0 or 1.

It is straightforward to check that assumption (ED) is equivalent to asking that whenever
A € B(SY)) is such that A = T, 1 A for every € R and n € N then Q%(A) is 0 or 1.



In this paper we present a level 1 quenched large deviation principle for both the contin-
uous and the discrete time random walk in space-time random environment. Similar results
have been obtained in Rassoul-Agha, Seppéldinen and Yilmaz [RSY11] establishing level 2
and 3 large deviations, and then level 1 through contraction, for discrete time random walks
on space-time random environments and potentials along with variational expressions for
the rate functions. Our proof is obtained by directly establishing the level 1 large deviation
principle and is based on the sub-additive ergodic theorem as used by Varadhan in [V03].
(Similar ideas were already presented in the context of the homogenization of the stochastic
Hamilton-Jacobi equation for example by Rezakhanlou and Tarver in [RT00] and for the to-
tally asymmetric simple K-exclusion processes and growth processes by Seppéldinen in [S99]
and Rezakhanlou in [R02]). While our methods do not give any explicit information about
the rate function, besides its convexity and continuity, the proofs are short and simple.

Theorem 1.1 Consider a continuous time random walk {X; : t > 0} in a uniformly ellip-
tic time-dependent environment w satisfying assumption (EC). Then, there exists a convex
continuous rate function I.(x) : R — [0,00) such that the following are satisfied.

(i) For every open set G C R? we have that Qf,-a.s.

.1 o [ X .
lim inf — log Fy ,, (t € G) > *Illelgfc(x)-

t—oo

(i) For every closed set C C R? we have that Qj-a.s.

. 1 Xy .
hmsupzlogPOCM (t € C) < —Ilgglc(x).

t—o0

Theorem 1.2 Consider a discrete time random walk {X,, : n > 0} in a uniformly elliptic
time-dependent environment w satisfying assumption (ED). Then, there exists a convez rate
function Ip(z) : R — [0, 00] such that I5(x) < |logk| for x € U, I4(x) = oo forx ¢ U, I is
continuous for every x € U° and the following are satisfied.

(i) For every open set G C R? we have that Qﬁ-a.s,

1 X
lim inf — log P&, (n € G) > — inf I(x).
: n

n—oo M, zeG

(it) For every closed set C C R? we have that Q%-a.s.

1 X
liﬂsogpﬁlogP&w (nn € C) < _jg(f;]d(x)'
A particular case of Theorem 1.1 is the case of a random walk which has a drift in a given
direction on occupied sites and in another given direction on unoccupied sites, where the
environment is generated by an attractive spin-flip particle system or a simple exclusion
process (see Avena, den Hollander and Redig [ARDH10] for the case of a one-dimensional
attractive spin-flip dynamics, and also [ARDH11, ADSV11, DHDSS11]). This case is also
included in the results presented in [RSY11]. Another particular case of Theorem 1.1 is a
continuous time random walk in a static random environment with a law which is ergodic
under spatial translations: two of these cases are the Bouchaud trap random walk with
bounded jump rates (see for example [BC06]) and the continuous time random conductances
model (see for example [DFGW89]). Our proof would also apply to the polymer measure
defined by a continuous time random walk in time-dependent random environment and
bounded random potential (see [RSY11]). Theorem 1.2 does not include the classical nearest
neighbor case, because of how R is defined, but it is not difficult with little additional work to



extend the proof to include this case (an example would be the random walk on a space-time
ii.d. environment studied by Yilmaz [Y09]).

The main difficulty in the proofs of Theorems 1.1 and 1.2 is an equicontinuity estimate
on the transition probabilities of the random walk. In the case of Theorem 1.1 we follow the
method presented in [DGRS11]: we first express the transition probabilities of the walk in
terms of those of a simple symmetric random walk through a Radon-Nykodym derivative,
then through the use of Chapman-Kolmogorov equation we rely on standard large deviation
estimates for the continuous time simple symmetric random walk.

In section 2 we present the proof of Theorem 1.1. In section 3 we continue with the proof
of Theorem 1.2. Throughout the rest of the paper we will use the notations ¢, C,C’,C" to
refer to different positive constants.

2 Proof of Theorem 1.1

For each s > 0, let 05 : D([0,00);Q2.) = D([0,00);£2.) denote the canonical time shift. As in
[DGRS11], we first define for each 0 < s < t and 2,y € Z? the quantities

C

6(87 t7$7y) = z,0sw (Xt—S = y) )

and

ac(s,tm,y) = —10g€(8,t, (E7y)7

where the subscript ¢ in a. is introduced to distinguish this quantity from the corresponding
discrete time one. Note that these functions still depend on the realization of w. We call
ac(s,t,x,y) the point to point passage function from = to y between times s and t. Due
to the fact that we are considering a continuous time random walk, here we do not need
to smooth out the point to point passage functions (see [V03]). Nevertheless, there is an
equicontinuity issue that should be resolved. It is straightforward to check that Theorem 1.1
will follow directly from the following shape theorem. A version of this shape theorem for
a random walk in random potential has been established as Theorem 4.1 in [DGRS11] (see
also Theorem 2.5 of Chapter 5 of Sznitman [S98]).

Theorem 2.1 [Shape theorem| There exists a deterministic conver function I. : R —
[0,00) such that Qj, — a.s., for any compact set K C R4

lim  sup
100 y et K Nzid

14, (0,1,0,y) — I (%) ‘ —0. (2.1)
Furthermore, for any M > 0, we can find a compact K C R% such that Q) — a.s.

1 X
lim sup n log Py ,, (tt ¢ K) < -M. (2.2)

t—o0

Display (2.2) of Theorem 2.1 follows from standard large deviation estimates for the process
{N; : t > 0}, where N; is the total number of jumps up to time ¢ of the random walk
{X; : t > 0}, which can be coupled with a Poisson process of parameter 2dks. To prove the
first statement (2.1) of Theorem 2.1 we first observe that for every 0 < ¢; < to < t3 and
x1, T2, T3 € Z% one has that Qﬁ—a.s.

ac(ty,t3, @1, 23) < ac(ty, ta, 1, 22) + ac(ta, ts, 2, x3). (2.3)

We will also need to obtain bounds on the point to point passage functions which will be
eventually used to prove some crucial equicontinuity estimates. To prove these bounds, we
first state the following large deviation estimate for the simple symmetric random walk,
whose proof can be found in [DGRS11].



Lemma 2.1 Let X be a simple symmetric random walk on Z with jump rate k and starting
point X(0) = 0. For each x € Z¢ and t > 0 let p(t,0,x) be the probability that this random
walk is at position x at time t starting from 0. Then for every t > 0 and x € Z¢, we have

o= J(E)t

1+0(1)), (2.4)

)
2

p(t,oal') = - 5
(27“)%11?:1(?2 + =

)1/4(

[S%

where

d
J(x) 12237(%) with  j(y) :=ysinh ™'y — /g2 + 141,

and the error term o(1) tends to zero as t — oo uniformly in x € tK NZ%, for any compact
K C R, Furthermore the function j is increasing with |y| and j > 0.

We will need the following estimates for the transition probabilities.

Lemma 2.2 Consider the transition probabilities of a random walk on a uniformly elliptic
time-dependent environment. The following hold Qf,-a.s.

(i) Let C5 > 0. There exists a tg > 0 and constants Cy,Cy and Cy such that for e > 0

small enough and every t > tg, y,z € Z such that |y — z|o < et + %36' we have that

1

Ol 1 Cot—1
Ce 1 g 172 plet, z,y) <e(t(l —e),t,z,y) < Cae 2172 plet, 2, ).

(i) Let r > 0. There exists a to > 0 and a constant C > 0 such that for each t > ty and
x € By, (0) one has that

e(0,t,0,2) > e “'p(t,0,z).

(iii) There is a function o : (0,00) x [0,00) — (0,00) such that for each x,y € Z* and
t > s >0 one has that

e(s,t,z,y) > alt—s, |z —yl1) > 0. (2.5)

Proof. Part (i). Note that

e(t(1— €),t,2,y) = By [eftaﬁ) log(2dws(Ys,,Y57Y57))stfftt(lie)(ws(Ys,G)fl)d51Yt W],

(2.6)
where E, ; is the expectation with respect to the law of a continuous time simple symmetric
random walk {Y; : ¢ > 0} of jump rate 1 starting from z at time s, N; is the number of
jumps up to time ¢ of the walk, while for each z € Z% and s > 0, ws(z,G) = Y. ws(z, €)
is the total jump rate at site z and time s (see for example Proposition 2.6 in Appendix 1
of Kipnis-Landim [KL99]). Using the fact that the jump rates are bounded from above and
from below, it is clear that there is a constant C' > 0 such that

eftt(l—e) log(2de(Y97,YS—Y57))dNS—ftt(l_g)(ws(Ys,G)—l)ds < eC(Nt*Ntu—s))‘FCet.

Substituting this bound in (2.6), we see that

e(t(l—e),t,2,y) < e“E [e“Npy,, (2,9)] (2.7)

where now F is the expectation with respect to a Poisson process {N; : t > 0} of rate 1 and
Dr, is the n-step transition probability of a discrete time simple symmetric random walk. Let
now R, := —L——. Note that

T elloge|l/2



E [e“Nepn,, (z,y)] < e“Teplet, 2, y) + B[N, Ny > Rete]
< eCRetep(et, z,y) + E[e*NtC|V/2P(Nyy > Rcte)l/?.

Now, using the exponential Chebychev inequality with parameter log R., we get

P(N > Reet) < e~ ctficlog Re—(f—1) (2.8)
and we compute E[e2VerC] = ¢<t(€*“ =1 Hence,
B [eNepy, (2,5)] < eCRp(et, 2, y) + 4 Demed (Relog Bm(Rm1) | (9.9)

Now, by Lemma 2.1 we know that j(y) is increasing with |y|, so that

- C C 2C
sup etj(|z y')gdj( 3 —|—1)§t< 3 +e)log(3+ 3 )
iy —zla<ett Cal et €| log €] | log €] €| log €]

[log

for t > 1. Hence, again by Lemma 2.1 with k = 1, we see that for any constant ¢ > 0 we can
choose € small enough such that

ee%(ezc—l)e—etc(Rs log Rc—(R.—1))
lim - =0, (2.10)
t—o0 lnfy,z p(Et,Z,]J)

where the infimum is taken over y, z as in the previous display. Applying (2.10) with ¢ = 1/2,
we see that the second term of the right- hand side of inequality (2.9), after taking the
supremum over y, z such that |y — z|]o < et + |1 | , is negligible with respect to the first one.
Hence, for € small enough, there is a constant C and a ty > 0 such that for y, z such that
ly — z|2 <et+ |C3t and t > to one has

e(t(l —e€),t,z,y) < CeFTDCep(et 2 y).

Similarly, using the fact that the jump rates are bounded from above and from below it can

be shown that for y, z such that |y — z|]s < et + m C3t| and t large enough

e(t(l - 6)7 t, 2, y) > eic/dE[eic‘,NetpNet (Z, y)]‘NetSReEt]
> e AU Blpy, (2, y) v, <roer] 2 e FADI (p(et, 2,y) — P(Ney > Reet))
> O"em R p(et, 2, ),
where we have used (2.8) and (2.10) with ¢ = 1.
Part (ii). The proof of part (i7) is analogous to the proof of the lower bound of part (7).

Part (iii). By the same argument as the last part of the proof of part (i), there is a constant
C’ > 0 such that

70'(t78)E[670/Nt,5

e(sat7ip7y) >e pNtfs(aay)’Nt—S = |l’ - y|1]

But P(N;—s = |x —y|1) > 0 (there is, with positive probability, a trajectory from 0 to x such
that Ny_s = | — y|1). Thus,

e(Svt,%y) > eic (t=8)=C ‘ziyllphc—yh(xvy)P(Ntfs = |£L’ - y|1)

, , 1
—C'(t—s)—C"|z—y|1 P(N — _
‘ (Qd)‘ﬁ—yh (Ni—s =l = y[) > 0

We can now apply Kingman’s sub-additive ergodic theorem (see for example Liggett [L85]),
to prove the following lemma.



Lemma 2.3 There erists a deterministic function I. : Q¢ — [0,00) such that for every
y € Q4 Qj,-a.s. we have that

0,¢,0,¢
}1m a/c( ) Uy My y)
tyezd

= I(y). (2.11)

Proof. Assume first that y € Z¢. Let ¢ € N. We will consider for m > n > 1 the random
variables

Xn,m(y) = ac(ng, mg,ny, my).
By (2.3), we have

Xo,m(y) < Xon(y) + Xn,m(y)-

By part (#i¢) of Lemma 2.2, we see that the random variables {X,, .,(y)} are integrable.
Hence, by Kingman'’s sub-additive ergodic theorem (see Liggett [L85]) we can then conclude
that the limit

z . ac O,mq,07my
g, y.w) = W}gﬂ(ﬁ%

(2.12)

exists for y € Z? and ¢ € N. We have to show that it is deterministic. For this reason, let
r >0, z € Z% be arbitrary. It suffices to prove that

I(q,y,w) < I(¢,y,Tr.w) = lim ac(r,mg + 1, 2,my + Z).

m— 00 m

First, we have that

ac(07 mq, Oa my) < ac(07 T, 07 Z) + ac(r7 mg,z, my)

m - m m '
By part (ii4) of Lemma 2.2, the first term of the right-hand side of the last equation tends
to 0 as m — oo. Therefore,
7 c 07 507 P c\’> )
Hgyw) = Tim 2eQmDOMY) g g aelrma, 2, my) (2.13)

m—oo m m— oo m

On the other hand, for u € N such that m > u > r we have that

a’c(rva7Zamy) aC(T’ (m_u)Q+raZ7 (m—u)y+z)
m - m
n ac((m —w)q+r,mg, (m —u)y + z,my)
- .

Again, by part (ii¢) of Lemma 2.2, the last term tends to 0 as m — co. Therefore

lim inf ac(r,(m —u)g+r,z,(m—uwy+2)

m—00 m m—o0 m

= 1(q,y, Tr.w). (2.14)

Hence f(q,y,w) < f(q,y,Tr,zw). Since » > 0 and z € Z? are arbitrary, f(q,y) is shift-
invariant under each transformation 7. .. By assumption (EC), I(q,y) is Qf;-a.s equal to a
constant for each y. Now, if y € Q¢, choose the smallest ¢ € N such that gy € Z%. Then by

(2.12), we conclude that

aC(07mq)07 mqy) 1 7

li =-I =:I.(y), 2.15
im_ a L@ aw) = L) (2.15)
exists (and is well-defined) and is @,-a.s. equal to a constant. n

We now need to extend the definition of the function I.(z) for all x € R? and prove the
uniform convergence in (2.1). To do this, we will prove that for each compact K there
is a tg > 0 such that the family of functions {t~1a.(0,t,0,ty) : t > to} defined on K is
equicontinuous. We can now proceed to the main step of the proof of Theorem 2.1.



Lemma 2.4 Let K be any compact subset of RY. There exist deterministic ¢x : (0,00) —
(0,00) with lim; o ¢x(r) = 0, and to > 0 such that for any e > 0 and t > to, Qf,-a.s., we
have

sup  t Hae(0,t,0,2) — a.(0,t,0,y)| < dx(e). (2.16)

z,yetKnzd
lz—yla<et

Proof. Let us note that for every € > 0, t and 2 € Z¢ one has that

e(0,t,0,x) = Z e(0,t(1 —€),0,2)e(t(l —e),t, 2z, x).

z€7Z4

Let Ry = sup{|z|2 : * € K} be the maximal distance to 0 for any point in K and rx = ﬁﬁ,
where Ck is a constant that will be chosen large enough. From part (¢) of Lemma 2.2 and
Lemma 2.1, note that for ¢t >t (where tg is given by part (i) of Lemma 2.2)

1 Ceti(dTE
€0,,0,2) < 3 e(0,4(1—€),0,2)e(t(1 — ), t, z,2) + Cetora CTHEE) (9 4q)
2€By . t(x)
On the other hand by part (i7) of Lemma 2.2 we have that for ¢t > tg
e(0,t,0,2) > e=Ct-tI(%),
Using the upper bound J (%) < dRg log(1 + 2dRg) we see that if
1 . TK /
e~ (d?> > O+ C' + dR log (1 + 2dRg) , (2.18)

the second term of (2.17) is negligible. But (2.18) is satisfied for Cx > 2(C'+C'+dRk log(1+
2dRk)) and then e > 0 small enough. Hence, it is enough to prove that, Qz-a.s. we have
that

1—
sup sup e(t( €>7t,Z,$) < C€t¢K(6). (219)
aT yEt‘Kr‘lLd ZEBTK1(£) t(l — € 7ta Z, y)
z—ylg<et
To this end, by Lemmas 2.1 and 2.2
e(t(l — €)a t7 Z, .f) < C@?tc | logi\1/2 e—et(.](%)—c](%)). (220)

e(t(]' - 6)7 t, z, y)
But,

)b () - ()

2dCk
€| log €]

1 d 1teyl
7/ log (1 4 2|u|) du| < dlog <1+
oy

Substituting this estimate back into (2.20) we obtain (2.19) with ¢x(e) = C n

\10g6\1/2

Using this lemma, we can extend I, to a continuous function on R?. It remains to show
the convexity of I.. For this purpose, let A € (0,1), x,y € R% and let ()\,) C (0,1) N Q,
(), (yn) € Q% such that A\, — A, 2, — x, and y,, — . In addition let r, € N be such that
Tn(AnZn + (1= X)Yn), Apmry,, and A\, mr,x,, are contained in Z%. Then for any n € N one



has

IC()\nxn + (1 — )\n)yn) = h_I,n ac(0,mry, 0, mrnfri‘zxn —+ (1 - )‘n)yn))
m o0 n

ac(0, \ymry, 0, \ymr,x,)

< lim
m—oo mry,
+ lim ac(Apmry, mry, Ay Tn, My (Anxn + (1 — Ap)yn))
m—so0 mry, ’

Now taking n — oo, the continuity of I, yields that the left-hand side converges to I.(Az+(1—
A)y). Taking advantage of the continuity of I. and (2.15), the first summand on the right-hand
side converges to Al.(x) a.s., while in combination with the fact that the transformations
T, mro Anmroz, al€ Measure preserving, the second summand converges in probability to
(1=X)I.(y); from the last fact we deduce a.s. convergence along an appropriate subsequence
and hence the convexity of I..

3 Proof of Theorem 1.2

Let us call 7, (z,y), the probability that the discrete time random walk in space-time
random environment jumps from time n to time m from site = to site y. Define

ad(n7m7$7y) = logﬂ-n,m(xvy)'

As in the continuous time case, we have the following sub-additivity property for n < p <m
and z,y, z € Z¢,

ad(nvmvxvy) S ad(nvpaxvz)+ad(pamaz7y)' (321)

We first need to define some concepts that will be used throughout this section. An element
(n, z) of the set N x Z? will be called a space-time point. The space-time points of the form
(1, z) will be called steps. Furthermore, given two space-time points (ny,z(")) and (ng, ()
a sequence of steps (1,2(M1),...,(1,2"), with k = ny — n; will be called an admissible path
from (ny,zM) to (ng,2®), if ) =z 4 2 4 4 2(k) and

ﬂn17n1+1(x(1)’x(1) + Z(l))ﬂn1+17nl+2(g§(1) + Z(l),.T(l) + Z(l) + 2(2)) X e
cee X 7T7L2—1,7L2 (x(l) _|_ Z(l) _|_ PN + Z(k_l)’x(l) _|_ Z(l) + N + Z(k)) > 0. (322)

In other words, there is a positive probability for the space-time random walk (n, X,,) to
jump through the sequence of space-time points (ny,2™M), (ng + 1,20 420 . (ng, x5) =
(ng, M + 2 ... 4 2(F)) Let us note that by uniform ellipticity asking that the left-hand
side of (3.22) be positive is equivalent to asking that it be larger than or equal to k27",
With a slight abuse of notation, we will adopt the convention that for u € R, [u] is the integer

closest to u that is between w and 0. Furthermore, we introduce for z € R?, the notation
[z] := ([z1],. .., [za]) € RY.

Lemma 3.1 Fiz z € U and let K ={i : |z;| = M} and L = {i: |z;| < M}. Suppose x € U
satisfies ©; = z; fori € K and |x;| < M fori € L. Then for every n € N there exists no € N
such that

T+n(x; —z) 1+n(z—ax;)
< < 1 2
n<mny<n+ +\/( T v e (3.23)
ieL
and
aq(0,n2,0, [naz]) < aq(0,n,0,[nz]) —log k™" (3.24)



Similarly, for each n € N there exists ny € N such that

i— i) —1 m(zi—z)—1
—1 < < .
n +/\( Mz, A Mz, >_n1_n (3.25)
icL
and
aq(0,n,0,[nz]) < aq(0,n1,0,[n12]) — log K™~ ™ (3.26)

Proof. Let n € N be fixed. Suppose that there exists an ng such that ny > n and such that
for each coordinate direction i € L one has that

—(ng —n)M + 1 < nz; —ngx; < (ng —n)M — 1. (3.27)
Then, for each 1 < ¢ < d, we can choose increments wlm e[-M,MNZfor1<{<ny—n
so that [nox;] = [nz] + w(l) ot w§”2*"). For i € K we can choose wy) = 0. The
steps w®) = (1,w§l), . w((f)) 1 <1 < ny —n, form an admissible path from (n,[nz]) to

(n2, [n2x]). Then, (3.24) follows from the Markov property. Hence, to complete the proof of
the inequality (3.24) it is enough to show that there exists some ny > n such that (3.27) is
satisfied. But the first inequality of (3.27) is equivalent to

1+ n(x; —2)

no(M —x;) > 1+n(M — z) < ny >n+ Mz,

Similarly, the second inequality of (3.27) is equivalent to

1+n(z; —x;)

>
ng >n + M+

Given n, we can find an integer no that satisfies these inequalities for all ¢ € L and is not
more than 1 above the maximum of the right-hand sides. This is the content of (3.23).
Finally, (3.25)-(3.26) are reasoned similarly.

|

We are now ready to prove the following proposition.
Proposition 3.1 For each x € R we have that QZ—a.s. the limit

I(z) :== — lim 1 log 7., (0, [nx]),

n—o00 N,

exists, is convex and deterministic. Furthermore, I(x) < oo if and only if x € U.

Proof. Note that for x € Z% and n > 1 the following three statements are equivalent: (i)
70,0 (0,2) > 0; (i) m,n(0,z) > K™; (4i) = € nU. It follows that for « ¢ U, for there exists
an 1 < i < d such that [nz;] ¢ [-nM,nM] for n large enough. Thus, I(z) = co. We divide
the rest of the proof in four steps. In step 1 for each z € QYN U we define a function I (z).
In step 2 we will show that I is deterministic for € Q4N U°. In step 3 we will show that
I(z) is well defined for z € Q¥ N U and hence that I(z) = I(x) and in step 4, we extend the
definition of I(z) for x € R

Step 1. Here we will define for each z € Q¢ N U a function f(ac) Given z € Q4 N U, there
exist a k € N and a y € Z% N kU such that = k~'y. Then, using the sub-additive ergodic
theorem and (3.21) we can define QZ—a.s.

= 1
I(k™'y) := — lim —klogm)mk(() my).

m—o0 m

This definition is independent of the representation of z. Indeed, assume that = k~ly; =
1=y, for some k,1 € N, y; € Z*NkU and y, € Z¥ N 1IU. Then, passing to subsequences,
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~ . 1
I(k7'y)) = — lim Wlogwomlk(O,nlyl)

n—o00 N,

. 1 .
= — lim Wlogﬂo,nlk(o,nkyg) =1I(l 1yg).

n—oo N

Step 2. Here we will show that I is deterministic in Q% N U°. Let z € Q4N U°. We know
that there exists a k € N and a y € Z¢ N kU® such that = k~'y. Let us now fix z € R. Tt
suffices to prove that

~ 1,mk+1
I(z,w) < I(z, T .w) = lim aa(lymk+1,2,my +2)

m—00 mk

First, for each n € N, we have that

aq(0, mnk,0, mny) < aq(0,1,0, 2) n aq(1l, mnk, z, mny)

mnk mnk mnk
By uniform ellipticity, the first term of the right-hand side of the last inequality tends to 0

as m — oo. Therefore,

- 1
I(z,w) = lim a4(0, mnk, 0, mny) < liminf aq(l, mnk, z, mny). (3.28)
m—0o0 mnk m— 00 mnk
On the other hand,
aq(l, mnk, z, mny) aq(l,(m —Dnk+1,z,(m — Dny + 2)
mnk - mnk
n aq((m — 1)nk + 1, mnk, (m — D)ny + z, mny). (3.29)
mnk

Let us now assume that there is an admissible path from (0, z+ (m —1)ny) to (nk —1, mny).
This is equivalent to asking that z satisfies the following condition:

To,nk—1(2 + (m — 1)ny, mny) > 0 for some n € N. (3.30)

Then, by uniform ellipticity, the last term of (3.29) tends to 0 as m — oo. Therefore, if
z € R satisfies condition (3.30), by (3.28) and (3.29) we have that

I(z,w) < I(z,T) w). (3.31)

Hence, to finish the proof it is enough to show that every z € R satisfies (3.30). Now, z
satisfies (3.30) if and only if there exists an n € N such that

lzi —ny;)| < M(nk—1), Vi=1,...,d. (3.32)

We will show by contradiction that every z € R satisfies (3.32). Indeed, assume that for each
n there exists i = i(n) € {1,...,d} such that

|zi — ny;| > M(nk —1).

Since |z; — ny;| < M(nk — 1) implies |z; — ly;| < M(lk — 1), VI > n, we conclude that there
exists an ¢ € {1,...,d} such that

|zi —ny;| > M(nk—1), VneN.

Therefore, taking the limit n — oo, we see that |z;| = > M, which is a contradiction.
This proves that for every z € R condition (3.30) is satisfied and hence (3.31) is also valid.
It follows now by the ergodicity assumption (ED), that for each € Q¥ N (=M, M)4, I(z) is
Qﬁ—a.s equal to a constant.

Yi
k
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Step 3. Here we will show that I is well defined in Q¢ N U and hence equals I there. Let
r € Q4NU. Let k be such that kz € Z9. Given n, choose m so that mk < n < (m + 1)k.
By ellipticity, for each 1 < ¢ < d there exists a sequence of increments zi(j ) ezZn [-M, M],
1 < j <n —mk, such that
[nx;] = mkx; + zi(l) +-- 4 zi(n_mk).

For each 1 < j < n — mk we define 200) = (zy), .. .,z((ij)). Hence, by sub-additivity and
considering the admissible path (1,2(1),...,(1,2"~™k)) from [nz] to mkz, we conclude
that

n—mk

aq(0,n,0, [nz]) < aq(0,mk,0,mkz) logk

n n n
It follows that

0,n,0 ~
lim sup 2400 2l) 7oy
n—o00 n
For the upper bound, first note that similarly there exists an admissible path of (m+1)k—n
steps from [nz] to (m + 1)kz. Hence,

aq(0, (m + 1)k, 0, (m + 1)kz) < aq(0,n,0,[nz])  log g(m+Dk—n

n n n

Taking the limit when n — co we obtain

lim inf 24(0,n,0, [na])
n— 00 n

> I(z).

Step 4. Here we will show that I is well defined in the set (R\Q?)NU. Let z € (RN\Q?)NU,
K ={i:|z]=M}and L = {i: |z < M}. Pick a rational point x such that z; = z; if
1€ K, |zl < MifieL and

\ LIV <2\/ LV (3.33)
M—Z’i M+l’z - M—Zi M-l—ZZ ' '

i€L i€L

For each n, from Lemma 3.1, we can find nq,ny such that ny <n < na,
) 1 1 Up)
— - —aq(0,n2,0, [naz]) < —aq(0,n,0,[nz]) +b (— - 1)
n  ng n n

and

1 1
=ag(0,n,0, [n2]) < ™2 —aa(0,m1,0, [ma]) +b (1- 2
n n  np n

where b = —logk € (0,00). Take n — oco. From (3.23) and (3.25) and taking C(z) =
2Vier (ﬁ Y ﬁ), the limit points of 22 —1 and 1—"1 lie in the interval [0, C(2)|z—2|o0]

because x satisfies (3.33). Consequently from the last two inequalities we see that

1
I(x) < linlinf —aq(0,m,0,[nz]) + C(2)b|lx — 2| (3.34)
n—oo N
and
1
limsup —aq(0,n,0, [nz]) < I(z) + C(2)b|x — 2|co. (3.35)
n—oo

Letting # — 2, we conclude that I is well defined in the set (R\Q?) N U.

12



We are now in a position to introduce the rate function of Theorem 1.2. We define, for each
rzeU,

I(x) for z € U°
Iij(z) :== ¢ liminfyosy, I(y) for z € OU (3.36)
00 for x ¢ U.

We will now prove that I; satisfies the requirements of Theorem 1.2. By uniform ellipticity,
it is clear that I(z) < |log x| when z € U. From (3.34) and (3.35), we see that I is continuous
in the interior of R (in fact, Lipschitz continuous in any compact contained in U?°). These
observations imply that I; defined in (3.36) is bounded by |log x| in U, is continuous in U°,
and is lower semi-continuous in U. The convexity of I is derived in a manner similar to the
continuous time case. We now prove parts (i) and (éi) of Theorem 1.2.

Part (i) of Theorem 1.2 follows immediately from the definition of I; and the fact that
for open sets G, inf,cq I(z) = inf e I4(x). To prove part (ii) we first consider a compact
set C' contained in U°. In this case, we have

limsup,, . + log Pg, (% € C) < limsup,,_, ., Sup,ec = log 7., (0, [na])
= inf,, SUP,, >, SUP,e = 108 T0,.m (0, [ma]) = inf, SUp,cc SUP,, >, = 10g 70 (0, [ma])

= inf,, sup,cc an(x),
where we have defined for x € U°,

1
an(x) := sup — logmg m (0, [ma]).
m>n

Hence, the upper bound follows if we can show that, for any given € > 0,

(@) < — inf T
igga () < inf () +€

for large enough n. If we assume the opposite, we can find points z,, € C which have a
subsequence converging to z € C and and such that along this subsequence one also has that

1
o log 70.m (0, [mzm]) > —1(2) + €.
Applying the first part of Lemma 3.1 gives an index mgy > m such that
1 m m
—1 > g —bp(1- ).
oo 0. fmaz]) 2 T (~1(5)+ 0~ (1= 1)

Now, since lim,, mﬂQ = 1 and since by Proposition 3.1 lim,, ;o n% log 70, m, (0, [mez]) =
—1I(z), we obtain that —I(z) > —I(z) + €, which is a contradiction.

In the general case, let C' C U be a compact set. Fix § > 0 and let C; = l—}réC. Now C4
is a compact set contained in U°. Pick € > 0 small enough so that the closed e—fattening

Cy = C’{E) is still a compact set contained in U°. Let ng = [(14d)n]. Then for large enough
n, = € C implies n% € (5. By uniform ellipticity, we have that

P(()i’w (% S C) K2 — ZxEnCﬂZd P(()i,w(Xn — (E)KinQ_n
S EzenCﬁZd P(gi,w(Xn = x)ﬂ-nﬂ’bz ($7 J}) = ZmenCﬂZd P()d,w (Xn =7, XTLz = JI)

d _ d Xn
< Ysencrzt Fow(Xn, = 1) < PG, (T; € Cz) :

where the last inequality is satisfied for n large enough. Then, from the first step of the
proof of part (ii) of Theorem 1.2

1 X,
lim sup — log P&, ( € C’) < — inf I(z)+ db.
“\n

n—oo N zeCy
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By taking € \, 0 and using compactness and the continuity of I

limsupllogPéiw <Xn € C’) < — inf I(z)+ 6b.
n—oco N ’ n zeCq

Take § N\, 0 along a subsequence ¢;. This takes C; to C. For each §;, let z; € C1 = C1(9;)

satisfy I(z;) = info,5;) L. Pass to a further subsequence such that lim; ;o 2; = 2z € C.

Then regardless of whether z lies in the interior of U or not, by (3.36) liminf; . I(2;) >

I4(z) > infe I, and we get the final upper bound

1 X
li ZlogPl | —2 e C) < — inf Iy(z).
im sup — log O’W(n ) ;relc a(x)

n—oo N
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