LAST PASSAGE PERCOLATION AND TRAVELING WAVES
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ABSTRACT. We consider a system of N particles with a stochastic dynamics introduced by
Brunet and Derrida [5]. The particles can be interpreted as last passage times in directed
percolation on {1,..., N} of mean-field type. The particles remain grouped and move like a
traveling wave, subject to discretization and driven by a random noise. As N increases, we
obtain estimates for the speed of the front and its profile, for different laws of the driving noise.
The Gumbel distribution plays a central role for the particle jumps, and we show that the
scaling limit is a Lévy process in this case. The case of bounded jumps yields a completely
different behavior.

1. DEFINITION OF THE MODEL

We consider the following stochastic process introduced by Brunet and Derrida [5]. It consists in
a constant number N > 1 of particles on the real line, initially at the positions X;(0), ..., Xx(0).
Then, given the positions X;(t), ..., Xy(¢) of the particles at time ¢ € N, we define the positions
at time t + 1 by

Xi(t+1)= max {X;(t) + & (t+ 1)}, (1.1)

where {&;(s) : 1 <i,j < N,s > 1} are i.i.d. real random variables. The components of the
N-vector X(t) = (X;(t),1 <1i < N) are not ordered. The vector X (t) describes the location
after the t-th step of a population under mutation and selection keeping the size constant.
It can be also viewed as long-range directed polymer in random medium with N sites in the
transverse direction,

t
Xi(t) = max {X;,(0) + > &5 ()1 <js < NVs=0,...t—1j, =i}, (1.2)
s=1

as can be checked by induction (1 <i < N).

By the selection mechanism, the N particles remain grouped even when N — oo, they are
essentially pulled by the leading ones, and the global motion is similar to a front propagation
in reaction-diffusion equations with traveling waves. Two ingredients of major interest are: (i)
the discretization effect of a finite N, (ii) the presence of a random noise in the evolution. Such
fronts are of interest, but poorly understood; see [20] for a survey from a physics perspective.
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Traveling waves appear in mean-field models for random growth. This was discovered by
Derrida and Spohn [9] for directed polymers in random medium on the tree, and then extended
to other problems [16, 17].

The present model was introduced by Brunet and Derrida in [5] to compute the corrections for
large but finite system size to some continuous limit equations in front propagation. Corrections
are due to finite size, quantization and stochastic effects. They predicted, for a large class of
such models where the front is pulled by the farmost particles [5, 6], that the motion and the
particle structure have universal features, depending on just a few parameters related to the
upper tails. Some of these predictions have been rigourously proved in specific contexts, such
as the corrections to the speed of the BRW under the effect of a selection [2], of the solution to
KPP equation with a small stochastic noise [18], or the genealogy of BBM with selection [1].

We mention other related references. For a time-continuous model with mutation and selec-
tion to conserve the total mass, the empirical measure converges to a free boundary problem
with a convolution kernel [11]. Traveling waves are given by a Wiener-Hopf equation. Quasi-
stationary probability measures for competing particles seen from the leading edge corresponds
to a superposition of Poisson processes [21].

We give a flavor of our results. The Gumbel law G(0, 1), has distribution function P({ < x) =
exp —e 7,z € R. In [5] it is shown that an appropriate measurement of the front location of
a state X € RY is in this case

®(X)=1In Z e

1<j<N
and that ®(X(¢)) is a random walk. For an arbitrary distribution of £, the speed of the front
with N particles can be defined as the almost sure limit
vy = lim t 1 O(X (1)) .
t—00

We emphasize that NN is fixed in the previous formula, though it is sent to infinity in the next
result. Our first result is the scaling limit as the number N of particles diverges.

Theorem 1.1. Assume & ;(t) ~ G(0,1). Then, for all sequences my — oo as N — 00,
(X ([mnT])) = BNMNT taw,
— S
my/In N (7)

in the Skorohod topology with S(-) a totally asymmetric Cauchy process with Lévy exponent ¢
from (3.21), where

Oy =Inby + Nb;,1 Inmy,

withnby =N +Inln N — 2% + O(27 ), see (3.22).

Fluctuations of the front location are Cauchy distributed. The result also holds true in the
boundary case when time is not speeded-up (my = 1). However, fluctuations for the front
location start to explode only when In N = o(my). For most growth models, finding the
scaling limit is difficult, but it is not so in the present mean-field model, where no geometry is
involved.

We also consider the case when £ is a perturbation of the Gumbel law. In Theorem 4.4, we
show that the profile of the front, which is defined microscopically as the empirical distribution
function of particles, converges to the Gumbel distribution as N — oo. Hence the Gumbel
distribution is not only stable, but it is also an attractor.

Finally, we study the finite-size corrections to the front speed in a case when the distribution
of £ is quite different from the Gumbel law.
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Theorem 1.2. Let b < a and p € (0,1), and assume that the & j(t)’s are integrable and satisfy
P >a) =P € (b,a)) =0, P =a)=p, P e (b—eb])>0 (1.3)
for all e > 0. Then, as N — oo,
on =a— (a—0b)(1—p~N2N 4 o((1 —p)NQQN).

We note that in such a case, in the leading order terms of the expansion as N — oo, the value
of the speed depends only on a few features of the distribution of &: the largest value a, its
probability mass p and the gap a — b with second largest one. All these involve the top of the
support of the distribution, the other details being irrelevant. Such a behavior is expected for
pulled fronts.

Though the mechanisms are quite different, we make a parallel between the model considered
here, and the BRW with selection. For definiteness, denote by n the displacement variable,
assume that 7 is a.s. bounded from above by a constant a, and assume the branching is binary.
The results of [2] are obtained under the assumption that 2P(n = a) < 1 (Assumption A3
together with Lemma 5 (3) in [3]): this case corresponds to the Gumbel distribution for £ in
our model. The opposite case 2P(n = a) > 1 corresponds to the assumptions of Theorem 1.2,
where the asymptotic speed is a, with smaller N-corrections.

The paper is organised as follows. Section 2 contains some standard facts for the model. Section
3 deals with the front location in the case of the Gumbel law for £. In Section 4, we study the
asymptotics as N — oo of the front profile (for Gumbel law and small perturbations), and their
relations to traveling waves and reaction-diffusion equation. In Sections 5 and 6, we expand
the speed in the case of integer valued, bounded from above, ¢’s, starting with the Bernoulli
case. Theorems 1.1 and 1.2 are proved in Sections 3.3 and 6.3 respectively.

2. PRELIMINARIES FOR FIXED N

For any fixed N, we show here the existence of large time asymptotics for the N-particles system.
It is convenient to shift the whole system by the position of the leading particle, because we
show that there exists an invariant measure for the shifted process. For a different model
called Indy-500 — mimicking competition between infinitely many competitors — Aizenman and
Ruzmaikina give in [21] a systematic study of various notions of stationarity.

The ordered process: We now consider the process X = (X(t),t € N) obtained by ordering
the components of X (t) at each time ¢, i.e., the set {X;(t), Xo(t),..., Xn(t)} coincides with
{X1(t), X5(t),..., Xn(t)} and Xy (t) > X5(t) > --- > Xn(t). Then, X is a Markov chain with
state space

Ay ={yeRY iy >y > ... > yn}.
Given X (t), the vector X () is uniformly distributed on the N! permutations of X (¢). Hence,

it is sufficient to study X instead of X. It is easy to see that the sequence X has the same law
as Y = (Y(t),t > 0), given by as a recursive sequence

Y (t 4+ 1) = ordered vector( max {Yi(t) + &t +1)},1<i < N>. (2.4)
<j<

1

Note that, when X (0) is not ordered, X (1) is not a.s. equal to V(1) starting from Y (0) = X(0).
In this section we study the sequence Y, which is nicer than X because of the recursion (2.4):
Denote by T¢11) the above mapping Y (t) — Y (¢ 4+ 1) on Ay, and observe first that

Y(t) =Teqy - - - Te)Te)Y (0). (2.5)
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For y,xz € Ay, write y < z if y; < @; for all « < N. The mapping T¢() is monotone for the
partial order on Ay, i.e., for the solutions Y,Y” of (2.4) starting from Y (0), Y’ (0) we have

Y(0) <Y'(0) = Y(t) <Y'(t),
and moreover, with 1 = (1,1,...,1), r € R and y € R",
Tewy(y +r1) = rl 4 Tew(y). (2.6)

The process seen from the leading edge: For each x € RV, we consider its shift 2° by the
maximum,
2! = z; — max z;,
1<j<N
and the corresponding processes X% Y?. We call X°, Y?, the unordered process, respectively,
the ordered process, seen from the leading edge. Note that Tey)(y°) = T (y) — (max; y;)1 by

(2.6), which yields
(T ) = (Ter(w)

a similar relation holds for z’s instead of ’s. Then X°, Y are Markov chains, with Y taking
values in A}, := {y € Ay : y1 = 0}, and we denote by v; the law of Y°(¢).

Proposition 2.1. There exists an unique invariant measure v for the process Y° seen from the
leading edge, and we have

lim v, = v. (2.7)

t—o0

Furthermore, there exists a o > 0 such that
e = vllrv < (1 —dn)" (2.8)

Similar results hold for the unordered process X°, by the remark preceeding (2.4). Also, we
mention that the value of 5 is not sharp.
Proof. Consider the random variable

T=inf {t > 1:&:(t) = max{§;(t);j < N} Vi < N}.

Then, 7 is a stopping time for the filtration (F;);>0, with F, = 0{& ;(s);s < t,i,j > 1}. It is
geometrically distributed with parameter not smaller than

Sy = (1/N)Y. (2.9)
Denote by &, & the configuration vectors
® = (0,0,...,0), ©=(0,—00,...,—00).

They are extremal configurations in (the completion of) A% since & <y < & for all y € Ay.
Now, by definition of 7 and (2.4),

Ten® =Tem© =Temy Yy € AR,
Hence, for all ¢ > 7 and all y € Ay such that max;<j<y y; = max;<;<n Y;(0),
Y(t) = Tewy - - - Teen Tenyy-

We can construct a renewal structure. Define 7y = 7, and recursively for k > 0, 7441 = 7, +700;,
with 6 the time-shift. This sequence is the success time sequence in a Bernoulli process, we
have 1 <7 < < ... <7 <...< o0 a.s. The following observation is plain but crucial.
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Lemma 2.1 (Renewal structure). The sequence

(YOs5);0<s <), (Y (r+s);0<s<m—71), Y (r2+5);0 < s < 3—70), . ..
is independent. Moreover, for allk > 1, (Y°(73+s); s > 0) has the same law as (Y°(1+s); s > 0)
starting from Y°(0) = 6.

Proof. of Lemma 2.1. By the strong Markov property, the Markov chain Y starts afresh from
the stopping times 73 < 7o < .... This proves the first statement, and we now turn to the
second one. Note that 7@ = T, if, for all i, (§,;;7 < N) is a permutation of (7, ;7 < N).
Hence,
P(Y°(1) €-,m=1[Y%0) =) =P(Y°(1) € - |[Y°(0) = ®) x P(r; = 1),
and so
PY'(1) e- [Y°(0) =@, 7 =1) =P(Y°(1) € - [Y°(0) = ®).

From the markovian structure and by induction it follows that

P((Y°(1+s);s>0) € - [Y%0) =) = P((Y°(1+s);s>0)€-|Y°(0) =, 7 =1)
= P((Y’(14s);s>0) € |[Y°(0) =27 =1
P((Y°(1+s);s>0) € |m =1)
= P((Y(r1+s);s>0) €-),
for all z € AY,. |

The lemma implies the proposition, with the law v given for a measurable F': A%, — R, by

1 0
/de - ml@ > FY(t)

T1<t<T2

1 0 —
= B S E(FY () licr|m = 1). (2.10)

t>1

Remark 2.2. (i) The theorem shows that the particles remain grouped as t increases, i.e., the
law of the distance between extreme particles is a tight sequence under the time evolution. In
Theorem 4.4 we will see that when the law of £ is close to Gumbel, they remain grouped too as
N increases.

(1) The location of front at time t can be described by any numerical function ®(Y(t)) or
(Y (t—1)) (or equivalently, any symmetric function of X (t) or X(t — 1)) which commutes to
space translations by constant vectors,

Oy+rl)=r+d(y), (2.11)

and which is increasing for the partial order on R . Among such, we mention also the mazimum
or the minimum value, the arithmetic mean, the median or any other order statistics, and the
choice in (3.14) below. For Proposition 2.1, we have taken the first choice — the location of the
rightmost particle — for simplicity. Some other choices may be more appropriate to describe the
front, by looking in the bulk of the system rather than at the leading edge. For fized N all such
choices will however lead to the same value for the speed vy of the front, that we define below.
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Note that for a function ® which satisfies the commutation relation (2.11) we have the inequal-
ities

0(®) + min max {;(0) + &5(1)} < ©(Y(1) < (@) + max {Y;(0) + (1)}

Now, by equation (2.10) and by the fact that 7 is stochastically smaller than a geometric
random variable with parameter (1/N)Y we conclude that if £ € LP, Y (0) € LP then ®(Y (t)) €
L and also [ |yn[Pdv(y) < co. The following corollary is a straightforward consequence of the
above.

Corollary 2.1 (Speed of the front). If £ € L', the following limits
vy = lim t T max{X;(t);1<i< N} = lim t T min{X;(t);1 <i < N}
—00 —00

A

t_l/z(maX{Xi(t); 1<i< N} - th)

dv(y) E max {y;+ & (1)}

0
N

Moreover, if £ € L?,

converges in law as t — oo to a Gaussian r.v. with variance o% € (0,00).

We call vy the speed of the front of the N-particle system. The equality of the two limits in
the definition of vy follows from tightness in Remark 2.2. Similarly, we have

o= [ (ES(Tw) - () dvly)
AY
for all @ as in Remark 2.2, (ii), where A} is defined just before Proposition 2.1. The second

formula is obtained by taking ®(y) = max;<yy;. The Gaussian limit is the Central Limit
Theorem for renewal processes.

3. THE GUMBEL DISTRIBUTION

The Gumbel law G(a, \) with scaling parameter A\ > 0 and location parameter a € R is defined
by its distribution function

P <xz)=exp(— 6_’\(3”_“)), z € R. (3.12)

This law is known to be a limit law in extreme value theory [15]. In [5], Brunet and Derrida
considered the standard case a = 0, A = 1, to find a complete explicit solution to the model.
In this section, we assume that the sequence &, ; is G(a, \)-distributed, for some a, A. Then,
¢ = A —a) ~ G(0,1), while

exp(—() 1is exponentially distributed with parameter 1, (3.13)

and exp(—e™¢) is uniform on (0, 1). Conversely, if U is uniform on (0,1) and £ exponential of
parameter 1, then —AInln(1/U) and In &~ are G(0, \).

Here, the Gumbel distribution makes the model stationary for fixed NV and allows exact com-
putations; it is also an attractor as N — oo.
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3.1. The Front as a random walk. In this section, we fix N > 1,a € R, A\ > 0. We will
choose the function ® : RN — R,

N
®(r) =A""In Z exp Ax; (3.14)
i=1

to describe the front location ®(X(¢)) at time ¢.

Theorem 3.1 ([5]). Assume the & ;’s are Gumbel G(a, \)-distributed.
(i) Then, the sequence (®(X (t));t > 0) is a random walk, with increments

T=a+A"'ln (Z 5;1) (3.15)

=1

where the & are i.i.d. exponential of parameter 1.

(1i) Then,
N N
oy =a+ A 'Eln (Z 5{1) , o = A *Var (1n2€[1> . (3.16)

i=1 i=1
(iii) The law v from proposition 2.1 is the law of the shift VO € AY of the ordered vector V
obtained from a N-sample from a Gumbel G(0,\).

Proof. : Define F; = 0(&; ;(s),s <t,i,j < N), and & ;(t) = exp{—A(&;(t) —a)}. By (1.1),

Xi(t+1) = ax {X;(t) +a—X"In&;(t+1)}
= a+®(X@) - AN 'In&(t+1), (3.17)

where
. — mi - —AXG (1)) AR(X (1)) >
E(t+1) ér}gnN {Em (t+1)e " }e , t>0.

Given F;, each variable &;(t + 1) is exponentially distributed with parameter 1 by the standard
stability property of the exponential law under independent minimum, and moreover, the whole
vector (&;(t+ 1),7 < N) is conditionally independent. Therefore, this vector is independent of
Fi, and finally,

(&(t),1 <i< N,t>1) isindependent and identically distributed

with parameter 1, exponential law. Hence, the sequence

Yt)=a+A'ln <i &(t)*) , t>1,

is i.i.d. with the same law as Y. Now, by (3.17),
O(X(t) = PX(t—1))+7T(¢)

= O(X(0)) + > _T(s)

which shows that (®(X(¢));¢ > 0) is a random walk. Thus, we obtain both (i) and (ii).

From (3.17), we see that the conditional law of X (¢+ 1) given F; is the law of a N-sample from
a Gumbel G(a + ®(X(¢)), A). Hence, v is the law of the order statistics of a N-sample from a
Gumbel G(0, \), shifted by the leading edge. |
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3.2. Asymptotics for large N. In this section we study the asymptotics as N — oo. When
a =0 and A =1, Brunet and Derrida [5] obtain the expansions

InlInN 1—v 1
—InN+Inln N 318
vy =N+ I N = 4 9+ ol o), (3.18)
2
2 ﬂ-
— 1
ON= 3N T (3.19)

by Laplace method for an integral representation of the Laplace transform of Y. With this
limit we can recover the first terms of the expansions. Even though our results are weaker, we
give a short account of their derivation in the streamline of our approach.

We start to determine the correct scaling for the jumps of the random walk. First, observe that
E~! belongs to the domain of normal attraction of a stable law of index 1. Indeed, the tails
distribution is
PE'>z)=1—e Voot T — +00.
Then, from e.g. Theorem 3.7.2 in [10],
N —
S(N) - Ez‘:1 gz - by 1a_w> S
N )
where by = NE(E71; €71 < N), and S is the totally asymmetric stable law of index o = 1,
with characteristic function given for u € R by

Ees = exp{/1 (e —1)?—1-/0(6 —1—zuw)ﬁ}

= exp {iCu — g|u|{1 + izsign(u) In ]u\}}
m
=: expVe(u), (3.21)

for some real constant C' defined by the above equality. By integration by parts, one can can
check that, as N — oo,

(3.20)

< ey 1 1
by =N —dy=N(InN —vy+ =+ 0(—)), 3.22
v=n G ( < +0() (3:22)
with v = — fooo e *Inxdx the Fuler constant. Then,
_ 0 1
Inby =InN +Inln N 1nN+O(1n2N)

We need to estimate

- N
Elnd &' —Inby = Eln(1+b_5<N>)

i=1 N
N 1 1—e

for all & € (0,1]: indeed, since the moments of S™) of order 1 —&/2 are bounded (Lemma 5.2.2
in [13]), the sequence (%)'~¢[In (1 + %S(N)) —In(1+ %S)] is uniformly integrable, and it
converges to 0. A simple computation shows that

Eln(1+&S) = /100 In(1 + gy)dy(l +0(1)) + O(g) ~ eln(e™)

¥
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as € N\ 0. With ¢ = N/by, we recover the first 2 terms in the formula (3.18) for vy. (If we
could improve the error term in (3.23) to o(lnln N/In N), we would get also the third term.)
With a similar computation, we estimate as N — oo

ox = Var(ln (1 + %S(N)»

~ Var(ln (1 + %S))

~ Eln*(1+ ﬁ8)
by

~ n2(1 Y\
/1 n(—i_lnN)

~ In?(1 + 2
/0 A
Co

InN '’

with Cp = [J° In?(1 + y)% = 72/3.

3.3. Scaling limit for large N. In this section, we let the parameters a, A of the Gumbel
depend on N, and get stable law and process as scaling limits for the walk: In view of the

above, we assume in this subsection that & ; ~ G(a, A) where @ = ay and A = Ay depend on
N

Ay = X ~ A
by In N’ , (3.24)
ay = —C—Xy'In(by) = —C —In> N — (InN)(Inln N) + o(1),
with the constant C' from (3.21). Correspondingly, we write

N
X =XM TynEt)=ay+ Ay In (Z &-(t)_l) :

i=1

Note that, with S*) defined by the left-hand side of (3.20), we have by (3.15),

Ty = —1n(25 ) O——lnbN
= Eln (1 + bNS(N> C
v S, (3.25)

as N — oo, where the stable variable Sy = & — C' has characteristic function
E expiuSy = exp Yo (u), Uo(u) = —g|u| —duln |u|

from the particular choice of C'. In words, with an apropriate renormalization as the system
size increases, the instantaneous jump of the front converges to a stable law. For all integer n
and independent copies Sy 1, ... Sy, of Sy, we see that
So1+ ...+ Son
n

law
—Inn = §
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from the characteristic function. Consider the totally asymmetric Cauchy process (So(7);7 >
0), i.e. the independent increment process with characteristic function

E exp{iu(So(1) — So(7))} = exp{(7 — 7')¥y(u)}, weR0<T <

It is a Lévy process with Lévy measure z~2

wide sense: for all 7 > 0,

on R, it is not self-similar but it is stable in a

SolT) _ppyp te So(1)
-

with Sp(1) Y Sy, We refer to [4] for a nice account on Lévy processes.

We may speed up the time of the front propagation as well, say by a factor my — oo when
N — o0, to get a continuous time description. Then, we consider another scaling, and define
for 7 > 0,

(XM ([mn])) — 2(XN(0))

on(T) = M —T1lnmy

Tl (t
= iz Twlt) TInmy (3.26)
my
Of course, this new centering can be viewed as an additional shift in the formula (3.24) for ay.
By (3.25), the characteristic function yy(u) := Ee™™~ = exp{¥q(u)(1 + o(1))}, where o(1)
depends on v and tends to 0 as N — oo. Then,

u[my]

[mnT]
E exp {ZU(M — TlnmN)} = (xw(u/my))"™ exp{—i Inmy}

my
— expT¥o(u),
as N — oo, showing convergence at a fixed time 7. In fact, convergence holds at the process

level.

Theorem 3.2. As N — oo, the process pn(-) converges in law in the Skorohod topology to the
totally asymmetric Cauchy process Sy(+).

Proof. The process ¢n(+) itself has independent increments. The result follows from general
results on triangular arrays of independent variables in the domain of attraction of a stable
law, e.g. Theorems 2.1 and 3.2 in [14]. |

Proof of Theorem 1.1: Apply the previous Theorem 3.2 after making the substitution ¢ =
)\N(S - CLN). [ |

4. THE FRONT PROFILE AS A TRAVELING WAVE

The empirical distribution function (more precisely, its complement) of the N-particle system
(1.1) is the random function

N
Un(t,z) = N7 1x,0a (4.27)
i=1

It is non-increasing step function with jumps of size 1/N a.s. with limits uy(t, —00) =
L,un(t,+00) = 0. It has the shape of a front, propagating at mean speed vy, combin-
ing two interesting aspects: randommness and discrete values. One can write some kind of
Kolmogorov-Petrovsky-Piscunov equation with noise (and discrete time) governing its evolu-
tion, see (7-10) in [5] and Proposition 4.1. Let F' denote the distribution function of the &’s,
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F(z) = P(&;(t) < ). Given F,_i, the right-hand side is, up to the factor N~!, a binomial
variable with parameters N and

P(X(t) > | Fi1) = 1—HIP> (t=1)+ & (1) <z Fmy)  (by (11))

= 1—exp—N/lnF(;1:—y)UN(t—1,dy). (4.28)
R

4.1. Gumbel case. Starting with the case of the Gumbel law F(z) = exp —e @~

observe that (4.28) and (3.14) imply
P(Xi(2) < alFi_y) = exp —Ne—o- 20X -1,

that is (3.17). It means that X (t) — ®(X (¢ — 1)) is independent of F;_;, and that it is a N-
sample of the law G(a, A). For the process at time ¢ centered by the front location ®(X (¢t —1)),
the product measure G(a, \)®" is invariant. We sumarize these observations:

, we

Proposition 4.1 ([5]). Assume that & j(t) ~ G(a,\). The process X (t) can be represented as
a random recursive sequence,

X(t)=G(t)+B(X(t—1)1, t>1, (4.29)

with G(t) = (Gi(t);i < ) and (Gi(t);i < N,t > 1) an i.i.d. sequence with law G(a, \),
independent of X (0) € RN. Moreover,

N}:HG ) >z —d(X(t—1)}, t>1,zeR. (4.30)

Remark 4.2. (i) The recursion (4.30) is the reaction-diffusion equation satisfied by Uy. This
equation is discrete and driven by a random noise (G(t);t > 0).

(i) Note that the centering is given by a function of the configuration at the previous time
t — 1. One could easily get an invariant measure with a centering depending on the current
configuration. For instance, consider

X(t) — max X;(t) = g — maxg;,
J J

with g; i.4.d. G(a,\)-distributed, or replace the mazimum value by another order statistics.
However our centering, allowing interesting properties like the representation (4.29), is the
most natural.

By the law of large numbers, as N — oo, the centered front converges almost surely to a limit
front, given by the (complement of) the distribution function of G(a, \), as we state now.

Proposition 4.3. For allt > 1, the following holds:

(i) Convergence of the front profile: as N — oo, conditionnally on F;_1, we have a.s.
Un(t,z+®(X(t—1))) — u(z) =1 — exp(—e “Aa—a)y, uniformly in z € R.
(ii) Fluctuations: as N — oo,

N x {Un (12 + (t=1)(Inby +a) + (X (0))) — u(z)} =5 UIY)

(tS+tlnt +tC)
as N — oo, with S from (3.20) and C' from (3.21).
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We willl see in the proof that the front location alone is responsible for the fluctuations of the
profile. It dominates a smaller Gaussian fluctuation due to the sampling.

Proof. of Proposition 4.3. As mentioned above, the law of large numbers yields pointwise
convergence in the first claim. Since Un(%,-) is non-inceasing, uniformity follows from Dini’s
theorem. We now prove the fluctuation result. By (3.15) and (3.20),

Zy =N x {@(X(t))—@(X(O))—ﬂnbN}_Mzm (14 5-5™(s))

converges in law to the sum of ¢t independent copies of S, which has itself the law of tS+t Int+tC'.
On the other hand, we have by (4.30),

U (t+ 1z + tinby + (X(0))) = %Z UGt +1) > 2 +

i=1

1
A
INN}

By the central limit theorem for triangular arrays, for all sequences zy — 0, we see that,

N
1 aw
Nl/z(ﬁ STUHGiHt+1) > 2+ 2n} —ulz + 2x) = Z ~ N(0,u(z)(1-u(z)))
i=1
as N — oco. Being of order N~1/2, these fluctuations will vanish in front of the Cauchy ones,

which are of order (In N)~!. In the left hand side, we Taylor expand u(z + zy). Since G(t + 1)
and Zy are independent, we obtain

InN x {Un(t+ 1,24+ tlnby + ®(X(0))) —u(z)} — ' (z)Zy — 0
in probability, which proves the result. [ |

Remark: A limiting reaction-diffusion equation. It is natural to look for a reaction-diffusion
equation which has u as traveling wave (soliton). By differentiation, one checks that, for all
v € R, u(t,r) = u(x — vt) (where u(z) = 1 — exp{—e*@=9}) is a solution of

u = Uy, + Au), (4.31)

with reaction term

1 1
— )1
—u+(v )}nl—u

Since A(0) = A(1) =0, the values u = 0 and u = 1 are equilibria. For v > A, we have A(u) > 0
for all w € (0,1), hence these values are the unique equilibria v € [0, 1], with « = 0 unstable

and u = 1 stable. For v € [A;3)), A is convex in the neighborhood of 0, so the equation is not
of KPP type [12, p.2].

A(u) = A1 —u)[Aln 1

4.2. Exponential tails: front profile and traveling wave. Now we consider the case of £
with exponential upper tails, 1 — F(x) = P({ > ) ~ e ® as x — 400, that can be written as

lim e(z) =0, with e(z) =1+ €"In F(x). (4.32)

T—+00

(By affine transformation, we also cover the case of tails P(¢ > x) ~ €*(*=9).) By definition,
e(z) € [—o0,1]. Note that ¢ = 0 is the case of £ ~ G(0,1).
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We let N — oo, keeping t fixed and we use ® from (3.14) with A = 1. To show that the
empirical distribution function (4.27) converges, after the proper shift, to that of the Gumbel
distribution with the same tails, we will use the much stronger assumption that

lim e(x) =0, and e(z) € [-0711 4], (4.33)

T——+00

for all x with some 6 > 0. The second condition is equivalent to the following stochastic
domination: there exist constants finite ¢ < d (¢ =1Ind,d = In(1+ 6~')) such that

g+C§st0€§stog+d; gNG(O,l)

This condition is reminiscent of assumption (1.13) in [19] used to control the fluctuations of
the front location for KPP equation in random medium. We prove that, as N — oo, the front
remains sharp and its profile converges to that of the Gumbel.

Theorem 4.4. Assume (4.33). Then, for all initial configurations X (0) € RY, all k > 1, all
Ky C {1,..., N} with cardinality k, and all t > 2 we have

(X;(t) — ®(X(t—1));j € Ky) =% G(0,1)%, N — oo, (4.34)
with ® from (3.14), and
Uy(t,z—@(X(t-1)) —u(z)=1—¢"°

uniformly in probability as N — oo.

—x

(4.35)

From the stochastic comparison of ¢ and the Gumbel, we obviously have vy = Inby + O(1).
The result supports the guess that the error term is in fact o(1), that we leave as a conjecture.

Proof. First of all, note that In F(z) = —(1 — g(x))e™. Let m; = eX:(t=D=®X(=1) which add
up to 1 by our choice of ®, and let also ¢; = e(z + ®(X(t — 1)) — X;(t — 1)).
We start with the case k =1, Ky = {j}. From (4.28),

InP(X;(t) — (X (1 - 1)) < 2| Fia)

= ) InF(x+®(X(t—1)) - X;(t—1))
= =) e PRI o 4 B(X (- 1)) - Xt — 1))]

N
= —e Z mz[l - 51']
i=1

= —e 7 (1 — Zmisi — ZmZa) (436)

i€lq 1€l
with I; = {i : X;(t — 1) < ®(X(t — 1)) — A} and I, the complement in {1,... N}, and some
number A to be chosen later. By the first assumption in (4.33), we have
|Zmi€i| <sup{le(y);y >+ A} x1—=0 as A— oo,
i€ly
for fixed . The second sum,

\ Z migi| < llelloo Z eXilt=1)=@(X(t-1))

i€ls i€l
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will be bounded using the second assumption in (4.33). We can enlarge the probability space
and couple the & ;(s)’s with (g; ;(t — 1);4,5 < N), which are i.i.d. G(0,1) independent of
(&.,(s);i,5 < N,s#t—1), such that
Define for : < N,

Xi(t = 1) = max{X;(t — 2) + g;,;(t = 1)}.

J<N

By the previous double inequality,

Xt =) +c< X;(t—1) < X;(t—1) +d,

and, since ® is non-decreasing and such that ®(y +r1) = ®(y) + r, we have also

PX(t—1)—P(X(t—2) >P(X(t—1)) —P(X(t—2)) +c,

On the other hand, in analogy to the proof of Proposition 4.1 for the Gumbel case we know

that (X;(t —1) — ®(X(t —2));1 <i < N) is a N-sample of the law G(0,1). So,

O(X(t—1)—d(X(t—-2) = In(by)+1In <1 + %S(N))
= InN+InlnN +o(1)
in probability from (3.20), and
max{X;(t —1);i < N} —®(X(t —2)) —InN converges in law

by the limit law for the maximum of i.i.d.r.v.’s with exponential tails [15, Sect. 1.6]. Combining
these, we obtain, as N — oo,

O(X(t—1)) —max{X;(t—1);i < N} > &(X(t—1))—d—max{X;(t —1);i < N} +¢
— 400 in probability ,

which implies that the set Iy becomes empty for fixed A and increasing N. This shows that
>ier, € ETDT2XED) 5 0 in probability (i.e., under P(-|F;_s)) uniformly on X (t—2). Letting
N — oo and A — +o00 in (4.36), we have

P(X;(t) = (Xt — 1)) < z|F—2) 2 exp—e”

as N — oo uniformly on X (¢ —2), which implies the first claim for k = 1. For k > 2, recall that,
conditionnally on F;_1, the variables (X;(t);i < N) are independent. The previous arguments
apply, yielding (4.34).

Statement (4.35) for fixed « follows from this and the fact that X;(¢) are independent condi-
tionally on F;_;. Convergence uniform for x in compacts follows from pointwise convergence of
monotone functions to a continuous limit (Dini’s theorem). Uniform convergence on R comes
from the additional property that these functions are bounded by 1. |

It is natural to state the following.

Conjecture 1. Theorem 4.4 is true under assumption € — 0.
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5. FRONT SPEED FOR THE BERNOULLI DISTRIBUTION

In this section we consider the case of a Bernoulli distribution for the £’s,

P(&;(t) =1) = p, P(&;(t) =0)=q=1-p,

with p € (0,1). For all starting configuration, from the coupling argument in the proof of
proposition 2.1, we see that all N particles meet at a same location at a geometric time, and, at
all later times, they share the location of the leading one, or they lye at a unit distance behind
the leading one. We set ®(z) = max{x;;j < N}, and we reduce the process X° to a simpler
one given by considering

Z(@t)=4{j:1<j <N, X;(t) =1+max{X;(t —1);i < N}}. (5.37)

Z(t) is equal to the number of leaders if the front has moved one step forward at time ¢, and
to 0 if the front stays at the same location. Here, we define the front location as the leftmost
occupied site (X (t)) = max{X;(t);j < N}. Then, it is easy to see that Z is a Markov chain
on {0,1,..., N} with transitions given by the binomial distributions

= o~ (R

Note that the chain has the same law on the finite set {1,2,...} when starting from 0 or from
N. Clearly, vy — 1 as N — co. We prove that the convergence is extremely fast.

(5.38)

v

L,
0.

Theorem 5.1. In the Bernoulli case, we have
oy =1 —¢V" 2N +o(¢"2V) (5.39)
as N — oo.

Proof. The visits at 0 of the chain Z are the times when the front fails to move one step. Thus,

O(X (1)) = ©(X(0)) + ) L0,

which implies by dividing by ¢ and letting ¢ — oo, that

UN = EN(Z 7é 0) =1- le(Z = O),
where 7y denotes the invariant (ergodic) distribution of the chain Z. Let Ey, Py refer to the
chain starting at NV, and Ty = inf{t > 1: Z(¢) = k} the time of first visit at £ (0 < k < N).
By Kac’s lemma, we can express the invariant distribution, and get:

VN = 1-— (E()T())_l =1- (ENT())_l. (540)

Let 09 = 0, and oy, 09 ... the successive passage times of Z at N, and N = 3 .. 1,7, the
number of visits at N before hitting 0. Note that N has a geometric law with expectation
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ENN = PN(TO < TN)_I. Then,

ENTy = En Z(Ui - Ui—1)10i<T0 + (To - CTN)

i>1

= Z Ey[(0i = 0i-1)1s,<1,] + En(To — on)
i>1

= Z Ey [1ai,1<ToEN (01101<T0)} + En(To|To < Tw) (Markov property)
i>1

= EN[./\/] X EN(O'1101<T0) + EN<T0|T0 < TN)
1-— PN(TO < TN)

= BT < T x Ex(Tn|Ty < To) + Ex(To|To < Tw) (5.41)
We will prove a Lemma.
Lemma 5.1. We have
Py(Ty < Ty) ~ ¢V 2V, (5.42)
as N tends to co. Moreover,
]\}lircl)o En(Ty|To < Tn) =2, (5.43)
Nhgloo En(Tn|Ty < Tp) = 1. (5.44)

The lemma has a flavor of Markov chains with rare transitions considered in [7], except for
the state space which is getting here larger and larger in the asymptotics. With the lemma at
hand, we conclude that

1
ENTy ~ ————
N0 PN(TO < TN)
1
qNQQN
as N tends to co. From (5.40), this implies the statement of the theorem. [

Proof. of lemma 5.1. We start to prove the key relation (5.42). We decompose the event
{Th < Tn} according to the number ¢ of steps to reach 0 from state IV,

Py(To < Tn) = > Py(Ty =L < Ty). (5.45)

>1

We directly compute the contribution of ¢ = 1: By (5.37), we have

Py(Ty=1<Ty) =, (5.46)
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which is neglegible in front the right-hand side of (5.42). We compute now the contribution of
strategies in two steps:

PN(T0:2<TN) = PN(T0:2<TN,Z(1):I{?)

k=
N—-1
2 N
= 4" (k,)(l—qN)k
k=1
= M[2-¢")N —1-(1—¢")]
~ N22N

For ¢ > 2 we write, with the convention that ky = N,

Py(To=0+1<Ty) = > Py(To=L0+1<Ty,Z(i)=k,i=1,...

which serves as definition of a; = a,(N). For € € (0,1), define also by = by(e, N) by

N-1

k,...kp=1

N-1 ¢
N . . ke
_ Z [H (k) (1 — ghim Yhighinn OV kl)] N

N—-1 l
[ (g ) qki_l(N—ki)} N

N-—1 y4
= qN2 Z H(]]j) qki(N_ki—l)

k1,.kp=1 i=1

“;l M
—

. N2
= q Q,

£
e

1<ky,..kg<N—1ke>(1—e)N i=1

Then, by summing over ky,

with

Qy

-1
N P B i
Z [ (kz) qkz(N kH)] [(1 + qN kH)N 1 qN(N kH)]

1<ky,.kp_1<N—1 i=

2 { (1) ot e 1]

1<ky,.. kg 1<N-1

2.t

ke—1<(1-e)N ke_1>(1—)N

v a1+ (14 q) Vb1,

def. N
=) = (1+¢%)" =1~ Ng™*

- Nl (J,X) (1—g™)egV VR x (J(\)[) (1—¢")

(5.47)

(by (5.37))

(since kg = N)

(5.48)

(5.49)
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as N — oco. We now bound b, in a similarly manner. First we note that, for any »n such that
n> —eln(e) — (1 —¢)In(l — ) > 0, we have

Z (‘;{V) <expNn for large .
1
)N

k)g>(1—€

Note also that we can make 1 small by choosing ¢ small. Then,

/—1
by < Z H (g) qki(N*kiA)

1<ki,.ke_1<N—1 Li=1
= + )
ke 1<(1—-¢)N ke—1>(1—-e)N

< GO-aNTNng, 4 Q=N Ny (5.50)

eNﬂq(lfﬁ)N(N*kefl)

For vectors u, v, we write u < v if the inequality holds coordinatewise. In view of (5.49) and

(5.50), we finally have
Qy Qp—1 -2 [ Q2
<M <...<M 5.01

where the matrix M is positive and given by
M- YN (1+q™
- qe(l—e)N2 €N77 q(l—e)NeN'r]

We easily check that, for ¢ and n small, M has positive, real eigenvalues, and the largest one
Ay = Ay (N, e,n) is such that A\, ~ vy as N — oo. By (5.51),

Ay S /\ﬁ__2 (CLQ + bg),
and since A = A, (N,e,n) < 1 for large N,
as + bg
< . 5.52
D arS Ty (5.52)

0>2

Now, we estimate as = as and by, both of which depend on N:

_ NN (NN rov—k)
w2 (W) ()

1<k1,ka<N—1

< S (S
= kl

1<k1<N-1

- 2 X
ki<(l—e)N ki>(1—e)N

IN

2N+ (1 + gV,

. N\ (N ~
by < g > </<;1) (k:z) < 2%,
)N

1§k1,k2§N—1,k2>(1—6

and

From (5.52), we see that

S alN) = of2Y),

>2

and, together with (5.48), (5.45), (5.46), (5.47), it implies (5.42).
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The limit (5.43) directly follows from the above estimates.

Finally, we turn to the proof of (5.44). Note that

PN(TN < To) < EN(TN]-TN<T0) < EN(TN) = <1 — (1 _p)N)N + EN(TNlTN>1) . (553)

We only need to show that the last term is exponentially small. For that, we use Markov
property at time 1,

En(Tn1pys1) < [1 - <1 - (1 _p)N>N} (1 + me“XEm(TN))a

where the first factor is exponentially small. To show that the second factor is bounded, one
can repeat the proof of part a) with p = 1 of the forthcoming Lemma 6.5. |

6. THE CASE OF VARIABLES TAKING A COUNTABLE NUMBER OF VALUES

In this section we consider the case of a random variable £ taking the values Ny :={l € Z : 1 <
k}, with k € Z, so that

P&;(t) =1) =, (6.54)
for | € N, with p; > 0,p € (0,1) and ZleNk pr = 1. As in the Bernoulli case we can reduce
the process X to a simpler one given by Z(t) := (Z;(t) : | € N;), where

Z(t) =4{j: 1 <j <N, X;(t) =max{X;(t —1);1 <i < N} +1}, (6.55)

for [ € Nj. Note that Zi(t) is equal to the number of leaders if the front has moved k steps
forward at time ¢, and to 0O if the front moved less than k steps. Z is a Markov chain on the set

Q= {mE{O,...,N}N’“:Zmi:N},

1€Ng

where m; are the coordinates of m. We now proceed to compute the transition probabilities of
the Markov chain Z. Assume that at some time ¢ we have Z = m = (m; : i € N;). For each
1 € Ny, this corresponds to m; particles at position 7. Let us now move each particle to the
right adding independently a random variable with law & . We will assume that m; > 1. The
probability that at time ¢ + 1 there is some particle at position k (after recentering) is

sp(m):=1— (Z pl> :

l=—00

Similarly, the probability that the rightmost particle at time ¢t + 1 is at position k& — 1 is

o () (£ (5

l=—0o0 l=—o0 l=—00

In general, for r € Ny, the probability that at time ¢ + 1 the rightmost particle is at position r
is
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(Zr) () (Z8)

Define now on € the shift 6m by (fm); = m;_; for i € Ny. For r € Ny, let 37(01)(m) = s.(6m)
and in general for 7 > 1 let

s9(m) = s,.(6"m).

Define s(m) := (s,(m) : v € N}), for j > 1, sW(m) := (s¥'(m) : r € N,). Dropping the
dependence on m of s,, sgj), s and sY) we can now write the transition probabilities of the
process Z(t) as

P(Z(t+1)=n|Z(t)=m)

M(N,S)n, my > 1,
M(N,sl)n, mp_1 > 1,my, =0,
= M(N,SQ) n), Mmp_s>1,m,=mu_1 =0, (6.56)
(N7S])) k—j = Lmp=myp_y = =myp_j1 =0,

where for u; with >, w; = 1, M(N ;u) denotes the multinomial distribution (with infinitely
many classes). Let us introduce the following notation

k—i

j=—o00
for integer ¢ > 1.

Assumption (R). We say that a random variable ¢ distributed according to (6.54) satisfies
assumption (R) if

Pk X pp—1 >0
and

E(|€0,]) < 00

We can now state the main result of this section.

Theorem 6.1. Let { be distributed according to (6.54) and suppose that it satisfies assumption
(R). Then, we have that

vy =k —q 2V +o(qg) 2Y), (6.57)

as N — oo, where q := 1 — py.
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6.1. Proof of Theorem 6.1. To prove Theorem 6.1, we will follow a strategy similar to the
one used in the Bernoulli case. Let us first define for each m = (m; : i € Ny) € Q4 the function

¢ = ¢(m) :=sup{i € Ny : m; > 0}. (6.58)
As in the Bernoulli case, we denote by 7y the invariant (ergodic) distribution of the chain Z.

Lemma 6.1. Let £ be distributed according to (6.54). Then, we have that

o =k—on(¢<k=1)=) on(o <k —j). (6.59)

Proof. Let ®(r) = max{x;;i < N}, and note that for every positive integer time ¢

Hence
oy = Y in(¢ =) :k—Z‘N(qbg k— 7). (6.60)
|

We will now show that the first two terms of the expression for the velocity (6.59) given in
Lemma 6.1, dominate the others.

Lemma 6.2. Let £ be distributed according to (6.54). Then, for each i > 2 we have that

v <k—i) < (Q)NVN@» <k-1).

1

Proof. Let us fix m € Q. Define k := sup{i € N, : m; > 0}. Let us first note that

PA(6(Z(1) < k—1) = 1,

while
Pa(@(Z(1)) < k— 2) = Ve < (—)m Pa(d(Z(1) <k —1).
Hence
Pu(d(Z(t) <k =2) = > Pu(Z(t—1)=m/,¢(Z(t)) <k —2)
m/eQy,
= Y P2t —1) = m) Pu(6(Z(1) < k —2)
m/ ey,
< X RalZl- )= Paelz) k-1 (2)
m/eQy,

(VAN
—
|
~
=2
e
SN
N
=
(VAN
RA
|
=



LAST PASSAGE PERCOLATION AND TRAVELING WAVES 22

where in the last inequality we used the fact that by definition m/, > 1. A similar reasoning
shows that in general, for i > 2,

N
. T
Paolz) < k=i < (2 Palo(z) < k-1,
Taking the limit when ¢ — oo and using Proposition 2.1, we conclude the proof. [

Lemma 6.3. Let £ be distributed according to (6.54) and suppose that assumption (R) is

satisfied. Then
(o] r N r N
() e ((2))
im2 \'1 "

Proof. Note that by summation by parts, assumption (R) implies that

o0
E r; < 00.
i=2

Therefore,

Theorem 6.1 now follows from Lemmas 6.1, 6.2, 6.3 and the next proposition, whose proof we
defer to subsection 6.2.

Proposition 6.2. We have that

lim n(p <k —1)

N—o0 q]inQN

= 1.

6.2. Proof of Proposition 6.2. Let us introduce for each m € €2 the stopping time

T :=1inf{t > 1: Z(t) = m}.

Define now QY := {m € Q. : my = 0}. Furthermore, we denote in this section & := (...,0, N) €
Q. We now note that by Kac’s formula

(Ze=0)=Y w(Z=n =Y En(lTn).

neQ? nef?

Hence we have to show that

1
lim ZnEQg En(Tyn)
N—o00 N29N
n

=1. (6.61)

We will prove (6.61) through the following three lemmas.
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Lemma 6.4. Assume that £ is distributed according to (6.54). Then, for every n € QY we have
that

1

En(T,) = Eg(Ty, Ty < Tn)m

+ Eg(To|T, < Tg) + Un(n),

.....

Lemma 6.5. Assume that £ is distributed according to (6.54). Then, there is a constant C' > 0
such that the following are satisfied.

a) Forp=1 and p =2, and for every N > 2 we have that

sup E,(T2) < 2°(1 + e ). (6.62)

meQy

b) For every N > 2 we have that
sup |Fe(Te, Te < T)y) — 1] < eV,
meQ?
To state the third lemma, we need to define the first hitting time of the set Q. We let
Ty := inf T,,.
meQ?

Lemma 6.6. Assume that £ is distributed according to (6.54). Then, there is a constant C' > 0
such that

> Pe(T < Tw) = Ps(Ta < Te)(1+ O(e™M)).

0
neqy)

Let us now see how Lemmas 6.4, 6.5 and 6.6 imply Proposition 6.2. We will see that in fact,
Proposition 6.2 will follow as a corollary of the corresponding result for the Bernoulli case with
q = q. Note that Lemma 6.4 and part (b) of Lemma 6.5 imply that

1__€fCN

E.(T,) ’
Hence, summing up over n € Qf, by Lemma 6.6, we get that

Py(Ta < Ts) > (1—e M) Y

neQ%

Now, note that P (T4 < Ty) is equal to the probability to hit 0 before N, starting from N,

for the chain Z defined through random variables with Bernoulli increments as in Section 5.
Hence, by (5.42) of Lemma 5.1 we conclude that for N large enough

1
—En(Tn) . (6.63)

(LY > 3 Enng). (6.64)

ne?
On the other hand, applying the Cauchy-Schwarz inequality to the expectation Eg(:|T, < Tg)
in Lemma 6.4 and using Lemma 6.5, we obtain for each n € 2 that

E < gl<+.lﬁi

S

+a37
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where a; == 1+ e N ay :=2(1+e “Y) and a3 := Uy, E := E,(T},), P := Py(T,, < Ty) and
we have used (6.62) of part (a) of Lemma 6.5 with p = 2. It follows that

Va3 —4ai(az — E) — ay

1
>
VP 2aq
Hence,
LS B [ day(as - E)
a1 — —_ a; — 4aq1\as — .
'p = 2a, V 2 T

Now, a2 — 4a1(a3 — E) < 8(1 4 E) for large N, so that

a1%2E<1—4%,/8(%+1)>.

Now, by inequality (6.64) we conclude that for N large enough £ < ¢ *oN+1 Therefore,

1
En(T5)

Summing up over n € Q9. by Lemma 6.6 we get that

> (1—e ON)Py(T, < Ts).

Py(Ta<Ts) < (1+e M) ) L (6.65)

Finally, (5.42) of Lemma 5.1, together with inequalities (6.63) and (6.65), imply inequality
(6.61), which finishes the proof of Proposition 6.2. |

6.2.1. Proof of Lemma 6.5. Part (a). We will first prove that there exists a constant C' > 0
such that

sup P, (T > 2) < e V. (6.66)

mer
The strategy to prove this bound will be to show that with a high probability, after one step
there are at least kaN leaders. This gives a high probability of then having N leaders in the
second step. Consider now the set Ly y 1= {m € Q. imy, > [’%} } We have

N
Po(Ty <2)> P (X > ka) inf P, (T = 1), (6.67)

mELk’N

where X is a random variable with a binomial distribution of parameters px and N. Now, by
a large deviation estimate, the first factor of (6.67) is bounded from below by 1 — e~ Y. On
the other hand, we have for m € Ly n,

Pu(Ty=1)2 (1- (1 - p)™/?)" 21— e O,

for some constant C' > 0. This estimate combined with (6.67) proves inequality (6.66). Now,
by the Markov property, we get that, for all m € €,
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En(Te) = En(Telry<e) + Z En(Telry>2,2(2)=n)

neQy,

S 2Pm(T@ S 2) + Z Em(lT@>2,Z(2):n[2 + ER(TEB)])

neQy

< 2P (To<2)+ (2+ sup En<T@)) Pu(Ts > 2),

neQy

where the supremum is finite, in fact smaller than 65" with dy from (2.9). Bounding the first
term of the right-hand side of the above inequality by 2, taking the supremum over m € ()
and applying the bound (6.66), we obtain (6.62) of (a) of Lemma 6.5 with p = 1. The proof of
(6.62) when p = 2 is analogous via an application of the case p = 1.

Part (b). Note that for every state m € QY we have that

Eg(Ty, Ty <Ta) < Eg(Ty, Ty < Thn) < Eg(Ty).

Hence, it is enough to prove that

|Eo(Ts) — 1] < ¥, (6.68)
and that
|Eo (T, Ty < Ta) — 1] < eV, (6.69)
To prove (6.68) note that
Eo(Te) = (1= (1= p)™)" + Eo(Ty, Tpy > 1). (6.70)

But by the Markov property,

Eo(Ty, Ty > 1) < (1 - (1-( —pk)N)N) (1 + sup Em(T@)) .

0
me)y

Note that

NN N —pp)™ N( = p)*
(1= =p)"Y) ZeXp{_l—N(l—kpk)N}>1_1—N(1_kp’“)N'

Using part (a) just proven of this Lemma, we conclude that

Eo(Ty, Ty > 1) < e V. (6.71)

Substituting this back into (6.70) we obtain inequality (6.68). To prove inequality (6.69), as
before, observe that

Ee(Te, Ty < Ta) = (1= (1= p)™)" + Eg(Te, Ta > Ts > 1). (6.72)

Noting that Eq (T, Ta > T > 1) < Eg(Ts, Ty > 1), we can use the estimate (6.71) to obtain
(6.69).
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6.2.2. Proof of Lemma 6.4. We will use the following relation, which proof is similar to that of
(5.41) and will be not be repeated here: for every n € QF,
Py(Ty < T,)

4 Eo(T,|T,, < T). (6.73)

Let us now derive Lemma 6.4. Let n € Q) and m € . We first make the decomposition

En(Th) = (T)1 + (1), (6.74)
where
(T)y == En(Thlry<r,)  and
(T)2 = Ep(Thlry>T,)-

We also denote by (T'); the supremum of (T')y over all possible n € Q) and m € Q. Now,

(T)2 = (T)21 + (T)22, (6.75)

where

(T)21 = En(Tolry st 12,1)>0N) and
(T)22 := En(Thlny s, 12,0)<onN)-

Now note that for any constant C' < py, by the Markov property and a standard large deviation
estimate we have that

(D)2 = Pu(Tu=1+ Y En(Tuly,sr,>21z,0)—)

21<CN

Pu(Z(1) = n) + (14 (T)z) PulZ4(1) SCN, Z(1) # n)

IN

< (1+@)Pm(zk(1)gcw)
< (1+@> eV, (6.76)

for some constant ¢ > 0 depending on C,p,. On the other hand, by definition of the event
{Ty > T,}, we have the first equality below:

(T = En(Thlnstlz,0)sonlz,@2)<v-1)
(1= =1 =p))N) 2+ (1))
< CO'N(1=pp)N 2+ (T)2), (6.77)

for some C” > 0. We can now conclude from (6.75), (6.76) and (6.77), that there is a constant
C' > 0 such that

IN

(T)Q S CG_CN.

Let us now take m = n € QY and examine the first term of the decomposition (6.74). Note
that by the strong Markov property,

(T)l = E@(Tn) + En(T®1T@<Tn)- (6.78)
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Now, by part (a) Lemma 6.5 with p = 1, we see that the second term in the above decomposition
is bounded above as follows,
E.(Tg) <2(1+e M. (6.79)
Collecting our estimates, we get
E, T, = E.T,;Ty <T,) + E.(Ty; T, < Tg)
= E.(Ts;Te <T,)+ BT, —To;Te < T),) + En(Th; T < T)
= E,(Tg;Ty <T,)+ P,(Ty <T,) X Eg(T),) + E,(T,; T, < Tg).

Here we bound the first term with (6.79), the last one by (T")2, and we can use (6.73) to obtain
the desired conclusion. [

6.2.3. Proof of Lemma 6.6. It is natural to introduce the number N4 of visits of the chain to
the set Q) before reaching the & state,

Te
Ny = Z 1z(t)e0)

t=1
since we have, for all m € €y, the relations
EnNa> 3 Pu(ly <To), Pu(Na>1) = Po(Ta < Ts). (6.80)
nen?
Then, by the strong Markov property,
Eg(Na) = EgWNaly,>1)
= > B (Legers 2m=nBa(1+ Na))

nen?
< |14 sup E,(Na) | Pas(Na>1). (6.81)
ne)
In view of (6.80), where the first term is smaller than the last one, it suffices to show that

sup E,(Na) = O(e™ M)

0
nefy

in order to conclude the proof of the Lemma. In this purpose, use the strong Markov property
to write

E,(Na) = E, (Nalpy=1) + B, (Nalg,>2)
= 04+ Y En(Irycrozmn=m(1 + EnNy))

meQ)

< (1 + sup Em(./\fA)) P(Ta<Ty) . (6.82)

meQ
Observe also that, for all n € €,
P.(Ta<Ty) < P(Ta=1)+PF,(Ty > 2)
< (1 —=pp)N + sup P,(Ty > 2)
neQy

< 27N (6.83)
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by (6.66). Now, the desired result follows from (6.82) and (6.83), provided that the supremum
in the former estimate is finite. To show this, note that sup,, P,(Ts > 2) < (1 — pp)V,
which implies that Ty is stochastically dominated by a geometric variable with this parameter.
Therefore,

SUp B (Naa) < sup B (To) < (1—pi)™",

ending the proof. |

6.3. Proof of Theorem 1.2. Changing £ into (§ — a)/(a — b), we can restrict to the case
a=0,b= —1. Then, for fixed ¢ > 0, we define i.i.d. sequences &; ;(t) and & ;(t) by

Git) = =L <1y > Gig(t) = (1+) > (e, mepasaneraie)) -

<—1

Clearly, these variables are integrable since ¢ is. Since 5” (1) <& ;4(t) < f” (t), the correspond-
ing speeds are such that

Iy <oy <Oy .
From Theorem 6.1, both oy and (14 &)~ oy are —(1 — p)V'2N + o((1 — p)V’2V) as N — oo,
which, in addition to the previous inequalities, yields

—(14+¢) < li]\r]ninva(l —p)*NQQ*N < limsupwvy(1 —p)*NQZ*N < -1
—00

N—o0

Letting € ™\, 0, we obtain the desired claim. |
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