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Abstract

The conditiongT').,, v € (0,1), which have been introduced by Sznitman in 2002, have
had a significant impact on research in random walk in randowirenment. Among others,
these conditions entail a ballistic behaviour as well asraariance principle. They require
the stretched exponential decay of certain slab exit priibed for the random walk under the
averaged measure and are asymptotic in nature.

The main goal of this paper is to show that in all relevant digiens (i.e.d > 2), in order
to establish the conditiond")., it is actually enough to check a corresponding conditiBi of
polynomial type. In addition to only requiring an a priori &akeer decay of the corresponding slab
exit probabilities thar{T").,, another advantage of the conditi¢R) is that it is effective in the
sense that it can be checked on finite boxes.

In particular, this extends the conjectured equivalendgdefconditiongT').,, v € (0,1), to
all relevant dimensions.
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1 Introduction and statement of the main result Theorem( 1.6 Polyno-
mial decay is enough)

1.1 Introduction

Random walk in random environment (RWRE) is a generalisatib simple random walk which
serves as a model for describing transport processes imiogpeneous media. Its study has origi-
nally been motivated by its role as a toy model in the reglicabf DNA chains as well as by the
investigation of phase transitions in alloys (in particutae growth of crystals) in the late 60’s and
early 70's of the last century, see e.g. Chernov [Che67] amlKin [Tem72]. In addition, the model
is related to Anderson’s tight-binding model for disoraketectron systems as well as to a determin-
istic motion among random scatterers (such as the Lorestzsga Sinal [Sin82b]). Furthermore, it

*Partially supported by ERC StG grant 239990

Partially supported by an ETH Fellowship and the Edmund kanillinerva Center for Research in Mathematical
Analysis and Related Areas

partially supported by Fondo Nacional de Desarrollo Gfmaty Tecnologico grant 1100298.


mailto:berger@math.huji.ac.il
mailto:alexander.drewitz@math.ethz.ch
mailto:aramirez@mat.puc.cl

serves as a theoretical model exhibitihgf-noise — a phenomenon frequently occurring in physics
but hard to be established in theoretical models (see Magnhal. [MPRWS83)).

The model has attracted significant mathematical atterti@hhas undergone a major development
during the last decades, establishing results on limitielgaities, diffusive behaviour and substan-
tially differing limiting laws, for example.

In particular, the model exhibits appealing phenomena neggnt in simple random walk. For in-
stance, the question of whether RWRE exhibits diffusiveabur has attracted considerable atten-
tion, and in fact in[[Sin82a], Sinal showed that in a staddare-dimensional setting, RWREK,,)

has fluctuations of scal@og n)? only, in contrast to the diffusive scalgn; see Kesten, Kozlov and
Spitzer [KKS75] for further results in this direction as Wa$ Bricmont and Kupiainen [BK91] (and
references therein) also for a discussion of the multi-disienal situation, where understanding is
still far from complete.

As another intriguing example, consider for an elenient?~! of thed — 1-dimensional unit sphere
in RY, the event4; := {X,, -1 = oo} of transience in directiori. Then Kalikow’s zero-one law states
that Py(A;UA_;) € {0, 1} (cf. Kalikow [Kal81], Sznitman and Zerner [SZ99], as wellZzsrner and
Merkl [ZM0O1]), where P, is the averaged probability defined in{|1.1) below; howewvedimensions
larger than two it is not known whethét)(A4;) ¢ {0, 1} can occur or a corresponding zero-one law
holds for Py (A;) also.

Two of the main difficulties in investigating RWRE are thetftttat under the averaged measure, the
walk is not Markovian anymore as well as its strongly nor-adjoint character. As a consequence,
the power of spectral theoretic tools is of limited scopeyonl

In particular, coming back to the above-named difficultiesinderstanding the higher-dimensional
situation, there is still no handy criterion tharacterisethe situations in which the walk exhibits a
non-vanishing limiting velocity (i.e. ballisticity). Hoewer, the condition§’),, v € (0, 1], intro-
duced by Sznitman i [Szn01] and [Szh02] have proven to b&ilusederiving many interesting
results concerning the ballistic and diffusive behaviouRW/RE.

1.2 Basic notation and known results

In order to be more precise, we now give a short introductionthe model, thereby fixing
some of the notation we employ. We ufe |1 and || - || for the 1-norm and the infinity-
norm onZ<, respectively. ByM, we denote the space of probability measures on the measur-
able spacg{e € Z? : |le||; = 1},.A) of canonical unit vectors, wittA denoting the power set of

{e €Z%: |le|y = 1}, and we sef2 := (M,)Z’. Elements of2 will be referred to agnvironments

and for anyw = (w(x,-)),cze € €2 0ne can consider a Markov chaii’, ), ey with transition prob-
abilities fromz to = + e given byw(x, e) if |le]; = 1, and0 otherwise. We denote b, ,, the law

of this Markov chain conditional ofiX, = z}. By F we will denote thes-algebra onM, induced
through the Borebk-algebra oriR?? (with elements ofM; identified with elements dR? with non-
negative entries summing up ip. Furthermore, to account for the randomness of the enviemnts,

(ID) we assumé to be a probability measure d@f2, }‘Zd) such that the coordinatés(x, -)),.cza
of the environment are independent identically distributed undker

In this context[P is calledelliptic, if P(min¢,—; w(0,e) > 0) = 1, and it is calleduniformly elliptic

if there is a constant > 0 such thaf?’(min.,—; w(0,e) > k) = 1. We refer toP, ., as thequenched
law of the RWRE starting fromx:, and correspondingly we define thegeraged(or annealed law of

the RWRE by

P, ::/QvawlP’(dw). (1.2)



As mentioned above, ! we denote thé¢d — 1)-dimensional unit-sphere iR¢. Given a direction
l € S, one refers to the RWRE as beitrgnsient in the directiord if

PO( lim Xn-l:oo)zl7

n—o0

and as beingpallistic in the directionl if Py-a.s.

X, -1
liminf =2— > 0.
n—00 n

In this context, the casé = 1 has been resolved by Soloman [Sadl75] who has given concide an
useful characterisations of the situations in which thekveahibits transient and ballistic behaviour,
respectively.

Theorem 1.1([Sol78]). Letd = 1 andp(0) := w(0,1)/w(0,—1). If Eln p(0) is well-defined (possi-
bly taking the valuescc), then the eventflim X,, = oo}, {liminf X,, = —oo, liminf X,, = —oo},
and {lim X,, = —oo}, have full Py-probability according to whether Elnp(0) > 0,
Elnp(0) =0, and Elnp(0) < 0, respectively.  Similarly, writingv™ := (1 —Ep)/(1 + Ep)
and v~ := (E(p~!) —1)/(1 + E(p7!)), the events{lim X,,/n = v*}, {lim X,,/n = 0}, and
{lim X,,/n = v}, have full Py-probability according to whetheEp(0) > 0, Ep(0) = 0, and
Ep(0) < 0, respectively.

In particular, from this result one easily infers thatdin= 1, there exists RWRE that is transient but
not ballistic to the right. The picture is much more involiaddimensions larger than one, though.
In fact, there it has also been established that there dkjsicRWRE in independent identically
distributed environments which are transient but not &i#dliin a given direction, see for example
Sabot and Tournief [ST11]. However, there are still no usefiaracterisations of the situations in
which RWRE is transient or ballistic. To be more preciseukeintroduce the following condition.

(UE) We will assumel > 2 andP to be uniformly elliptic with ellipticity constant > 0.
Then the following fundamental conjecture remains open.

Conijecture 1.2. AssumgIID) |and[([UE)to hold. Then RWRE which is transient in a given direction
is necessarily ballistic in the same direction.

Some partial progress has been made towards the resoldtibis @onjecture by studying RWRE
satisfying the condition§I"), alluded to above. To rigorously formulate this conditicet,/l > 0 and
[ € S an element of the unit sphere. Then we write

H! :=inf{n € Ng: X,,- 1> L} (1.2)
for the first entrance time «fX,, ) into the half-spacéz € Z: z -1 > L}.

Definition 1.3 ([Szn02]) Lety € (0,1] andl € S¢~. We say thatondition (7). is satisfied with
respect td (written (7'), |l or (T'),) if for eachl’ in a neighborhood of and eachb > 0 one has that

limsup L™ In Py(HY > Hb_Ll/) <0.
L—oo
We say thatondition(7”) is satisfied with respect to(written (7”)|l or (7")), if for eachy € (0,1),
condition(7"), | is fulfilled.



In the following we will shortly explain the importance ofetttonditions(7).,.

It is known that in dimensiong > 2, the validity of the conditior('7”) already implies the existence
of a deterministicv € R\ {0} such thatPy-a.s.lim,, % = v, as well as an invariance principle
for the RWRE so that under the annealed |Byy

_ XL”J — {njv

n

B":

converges in distribution to a Brownian motion in the Skdrat spaceD ([0, o), R?) asn — oo;
see for instance Theorem 4.1 in Sznitman [Szn04] for furdle¢ails. Recently, this condition has also
been used to obtain further knowledge about large devationRWRE, see e.g. Berger, Peterson
and Zeitouni, as well as Yilmaz [Berll2, PZ09, Yil11].

While (T')., a priori is a stronger condition the largeris, it has been shown in Sznitman [Szh02]
by a detour along the so-calledfective criteriorthat ford > 2, the conditiongT"),, are equivalent
for all v € (1,1). This equivalence has been further improved in Drewitz anchiRez [DR11] to

all v € (y4,1) for some constant; € (0.366,0.388). For dimensions larger or equal to four, it has
been established in Drewitz and Ramirez [DR12] by differarthods that the conditiord")., are
actually equivalent for alty € (0,1). It has been conjectured by Sznitman[in_[SZn04] that for any
d > 2 fixed, the conditiong7"), are equivalent for aty € (0, 1].

1.3 Main result

The goal of this paper is to significantly weaken the conditibat has to be checked in order to
establish(7”). For this purpose we set

co = 2301 \/exp{2<ln90—|—§;lg—j>}, (1.3)

and introduce the following definition.

Definition 1.4. Let M > 0, 1 € S%~!. We say thatondition (P),|l is satisfied with respect tb

(written (P) |l or (P)ay) if for somewv € {£ey,...,+e,} the following holds: For somé/y > ¢
and some choice @f, b, > 0 as well as vectorg,, . . .,l; € S* ! which satisfy

(a)

inf x-1>—5Ny/6,
mE{mERd:x-li>—b1N0 Vie{l,...,d}}
(b)
inf x-1>5Ny/6,
xe{xeRd:Hie{L...,d} such thate-1;>b2No andx-1;>—b1 No Vj;éi}
and
(©)
sup Hx — MZH < QONS’,
l-v o]

xe{xeRd:J&liE[—blNo,ngo] Vie{l,...,d}}



the inequalities
—l; I (baNo /b))~ ™
PO (Hb1N0 < Hng()) < d )
hold for alli € {1,...,d}.

Remark 1.5. (a) In fact, in the whole paper (in particular, in the main wiisTheoren{"1J6) the
condition(P),; can be replaced by the weaker condition given in Reraik 3} IT{ze reason
for giving Definition”L# of P); here instead of the one from RemBrK|[3.1 (a) is that the latter
requires quite some notation which will only be introducatt on.

(b) Note that if(P)/|! holds, then(P),,|l’ holds for all directions’ out of a neighbourhood df
in S?-1 also.

It is straightforward that conditiofi) |l implies (P) |l for any M € (0, oo). The main result of the
paper states that the converse is true also, providedithiatlarge enough.

Theorem 1.6(Polynomial decay is enoughpssumgIiD)] and[[UE)|to be fulfilled. Let ¢ S*!
and assume thdtP) |l holds for somé\/ > 15d + 5. Then(7")|! holds.

The importance of this result also stems from the multitudeesults that so far have been known to
hold under the conditioi7”) only. Using Theoreri 116, it is now sufficient to establish plodyno-
mial decay of the exit probabilities corresponding(),, instead of the a priori stronger stretched
exponential decay.

In addition, in contrast to the conditiorf§").,, the condition(?),; can be checked on finite boxes
(without a detour along an analogue to #ftective criteriorof [Szn02]), which emphasises its effec-
tive character.

Furthermore, combining Theordm 1.6 with the above remaak(ff )|l implies (P),|l, we directly
obtain the following corollary.

Corollary 1.7. Assum@lD)]and[[UE)to be fulfilled. Then for any € S?~1, the conditiong7), L,
v € (0,1), are equivalent.

1.4 Some further notation

For k € N, we define the canonical left shift
Oy : RN > (xn)neN = (xk-i-n)neN € RN, (1.4)

Throughout the rest of the papér,will denote differing strictly positive and finite constantTheir
precise values may change from one side of an inequalityether; however, in particular, they
do not depend on the parametethat will be employed frequently in the paper. If we want ttere
to constants that depend on the dimension but otherwisebs@ute, we put indices as iy for
example.
For aZ“-valued discrete time stochastic procéss) and B C Z? we define the entrance time into
B as

HY = Hp(Y) :=inf{n € Ny : Y,, € B}, (1.5)

and for singletons3 = {z} we denotefl.(Y') := H,,(Y). Furthermore, fof € S~ andL € R,
in accordance witH (112), we define the entrance time

H.(Y):=inf{n €Ny:Y, 1> L}, (1.6)



into the half-spacdz € Z¢ : x -1 > L}, with the usual convention thatf () := oo. Similarly, the
exit time is defined as
TY .= Tp(Y) :=inf{n € Ny : Y,, ¢ B},

When referring to the canonical RWRE,,) that we will be dealing with, then for the sake of
simplicity we will often omitX as an argument of the entrance and exit times.
Forl <j<dandl € S9-1. we will use the notation

m RISz (z-1)] € R 1.7)
to denote the orthogonal projection on the spgkk: A € R} as well as
me RSz o — m(x) € RY (1.8)

for the projection on the corresponding orthogonal subsp&urthermore, it; - I > 0 holds, then
we define the projections

%lj:xr—> TGy

.ej

and ' '
%l]l cx o — 7 (x) (1.9)

on the space$)l : A € R} and{)e; : A € R}, respectively. Foj = 1 we will abbreviate these
notations byr; and, . .
For L. > 0, define

Dl .= {z e 74 —L<mz) 1 <10L,||mw(z)]e < L*(In L)*}
as well as its right boundary part
94D} == {x € 9D} : m(z) -1 > 10L},
where for any subse® C Z its outer boundary) B is defined to be
OB := {x € Z"\B : 3y € B such that|z — y||; = 1}. (1.10)

We introduce the following condition for further referencks validity under(P),|l’ will be the
content of Proposition 2.1.

(140(1))In2

For!’ € S%~! one hash, (HaDLL/ £ H <exp{—L mmL }, (1.11)

a+DlL’)
aslL — oo.
Remark 1.8. If (I.11)holds, in correspondence to conditi¢#’), of Definition[LB, we write

o In2
T MnL

to denote theffectiver.

Definition 1.9. If (LId)holds for alll’ out of a neighbourhood dfc S?~!, then we say that condition
(T)4, |Lis fulfilled.



2 Proof of Theorem[1.6 (Polynomial decay is enough)

2.1 Auxiliary results (Propositions[2.1 and 2.B)

In this subsection we state two results that play a key rofganing Theorem 116. Their proofs will
be the subject of Sectiof$ 3 dnd 4.

Proposition 2.1 (Sharpened annealed exit estimate&¥sumé{IID)] and[(UE)| to be fulfilled. Let
M > 15d + 5,1 € S?~! and assume that conditiofP) »/| is satisfied. The(T’),, |l holds.

The previous proposition will be proven in Sectldn 3.

To be able to formulate the second essential ingredient we toarecall the effective criterion which
has been introduced ih [Szr02] and can be seen as an anatthe ¢onditions of Solomon (cf.
Theoreni11) in higher dimensions.

For positive numberg,, L’ andL as well as a space rotatidgharound the origin we define the

box specificatio3(R, L, L', L) as the boxB := {z € Z% : 2 € R((~L, L) x (=L, L)*™1)}.

Furthermore, let

 PRy(Hop # Hoy, )

" PRyu(Hop = Hs,B)

Here, 0. B := {z € 0B : R(e1)-x > L, |R(e;) x| < LVj e {2,...,d}}. We will sometimes write
p instead ofy3 if the box we refer to is clear from the context and st label any rotation mapping
e; to 9. Givenl € S%1, theeffective criterion with respect tbis satisfied if for somd. > ¢, and
L € [3V/d, L?), we have that

pB(w)

iBn({; {63(111 %)3(d1)zd—1L3(d—1)+1EPaB} <1 2.1)

Here, when taking the infimuna, runs over{0, 1] while B runs over the

box specification$S(R, L — 2, L + 2, L) with R a rotation around the origin such thte;) = [.
(2.2)
Furthermoreg, andcs are dimension dependent constants.
The effective criterion is of significant importance duet®equivalence t¢7”) (cf. Theoren2R)
and the fact that it can be checked on finite boxes (in comgauris (7”) which is asymptotic in
nature).

Theorem 2.2([Szn02]) AssumgIID)] and[{UE)|to be fulfilled. For eacH ¢ S?~! the following
conditions are equivalent.

(a) The effective criterion with respect tés satisfied.
(b) (17|l is satisfied.
We can now formulate the second key-ingredient for our pabdtheoreni 1.B.

Proposition 2.3(Atypical quenched exit estimateshssumgIID) |and[(UE)|to be fulfilled. Further-
more, let(T')., |l be fulfilled. Then, foe(L) := and each functior : (0,00) — (0, c0),

1
(Inln L)2 ’
one has that

1 e
_ - _ B(L)
IP’(POM(H@B = Hy,p) < exp{ —ail }) < 2 g (2.3)
whereB is a box specification as i&2)with L = L2, and
c1:=—2dlnk > 1. (2.4)

The proof of this result is the subject of Sectidn 4.
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2.2 Proof of Theorem 1.6 (assuming Propositioris 2.1 and 2.3)

Our proof of Theorerh 116 goes along establishing the effectiiterion and in the following we will
give some lemmas that will prove useful in this.
For that purpose, we define the quantities

L In2
Al) =5 = D (2:5)
YL In2
Ly=—=—— 2.
L) 3 3lnln L’ (2.6)
a:= L") 2.7

and writep for pg with some arbitrary box specification 6f(2.2) with= L2. We splitEp® according
to

n—1
Ep® =&+ Y &+ &n, (2.8)
j=1

where

n:=n(L) = {4(1_77?/2)—‘ +1,

1
& = E(pa,POM(HaB = H8+B) > §eXp{ — ClLﬁl}),

1 . 1 v
&= E(Pa7 3 exp{ — 1L} < Py, (Hopp = Hp, ) < 3 exp { — ¢ L7 })

forje{l,...,n—1},and

1
En = E(p", Pow(Hop = Ho,p) < 5exp { — L }),

with parameters

Bi(L) = Bi(L) + (G = D (2.9)

for 2 < ;7 < n(L); for the sake of brevity we may sometimes omit the dependencé of the
parameters if that does not cause any confusion. Furtherrimoorder to verify that equality (2.8) is
indeed true, note that due to the uniform ellipticity asstion(UE) and the choice of; (cf. (2.4)),
one has foi?-a.a.w that

Poo(Hop = Hy, ) > e ",

as well as that
Bn > 1.

To bound&, we employ the following lemma.

Lemma 2.4. Let(T"),, be fulfilled. Then
&y < exp {clLVL/G — L(1+0(1))'7L/2},

asL — oo.



Proof. Jensen’s inequality yields

Eo < 2exp {1 L7} Py(Hop # Ha, )™
Using (Z.6) and[(2]5), in combination wit").,, we obtain the desired result. O
To deal with the middle summand in the right-hand sidd_of(2:& use the following lemma.

Lemma 2.5. AssumgIID)] and[(UE)| to be fulfilled. Let(T'),, |l be fulfilled. Then for allL large
enough we have uniformly jne {1,...,n — 1} that

e

& < 4dexp {cwﬁf‘“}m'

Proof. Using Markov’s inequality, foy € {1,...,n — 1} we obtain the estimate

Ej < 2exp {clLﬁj“*a}P(PO’w(HaB = Hpy, p) < %exp{ — 61L61}>. (2.10)

Thus, due to Propositidn 2.3, the probability on the righdh side of[(Z.70) can be estimated from

above by
€

2 [LAi=<(L) j2d|V

With respect to the terrfi, in (2.8) we note that it vanishes due to the choice;of

Proof of Theorerh 1]6lt follows from Lemma$ 24, 215, the choice of parameterif)to [Z.7) and
(2.9), and the fact thaf,, vanishes, that fof. large enough[(218) can be bounded from above by

exp {e L7E/0 — LO+HoMWNIL/2Y 4 4dn(L) exp {C1L6n_a}m'

Thus, we see that for our choice of parametérs] (2.8) tendsrtmfaster than any polynomial in
Hence, due td(2]1), the effective criterion holds and TesbE.2 then yields the desired result]

3 Proof of Proposition[2.1 (Sharpened averaged exit estimes)

3.1 Renormalisation step

In this subsection we introduce a renormalisation scheatanti finally lead to the proof of Proposi-
tion[2.1. For the sake of notational simplicity we will assithaty from the Definitior. 1% of P) /|1
equalse;, and we start with giving some auxiliary results. L)é§ be an even integer larger thag
where we recall that the latter has been defineflid (1.3)kFoiN, define recursively the scales

Niy1 := 3(Ng + k)’ Ny, (3.1)

We define fork € Ny andz € Z? the boxes

N ~
B(x, k) := {y VAR —7k <(y—x)-e1 < N, [T (y — 2)|loo < 25N,§’}, (3.2
as well as their frontal parts

é(x,k) = {y €Z%: Ny — N4 < (y—x)-e1 < N, [T (y — )]0 < Ng’} , (3.3)

9



with the convention thalv_, := 2N, /3. Furthermore, we define
0:B(z,k) = {y € 9B(x,k) : (y —x) - e1 = Ny}, (3.4)

We will call B(z, k) its middle frontal partof B(z, k). Furthermore, fon,,n, € N we define the
sublattice
Ly ns = (n1,n2,n9, ... ,ng)Zd

and refer to the elements of
B, == {B(x,k:) Lz € sz_hNg}

asboxes of scalé.
To simplify notation, throughout we will denote a typicabbof scalek by By, and its middle frontal
part by B;.. The reader should clearly distinguish such boxes from tixedonfigurations introduced

around[(2.1).
Remark 3.1. (a) Condition(P)s|l can actually be replaced in the whole paper by the weaker
condition that
sup Py(Hpp, # Ho,,) < Ny ™ (3.5)
€ By
holds for someVy > co. See(L.8), (1.10) (3.2), (8.3), and (3.4)for the notation in this defini-
tion, and in particular note that comes into play in the definitior{8.2) to (3.4).
Also, note that similarly t§P) |, if (33)is fulfilled for, then it is fulfilled for all directions
in a neighbourhood of also.

(b) For later reference note thaﬂB($7k)eBk§(1’, k) =z

Definition 3.2. (Good boxes)We say that a bo®, € By is good (with respect ta € ) if

infv PI,W(HaBo = H8+B()) 2 1 - N65 (36)
zeB

Otherwise, we say that the boxhad For k£ > 1 we say that a boXB;, € B is good (with respect
tow € ), if there is a box);,_1 € Bi_ of scalek — 1 such that every bo¥;,._, € Bj;_, of scale
k — 1 satisfyingBy,_1 N Qr_1 = D and B_, N By, # 0, is good (with respect ta € 2). Otherwise,
we say that the bo®, is bad

We show that forM/ large enough, conditioiP),,|l implies that boxes of scalke are bad with
P-probability decaying doubly-exponentially inat most, and start with the cage= 0.

Lemma 3.3. Let! € S~! and assume thdtP),, |l holds. Then for allB, € By and Ny > ¢, (Where
co has been defined if.3)),

P(Byisgood > 1 — 2d_1Ng’d+4*M_

Proof. Note that
P(Byisbad < Y P(Puw(Hos, # Ho.5,) > Ny ). (3.7)
:BEEO

Now by Markov's inequality we have for € By that

P(P,w(Hap, # Ho,B,) > Ny °) < N sup Pu(Hop, # Ho, 5,)- (3.8)
x€ By

In combination with[(317) and(3.8), assumptigR),; implies that
P(By is bad < 297 By| NNy M < 2d- I Njd+4-M,
where we used thaBy| < 27~ N3¢~! due to [3:B), which thus finishes the proof. O

10



Figure 1: A box By and the middle frontal paliﬁo. These boxes are much wider than they are long.
The dashed lines illustrate the slabs from the definitioff¥|l, shifted by some:x € By; see

Remark 3.1 (3) also.

Next we treat the case of a genekat Nj.

Proposition 3.4. Let/ € S%~!, M > 15d+ 5, and assume tha®P) |l is satisfied. Then faNy > ¢,
one has that for alk € Ny and all B, € By,

P(By, is good > 1 — exp{—2"1. (3.9)

Proof. For the sake of simplicity, denofe. := P(B is good) for By, as in the assumptions as well
asqy := 1 — pi. We will prove by induction that

P(By, is good > 1 — exp{—c}2¥} (3.10)

for all k € Ny, where

k .
2 In((90(j + No))'?%)
A
cl = (12d + §) In Ny — Z 57 .
j=1
We will then show that fofV as in the assumptiongyf;> ¢, > 1, which will finish the proof.
Induction start:

Lemma3.3B yields that
P(Bpis good > 1 —exp { — (12d +2/3)In(x)},

which in particular implies(319) fok = 0.

Induction step:

Assumek > 1 and that the statement holds for— 1. Let g,y = exp{—c, 2%} and let
Bir_1,1,Br-12,--.,Br—1.m, be all the boxes of scale — 1 that intersectB;,. By Definition[3.2,
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if each two bad boxes among),_; 1, Bx—_1,2,- .., Brk—1,m, have a non-empty intersection, then the
box By, is good.

Therefore, all that we need to do is to upper bound the prtibathiat there exist two non-intersecting
boxes amon@dy,_1,1, Bi—1.2; - - - » Bk—1,m, Which are bad. By the union bound g@iD)|we get that

my,
qk < ( 9 )qil-

Noting that for all ink > 1 we havem;, < (30 - 3(k + Np))®?, the induction hypothesis yields

g < (90(k + No)) 24 ((exp{—¢},_12¥"11)% = exp { In((90(k + Np))'24) — ¢,_,2"},

sod, =¢,_, — m(“’o(’j—k%))m) and hence inductively for every,
o0 1 - N, 12d
j=1

The sum obviously converges, but we need to compare it wéhvétiue ofcj. By Lemma3.B and
sinceM > 15d + 5, we deduce that folNy as in the assumptions,

¢y > (12d +2/3) In Ny. (3.12)

To estimate the sum, we note that duéitol + = + y) < In(1 + z) + In(1 + y), for =,y > 0, we
have forNy as in the assumptions that

3 In((90(; ;No))”d) < 12d< 1n 90 & i 1“(‘72%%)) < (12d + 1/2) In N,. (3.13)
j=1 i=1

Therefore, in combination with (3.111) to (3]113) it followsat

o0 .
In((90 Np))12d 1
C;C>C::C€]_§:n(( (J; 0)) )26
j=1

for every k, and where the last inequality holds sindg > ¢y, wherecy as in [1.8). Hence,
qr < exp{—2F} as desired. O

Next we show that with high probability, a walker startingtie middle frontal part of a good box
leaves it through the right boundary part. For this purpegsedefine the left boundary part

0_B(x,k):={y € 0B(z,k) : (y —x) -1 < —Ny/2}
as well as the side boundary part
0sB(z, k) :=={y € 0B(x,k) : =Ny /2 < (y —x) - I < Ni}.

Proposition 3.5. Let Ny > cg, with ¢ as in(1.3). Then there is a constanf > 0 such that for each
k € Ng and By, € B, which is good with respect t0, one has

sup P, .(Hop, # Ho,B,) < exp{—c4Ni.}.
reBy

12



Proof. For the sake of simplicity, we assume without loss of geitgréiat B, = B(0, k). Using
that

Px,w(HaBk 7& H8+Bk) < Px,w(HaBk = HasBk) + Px,w(HaBk = Ha_Bk)7
we split the proof into two parts. We will first prove that

SUP wa(HaBk = HaSBk) < exp{—cNk} (314)
zEBy,
and then that
sup Pm,w(HaBk - Haka) < exp{—CNk}, (315)
TzEBy

for some constant > 0, which will finish the proof. To prove[(3.14) anfl (3]15) we peed as
follows: Define the sequencés, )xcn, and(cy)ken, via

No e -1
and
" 51n Ny b 5Nj,1—|—ln24—3cle,1ln/< b 1I127 NQ —|—]
= -2 , ED Dy e
Ny : N;
J=1 7j=1
We will show that
sup Py, (Hop, = Ho,p,) < exp{—c},Ny.} (3.16)
rE€ By,
and
sup Prw(Hop, = Ho_B,) < exp{—cp Ny} (3.17)
rE€ By,

hold true for allk € Ny. Displays [3.I#) and(3.15) will then follow since
c= kinf () A kienl\flo(cg) >0

S
for Ny > ¢p.
Induction start:
Fork = 0, displays[[(3.16) and (3.17) follow from the definition of a gdwox at scalé).
Induction step:
Now assume thak(3.16) arld (3117) hold for sdale 1 wherek > 1.
Proof of (3.18)for & :
Let k1 be the first time that the random walk leaves one of the boxesalek — 1 whose middle
frontal parts contain the starting pointe By. Define recursively forn. > 1 the stopping times,, 1
as the first time that the random walk leaves the box of dealé whose middle frontal part contains
the pointX,,, (this is where we take advantage of Remark[3:1 (b)). If themaore than one such
box, then we choose one arbitrarily. We now consider theesegpidefined by

Yo:=2 and Y,:=X,, forneN, (3.18)

and call(Y;,) therescaled random walk
Since the boxBy, is good, we know that there exists a b@x_1 € Bx_1 such that every box of scale
k — 1, intersectingB;, but notQ;_1, is good. With this notation we define

Bg, , = {Bk-1 € Bi_1: By_1 N By # () and
there exists € By_; such thatr,. x = 7.y for somey € Qk_l},

13



Figure 2: The bad box),,_1 and its supersad;._, inside the boxBy,.

i.e. By, , is the collection of boxes of scale— 1 having at least one site whose coordinates or-
thogonal tol coincide with the coordinates orthogonalitof some site inQ;_;. Next, we define
Qp_q:= UBy_1eBq, , Br-1, see Figurgl2.
Let nowm; be the first time such that the random wélk,) is at a distance larger thanV;? from
Q.1 and from the side8, B, of the boxB;,, so that
my = min {n € Ny : dist(Y,,, Qx_1) > 7N} and distY;,dsBy) > TN};}.
Definems as the first time thatY;,) exits the boxBj, so that
mo = min{n € Ny, Y, ¢ Bk}
Furthermore, we define
ms:=inf{n >my:Y, € Qr_1} <o

and note that on the evefif{yp, = Hj,p, }, We have thatP, ,-a.s.,m; < my < oco. Therefore,
m’ := (mg A mg3) o 6,,, is well-defined on that event and writing

3N./2

Ji = +1,
F Ni_2
one hasP, (- | Hop, = Hp,,)-a.s. that
TN} N
—1> ko _1>2] . 3.19
Y 7 AP (3.19)

Next observe that ifY;,) starts from some; € By such that didy, Qx—1) > 2J;N? | and
dist(y, 0sBy) > 2JkN,§71, and if it consecutively leaveg, boxes fo scalé — 1 through the frontal
parts of their boundaries, then it will have |é%, throughd, By. Thus, we have that

Py (Vi€ BpVje{l,...,Ji}) < Jyexp{—cj_ Np—1}.
This in combination with[(3.19) and the Markov property atltiple times of.J, supplies us with

Py (Hop, = Ho,B,) = Prw(m' > 2JyNy/Ny_1, Hop, = Ho,,)
Ny

< (exp{—cj_ Np—1 + In J}) -1 = exp{—c;.Ni}.
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This completes the proof df (3.116) fér

Proof of (3.17)for & :

The proof is based on a comparison of the exit probabilitieth® rescaled random walk,) with
those of a one-dimensional walk with drift.

Induction start:

By Definition[3.2, the statements hold true fore= 0.

Induction step:

Assume the statement holds for- 1 with £ > 1. Let By € B}, be good (which again for the sake of
simplicity is supposed to be of the for®y, = B(0, k) w.l.0o.g.) andQ;_1 € By_1 be a bad box such
that every box of scalé — 1 that intersectd3;, but notQ,_; is good. Let

Lo, ,:==min{l-z— Np_o:2 € Qp_1},
Rg, ,=max{l-z+ Nx_1/2:2 € Qr_1} < Lg,_, +3Nj_1, (3.20)
7@ = inf{n e Ny : X,, - 1 € [Lg,_,, Rg,_,]} < co.

As alluded to, we will make use of a one-dimensional randork wih drift which, at every unit of
time, being at: € Z\[Lg, _,,Rq,_,], movesN,_ steps to the right with probability — e~ 1Nk
andN,_ steps to the left with probability‘cglek-l. Fromanyz € [Lg, ,,Rq,_,], itjumpsN,_
steps to the right with probability Vx-2 and N;,_; steps to the left with probability — 1 Ve—2.
Denote such a walk byZ,) and by P, the corresponding probability measure conditional on
{Zo =y}

We start with proving the estimates

sup P, (T@Qk-V) < Hy, g, ANHp,p,) <4dexp{ —ci_ (N, —2Nj_1 — Ro, ,)}  (3.21)
rE€ By,
and

LQ, | +Nk/2
sup Py((H_Nk/Q(Z) < HNk(Z)) < i 31Nk (exp{—c%,lNk,l}) Ni—1
ye[LQkfl’RQkfl}

(3.22)
from the combination of which we will be able to deduce (8.17)
To seel(3.211), observe that the left-hand sidé of (3.21) easbimated from above by
sup Ppw(Hop, = Ho,p,) + sup Pro(T'9Y) < Hy,_p,, Hyp, # Hy,p,). (3.23)

:BEE;C JBEBk

The first probability can be estimated from aboveskp{—c¢ N} using [3.16).

Note that on the event in the second probability, up to tifi8:-1) the random walk only visits
good boxes of scalé — 1. Therefore, using the induction hypothegis (8.17) in caration with a
comparison of the exit probabilities faf - [ with those forZ., we get that with[(3.23), the left-hand
side of [3.211) can be estimated from above by

sup Py (T(Qkil) < Hp, p, N HasBk)
:EEBk
< exp{—¢, Ny} + sup Py, (HJE
{L’GEk

(2) < Hy, (7))

€1
Qk—1

we1—(Rg, | +Ng_1)
< exp{—c,Ni} +3 sup (exp{—c}_Ny_1}) Np—1
€Dy

< exp{—¢;Ni.} + 3exp{—¢;_; (N, — 2N;_1 — R, _,)},
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for Ny as in the assumptions, aid (3.21) follows.
To seel(3.22), ley € [Lg,_,, Rg,_,] and define the events

D" :={Hn,(Z) < Hy00:1(Z)} and D~ :={H_y,o(Z) < Hyo001(Z)},

with 6 as defined in[{1]4). We now estimate the probabilities of tremts DT and D~. Assumption
in combination with the choices iA_(3120) yields

Py(DF) > (1 — exp{—cj_; Njp_ })PM/CNe=2) gderNims > %FUSCIN’@—I (3.24)

for Ny large enough, while the strong Markov property supplies itis w

LGy +Nk/2

Py (D7) <3(exp{—c{_1Np_1}) -1 . (3.25)
Combining [3:24) and(3.25) with the fact that

P,(D~
sup Py(Hka/Q(Z) < HNk(Z)) < sup PyEDJr;,
ye[LQk_lvRQk_l] ye[LQk_lvRQk_l} Y
(3:22) follows. N
Noting that for x € By, on the event{Hpp, = Hy p } we have P, -as. that

T(@-1) < Hy, B, N Hp,p,, we can now apply the strong Markov property ahd (B.22) as agll
(3.21) to obtain

sup Prw(Hop, = Ho_p,)

zEBy

< sup Ppo(T'91) < Hy,_p, N Ho,p,) % sup Py(H_n,/2(Z) < Hn,(Z))
xeBy ye[LQk_pRQk_l]
L@, 4 TNk/2

< dexp{—cf_1(Ng = 2Ng—1 — R, ,)}6k > M1 (Bexp{—cf_ 1 Np-1}) Mt
< exp { — Ng <3c’,§'_1/2 — (bNk—1 +1n24 — 3¢; N1 1n m)/Nk) },

and [3.17) follows folk. O

3.2 Proof of Proposition2.1

Proof of Propositiori 211.In order to apply our previous results, forgiven we implicitly definek;,
via Ny, +1 > L > N, , which provides us with

InL
Inln L~

Recall the definition ofr; andm;. from (I.7) and[(118), and set

L (3.26)

g = {x € 2% —Ny, <m(z)l < 10Nk, 11 and||me (2)]|eo < 2250N,§L(N0+kL)2(NO+kL+1)2}

as well a9, &L := {x € 9EL : m(z) -1 > 10Ny, 41 }. For L large enough, one has

Py(Hopy, # Ho,p) < Po(Hogy # Hy_e1)
<P (AII By, € By, intersectings} are goodHyer # Ha+glL>

(3.27)
+ P <There existsBy, € By, intersectings! that is bat} .
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For largeL and using Propositidn_3.4, the second summand of the aboestimeate by

Py (There existsBy, € By, intersectingS} that is bat)
< 2‘£NkL—17N1§L N Ep|exp{—2"}
< 2(2250)%(No 4 k1)?4(No + kz, + 1)* exp{—2F£}

(140(1))In2
Sexp{ — [ InhnL }’

using [3.26) in the last line.

We now bound the first summand of (3.27). For that purposege rthat if the walk
leaves (No + k1,)?(No + kr, +1)? blocks of By, consecutively through theid -part, then
{Hper = H,_ g1 } occurs. Therefore, we can dominate the evehite: # H, g1 } from above
by the event that one of the blocks;, of scalek;, the walk encounters is left not through By, .
To make this formal, for each € N associate ta: € Z¢ an elementr(z) € £Nk_17Nk3 such that

x € E(wk(:c), k). Define the sequence of stopping times (fat,) given by
Dk =0,

Dk inf {m eN: XerDf,l ¢ B(Wk(XDf,l)’k)} +D§?_1, forj > 1if D;?_l < 00,
! 0, otherwise.

Using this terminology and the strong Markov property aH:i;ﬁfL, j € N, we can upper bound the
first summand of (3.27) by

Py <AII By, € By, intersectings}, are goodHye 7# Ha+glL)

< E(PW(H%ZL # Hy, et ), all By, € By, intersectingS} are gooé

< E(Po,w (3 1< j <10(No + kp)2(No +kp + 1) X oy ¢ 04 B(miy (X s ), k), )
J j—1

all By, € By, intersectingS) are goo%

< 10(No + kL)% (No + ki, + 1)? exp{—cNy, }P(All By, € By, intersectingS} are good
< 10(No + kr)*(No + kz +1)% exp{—cNy, }

(14+0(1))In2

<exp{—L mWmhL |},
where to obtain the second inequality we took advantage afdzition[3.5. This finishes the proof.
]
4 Proof of Proposition[2.3

Proof of Propositiod 213.Let [ be as in the assumptions of Proposifiod 2.3 and without lbgermer-
ality assumes; - [ > 0. For eachn, r € N consider the coarse-grained sublattice

L .= {x e 2 x = (2ny1, 2nrys, . . ., 2nry,) for somey € Zd}.
of Z?, and, recallingr,. from (1.9), for eachr € " define the parallelograms

Ry (z) = {y € 74 —2n < (z—y)-e1 < 2n, | T (y — o) ||loo < 2rn},
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and their corresponding central parts
RI () := {y e 78 —n<(z—y) e < Ty — )| < rn}.

We chose the term ’parallelogram’ and the correspondin@tioot R/, in order for the reader to
be able to distinguish this setting more easily from SedBonWe will denote byB] the set of
parallelogramgq R (z) : x € L] }. Denote byJ7 ,, the number of parallelograms I8, that intersect
B, i.e.,

Jon = |{Rg(x) €B,:R,(x)N B # @}\.

Due to Propositiofi 211 applied to finitely many suitable westneighbouring, if » is chosen large
enough and fixed, we obtain
(14+0(1))In2

sup Py (Hory () # Ho,ry(0) <exp{—n" mmn |, (4.1)
yeR7(0)

asn — oo. Fix suchr for the rest of this proof. We will now perform a one-step naligation
involving parallelograms of side-lengih:= | L<(") |. A parallelogramR’ (x) € B, is defined to be
good (with respect ta) if

inf Py (Hopya) = Hoyryw) 21— 2707
yERT (2)

Otherwise,R (x) is defined to béad (with respect tay). Note now that by Markov’s inequality and
the invariance oP under translations d¢t¢,

P(R;(x)isbad =B sup Pyl o) # Hory) > L)
yeOPL (x)

-1
< [Ae(L)+e(L) sup P, ( Hry (o) # H@ﬂ%g(o))
yeRa () (4.2)
< LW e gD
(to(1))In2
< exp{(de(L) + (L) ) InL — L (e}
where the second inequality follows from (4.1). Next, wesidar the evenis ;, C (2 defined via
G = {the number of bad parallelograms/#j that intersec is less thanLﬁ(”}.

A crude strategy forX starting in B to exit B throughd; B is to exit all R] (z)'s encountered
throughd, R, (). To make this formal, for each € N associate taz € Z? one of the elements
y € L], minimising ||z — y||~ and denote this element hy, (z). In a fashion reminiscent of the end
of Subsection 312, we define the sequence of stopping tinmesfp) given by

Dy =0,
D inf {k € N : Xyypn & Ry (7p(Xp, )} + Djy, for 2-1 if D} | < oo,
J 00, otherwise.

Note that following the above crude strategy, the numberaof parallelograms of the typR] (z)
encountered by the random walk is at méét?). Thus, using the strong Markov property
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we observe that fov € G 1,

L
Pow(Hop = Ho, ) = Po (XD]. € 4Ry (ma(Xp, ), V1< < | D

0]
B(L)
> (explaL®}) (L@ (4.3)
1
> 3 exp{ — clLe(LHﬁ(L)},

for all L > ¢4, some absolute constant, and where:; has been defined i (2.4). On the other hand,

one has that .

[LAL) j2d]!"
Indeed, writing Nz, for the number of bad parallelograms i that intersectB, we get
GG = {N;, > LP(1)}. Since non-overlapping boxes depend on disjoint parts oktivironment,

the assumptioffllD) | yields thatN;, can be stochastically dominated @?dzl Ni, where theN,{,

1 < j < 2d, are independent identically distributed binomial randoamniables (defined on some
probability space with probability measurg with parameters’;. andP(R} (0) is bad. In partic-
ular,

P(GG) < 2d (4.4)

Ji, < CL (4.5)

for some constant’ and all L.
Next, note that for any binomially distributed random vhlawith expectatiorl, i.e. of the type
Y,, ~ Bin(n,n~1), we have for alh € N and0 < k < n that

(&

Indeed, we compute

L n\ 1 e
P(Ynzk)§2<j>n]§ < <7
j=k =k

<
Il

Now due to [[4.2) and(45), fof. large enough, thé\fi are stochastically dominated by binomial
random variables of the ty@€,. Thus, we obtain that

2d
P(N, > 17®) < P( YN > L) < 2d
j=1

250 /2d]! (4.6)

Hence, inequality[{4]4) follows and combinirig (4.3) with4y we finish the proof of Proposition
23. O
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