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3 Facultad de Matemáticas, Pontificia Universidad Católica de Chile, Vicuña Mackenna 4860, Macul, Santiago, Chile;
e-mail: aramirez@mat.puc.cl

Abstract

The conditions(T )γ , γ ∈ (0, 1), which have been introduced by Sznitman in 2002, have
had a significant impact on research in random walk in random environment. Among others,
these conditions entail a ballistic behaviour as well as an invariance principle. They require
the stretched exponential decay of certain slab exit probabilities for the random walk under the
averaged measure and are asymptotic in nature.

The main goal of this paper is to show that in all relevant dimensions (i.e.,d ≥ 2), in order
to establish the conditions(T )γ , it is actually enough to check a corresponding condition(P) of
polynomial type. In addition to only requiring an a priori weaker decay of the corresponding slab
exit probabilities than(T )γ , another advantage of the condition(P) is that it is effective in the
sense that it can be checked on finite boxes.

In particular, this extends the conjectured equivalence ofthe conditions(T )γ , γ ∈ (0, 1), to
all relevant dimensions.
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1 Introduction and statement of the main result Theorem 1.6 (Polyno-
mial decay is enough)

1.1 Introduction

Random walk in random environment (RWRE) is a generalisation of simple random walk which
serves as a model for describing transport processes in inhomogeneous media. Its study has origi-
nally been motivated by its role as a toy model in the replication of DNA chains as well as by the
investigation of phase transitions in alloys (in particular the growth of crystals) in the late 60’s and
early 70’s of the last century, see e.g. Chernov [Che67] and Temkin [Tem72]. In addition, the model
is related to Anderson’s tight-binding model for disordered electron systems as well as to a determin-
istic motion among random scatterers (such as the Lorentz gas, see Sinaı̆ [Sin82b]). Furthermore, it
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serves as a theoretical model exhibiting1/f -noise — a phenomenon frequently occurring in physics
but hard to be established in theoretical models (see Marinari et al. [MPRW83]).
The model has attracted significant mathematical attentionand has undergone a major development
during the last decades, establishing results on limiting velocities, diffusive behaviour and substan-
tially differing limiting laws, for example.
In particular, the model exhibits appealing phenomena not present in simple random walk. For in-
stance, the question of whether RWRE exhibits diffusive behaviour has attracted considerable atten-
tion, and in fact in [Sin82a], Sinaı̆ showed that in a standard one-dimensional setting, RWRE(Xn)

has fluctuations of scale(log n)2 only, in contrast to the diffusive scale
√
n; see Kesten, Kozlov and

Spitzer [KKS75] for further results in this direction as well as Bricmont and Kupiainen [BK91] (and
references therein) also for a discussion of the multi-dimensional situation, where understanding is
still far from complete.
As another intriguing example, consider for an elementl ∈ S

d−1 of thed−1-dimensional unit sphere
in R

d, the eventAl := {Xn · l = ∞} of transience in directionl. Then Kalikow’s zero-one law states
thatP0(Al∪A−l) ∈ {0, 1} (cf. Kalikow [Kal81], Sznitman and Zerner [SZ99], as well asZerner and
Merkl [ZM01]), whereP0 is the averaged probability defined in (1.1) below; however,in dimensions
larger than two it is not known whetherP0(Al) /∈ {0, 1} can occur or a corresponding zero-one law
holds forP0(Al) also.
Two of the main difficulties in investigating RWRE are the fact that under the averaged measure, the
walk is not Markovian anymore as well as its strongly non-self-adjoint character. As a consequence,
the power of spectral theoretic tools is of limited scope only.
In particular, coming back to the above-named difficulties in understanding the higher-dimensional
situation, there is still no handy criterion tocharacterisethe situations in which the walk exhibits a
non-vanishing limiting velocity (i.e. ballisticity). However, the conditions(T )γ , γ ∈ (0, 1], intro-
duced by Sznitman in [Szn01] and [Szn02] have proven to be useful in deriving many interesting
results concerning the ballistic and diffusive behaviour of RWRE.

1.2 Basic notation and known results

In order to be more precise, we now give a short introduction to the model, thereby fixing
some of the notation we employ. We use‖ · ‖1 and ‖ · ‖∞ for the 1-norm and the infinity-
norm onZd, respectively. ByMd we denote the space of probability measures on the measur-
able space({e ∈ Z

d : ‖e‖1 = 1},A) of canonical unit vectors, withA denoting the power set of
{e ∈ Z

d : ‖e‖1 = 1}, and we setΩ := (Md)
Zd
. Elements ofΩ will be referred to asenvironments,

and for anyω = (ω(x, ·))x∈Zd ∈ Ω one can consider a Markov chain(Xn)n∈N with transition prob-
abilities fromx to x + e given byω(x, e) if ‖e‖1 = 1, and0 otherwise. We denote byPx,ω the law
of this Markov chain conditional on{X0 = x}. By F we will denote theσ-algebra onMd induced
through the Borel-σ-algebra onR2d (with elements ofMd identified with elements ofR2d with non-
negative entries summing up to1). Furthermore, to account for the randomness of the environments,

(IID) we assumeP to be a probability measure on(Ω,FZd
) such that the coordinates(ω(x, ·))x∈Zd

of the environmentω are independent identically distributed underP.

In this context,P is calledelliptic, if P(min‖e‖1=1 ω(0, e) > 0) = 1, and it is calleduniformly elliptic
if there is a constantκ > 0 such thatP(min‖e‖1=1 ω(0, e) ≥ κ) = 1. We refer toPx,ω as thequenched
law of the RWRE starting fromx, and correspondingly we define theaveraged(or annealed) law of
the RWRE by

Px :=

∫

Ω
Px,ω P(dω). (1.1)
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As mentioned above, bySd−1 we denote the(d−1)-dimensional unit-sphere inRd. Given a direction
l ∈ S

d−1, one refers to the RWRE as beingtransient in the directionl if

P0

(
lim
n→∞

Xn · l = ∞
)
= 1,

and as beingballistic in the directionl if P0-a.s.

lim inf
n→∞

Xn · l
n

> 0.

In this context, the cased = 1 has been resolved by Solomon [Sol75] who has given concise and
useful characterisations of the situations in which the walk exhibits transient and ballistic behaviour,
respectively.

Theorem 1.1([Sol75]). Letd = 1 andρ(0) := ω(0, 1)/ω(0,−1). If E ln ρ(0) is well-defined (possi-
bly taking the values±∞), then the events{limXn = ∞}, {lim inf Xn = −∞, lim infXn = −∞},
and {limXn = −∞}, have full P0-probability according to whether E ln ρ(0) > 0,

E ln ρ(0) = 0, and E ln ρ(0) < 0, respectively. Similarly, writingv+ := (1− Eρ)/(1 + Eρ)

and v− := (E(ρ−1)− 1)/(1 + E(ρ−1)), the events{limXn/n = v+}, {limXn/n = 0}, and
{limXn/n = v−}, have fullP0-probability according to whetherEρ(0) > 0, Eρ(0) = 0, and
Eρ(0) < 0, respectively.

In particular, from this result one easily infers that ind = 1, there exists RWRE that is transient but
not ballistic to the right. The picture is much more involvedin dimensions larger than one, though.
In fact, there it has also been established that there exist elliptic RWRE in independent identically
distributed environments which are transient but not ballistic in a given direction, see for example
Sabot and Tournier [ST11]. However, there are still no useful characterisations of the situations in
which RWRE is transient or ballistic. To be more precise, letus introduce the following condition.

(UE) We will assumed ≥ 2 andP to be uniformly elliptic with ellipticity constantκ > 0.

Then the following fundamental conjecture remains open.

Conjecture 1.2. Assume(IID) and(UE) to hold. Then RWRE which is transient in a given direction
is necessarily ballistic in the same direction.

Some partial progress has been made towards the resolution of this conjecture by studying RWRE
satisfying the conditions(T )γ alluded to above. To rigorously formulate this condition, letL ≥ 0 and
l ∈ S

d−1 an element of the unit sphere. Then we write

H l
L := inf{n ∈ N0 : Xn · l > L} (1.2)

for the first entrance time of(Xn) into the half-space{x ∈ Z
d : x · l > L}.

Definition 1.3 ([Szn02]). Let γ ∈ (0, 1] and l ∈ S
d−1. We say thatcondition(T )γ is satisfied with

respect tol (written (T )γ |l or (T )γ) if for eachl′ in a neighborhood ofl and eachb > 0 one has that

lim sup
L→∞

L−γ lnP0(H
l′
L > H−l′

bL ) < 0.

We say thatcondition(T ′) is satisfied with respect tol (written (T ′)|l or (T ′)), if for eachγ ∈ (0, 1),
condition(T )γ |l is fulfilled.
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In the following we will shortly explain the importance of the conditions(T )γ .
It is known that in dimensionsd ≥ 2, the validity of the condition(T ′) already implies the existence
of a deterministicv ∈ R

d\{0} such thatP0-a.s. limn→∞
Xn
n = v, as well as an invariance principle

for the RWRE so that under the annealed lawP0,

Bn
· :=

X⌊·n⌋ − ⌊·n⌋v
n

converges in distribution to a Brownian motion in the Skorokhod spaceD([0,∞),Rd) asn → ∞;

see for instance Theorem 4.1 in Sznitman [Szn04] for furtherdetails. Recently, this condition has also
been used to obtain further knowledge about large deviations for RWRE, see e.g. Berger, Peterson
and Zeitouni, as well as Yilmaz [Ber12, PZ09, Yil11].
While (T )γ a priori is a stronger condition the largerγ is, it has been shown in Sznitman [Szn02]
by a detour along the so-calledeffective criterionthat ford ≥ 2, the conditions(T )γ are equivalent
for all γ ∈ (12 , 1). This equivalence has been further improved in Drewitz and Ramı́rez [DR11] to
all γ ∈ (γd, 1) for some constantγd ∈ (0.366, 0.388). For dimensions larger or equal to four, it has
been established in Drewitz and Ramı́rez [DR12] by different methods that the conditions(T )γ are
actually equivalent for allγ ∈ (0, 1). It has been conjectured by Sznitman in [Szn04] that for any
d ≥ 2 fixed, the conditions(T )γ are equivalent for allγ ∈ (0, 1].

1.3 Main result

The goal of this paper is to significantly weaken the condition that has to be checked in order to
establish(T ′). For this purpose we set

c0 := 23(d−1) ∨ exp
{
2
(
ln 90 +

∞∑

j=1

ln j

2j

)}
, (1.3)

and introduce the following definition.

Definition 1.4. Let M > 0, l ∈ S
d−1. We say thatcondition (P)M |l is satisfied with respect tol

(written (P)M |l or (P)M ) if for somev ∈ {±e1, . . . ,±ed} the following holds: For someN0 ≥ c0
and some choice ofb1, b2 > 0 as well as vectorsl1, . . . , ld ∈ S

d−1 which satisfy

(a)

inf
x∈
{
x∈Rd:x·li>−b1N0 ∀i∈{1,...,d}

}x · l > −5N0/6,

(b)

inf
x∈
{
x∈Rd:∃i∈{1,...,d} such thatx·li>b2N0 andx·lj>−b1N0 ∀j 6=i

}x · l > 5N0/6,

and

(c)

sup
x∈
{
x∈Rd:x·li∈[−b1N0,b2N0] ∀i∈{1,...,d}

}
∥∥∥x− x · v

l · v l
∥∥∥
∞

< 20N3
0 ,
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the inequalities

P0

(
H−li

b1N0
< H li

b2N0

)
<

(b2N0/b1)
−M

d
,

hold for all i ∈ {1, . . . , d}.

Remark 1.5. (a) In fact, in the whole paper (in particular, in the main result Theorem 1.6) the
condition(P)M can be replaced by the weaker condition given in Remark 3.1 (a). The reason
for giving Definition 1.4 of(P)M here instead of the one from Remark 3.1 (a) is that the latter
requires quite some notation which will only be introduced later on.

(b) Note that if(P)M |l holds, then(P)M |l′ holds for all directionsl′ out of a neighbourhood ofl
in S

d−1 also.

It is straightforward that condition(T ′)|l implies(P)M |l for anyM ∈ (0,∞). The main result of the
paper states that the converse is true also, provided thatM is large enough.

Theorem 1.6(Polynomial decay is enough). Assume(IID) and (UE) to be fulfilled. Letl ∈ S
d−1

and assume that(P)M |l holds for someM > 15d+ 5. Then(T ′)|l holds.

The importance of this result also stems from the multitude of results that so far have been known to
hold under the condition(T ′) only. Using Theorem 1.6, it is now sufficient to establish thepolyno-
mial decay of the exit probabilities corresponding to(P)M instead of the a priori stronger stretched
exponential decay.
In addition, in contrast to the conditions(T )γ , the condition(P)M can be checked on finite boxes
(without a detour along an analogue to theeffective criterionof [Szn02]), which emphasises its effec-
tive character.
Furthermore, combining Theorem 1.6 with the above remark that (T ′)|l implies(P)M |l, we directly
obtain the following corollary.

Corollary 1.7. Assume(IID) and (UE) to be fulfilled. Then for anyl ∈ S
d−1, the conditions(T )γ |l,

γ ∈ (0, 1), are equivalent.

1.4 Some further notation

Fork ∈ N, we define the canonical left shift

θk : RN ∋ (xn)n∈N 7→ (xk+n)n∈N ∈ R
N. (1.4)

Throughout the rest of the paper,C will denote differing strictly positive and finite constants. Their
precise values may change from one side of an inequality to the other; however, in particular, they
do not depend on the parameterL that will be employed frequently in the paper. If we want to refer
to constants that depend on the dimension but otherwise are absolute, we put indices as inc3 for
example.
For aZd-valued discrete time stochastic process(Yn) andB ⊂ Z

d we define the entrance time into
B as

HY
B := HB(Y ) := inf{n ∈ N0 : Yn ∈ B}, (1.5)

and for singletonsB = {z} we denoteHz(Y ) := H{z}(Y ). Furthermore, forl ∈ S
d−1 andL ∈ R,

in accordance with (1.2), we define the entrance time

H l
L(Y ) := inf{n ∈ N0 : Yn · l > L}, (1.6)
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into the half-space{x ∈ Z
d : x · l > L}, with the usual convention thatinf ∅ := ∞. Similarly, the

exit time is defined as
T Y
B := TB(Y ) := inf{n ∈ N0 : Yn /∈ B},

When referring to the canonical RWRE(Xn) that we will be dealing with, then for the sake of
simplicity we will often omitX as an argument of the entrance and exit times.
For1 ≤ j ≤ d andl ∈ S

d−1, we will use the notation

πl : R
d ∋ x 7→ (x · l) l ∈ R

d (1.7)

to denote the orthogonal projection on the space{λl : λ ∈ R} as well as

πl⊥ : Rd ∋ x 7→ x− πl(x) ∈ R
d (1.8)

for the projection on the corresponding orthogonal subspace. Furthermore, ifej · l > 0 holds, then
we define the projections

π̃j
l : x 7→ x · ej

l · ej
l

and
π̃j
l⊥

: x 7→ x− π̃j
l (x) (1.9)

on the spaces{λl : λ ∈ R} and{λej : λ ∈ R}⊥, respectively. Forj = 1 we will abbreviate these
notations bỹπl andπ̃l⊥ .
ForL > 0, define

Dl
L :=

{
x ∈ Z

d : −L ≤ πl(x) · l ≤ 10L, ‖πl⊥(x)‖∞ ≤ L3(lnL)4
}

as well as its right boundary part

∂+Dl
L :=

{
x ∈ ∂Dl

L : πl(x) · l > 10L
}
,

where for any subsetB ⊂ Z
d its outer boundary∂B is defined to be

∂B :=
{
x ∈ Z

d\B : ∃y ∈ B such that‖x− y‖1 = 1
}
. (1.10)

We introduce the following condition for further reference. Its validity under(P)M |l′ will be the
content of Proposition 2.1.

For l′ ∈ S
d−1 one hasP0

(
H

∂Dl′
L
6= H

∂+Dl′
L

)
≤ exp

{
− L

(1+o(1)) ln 2
ln lnL

}
, (1.11)

asL → ∞.

Remark 1.8. If (1.11)holds, in correspondence to condition(T )γ of Definition 1.3, we write

γL :=
ln 2

ln lnL

to denote theeffectiveγ.

Definition 1.9. If (1.11)holds for alll′ out of a neighbourhood ofl ∈ S
d−1, then we say that condition

(T )γL |l is fulfilled.
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2 Proof of Theorem 1.6 (Polynomial decay is enough)

2.1 Auxiliary results (Propositions 2.1 and 2.3)

In this subsection we state two results that play a key role inproving Theorem 1.6. Their proofs will
be the subject of Sections 3 and 4.

Proposition 2.1 (Sharpened annealed exit estimates). Assume(IID) and (UE) to be fulfilled. Let
M > 15d + 5, l ∈ S

d−1 and assume that condition(P)M |l is satisfied. Then(T )γL |l holds.

The previous proposition will be proven in Section 3.
To be able to formulate the second essential ingredient we have to recall the effective criterion which
has been introduced in [Szn02] and can be seen as an analogue to the conditions of Solomon (cf.
Theorem 1.1) in higher dimensions.
For positive numbersL, L′ andL̃ as well as a space rotationR around the origin we define the

box specificationB(R,L,L′, L̃) as the boxB := {x ∈ Z
d : x ∈ R((−L,L′)× (−L̃, L̃)d−1)}.

Furthermore, let

ρB(ω) :=
P0,ω(H∂B 6= H∂+B)

P0,ω(H∂B = H∂+B)
.

Here,∂+B := {x ∈ ∂B : R(e1)·x ≥ L′, |R(ej)·x| < L̃ ∀j ∈ {2, . . . , d}}. We will sometimes write
ρ instead ofρB if the box we refer to is clear from the context and useR̂ to label any rotation mapping
e1 to v̂. Given l ∈ S

d−1, theeffective criterion with respect tol is satisfied if for someL > c2 and
L̃ ∈ [3

√
d, L3), we have that

inf
B,a

{
c3

(
ln

1

κ

)3(d−1)
L̃d−1L3(d−1)+1

EρaB

}
< 1. (2.1)

Here, when taking the infimum,a runs over[0, 1] while B runs over the

box specificationsB(R,L− 2, L+ 2, L̃) with R a rotation around the origin such thatR(e1) = l.

(2.2)
Furthermore,c2 andc3 are dimension dependent constants.
The effective criterion is of significant importance due to its equivalence to(T ′) (cf. Theorem 2.2)
and the fact that it can be checked on finite boxes (in comparison to (T ′) which is asymptotic in
nature).

Theorem 2.2([Szn02]). Assume(IID) and (UE) to be fulfilled. For eachl ∈ S
d−1 the following

conditions are equivalent.

(a) The effective criterion with respect tol is satisfied.

(b) (T ′)|l is satisfied.

We can now formulate the second key-ingredient for our proofof Theorem 1.6.

Proposition 2.3(Atypical quenched exit estimates). Assume(IID) and(UE) to be fulfilled. Further-
more, let(T )γL |l be fulfilled. Then, forǫ(L) := 1

(ln lnL)2
, and each functionβ : (0,∞) → (0,∞),

one has that

P

(
P0,ω(H∂B = H∂+B) ≤

1

2
exp

{
− c1L

β(L)
})

≤ 2d
e

⌈Lβ(L)−ǫ(L)/2d⌉! , (2.3)

whereB is a box specification as in(2.2)with L̃ = L2, and

c1 := −2d lnκ > 1. (2.4)

The proof of this result is the subject of Section 4.
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2.2 Proof of Theorem 1.6 (assuming Propositions 2.1 and 2.3)

Our proof of Theorem 1.6 goes along establishing the effective criterion and in the following we will
give some lemmas that will prove useful in this.
For that purpose, we define the quantities

β1(L) :=
γL
2

=
ln 2

2 ln lnL
, (2.5)

α(L) :=
γL
3

=
ln 2

3 ln lnL
, (2.6)

a := L−α(L) (2.7)

and writeρ for ρB with some arbitrary box specification of (2.2) with̃L = L2. We splitEρa according
to

Eρa = E0 +
n−1∑

j=1

Ej + En, (2.8)

where

n := n(L) :=
⌈4(1− γL/2)

γL

⌉
+ 1,

E0 := E

(
ρa, P0,ω(H∂B = H∂+B) >

1

2
exp

{
− c1L

β1
})

,

Ej := E

(
ρa,

1

2
exp

{
− c1L

βj+1
}
< P0,ω(H∂B = H∂+B) ≤

1

2
exp

{
− c1L

βj
})

for j ∈ {1, . . . , n− 1}, and

En := E

(
ρa, P0,ω(H∂B = H∂+B) ≤

1

2
exp

{
− c1L

βn
})

,

with parameters

βj(L) := β1(L) + (j − 1)
γL
4
, (2.9)

for 2 ≤ j ≤ n(L); for the sake of brevity we may sometimes omit the dependence on L of the
parameters if that does not cause any confusion. Furthermore, in order to verify that equality (2.8) is
indeed true, note that due to the uniform ellipticity assumption (UE) and the choice ofc1 (cf. (2.4)),
one has forP-a.a.ω that

P0,ω(H∂B = H∂+B) > e−c1L,

as well as that
βn > 1.

To boundE0 we employ the following lemma.

Lemma 2.4. Let (T )γL be fulfilled. Then

E0 ≤ exp
{
c1L

γL/6 − L(1+o(1))γL/2
}
,

asL → ∞.
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Proof. Jensen’s inequality yields

E0 ≤ 2 exp
{
c1L

β1−α
}
P0(H∂B 6= H∂+B)

a.

Using (2.6) and (2.5), in combination with(T )γL we obtain the desired result.

To deal with the middle summand in the right-hand side of (2.8), we use the following lemma.

Lemma 2.5. Assume(IID) and (UE) to be fulfilled. Let(T )γL |l be fulfilled. Then for allL large
enough we have uniformly inj ∈ {1, . . . , n− 1} that

Ej ≤ 4d exp
{
c1L

βj−α
} e

⌈Lβj−ǫ(L)/2d⌉! .

Proof. Using Markov’s inequality, forj ∈ {1, . . . , n − 1} we obtain the estimate

Ej ≤ 2 exp
{
c1L

βj+1−α
}
P

(
P0,ω(H∂B = H∂+B) ≤

1

2
exp

{
− c1L

βj
})

. (2.10)

Thus, due to Proposition 2.3, the probability on the right-hand side of (2.10) can be estimated from
above by

2d
e

⌈Lβj−ǫ(L)/2d⌉! ,

With respect to the termEn in (2.8) we note that it vanishes due to the choice ofc1.

Proof of Theorem 1.6.It follows from Lemmas 2.4, 2.5, the choice of parameters in (2.5) to (2.7) and
(2.9), and the fact thatEn vanishes, that forL large enough, (2.8) can be bounded from above by

exp
{
c1L

γL/6 − L(1+o(1))γL/2
}
+ 4dn(L) exp

{
c1L

βn−α
} e

⌈Lβ1−ǫ(L)/2d⌉! .

Thus, we see that for our choice of parameters, (2.8) tends tozero faster than any polynomial inL.
Hence, due to (2.1), the effective criterion holds and Theorem 2.2 then yields the desired result.

3 Proof of Proposition 2.1 (Sharpened averaged exit estimates)

3.1 Renormalisation step

In this subsection we introduce a renormalisation scheme that will finally lead to the proof of Proposi-
tion 2.1. For the sake of notational simplicity we will assume thatv from the Definition 1.4 of(P)M |l
equalse1, and we start with giving some auxiliary results. LetN0 be an even integer larger thanc0,
where we recall that the latter has been defined in (1.3). Fork ∈ N0, define recursively the scales

Nk+1 := 3(N0 + k)2Nk. (3.1)

We define fork ∈ N0 andx ∈ Z
d the boxes

B(x, k) :=
{
y ∈ Z

d : −Nk

2
< (y − x) · e1 < Nk, ‖π̃l⊥(y − x)‖∞ < 25N3

k

}
, (3.2)

as well as their frontal parts

B̃(x, k) :=
{
y ∈ Z

d : Nk −Nk−1 ≤ (y − x) · e1 < Nk, ‖π̃l⊥(y − x)‖∞ < N3
k

}
, (3.3)
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with the convention thatN−1 := 2N0/3. Furthermore, we define

∂+B(x, k) := {y ∈ ∂B(x, k) : (y − x) · e1 ≥ Nk}. (3.4)

We will call B̃(x, k) its middle frontal partof B(x, k). Furthermore, forn1, n2 ∈ N we define the
sublattice

Ln1,n2 := (n1, n2, n2, . . . , n2)Z
d

and refer to the elements of
Bk :=

{
B(x, k) : x ∈ LNk−1,N

3
k

}

asboxes of scalek.
To simplify notation, throughout we will denote a typical box of scalek byBk, and its middle frontal
part byB̃k. The reader should clearly distinguish such boxes from the box configurations introduced
around (2.1).

Remark 3.1. (a) Condition(P)M |l can actually be replaced in the whole paper by the weaker
condition that

sup
x∈B̃0

Px(H∂B0 6= H∂+B0) < N−M
0 (3.5)

holds for someN0 ≥ c0. See(1.5), (1.10), (3.2), (3.3), and (3.4) for the notation in this defini-
tion, and in particular note thatl comes into play in the definitions(3.2) to (3.4).

Also, note that similarly to(P)M |l, if (3.5) is fulfilled for l, then it is fulfilled for all directions
in a neighbourhood ofl also.

(b) For later reference note that∪B(x,k)∈Bk
B̃(x, k) = Z

d.

Definition 3.2. (Good boxes). We say that a boxB0 ∈ B0 is good (with respect toω ∈ Ω) if

inf
x∈B̃

Px,ω(H∂B0 = H∂+B0) ≥ 1−N−5
0 . (3.6)

Otherwise, we say that the box isbad. For k ≥ 1 we say that a boxBk ∈ Bk is good (with respect
to ω ∈ Ω), if there is a boxQk−1 ∈ Bk−1 of scalek − 1 such that every boxBk−1 ∈ Bk−1 of scale
k − 1 satisfyingBk−1 ∩Qk−1 = ∅ andBk−1 ∩Bk 6= ∅, is good (with respect toω ∈ Ω). Otherwise,
we say that the boxBk is bad.

We show that forM large enough, condition(P)M |l implies that boxes of scalek are bad with
P-probability decaying doubly-exponentially ink at most, and start with the casek = 0.

Lemma 3.3. Let l ∈ S
d−1 and assume that(P)M |l holds. Then for allB0 ∈ B0 andN0 ≥ c0 (where

c0 has been defined in(1.3)),

P(B0 is good) ≥ 1− 2d−1N3d+4−M
0 .

Proof. Note that
P(B0 is bad) ≤

∑

x∈B̃0

P
(
Px,ω(H∂B0 6= H∂+B0) ≥ N−5

0

)
. (3.7)

Now by Markov’s inequality we have forx ∈ B̃0 that

P
(
Px,ω(H∂B0 6= H∂+B0) ≥ N−5

0

)
≤ N5

0 sup
x∈B̃0

Px(H∂B0 6= H∂+B0). (3.8)

In combination with (3.7) and (3.8), assumption(P)M implies that

P(B0 is bad) ≤ 2d−1|B̃0|N5
0N

−M
0 ≤ 2d−1N3d+4−M

0 ,

where we used that|B̃0| ≤ 2d−1N3d−1
0 due to (3.3), which thus finishes the proof.
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B̃0

B0

l

b1N0

b1N0

b2N0

b2N0

l1

l2

Figure 1:A box B0 and the middle frontal part̃B0. These boxes are much wider than they are long.
The dashed lines illustrate the slabs from the definition of(P)M |l, shifted by somex ∈ B̃0; see
Remark 3.1 (a) also.

Next we treat the case of a generalk ∈ N0.

Proposition 3.4. Let l ∈ S
d−1, M > 15d+5, and assume that(P)M |l is satisfied. Then forN0 ≥ c0

one has that for allk ∈ N0 and allBk ∈ Bk,

P(Bk is good) ≥ 1− exp{−2k}. (3.9)

Proof. For the sake of simplicity, denotepk := P(Bk is good) for Bk as in the assumptions as well
asqk := 1− pk. We will prove by induction that

P(Bk is good) ≥ 1− exp{−c′k2
k} (3.10)

for all k ∈ N0, where

c′k :=
(
12d +

2

3

)
lnN0 −

k∑

j=1

ln((90(j +N0))
12d)

2j
.

We will then show that forN0 as in the assumptions,infk≥0 c
′
k ≥ 1, which will finish the proof.

Induction start:
Lemma 3.3 yields that

P(B0 is good) ≥ 1− exp
{
− (12d + 2/3) ln(κ)

}
,

which in particular implies (3.9) fork = 0.

Induction step:
Assumek ≥ 1 and that the statement holds fork − 1. Let qk−1 = exp{−c′k−12

k−1} and let
Bk−1,1, Bk−1,2, . . . , Bk−1,mk

be all the boxes of scalek − 1 that intersectBk. By Definition 3.2,

11



if each two bad boxes amongBk−1,1, Bk−1,2, . . . , Bk−1,mk
have a non-empty intersection, then the

boxBk is good.
Therefore, all that we need to do is to upper bound the probability that there exist two non-intersecting
boxes amongBk−1,1, Bk−1,2, . . . , Bk−1,mk

which are bad. By the union bound and(IID) we get that

qk ≤
(
mk

2

)
q2k−1.

Noting that for all ink ≥ 1 we havemk ≤ (30 · 3(k +N0))
6d, the induction hypothesis yields

qk ≤ (90(k +N0))
12d
(
exp{−c′k−12

k−1}
)2

= exp
{
ln((90(k +N0))

12d)− c′k−12
k
}
,

soc′k = c′k−1 −
ln((90(k+N0))12d)

2k
and hence inductively for everyk,

c′k ≥ c′0 −
∞∑

j=1

ln((90(j +N0))
12d)

2j
. (3.11)

The sum obviously converges, but we need to compare it with the value ofc′0. By Lemma 3.3 and
sinceM ≥ 15d+ 5, we deduce that forN0 as in the assumptions,

c′0 ≥ (12d + 2/3) lnN0. (3.12)

To estimate the sum, we note that due toln(1 + x + y) ≤ ln(1 + x) + ln(1 + y), for x, y ≥ 0, we
have forN0 as in the assumptions that

∞∑

j=1

ln((90(j +N0))
12d)

2j
≤ 12d

(
ln 90 +

∞∑

j=1

ln(j +N0)

2j

)
≤ (12d + 1/2) lnN0. (3.13)

Therefore, in combination with (3.11) to (3.13) it follows that

c′k ≥ c := c′0 −
∞∑

j=1

ln((90(j +N0))
12d)

2j
≥ 1

6
lnN0 > 1,

for every k, and where the last inequality holds sinceN0 ≥ c0, where c0 as in (1.3). Hence,
qk ≤ exp{−2k} as desired.

Next we show that with high probability, a walker starting inthe middle frontal part of a good box
leaves it through the right boundary part. For this purpose,we define the left boundary part

∂−B(x, k) := {y ∈ ∂B(x, k) : (y − x) · l < −Nk/2}

as well as the side boundary part

∂sB(x, k) := {y ∈ ∂B(x, k) : −Nk/2 ≤ (y − x) · l ≤ Nk}.

Proposition 3.5. LetN0 ≥ c0, with c0 as in(1.3). Then there is a constantc4 > 0 such that for each
k ∈ N0 andBk ∈ Bk which is good with respect toω, one has

sup
x∈B̃k

Px,ω(H∂Bk
6= H∂+Bk

) ≤ exp {−c4Nk} .
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Proof. For the sake of simplicity, we assume without loss of generality that Bk = B(0, k). Using
that

Px,ω(H∂Bk
6= H∂+Bk

) ≤ Px,ω(H∂Bk
= H∂sBk

) + Px,ω(H∂Bk
= H∂−Bk

),

we split the proof into two parts. We will first prove that

sup
x∈B̃k

Px,ω(H∂Bk
= H∂sBk

) ≤ exp{−cNk} (3.14)

and then that
sup
x∈B̃k

Px,ω(H∂Bk
= H∂−Bk

) ≤ exp{−cNk}, (3.15)

for some constantc > 0, which will finish the proof. To prove (3.14) and (3.15) we proceed as
follows: Define the sequences(c′k)k∈N0 and(c′′k)k∈N0 via

c′k :=
5 lnN0

N0
−

k∑

j=1

ln 27(N0 + j)4

Nj−1

and

c′′k :=
5 lnN0

N0
−

k∑

j=1

5Nj−1 + ln 24− 3c1Nj−1 lnκ

Nj
−

k∑

j=1

ln 27(N0 + j)4

Nj−1
.

We will show that
sup
x∈B̃k

Px,ω(H∂Bk
= H∂sBk

) ≤ exp{−c′kNk} (3.16)

and
sup
x∈B̃k

Px,ω(H∂Bk
= H∂−Bk

) ≤ exp{−c′′kNk} (3.17)

hold true for allk ∈ N0. Displays (3.14) and (3.15) will then follow since

c := inf
k∈N0

(c′k) ∧ inf
k∈N0

(c′′k) > 0

for N0 ≥ c0.

Induction start:
Fork = 0, displays (3.16) and (3.17) follow from the definition of a good box at scale0.
Induction step:
Now assume that (3.16) and (3.17) hold for scalek − 1 wherek ≥ 1.

Proof of (3.16)for k :

Let κ1 be the first time that the random walk leaves one of the boxes ofscalek − 1 whose middle
frontal parts contain the starting pointx ∈ B̃k. Define recursively forn ≥ 1 the stopping timeκn+1

as the first time that the random walk leaves the box of scalek− 1 whose middle frontal part contains
the pointXκn (this is where we take advantage of Remark 3.1 (b)). If there is more than one such
box, then we choose one arbitrarily. We now consider the sequence defined by

Y0 := x and Yn := Xκn , for n ∈ N, (3.18)

and call(Yn) therescaled random walk.
Since the boxBk is good, we know that there exists a boxQk−1 ∈ Bk−1 such that every box of scale
k − 1, intersectingBk but notQk−1, is good. With this notation we define

BQk−1
:=
{
Bk−1 ∈ Bk−1 : Bk−1 ∩Bk 6= ∅ and

there existsx ∈ Bk−1 such that̃πl⊥x = π̃l⊥y for somey ∈ Qk−1

}
,
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l

Bk

Qk−1

Qk−1

Figure 2:The bad boxQk−1 and its supersetQk−1 inside the boxBk.

i.e. BQk−1
is the collection of boxes of scalek − 1 having at least one site whose coordinates or-

thogonal tol coincide with the coordinates orthogonal tol of some site inQk−1. Next, we define
Qk−1 := ∪Bk−1∈BQk−1

Bk−1, see Figure 2.

Let nowm1 be the first time such that the random walk(Yn) is at a distance larger than7N3
k from

Qk−1 and from the sides∂sBk of the boxBk, so that

m1 := min
{
n ∈ N0 : dist(Yn,Qk−1) ≥ 7N3

k and dist(Yn, ∂sBk) ≥ 7N3
k

}
.

Definem2 as the first time that(Yn) exits the boxBk so that

m2 := min{n ∈ N0, Yn /∈ Bk}.
Furthermore, we define

m3 := inf{n > m1 : Yn ∈ Qk−1} ≤ ∞
and note that on the event{H∂Bk

= H∂sBk
}, we have thatPx,ω-a.s.,m1 < m2 < ∞. Therefore,

m′ := (m2 ∧m3) ◦ θm1 is well-defined on that event and writing

Jk :=
3Nk/2

Nk−2
+ 1,

one hasPx,ω(· |H∂Bk
= H∂sBk

)-a.s. that

m′ − 1 ≥ 7N3
k

2N3
k−1

− 1 ≥ 2Jk
Nk

Nk−1
. (3.19)

Next observe that if(Yn) starts from somey ∈ Bk such that dist(y,Qk−1) ≥ 2JkN
3
k−1 and

dist(y, ∂sBk) ≥ 2JkN
3
k−1, and if it consecutively leavesJk boxes fo scalek − 1 through the frontal

parts of their boundaries, then it will have leftBk through∂+Bk. Thus, we have that

Py,ω

(
Yj ∈ Bk ∀j ∈ {1, . . . , Jk}

)
≤ Jk exp{−c′k−1Nk−1}.

This in combination with (3.19) and the Markov property at multiple times ofJk supplies us with

Px,ω(H∂Bk
= H∂sBk

) = Px,ω(m
′ ≥ 2JkNk/Nk−1,H∂Bk

= H∂sBk
)

≤
(
exp{−c′k−1Nk−1 + lnJk}

) Nk
Nk−1 = exp{−c′kNk}.
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This completes the proof of (3.16) fork.

Proof of (3.17)for k :

The proof is based on a comparison of the exit probabilities of the rescaled random walk(Yn) with
those of a one-dimensional walk with drift.
Induction start:
By Definition 3.2, the statements hold true fork = 0.

Induction step:
Assume the statement holds fork − 1 with k ≥ 1. LetBk ∈ Bk be good (which again for the sake of
simplicity is supposed to be of the formBk = B(0, k) w.l.o.g.) andQk−1 ∈ Bk−1 be a bad box such
that every box of scalek − 1 that intersectsBk but notQk−1 is good. Let

LQk−1
:= min{l · z −Nk−2 : z ∈ Qk−1},

RQk−1
:= max{l · z +Nk−1/2 : z ∈ Qk−1} ≤ LQk−1

+ 3Nk−1,

T (Qk−1) := inf{n ∈ N0 : Xn · l ∈ [LQk−1
, RQk−1

]} ≤ ∞.

(3.20)

As alluded to, we will make use of a one-dimensional random walk with drift which, at every unit of
time, being atx ∈ Z\[LQk−1

, RQk−1
], movesNk−2 steps to the right with probability1− e−c′′k−1Nk−1

andNk−1 steps to the left with probabilitye−c′′k−1Nk−1 . From anyx ∈ [LQk−1
, RQk−1

], it jumpsNk−2

steps to the right with probabilityκc1Nk−2 andNk−1 steps to the left with probability1− κc1Nk−2 .

Denote such a walk by(Zn) and byPy the corresponding probability measure conditional on
{Z0 = y}.
We start with proving the estimates

sup
x∈B̃k

Px,ω

(
T (Qk−1) < H∂+Bk

∧H∂sBk

)
≤ 4 exp

{
− c′′k−1

(
Nk − 2Nk−1 −RQk−1

) }
(3.21)

and

sup
y∈[LQk−1

,RQk−1
]
Py

(
(H−Nk/2(Z) < HNk

(Z)
)
≤ 6κ−3c1Nk−1

(
exp{−c′′k−1Nk−1}

)LQk−1
+Nk/2

Nk−1 ,

(3.22)
from the combination of which we will be able to deduce (3.17).
To see (3.21), observe that the left-hand side of (3.21) can be estimated from above by

sup
x∈B̃k

Px,ω(H∂Bk
= H∂sBk

) + sup
x∈B̃k

Px,ω

(
T (Qk−1) < H∂+Bk

,H∂Bk
6= H∂sBk

)
. (3.23)

The first probability can be estimated from above byexp{−c′Nk} using (3.16).
Note that on the event in the second probability, up to timeT (Qk−1) the random walk only visits
good boxes of scalek − 1. Therefore, using the induction hypothesis (3.17) in combination with a
comparison of the exit probabilities forY· · l with those forZ·, we get that with (3.23), the left-hand
side of (3.21) can be estimated from above by

sup
x∈B̃k

Px,ω

(
T (Qk−1) < H∂+Bk

∧H∂sBk

)

≤ exp{−c′kNk}+ sup
x∈B̃k

Px·e1

(
H−e1

RQk−1
(Z) < He1

Nk
(Z)
)

≤ exp{−c′kNk}+ 3 sup
x∈B̃k

(
exp{−c′′k−1Nk−1}

)x·e1−(RQk−1
+Nk−1)

Nk−1

≤ exp{−c′kNk}+ 3exp{−c′′k−1(Nk − 2Nk−1 −RQk−1
)},
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for N0 as in the assumptions, and (3.21) follows.
To see (3.22), lety ∈ [LQk−1

, RQk−1
] and define the events

D+ := {HNk
(Z) < Hy ◦ θ1(Z)} and D− :=

{
H−Nk/2(Z) < Hy ◦ θ1(Z)

}
,

with θ as defined in (1.4). We now estimate the probabilities of the eventsD+ andD−. Assumption
(UE) in combination with the choices in (3.20) yields

Py(D
+) ≥ (1− exp{−c′′k−1Nk−1})3Nk/(2Nk−2)κ3c1Nk−1 ≥ 1

2
κ3c1Nk−1 (3.24)

for N0 large enough, while the strong Markov property supplies us with

Py(D
−) ≤ 3

(
exp{−c′′k−1Nk−1}

)LQk−1
+Nk/2

Nk−1 . (3.25)

Combining (3.24) and (3.25) with the fact that

sup
y∈[LQk−1

,RQk−1
]
Py(H−Nk/2(Z) < HNk

(Z)) ≤ sup
y∈[LQk−1

,RQk−1
]

Py(D
−)

Py(D+)
,

(3.22) follows.
Noting that for x ∈ B̃k, on the event{H∂Bk

= H∂−Bk
} we have Px,ω-a.s. that

T (Qk−1) < H∂+Bk
∧H∂sBk

, we can now apply the strong Markov property and (3.22) as wellas
(3.21) to obtain

sup
x∈B̃k

Px,ω(H∂Bk
= H∂−Bk

)

≤ sup
x∈B̃k

Px,ω

(
T (Qk−1) < H∂+Bk

∧H∂sBk

)
× sup

y∈[LQk−1
,RQk−1

]
Py

(
H−Nk/2(Z) < HNk

(Z)
)

≤ 4 exp{−c′′k−1(Nk − 2Nk−1 −RQk−1
)}6κ−3c1Nk−1

(
3 exp{−c′′k−1Nk−1}

)LQk−1
+Nk/2

Nk−1

≤ exp
{
−Nk

(
3c′′k−1/2− (5Nk−1 + ln 24 − 3c1Nk−1 lnκ)/Nk

)}
,

and (3.17) follows fork.

3.2 Proof of Proposition 2.1

Proof of Proposition 2.1.In order to apply our previous results, forL given we implicitly definekL
via NkL+1 ≥ L > NkL , which provides us with

kL ∼ lnL

ln lnL
. (3.26)

Recall the definition ofπl andπl⊥ from (1.7) and (1.8), and set

E l
L :=

{
x ∈ Z

d : −NkL ≤ πl(x)·l ≤ 10NkL+1 and‖πl⊥(x)‖∞ ≤ 2250N3
kL
(N0+kL)

2(N0+kL+1)2
}

as well as∂+E l
L := {x ∈ ∂E l

L : πl(x) · l > 10NkL+1}. ForL large enough, one has

P0

(
H∂Dl

L
6= H∂+Dl

L

)
≤ P0

(
H∂El

L
6= H∂+El

L

)

≤ P0

(
All BkL ∈ BkL intersectingE l

L are good,H∂El
L
6= H∂+El

L

)

+ P0

(
There existsBkL ∈ BkL intersectingE l

L that is bad
)
.

(3.27)
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For largeL and using Proposition 3.4, the second summand of the above weestimate by

P0

(
There existsBkL ∈ BkL intersectingE l

L that is bad
)

≤ 2
∣∣LNkL−1,N

3
kL

∩ E l
L

∣∣ exp{−2kL}

≤ 2(2250)d(N0 + kL)
2d(N0 + kL + 1)2d exp{−2kL}

≤ exp
{
− L

(1+o(1)) ln 2
ln lnL

}
,

using (3.26) in the last line.
We now bound the first summand of (3.27). For that purpose, note that if the walk
leaves (N0 + kL)

2(N0 + kL + 1)2 blocks of BkL consecutively through their∂+-part, then
{H∂El

L
= H∂+El

L
} occurs. Therefore, we can dominate the event{H∂El

L
6= H∂+El

L
} from above

by the event that one of the blocksBkL of scalekL the walk encounters is left not through∂+BkL .

To make this formal, for eachk ∈ N associate tox ∈ Z
d an elementπk(x) ∈ LNk−1,Nk3

such that

x ∈ B̃(πk(x), k). Define the sequence of stopping times for(Xn) given by

Dk
0 := 0,

Dk
j :=

{
inf
{
m ∈ N : Xm+Dk

j−1
/∈ B

(
πk(XDk

j−1
), k
)}

+Dk
j−1, for j ≥ 1 if Dk

j−1 < ∞,

∞, otherwise.

Using this terminology and the strong Markov property at timesDkL
j , j ∈ N, we can upper bound the

first summand of (3.27) by

P0

(
All BkL ∈ BkL intersectingE l

L are good,H∂El
L
6= H∂+El

L

)

≤ E

(
Px,ω(H∂El

L
6= H∂+El

L
),all BkL ∈ BkL intersectingE l

L are good
)

≤ E

(
P0,ω

(
∃ 1 ≤ j ≤ 10(N0 + kL)

2(N0 + kL + 1)2 : X
D

kL
j

/∈ ∂+B
(
πkL(XD

kL
j−1

), kL
)
,
)
,

all BkL ∈ BkL intersectingE l
L are good

)

≤ 10(N0 + kL)
2(N0 + kL + 1)2 exp{−cNkL}P

(
All BkL ∈ BkL intersectingE l

L are good
)

≤ 10(N0 + kL)
2(N0 + kL + 1)2 exp{−cNkL}

≤ exp
{
− L

(1+o(1)) ln 2
ln lnL

}
,

where to obtain the second inequality we took advantage of Proposition 3.5. This finishes the proof.

4 Proof of Proposition 2.3

Proof of Proposition 2.3.Let l be as in the assumptions of Proposition 2.3 and without loss of gener-
ality assumee1 · l > 0. For eachn, r ∈ N consider the coarse-grained sublattice

L
r
n :=

{
x ∈ Z

d : x = (2ny1, 2nry2, . . . , 2nryd) for somey ∈ Z
d
}
.

of Zd, and, recalling̃πl⊥ from (1.9), for eachx ∈ L
r
n define the parallelograms

Rr
n(x) :=

{
y ∈ Z

d : −2n < (x− y) · e1 < 2n, ‖π̃l⊥(y − x)‖∞ ≤ 2rn
}
,
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and their corresponding central parts

R̃r
n(x) :=

{
y ∈ Z

d : −n ≤ (x− y) · e1 ≤ n, ‖π̃l⊥(y − x)‖∞ ≤ rn
}
.

We chose the term ’parallelogram’ and the corresponding notation Rr
n in order for the reader to

be able to distinguish this setting more easily from Section3. We will denote byBr
n the set of

parallelograms{Rr
n(x) : x ∈ L

r
n}. Denote byJr

L,n the number of parallelograms inBr
n that intersect

B, i.e.,
Jr
L,n :=

∣∣{Rr
n(x) ∈ Bn : Rr

n(x) ∩B 6= ∅}
∣∣.

Due to Proposition 2.1 applied to finitely many suitable vectors neighbouringl, if r is chosen large
enough and fixed, we obtain

sup
y∈R̃r

n(0)

Py

(
H∂Rr

n(0)
6= H∂+Rr

n(0)

)
≤ exp

{
− n

(1+o(1)) ln 2
ln lnn

}
, (4.1)

asn → ∞. Fix suchr for the rest of this proof. We will now perform a one-step normalisation
involving parallelograms of side-lengthn := ⌊Lǫ(L)⌋. A parallelogramRr

n(x) ∈ Br
n is defined to be

good (with respect toω) if

inf
y∈R̃r

n(x)
Py,ω

(
H∂Pr

n(x)
= H∂+Rr

n(x)

)
≥ 1− L−ǫ(L)−1

.

Otherwise,Rr
n(x) is defined to bebad (with respect toω). Note now that by Markov’s inequality and

the invariance ofP under translations ofZd,

P(Rr
n(x) is bad) = P

(
sup

y∈∂P̃r
n(x)

Py,ω(HRr
n(x)

6= H∂+Rr
n(x)

) > L−ǫ(L)−1
)

≤ Ldǫ(L)+ǫ(L)−1
sup

y∈R̃r
n(0)

Py

(
HRr

n(0)
6= H∂+Rr

n(0)

)

≤ Ldǫ(L)+ǫ(L)−1
exp

{
− L

(1+o(1))ǫ(L) ln 2

ln lnLǫ(L)

}

≤ exp
{
(dǫ(L) + ǫ(L)−1) lnL− L

(1+o(1)) ln 2

(ln lnL)3

}
,

(4.2)

where the second inequality follows from (4.1). Next, we consider the eventGβ,L ⊂ Ω defined via

Gβ,L :=
{

the number of bad parallelograms inBr
n that intersectB is less thanLβ(L)

}
.

A crude strategy forX starting inB to exit B through∂+B is to exit all Rr
n(x)’s encountered

through∂+Rn(x). To make this formal, for eachn ∈ N associate tox ∈ Z
d one of the elements

y ∈ L
r
n minimising‖x− y‖∞ and denote this element byπn(x). In a fashion reminiscent of the end

of Subsection 3.2, we define the sequence of stopping times for (Xn) given by

Dn
0 := 0,

Dn
j :=

{
inf
{
k ∈ N : Xk+Dn

j−1
/∈ Rr

n(π
r
k(XDj−1))

}
+Dn

j−1, for j ≥ 1 if Dn
j−1 < ∞,

∞, otherwise.

Note that following the above crude strategy, the number of bad parallelograms of the typeRr
n(x)

encountered by the random walk is at mostLβ(L). Thus, using the strong Markov property and(UE)
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we observe that forω ∈ Gβ,L,

P0,ω

(
H∂B = H∂+B

)
≥ P0,ω

(
XDj ∈ ∂+Rr

n(πn(XDj−1)), ∀ 1 ≤ j ≤
⌈ L

⌊Lǫ(L)⌋
⌉)

≥
(
exp{−c1L

ǫ(L)
})Lβ(L)(

1− L−ǫ(L)−1)L

>
1

2
exp

{
− c1L

ǫ(L)+β(L)
}
,

(4.3)

for all L ≥ c4, some absolute constantc4, and wherec1 has been defined in (2.4). On the other hand,
one has that

P(Gc
β,L) ≤ 2d

e

⌈Lβ(L)/2d⌉! . (4.4)

Indeed, writing NL for the number of bad parallelograms inBr
n that intersectB, we get

Gc
β,L = {NL ≥ Lβ(L)}. Since non-overlapping boxes depend on disjoint parts of theenvironment,

the assumption(IID) yields thatNL can be stochastically dominated by
∑2d

j=1N
j
L, where theN j

L,

1 ≤ j ≤ 2d, are independent identically distributed binomial random variables (defined on some
probability space with probability measureP ) with parametersJn

L,n andP(Rr
n(0) is bad). In partic-

ular,
Jn
L,n ≤ CLd (4.5)

for some constantC and allL.
Next, note that for any binomially distributed random variable with expectation1, i.e. of the type
Yn ∼ Bin(n, n−1), we have for alln ∈ N and0 ≤ k ≤ n that

P (Yn ≥ k) ≤ e

k!
.

Indeed, we compute

P (Yn ≥ k) ≤
n∑

j=k

(
n

j

)
n−j ≤

n∑

j=k

1

j!
≤ e

k!
.

Now due to (4.2) and (4.5), forL large enough, theN j
L are stochastically dominated by binomial

random variables of the typeYn. Thus, we obtain that

P
(
NL ≥ Lβ(L)

)
≤ P

( 2d∑

j=1

N j
L ≥ Lβ(L)

)
≤ 2d

e

⌈Lβ(L)/2d⌉! (4.6)

Hence, inequality (4.4) follows and combining (4.3) with (4.4), we finish the proof of Proposition
2.3.

Acknowledgement:A.F. Ramı́rez thanks David Campos for useful discussions.
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