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We consider a model of diffusion in random media with a two-way cou-
pling (i.e., a model in which the randomness of the medium influences the
diffusing particles and where the diffusing particles change the medium).
In this particular model, particles are injected at the origin with a time-
dependent rate and diffuse among random traps. Each trap has a finite
(random) depth, so that when it has absorbed a finite (random) number
of particles it is “saturated,” and it no longer acts as a trap. This model
comes from a problem of nuclear waste management. However, a very simi-
lar model has been studied recently by Gravner and Quastel with different
tools (hydrodynamic limits). We compute the asymptotic behavior of the
probability of survival of a particle born at some given time, both in the
annealed and quenched cases, and show that three different situations
occur depending on the injection rate. For weak injection, the typical sur-
vival strategy of the particle is as in Sznitman and the asymptotic behavior
of this survival probability behaves as if there was no saturation effect. For
medium injection rate, the picture is closer to that of internal DLA, as given
by Lawler, Bramson and Griffeath. For large injection rates, the picture is
less understood except in dimension one.

1. Introduction. We present a model of growth, diffusion and trapping
in a random environment. This model has three main features: a random
environment, an injection pattern and a two-way coupling between random
walks and the random environment (i.e., the random environment acts on the
particles by trapping, and the particles act on the environment by saturation
of the traps).

We describe rapidly the three ingredients of the model.

1. First, the random environment is given by a collection of i.i.d. integer val-
ued random variables 1(x) at each site x of the lattice Z?. Here n(x) is the
initial depth (or capacity) of the trap at site x, with the convention that the
site x is not a trap if the depth 7(x) is zero.

2. Second, the injection pattern: at the origin of the lattice Z¢ particles are
injected (or born) at a time-dependent rate. We will mainly study deter-
ministic injection patterns but most of the results are true with Poissonian
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injections. We will indicate later where random injection does make a
difference.

3. Finally, the interaction between the medium and the random walks: when
born, the particles perform continuous time simple random walks on the
cubic lattice, until they find a nonsaturated trap (i.e., visited by less par-
ticles than its initial depth). When meeting such a trap the particle stops
and stays forever in this trap. The depth of the trap is then decreased
by 1. When a trap is full or saturated, that is, when it has been visited by
as many particles as its initial depth, or equivalently when its depth has
reached zero, it no longer acts as a trap and particles can walk on it.

Our initial motivation came from a simplified version of a problem of con-
finement of heavy nucleotides in nuclear waste management by high-
performance clay barriers. This context suggested the random injection at one
point and the trapping and saturation mechanism. A more complete study
would ask for a model with interaction between the particles, and the pos-
sibility for “desorption” (i.e., for the particles to leave the traps after a long
time). But other various motivations can be proposed. For instance Funaki [8]
studies a related model (with a deterministic environment and no injection
and with an interactive dynamics) in the context of “melting” (see also [9]).

The model we examine is flexible. For instance, it encompasses two mod-
els recently studied. Namely, the Poissonian traps model of A. S. Sznitman
(see [17] and references within) and the internal diffusion limited aggregation
(IDLA) model introduced by Diaconis and Fulton [5] in a discrete time setting
and studied in the continous time setting by Lawler, Bramson and Griffeath
(see [12, 13]). The analog of the Poissonian traps model in the discrete context
of the cubic lattice corresponds in our model to the situation where satura-
tion of the traps is omitted. For instance, this would be the case where the
injection is limited to the injection of only one particle. Or equivalently, the
case when the initial depth of the traps is infinite, whatever the injection rate
is. IDLA deals with the case in which all sites are initially traps of depth
1 (no randomness of the medium), and the injection has a specific rate (i.e.,
the total number of particles born at time ¢ is a Poisson process of constant
intensity). The trapping and saturation mechanism is sometimes called “noise
reduction” in the literature about growth models (see paragraph 4.1 of [11] in
the context of the Eden where what corresponds to the depth of the traps is
deterministic).

We have chosen to deal with the simplest possible description of the initial
randomness of the medium (i.e., i.i.d. distribution of initial depths of traps)
in order to use the very powerful machinery developed by Sznitman (see [15,
16, 17]). We had to adapt to the discrete context his latest version of the
“enlargement of obstacles” method (see [16, 17]) and this is the subject of
an appendix, which might be of independent use. We have limited ourself
to the case of bounded depths. In fact what we really had in mind was the
situation where 7n(x) could take only the values O (the site i is then not a trap)
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and m € N. Situations where very deep traps would be present could produce
very different behaviors.

After this description of the model we now state some of the natural ques-
tions about this model. There are at least four types of such questions (ordered
from the simplest to the most difficult one). The first one is about the shape
of the saturated set.

1. What is the shape of the set of saturated traps?
The second question is about survival probabilities.

2. What is the proportion of live particles at time ¢? What is their age
distribution?

More precisely, what is the probability of survival of the kth born particle
until time ¢? This question can be asked first when £ is fixed and then when
both % and ¢ go to infinity.

The third question is about the location of live particles.

3. What is the typical path of the kth born particle if it is conditioned to live
until time ¢?

And finally the last question is about the collective behavior of the live
particles.

4. What is the profile of the cloud of live particles at time ¢?

Gravner and Quastel [9] deal with the fourth question. In the context of IDLA
(with zero-range dynamics), they prove among other things that when d = 2,
under an hydrodynamic scaling limit, the profile of the cloud of live parti-
cles converges weakly in probability to the solution of the one-phase Stefan
problem with a source at the origin.

The results of this paper concern the first two questions. The third one will
be treated elsewhere. Before describing our results, we recall that two main
lines of statements are possible: annealed and quenched. The first corresponds
to a statement in average and the second to an almost sure statement with
respect to the randomness of the medium. We will give results in both situa-
tions, though we believe that the most important are the quenched ones. The
main result of this paper is the existence of three very different situations
depending on the strength of the injection. We naturally call these the low,
medium and high injection regimes. Let us call N(¢) the number of particles
that have been born at time ¢. The high injection regime is reached when
N(¢) > t%2, both in the annealed and quenched situations. It differs from the
other two injection regimes by the fact that most particles will survive (will
not be trapped). In this high injection regime, we do not know too much about
the answer to question 1 (the shape of the saturated region), except when the
lattice has dimension 1 (this is reported elsewhere [3]).

Here we will concentrate on the two other regimes. We will see that in both
of them, there is a growing saturated zone, spherical with a radius growing as

((1/awd)N(t))1/d, where a is the average depth of each obstacle and w, the
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volume of a sphere of unit radius. We will also see that in both these regimes,
the survival probability tends to zero, but at very different rates. The reason
for this difference can be roughly explained as follows. When the injection
rate is too low [N(#) <« Int in the quenched case and N(¢) « t%/(?+2) in the
annealed case], the saturated zone is too small to really matter for survival and
the saturation effect is irrelevant, so that the result is essentially given by the
survival probability in the Poissonian traps model without saturation. When
the injection rate is in the medium range [Int « N(¢) <« t%/? in the quenched
case and t%/(?+2) « N(t) « t%/? in the annealed case], the saturated zone is
large enough to modify the survival probability, which can now heuristically
be computed as the probability that a Brownian motion does not cross some
spherical moving boundary.

The main difficulty in the proof of the large deviation estimates of
Theorems 2 and 3, providing the quenched and annealed logarithmic asymp-
totics of the survival probability of a single particle, corresponds to the proof
of the upper bounds. For the quenched and annealed medium regimes, we
do not have a good enough control of the probability that the saturated set
of obstacles is not a ball. This means that the shape Theorem 1, answering
question 1 and stating that with “high” probability the set of saturated traps
corresponds to erasing obstacles within a ball of a certain radius, cannot be
used for the upper bounds, and therefore all possible shapes for the saturated
set at some given time have to be considered. With the exception of part (ii) of
the annealed Theorem 3, an understanding about the asymptotic behavior of
the principal Dirichlet eigenvalue of the discrete Laplacian on large sets with
random absorbing obstacles is needed. It is the case that the smallest possible
value that one can obtain for this principal Dirichlet eigenvalue, after erasing
a high enough predetermined amount of obstacles, corresponds to erasing a
ball. This is the content of part (ii) of Theorem 6, which is proved by means of
an adaptation of the latest version of the enlargement of obstacles technique
of Sznitman [16, 17]. An analogous analysis is required for the proof of the
upper bound of Theorem 2 in the low regime. We would like to remark that the
use of an adaptation of the latest version of the enlargement of obstacle, where
different scales are introduced for the so-called bad and density sets, has been
crucial to obtain the upper bounds for injection rates close to the critical ones
[N(t) ~ Int in the quenched case and N(t) ~ ¢t%/(9*?) in the annealed situa-
tion]. As part of the proof of Theorem 6 mentioned above, a discrete version
of the Faber—-Krahn inequality was needed (given in Lemma 13). It might be
the case that this precise estimate is known and has already been proved, but
we were unable to find the proper references.

The detailed answers to question 1 are given in Theorem 1. Theorems 2
and 3 deal with question 2, in the quenched and annealed situation, respec-
tively. The organization of the paper is as follows. In Section 2 we introduce
the model together with the notation that will subsequently be used, and
state the results. In the third section the shape Theorem 1 is proved. We first
prove a shape theorem for the discrete time version of our model, where a
particle is born only after the previous one has been trapped. This is then
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used to prove Theorem 1. The whole approach is an adaptation of the proof
of the shape theorem for IDLA in [13] to a context where the obstacles have
a random distribution and the injection pattern is variable. The only part
of the proof of the discrete time version model which presents an additional
difficulty with respect to [13] is the lower bound in the quenched case (see
Section 3.3). In Section 4, some key asymptotic estimates of principal Dirichlet
eigenvalues are obtained. Here the main tool is Sznitman’s enlargement of
obstacles adapted to the discrete context. A secondary ingredient proved here
is a version of Faber—Krahn inequality in the cubic lattice. In the last sec-
tion Theorems 2 and 3, describing the decay of the survival probability, are
proved. Both the asymptotic estimates of Section 4 and the shape Theorem 1
form the basis of this proof. In Appendix A, the cubic lattice version for ran-
dom walk of the enlargement of obstacle method of Sznitman is constructed.
Finally, in Appendix B some lemmas used in the proof of Theorems 2 and 3
of Section 5 are proved. This includes Lemma 20 concerning a decay estimate
for the survival time of a random walk in a ball with a time-dependent radius.

2. Notation and Results. In what follows we will define a stochastic
process corresponding to the dynamics described in the introduction of ran-
dom walks in a lattice with some absorbing sites or obstacles. Let m be
some natural number and define .# := {0,...,a}. The state space repre-
senting the obstacle configuration endowed with the natural topology will be
denoted by I := .#Z°. Let % be the corresponding Borel o-algebra. Given
an element 1 € I' we denote its xth coordinate by n(x). A site x such that
n(x) > 1 represents a site with an obstacle present, while 1(x) = 0 means
that there is no obstacle. Furthermore, let P be the probability measure on
Q = D([0, ), Z%)N endowed with its Borel o-algebra 2, under which the
coordinate process {Z,: n € N} represents independent simple random walks
on Z% each of jump rate 1, and such that Z,(0) = 0. Let {T,, € [0, c0): n € N} be
a sequence of strictly increasing times and define random walks {Y ,: n € N}
by Y, (¢)  =0if0 <t <T,and Y,(¢t) = Z,¢t—-T, ift > T,. Let us
define N(¢) := 3372, 110, 4(T,), where 15 is the indicator function of B C R,
representing the total number of random walks that have been born at time ¢.

We now proceed to define a collection of probability measures @y , on
the space ({), 2), indexed by the set of right continuous increasing functions
N from [0, o) taking values on N and by the set of configurations n € I,
and which we will call the random saturation process. Under each measure
@y, ;> the coordinate process {Z,: n € N} on () will represent the dynamics
of interacting random walks. In the sequel it is understood that any infimum
over an empty subset of N or R is infinity.

For a given n € N, we define the stopping time

shi=inf{t > 0: n(Y ,(¢)) > 0},
which is the first time that the random walk Y, visits an obstacle. Now let

t; :=inf{sl: n e N}.
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This is the first time some obstacle has been visited. We now define

Y, (t), if s > ¢,

1 -
L) V(0= { Yo(tAsl), ifsl =t

Here we have stopped those random walks which hit a trap for the first time.
Let My := {n € N: s = #} be the set of indices where the infimum in the
definition of T is attained. Similarly define Z; := {x € Z%: x = Y ,(s}) for
some n € M, }. It is easy to see that P-a.s. the set M; has a unique element,
which we will denote by n,, and this is the index of the unique random walk
which is stopped in (1). Therefore P-a.s. the set Z; has a unique element x;
such that x; := Y,Ll(s,lll). We now update the obstacle configuration by defining

n(x)a if x #* Xq.

In other words, we decrease by 1 the site which has the trap which has been
visited first. Note again, that P-a.s. this site is unique. Now define recursively
for k > 2, n € N and x € Z? the stopping times s* and ¢,, and the processes
n¥(x) and Y% (t), as follows:

nl(x) = { T’(xl) - 1> if x = X1,

sk = inf{t > 0: n*~1(Y*1()) > 0},

ty = inf{sﬁ: neN\(M;U---UM,_1)},
My :={n eN: sk =1},

7, :={x € 7% x = Y*(s*) for some n € M, },

koo | YEE), if s* > ¢,
()= { Yh(EAsh), ifsh =1,

k-1 ;
Eron. i (x) =1, ifxeZ,,
m(x) = { n*1(x), otherwise.

Note that P-a.s. the sets M, and Z,, for £ > 1, each have a unique ele-
ment. From the fact that the total number of random walks {Y,: m € N}
in movement at a given time ¢ is finite, it is not difficult to check that for
each n € N, as & — oo the sequence of processes Y* converges P-a.s. on
the Skorokhod topology of ). Let us call such a limit X nN’". We then define
XNon.={X Nomip e N}. Note that under the probability measure P, this pro-
cess represents random walks which move freely until they visit the first site
x which has received less than 7n(x) visits, at which time they are frozen. To
this process there corresponds a probability measure @y , under which the
coordinate process Z := {Z,: n € N} on Q is distributed as X" under P. It
is defined by @y ,(A) ;= P(X" € A) for every set A C Z. In the sequel, we
will say that Z under the probability measure @y , is a random saturation
process on an obstacle configuration n and driven by an injection N. We will
denote by 7, := inf{t > 0: Z,(s) = Z,(¢) for s > ¢}, the time at which the
random walk Z, is frozen.
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We will now endow the obstacle state space (I', %) with a product probabil-
ity measure u defined by

u(n(x) = a) = p,,

where Y ,., p, = 1. Note that a random saturation process with injection
N(t) = [t] (where for x € R, [x] represents the closest integer greater than
or equal to x) and an obstacle configuration with law w such that .# = {0, 1}
and p, = 0, p; = 1, corresponds closely to the continuous time version of
internal diffusion limited aggregation (IDLA) introduced in [13]. In fact, the
only difference is that in the continuous time version of IDLA, the birth times
{T,: n € N} are sums of exponentially distributed random variables. In con-
trast, a random saturation process with injection N(¢) = 1 and obstacle con-
figuration with a law given by w is a random walk on a lattice where sites
are absorbing independently of each other with some positive probability. This
model was studied in [1, 2] using an adaptation to the lattice of the first ver-
sion of the enlargement of obstacle method developed by Sznitman [15].
Now let

(2) {(x,8) =) 1z (%),

neN

where for A c 7¢, we define 1,: Z? — {0, 1} as the indicator function of the
set A. Here {(x, t) represents the number of random walks at time ¢ in site
x. Then define

(3) S, :={x € 7% {(x,t) = n(x) > 0}.

This set corresponds to the sites x of the cubic lattice Z¢ which have an obsta-
cle, and which have been visited at least n(x) times. We will call it the set of
saturated obstacles at time ¢. In the sequel, for x € Z¢, we define the norm

||| == \/x§ + .-+ x%, where for 1 < i < d, x; is the ith coordinate of x. Also,
given two real valued functions f;(¢) and f4(¢), the notation f(¢) <« [fo(t)

will mean that lim,_, . (f1(¢)/f2(¢)) = 0. The main result of the third section
of these notes is the following shape theorem.

THEOREM 1. Consider a random saturation process on an obstacle config-
uration n and driven by an injection N. Let m be distributed according to
some product measure p and call a = u(n(x)) the average depth of obsta-
cles at time 0. Define B, := {x € Z% n(x) > 0 and ||x|| < r}. Assume that
1« N(t) < t¥?/Int and that a > 0. Then:

(i) For every € > 0, Qy, ,-a.s. there exists a t, > 0 such that

t
)l/dCS Cc B

B vd,
(1-0)((1/awa)N(2) (1+e)((1/awy)N(2))

whenever t > .
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(ii) p-a.s.the following is true: for every € > 0, Qy ,-a.s. thereexistsa t, > 0
such that

va C S, CB vd,

B
(1-e)((1/aw)N()) (1+e)((1/aw )N (1))

whenever t > t,.

REMARK 1. It is not difficult to see that if N is distributed according to
some Poisson process R of time-dependent rate A(¢), a.s. with respect to the
distribution of R the annealed and quenched versions of parts (i) and (ii) of
Theorem 1, with N replaced by fot A(s)ds in the statement, are true.

Note that in the above shape theorem, at time ¢, the volume of the limit-
ing sphere times the average depth of obstacles, equals the total number of
particles N(¢) that have been born. This means that the proportion of frozen
random walks converges to 1.

Let k(¢): [0, 00) —> N be an increasing function of time and let g(¢) := T
be the birth time of the random walk Z ;). In the third section of these notes,
we will be interested in understanding the asymptotic behavior of the survival
probability of the random walk Z ) with law given by @ _,, both when (%) is
fixed as time goes to infinity and when k(¢) goes to infinity together with time.
To state the results of this section let us introduce some notation. Let A; be
the principal Dirichlet eigenvalue of the Laplacian operator divided by 2d on
the ball of unit radius and w, the volume of the ball. Define p := u(n(x) > 0),
a := u(n(x)) and denote by p.(d) the critical probability of site percolation
on 7%, In the sequel we assume that p > 0. The first theorem is a quenched
version of the asymptotics of the survival probability.

THEOREM 2. Consider a random saturation process on an obstacle config-
uration m and driven by an injection N. Assume that 0 < N(t) < t%/%>~¢ for
some € € (0, 1), that limsup,_, ., k(¢) > @ and that t — g(t) > 1. Then:

(i) Assume that 1 < N(t) < (t — g(¢))¥2. If In(t — g(t)) < N(t) or p >
1— p.(d) then

. 1
(4) tlilglo W In QN,’I](Tk(t) > t) =-1 M-a.s.,

where hy(k, t) := g(awg)? [4, (ds/N(s)%).
(i) If N(¢) < In(t — g(t)) and p < 1 — p(d) then

lim L
1 —_—
o Ty (k. )

where hy (k. t) = Ag(wq|In(1 — p))*/(t — g(t)/ In(t — g())*?).

In@y, ,(Thp) > 1) =-1 p-as,

REMARK 2. The condition N(¢) « ¢t ¢*%2 for some € > 0, is necessary
to ensure the validity of the shape Theorem 1. On the other hand, the less
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important condition liminf, | k(¢) > & is included to rule out the possibility
that the random walk born at time g(¢) = T, dies at the origin as soon as
it is born. This might be the case when %(¢) is some constant smaller than a,
which is the maximum value of the obstacle capacity »n at each site.

Let us briefly discuss the meaning of the above result. For the sake of
clarity, let us consider the case in which k(¢) is some constant greater than
a. When p <1 - p,, we know that with u-a.s. there exists a unique trap free
cluster on the lattice Z?. The above theorem shows that for N(¢) « t~<+%/2,
for some € > 0, there appear to be two different injection regimes when p <
1 — p.. There is the regime which we will denote by quenched low regime,
when N(t) <« Int¢, given by part (ii). Here subscript L in A; stands for low.
The survival strategy for random walks in this regime consists essentially
of traveling fast to a distance of order ¢ to some region of the lattice free of
obstacles and of radius of the order of (In¢)/?. This is exactly the survival
strategy of a Brownian motion on R¢ with Poissonian obstacles (see [17]) or of
a simple random walk on the lattice with site obstacles distributed according
to some product measure (see [2]). There is a second injection regime for In ¢ <«
N(t) < t=<t%/2 which we call quenched medium regime, given by part (i) of
Theorem 2. The subscript M in h;,; stands for medium. Here random walks
are provided with a better survival strategy than going far to find natural
clearings, as in the low regime. Namely, by the shape Theorem 1, the high
enough injection produces a central clearing larger than those that can be
found far away. Thus, the typical survival strategy of a particle is to stay in
this central region. When p > 1— p,, so that u-a.s. there is no infinite trap free
cluster, Theorem 2 states that fort any injection rate satisfying the condition
N(t) « t¢*%/2  the decay of the survival probability is as in the medium
regime. For the purpose of illustrating the above description, let us consider
the special situation in which the injection rate is of the form

N(t) = (Int)”

for @ > 0. In this case, the logarithm of the probability that a random walk born
at some fixed time survives up to time ¢ is going to decay like some function
h(t) = t/(Int)P, where B is a function of «a. Figure 1 shows the dependence
of B with respect to «. Note that when a > 1, we are in the medium regime
and h = hy;. On the other hand, for 0 < @ < 1 we are in the low regime, and,
depending on the value of the percolation parameter p, the decay function A
takes the values h; (for p > 1 — p,) or Ay, (for p < 1— p_.). The second result
of Section 4 is an annealed version of Theorem 2. As before, we are assuming
that p > 0.

THEOREM 3. Consider a random saturation process in an obstacle con-
fisuration m and driven by an injection N. Assume that g(t) < t. Assume
that N(t) < t¥?=¢ for some € € (0, 1), that limsup,_, . k(t) > @ and that
t— g(t) > 1. Then:
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B

p<1_pc

l\?l&.

p>1-pc

1

FIG. 1. Dependence of B with respect to .

() Assume that 1 < N(t) < (t — g(t))¥2. If (t — g(t))¥@*+2) « N(¢t) or
p=1, then

) 1
}l}% W In QN,,LL(Tk(t) > t) = —1,
where hy(k, t) = Ag(awg)? [}, (ds/N(s)*).

Gi) If N(£) < (t — (6)) @D and p < 1, then

lim ———In @ Ty > t)=—1,
L N, u(Trey > 8)

where hy(k, t) = (wy| In(1— p))¥ @2 ((d+2)/2)(2A/d) 2 (¢ — g(£))2/4+2).

The main feature of the quenched Theorem 2 is still in this annealed
theorem, namely the presence of two injection regimes for N(¢) satisfying
N(t) <« t=¢t9/2 for some € > 0. The role of p, is here played by p = 1. Further-
more, this time the transition between the two regimes occurs at the injection
rate N(¢) ~ t%/(?+2) What we call here low regime, when N(t) « t¢/(¢+2),
corresponds to the studying the decay properties of the annealed survival
probability of a Brownian motion in R? with Poissonian obstacles [6] or a sim-
ple random walk on the lattice with each site absorbing independently of the
others [6, 1]. This means that the survival strategy of a practice in the low
regime is to stay in a natural clearing of radius ¢%/(¢*2) produced at the ori-
gin. What we call annealed medium regime, when t%/(@+2) « N(t) « t=<t9/2,
gives the same decay as the quenched medium regime with particles taking
advantage of the central clearing produced by saturation.

3. Shape theorems. The object of this section is to prove the shape
Theorem 1. We will follow [13] closely. As there, we will first consider a dis-
crete time version of the random saturation process. This will be a process on
the set of obstacles, representing the saturated ones. We will prove a quenched
and annealed shape theorem for this process which will subsequently be used
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to prove Theorem 1. Except for the lower bound of the quenched theorem, the
whole proof follows the arguments given in [13].

3.1. Definition of discrete time version of random saturation. As in the
previous section, we define a probability measure u on I' = .#%¢ as the product
measure u such that

u(n(x) = a) = p,,

where ) ,., p, = 1 and 5 € I'. For every n € I' we can define the random
subset of Z¢,

O(n) = {x € 2% n(x) > 0},

which represents the sites with “active” obstacles. Now consider a discrete time
random walk on the lattice Z¢ starting at the origin and which is killed upon
touching an obstacle in O(7). Furthermore, assume that when the random
walk is killed at the site x, the state n € I" suffers a transition to a state n*
where

. (¥)s if y # x,
n<y>={%_1, ifi:i.

Call n; = n* and adopt the convention that ; = n whenever the random walk
is never killed. Similarly define n, = 5. Continuing in this way we can define
a discrete time Markov chain 7, with state space I" and with initial condition
no € I'. Call P, the corresponding probability measure on the path space N
with the product topology. Note that this Markov process has §, as unique
invariant measure, where 0 € I is such that 0(x) =0V x € Z¢. Also note that
this Markov process has transition probabilities p(n, ), n, { € I' given by

0, if { #mand { # 1%,
p(na g) = hO(O(n)’ OO)? if {=m,
hO(O(n)7 x)7 if {= ‘f)x-

Here h,(A, 00) is the probability that a random walk starting at y € 7% never
hits O(n) and %,(A, B) represents the probability that the same random walk
hits A at B C A.

In the next subsections we want to prove the following theorems.

THEOREM 4. Let a = u(n(x)) be the average depth of obstacles. For each
nel,let B, ={x € O(n(0)): |x| < r}. Then for every € > 0 there exists an
ng € N such that

P,(B,1—¢) C Doyynt C By(ige) for n > ng) > 1 —¢,

where w is the volume of the unit ball and D, := O(ny) — O(n).
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THEOREM 5. Let a = u(n(x)) be the average depth of obstacles. For each
nel,let B, ={x € On(0)): |x|| <r}. Then u-a.s. the following statement is
true: for every € > 0 there exists an ny € N such that

Pn(Bn(lfe) - Dawdnd C Bn(1+e) fOl" n= nO) >1-¢,
where w is the volume of the unit ball and D, := O(ny) — O(n).

REMARK 3. From the above theorem we can conclude that

Pn( lim 7, = 0) —1 pas.

In what follows we prove Theorems 4 and 5, separating each proof in to an
upper and a lower bound part. Since the upper bound part of Theorem 4 is very
similar to that of Theorem 5, we omit it. The lower bound part of the annealed
Theorem 4 is a straightforward adaptation of the method of [13]. This is the
content of the next subsection. On the other hand, the lower bound part of
the proof of Theorem 5 requires more careful estimates. This is presented in
Section 3.3.

3.2. Proof of the discrete time annealed lower bound. Using [13] here we
will show the following.

LEMMA 1. Let a and B, be defined as in Theorem 1. Then for every € > 0
there is an ny € N such that
P, (Byi-¢) C Dyypagirey forn=>ng)>1—e.
PrROOF. We adopt the same notation as in [13]. Let us call X ;(¢) the random

walk which produces the transition n;_; — 7, and let us remove the killing.
Now, for z € O(n,), define the following stopping times:

0; = inf{t: X,(t) € O(m;_)},
m. = inf{t: X,() = 2},
T, = itng{t: X;(t) ¢ B,}.

First, note that {B,1_¢) € Dyy ni(14¢)}- On the other hand the event that site
z does not belong to D, can be written as

k
Fz(k) = m{Ui < Ti,z}'

i=1

Furthermore, the event that at time aw, n%(1+ €) a set A is not a subset of

D,y ni(1+¢) 18 contained in

(5) UF,

zeA
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Therefore, to prove the lemma it is enough to show that

i PM< U  F.awgni(l +e))) < o0.
n=1

ZGBn(l—e)(TIO)
At this point let us define the following random variables:

awygn®(14¢€)

N.w)= Y 6, W),

i,z—
=1

awgn®(1+¢€)

Lz(w) = Z OU'iSTi_Z<T,L(w)’

i=1

awgn®(1+¢€)

Mz(w) = Z OTi_z<Tn(w)‘
i=1

Here w € #2°, §,(w) equals 1 if w € A and 0 otherwise and z € B,(1_e)-
Then, to estimate the probability of the event (5) it is enough to estimate
P,(N,<a).But N,>M,—-L,, and

P(N,<a)<P,(M,<a+a)+ P,(L,>a)
for any a > 0. Now clearly,
E,U,(MZ) = awdnd(l + E)pO(Tz < Tn)7

where p, is the probability distribution associated to a random walk starting
from x, 7, is the hitting time of this random walk to site z and 7, = min{¢: X, ¢
B, } is the exit time of the ball B, = {x: | X|| < n}. On the other hand we can

bound L, by Ez, where

Lz= Z n(y)0¥z<7n
yeB,

and 6’ is the indicator function of event A for a random walk starting from
point y. Note that

E,(L)=a ) p,(r. <T,).
yeB,
Now define G,(y, z), the Green’s function of a random walk stopped upon

leaving B,,, by

7,—1
Gn(y7 Z)ZEy|:Z O{thz}i|, ZEBn.
t=0
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Now since po(t, < 7,) = G,(0,2)/G,(2,2) and p,(7, < 7,) = G,(y,2)/
G,(y,y), we have

G

B, (M) = awgn(1+ G2,
7y Gn(y, 2)
) =0 2 Geay

At this point we invoke the following lemmas proved in [13] and [12].

LEMMA 2. Fix & > 0. For n sufficiently large and z € En(l_e),

Z Gn(ya Z) = wdndGn(O’ Z)'
yeB,

LEMMA 3. Let z € B, and {z} = max{|z|, 1}. Then

G, (0, z):%ln{—z} —i—o(é) + 0<%), d=2

-2 wid({z}z—d _prdy 4 O({p ), d >3,

(6)

Moreover, if z € En(l,e), where € > 0, we have
(7 G.,(0,0) < G,(z,2) < Gy,(0,0).
LEMMA 4. If z € B,, then
n? —|z||* < E.(1,) < (n + 1)* - |[2||".

LEMMA 5. Let S be a finite sum of independent indicator random variables
with mean u. For any 0 < y < 1/2, and for all sufficiently large w,
P(|S — p| = p!/?7) < 2~/

Now, from Lemma 2 it follows that E,(M,) > (1 + %)EM(EZ) But note from
inequalities (6) and (7) of Lemma 3 and from Lemma 4 that

TN Ez(Tn) - aEz(Tn)
Bul)=ag (3. 3) = Gan(0,0)

(8) a
a9 2
> ey 1P
Therefore,
~ awy(d — 2)en?, ifd >3,
(9) E;L(Lz) = {awe%, ifd = 2.
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Next, from Lemma 5 we have
P,(M,—E, (M,) < —E(M,)"%) < 2¢~(W/HEOLFF
< 96 (/Cur,

where C; = (awy(d —2)e)?? if d > 3 and C,; = (ame)?? if d = 2. But for n big
enough it is true that E,(M,) — E,(M,)*® > (1+ $)E,(L,) + a. Therefore,

(10) PM(MZ = (1 + 2>E;L(zz) +a) < 2 Car/4,

Similarly we have P, (L, = E,(L,) + E,(L,)*%) < 2" V/HELS" < 9o-Car/4,
From which we conclude that

~ € N B
(11) P,(L,> <1 + Z)EM(LZ» < 9¢Can/4,

As in [13], the lower bound of Lemma 1 now follows easily from inequalities
(10) and (11). O

3.3. Proof of the discrete time quenched lower bound. Here we will prove
the following lemma.

LEMMA 6. Let a and B, be defined as in the theorem. Then u-a.s. the fol-
lowing statement is true: for every € > 0 there is an ny € N such that

PW(Bn(lfé) c Dawdnd(lJre) forn>ng)>1-e.

In the sequel we will follow the notation of the previous section. First, note
that it is enough to prove that for every € > 0,

(12) > Pn( U  F.(awgn®(1+ e))) <00 p-a.s.
n=1 Z€Bn(1-e)(7lo)
Now, the left-hand side is bounded by Y eB P, (N, = 0). Therefore, it is
enough to prove that there is an a > 0 such that for every € > 0,
Y (P,(M,<a+a)+P,(L,>a))<oc0 p-as.

Zegn(l—s)

Now, since M, does not depend on the obstacle configuration, we conclude in
analogy with (10) that for every € > 0,

6 T ~ - n
Pn(Mz < (1 + Z)EM(LZ) + a) < 2¢ Car
where C; is a positive constant depending on the dimension and e. Thus, the

proof of the convergence of the series in (12) will be completed once we show
the following.
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LEMMA 7.
(13) sup P,,(Zz >(1+ E)EM(ZZ)) < f(n, n)e—(ezwd(d—z)/uaua)nz u-as.,

zeBn(l,E)
where a = /*‘L(n(y))a v = P«(”’)Z(y))a Ke = Supz:|z\§1—s fy;\y|§1(dy/|y - Z|d_2)y
and
lim 108 (m) o

n—oo n2

PRrROOF. Define the random variable
Y,.=L,- EM(LZ).

Now let z, be a sequence such that z, € En(l,s), where 6 > 0. Then, by
Chebyshev’s inequality, we have

. 1 . 1
(14) 11flris01:p = log P,(Y,, >en?) < 111:1_)501:p — log E, (e"n) — e,

where A > 0. To complete the proof of Lemma 7 we will need the following
two auxiliary lemmas.

LEMMA 8. Let z, € En<1_5), where 6 > 0. Then

: 1 AY . 1
hmsupﬁlog E, (e n=)=(M),—1-aA)limsup 3

n—o0o n—oo

x Y py(r, <7,) p-as.,
yeB,

where a = w(n(y)) and M, = Eu(e)‘Yn:z .
LEMMA 9. Let z, € En(l_ﬁ), where 6 > 0. Then

. 1
hmsup—2 > py(r, <1,) < Kjs,
n—oo N yeB "

where K= sup,, iy 5 [, (dy/ly — 2|*2).
Before proving these lemmas we show how Lemma 7 is implied by them

and the inequality (14). First, note that we can conclude that for z, € En(l,g)
and A > O (the case in which M, —1—aA > 0),

1

lim sup 2 log P,(Y, . > en®?) < (M, —1—a))Kz— €.
n—oo

However, for A small enough we have |M, — 1 — aA| < A?v. Thus,

1
limsup —log P, (Y, ., > en?) < A2vK; — eA.
n > *n

n—oo
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Choosing A = €/2K sv, we conclude that whenever z, € En(l—é) and € > 0, one
has that

€2

. 1 2
limsup — log P, (Y, ., >en®) < “1K.

n—oo I

L-a.s.

Now, from the inequality (8) we conclude that
2

4K v

1 ~ -2 ~
lim sup 3 log P, (LZ > (1 + 6%)>E“(LZ)> <-

n—o0

Clearly this implies Lemma 7. O
It remains to prove the auxiliary Lemmas 8 and 9.

PrROOF OF LEMMA 8. First note that

log E, (e =) = 3" (log(1+ p,(r,, < 7,)(""?) —1))
yeB,

—aApy(r, < o))

But since |x —log(1 + x)| < x2, we have

Y- (log(1+ py(7s, < 7)€Y = 1)) — py(r., < 7,)("Y) = 1))

yeB,
<C Y pi(r, <)
yeB,
where C = sup,(e*"®) — 1)2. Our first step will be to show that
(15) Z pi(Tz,l < Tn) = ded(n)

yeB,

for some constant K; and some function f;(n) depending only on the dimen-
sion and such that £ (n) :=n if d # 2 and f4(n) := n?/Inn. The case d = 1
is trivial. In fact it is enough to bound the probabilities in the sum of the
right-hand side of inequality (15) by 1. In the sequel K; will denote different
constants depending only on the dimension. For the case d = 2 we employ the
following inequality:

(16) Z p?/(Tz,l < Tn) = Z p%(Ty < TZn)‘

yeB, yeBy,

Now, it can be proved that for every f < 2 one has that py(r, < 79,) =
(In(2n)) ! [In(2n) —1In |y|+o(|x|~*)+ O((In n)~1)] (see [12]). This together with
the estimate of inequality (16) implies that there is a constant K, such that
when d = 2, one has

2 n®
Z py(Tzn < Tn) = KZE
yeB,



ASYMPTOTIC SURVIVAL PROBABILITIES 1487

In particular this proves inequality (15) in the case d = 2. Finally, we consider
the case d > 3. Note that p,(7, < 7,) < p,(1, < 00) = G(y,2)/G(0,0),
where G(y, z) is the Green function of the symmetric simple random walk. But
G(x) = aylx|?>? + O(|x|~?) for some constant a,; depending on the dimension
(see [12]). We can then conclude that

> p?/(Tzn <71,) < Kd/ Iy =z, 24 Aldy

— N <
yeB, y: lyl<n |y

for some constant K ;. We have

1
> pi(Tzn <T)= Kdﬁ
y€B, n

—dy + ded
/y: yl<lly-z,/z1/n |y — 2, /n |23~

=1
nd=4Jy: 1n<yi<2 |y|2d—4

= Kd"’a

SKd dy+ded

which proves (15) in the case d > 3.
At this point note that inequality (15) implies that

1
lim sup —; log En(eAY"* )

n—oo N

1
= limsup — > p,(r, < 7,)(eY) — 1 —a)).
n n

nee yeB,

Therefore it is now enough to prove that

1
amn lim —5 > py(r, <7 )Y — M) =0 p-as.
yeB,

Now if S, = (1/n®) ¥ 5, py(1,, < 7,)(e*"¥) — M), we have

1
Pu(Sal = @) = 2Ny 30 pi(Ts, < 7)),
yeB,

where N, = u(e*"”) — M,)? and a > 0. However, since Y .5 p3(7, < T,) <
K n, it follows that

> Pu(S, = a) < oo.

n=1

By Borel-Cantelli, since « is arbitrarily small, (17) follows. O

PROOF OF LEMMA 9. For dimensions d = 1, 2 it is trivial that (1/n2) Y} yeB,
py(7,, < 7,)is bounded by a constant independent of n. For dimensions d > 3



1488 G. BEN AROUS AND A. RAMIREZ

note that

1 1 dy
S Y by, <) =K [
n2 yg e " n? Jy: |yzn |y — 2,972

dy
= Kd/ T2 a2
v lyl<1 |y — 2,/n|

which is bounded. The lemma now follows. O

3.4. Proof of the discrete time quenched upper bound. Here we will prove
the following lemma.

LEMMA 10. Let a and B,(n) be defined as in Theorem 4. Then, u-a.s. the
following statement is true: for every € > 0 there is an ny € N such that

P, (D(Mgwyne) C Byaske for n>ng)>1—e¢,

where K is a constant.

PROOF.
Step 1. Here we will prove that for every € > 0 there is a n, such that

(18) Pn< > (n0(x) = Ny na(x)) < €Kon® for n > n0> >1—e¢,

xeB¢

where K, = aw,2%*1. First, note that the lower bound of Lemma 6 implies
that u-a.s. the following statement is true: for every € > 0 there is an ny € N
such that

P,,( > mo(x) = X (M0(x) = Mgyne(x)) for n = no) >1-—e
xegn(l—e) xegn(l—e)

Now,

Z (mo(x) — nawdnd(x)) = awdnd'

xez4

Therefore w-a.s. the following statement is true: for every e > 0 there is an
ng € N such that

Pn( Z (T]O(x) - nawdnd(x)) = awdnd
xeB¢

(19)
- > (%) fornzno) >1—e.

ern(l,E)

However, by the strong law of large numbers we know that

. 1
i ad e 2 Mol¥) =aw.
x€By1_q
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Therefore, the following statement is u-a.s. true: for every € > 0 there is an
integer n, such that

(20) > me(x) = awdnd(l — e)d — €,

xeﬁn(l,e)

when n > n,. Therefore, combining (19) with (20) we conclude that p-a.s. the
following statement is true: for every € > 0 is an n, such that

Pn( 3 (0(2) ~ Naupynt(2)) < awgn? —awn(1— €)' + e for n = no)
xeB¢
>1—e.

The claim (18) follows now from the inequality aw n? — aw n?(1 —€)? + € <
awyn®e2d+1,

d .

Step 2. Let us relabel the particles X'/ that exit B, during the time interval
from 0 to wyn? as Y/ and consider the embedded growth process D(i ;)- Choose
ko = [n(1 + €Y%)] + 1 and introduce the quantity

Zyi(D= 2 mox)= > Mo(%),

x€D(E )N gy 12 x€0(m; JNJ g1

where J;, := O(ny) N {x: & < ||x|| < &+ 1}. This quantity represents the
number of dead levels up to the rescaled time j for the obstacles contained in
the shell J,, . Now, define the average of Z,(j) as v;(j) = E,(Z,(J)), k> 1.
Clearly v(j) < j and v;(0) = 0 for £ > 1. We shall now prove the following
inequality for each j and k:

) k
e[ o]
a

where J < oo. _
First, condition on the time 7 at which Y/*! exits B,,. This gives

L+ 1) —v(l) = En(hYHl(T)(O(ml)a Jk0+k))-

Now, any walk stopping in J; ., must remain within the subset of sites not
containing obstacles while it hits the immediately preceding shell Jj ., 1.
Therefore, this is at most

22)  E,(hyii (I pyir-1, O°(m;))) < max E,(hy(Jhysr-1, O°(m;)).

At this point we make use of the following lemma, proved in [13].

LEMMA 11. Let T, = min{t > 1: X(¢) € J,} be the hitting time of J,,.
There exists a constant J < oo such that

h,(Jy, B) < J|B|ATY,
where j<kand A=k — j.
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Applying the uniform upper bound of the above lemma to inequality (22)
we obtain

1
vp(l+1)—v,(0) < Jnel/—d)dflE’?(leﬁkfl N O°(n;))

(
J vi_1(0)
" (neVdyd1 g

Summing this inequality over [ =0, ..., j — 1 we get

d-1J71

J, 1
w0 =2 (oam)  Zoa®

Iteration in k& with j fixed yields

k-1
J( 1\
vi(l) < (Z(nel/d> ) e

Step 3. We shall now establish the upper bound from inequality (21) of
Step 2 and inequality (18) of Step 1. By the last inequality we know that u-
a.s. the following it true: for every € > 0 there is an event F and an integer
n, such that P,(F) > 1 — ¢, where F is the event that for n > n, the number
of dead levels outside the ball B, in the set of obstacles O(7,) is smaller than
or equal to eKyn?, where K, = aw,2%+!. Therefore, for K > K, we have that
the following statement is p-a.s. true: for every e > 0 there exists an ny € N
and an event F' such that

P, (D(awyn®) ¢ B(n(1+ Ke''?), F) < P,(Z, ([koen®]) = 1),
P (F)>1-¢,

(23)

whenever n > n,, where K, = 2?*law, and n’ = [n(K — 1)e'/?] — 1. Now, by
the Chebychev inequality, the right-hand side of the inequality (23) is bounded
by

o
[kofnd] e(1=d)/d,1a
"h(K —1)e/d -1

I\
d-1( 92
=" (K)

for a suitable constant JJ5. Therefore, we have that the following statement is
p-a.s. true: for every € > 0 there exists an ny, € N and an event F such that if
K > JZ’

vy ([Koen?]) < nd‘1|:J

> P, (D(wqn?) € B(n(1+ Ke'¥),F) < 3 e™*" < o0,

n>ng n>ng

P,(F)>1—e.
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So by Borel-Cantelli we conclude that u-a.s. the following statement is true:
there exists an event F' such that,

P, <lim sup{D(wy n?) ¢ B(n(1+ Ke¥/%)} N F) =0,
P (F)>1-e =

3.5. Proof of the shape theorem. In this section we will prove Theorem 1
of Section 1. We will follow the notation there introduced. In the sequel, » will
denote an arbitrary probability measure on the space of obstacle configurations
=%,

ProOF. Consider the coordinate process Z = {Z,: n € N} on Q with a law
given by @ ,. Note that for each n € N, the process Z, represents a particle
born at time T',,. Following [13], to analyze the set of saturated obstacles S,
[see definition (3)] at time ¢, it will be more convenient to consider a slightly
different particle system but which generates the same probability measure
Qy., on the space of trajectories on the obstacle configurations. First, recall
that {(x, ¢) represents the total number of particles at site x at time ¢ [see
definition (2) of Section 2]. In this modified model the dynamics of particles is
governed by the following rule:

Consider the depth n(x) of an obstacle at site x and the number of particles
{(x,t) at the same site and at time ¢. Let iy < iy < --- < iy, ; be the indices
of the particles present at site x at time ¢. Then the first n(x) particles (i.e.,
those with indices iy, ..., i,)) remain at x, while the rest (i.e., those with
indices i, (y)11s - -5 Lg(x, ) Move like free random walks.

Let n"(t) := {n"(x, t): x € Z¢} (n™®(t) := {n™®(x, t): x € Z?}) be the obstacle
configuration filled by the first n particles (all the particles) at time ¢,

(5 t) = (n(x) — 3 8.(Zy()s

k=0
2 £) = (n(x) — 3" 5.(Za(D)),
k=0

Note that
n"(x,t) <n*(x,t) foreacht>0,n>1,

where we have defined on I' the following partial order: if 5, { € I' then n < ¢
if and only if n(x) < {(x) for every x € Z¢. On the other hand note that

(24) lim 1" (¢) = n,,
t—o0
where the convergence is in distribution and 7,, is the discrete time stochas-

tic process at time n defined in Section 1 with initial condition 1y = 7. In
particular if we define

E, ;= 0(no) — O(n"(1)),
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the limit of equation (24) implies that
(25) limE, ,=D,,

t—00

where the convergence is in distribution and D, is a set which coincides with
the set of saturated obstacles for the discrete time model defined in Theorem 4.
Note also that for every ¢ > 0 and n e N,

(26) E,,CS,

We are now ready to prove the upper and lower bounds of Theorem 1. Since
the proofs of parts (i) and (ii) of Theorem 1 are very similar, we omit the proof
of part (ii).

PROOF OF THE UPPER BOUND OF PART (i). Let ¢, > 0. Note that by the limit
of equation (25), we have

QN,;L(St Z B(1+6)(N(t)/awd)1/d for ¢ > t0>
= QN,M(EN(t),t Z B(14e)(N(£)/aw,yve for t > to)

< P,U.<DN(t) Jq_ B(1+E)(N(t)/awd)1/d for ¢ > to)

Now, the upper bound of Theorem 4 implies that this last expression can be
made arbitrarily small by choosing ¢, big enough.

PROOF OF THE LOWER BOUND OF PART (i). By the inclusion (26), we have

{B(l—exN(t)/awd)l/d Z St} - {Bu—e)(N(t)/awd)l/d Z E(l—e/z)wt),t}

Now, comparing E 1 _9)n(s),u With Dq_¢9)n () We see that the right-hand mem-
ber of the above inclusion is dominated by

27 [B(lfe)(N(t)/awd)l/d ¢ D(lfe/Z)N(t)} U [E(ke/z)zv(t),t # D(lfe/Z)N(t)}'

By the lower bound for the discrete time stochastic process proved in
Theorem 4, the first term of the above expression fails eventually in ¢ with
Qn, , probability 1. For the second term, we define as S the event that one of
the (1 — €/2)N(¢t) particles takes at least a time (e/2d)¢ to exit from the set

ye. Then one can dominate the second term of (27) by
(+e)(N(t)/awy)

(28) {S}u {St Z BieN(t)/awa) ]

In fact, if St C B(1+e)(N(t)/awd)1/d and E(lfe/Q)N(t),t 75 D(lfe/Z)N(t)’ then there
must be at least one particle which was born before a time ¢, defined by the
equation N(¢') = (1 — €/2)N(¢), which is active at time ¢, and which has
not exited the ball B,; . at time ¢. But since N(¢) < t?/2, it follows that
t' < (e/2d)t. Now, the second term of expression (28) fails eventually in ¢ with
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Qg”  probability 1 on account of the previously proved upper bound. Finally,
note that the probability of occurrence of the first term is bounded by

it> < N(tye ™),

>
(1+e)N@W)/awg) /e — Q]

N(t)PO(TB

where P, is the probability measure corresponding to a simple random walk
starting from the origin, T';, is the exit time of this random walk from a set D
and C is a constant depending only on €. By the assumption N(¢) « (t%/2/1Int),
the proof is now completed via an application of Borel-Cantelli. O

4. Asymptotic behavior of principal eigenvalues. This section is
devoted to the proof of a Faber—Krahn-type theorem using a version of the
enlargement of obstacle method of Sznitman [17]. More precisely, consider the
principal Dirichlet eigenvalue of the discrete Laplacian operator on a subset of
a box [—[¢], [¢]]?NZ¢ consisting of sites x € [—[¢], [¢]]?NZ¢ such that n(x) =0,
where {n(x): x € Z?} are i.i.d. random variables with a common law w such
that uw(n(x) =0)=1—p, 0 < p < 1. In essence, we will show that the optimal
way (in the sense of minimizing the principal Dirichlet eigenvalue) of deleting
more than (Int)Y¢ absorbing sites is asymptotically as ¢ diverges, a sphere.
In contrast, the deletion of less than (In¢)'/? absorbing site gives the same
asymptotics as no deletion at all. This result will be subsequently applied
in the derivation of Theorems 2 and 3 of this paper about the logarithmic
asymptotic behavior for large times of the survival probability of particles on
the random saturation process.

4.1. Notation and results. Let h be a positive real number and consider
some subset U of the rescaled lattice hZ¢. Let V(x): U — [0, c0) be some
positive potential. Define the operator L;  corresponding to a simple random
walk of total jump rate 1 on U with Dirichlet boundary conditions and killed
at rate V, by its action on the space C,(U) of continuous functions from hZ¢
to R with support on U,

(29 Lyvf()i= 550 X (Fx+he)— f()+ 35 VD).

ecBle|=1
Here f € Cy(U), x € UNhZ? and B is the set of canonical basis elements on R?.
Note that L  is a bounded operator on Cy(U). Let R}Ii’tv :=exp(—tLy, y) be
the corresponding contraction semigroup. Call /\}{,(U ) the principal Dirichlet
eigenvalue of the operator (29) properly extended to the corresponding Hilbert
space. Now if the potential V(x) does not vanish identically for d = 1, 2, we
can define an equilibrium measure, Green function and capacity as follows.

Given a finite set K C U and a potential V(x), we will denote by e}}{’ UV
the unique equilibrium measure on K with respect to the operator L . We

will denote by g’{]’ v the corresponding Green function and by capy y ,(K) the
capacity of K given by e}}{, v, v(K).
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For a given configuration of obstacle depth n € .#Z°, we will denote by
A4,,(n) the set of configurations obtained from 7 after deleting n obstacles.
Thus, for every s € .#,(n) we have >, .7¢(n(x) — s(x)) = n. Now consider
the space Y := {0, I}Zd. This represents a space of site configurations on the
lattice: sites in state 1 have an obstacle and are absorbing and those in state 0
are empty and nonabsorbing. Next, given ¢ € Y, call the subset of £Z¢ without
obstacles €°(¢) := {x € eZ%: ¢,(x) = 0}. Also, for a given subset A C R? and
scale £ > 0 we define A? := AN eZ? We can now, given an open subset U
of R?, define the principal Dirichlet eigenvalue on the corresponding random
perforated domain as A (U?) := A (U*N&?(§)), where V = 0. We also define a

mapping o: #2° - Y by o(n)(x) = 1if n(x) > 1 and o(n)(x) = 0 if n(x) = 0.

Finally, for given n € .#2°, and open set U c R? we adopt the convention
Ay (U) = ALy (U,

THEOREM 6. On #Z° consider a product measure p such that n(n(x) >
1) = p, where n € #%4 and 0 < p < 1. Let f(t): [0 = o0) — [0, 00) be an
increasing function such that f(t) < t, w, be the volume of a ball on R? of unit
radius and A4 the principal Dirichlet eigenvalue of the Laplacian operator on
this ball times 1/2d. Then if a := u(n), the following statements are true:

(i) Suppose that f(t) < (Int)Y¢. Then
}irg(lnt)w inf A ((=t,t)?) =c(d, p) wp-as.,

S€N g rd (M

where c(d, p) := Ay(wy|In(1 - p))?/<.
(ii) Suppose that f(t) > (Int)/?. Then

lim f(?  inf A ((=t,)) =Ny w-as.

SE. awdfd(t) n

(iii) Suppose that f(t) > (Int)Y?. Then for every function g(t): [0, 00) —
[0, 00), such that (Int)Y¢ « g(t) <« f(t) and € > 0, there are constants C; and
Cy such that

/-L(f(t)Z inf /\g((_t, t)d) < /\d(l _ 6)) < CleZdln(t/g(t))vl—ng(t)dez,

gE“Vawdfd(:) n

whenever t > ty(e, g/f) where ty(e, g/f) depends only on € and the quo-
tient g/f.

4.2. Enlargement of obstacles on the lattice. The object of this subsection is
to define a version of the enlargement of obstacles technique which will be the
main tool in the proof of Theorem 6 for the asymptotic behavior of the principal
Dirichlet eigenvalue of the discrete Laplacian on Z¢. Our construction is a
translation to the simple random walk of Sznitman’s second enlargement of
obstacle technique (see [16], [17]) for Brownian motion. The two main results
of this construction are two eigenvalue shift estimates (Theorems 7 and 8) and
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a volume estimate (Theorem 9). Their proof are a straightforward adaptation
of Sznitman’s version for Brownian motion and are presented in Appendix A.

Let us first introduce some notation and define some concepts that will be
needed for the construction of the so-called density set, which is the main
object of the enlargement of obstacle method. Given ¢ > 0, define Y, :=
{0, 1}*2°. We will call the obstacle configuration attached to £ € Y and & > 0
the state &, € Y, given by £,(x) := &(x/¢) for x € e7°.

The density set 2,.(£¢) will be defined in terms of a scale ¢ > 0 and the
obstacle configuration attached to ¢. Furthermore, its definition will depend
on two parameters L > 2 (related to an L-adic decomposition of R?) and
8 > 0 (related to a Wiener-type test defining the density set), and three scales
defined through the functions rg, r,, r,: [0, 00) — [0, 00) such that as ¢ — 0,
eLrg(e) Ky (e) Kry(e) € 1.

To this end we define a succession of scales by the cubic lattices Z’;f :

(1/L*)z?, for k > 0. They generate a partition of R? into boxes C(Zk) =
z + (1/L*)[0,1)?, indexed by z € Zi. Note that each z € Z¢ has an L-adic
expansion as z = iy +iy/L+---+i,/L* where iy, ...,i, € {0,...,L—1}¢. We
define the truncation of z € Z§ to scale k' < k as [2]y 1= ig+iy/L+---+i/L*.
Given j € {0,...,L — 1}?, we define an extension of z € Zz to ngH by
z-j:=iy+iy/L+---+i,/L* + j/L*1. Furthermore, we say that z > 2’
whenever z = iy +iy/L +---+i,/L* and 2’ = ijy + i}/L + - + i}, /L*¥ with
kzk’andijzi’jforlfjfk’.

Next, let us introduce the notation ng(e) := [In(1/rg(e))/In(L)], n,(e) :
[In(1/r,(e))/In(L)] and n,(e) := [In(1/r,(s))/In(L)]. Note that rg(e)
L) r,(e) ~ L™ and r (&) ~ L"), Now fix L > 2 and %k > 0. We then

define for z € Z¢ the subset of sites of (C(Zk) )¢ having obstacles and rescaled
by L* as

&

KW =1 xe (P 0 =1].

Note that K (zk) is a subset of the rescaled cubic lattice sL*Z¢.
We are now in a position to define the quantitative Wiener criterion. For a
given obstacle configuration ¢ € Y, scale & > 0, functions r, and r,, (defining n,,

and n,, respectively) and parameters L > 2, § > 0 we will say that z € ZZ ()
is a density index if
(30) Z cap,, [2]x = 6(n"y(‘g) - na(‘g))'

n.(e)<k=n,(e)
Here cap, |, = capy, stzd’st(KEf])k) and V(x) =0ford > 3, V(x) = 1 for
d =1, 2. If the criterion (30) does not hold, but the box K (Zk) is not empty, we
will say that z € Z‘rf () is a rarefaction index. At the smaller scale defined by

ng(e), we say that z € Z‘ZB(E) is a bad index if the box C'(znﬁ ! contains at least
one obstacle, and if z >~ 2/, where 2’ is a rarefaction index. Furthermore, we
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define the density set Z,.(£) and the bad set #,(¢), subsets of the rescaled
lattice 7%, as

7.6)= U ("),

d
ny ()
z density index

26 = U (Ci”ﬁ))s.

d
ZGZnB(g)

z bad index

We proceed now to state the three theorems that will be proved in this
section. They are the cubic lattice translation of corresponding results by
Sznitman on R?. For a given subset U of £Z? we denote by |U|, := Y ..y
the number of sites within U. The first one says that for small ¢ > 0 the
eigenvalue A7 (U?) does not change too much if the density set Z,(¢) is erased
from U*.

THEOREM 7. There exists a constant c(d) > 0 such that for every function
h,(&): [0, 0) — [0, o) that satisfies h,(&) > ((d+2)/(c(d)dIn L))(r,(£)/r,(&))
and every M > 0 one has,

lim -—— (8) SUp(AL(U*) A M = A(U\2,(6) A M) =0,

where the supremum is taken over & € Y and open subsets U of R?.

The next theorem also provides an eigenvalue control but at a larger scale.
To state it we need to introduce the concepts of clearing and forest boxes. For
e€(0,1), (£ €Y and r € (0,1/4) we define the clearing boxes as the boxes

C, z € 7¢ such that
O &
/() \2u(0)] = .
Otherwise C(ZO) will be called a forest box. Now define the clearing set as

- (0)?
o, (§) = Lg) (c)

clearing box
and for a given function R(&): (0, 1) — R?, its neighborhood,
O (&) ={z¢€ eZ7%: dist(z, ,(£)) < R(s)},

where for x € 7% and A C ¢7? we have defined dist(x, /) := inf, 4 {supi<;<g
lx; — yil}
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THEOREM 8. There exist constants c3 € (0,00), ¢4 € (1,00), ry € (0,1/4)
such that whenever R/4r > ¢y, L) < r < rqand M > 0, one has

lim o hQ(E) Sup(A(U") A M = A(U° 1€ ) A M) < 1.

where hy(e) := e %lR/4] and the supremum is taken over ¢ € Y and open
subsets U c R,

The last theorem gives a control on the volume of the bad set #.(¢). We
first need to define the following constants:

;—jl, when d > 3,
cg(d, L) =
wf%, when d = 2,
3
5 m, when d > 2,
0 =
%Cap{O}, when d = 1,

where c is some constant, G(|x — y|) := g(x, ¥), g(x, y) is the Green function
of the continuous Laplacian divided by 2d on R? and with potential V = 1 for
d=2and V =0 for d > 3 and Cap{0} is the capacity with respect to one-half
the continuous Laplacian on R of the point 0.

THEOREM 9. Assume that L is large enough so that cg(d,L) > 1 and & <
8o(d, L). Then the following statements are true:

(i) If d =1, then for any & € Y, the set B,(§) is empty.
({1) If d = 2, then

timsup 7o supo|(C”) n(6)] <o,

where
7\ @-In(3%+1)/InL)(1-8/80)1/InL ,,. ~ d-2
hK(E) = <_’y> (_B> ‘
r

a &

For the applications that will follow, we introduce the term an admissi-
ble collection of parameters to denote a collection of functions r,, rg, 7, R, 1,
h,: [0, 00) — [0, c0) and parameters L, 6 such that

EL Ty KT, Ky K1,
L > 2 with L such that cg(d, L) > 1, when d > 2,
6 > 0, with 6 < é4(d, L),

d+2 r,(e)

h,(&) > mm,
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r, (2-In(3¢+1)/In L)(1-8/8,)(1/In L) re d-2
— — <1,
r £

o

r,<r<rgand r < R.

Finally we would like to point out that the fact that the scale of the bad set,
given by r, can be chosen much smaller than the scale of the density set, given
by r,, will turn out to be essential to state Theorem 6 with sharp hypothesis
(f(t) € Int or Int « f(t)). This is a particular feature of Sznitman’s second
construction of the enlargement of obstacle technique, in contrast to the first
one [15].

4.3. Proof of asymptotic estimates. We now proceed to prove Theorem 6.
First, we need to introduce some more notation. For ¢ > 0 and 5 € I" (recall
that I := #Z), we define , € .72 by n,(x) := n(x/&), where x € Z%. For n,
we drop the subscript and write n and with a slight abuse of notation we will
write Z,(n) := 2,(c(n)) and %,(n) := A.(a(n)). Also, if U € £7Z? we define
[U]l,,, the total obstacle depth in U of the configuration 7., by

U, = X ().
xeU
Now, for a given subset K C £Z? we define its boundary 6K := {z € K*:
|z — y| = 1 for some y € K} and its closure K := K U §K. Finally, we define
for r > 0, the ball B, := {x € R?: |x| < r}. Now, for the proof of Theorem 6 the
following three lemmas will be needed. The first one is an a adaptation to the
cubic lattice of Lemma 4.4.4 of Sznitman [17] (see also Lemma 2.1 of [18]).

LEMMA 12. Let & := (Int)~Y/? and n € I'. Consider an admissible collection
of parameters r.,,r,,rg, R, r, h,, 8, L, defining the density set 7,(n), the bad
set #,(n) and clearing set o/ ,(n) of U?, where U := [—te, te]?. Assume that
1 <€ R(e) <« rg(e)(In )V, and that v € T is distributed according to some
probability measure u such that pu(n(x) > 1) = p, with p € (0,1). Let €, be

the collection of blocks z + (0, [R(&)])?, z € Z¢, which intersect the set U®. Let

9 &4 rp(#)
G = {suppc,, £|B\(Z,(n)UB,(n))|. < m+m} where & < 8(¢) K %5 -

Then for & small enough,

w(G) < e~ (1In(1-p)I/2)(1/g(e)")

The next lemma is along the lines of Lemma 2.6 of [1] and is a Faber—Krahn-
type inequality for the discrete Laplacian on the cubic lattice.

LEMMA 13. Let K C &7°. Then

2/d
Wy 1
1 (K =
(3D a )zAd<sd|K|g> 1+ CaeA"(K)’

where C, := 3d%291,
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The final lemma, which will be applied only for parts (ii) and (ii) of
Theorem 6, gives an estimate of the obstacle density in the cubic lattice at
scales larger than In¢ and distributed according to some product measure.

LEMMA 14. On I consider a product measure w such that p(n(x)) = a,
with 0 < a < oo. Let g(t): [0,00) — [0, 00) be an increasing function such
that g(t) > (Int)Ve. Let {D, := z + [0, g(¢))?, z € ([-1, 1]¢)&/D} denote the
partition of disjoint semiopen boxes of the interval [—t, t]?. Then there are
constants Cy and Cq such that for every € > 0 one has

d
" U D, NZ%, <a(l—e) ) < € e In/am)1-Cogyie?
g(t)?
ze([—1, 1]9)&/D)
PROOF OF PART (i) OF THEOREM 6. The upper bound,
limsup(In#)¥?  inf A ((—t,t)?) > c(d, p) p-as.

t—00 s€M g rd (M

follows from the inequality inf  , () A((=t, 1)) < A, ((—t, £)?) and [2].
awg t

We next prove the lower bound,

h%ninf(lnt)w /inf( A ((=t, )Y = c(d, p) u-a.s.

S"E'/lllltJ[zI"i(t) K

For this, we set ¢ := (In¢)~'/¢ and consider an admissible collection of param-
etersr,,r,,rg, R,r, h,, 5, L, defining the density set Z,, the bad set #, and
clearing set o7 , of U, where U := [—te, te]?. We choose r,, in such a way
that

1
(32) 7”7(8) < m

and R(¢) so that
: 1 1/d
(33) 1 <« R(¢) € min PRV rg(e)(Int) .
hi " ()
We also let r constant. Now let € > 0 and consider the event,

: d, p)

v, = € Y: (In¢)?? inf A((=t, £)? <C(—’ .

" !n () SE g i (M) (=687 = (1+e€)?d

By the eigenvalue estimates of Theorems 7 and 8 of the enlargement of obsta-
cle subsection, for ¢ big enough, V, . is contained in

%’18 = {”fl eY: inf AE(ﬁR(a),r\QB(g))
se, )

ward (M

c(d, p)

Sdtepd + h,(e) + hz(g)}>
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where hy(e) := e %lR/7], At this point let %,(s) be the collection of connected
components of the set &g, ,\Z,.(s). Note that

1 1 C(d7 p)
! = eY: nf nf AM(B)< —~2"_ 41} A .
b {n e o pio N B = Ty g TR 2(8)}

Therefore, by Lemma 13 we can conclude that for ¢ big enough, the set %/t}e is
contained in

d l+e
1-p)l(1+oa(e)) |

%26 =1neY: sup sup sd|l_3|s >
’ S€t (0 (M) BES(S) | In(

Now, each set B € 4,(s) is the union of boxes of side r,(&) and hence [§B|, <
d!\(¢/r,(¢))|B|,. Therefore the set 7%?8 is contained in

d l+e€
1-p)l(1+oa(e)) |

Consider now the collection <, , of blocks z + ([0, cR(¢))?)?, z € Z4, which
intersect ([—t/(Int)Y¢, t/(Int)/¢]%)?. Note that for ¢ > a/r? it is true that the
set 7/?,35 is contained in

¥2 ={neY: sup sup £¢|B|, >
’ ge'/t/awd/'d(t)("?) BeZ(s) |1n(

d l+e
i =1neY: sup sup £¢|C\2,(s)|, > .
g i i ad SNOT Ol 2 M T o))

However, by the volume estimate, Theorem 9 of the previous section, it is true
that

IC\Z,|, < |C\(Z, U B,)|. + R(e)e A (e),

whenever ¢ is big enough. Now, by our choice (33) of R(e) we have lim,_,
R(&)%h,(g) = 0. Therefore, the set 7//,;15 is contained in

%/ti =1neY: sup sup £2|C\(Z, U £,)(s)|,
set, fd(t)(n) BE{c,t

awg

- d 1+e€
~ [In(1-p)| (1 +o(e) |

We can now conclude that for ¢ big enough one has that #;%, is contained in

Wle=1neY: sup sup £/|C\(Z,UZB,)s)l.
seN fd(t)(n)BE{c.t

awg

d
-
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Each density and bad box has at least one obstacle. Therefore for every s €
Haw,rip(n) and C € €, , one has

e(IC\(Z, U #,)(9)|, — |C\(Z, U %,)(n)].) a =< awgf(t)

1
r 3(3)d
Now, by the choice (32), we have lim,_, , f(#)r(e) = 0. We can finally conclude
that for ¢ big enough the event 7; . is contained in

’ (1+e€/4);.

S

d
¥ :=1neY: sup &|C\(Z,UZ,) 1), > ———
; N2 U2 = s

By Lemma 12 this implies that there is a function g(¢): [0, co) — [0, co) such

that R(e)(1/rp(e)) < ﬁ <« (In¢)/? and such that for ¢ big enough,

w(7,. ) < e~ (IMA=PI/2(1/g()"),

Choosing g(¢) close enough to (In¢)~1/?, setting ¢ = 2", n > 1, in the above

inequality, using Borel-Cantelli and using the fact that inf__ , () Ag
llLUd

((—t, t)?) is decreasing in ¢, the proof is complete. O

PROOF OF PART (ii) OF THEOREM 6. In the sequel of this proof we set ¢ :=
1/f(¢). We begin by showing the following upper bound:

(34) limsup f(t)? inf  A((=t,t)%) <Ay wp-as.
t—o00

S€ g pd (M

Note that for this it is enough to prove that for every € > 0, u-a.s. there is a
sequence of configurations {s, € .4, ri()(n)};>o such that

Ad
(1-e3?

(35) limsup £(¢)%A,, ((—¢, t)?) <
t—o00

Now, to find such a sequence, since f(¢) > (In¢)¥?, note that for every € > 0
there exist constants C; and C, such that

B g
( II( f(t)(l—e)) h-r) - a ) < Cle_CQf(t)dGZ‘

waf () (L—e)? ~ (1—e)
It follows that for every € > 0, w-a.s. there is a £, > 0 such that
H(Bf(t)(l—a))lnn <awyf(t)* fort >t

This implies that for every € > 0, u-a.s. there is a ¢, > 0 and a sequence of
configurations {s; € ./, (1)t }+>0 Such that when ¢ > ¢, there are no obstacles
inside a ball of radius f(¢)(1 — €) for the configuration s,. Hence,

lim sup £(£)°A,, (<2, )?) < lim sup A*((B(1_))").
t—o00 e—0

By Lemma 2.4 of [1], inequality (35) is proved.
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We now proceed to prove the following lower bound:

(36) liminf £(¢)?2  inf = A((=t,8)%) > A; wp-as.
t—o00 GE'A;wdfd(z) n
Call 7 the set of configurations where inequality (36) is not satisfied: if 5 €
Z then liminf,_  f(¢)%*inf ., i (M) A((=t, t)%) < Ay. We will show that
awq f(t

w7 ) =0.

Note that if n € & there are sequences {¢, > 0},.; and {s; € A4, r¢,
(m)}n>1 such that

(37) limsup £(¢,)%A,, (=t t,)?) < Ag.

At this point we consider an admissible collection of parameters r,, r,, rg,

R,r,8,L and h,, h, defining the density set Z,, bad set %, and clearing set
oAp , of U?, where U := [—te, te]?. Since we are assuming that £(¢) > (In¢)<,
note that we can always choose the scale of the density set in such a way
that f(¢)r,(e) > (In t)/4. We choose R(e),r and A (g) so that R(s) > 1,
Ré(&)h(¢) < 1 and r is constant. We also define &, := 1/f(¢,). Now, by
the eigenvalue estimates (Theorems 7 and 8) of the enlargement of obstacle
method of Section 4.2, it follows that
(38) lim sup A*"(Op, ), »\Z;, (S1,)) < Ag-
Now note that the set (Fg(,,) -\ Ze,(s;,)) is a union of boxes of side r,(¢).
Each one of them has d!r,(&)¢~'e~(¢~D boundary points. Thus, |8(Zx,  ,\Z¢,
(s )Ne < dWe/r(e)(Pres,), r\Ze, (St)).- Then, an application of Lemma 13
and of inequality (38) implies that if n € .7 there are sequences {t,, > 0},.
and {s; € A4, r¢,)(M)}n=1 such that

(39) liminf %|&g \D, (5; )ls > Wg.

Now, since we have made a choice of ., such that f(¢)r,(g) > (Int)" 4, there
exists a function g(¢): [0, 00) — [0, 00) such that (In#)Y?¢ « g(t) < f)r,(e).
By Lemma 14, the condition g(#) > (In¢)/¢ implies that for every € > 0 one
has that

. . ID, nz4,
(40) lim inf inf L

>(1—¢€ -a.s.,
>0 ze((-11pen  g(t)? == v

where D, := z + [0, g(¢))?. Now, the condition g(t) < f(¢)r,(¢), ensures that
each density box of the set &% ,, having a size of order r,(¢), is equal to the
union of boxes of size g/f [scale at which we measure the obstacle density
of 7% in (40)]. Therefore, for each obstacle depth configuration 7, the set
|Or. - \Z,| has (f/g)d(l/fd)|ﬁR,,.\‘,@EL8 boxes of side g/f. Thus, for every € > 0
we get that

1€k, \Z:(5)n

(41) lim inf inf — = " >qa(l—¢€ -a.s.
t—~>o00 S‘E“t/awdf(z)d("l) |ﬁR,r\98(g)|a ( ) #
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Call . the set where the above inequality is satisfied. Since u(# N£E) =0, it
is enough to show that for some € > 0 one has u(7NL,)=0.Soletn € 7 NL,
where € will be chosen later. Then,

lim sup sup ”ﬁR,r\Da(g)Hc
t>00 " sety, rpa(m) |OR, 1\ Zs(S)]s

0\e\ ¢
, Y ezt @y, ICENNZS)]s
= lim sup :

>0 96./1{Wdf(t)d(n) |ﬁR,r\=@8(g)|a

0 & 9
. &)/ |, waR(2)? sup,zu [|(CE)\Z,(s)l5
(42) <lim  sup
=0 s€M g rd (M) |ﬁR,r\Qa(g)|a

0)\e .
<1 2 W4 1k \Z()|.R(e)? sup,z0 [(C)N\T, ()]s
< Iim sup & ~d >
f—>o00 ce./t{lwdf(l)d(‘n) r |ﬁR, r\gs(g)Le

. w
< lim —2£%R(e)?  sup
t—oo rd d
nesL ze74

(C\9,(9)]

=0,

where in the last inequality we have made use of Theorem 9 which enables us
to control the number of obstacles in the rarefaction set. Combining inequality
(41) with the limit in (42) it follows that whenever n € ¥ N #4,, one has

O, 9, — 4. \Z,
liminf inf ” R,r\ s(g)”'r] ” r, r\ s(g)HG > a(l _ E).
t—o00 s'lelwdf(t)d("l) |ﬁR,r\98(g)|s

By the volume estimate (39), it now follows that for each n € # N#, there are
sequences {t, > 0},.1 and {s;, € A4y, ¢(,)(1M)}n>1 such that

(43) minf & (| g,y AT, (50)lly = 1€ree). AT, (51,5, ) = av(1 = e),

where v :=limsup,,_, ., ngR(en), \Z, (s )s, > wq. But by definition it is true
that

(44) hI,Lnj;}p 8%(”@3(‘3”), r\gsn(gtn)”n - ”ﬁR(an), r\gsn(gtn)ustn) = awg.

Inequalities (43) and (44) are incompatible whenever € is chosen in such a
way that v(1 — €) > w,. Hence, whenever 0 < € < (v — wy)/v, the set ¥ N £,
is empty. This concludes the proof of the lower bound (36) and of part (ii) of
Theorem 6. O

PROOF OF PART (iii) OF THEOREM 6. Let ¢ := 1/f(¢). We choose an admis-
sible collection of parameters r,, r,, rg, 7, R, 8, L and h,, h; defining the den-
sity set Z,, the bad set B, and clearing set .o« , of U?, where U := [—t¢, te]?.
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Note that we can always choose r, in such a way that r, (&) > g(¢)/f(¢). Let
€ >0 and ¢ > 0 and call /Z the event that

F?  inf A ((=t, )) < Ag(1 —€).

S€ gy red (M)

We will show that under our assumption on f, there is a ¢, > 0 such that
H#. C & whenever ¢ > t,, where &, is the event that

U {||DZmZd

Il
<a(l—¢€/3)t.
ze([~1,1]4) &0 g(¢)

Lemma 14 enables us to estimate the probability of £, so that we can conclude
that there are constants C; and C, such that

/_L(fe) S Clezd(t/g(t))V17C2g(t)d62

whenever ¢ > ¢,. This proves part (iii) of Theorem 6.

We proceed to prove our claim that there is a t; > 0 such that 7 C &
for ¢ > ¢,. So fix € > 0, and let n € #. First, note that by the eigenvalue
estimates, Theorems 7 and 8 Section 4.2, there is a £; > 0 such that

inf /\s(ﬁR,r\g‘e(g)) = /\d(l - 6) + hp(8)7

€ g rd (N

whenever ¢ > ¢;. Therefore, by the volume estimate of Lemma 13, there is a
ty > t; such that

wy(1 — Ce?)
—€) + hp(e))/?’

sup &g \Z(5), > 1
GG%Wdf(t)d(n) ((

whenever ¢ > ¢,, where C = 2C;A,. However, [5(Fg \Z.(s)|. < d!(e/r,(¢))
|Or. \Z:(s)|,. It follows that there is a ¢3 > ¢, such that

(45) swp O A\, 2 T

S€ qug pieyd (M) €/2) ’

whenever ¢ > .

Now assume that 1 ¢ &.. Then, using the fact that boxes of side g(¢)/f(t)
are much smaller than density boxes [having side of length r,(¢)], we see that
for every s € Ny, 712 (M),

; _(FON (LY ; do(1— e
on 2= (52 (75) 160" 2 Oz a1 - e/3).

This together with the obstacle density estimate of Theorem 9 of Section 4.2
implies that there is a s € .4, r(4)«(n), and a ¢, > ¢3 such that

1OR, \NZe(S)Ily = 1OR, \Z() s

(46)
> |Op \Ze(s)].a(1 — €/3) — by (&) f(£)?
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whenever ¢ > t,. Therefore, from inequalities (45) and (46) we conclude that
if ne# and n ¢ &, thereis a t; > 0 and a s € 47, r;)«(n) such that

”ﬂR,r\gs(g)”n - ”ﬁR,r\ge(g)Hg > f(t)dawda
whenever ¢ > ¢,. This contradicts the fact that || ,\Z.(s)|l,, — €, \Z.(s)|;
< f(t)lawy. O
ProOOF OF LEMMA 12. First note that for every B € &€,
d
d d(1-p)
nl e®|B\(Z2,U%,)|, > —— +¢ )
(@@ =

< 22R(8)dr,/(8)’de—da’d—g(a)’d‘ln(l’p)l
Therefore,
d
u(G°) < <2ts>du(ed|B\<% T [P —
|In(1 - p)|
< 94 gdg2R(eYr, (&) () | In(1-p)|

_lin@-p)| 1
<e 2 s

n 8d(1ﬁ))

where the last inequality is true for ¢ big enough. O

PROOF OF LEMMA 13. Consider the space L%(sZ¢, £7|-|,). Given two func-
tions f17 f2 € LZ(SZda 8d| ! |s)1 we will denote by (fl’ f2)s = 8d ersld fl(x)
fo(x) their inner product. Note that (1, Lxf2), = 8d_2%2xeszd 2 eeBile|=1

(f(x + ge) — f(x))?, whenever f1, f5 € Co(K). First note that there is a func-
tion f € Cy(K) such that A°(K) = (f, Lxf)./(f, ). To prove inequality (31)
we will show that there exists a function g € Hi(R?) such that:

1. (f’ LKf)s = fRd |Vg|2 dx.
2. |(f. s — Jpa 87 dx| < C(f, Lk f),

3. m({x: g(x) > 0}) < ¢?|K|,, where m is Lebesgue measure.

This will be enough. In fact,

(faLKf)s - f|vg|2dx
(f:f)e — J&*dx+e2C(f, Lkf).
[V, dx 1

= Tg¥dx 1+ Ca(K)

Wy 2/d 1
zAd d\ 7 2 & 3
gd|K]|, 1+ 2CA%(K)

where in the last inequality we have used Faber—Krahn for the continuous
Laplacian and property (3) of g.
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We now proceed to construct the function g. We will denote by x;, 1 <i <d,
the canonical coordinates of a point x € R¢. Consider the following hyperplanes
in R?:

(47) X; = é&n,
(48) X;=x;+em,

where n and m integers and 1 < i # j < d. We will denote by H; the
hyperplane defined by (47) and by H; ; the one defined by (48). They define

a partition of the space R?. Also, note that the points of intersection of the
hyperplanes defined by (47) are the cubic lattice £Z?. The fundamental region
of this lattice (which is bounded by the hyperplanes x; = 0 and x; = ¢, for
1 <i < d), is partitioned in d! close subregions having an intersection of zero
Lebesgue measure by the hyperplanes x; = x;, i # j. The boundary of each
one of them is formed by two hyperplanes H; and H ; of type (47), with i # j,
and d — 1 hyperplanes H; ; ,H; ;,,...,H;,  ,;  of type (48), with i}, # i}
and i, i, # 1, j. We will call R;,, 1 <k < d!, the subregions thereby formed.
Also, denote by v, ..., Us +1 the d +1 points of the cubic lattice eZ? contained
in the boundary of R,. We now define g on the fundamental region as the
unique continuous function which is linear on each subregion R;, and such
that g(vf) = f(vl}-‘), l1<k<d!'and 1 <i <d+1. Similarly we define g on R?.

Henceforth, we proceed to check the three properties of g stated above.
Properties 1 and 3, stating that (f, Lxf), = [ |Vg|? dx and that the Lebesgue
measure of the support of g is smaller than or equal to ¢¢| K|, respectively,
follow directly from the definition. To verify property 2 note that

2 d+1
2dx =9 2 2(pk k kY
o €2 == gy | X 70D+ X ADr @)
Now fix i’ € (1,2,...,d + 1). A straightforward calculation shows that

2 d+1 o A A 1 d+1 ok
@ Zf(v)+§]f(v)f(v) - G X D

T ld+ 1)! (Z > (Fh) = FEfF) = F(v)))

JEV £, J

—d Y (f(v) - f(v'}))2>

A
1

< @@ D D Ueh - ey
2

carm D (@,

ecely: e=(x,y)

where ¢k is the set of edges of the fundamental region. But since there are d!
subregions for each integer translate of the fundamental cube and each edge
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is contained in 2971 cubes, it is not difficult to deduce that

209d-1
[gdx— (.0, <222 T (1@ - fO))

<e¢g
d+1 ecel: e=(x, y)

where <[ is the set of edges of the cubic lattice £Z¢. This finishes the proof of
the lemma. O

PrOOF OF LEMMA 14. It is elementary to check that there are constants B;
and B, such that u(|D, N Z%|,/g(¢)? < a(l—€)) < Bye B:*¢"(®)_ Therefore,

D, nz? (/8]
M( U {M > a(l - 6)}) > (1 _ Ble*BZg(t)dfz) g

d
ze([-1, 1148/t &(t)
(1/2)([t/ ()] +1 (2k-1)d ~
T [ ey
h=1 g(1)

¢ 2d
1 ([ ]) e
- g(¢)

The lemma now follows easily. O

5. Asymptotic behavior of the survival probability in the random
saturation process. In this section we will prove Theorems 2 and 3 describ-
ing the asymptotic behavior of the survival probability of the £(¢)th born parti-
cle, where k(¢): [0, c0) — Nis an increasing function, in the random saturation
process.

First, we introduce some notation that will be used. Let us recall that,
according to the notation defined in Section 2, given a random saturation
process on an obstacle configuration n and driven by an injection IV, we denote
by 7, the time at which the random walk Z, is frozen. Also, recall that T,
denotes the birth time of Z,,, g(¢) := T}, {(x,t) the total number of random
walks at site x and time ¢ [see definition (2) of Section 2] and S, the set of
saturated obstacles at time ¢ [definition (3)]. We now define by S¥ the set
of sites having “saturated obstacles” produced by the set of random walks
{Z;: j # k} at time ¢,

Sk .= !x eZ%: Y 1y y(x)=n(x)>0¢.
neN; h#k

Next, given £ > 0 and u > 0, we define,
Fu = {Z e O B(lfe)f(t) C St for ¢ > u},

Ft:={Z € Q: By_ o C SF for t > u}.

Now define
, N(t), lft < Tk(t)’
N'(t) = {N(t) _1, ift > Ty,
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This represents an injection obtained from N after “erasing” the random walk
Z,1y- The corresponding probability measure will be denoted @y -

Also, denote by P, , the probability distribution on of a simple random walk
X, of total jump rate 1, born at site x at time ¢. Now, the killing time 7 of
the k(¢)th tagged particle has a distribution under @ , which is equal to the
distribution of the first exit time, of a random walk distributed according to
Py (1), from the set {x € 74: {(x,t) > 0} distributed according to @y ,. We
will call this exit time 7,.

5.1. Proof of Theorem 2. We will prove (i) and (ii) separately.

PROOF OF PART (i). In the sequel we assume that 1 « N(¢) < min{(f —
g(1))%/2, t(d/2)=€\ for some € > 0.

Part 1. Here we will prove the lower bound of the limit (4) under the addi-
tional assumption that either In(¢ — g(¢)) < N(¢) or p > 1— p.(d). Let u > 0.
For the lower bound, first note that

Qn, o (Thy > ) > EQN,n(IT§>tF§)
= EQN/,U(PO, a1 > O F,)
= Eq, (Po o) (1, > DIF,)QN o(F).

Now, by part (ii) of Theorem 1, we can conclude that u-a.s. there is a u,
such that

1
(49) QN,n(Tk(t) > t) > §EQN’,n(PO’ g(t)(ng > t)lFuo),

where for A C ), I, is defined as the indicator function of A. Now let o be
the first time that the random walk leaves the origin. Then, by the strong
Markov property,

Eq, . (Po gun(te > OIF,)

| X ))
> E o> uy, P U( sup ——~ =<1
(50) o g(t)< 000 o<s<t—g(t) (1—-¢€)f(s)
> Py.o(0 > (g — &(£)):) Py ( . 1)
- ’ N - Ho ug<s<t—g(t) (1 - e)f(s) B ’

whenever ¢ > u,. Clearly, the first term of the right-hand side of the last
inequality in (50) can be bounded from below by some strictly positive con-
stant. The second one represents the probability that the exit time from a
time-dependent ball of radius (1—€)f(s), of a random walk born at time u,, is
smaller than or equal to ¢ — g(¢). An application of Lemma 20 of Appendix B
together with inequality (49) enables us to conclude that,

1

lim inf In Ty > 1) > —1 -a.s.
= Ay [1 o (awa/N(s)d ds w.olmy > == p
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Part 2. Here we prove the upper bound of the limit in (4) under the assump-
tion that In(z — g(¢)) <« N(t). First we define the following auxiliary function:

. t—g(t)
M0 = in(t — 2/ N@P)

Now, let T' := inf{s > 0: | X,| > A(¢)} be the first exit time of a random walk
X from the interval (—A(t), h(¢))?. Then,

(B1) Eq, (Po gun(t;>18)=Eq, (Po gn(T;>1)~+(Po gun(T =1)),

where T, := T A 7,. Note that the second term of equality (51) satisfies
limsup,_, (¢ — g(¢)/h(¢)*)In Py, «y(T < t) < 0 (see, e.g., Theorem 3.7.1 in
[4], describing the moderate deviations of sums of i.i.d. random variables).
Now, the assumption N(¢) > In(¢— g(¢)) implies that fé(t)(ds/N(s)wd) L (t—
g(t)/In(t—g(t))¥?). Therefore, since (h(¢)?/t—g(t)) > (t—g(t)/In(t—g(t))¥¢)
it is enough to prove that

(52) limsup ; 1
too0 - Ag [y (awa/N(s))* ds

InEq,, (Pogu(T;>1)=<-1

Let n := [(t — g(t) v h(t))/h(t)]. Also define E, , for x € 7%, s > 0, as the
expectation with respect to the random walk probability measure P, ,, T, :=
inf{u > 0: X, > h(¢) or n(X,) > {,(X,)} the exit time from the set {x €
7% 0 (=h(t), h(t))%: n(x) < {,(x)} representing sites without active obstacles
at time s inside the interval (—A(¢), A(t))¢, and Y, := Xin)- Then by the
Markov property we have
Py gty(T; > t) = Py gtyune)(T; > 1)
= EO,O(T{gth > h’ EYlsO(T{z > h))
= E(Tégvmh > h, E(Tlgvh+2h >h, ..,

E(ngvlwnh > ha E(Tgt > h) .. .),

(53)

where in the last inequality we have used induction and have dropped the
subindices of the expectations. Then, adopting the notation of Section 4 and
using Lemma 15 of Appendix A, we see that the expectations inside the right-
hand side of inequality (53) can be bounded as follows:

EYk—l’ O(ngvthkh = h)

< C(d)(()\ ((—h, h)d)h)d/z + ]_)e_h)‘cgvmkh((_h’h)d),

Sgvhtkh

Now, define I, := (—kh(t), kh(t))?. Note that for & > 1, Asy i ((—H(2),

h(t))d) > A, kh(Ik) > inf_ , e As(Iz). On the other hand, since
gVh+ Tawq f(gvh+

we are assuming that N(¢) > (In(z — g(¢))?*! and that g(¢) is increasing, it
follows that f(gVv h+ kh) > (In(kh+ g — g(kh + g)))¢+D/? > (In(kh))(@+D/d,
We can now apply part (ii) of Theorem 6 (Section 4), describing the almost
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sure asymptotics of the principal Dirichlet eigenvalue after a large number of
obstacles is deleted, to conclude that u-a.s. for every € > O there is a ¢, > 0
such that

sup |Ag— F(g(t)v A+ RR(DY?  inf  A(Iy)
(54) 1<k=n-1 SEA g Flgvh+kyd)

<e forit=>t,.

It follows that u-a.s. for every € € (0,1] and 1 < £ < n, thereis a ¢, > 0
such that

(55) Ny o (<R(D), B(B)?) = 34 0 )2

where we have defined ¢, == gvh+ khforl1 <k <n-—1and f, = f(t).
But the assumption N(¢) < (t — g(¢))%?, ensures that A(t) > f(¢)? > f(¢,)>.
This, inequality (55) and the fact that the function (x%/2 4 1)e™* is decreasing
for x > d/2 now implies that u-a.s., for every e > 0 and 1 < k < n there is a
to > 0 such that

for ¢ > ¢,

h(t :
(56) Ey,  o(Ty,, > h) < c(d)rg ((; PR

whenever ¢ > ¢,. Thus, a recursive substitution of this estimate on inequality
(53) enables us to conclude that u-a.s. for every € > 0 there is a ¢, > 0 such that

"R s
6D Boy (Poso(Te = 1) = ex(d)" TT 5 ppe 101400,
k=1 »)

whenever ¢ > ¢y, where cy(d) := c¢(d)A4. Therefore, u-a.s. for every € > 0 there
is a ¢, > 0 such that

Y g

[ids/f(s)) "
1 ((t — g(t) v h(t))
" [ids/f(9)?) h(t)

h(t) N k@)

(58) + Z ( (f(tk)2> f(tk)z (/\d )))
< t—g(2)

- f;(ds/f(s)z) inln (N(t)z/d ) In(cy(d))

I MO Nk
" f;(ds/f(s)z),gl(ln(f(tk)z) Flapy ))’

whenever ¢ > #,. Now, since f;(ds/N(s)Q/d) > ((¢t — g(t))/N(¢)¥?) and
N(t)¥? « t — g(t) the first term of the left-hand side of the last inequality

L (Po gey(T > 1))

In(cy(d))
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vanishes as ¢ — oo. Thus,

. 1
lim sup

tooo Ag f;(t)(ds/f(s)z)

o 1 n ht)\  h .
—Jfﬁip&”;def@y)Eﬁ(m(fuwé> fuw“Ad ))

However, because h(t)/f(t;)? > 1, the first term inside the summand of the
left-hand side of inequality (59) is negligible with respect to the second one,
so that we can drop it to conclude that

InEq, (Po (T, >1)
(59)

1
lim sup InEq , (Po g0(T;>1))
= A fy(ds/f(sp) e e
(60) -
S _ )\d — & .. 1 Z

1 .
N [ ds/ )R i

By Lemma 22 of Appendix B the lim sup of the right-hand side is 1. Letting
epsilon to 0 gives (52).

Part 3. Here we will prove the upper bound of the limit of (4) under the
assumption that p > 1 — p.(d). By Part 2, without loss of generality we can
also suppose that N(¢) <« (In(t — g(¢)))%.

First, let

__ t—8@®
h(2) = Inln(¢ — g(2))
Then define T := inf{s > h(¢): | X,| > exp(y/N(s))} as the first exit time bigger
than h(¢) of the random walk X, from the time-dependent set [exp(,/N(s)),

exp(y/N(s))]?. We now claim that by Lemma 23 of Appendix B, and the
assumption p > 1 — p.(d) we know that u-a.s. there is a ¢, such that

EQg”>”(Po, a(Te > 1)) = EQg’>ﬂ(Po, (T > 1),

whenever ¢ > t,, where T, := T A 7,. In fact, by Lemma 23, u-a.s. there is an
ng such that whenever n > n, the largest connected component of the set free
of obstacles within a box [—n, n]¢, has Inn sites. Since 1 < N(#), this means
that u-a.s. there is a ¢, such that whenever ¢ > ¢, every connected component
of the set free of obstacles within the box [ exp(y/N(?)), exp(y/ W)]d has a
diameter smaller than ,/N(¢). Thus, if the random walk X exits such a box
at time ¢, at least exp(y/N(¢))/y/N(¢) random walks must be absorbed. Since
the number of particles born at time ¢ is N(¢), this is a contradiction when ¢
is large enough.

We can now, by analogy to the steps of Part 2 leading to inequality (57),
conclude that u-a.s. for every € > 0 there is a ¢, > 0 such that

n

nry P e
Eqy.n(Po, go(T; > ) < co(d)" [ 7t B/t Aa<)
k=1 k
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whenever ¢ > ¢, where cy(d) := ¢(d)A,. Since the rest of the reasoning is the
same as the one leading to the conclusion of Part 2 beginning from inequal-
ity (57), we omit it.

PRrROOF OF PART (ii). First note that without loss of generality we can
assume that the origin belongs to the unique infinite trap free cluster which
occurs with probability 1 because p < 1 — p.(d). In fact, by part (i) of
Theorem 1, p-a.s. with ng’" probability greater than 1/2 there is a time ¢,
such that for ¢ > ¢, the origin is contained in the infinite trap free cluster.
Define M(¢) := 1. Now consider the probability measure @y ,. This repre-
sents the law of a single random walk on a time-independent random environ-
ment of obstacles given by n. Note that @y ,,(7,(¢) > t) > Qs ,, (7o > t—8(2)).
For p < 1 — p, call € the p-a.s. a unique infinite trap free cluster. At
this point we can apply a result of [2] to obtain the following lower bound:
ifd>2,p<1-— p,and ¢ > 0 we have p-a.s. on the set {0 € €} that

. In(t— g()Me
lim inf
t=oo co(p, d)(t — &(2))
where c,(p, d) = Aq((wq|In(1 - p))|/(2/d))?. This proves the lower bound of
part (ii).

For the upper bound, by analogy to the proof of part (i), we obtain the
following inequality:

QN o(Trry > 1) = Eq  (Po, g(T¢ > 1) + Py g1 (T = 1),

where this time T :=inf{s > 0: |X,| > ¢t — g(¢)} and T, := T A 7,. Now, the
second term of the right-hand side of the above inequality satisfies

In @y (79 >t — g(2)) = -1,

1
limsup——In P T<t)<O.

t_)oop t— g(t) 0, g(t)( <t)
Therefore it is enough to show that w-a.s.,

. In(t — g(t)
6h limsup o0 — £0)

Eqy (Po go(T; > 1) = —1.

Now,
Po gt)(T¢ > t) = Py gty(Ty, > 1)

62

o2 < (@) (A (I)(E = )" + 1)e -0,

where I, := (—(t — g(t)), t — g(t))? and where in the last inequality we have
made use of Lemma 15 of Appendix A. An application of part (i) of Theorem 6,
describing the almost sure asymptotics of the principal Dirichlet eigenvalue for
a small number of obstacles deleted, to inequality (62) enables us to conclude
our claim (61).
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5.2. Proof of Theorem 3. We will prove (i) and (ii) separately.

PROOF OF PART (i). Note that the case p = 1 is included in the statement
of part (i) of the quenched Theorem 2. Therefore, in the sequel, we consider
the case (¢ — g())¥(4+2 « N(¢) < (¢t — g(¢))¥2.

By analogy to the argument used to prove the lower bound of part (i) of
Theorem 2, using part (i) of the annealed shape Theorem 1 we know that
there is a u, > 0 such that

Eq, ,(Po guy(me > O)IFy,)

| X |
> Py oo = (uy — g(t Pu< sup ————~ <1},
0,0( ( 0 ( ))-l—) 0, ug uy<s<i-g(t) (1—€)f(3)
whenever ¢t > u,. Here o is the first time that the random walk leaves the
origin. An application of Lemma 20 of Appendix B then shows that
1

lim inf InQy, ,(The >1t) > -1
=% Mg fyplawg/N(s)Pdds Y

We now proceed to prove the upper bound. Let 7' := inf{s > 0: | X,| >
t—g(t)} and T, := T A 7,. Note that

(63) QN’“(Tk(t) = t) = /sz EQN’,T, (PO, g(t)(T§ > t))d/"'“ + PO, g(t)(T <t).

Now, the second term of the right-hand side of inequality (63) decreases like
e Ct=g)+o((t=2("))) for some constant C. On the other hand, the condition
N(t) > (t — g(¢))¥**2) implies that [, (ds/N(s)*?) < (¢t — g(1))@+2.
Thus, it is enough to show that

(64) limsu 1 In
p ¢ 2/d
tsoo Ay g(t)(awd/N(s))/ ds

/ﬂd Eq,, ,(Po go(T; > 1))dn = —1

The first step in order to prove this inequality is the control of the probability
that the principal Dirichlet eigenvalue of the Lapalacian on a subset [—¢, ]9 N
7%, chosen by first deleting each site independently with a positive probability
and then replacing f(¢)¢ deleted sites, deviates from the value A;/f(¢)?. So
for € > 0 and uw > 0 define

GE./VQWd fd(u)(”)

G, = {TI e s, f(w)* inf A ((—(t - g(8)), t — g(t))d) > Ag(1—¢€)¢,
where we have adopted the notation of Section 4. Let I(¢) := f;( t)(ds/ N(s)*)
and let h(¢) = pnom /(j\;(f)(;,llv](t)w,d)) and n := (¢t — g(t) v h(t))/h(t). We

next define the event that G, occurs at times ¢, := gV A+ (¢ — g Vv h)(k/n),
for0<k<nbyd,:= DZ:OGtk. Then,

(65) /ﬂd Eq, (Po g(T; > 1)) dp < /g Eq, (Po,g(T; > ) du+ p(:5)
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Now, there is a ¢; > 0 such that

w(F) < Xn: w(Gy,)

k=0
e £(t) ‘e
(66) =L G (‘Cz<1n In ((t - g(tk>>/1<tk><d+2)/2)> - )
B C, Ny
< oo arew (- e )
3 Co (1 ag)¥?
< e s (~ ot e )

whenever ¢ > t,. The second inequality is a consequence of part (iii) of
Theorem 6 describing the eigenvalue asymptotics deviation and the assump-
tion N(t) > (t — g(¢))(¢+2), This last assumption also implies that I(¢) = /;

(ds/N(s)?%) « (t — g(t))¥(@+2) 50 it follows that

lim sup In u(Ff) = —oc.

1
t—o00 f;(t) dS/f(S)2

Thus, we only have to examine the first term of the estimate (65). Now, using
the strong Markov property, Lemma 15 and the fact that the function x%/2e—*
is increasing for x > d/2, as in the proof of part (i) of Theorem 2, we obtain
that for every € > 0,

Rt .
(6D /; Eqy.,(Po go(T¢ > 1)) dp < c5(d)" k]_[ #é RO/ (0 (A=e)g
! =1

The passage from inequality (67) to

(68) limsup ; 1 5
= Ag [ (ds/f(5)?)

follows an analogous reasoning to the passage from estimate (57) and (52) of
the proof of part (i) of Theorem 2. Therefore we omit the details. We end the
proof by taking the limit € — 0 in inequality (68).

ln/j Eqy (Pogy(Ty>t))du<~1+e€

PROOF OF PART (ii). Let M(t) := 1. By analogy to the proof of the lower
bound of part (ii) of Theorem 2, consider the probability measure @, , rep-
resenting the law of a single random walk on an obstacle environment dis-
tributed according to u. Note that @y (T > ) > @, (7o > ¢ — g(¢)). Now,
by a result of [7] (see also [1,2]) we know that, liminf, , (1/(c,(p,d)(t —
(1) @+2))In Qy (o > ¢ — g(t)) = —1. Hence,

1

lim inf 1 £) > —1.
i B D= gy@m P vl > 1) =




ASYMPTOTIC SURVIVAL PROBABILITIES 1515

So let &, be the number of different sites visited at time ¢ by the canonical
process X, representing a simple random walk. Then we have the estimate

QN,M(Tk(t) > t) < EO, g(t)(qgtiNt/a) — q*Nz/aEO,O(qu*g(t))‘

Here g := 1— p is the probability that a given site of the lattice has no obstacles
and a is the maximum number of particles that an obstacle can absorb. Now,
using the above relation and the fact that N(¢) « (¢t — g(¢))¥(?+2), it is clear
that

. 1
B oy . u(Ti) > 6

<lm ————InkE Eis),
= tloo (t — g(t))d/(d+2) n 0,0(q )

Now the left-hand side expression can be bounded above by c,(p, d) using, for
example, the large deviation techniques of [7] (see also [1]).

APPENDIX A

This Appendix contains the proofs of Theorems 7, 8 and 9 of the version
of the enlargement of obstacle method used in the proof of Theorem 6. All of
the results that will be stated have their counterpart in [16, 17]. Most of
the notation is the same as that of Section 4. Also, for ¢ > 0, consider the
Skorokhod space I', := D([0, 00), eZ%) endowed with its Borel o-field .7 and let
P? be the probability measure on (I',, ) under which the canonical coordinate
process (Z%),., is a simple random walk starting at z € £Z¢ and having jump
intensity 1/£2. Furthermore, for a given subset U of £Z¢, we denote by

Ty :=inf{¢t > 0: Z7 ¢ U}
the first exit time from U and
Hy :=inf{s > 0:Z¢ e U}

the first hitting time to U. On the other hand, given x, y € £Z%, we define the
distance d(x, y) :=sup;_; 4 |%; — y;l.

A.1l. Preliminary lemmas. The first two lemmas are a straightforward
adaptation of proposition A.1 of [16] to the random walk situation.

LEMMA 15. Let ¢ € (0,1), V a potential on the cubic lattice and U C e7°.
Then for every bounded function f:eZ% — R we have

& & d/2 —A7
sup B5(F(X)1g,-) = e(@)(A(U)1) " +1)e O sup f(x).
xeeZd xeeZd
Here E¢ is the expectation corresponding to the probability measure P2, 1,
is the indicator function of A € % and c(d) is a constant depending on the
dimension.
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LEMMA 16. There exists a constant K(d) € (1, o0) such that for p € (0, 1),
U c £Z% and V a potential on the cubic lattice,

~ ; K(d)
sup sup| 1+ 1-p)AL (U e(l—p))‘v(U)ng,svl x ds) < ‘
£€(0,1) zeZd( /(; ( ) V( ) ’ ( ) pd/2+1

Now consider a stopping time S; and introduce the sequence of iterates
of Sl’

(69) Sk+l ::Sloesk+Sk§oo,

where S, := 0. Then we have the following proposition.

PROPOSITION 1. Let ¢ > 0,U be a bounded subset of 7% and consider a
potential V on Z¢. Let A > 0 and S; be a stopping time. Assume that:
() For all x € 7%, lim,,_, . S, > Ty, P:-a.s.
(i) «:=sup, E? <81 < Ty, Sl 872"(25)‘13) <1
(iii) B :=sup, [;° Ae"“E? (S1 ATy >u,e b a*ZV(Z§>ds) du < oo.

Then A < A3,(U) and

sup/0 )\e)‘”Rg’uvl(x)du< P

“l-a

As in [17], the following proposition is an application of the previous one
which enables a comparison between Ay, (O;) and A, (Oy) for suitable subsets
0, and O, of £Z?. For a given stopping time 7 we will pick up S; in (69) as

(70) Sl =TO OTOI + TOI'
PROPOSITION 2. Let £ > 0, O; and O, be bounded subsets of 7%, and

consider a potential V on 7%. Let A > 0 and define S; as in (70) for some
stopping time 1. Assume that:

(i) For all x € 7%, lim,,_, ., S} > Ty,, Pi-as.

(i) A = supxezd<1 + Jo )\e“‘Rglz;VI(x)du) < oo.
(iii) B := sup.¢o, f()oo /\e’\”E;(T A T‘O2 > u, e—fou 372V(Z§)ds> du < oo.
(iv) C:=sup,q, Efc(fr <To,, e ) fzv(zfé)dS).

Then X < A3 (Oy).

A.2. Proof of Theorem 7. For L > 2 and k > 0 we define the stopping time

H;, by
H,:=inf{s > 0,d(Z¢, Z§) > L™*}.

The main step leading to the proof of Theorem 7 is the following lemma.
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LEMMA 17. There exists a constant c;(d) > 0 such that for each ¢ € Y,

ze Z‘;y(e) and x e ¢

one has
(71) P;(Hn (o) < T) < e_cl(d)Zna(s)<k§n,y(s) cap,, (2], ,

where T is the entrance time in the obstacle set {x € eZ%: £ (x) = 1}.

PROOF. Let x € £Z%, k> 0 and define D, := [x — L~**!, x + L~*+1]. Also,
let E, := L *K E,];)] z- Then, by the strong Markov property,

T)a

where T';; denotes the first exit time from the set U. We will show that there
is a constant c¢;(d) such that for each n,(e) < k£ < n, (&) one has

(72) Pi(H, ) <T)=PiH, 41 <T), Pz, (T

e
Hppg(s)+1 Dy ey

(73) 1nf Pi(Tp; <T)=1-c(d)cap,,

yeE (2]
Combining the capacity estimate (73) with equation (72), we obtain that
PU(H, ) <T) =1L, (o)<k<n,,, (1 —c1(d)cap, .,)-

This together with the fact that 1 — x < e ™ for 0 < x < 1 implies our claim
(71). So it remains to prove the capacity estimate (73). Then

(74) P;(TDZ < T) < P(TDZSHE).

However, P5(Tp: > Hp,) = Prry e (H
([-L, L]%)%" . It follows that

Lke
K Lk < T yire ), where F&° =

& k‘: !
Py(Tpy > He)z [ ghi (@hy = Lrey)eli L (dy).

(k) Lk
_Lk K ,F
(2] Lbx

where V = 1 for d = 1,2 and V = 0 otherwise. Now, clearly, we have
ke ,
fef{ge])VFLkE’V(dy ) > cap, [,),- Thus

P:(Hg < Tp) > cap, inf eL*
y(H, p) = p’[Z]’“([—1,1]6ka[—1.25,1‘25]%’e Epet v G ))

Standard estimates on the Green function of a simple random walk on the
cubic lattice (see, e.g., [12]) enable us to conclude that there is a constant
c1(d) independent of ¢ such that,

inf gl () = e(d).

ka
[~1, 1]°L* x[~1.25, 1.25]°L* r

Substituting this back in inequality (74) we obtain the capacity inequality
(73). This finishes the proof of the lemma. O
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We are now ready to prove Theorem 7. Let g(¢): [0,00) — [0,00) be a
function such that g(&) > 0 and (r,(&)/r,(&))@*2/a?nl « g(&). Pick M > 0,

£ €Y and U an open subset of R? and define
A= QAU A M — g(e))y,

where U§ = U\ Z,(&). Without loss of generality we can assume that A > 0,
and then M > g(e¢), so that

(75) A< A;(U§)<1 - g;;)),

Now let 7 := H,, (¢) and S; := 70 07, + T'y:. We recall [see definition (69)]
“ 1

that we define the iterates of S; by S;, := S;00g, + S;_1. We will apply
Proposition 2, choosing O, = U7 as above and O, := U¢. It is enough to show
that the constants A, B and C satisfy A < 0o, B < co and AC < 1.

Then A < oo follows from inequality (75) and Lemma 16 of Appendix A.

In fact,
M d/2+1
A< K(d)| — ,
<K@ 415)

where K(d) is a constant depending only on the dimension. Next, choose &
small enough so that Ej(e?7) < K'(d) < oo, for some dimension dependent
constant K'(d). Since A < M we get

B < K'(d) < oc.
Finally, note that

C? < sup E2(e*™")sup E5(7 < Ty., 7 < T).
xeRd cgU]

From the capacity estimate of Lemma 71 and our estimate on A we get that

AC < K(d, M)el@/2+DIn(1/8()~(e1/2)3(m, (e)-ny(#))

Our hypothesis on g(¢) ensures that AC < 1, which proves Theorem 7. O

A.3. Proof of Theorem 8. The main ingredient of the proof is the following
analog of Proposition 2.4 of [17].

LEMMA 18. There exists a constant co(d) € (0, 00) such that when ¢ € (0, 1)
and r € (0, 1/4) satisfy
L) < () < .
dci(d)(n,(e) —n,(e)) > In2.

Then for any ¢ € Y and open set U € R? such that sup, .z« ?|(U°\(2,NC,)|, <
re, one has

(76)

c*(d)

USRS




ASYMPTOTIC SURVIVAL PROBABILITIES 1519
PROOF. Let S; := inf{s > 0,d(Z%, Z¢) > 4r} and for z € ¢Z% and a €
(0, 0) let By(z,a) :={x € eZ% : d(x, z) < a}. First note that
P} (S; <Ty.AT) < Pi(TBg(z, 3r) < H g ywey)
+P2(Hgsu(Ue)c <Tpiz3r) <S1<Ty- A T)
<1-P(Hyuu-ye < Tpyzsn) + Po(Hguuey

< TBZ(2,3r) A TUs, PSZ.“ (H y < T))

n,(e
O L L

=1-PHg v < Tpyz.3n)
+ e PN PYH g ey < Thea,sry)
<1- %Pg(H%u(Us)c < TBe(z,3m)

where in the second to last inequality we have used Lemma 17 and in the last
one assumption (76). Now note that

|Bi(x,2r) N (2,U) N €L, = [By(x, 2r) N €], - |[(U\Z,) n €Y,
> e‘drd.

An application of the Dirichlet principle implies that

Pi(H%u(Us)c < TB;(Z, 3r))

7‘2d

b
&

= ad £ o 1D
&€ Zx, yGB;(O, 2r) gB‘;(O, 3r),V(xv y) yeB;(0, Zr)gB;(ogr)wv(Ovy)
where V:=1ford =1,2and V :=0 for d > 3. As in Lemma 15, it is possible
to find a constant ¢;(d) which bounds the left-hand side of the above equation
from below. Therefore,

sup PS(S; <Ty-AT)<y(d) < 1.

zeeZ?

262 TBZ

We can now choose cy(d) small enough so that E(e ©9) < 1/y(d). Choos-
ing A = cy/r? it is now easy to see that the conditions @ < 1 and 8 < oo of
Proposition 1 of Appendix A are satisfied. This proves the lemma. O

As in [7, 16], the proof of Theorem 8 is now a straightforward application
of the above lemma and of Proposition 1 of Appendix A. We therefore omit it.

A.4. Proof of Theorem 9. Theorem 9 is elementary in dimension d = 1.
In fact, if we denote by Cap{0} the capacity with respect to one-half of the
continuous Laplacian on R of the point 0, it is easy to verify that by definition
the bad set 4, is empty whenever & < %Cap{O}. The following theorem is the
key step to prove the volume estimate of part (ii) of Theorem 9 in dimensions
d=>2.
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THEOREM 10. Assume that d > 2 and that L is large enough so that
cs(d, L) > 1, where cg(d, L) := L%/(3%+1) if d > 3 and cg(2, L) := L%/(cIn L)
for some numerical constant c. Let 8, := 3/(8L?G(1/2L)). Then there exist
constants cy(d, L) and c5(d, L) such that for any z, € Zza(a) we have

1
Ld(ny—na) Z

z>2()

cap, < 049—05(1—5/30)(’%—%)'

n
Zel‘iy s Ci ”) rarefaction box

PROOF. In the sequel we will denote by V the potential on the lattice 2Z¢,
for 2 > 0, which equals 0 for d > 3 and 1 otherwise. With no loss of generality
we assume that n, = 0,2z, = 0 and let / := n,. Also the following relations
will be used in the sequel:

17 K® c LhcPye,
1 (k+1)

(78) k"= U K
yeZ‘,fHﬂC(zk) L

Step 1. Here we will prove three inequalities involving the capacities cap,.
First note that there is a constant cg(d) such that

(79) cap, < cg(d),

Whenever z € ng for £ > 1. In fact this is a consequence of inequality (77), the

monotonicity of capacity and the fact that the capacity of the set ([0, 1]¢ )Lke
converges to the capacity with respect to the continuous Laplacian on R? of
the square [0, 1]¢.

Now note that for d > 3 and & € (0, 00), the following scaling relation is
satisfied by the discrete Laplacian Green function:

h/L Xy -
(80) #lfoono( T 1) = 2Pl )

for x, y € hZ?. Now for d = 2 it is true that

h Xy
(81) g(i{/LL)Zz,l(z’ z) = c(lnL)gzzg’ 1

for some constant c. This is an elementary computation (it is also a corollary of
Lemma 1.9 of [14]). Now, from the fact that L1 K (ZI.Z;FI) c K (Zk), from Dirichlet
principle and inequalities (80) and (81), we obtain our second relation,
(82) < Lg®) <

Caps, zj = C7C3.pV, eLk, gLk Zd z zj ) = c7caps, z
for z € 7¢,0 < k <1, where ¢;(d, L) := L% 2 when d > 3 and ¢;(d, L) := cIn L
for d = 2.
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Now we define the constants &;(d, L), ,(d, L) and cg(d, L) via the

equations,
4_ 1
-5, LG+ ) =1
31! <2L) ’
81 = ¢q761,
Ld
cg= ————,
(3d + 1)07
where G(|x — y|) := g(x,y) and g is the Green function of the continuous

Laplacian divided by 2d on R¢ and with potential V.
Our third relation is the content of the following lemma.

LEMMA 19. For z € Z‘,f,O <k<l

1
(83) cap, = ¢ 77 Y. cap,;Ad.
jef0, ..., L—1}¢
PrOOF. With no loss of generality we can assume that cap,; = 0 for

at least one j € {0,..., L — 1}¢. Now choose subsets I?j of (1/L)K,.; and
constants y; for j € {0,..., L — 1}? such that

— 1

. 1
KJ = ZKZJ if capy, ngZd,ng(szj) = Yj»

1

84 = .
( ) CapV,ngZd,ELk(Kj) lfcapV’ngZd)st (zKZJ> > ’)/j,

lyj— 8] < capy, rkzd, o1t({0}).
That this is possible follows from the subadditivity of capacity, which implies
that when one site is deleted from a finite set its capacity decreases at most
by Capy, .rkzd, L+ ({0}). o
So denote by v; the equilibrium measure of K ; for j € {0,..., L — 1}? so
that

— 1
v;(K ;) = capy, stZd,aLk<ZKz~j) NYj-

Consider now the probability measure v := 1/(3_; capy, ngZd,st(I?j)) v
on K,. Defining the inner product (u,v), := fgngzd v(x, y)u(dx)v(dx)
between two measures w and v in AZ?, by the Dirichlet principle we have
that

1
= (Va V)aLk = —= 2
cap, (X, capy, oreza o1t (K ;)

V .
x1+> > < J o >)
< J ojiiEi Zj” capV, eLkZ4d, ELk(Kju) J

(85)
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However,

> [ &kl ywi(dy) <37 =1+ % [ g2k y(x, y)v(dy),
7 7

(k+1) .
R £

and the sum Z’j, goes over the other

where the term 3¢ — 1 is obtained from those indices j’ such that C

a nearest or diagonal neighbor of C(Zi,e])-,
indices j'. Now, from the fact that K, C L*C we see that |x —y| > 1/(2L)
whenever x € supp(v;) and y € supp(v; ), with the corresponding boxes not
nearest nor diagonal neighbors. This, the fact that G(r) is decreasing for r
large enough, and a standard approximation of the Green function of the dis-

crete Laplacian to the Green function of the continuous Laplacian permits us
to conclude that gifzzd’ v(x,y) < (4/3)G(1/2L), whenever ¢ is small enough,
x € supp(¥;) and y € supp(v;). We can now conclude that for x € supp(v;),

401 \<
eLk d d d
JZ’#/gSLkzd’V(x, ywi(dy) <39 —1+L §G<—2L>61 =37

Thus, for £ small enough,

Cs
cap, = Ld Zj cap,.; A (0771')
Cg
> ﬁzjcapz.ﬂ(%),

where we have used inequality (84) and the fact that in dimensions d > 2,
lim8—>0 cap Vv, stZd,st({O}) =0. O

Now we will use the three basic relations (79), (82) and (83) that have been
proved. Introduce the probability space 2 := ({0, ..., L — 1}%) endowed with
the uniform probability @. Denote by X, ..., X; the canonical {0,..., L —
1}?)}¢ valued coordinates on this space and by %, & > 0, the filtration on X,
generated by X, ..., X;,;. Viewing (0, X,...,X;),1 < k < as a random
index, we can now define the stochastic process

Yk = Cap1+X1/L+ka/Lk, ]_Skfl
We can now reexpress our relations (79), (82) and (83) as

0 < Yk =< Cg,
Y <Yy,
Y, > cgE(Y 41 A 61]2%)
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for 1 < k <. Now let §; := %6107_ 1 and define the stopping times,
m=inf{k>1,Y, <5} AL,
op:=inf{k >7,Y, > 28} AL,
mo=1inf{k > 0;_1,Y, <8} AL, i>2,
o, :=inf{k >7;,Y, > 26} AL, 1> 2.

Now, as in [17], by a standard supermartingale argument it is possible to
prove that

U;L = Cg/\((ri_Ti)Y(’ri+n)/\Ui’ n=0

isa &, ,,n > 0 supermartingale. Using this fact and relation (79), we con-
clude as in Sznitman that

2i(0;—1;) l c_6
(86) B(e"TY)) = SB(OY) =
where ¢q := (81/cyc5) A 1. However, on rarefaction boxes, when 6 < §;, the
following lower bound is satisfied:
1)
i>1 60

Combining (86) with (87) finishes the proof of the lemma. O
The next theorem is the final step before the proof of the volume esti-
mate Theorem 9. It is the discrete Laplacian version on the cubic lattice of

Theorem 4.3.5 of [17]. Since the reasoning is the same, we omit the proof.

THEOREM 11. Assume that d > 2. Then,

>d2 capy, orm zd, o1 (L™ A,(€) N C(zny))
sup <00

lim sup<
ey, zeZﬁy(S) Capa, z

e—0

rﬁ(g)

We are now ready to prove the volume estimate of Theorem 9. First note

that by Dirichlet principle, for any subset K of a box (C(ZO) )8”, for z € 7% and
k > 0, we have

(eL*)| K|,
(LM ¥ eqr, st 85 112405 %)

Now since for any compact set C one has that

capy crizd +(K) >

: d h
}Ll_I)I(l)h Zh gV, hzd(oa x) = /CgV, R4(0,x)dx>
xeC



1524 G. BEN AROUS AND A. RAMIREZ

where gy gs is the Green function of 1/(2d) times the Laplacian operator on
R? plus a potential V. It follows that for ¢ small enough one has

(eL*)?| K|,
cio(d)
where ¢19(d) = J;_; 11« 8v,re(0, x) dx. Now, for z € 74,

(88) capy, .rizd, .pt(K) >

_ 1
= LanGe)

Y (L)L) NnC

’ rezd
2'>z2,2'eZy

gd

#,(&)nC

i &

&

z'a rarefaction index

o (ny)
capy, eL™Zd , eL™ (L y(‘O/d’a(é:) N Cz’ ))
<cp(d)| sup -

£eY, z’EZ;’fy cap, »

> cap

/ regzd
2/>z,2€Z
ny

1

x Ldn,/

Z'a rarefaction index

d-2
g C(FB(8)> o= ¢s(1-8/80)(n,~n,)

&

where the first inequality is a consequence of the estimate (88), the second of
Lemma 10 and C is a constant. This proves Theorem 9. O

APPENDIX B

In this Appendix we prove several results that are needed for the proofs of
Theorems 3 and 2 concerning the asymptotic behavior in time of the survival
probability of particles in the random saturation process. In what follows we
let Z, be a symmetric nearest neighbor random walk on Z¢ with total jump
rate equal to 1 and when Z, = x € Z¢ we denote by P, the corresponding
probability measure defined on D([0, 00); Z%).

LEMMA 20. Let f(t):[0,00) — (0, 00) be an increasing function such that
1 < f(t) < tY27< for some € > 0. Then

sup

1 Z
S Sy T T
i~ Ny [o(ds/f(s)?) o<s<t [(8)
where Ay is principal Dirichlet eigenvalue of the continuous Laplacian divided
by 2d on a ball of unit radius in R?.
PrROOF. Let A(¢) be an increasing function such that
f(t)? < h(t) < ¢

Such a choice is possible because of the hypothesis f(¢) « t/27¢ for some
€ > 0. let n := [t/h(¢)]. Now we denote by A, the event that between time
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kh(t) and (£ + 1)A(¢t), the random walk does not exit a ball of radius f(kh(t))
with center at the origin,

ac=| s 2= )]
kh(t)<s<(k+1)h(¢)

and we denote by B, the event that at time (2£+1)f(A(¢)) it is inside the ball
of unit radius centered at the origin

By, = {lZ ps1yney| = 1}

Then if we define C, := A, N B, for 0 < &k < n — 1, we have by the Markov
property that

(89) Py| sup —= 12| <1)=1I;_yPo(Cp).
o<s<t [(8) ~

However, note that for x € Z¢ such that |x| < f(kh(t)) one has that

P(Cp) = 3 e MOMTHHON (g, ey (%))
(90) n=1

> e THONFE g2 (),

where A,(7),n € N, are the set of eigenvalues in increasing order of the dis-
crete Laplacian operator on the set {y € Z¢:|y| < r} with Dirichlet boundary
conditions, and ¢,, , are the corresponding eigenfunctions. It now follows from
inequalities (89) and (90) that

| Z| RN (R 42
Pl oy =1) 2 [

Now, it is a standard fact that lim,_; r¢¢; .(0) = ¢,(0), where ¢;(x) is the
principal Dirichlet eigenfunction of the Laplacian operator on the unit ball of
R< divide by 2d. Thus,

| s ~ 1 —h()AL(F (kR
(91) P <sup <1)> = o OM(f(kR)
0 O<s<t f(s) }}:[0 f(kh)d
Now the following lemma proved by [2] will be used. Here keep track of the
rate of convergence.
LEMMA 21. There is a constant C such that,

C

NOEENORES

where A(t) is the principal Dirichlet eigenvalue of the continuous Laplacian on
a ball of radius t, B,.
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Combining this lemma with our previous estimate (91), we now obtain that

po(sup 12| _ 1) > [T e aChe)/ PO ~CChe) (kY= (k1)
O<s=<t f(S) i=0

Our assumption on A(t¢) and the hypothesis that 1 « f(t) <« t¥/27¢ for some
€ > 0 now proves the lemma. O

LEMMA 22. Let f(t), u(t):[0, 00) — [0, 00) be functions such that f(t) < tP
for some B € (0,00), and u(t) < t. Assume that f(t)/tP > sup,.,(f(s)/sP).
Then,

u(t) t ds
Fa@® < oo T

1/a
PrROOF. Note that f;(t)(ds/f(s)l/ﬁ) > (infszu(t) %) In ;& Therefore,

w(t)/ fuw@)? _ 1 (supm(t)(f(s)/sﬁ))l/ﬂ
Jio\ds/f(s)v8) ~ In(t/u@)\ F(u(®)/u(t)?

u
But the left-hand side of this last inequality converges to 0 as ¢ — oco. O

The last lemma is a well-known fact for specialists. It is a direct conse-
quence of the exponential tail of the vacant cluster distribution for supercrit-
ical Bernoulli percolation on Z¢ (see, e.g., Grimmett [10]).

LEMMA 23. Consider the cubic lattice Z¢ where all sites are independently
occupied with probability p and denote by u the corresponding probability
measure. Let p.(d) be the critical probability. Then if p > 1 — p.(d), n-a.s.
there is an ny such that whenever n > n,, the largest vacant cluster within a
box [—n, n]® has Inn sites.
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