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ABSTRACT. — In this article, Internal DLA is studied with a random, homogeneous, distributiéh
of traps. Particles are injected at the origin of-alimensional Euclidean lattice and perform?27
independent random walks until they hit an unsaturated trap, at which time the particle &es
and the trap becomes saturated. It is proved that the large scale effect of the randomness
the traps on the speed of growth of the set of saturated traps depends of the strength ab tt
injection, and separates into several regimes. In the subcritical regime, the set of saturatedstra
is asymptotically an Euclidean ball whose radius is determined in a trivial way from the teggap
density. In the critical regime, there is a nontrivial interplay between the density of traps and,the
rate of growth of the ball. The supercritical regime is studied using order statistics for free ranggrr
walks. This restricts us td = 1. In the supercritical, subexponential regime, there is an over él
effect of the traps, but their density does not affect the growth rate. Finally, in the supercrmcal
superexponential regime, the traps have no effect at all, and the asymptotics is governed by6th
of free random walks on the lattice.
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3
RESUME. — Dans cet article on étudie le modéle d’Agrégation Limitée par Diffusion Interne
sous I'hypothése d’une distribution aléatoire homogéne de piéges. Ce modéle correspend

l'injection de particules a l'origine d'un réseau euclidiérdimensionnel; chaque particule 4
évoluant ensuite, de fagon indépendante, selon une marche aléatoire jusqu’a l'instant og el
tombe dans un piége non saturé. A ce moment la particule meurt et le piege devient saturé.gNm
prouvons que I'effet a grand échelle de I'aspect aléatoire de piéges sur la vitesse de croisgsan
de I'ensemble de pieges saturés dépend du taux d’injection, ce qui definit plusiers régime
d’injection. Dans le régime sous-critique, I'ensemble de piéges saturés est asymptotiquejr%e\
égal a une boule euclidienne dont le rayon dépend trivialement de la densité de piéges. Dahs
régime critique, il y a un rapport non trivial entre la densité de pieges et le taux de croissancé d
la boule. Le régime sur-critique est étudié a I'aide des techniques de statistiques d’ordre poufde
marches aléatoires libres. Pour ce faire on se restreint alieds Dans le régime sur-critique et 14
sous-exponentiel, on trouve un effet global des pieges, mais leur densité n’affecte pas le tatix
croissance. Finalement, dans le régime sur-critique et sous-exponentiel, les pieéges n’ont asic
effet, et le comportement asymptotique est régi par celui des marches aléatoires libres dans

réseau. ) 18
0 2002 Published by Editions scientifiqgues et medicales Elsevier SAS 19
20

21

0. Introduction 22

23

Internal DLA is a stochastic particle system in which traps are distributed orr4a
d-dimensional integer lattice, and particles are produced at the origin and movesa
independent random walks until they hit a trap, at which time the particle stops, anho
the trap becomes saturated. 27

The model arises in several applied problems, for example, nuclear waste mart&ge
ment: Radioactive waste is placed in a container and buried, but, since even the2be
containers have some leakage, particles leave the container and as a rough approXin
tion, perform independent random walks. In order to contain them, chemical traps3are
distributed around the area. When a radioactive particle hits a trap it is destroyed3an
the trap becomes saturated. Internal DLA also serves as a model for the behaviogf «
the chemical reactiod + B —Inert, in the special case where there is a sourca of 34
particles, and thé particles are fixed. It has also been used to model erosion proces¥es
as well as melting processes, among others. 36

A basic problem in such a model is to understand the asymptotic shape and gr&ivtl
rate for the set of saturated traps. Fixing the rate of the walks, and the field of trdps
we have as free parameter the rate of injection of particles at the origin. The Way
in which the growth rate is affected by the presence of the trap field depends*®br
the rate of injection of particles at the origin. We identify four different regime$:
Subcritical, critical, supercritical with subexponential injection, and supercritical with
superexponential injection. The critical case is whé(r), the number of particles +
injected up to time, is asymptotic ta?/2, and the exponential case is whai(r) ~ 4

exp{ct}. 45
46
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In the subcritical case, the asymptotic shape is a ball in any dimension. Asymptotically
there is a zero density of live particles, and therefore the size of the ball canzbe
determined easily: It has to contain as many traps as particles which have been injette
up to a negligible error. By the law of large numbers the volume of the ball is cleatly
N(t)/m wherem is the mean number of traps per site, and the radius can be read®off
directly. Because the density of live particles is negligible, the model can be coupled®o «
discrete time version, as was done6h(see also 3], where a discrete time asymmetric’
version of the model is studied, arte] {vhere refinements of] are obtained). The shape?
theorem follows from the analogous shape theorem for the discrete time case, following
the methods offj]. This was proved in]] (see also?)). 10

In the critical case, the shape is still a ball in any dimension, but now there ista
nontrivial density of live particles inside the ball. The boundary, and density of partictés
evolve together asymptotically according to a one-phase Stefan problem. This'éal
be solved explicitly, yielding the shape and the rate of growth, which is a nontrivial
function of the density of traps. This is proved here by an appropriate adaptation ofl?he
hydrodynamic limit method introduced id][(see also §]).

We also study here the supercritical case using order statistics. This restricts us t& or
dimension. Two regimes are identified. In the subexponential regime, there is still a ne
effect of the traps, but the density of traps plays no role. In the superexponential reglme
the traps play no role at all and the speed of propagation is controlled by the rangze1 C
free random walks. In dimensions greater than one, in the supercritical case, one expec
similar results. However, here the shape will not be a sphere, but a certain level set of th
rate function for large deviations of random walks on the lattice. This reflects the fquct
that as the strength of the injection is increased, the range of random walks becomez% tt
dominant factor in the asymptotic shape and size of the saturated set. We do not
this fact here, as we decided to stress the application of order statistics: We stud3£7th
n(t)th rightmost particle at time in a system of random walks on the integer lattice,,
starting at the origin, at given times. Under quite general conditions it is shown that fhe
asymptotics of this particle is governed by an appropriate transform of the large deviagior
rate function for a random walk on the lattice. This is then used to prove the asymptagjcs
for the internal DLA model in the one dimensional supercritical case.

Section 1 contains a more precise description of the model, and the main resgltc
We have stated these in the simplest cases in order to highlight the main point of;th
article which is the identification of the different regimes. In Section 2 we explain hw
the methods of [GQ] need to be adapted in order to handle the random trap fielg ir
the critical case. In Section 3 we state the main results about order statistics of rangor
walks and from this obtain the asymptotics for internal DLA in the supercritical casesgn
one dimension. Section 4 contains the technical proofs of the order statistics resultsg

40
41

1. Model and main results 42
43

We start with a field: of traps onz?. For eachx € Z¢, ¢, € {0, 1} denotes the absence**

or presence of a trap initially at *
46
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Particles are injected at the origin at timgss,, ... and then perform independent:
continuous time random walks at rate 1. The rule is that the first particle which hits a
trap stops moving. 3

The position at time of the particle produced at timg will be denotedX, (). 4
Sometimes it is convenient to use the convention Hjat) =0 for 0< ¢t <t,. Another 5
way to describe the model is through the occupation numbey = >°, 1x, )=, the ©
number of particles at site at timez. This includes the particles which have stopped
moving, and clearly, () = (5. (¢) — ¢,)+ is the number of ‘live’ particles at attimez, 8

and 9
10

={xez® ¢, =1n0)>1} 11

is the set of saturated traps. We will make a convention that the occupation numberizt
will not include particles which are not yet born, so at 0 we modify the definition to be
Uo(f) = En lxll(t)=os 12ty 15

Let N, denote the number of particles created up to tim#&e will call such anv, an
injection For simplicity, in this article we will always tak®¥; to be deterministic, though ,
it is certainly not necessary. For each figlaof traps, and each injectioN we have a |,
processY (1) = {X1(1), X»(¢), ...} which also has a reduced descriptipn(t), x € Z¢. 10
We will denote the dlstrlbutlon of this process By.

In all cases we will assume that there is a positive density of traps — for simplicity yye
assume that,, x € Z¢ are independent, witR (¢, = 1) =m andP (¢, =0) =1-mfor ,,
some fixedn € (0, 1].

Our main question is how the distribution of the traps affects the growth rate of ;I;ge
random set of saturated traps. We distinguish three cases, based on the strength gf t
injection: If t=%/2N, has a nontrivial limit as — oo we say the model isritical and 4
use the notationV, ~ t4/2, if t~%/?N, — 0 ast — oo we say the model isubcritical 57
and use the notatiotV, « t%/? while if t=4/?N, — 0o ast — oo we say the model is g
supercriticaland use the notatioN, > ?/2. Three regimes are displayed in Table 1. 9

In any dimensiornd, we denote byB(Xx, r) the Euclidean ball of radius centered 3o
at x. Note that B(0, v¥?a,) has volumev, wherea, = dT"(d/2)/2)¥/ /7. Here 31
(o) = [o°x* le~*dx is the Gamma function. We use the notation< b, when 3
a;/b, — 0 ast — oo and | x] to denote the greatest integer less than or equalddR. 33

We also will define the constaiif as the unique solution of the equation, 34
35

I'(d/2) exp{—K?/4} =mm?/?K“. (1.1) 36

37

38

39

Table 1 40

Injection regimes mn

Subcritical N; < 1472 42

Critical N, ~14/2 3

44
Supercritical N, > 14/2 45

46
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1 The large deviation rate function of a continuous time simple symmetric total jump rate
2 one random walk will appear in some asymptotics. So let 2
3 3
4 I1(x) =sup{ix — (coshh — 1)} =xsinhtx — /14+x2+ 1 (1.2) 4
5 A€R 5
6 6
, Note that/:[0, 00) — [0, 00) is one to one and therefore has an inverse functio7n
8 I71:[0, 00) — [0, 00). If n, is an increasing function define 8
9 9
1 N,

10 wy (1) = sup (t — )1~ (— log —’>, (1.3) 10
11 o<y <t r—y n; 1
12 . . . . 12
13 with the convention thal ~1(x) = 0 for x < 0. Finally, given two seUU, V, we denote 13
14 by UAV their symmetric difference, and &] the cardinality ofU . 1
15 We can now state our main results. 1s
16 THEOREM 1.1. — (1) Subcritical casén any dimensior > 1 we have that, 16
17 17
18 Ar~ B(0, (N, /m)Yay) 18
19 19
20 inthe sense that for ardy> 0, for almost every, with P, probability one, for sufficiently 20
21 larget, 21
22 22
2 B(0,(1—8)(Ny/m)"ag) N{gx =1 C A, C B(O, (1 + 8)(N;/m) ag) N (g, =1). =
24 24
25 (2) Critical caseln any dimensiom > 1, suppose thaW, = [¢/2]. Then, 25
26 26
21 A~ B, K1), 2
28 28
29 in the sense that for almost every realizatipwof the trap field, 29
30 30
31 t~2#[A,AB(O, KN/tag) N (¢ =1}] — 0, (1.4) =
32 32
33 in P.-probability. 33
34 (3) Supercritical casdn dimensiond = 1, suppose that eithdog N, > logr or that 34
s N; = [t*] for somex > 1/2. Furthermore, assume that there i$a- 0 and a function 3s
3 f,suchthatl < f, <t andN(f,) > (logN,)***. Then 36
37 37
38 A~ B(0,w ;(1)) 38
39 39
40 in the sense that if, and ¢, are the rightmost and leftmost particles, then for almosi
41 every realizatior; of the trap field, a
42 42
43 tll[gort/wﬁ(t) =1 and ,I'_[gozf/w«ﬁ(t) =-1 (1.5) 43

N
N

a4

in P;-probability. 45
46

P~
[ I
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Remarks— (1) Note that part (3) of Theorem 1.1 does not cover the whole
supercritical case. In fact, by technical reasons which somehow simplify the proofs 2we
have included the additional hypothesis that eitherNpg> logr or thatN, = [¢] for 3

someq > 1/2. 4
(2) The main conclusion is that the effect of the traps depends on the strength of th
injection. 6

In case (1), where the injection is subcritical, the occupied set is approximately a ball
of volumem~1N,, which by the law of large numbers contains approximatélyraps. 8
Essentially all the particles at timéhave been trapped. The influence of the random trap
field on the speed of growth is a fairly trivial averaging. 10

In case (2), where the injection is critical, the randomness in the trap field enters anly
through the mean on a large scale but has a nontrivial effect (1.1) on the speed of growtl

In case (3), where the injection is supercritical, the density (0, 1] of traps does not 13
enter at all. However from the asymptoticsuof; (r) one finds a transition at exponentiali4

injections. If logN, « ¢ then for almost every trap configuratignin P,-probability, 15
16
. Ty 17

lim =1 (1.6)
T SURe < /2 — ) 10G(N, /172) 18
If + < log N, then for almost every trap configuratignn P;-probability, 20
21
. ry 22

lim =1 1.7)

—00 I y

=% SURcy < IogNy/Iog(%) 23

24

One can check that the latter corresponds to the rightmost particle for free random wlk
with the same injection, but the former does not (the final denomindtbwould be 26
absent). Hence for subexponential injections, the traps slow down the growth rate4h :
way which does not depend on the density. For superexponential injections, there & n
slowdown effect at all. 29
(3) The transition at exponential injections is also seen in the effect of the lattite.
We can replace the random walks in our model by Brownian motions. The traps five
at the integers, as before, and the first Brownian motion at a trap stops there foréve
One can check that in that case the asymptotic in case (3) is always as in (1.6). H&nc
for injections much weaker than exponential large scale lattice effects are not seert*b
for stronger than exponential injection rates large scale lattice effects correspond t& a
increase in the speed of growth with respect to the Brownian motion version of Intefal
DLA just described. In other words, for give¥, stronger than exponential, the rate of’
growth of Internal DLA is larger than the rate of growth of the corresponding modél
of Brownian motions with traps at the integers. The simple point is that as the ratéof
injection becomes larger, one has to look farther into the tails of the distribution of fhe
particles for the main contribution to the asymptotics. 4
(4) The difference in the formulation of the shape results in the three different regirffes
reflects the different techniques used. The subcritical case (1) is provéusifig the 3
methods of . In this article we prove the critical and supercritical cases. The criticHl

case is proved in Section 3 using the method 4fvjhere the theorem was proved*
46
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before in the special casg = 1 for all x € Z¢. The supercritical case is proved in:
Section 4 using order statistics. This complements the proaf iim the special case of 2
one dimension with injectioV, = ¢t and¢, =1 for all x. 3
(5) The conclusion of case (3) (in particular concerning)) is valid for any 4
distribution of traps satisfying liminf,. > _,¢. =m > 0 and does not depend ons
the randomness of the trap distribution. 6
(6) Using the methods ofi] one can study a variant of the model where live particles
have a zero-range interaction, in the critical and subcritical case4{s@e Rnalogous 8
results hold. 9
(7) If more than one trap is allowed at each site the same results hold, with analogou
proofs, withm = E[¢,]. It would be interesting to know what happens in the case
m = oQ. 12
13
14
15

© 00 N O g b~ W N

N =
A W N B O

2. Critical case

=
o u

Recall the reduced description(r) = >, 1x, )= Of our process. Since the field of 16

trapse, is fixed throughout, the variable 1
18

]
o ~

19 gx(t):nx(t)_gx 19
20 20
21 together with the initial conditior§, (0) = —¢, gives a full description of our Markov 21
22 process. For any local functiofy, 22
23 23
24 ! 0 24
2 FE0) = [ LrE@)ds = X (£ 1) - f(6@). 21)
26 0 iz i<t 26

N
By

27
28
29

LIE) =) E)+(fET) = f&), 0

31

is a martingale, where the Markov generator is

W W W NN
N P O © 0

wheree are unit vectors in the lattice, are sites irz¢, £¢¥*+¢ denotes the configuration 32
obtained from¢ by moving one particle from site to sitex + ¢, and£%* denotes the 33

configuration obtained frora by adding one particle at O, 34
35

éx’x+e - é: — 0 + 8x+ev 50’4_ :é + do. 36

37

For any real numbex we use(x), or x, to denote magk, 0). The last term of (2.1) 3s
corresponds to the deterministic injection of particles, ardtp< 1, < - - - are the times 39

W W W W W w w
© 00 N o g A~ W

40 when particles are added; the jumps of'?]. 40
a Lete be a small parameter and introduce macroscopic space and time vaxiabtas 41
42 andt =%t in R? and[0, co). The main result of this section is 42

N
w

43
a4

[£le-1x (€720)], = p(X, D) 2.2) :z

THEOREM 2.1. — For almost every realizatiog of the trap field, ag — 0,

AObA b
[ I C BN
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and

1§LS,1XJ>O,SL8,1XJ (e=2)>0 — mls(X)gt (23)

weakly in P, probability, wherep(x,t) > 0 and s(x) are the unique solutions of the
one-phase Stefan problem

p=0 s(X) > t, (2.4)
Vop - Vs =—m s(X) =t.

© 00 N O g b~ W N
© 00 N o g b~ W N P

{ 2 = Ap+192128 s(x) <t,

=
o

10

=
=

Remarks— (1) The Stefan problem says that the expansion of the boundary islin
the normal direction with velocity proportional to the density gradiegp taken from 12
inside the region. The only large scale effect of the randomness of the traps is that'#hi
expansion is slowed down by a factar= E[¢,]. 14

(2) The solution of (2.4) is given explicitly by(x, t) = 242 [ -s1-de*/4dsand 15
s(X) = K~2|x|2> wherel'(d/2)e K*/4 = mx4/2K 4. Case (2) of Theorem 1.1 follows. ij

Theorem 2.1 is proved by suitably modifying the method4pf YVe indicate only the 18
main steps and differences from the earlier proof and refer the readéf whén the

. . L . 19
proofs only require straightforward modifications. 20

21
22
23
24
LEMMA 2.2.— Letu be any invariant measure fdr. Then 25

26

n(@x,yez? & >0 <0)=0. 27

28

Proof. —It suffices to show that for arbitrary sitesandy, u(¢, > 0,&, <0) =0. We 29
will prove it by induction orw, the lattice distance betwearandy. 30
To start the induction let us takeandy to be nearest neighbour sites. Consider tha
function f = 1 0. Since f is a bounded local function and is an invariant measure 32
we haveEM[Lf] =0.NowLf =—=3",(§y+.)+1 <0. Since each term in the sum is non-s3
negative we haveE, [(£,)41¢, <0l = O which we rewrite as & Y02 k(6 =k, &, < 34
0) = 0. This proves that(¢, > 0,£, < 0) =0. 35
Now suppose the statement holds for sites at distarared letx be at distance +1 36
from y. Then there exists a siteof distancen from x and 1 fromy. By the inductive 37
hypothesisf = 1 .o ¢ <0 = 0 almost surely with respect 0. Therefore for any lattice 3s
siteu and unite, L, 4. f = (&) (f(E""T¢) — f(&)) = 0 almost surely with respect to 39
wu as well. However sincg is a bounded local function andis invariant we have also 40
E,[Lof]1=0 and it follows that eaclL, ,..f = 0 almost surely with respect {@. In 41
particular,E,[L, . f]1=0, or 42
43

00 44
0=E,[(6)+1e—0g<0) =D kiuE, =k & =0& <0). .5
k=1

NN B R R R R R R R
, O © ® N o O h W N

2.1. Invariant measures

NN
w N

We consider the system without creation, i.e., with Markov genetator

A OSA B D DD D WWWW W W W WWWNDNDNDNDNN
o O ~A W N P O ©O 0N OO O A W N P O O 0N O O b~

46
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1 By the induction hypothesig,(§, =k, &, =0,&, <0) = u(§, =k, & <0). Butthenwe 1
2 must havau(§, =k, & < 0) =0 for all k which completes the induction. 2
j COROLLARY 2.3. — The set of extremal invariant measures foconsists of j
. (i) the Dirac mass on any configuratignwith &, < 0 for all x € Z¢, .
. (ii) density anyp > 0. .
7 Proof. —All the measures in group i are clearly invariant. Suppasis some other 7
s extremal invariant measure. Theén> 0 for somex, and by the previous lemmé&, >0 s
g forall x, u almost surely. Hencd, is the generator of independent random walks on the
10 support ofu, and it therefore follows that must be an extremal invariant measure foro
11 independent random walks, which are known to be product Poisson meagures|[ 11
12 o 12
13 2:2. Hydrodynamic limit 13
i: The H_; . norm is defined on functiong : eZ¢ — R of means? ¥, ., 4 fx = 0 by E
16 2 16
I£11%,, =supe’ {2fx¢>x — 272 |dxge — éx }
17 @ d 17
xeeZ |le|l=¢
18 2d . 18
19 =€ Z 8y—xJxJy: (2.5) 19
20 X,yeezZd 20

N
iy

wheregt = e2>"°  plind >3 andg: = limy .o 23N o pi — piind =1 or 2. Here 2L
p" are then step transition probabilities of a symmetric nearest neighbour discrete tithe

random walk oreZ¢. Note that in §i] the factorss? are missing in the definition qf°. 23

We can observe our system on the laté@¢ by defining 24

25

Ee(t) = Ele1x (6720). 26

27

LEMMA 2.4. — For almost every realizatiog of the traps, for each > 0, ase — 0, 28

£€(t) — p®(t) — O weakly, in probability, where:(t), x € eZ¢, t > 0, is the solution of 29

N N NN DN DN NN
© 00 N o o~ W N

30 the lattice Stefan problem 30
31 8[0"3 31
32 el Ac(p%)y +dPE, p°(t=0)=—m. (2.6) =32
33 33

w
~

34
35
36
In Sections 2 and 4 o#] it is explained in detail how part (2) of Theorem 1.1 followss?
from this lemma. The weak convergence (2.2) of the density field follows rather easgily
because the solution of (2.6) converges to the solution of (2.4) away from the creaisor
points. However there is a fair amount of work to do to obtain the weak convergence (&3
of the saturated set, as well as (1.4). This is donéd]in [ e

Here A ¢y = €72 dxre — ¢ IS the lattice Laplacian and?P¢ (t) is the number of
particles created in the microscopic system up to time

OB DWW W W W
N P O © 00 N O O

Proof of lemma. — Step. Fix a large timeT . There is a finiteB such that if the initial *2

condition in (2.6) are replaced by (t =0) = ¢, if x| > BT andp{(t = 0) = —m if 43
Ix| < BT then the solution remains the same up to tifndinite propagation speed). In *
the following we work with the modified initial conditions for*.

AOD b
a b~ W

45
46

iy
(2]



ARTICLE IN PRESS

50246-0203(02)00003-1/FLA AID:2 p. 10 (851-947)

PARISGML 2002/11/18 Prn:21/11/2002; 10:26 F:anihpb2.tex; by:IS

10 G. BEN AROUS ET AL./ Ann. I. H. Poincaré — PR 0 (2002) 1-24
1 Let ¢ be the solution of (2.6) with the initial condition changed¢tt =0) = 1
2 —¢ everywhere. Note that?" _.,«[g5 — pg] is constant in time and given by 2
3 Zf=¢e"Y comrpr(m — £,). Note thatZ® = O(e?/?) and vanishes for almost everys3
4 realization ¢ of the traps, by the law of large numbers. Now the;, norm of 4
5 ¢° — p® — Z* makes sense and it is straightforward to check that 5
6 T 6
7 — 7
‘ o = 0" =272, [ =2 [ 3 (@ — 0 ) a5~ pid s 8
9 0 xeezd 9
10 T 10
M +22° [ Y (g = (o) dr. 1
12 0 xeeZd 12
13 Thelast integral is bounded uniformly infor fixed T. Sincez — 0, the last term goes *3
" to zero and we see that — p* tends weakly to 0. As in4] it can be shown from this **
> thatg’ converges strongly to the solutignof (2.4). 15
13 Step2. By direct computation one shows that ij
18 T 18
o e~ selizo =2 [ ¢ 3= V(g0 x0) dtrme(m) o

0 XeeZ
21 21
22 whereM#(T) is a martingale and 22
23 23
24 V(E,q)=—E —q)E+ —q4) + &4 24
25 25
26 Step3. We cut off a small region around the creation site, as well as large values
27 of V, and perform some time averaging using the strong convergencetof, and the 27
28 apriori smoothness gf away from 0. The result is that 28
29 29
30 , . 4 30
a1 Elller — a2, 1100 < 2/ / Egeo [Ve(éo. p(x, 1)) dtdx + Q(e. €, 0. 8), 31
32 0 |x|>6 32
33 33
34 wherefiy{ denotes the average ovB(t) = {,s€ [0, T]: [s—t| <o} of yus whereps 34
35 is the distribution of(s) and 35
36 36
37 lim suplim suplim suplim supQ (e, ¢, 0, §) = 0. 37
510 o0 €100 €40

38 38
3 Here 3
40 40
41 Ve, p)=—¢e((§ — p)(E4 — p1)) + Pe(E4) 4
2 whereg,(x) = x if x < ¢ and¢ otherwise. Finally one shows that the famil§;, e >0
3 istight. a3

a4 Step4. Let i, be any weak limit ofiy{ ase — 0. Let f be any local function and

4% |x| > 6. Recall thatL is the generator of the dynamics without creation, arid much
46 46
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smaller thars. We have 1
2
Epe [Lf]1= !iLnOAUB—t\goE [Lf(1:&9)]. 3
4
The latter term can be written as the limitas> 0 of 5
6
-1
lt—o,t+0]1N[0, T]| E[Lf(t:&s)]. 7
[t—o,t+0]N[0,T] 8
9
By the definition of the generator this becomes, 10
2 s=(t4+0)VvT 11
e|lt—o,t+0]1N[0,T]| E[Avb <ot f (TyEs)] o (t—0)AD" b
Note thatz, f never depends ok, and therefore the creation part of thedynamics 1
does not appear in the last expression. Taking 0 we obtainE;z [Lf]= 0 for any 14
bounded localf and thereforguy , is invariant forL. ’ 15
Step5. We arrive at 16
17
T 18
[ ][ Eulvitso. ox. 0] wu(ap) dtax 19
IXI>s 0 B 20

21
where eachl, ; is a probability measure on the parameter spagearametrizing the ,,
extremal invariant measurelk. We let £ — oo and use the monotone convergences
theorem to remove the cutoffon V. Since 24

Ey [V o p)] <O 22

for any suchus, and anyp, we have shown thaE[[|£°(t) — ¢°(1)[|2,,]I{={ vanishes in 2

the limit of smalle. Hence&® — ¢° tends to zero weakly in probability From step 1;2
we know that for almost every realizatignof the trapsg® — p® tend to zero weakly as %

well, and this completes the proof. .

32
3. Asymptoticsfor order statistic of free random walksand supercritical IDLA in 33
one dimension 34

In this section we state asymptotic estimates on the position of free random walks’ ann
use this to compute the size of supercritical IDLA in dimensica 1.

We begin by defining an order statistics on a sequence of real numbess. . .. Let
MeN anda{‘{) be the largest among the firkt members of such sequence,

37
38
39

M 40
an, = Ssup {a,}

1 n
@ 1<nM 41

42
and recursively define theth largesta ;) among the firsi/ members of this sequence 43

a4

alyy = sup {a: an;éa(]) forl<j<k-—1}. 45

1<n<M
46



ARTICLE IN PRESS

$0246-0203(02)00003-1/FLA  AID:2 p. 12 (1052-1143)
PARISGML 2002/11/18 Prn:21/11/2002; 10:26 F:anihpb2.tex; by:IS
12 G. BEN AROUS ET AL./Ann. I. H. Poincaré — PR 0 (2002) 1-24

Let Y1(1), Y2(2), ... be independent continuous time simple symmetric random walks
onZ created at times, 1, ... and jumping after that at rate 1. L&} = max{i: 1, <r}. 2
We can add a convention thHf(z) =0 for 0< ¢ <t,. Then, we have an order statistics3
on the firstM born random walks at time given by{Y(’,‘f)(t): k € N}. Similarly we have 4
an order statistics on the rightmost positions attained by each random walk betvéee
time 0 and¢, and denoted by?{,‘f)(t): k € N}. The following asymptotics will be proved 6

in Section 4. 7
8
THEOREM 3.1. — Letn, : [0, co) — N be increasing and assume that eitheg N, >

logr or that N, = [¢* | for somex > 1/2. Furthermore, assume that there isa Oand
afunction f, such thatl < f, <t and Ny, > (log N,)*% and thatn, < C/7 logN,, for 4,

© 00 N O g b~ W N

=~
=]

12 Some constant. Then 12
13 (i) In probability 13
14 lim Y (t)/w, (1) > 1. k1) “
15 100 (1) 15

[
(2]

(i) If we assume in addition that there isga> 0 such thatn, < t#, then equality 16

holds in(3.1). The theorem holds also¥f), (1) is replaced byr, (). 17
18

Remarks— (1) The speedu, (¢) reflects an interplay on how the random walks 19
affect the value an"t" (1). Attime s, N, random walks have been born which by time 2
have evolved at least a time— s. Suppose one wants to measure the effect of thege
N, random walks orYn’tVf (#). Fors small enough this effect should be negligible, since
N; — 0 whens — 0. On the other hand, if is to close ta, there can be many randomzz
walks within the firstV; which evolved a time — s, so that they do not contribute 24
significantly to Yn’tVf (t). The supremum imw,_ (t) corresponds to choosing the optimabs
times. 26

(2) Most of the hypothesis of Theorem 3.1 are of a more technical nature. Bhe
hypothesis logv, > logr or N, = [t*] is a restricition from the set ofN’s such 28
that N, > %2, and basically discards injections that could oscillate between some
polynomial injection and something much larger than a polynomial injection. The
hypothesis concerning the functigh such that k< f; <t and N, > log N, discards 31
injections with a sudden big jump (for exampl, = O(e’) for s <t — 1/t and =22
N, = O(e®)). These assumptions could be weakened, but we decided in favour of shaste
proofs over the most general statements. 34

W W W W W W NN NDNDNDNDDNDNDNDNERELRREBR PP
a A W N P O © 00N OO O r~ W N P O © 00 N

3
Proof of the lower bound of Theorem 1.1(3)}1ere we prove that for almost every3:
realization of the trap configuratian in P;-probability

w w
~N O

37
. 38
tll_)rrgor,/wﬁ(t) > 1 B2

40

Note thatr, < Y(3(¢). By Theorem 3.1 part (i) applied to the order statistics of tha
rightmost position¥ (¢) in the time interval0, ] of the random walkg (¢), withn, =1, 42
for every¢, in P.-probability, 43
44

limsupr, /wy(t) < L 38.3) 4

t—0o0 46

A A B DM DD DWW
o 0o~ W N P O © ©
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1 By symmetry, the same statement holds for the (reflected) leftmost particleThe 1
2 number of stopped random walk§ at timer is given by>"'_,, ¢.. Therefore ifr 2
3 s sufficiently large, less thaﬁjﬁ’ﬁl_(’z)wl(,) ¢y < 5w1(r) random walksX;(r) have been 3
4 stopped. The smallest possible valuerpthen corresponds to stopping the nghtmosi
: 5wy (r) random walks and hence for eachin P;-probability .
! lim supr; /Y suwy0) (1) = 1. 3.4) '
8 t—00 8
9 9
10 Now, by standard estimates on the functidbn'(x) (see Proposition 4.1, Section 4)10
11 wi(t) < C4/tlogN,, for someC < oo. Therefore, (1.5) together with an application
12 of part (i) of Theorem 3.1, this time with, = |5w.(¢)], shows that for every, in 12
13 P -probability 13
14 14
15 |iCTliljpi’t/w5wl(<)(t) > 1 15
ij The lower bound (3.2) now follows from the equality Jimy, wsy, () (t)/w ;(t) =1, ij
15 Which is verified using the concavity property of the functibn!(x) (see Proposi- ;4
19 tion 4.1, Section 4) and considering separately the cages [t“], « > 1/2, and 4
20 logN; > logr. 20
21 21
2 Proof of the upper bound of Theorem 1.1(3Fitst we claim that for each > 1, 2
23 _ 23
24 re < Y(k)(t) + M(k) (35) 24
25 25

where M (k) represents the number of sites betwé_e,()(t) and the position of the 26
(k — Dth trap strictly to the right o¥ (7). 27
Indeed for allj, X;,(t) < Y;(¢). Let us fix ar and renumber the particles accordings
to their record values ifD, ¢]. More precisely, let(j) be defined b;b_(n(j)(t) = Y(j)(t). 29
Since X, (1) < Y,l(j)(t) we certainly haveX,, () < Y(D(z). Hence the only particles 3o
whose positions at time could possibly be larger thak, () are X,,1), ..., Xpk-1. 31
There arek — 1 such particles, so if one of them is stricly to the right of the- 1)th 32
trap to the right ofY,(¢), then by the pigeonhole principle one of the traps must be
empty. Since there is a particle to the right of it, this contradicts the definition of the
internal DLA dynamics. Hence (1.7) holds. 35
By the strong law of large numbers, for almost every realization of the trap configLaa-
tion we haven =lim,,_, », % > i_1¢ > 0. Therefore, for almost every realization of thes7
trap configuration we have thM (k) < %k, eventually ink. Choosingk = | /7] we can 38

now conclude from (1.7) that for almost every realization of the trap configuration, 3°
40

— 41

rrgY(L«/m(’)"‘n_z,l\/;’ PP

43

eventually inz. By Theorem 3.1, for almost every realization of the trap configuration 4a
P,-probability, we have the upper bound }im, r; /w /;(t) < 1. 45
46
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4. Asymptoticsfor order statistic of free random walks 1

2
In this section we prove Theorem 3.1. Although the methods are standard, we wer
unable to find relevant references in the literature. So complete proofs are included her:
Our first step in Section 4.1 will be to derive precise asymptotic estimates on the dail
distribution of a continuous time symmetric simple random walk. In Section 4.2 we will
derive tail estimates on the order statistics of independent random walks born at th
same time, and then on the right-most random walk from thgét): 1 <i < N,}. s
In Section 4.3, we first derive the lower bound of part (i) of Theorem 3.1. This is based
in finding a times for N, independent random walks born at timehat maximizes 10
their order statitics positions. Next, in Section 4.3 we derive the upper bound of partiii)
of Theorem 3.1. This will be an application of the estimates of Section 4.2 analyzing
separately the case 18§ > logr and N, = |t* ], with e > 1/2. 13

14
4.1. Asymptoticsfor a continuoustime symmetric ssmplerandom walk 15

The main result of this subsection is Lemma 4.2 which gives the asymptotics forit?]e
tail distribution of a simple continuous time random walk. The result is standard in the
sense that different versions of these estimates can be found in the literature, howgve
never in the particular form needed in this paper. Note in particular that in Lemma 4.2
the timew; may even go to 0 as— <.

Before we start we collect some basic information about the rate function (1.2).

21
22

ProPOSITION 4.1. — 23

(i) I(x)isconvex and~1(x) is concave. 24
(i) I'(x) =sinhtx =log(x + V1 + x2). 25
(i) 1770) > V2xA =4V Liciayn + gige Lz = VA2 26

(V) 172(x) <V2x(1+ VX)) Licrasz +10x1, - 1172 z;

Proof. —(i) and (i) are clear. To prove (iii), note thatd x?/2 — x*/8 < V/1+x2< 29
1+ x2/2,and log1l+x) < x. Therefore [ (x) < x?/2+x%/2+x*/8 < x?/2+x* when 30
x < 1/2. Inverting this relationship we obtain the lower bound/on for x < 1(1/2). 3t
For x > 1/2, note that/ (x) < xlog(6x). But the inverse of the functiomlog(6x) is 32
larger thanx /(6log(x)) whenx > I(1/2). This finishes the proof of the lower bound. To33
prove (iv), note that logl+ x) > x — x?/2. Therefore/ (x) > xlog(1+x) —v/1+x24+ 34
1> x(x —x2/2) —x?/2 > x?/2—x3/2 if x < 1/2. Inverting we obtain the upper bounds5

onI~1(x) for x < 1(1/2). The largex upper bound is similar. 36
37
LEMMA 4.2. — Let Z(¢) be a continuous time symmetric simple random walZon .,

starting at the origin at tim@ and running at ratel. Leta,, 8, : [0, o0) — (0, c0) satisfy .4

B> landB, > C,/a;log(a? + 1) for someC > 0. Leta = (o + p2)Y/4. Then, 40
41

e—azl(ﬂz/az) 42

P(Z(o) 2 B) = [1+ R/] 43

C 2ma,(1— e "B/

a4

where|R,| < 2(4loga,) Y/, 45
46
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1 Proof. -We fix r and drop the subindex on « and g temporarily. Letv > 0 1
2 andn e N be such thavn = «. For A > 0, let V¥, V;", ..., be independent and 2
3 identically distributed withP(Vf’” =k)=P(Z(v) =k)explAk — v(coshh — 1)} and 3
4 shv=3%" VM sothatforjeZ, 4
5 5
6 P(Z@)=j)=P(S*"=j)=P(S}" = j)exp{—Aj + a(cosh — 1)}. 6
7 7
8 The supremum in (1.2) is attainedsat sinh~* x so by Proposition 4.1(ii), 8
9 9
10 P(Z@)=B+j)=P(SI'"" =B+ j)exp{—jh —al (B/a)}. (4.1) 10
11 11
12 The characteristic functiof [exp{iuS»"}] of S* is given by 12
13 . 13
iy exp{nv(coshn + iu) — coshi) } iy

. 1 1 .
15 —exp o iusinhi — =u?coshh — =iudsinha + R, ;. | ¢, 15
16 2 6 ’ 16
1 whereR, ; = %fy (z — M2 coshz dz, the integral being taken over the contgue {z € v
¥ oCcii=a +1iy, 0<y < u}. Since forz € y, |coshz| < coshi, we can writeR, , = 18
;2 (coshh) R1(u), where| R, (u)| < u*/24. By Fourier inversion, sinagcoshl’ = a?, ;Z
21 T 1 1 d 21
/ P u
22 P(SI'v = ' :/e"“fexp{—— 24 — Ziu® 2R }— 22
- ( n :8+.]) 2” a 6lu :8+a 1(14) o »s
—TT
24 24
25 After an elementary change of scale this becomes ™ exp{—ivj/a — %vz +
2 Ry(v)}LL, where Rp(v) = giv3Ba=2 + O(v*), and |O(v*)| < % v*a~2. Substituting in *°
27 Eq. (1.7), and summing ovgrwe get that 27
28 28
29 1 ma ) 29
30 P(Z(a)>p) = —e @B/ / (1—expl—I' —iv/a}) ‘e 7 RWay  (42)
31 2ra 31
—a
32 32
33 Let I, denote the integration restricted |tg < (loga)*/® and I, the remainder. We now 33
34 claim that if[v| < (loga)/3, then 34
35 35
1—exp—1I’ 6

% ' 4 _} — 1' <— . @3 =
37 1—exp—I'—iv/a} C(loga)t/é 37
38 38
39 In order to check this note that the left hand side is always bound%@;%. 39

N
o

We can bound the absolute value in the denominator belo@ byexp{—1}) min(1, I’). 4°
So using 1—- exp{—1} > 1/3 and Proposition 4.1(ii) and dropping a few terms, usintf
(@ + B)? > o? + B2, we see that the left hand side of (4.3) is bounded above f#
v/aa?max, 1/1"). 43
Now I'(8/a) > log(1+ £). Note that forx > 1/2, log(1 + x) > log(3/2) and for **
0< x<1/2, logl + x) > x/2. Also 1/log(3/2) < 3. Hence we obtain an upper®
46
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1 bound by replacing mag, 1/1") by max3, 2«/B), or, since > C/alog(1+«?), by 1
2 max3,2C1\/a/log(1+ «?)). Now 2
3 3
4 \/— (1 + 012)1/4 (132 + 012)1/4 4
log(1+ o?) < < .
5 @109+ 9 S liogd +a2) 72 < Tlog(8? + a2) 12 5
6 6
7 Thus, fort large enough we have mé2C—1\/a/log(1+ a?)) < 2%. 7
8  This gives (4.3). 8
o It is also not hard to check that|if| < (loga)Y/3, o
10 10
11 lexp{—v?/2+ Ry(v)} — exp{—v?/2}| < 4a *loga, (4.4) n
12 12
13 and that 13
14 (|Oga)l/3 14
1
i‘z '\/271 — / exp{—v?/2} dv <2exp{—§(loga)2/3}. (4.5) iz
17 —(loga)¥/3 17
18 Integrating (4.3), (4.4) and (4.5), we conclude that, 18
19 19
20 V2 _1 ~1/6 20
= < ) :
” Iy 1_ o7 (14 R3(1)), |R3(1)| < 20C~*(loga) (4.6) o
22 . 22
03 On the other hand, we claim that v
24 1 24
25 |(1—exp{—1'}) I <8exp{—1—2(loga)2/3}. 4.7 2
26 26
27 |n fact, first note that 27
28 28
29 1 N 1—e” 224 R g 29
0 (1—exp(—1I'}) o= / T_or|® v. 0
31 (loga)Y/3<|v|<ma 2
32 i y 32
.3 Now the term in absolute value is bounded by 1 expR,(v)| < exp{v?a—2/24} so a3
34 2.1 vy21 34
35 }(1—exp{—1’})12| < / e V(=G gy, 35
36 (loga)Y3<|v|<ma 36
37 37
38 But, v/a < 7, so that the factor multiplying? in the exponent of this bound is largerss
39 than Y2 —n?/24>1/12. Hence, we get the bound 39
40 40
41 [(1—exp{—I'}) Iz < / e_vz/lzdv, M
2 (loga)Y3<|v|< o0 2
43 43
44 from which (4.7) follows. 44
45 Combining (4.6) and (4.7) with (4.2) gives a proof of the lemma. 45
46 46
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1 4.2. Order gtatistics: independent identically distributed random walks 1
2 2
3 As discussed earlier, a main ingredient in the proof of Theorem 2 will be to obtain
4 asymptotic estimates on the order statistics of independent random walks borfa &
5 the same time. LeM € N and consider a set (t), Z5(¢),... of M independent 5
6  continuous time random walks such tt#Y (0) = 0 for 1< n < M. Consider the order 6
7 StatIStICS{Z(k)(Z)Z k € N} on this set of random walks at time 7
8 8
9 PROPOSITION 4.3. — Let N,, n,, ; : [0, 0c0) — (0, 00) be increasing functions. As- 4
10 sume thaty, < ¢ and that there is d > § > 0 such thatV, > t*+3 andn, < |N,|*°. 10
11 Furthermore, for—1 < y < 1 define 11
12 12
1 N,

1 @7 :a,1_1< "7 Jog —’> @8 =
14 o; n; 14
15 15
16 and assume thaV,, n, and «, are such thatCD? > 1. Then, for everi/2 > ¢ > 0for 16
17 sufficiently larger, 17
B () P(Zy () > @) < 8N, ", 18
19 (i) P(Zy! () < D7%) < exp{— N, %/}, 19
20 20
21 Before proceeding with the proof of the proposition, we will need the following
22 lemma, which states some properties of some expressions that will appear when applyir
23 the tail asymptotics of Lemma 4.2. 23
24 24
- LEMMA 4.4, —For —1/2<y <1/2letI %, «, &7, N, andn, be as in the previous o5
., Proposition and define o6
2 [o— r(y—1 2 2\1/4 2
28 rty = 27r(1—exp{—1 (1 (CD;/))})(O[I +[CD;/] ) . 28
29 29
30 Thenry is increasing iny and for¢ large enough, 30
a1 0 L <2< <10rlogN,, 31
32 i (N’)” Ly o8 32
33 ( ) 8logr * 33
34 Proof. —The monotonicity can be checked directly. 34
35 (i) To prove the leftmost inequality, by Proposition 4.1, 35
36 36
37 It /(I-D)2+1—-1 37
38 rt?=V2n Vi /7) i (@®+ [@77] 2)1/47 38
39 1_1 T (1_1)2 T 1 39
40

where the argument of ! is +oo 1 - l0g(N/n), and this can be bounded below by

iy
ary

_@P2u D2 porp-1 1 ands Iar e enough this can be written as
Y g g 42
43 43
44 012 -1 1 44
45 (®%) = 45
(I1+ \/(1 Sr TRy -

iy
(2]
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1 where we have used the hypothe®i$>> 1. On the other hand, far* < 1 we have the 1
2 inequality 2
3 3

a(I™hH? 1 2
4 - — (Iog(N/ )" 4
: Jal LI T S
® where we used Proposition 4.1(iii) and (iv). This proves t%a{ r Y2 To prove °
7 7
N the upper bound, note that sinee < ¢, we have that/% < 6(t + 1~1). Now, by o
o Proposition 4.1(iv), we know that—! < 10u~log N (¢). Our upper bound now follows o
.o forzlarge enough. 1
" (i) Sincer! < 10¢ Iog N, for larget, if ¢ satisfiesN, > 1'°9', the left hand side of (ii)
1» is bounded below by /1Oz(logt)2 which certainly dominates the right hand slde12
13 Of (i) for large . So we only need to consider the cage< '°9. We divide it into two
14 cases. Iy, > (logt)® andt is large enough then from the definitionsdf it follows that  ,,
15 1 <2171 (4(logt)?/a,) (a? + [@] ]2V, By Proposition 4.1(iv) this can be bounded by,
16 16
17 4,/ (4dlogn)2/a,) (e + [®712) V" < 4logr (1+ [172(4/logt)] ). 17
18 18
19 This is bounded by 8logwhent is large enough. On the other handyjf< (logzr)3, we 19
20 haver! <2((logt)®+ (logr)*)¥* < 8logt. This concludes the proof of the lemma. 20
21 21
- Proof of Proposition 4.3. 4i) From the definition of the order statistics, for any 0, ,
- x>0,andM,m e Nwithm < M, 23
24 M 24
M M k M—k
25 P(ZM () >x)=Y ( " ) P(Z(s)>x) (1-P(z(s) =)' (49) =
26 k—m 26
27 27
23 WetakeM =N, m =n,, s =«a, andx = &7 and apply Lemma 4.2 witl, = ®¢. 5
20 We need to verify the hypothesis of that lemma. Siicéis increasing®? > ®° and 5
s0 Dby hypothesisb? > 1, so®? > 1. By Lemma 4.2 > %> L 7V 10g(N, /ns) and g
31 by our assumptions we have that fotarge enough IogV/n) > logN*=% > logrt/4 31
2 5000 > o, logr/4v2 > 30, /e, log(e? + 1) for ¢ large enough. So the hypothesis of?
¥ Lemma 4.2 are satisfied. %
3 Now we can apply Lemma 4.2 to (4.9). Then we use Stirling’s formulararia (v — >
zz x)] < 4/N on the binomial coefficients to get z:
37 N, k k—N; 37
2e < a k !
38 P(Z) () = @) < Up, Up= <—> <1— —) Nk (4.10) 38
(nt) t 9 ’

39 VN k=n; k N; 39
40 40

iy
ary

wherea = L’f;VJ - SR =1 ("f)1+81+Rf and|R,| < 30(log(a? 4 [®°]%) =6, which 41

goes to 0 by the hypothes@O > 1. The functionu is increasing for O< k <
decreasing fora < k < N,, so it attains a global maximum &t = a. Now a <
n(n/N)E(2/r®) < 6n(n/N)° <« n, where in the second to last inequality we have appliet

Lemma 4.2. Since: < n,, the largest term in the summation of the right hand sid&
46
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1 of (4.10) corresponds tb = n,. We now divide the sum in (4.10) in two parts: terms
2 fromk = n, tok = max{n,, /N, } which we bound by m&x,, «/N; }u,,, and terms from 2
3 k=maxn,, /N, }tok = N, which we bound by, u_/y,. Using(1— x/N)* N Le',we 3
4 see thair, < (ea/n)" andu /5 < (ea/\/_)f Hence we can bound the sum in (4. 10)1
5 by

6 6
: max{n,,\/zv,}« ) e(1+Rf> 2€W<< >8e<1+R,>>ﬁ’ :

2e—————— T .

o VN, N, re "“\\VN, re o

=
o

10
Now use|R,| < 1 and absorb the prefactor mMax /N, }/+/N; into a factorc™ and the

11
prefactor,/N; into a factorc¥™ to obtain that the left hand side of (4.10) is bounded by,

13

e e =
w N P

14 n; ¢ 262 n, 1 ¢ 262 VN 14
de( ( — ) — | +4el|—=] — .

15 N,/) rf ~NiJ rf 15

16 16

17 Fort large, the first term dominates the second. Using the boting 1/6 proved 17

18 In Lemma 4.2 we obtain (i). 18

(i) We apply Lemma 4.2 to the analogue of (4.9) ®¢Z/} (s) <x) asin (i) but with 19
x = d), , B = ®;¢. To apply the lemma we need to verify that for so@e- 0 such that 2o

> Cy/a,log(e? + 1). By the concavity off ~1 it follows that®,* > (1 — ¢)®?. So 21

N NN P
N B O ©

22
it is enough to show thab? > C/«, log(e? + 1) which is proved in the first paragraph 23

N
w

., Of the proof (i). Hence we can apply the lemma to obtain 24
25 A 25
26 N ~ (NN & Ni—k 26
P(Z < 1- !
27 (Za (@) kz:;( k ),0 (d=0) 27
28 28
20 wherep = (&)1-¢ L& with |R,| < 507(2log ) ~V/6. Now 29
30 ! " 30
31 k X 31
32 <N> < 2e(1- E)"‘N (ﬁ) < 2é+1<ﬁ> ‘ 32
33 k N k k 33
34 . 34
- Since|R,| < 2 and Yr ¢ < 6 for ¢ sufficiently large,p < 6(n,/N,)¥~¢ < 2. Also 35
s (1—1/x)"1 < e?* wheneverr > 2 and hencel — p) =" < ebm(u/No™™" 36

Now (1 — 1/x) < eV if x > 0, and therefore we also have— p)V <e""'z7. &
For ¢ > 0 the function f(x) = (£)* achieves its maximum at = c/e. And the first ss
term in the summation in (4.10) correspondsftox) with, ¢ = en,m,(1 + R,) where 39
m, = (Nf )8 -. By Lemma 4.2¢ > n,. This implies that the maximum of the first factorao

in the summation in (4.10) is attainediat n,. So for sufficiently large, 41
42

P(Z) (1) < @) < 2en, exp{n, (1—m,/2+log(2en,)) }. s
44

(i) Follows from this inequality using, < expn, and Lemma 4.2. 45
46
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1 4.3. Order statistics: rightmost random walk 1

2 2
3 We now state the second ingredient in the proof of Theorem 2, a lower bound estimat
4 on the position at time of the rightmost random walk among the, 1 <i < N,. For 4

5 € [—1, 1] define, 5

6 6

1 N?

! w? (1) = sup (t — y)1‘1<ﬂ log —)> (4.11) 7
8 ’ o<y <t t—y n; 8

9 9
10 with the understanding thdt*(x) = 0 if x < 0. Also, letg? (¢):[0, c0) — [0, 00) be 10
11 the maximizer in (4.11) and definé) (1) = N, ). 11
iz PROPOSITION 4.5. — Let Ny, n, : N — [0, co) be increasing functions such that forli
., somes >0, N, |*% >> n, and N, > 123 Then, for everyl > ¢ > 0, for sufficiently iy

larget,

15 15
16 P(Y3(t) > wi()) < 4e*(tlogN, /2)-1/4. 16
17 17
18 Proof. —First note that for every > 0, P(Y(l) () <x)=[[" P(Z1t —T) < x). 18
19 We want to apply Lemma 4.2 to each multiplicand Wdih t—tand B = wi(t). g
.o We need to verify that the hypothesis are satisfied. It is trivial to verify #hat> 1.
,,  To show that there is a consta@t such thatwi(r) > C\/(t —t)log((t — )2+ 1) it ”n
,, IS enough to verlfy thatw{(r) > C+/tlog(r> + 1). This is a consequence of the fact,,
s thatwi(r) > 51712 Iogt5/4) (where we have used the assumptions|*~° > n, and
s N> tY2 %) and the lower boung/x/2 on the functior? ~(x) given in Proposition 4.1. ,,
o5 Therefore, 25
26 N 26
27 N ! r—1 wi(t)) } ) 27

P(Y () <wi(®)) = 1—exp — I —— 1+ R; 412

»8 (Y (1) < wi(r)) E( P{ YPP (t—t,- 1+ Riy) (4.12) 28
29 29
30 where 30
31 > 1/4 31
32 v(t,s) =27 ((t — s)% + [wi@)] ) (1 — exp{—I' (i) /(t — ) }) 32
33 33
s and |R;,| < 2(logwi(r))~Y8. Using the definition ofws(r), we see that ifu > 0, aa
% (r— u)](“t’l(;)) log| NV, |¥*¢. Using this in (4.12) and taking logarithms we get, 35
36 36
37 al 1A [N, |+ 37
s g P(¥ (1) <wi(n) > _log 1~ 1+ Ri) 38
39 i=1 ' 39

N,

0 L1+ R; 0
:1 _Z '1+a+ P ; : (4.13) :1
a2 l':]_l v( ’ l) "
43 In the last inequality we usedy,, > i. We want now to obtain a lower bound on the,,
4 function v(z, 1), uniform oni, to show that the rightmost hand side of (4.13) goeg

. . .. wy, ((I—S)2+w2 )1/4
45 to 0. Using Proposition 4.1(ii), we see thatr,s) > — L But for x 45

wy o +((f —s)2+wi8)1/4 '

iy
(2]
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1 andy positive, the expressiog’% is increasing inx. Applying this to the previous 1
2 inequality withy = w$ andx decreasing frorr((t — 8%+ [wl]z)l/4 to /wi, we see 2
° thatu(r,s) > Jwi/2. Also note that_"; - <1+ [{° & dx < 2, where in the last °
N inequality we have used the hypothesis 1. Using these bounds together with the fac‘f
°  that |R; (| <1 fort large enough uniformly i, we can conclude that for suff|C|entIy
° larget,
7 7
8 log P (YY) (1) < wi o (1)) > -8~ (w(1) 2. (4.14) ®
9 9
10 Using the mequalltywl(t) l( log N, 2) and the lower bound ~1(x) > V/x/2, 10
11 we see thatw,(r) > ,/t log N,/z The proposition follows from this, the inequality 11
12 l—-e*L<xforx>=0 and (4.14). 12
13 13
14 LEMMA 4.6.— Let N,,n,:[0, o0) be increasing functions such thaw, |*=% > n,, 14
;s forsomes > 0. 15
16 () For every functionf (r) = o(t) andx > 0, we haveN) (t) > LNf(t)Jl"‘. 16
17 (ii) Assume thaw, = [¢*] for somex > 1/2. Theny/(logt)? <« g7 (t) < t(logt)~Y2.
iz Proof. —(i) First note that for any functiorf () such that G< f(¢) < ¢ one has E
20 1+ N)/ 1+ 20
2 -9 (L1005 ) > @ = it (1092 ), 2
22 8 n f 22
2 whereg, n, N/, and f stand forg” (t), n,, N2 (t) and f (¢), respectively. Therefore, 2
24 24
25 25
1 NY 1 N 1 N
26 Ty 1<<1—i>1‘1<ﬂlog—f>> +y| g—f—Rg,, (4.15) 26
o7 t—g n t t— f n —f ”7
28 28
5o WhereRs, =L~ 1(”” log X2y /(71— 1(”” log ©£)) and we have used the lower bound,
0 1) =21(x)—(x— y)I (x) valid for0< y < x. We now claim that 30
31 f n N 31
32 ‘RB(I)’ —V lo g _. 32
33 - f n 33
34 34
5 For this it is enough to prove that for> 0, yI'(y) < 2/(y) which can be checked .
s directly. We can then conclude from (4.15) that, 36
37 37
NY (¢ Y (t t N

a8 log "'()><1—g"'()><1—f()>log £ 38
39 n; t t n; 39
40 40

Therefore ifg? (t) < f(t), sincef () = o(z), for everyx > 0 we have thatN (¢)/n, >
(Nf(t)/n,)l‘K On the other hand ifg? (r) > f(¢) there is nothing to prove since
NY(t) =N, ) = Ny(). This completes the proof of (i).

(i) By Proposition 4.1 we have), (1) > /5 log N, 2/ n, for sufficiently larger. Since 44
N, = 1%, with @ > 1/2 andn, <« | N,]*%, this implies that for some > 0, for ¢ large
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1 enoughw,, ,(t) > cy/tlogz. We now claim that this implies 1
2 2

log N (¢
3 jim 29N O/ 4.16) °
4 t—>o00 f — gn.(t) 4
5 5
¢ Infact, note that by the definition of? andg) , the expression whose limit is taken,
. in (4.16), is positive. Thus, if (4.16) is false, there is a subsequgnsech that either .
g 10gN) (t,)/ny, ~ C(ty — g) (tn)) for someC > 0 or logN) (t,,) /1y, >t — &Y (tw). 1N 4
o thisfirst case, this implies that fer large enough 9
10 10
217Y(C NY(tn) _2I7%C
1 w) (tn) < © 1og () 211 ) (logr,?, 1
12 C Mt C 12
ij a contradiction. Similarly in the second case, using the upper béuhd) < 10x for 1
s large x Proposition 4.1, we would conclude thaf (1,,) < (logz,)?, a contradiction.
16 This proves (4.16). 1
Now, from Proposition 4.3,

17 17
18 18
1 wy () = \/ 214 y)(r — gn.(n)) log(Len. (1) ]*/n) + Ry, (4.17)
20 20
0 where |R,| < 10(log#)? and we used the assumptid¥) = [#*]. One can check that o1
- for ¢ large enough the supremum ovek [0, ¢] of the function./(r — y)log([t*]/n) -
03 is achieved at somg = O(¢/logr) + o(tlogr) and that the supremum itself is23
o O({/tlogr) > R,. Together with (4.17), this proves (ii). o
% 4.4, Proof of Theorem 2 =
26 26
27 Proof of (i). — Stepl. Lete > 0. First we check tha_, () > |[n(¢)]**%4, which 27
28 will enable us to apply Proposition 4.3. Assume first tNait) = /2% for somesy > 0. 28
20 Then, by (4.1),N_,,(t) > N, /qogry2 > 1*/4t%/2. On the other hand;, < /7logN,. 29
30 Therefore,N_, (1) > n;/*"*/* Choosings, > § we have thatV_, ,(r) > [n(r)|1T/4, 30
31 Now assume that loy, > logt. Then, for¢ large enough, by (1.7) applied with31
32 f(t) =t/logt, we have that for anyy > 0, [ N_.,(£)]% 3> [ N;/i0g, )%/ > tIHo0/D/2 32
33 Now remark that by hypothesis, there is a functio 1fs(¢) < t and as > 0 such that 33
3 Ny > (logN). By (1.7) with £(t) = fo(t), we haveN_, (1) > [N 192> 34
35 (logN,)*%2. Thus, when logV, > logt, we have thatv_, ,, (t) > (/7 log N,) %4 > 35
3% p,. 36
37 Step2. If H, =inf{y > 0: N, = N, °(¢)} is the first time thatV, * (1) = N, random 37
38 walks have been born then we want to show that 38
39 39
40 P(YN Oy <wf(0) < P(ZY O — H) <w;*(1)). (4.18) 10
41 41
42 Write M andn for N, *(t) andn,, and note thaP(Y(’;’)(t) <w, (1) = fu—n(p1,..., 42
© pw) andP(Zg) (0 — H) S, (0) = fu-n(qr. ... qu) With pi = P,(0) Sw, () *
* andg; = P(Z;(t — H,) <w;*(t)) for L<i < N. Butfor 1<i < N the birth times; of ~ *
45 45

the random walkd’; have the property that < H,. Thus,

N
o
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1 pi=PY;(t) <w, (1) =P(Zi(t —1;) <w, * (1)) 1
: <P(Zit — H) Sw, (1) =g .
4 Note thatf is a function of the form 4
5 5
6 N 6
; PP =D D> Pay Py (L= pay) - (L= pay) (4.19)

n=M mell(n)

8 8
®  wherell(n) is the set of permutations @1, . . ., n}. Any derivative is given by °
10 10
11 0fu 11
12 I = Z pnl"'pnM,l(l_pnM)"'(l_PnN,l)20, 12
13 Pi qengm-1 N
" wherell(i, M — 1) are the permutations ¢1, ...,i —1,i +1,..., N}. Hencefy_,(p1, .
iz v P) < fy—n(qa, - .., gu), wWhich proves (4.18). iz
- Step3. Sincent”’s/2 <K N, “(t), we can apply Proposition 4.3 to the right hand side

18 of (4.18), witha, =1 — g° (r). This, together with the fact thatl, < g° () leads to

1o the conclusion that for every > 0 for sufficiently larger, P(Y(’Zj)(t) <w, (1) < g
0 exp(—t%/2%. Finally note that the concavity of the functioh*(x), implies that ,,
a1 w, o) = (L—e)w, (t). Thus, for every > 0 for sufficiently larger, 21
22 22
2 P(Yo ) < (L= e)w, (1) < exp{—1*/%°}. (4.20) 23
24 24
25 This completes the proof of (i). 25
26 26
27 Proof of (ii). —By (i) it is enough to prove that in probability, lim Y(],\z’j)/wn_ ) <1. o
og 1o prove this we show that for evegy> 0, for sufficiently larger, 28
29 N 29
30 P(Y(nj)(t) > wﬁ.(t)) < U, (4.21) 4
31 31
;2 WhereU, = 2(tlog N, ) ~/*when logN, >> logt andU, = 80/ | N, |**/whenN, = [*| 3,
33 with « > 1/2. Note that the concavity of the functiof*(x) which gives us that 33
30w (1) < (1+e)w, (¢), implies from (4.21) that for sufficiently large 34
35 35
36 P(Y) (1) = (1+e)w, (1)) < U.. 36
37 37
38 Consider first the case lag > logt. Note thatY))',(r) < Y7 (t). Sincen, < t#, 38
% by (4.1), for sufficiently large we havew’*(r) < wt (¢). In fact, by the definitions *°
0 of g¢ and N we have that 40
4 41
42 . 1 1te N3 42
43 w,, >(t_g1)l (t_gi |097 43
44 44

1 lo

45 =(t—gi)1_l< +i |Ong<1— gng)) (4.22) 45
a6 t—gi log Ny i
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u(t/logt)

But by Lemma 4.6(i) withf (r) =t/ logt, we have thatVi () > [N, /109 V2t

where u(t) = logN,/logt > 1. Therefore, since;, « t#, we have k')‘;glc’g = o(t).
1

Combining this with (4.22), for sufficiently large we havewi/z(t) wé (t). Using
this we can now conclude that if 1dg > log¢, for sufficiently larger, P(Y(n @) =
wg (1)) < 2(tlog N, 2) =4,

We now analyze the casmg = |t*], « > 1/2. First note that by (4 1) for sufficiently
larget, 11~ (1“ log N’) < w?(t). Therefore by Proposition 4. 3’(2(”[)(:) > we (1)) <
80/ N, |%/8. If P(Y(n)(t) w, ) =1— fy_u(p1,..., PN) andP(Z(n) (1) 2w, (1)) =
1— fyv-n(qa,--.,qn,) With p; = P(Y;(t) < w, (1)) = qi = P(Z;(t) < w, (1)) for 1 <
i < N.Thusf has the form (4.19) and heng® _,(p1, ..., pn) = fv—n(g1,...,gn),0r 11

© 00 N O g b~ W N
© 00 N o g b~ W N P

=
o
=
o

=
=

2 Py, 1) = wi (1) < P(Z{, (1) > w; (1)) which gives 12
13 13
M P (Yo (1) > w;, (1)) < 8OLN; ] /%, .
15 15
16 This proves (4.21) and hence (ii). 16

[
~

To extend this toY(n ,(@), note that by the reflection principle the tail estimate fo¥’

P(Z(t) > x), changes by a factor of 2 if we replaééby Z. Thus, all the results of 2

Section 3.2 remain valid, and the proof of (ii) is a repetition of the above argument. *°
20
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