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ABsTRACT. We consider an interacting particle system on the one dimensional
lattice Z modeling combustion. The process depends on two integer parameters
2 < a < M < oo. Particles move independently as continuous time simple
symmetric random walks except that 1. When a particle jumps to a site which
has not been previously visited by any particle, it branches into a particles; 2.
When a particle jumps to a site with M particles, it is annihilated. We start
from a configuration where all sites to the left of the origin have been previously
visited and study the law of large numbers and central limit theorem for r;, the
rightmost visited site at time ¢. The proofs are based on the construction of a
renewal structure leading to a definition of regeneration times for which good tail
estimates can be performed.

RESUME. On considére un systéme de particules en interaction sur Z mod-
élisant les particules incandescentes d’'un mécanisme de combustion. Le processus
dépend de deux paramétres entiers 2 < a < M < oco. Les particules se déplacent
indépendamment selon des promenades aléatoires simples symétriques & temps
continu, mises & part les interactions suivantes: 1- quand une particule saute vers
un site qui n’a jamais encore été visité, elle branche et fait place & a particules; 2-
quand une particule saute vers un site abritant M particules, elle disparait. On
démarre d’une configuration ou seuls les sites & gauche de 'origine ont déja été
visités et on étudie la loi des grands nombres et le théoréme de la limite centrale
pour 74, la position du site le plus & droite visité & l'instant t. Les preuves re-
posent sur la construction d’une structure de renouvellement associée & des temps
de régénération dont les queues peuvent étre convenablement estimées.

1. INTRODUCTION

The method of regeneration times has been very successfully applied to problems
of random walk in random environment (for example see [17], [18], [6]). In a one-
dimensional setting it was already used via a renewal structure in [9]. On the other
hand, a concept similar to that of regeneration times, known as cluster structure,
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has been well know for many years in the context of mechanically interacting one-
dimensional dynamical systems of particles [5] (also see [16] and references therein).
In this article, we extend the method of regeneration times to an interacting particle
system. The system we consider is a one dimensional stochastic model of combustion.
Heat particles move by symmetric nearest neighbor random walks on sites {z €
Z : x < r} of the integer lattice, with r representing the position of a flame front.
To the right of the flame front is a propellant. The first heat particle which reaches
the propellant at r + 1 immediately branches into a > 2 particles, and the front
moves one step to the right. We also include an upper bound M on the number of
particles at each site, so that if a particle tries to jump to a site with M particles,
it is immediately killed. We show that the front in the model moves ballistically to
the right, or, more precisely, prove a law of large numbers for ;. The next question
one might ask is of the fluctuations about the law of large numbers. We prove here
that these are Gaussian, with a central limit theorem for t=1/2(r; — vt).

For M = oo a discrete time version of the system we are considering has appeared
in the literature under the enigmatic name “frog model”, and laws of large numbers
for the position of the front were proved, also in higher dimensions, using methods
based on the sub-additive ergodic theorem [1], [2], [3], [4], [12], [13]. The continuous
time case under the name stochastic combustion process was treated in [14], [15].
Note that the M = oo case is sub-additive, but the M < oo case is not. Our
main purpose here is to develop new methods to study such models, and we are
especially interested in the fluctuations of the fronts. If n; represents the number
of particles at the front r, at time ¢, then r; moves to the right at rate n;, and
hence r; = fg ngds + M; where M; is a martingale. The standard approach to the
law of large numbers would then be to show that, as observed from the front, the
system has an ergodic invariant measure y, and ¢! fg nsds — E,[n]. The central
limit theorem would be proved by showing that the time correlations of 7(s) decay
fast enough. However, very few methods exist for proving uniqueness, or ergodicity,
of invariant measures of such systems. So such approaches appear to have limited
applicability. Furthermore, although it seems intuitive that the correlations of 7(s)
decay quickly—likely exponentially fast— it is not at all apparent how to prove it. In a
future article, we will consider the case M = oo which can be handled by essentially
the methods developed here, though with major technical modifications.

The combustion process that we consider is related to deterministic reaction-
diffusion equations of the form % = % + f(u). The two key differences are the
discreteness of the variable-we have a number of particles as opposed to a continuum
variable u—and the stochasticity. The effect of discreteness and/or stochasticity on
the traveling waves of reaction-diffusion equations is a question that has not received
the attention it deserves, as these effects are likely present in real systems. Therefore,
we believe it is crucial to develop methods to study such systems. In the literature
of reaction-diffusion equations one separates several cases according to the behavior
of f near zero. An f which vanishes on [0, 0] for some 6 > 0 with f(u) > 0 for u > 0
is said to have a combustion nonlinearity with ignition temperature cutoff 0 (see,
for example [7]). Note that the discreteness of the particle models of the type we
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consider makes them essentially of the combustion type with an ignition temperature
of one particle.

In the second section of this article, we define the combustion process and state the
main result (Theorem 1). In Section 3, we define an auxiliary and a labelled process,
which will be needed to define the renewal structure leading to the regeneration times.
The labelled process can be understood as a combustion process where particles are
labelled so that if at a given site a particle has to be killed, it is the one with the
smallest label. The auxiliary process moves ballistically to the right and is coupled
to the labelled combustion process in such a way that it is always to the left of
the right-most visited site r;. In Section 4, these processes are used to define the
renewal structure, and the corresponding regeneration times. Then in Section 5, it is
proved that the regeneration times have finite moments of order 2, under appropriate
assumption on the threshold M. In Section 6 we complete the proof of Theorem 1.

2. COMBUSTION PROCESS

We define a stochastic process describing the dynamics of particles on the lattice
7Z which move as rate 2 continuous time simple symmetric random walks and branch
and are killed at rates depending on the configuration of neighboring particles. The
branching and killing depend on natural number parameters 2 < a < M. Each
particle performs a continuous time symmetric simple random walk independent of
the others, with two twists: There is a position r € Z which is the rightmost visited
site. When a particle jumps right from this site, it branches into a particles, with the
result that there are a particles at the new rightmost visited site, 7 4+ 1. In addition,
we allow at most M particles at any site, and maintain this requirement by killing
any particle that attempts to jump to a site with M particles.

The state of our system is

Q:={(r,n):reZmnei0,... MLr=triy

The infinitesimal generator is

Lftrm)= > @) (f(r,Teyn) — f(r,n))
r<r,y<r|z—y|=1
+n(r)(f(r+ 1,1 = 6r + ady+1) — f(r,m)). (1)
where J, denotes the configuration with one particle at « and
Toyn = 1 — 0z + 6y 1(n(y) < M). (2)
In the following we will assume that
8 < M < oc. (3)

We can now state the main results. Throughout the sequel we will use the notation
n(t,z) to denote the number of particles at time ¢ > 0 at site x in the stochastic
combustion process.
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Theorem 1. Suppose the process is started with initial conditions r = 0, n(0,0) €
{1,...,M} and n(0,z) € {0,..., M} arbitrary for x < 0.
(i) (Law of large numbers). There ezists v, 0 < v < 0o, which does not depend on
n, such that a.s.,
lim ./t = v. (4)
t—o0

(i) (Central limit theorem). There exists o, 0 < o < oo, which does not depend on
the initial condition {n(0,x) : x € Z}, such that

/2 (re—1y — € tot), t>0, (5)

converges in law as € — 0 to Brownian motion with variance 0 < 02 < 0.

To prove this theorem we will define a renewal structure for the right-most visited
site ry, in terms of regeneration times, and then will show that such times have finite
second moments.

3. AUXILIARY AND LABELLED PROCESSES

In this section, we will define an auxiliary process and a labelled process, both
coupled to the combustion process. The auxiliary process {7; : t > 0}, will take values
on 7Z and will have two fundamental properties: under certain initial conditions on
the combustion process such that 7y = rg, it will always be to the left of the right-
most visited site {r; : ¢ > 0} and its dynamics is independent of the particles to
the left of ¢ in the combustion process if the appropriate rule for killing is defined.
These properties will help us define the renewal structure for the right-most visited
site {ry : t > 0} of the combustion process and will give us easily a lower bound for
the limiting speed v of r;. This is the content of Lemma 4. The labelled process,
corresponds to a process with a state space larger than the combustion process, where
an explicit rule for killing is given: particles are labelled, and every time a particle
has to be killed, it is the one with the smallest label which is killed.

Let us first introduce some general notation. Define A := {1,2,...,a}, B:=Zx A
and consider a set of independent continuous time simple symmetric random walks
{Y,: (z,7) € B}, each one of total jump rate 1, and such that Y, ;(0) = z for each
i € A. We want to endow the set of indices B with the lexicographic order.

Consider a set of independent continuous time rate 2 simple symmetric random
walks Y; ;, with label (x,4), where € Z and ¢ € {1,...,a — 1}. Each random walk
Y, ; starts at site z for every i € {1,...,a — 1}. We order the labels by

(i) < («/,d') if z<2’ o ax=2 and i<i. (6)
3.1. Auxiliary process. Let r € Z and for each z € Z, define B, as the set of M
labels not exceeding (z,a — 1) in the order (6). Define A, , to be the labels in B,
with x > r.

We define a sequence of waiting times. Let 1y := 0 and define vy as the first
time one of the random walks {Y, ; : (2,7) € A, ,}, hits the site r + 1. Next, define
vp as the first time one of the random walks {Y,; : (2,7) € A, 41}, hits the site
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r + 2. In general, for k > 3, we define vy as the first time one of the random walks
{Y.i:(2,i) € Ay ryk—1}, visits the site 7 + k. Finally, for n € N, let

=1 +mn, if S _ovk <t < S v, (7)
where the superscript r in 7} indicates that 75 = 7.
Lemma 1. There exists an o > 0 which does not depend on r such that a.s.
tli)rglo Tyt = a. (8)

Proof. Once one notes that for every j > 0 the random variables {vy¢4; : k > 1} are
independent whenever ¢ > M /a, the proof is a simple exercise. O

3.2. Labeled process. We enlarge the state space of the stochastic combution pro-
cess so that particles carry labels which tell us where they originated.

We will want to keep track of where particles came from, even after restarting at
stopping times. Hence each particle will have a starting position z € Z and label
(x,1), x € Z,i € {1,...,a—1} describing its birthplace. We will allow the possibility
that z # x.

At time 0, we have an r € Z representing the rightmost visited site, and a subset
Z(0) of the labels (z,7) with < r, representing the set of labels of live particles
at time 0. To each one of these labels is assigned a position z = Z,;(0) < r
which is the position at time ¢ = 0 of that particle. The position at time ¢ is
Zgw;(t) = Yxﬂ'(t) +z—x.

To keep track of the killing in this process, we make a rule that whenever a particle
jumps to a site with M particles, the particle at that site with the smallest label is
killed and the corresponding label is removed from the set Z of labels of live particles.

When a particle jumps to site r + 1, the labels {(r +1,1),...,(r+1,a — 1)} with
corresponding to particles with initial positions r 4 1, are added to the set of labels
of live particles. The time this happens will be denoted p;. These particles then
have trajectories Z,41,(t) which is equal to Y,41;(t — p1) for t > p;.

Similarly, for k > 2, p1 + - - - + pr will be the first time a particle jumps to r + &
and at that time {(r + k,1),...,(r + k,a — 1)} are added to Z, with trajectories
Zriki(t) = Yogpi(t —p1 — -+ — pg) for t > p1 4+ -+ + pi, until such time as the
particles are killed and their label removed from the set of labels of live particles.

We denote by Z(t) the set of labels of live particles at time ¢ and by Z(t) =
{Z(2,1)(t) : (z,7) € Z(t)} the positions of the corresponding random walks.

To avoid pathologies it is useful to insist that initially the set of labels of live
particles includes at least one with x = r. The rightmost visited site r is the supre-
mum of the x over the collection of labels, r, = sup{z : (x,i) € Z(t)}. Let us
formalize the above discussion. Call L the triples (r,Z, Z) formed by an integer
r € Z, a set of labels Z C {(x,i) : * < r,1 < i < a — 1} and position function
Z:7—{...,r—2,r—1,r} taking values in the integers smaller than or equal to r.
We now define
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= 1,Z L: = 1 . <M
Si=((nT,2)CL: maxc r,rggg(z)éz 2@ (2) <
x,i

which will be the state space of our process.

The labeled process starting from w = (r,Z(0), Z(0)), is now defined as the triple
wy = {(r4,Z(t), Z(t)) : t > 0}, defining a strong Markov process taking values on S,
and with a law given by a probability measure P,, defined on the Skorohod space
D([0,00);S).

The combustion process described in section 1 is the particle count n(t) := {n(y,t) :
y <1t where n(y,t) = >, nez@ 1(Ze,i(t) = y). We will occasionally use the more
explicit notation notation 7,(t) and 7, (y,t) instead of n(t) and n(y,t) respectively,
with the understanding that 7,,(0) is the particle count of the initial condition w.

We already defined p; to be the first time that one of these particles hits r + 1.

Lemma 2. Suppose that (r,1),...,(r,a—1) € Z(0), all initially at r. Then p1 < 1.

Proof. The dynamics of the a particles which start at r is the same in the labeled
process as in the ones we look at in the auxiliary process. Indeed, these are the only
particles considered in the auxiliary process up to time v, while the labeled process
may have many others, each of which has a chance to be the first to hit r+1. O

Recall that pi + - - - + p1 is the first time one of the labeled particles in the labeled
process hits 4+ k. Note of course that the hitting could be done by one of the a new
particles created at r + ¢ at time p;, ¢ < k.

Lemma 3. Suppose that (r,1),...,(r,a—1) € Z(0), all initially at r. Then pj < vj.

Proof. Before giving a general proof, we describe the special case of M =a =k =2
where the idea is more transparent.

Case M = a = k = 2: Note first of all that if a = 2, we have i = 1 always
and hence we can drop the ¢ in the labels. The labeled process starts with one
particle with label r at r, possibly one other particle at site r, with a label smaller
than r, and other particles with labels smaller than r at arbitrary positions to the
left of r. At time p; we have one particle labeled r + 1 at r + 1, which, after that
time, has trajectory Z,4+1(t) = Y;4+1(t — p1), and another particle, labeled r at some
site x < r + 1, which, after that time, has trajectory Z.(t) = Y,.(t). Note that
neither particle can be killed before time p; + ps because they are the two with
the highest labels until that time. There could also be other particles with other
labels at positions x < r. Denote by 7,41 = inf{t > p1 : Z,41(t) = r + 2}, by
T, = inf{t > p1 : Z,(t) = r + 2} and by T,tpers the first time one of the others hits.
Then py = min{Tr—l—l, Tr, Tothers} —p1 < min{Tr—l-la 7_7"} — pP1-

On the other hand, vo = min{o,, 0,41} where o, = inf{t > 0: Y, (¢) = r +2} and
opy1 =nf{t > 0:Y,11(t) =r+2}. Now

Tr+1 = inf{t > P1: Zr+1(t) =r+ 2} = inf{t > P1: Y;n+1(t — pl) =r+ 2}
=inf{t >0:Y,11(t) =r+2}+ p1 = 0p11 + p1- (9)
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and
Te=if{t >p1: Z,(t) =r+2} =inf{t > p1 : Y, (t) =r + 2}
<inf{t>0:Y,.(t) =r+2}+p1 =0, + p1.

The result follows.

General case: Let us examine the configuration in the labeled process at time
p1+---+pr—1. It has a—1 particles at site r+k —1 with labels (r+k—1,1),...,(r+
k —1,a — 1) plus one additional particle with an unknown label, the one which hit
r+k — 1. An additional M — a + 1 particles (which might include the additional
particle of unknown label which hit r + k — 1) with the next highest labels after the
first @ — 1 have some unknown positions, and there may in addition be any number
of other particles in the configuration.. In the time interval [0, p; + - - - + pg_1] none
of the M — a + 1 particles has hit r + k. Their trajectories in the time interval
[p1+- +pe—1,p1+ - +pr] are Yo p 04 1)(t—p1+- -+ pr—2),.... The definition
of v, on the other hand, involves the particles with these M leading indices, but
without the time shift. Hence the first time that any of the first a — 1 particles
hits is identical to that of the auxiliary process, the first time that any of the next
M — a + 1 particles hits is greater in the auxiliary process, and one of the other
possible particles in the labeled process could be the one which hit first, making the
time shorter still. O

3.3. Enlarged process. We have seen that the labeled process is defined in terms
of a set of labels Z(t), for t > 0, with the property r; = sup{z : (z,7) € Z(t)} < oc.
Whenever a particle with a label in Z(¢) is killed, this label is removed. In the
enlarged process we keep track of the killed particles as well. Define for each t > 0,
the set of labels of all activated particles up to time ¢ in the labeled process,

Z(t) = Up<s<tZ(s).

Consider the set Z(t) = {Z,(t) : (x,i) € Z(t)} of all the corresponding random
walks at time ¢. The enlarged process is defined as the triple w, = {(r4, Z(t), Z(t)) :
t>0}.

Consider now the set of labels R(t), obtained after removing from Z(¢) all labels
(x,i) with < r =sup{y : ((y,7) € Z(0)}. We define for y < r; the particle count

(z,0)ER(Y)

Also let L£(t) be the set of labels obtained after removing from Z(¢) all labels (z, 1)
with positions x > r. We define for y < r; the particle count

(@) eL(t)

We similarly define £(t) as the set of labels obtained after removing from Z(t) all
labels (z,7) with positions z > r, and the corresponding particle count for y < r; as

y.t)= > UZuilt)=y). (12)

(x,0)EL(t)
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Lemma 4. (i) For every initial condition w € S and every t > 0 and x <1y

¢(z,t) < ¢(x,1). (13)
(i) For every w = (r,Z2(0),Z(0)) € S with labels (r,1),...,(r,a — 1) at site r and
corresponding initial positions Z,.;y(0) =r for 1 <i<a—1,
T <7 (14)
(iii) For every w = (r,Z(0), Z(0)) € S, the processes ¢ and 7\ are independent.
Proof. Part (i) follows directly from the definitions. Part (i) is a consequence of
Lemma 3. Part (iii) follows from the observation that ¢ and r; are defined in terms

of the random walks {Y;; : « < r} and {Y;; : * > r} respectively, which are
independent. U

4. THE RENEWAL STRUCTURE

Consider the enlarged process w; with its natural filtration F, with an initial
condition wy having particles with labels (r,1),...,(r,a — 1) at site r, and any
allowable configuration of particles with labels to the left of 7. Let a = limy_,oo 7/t
be as in (8) and choose any 0 < o/ < a. Define

U:=inf{t>0:7—r < |dt]}
where |z | denotes the greatest integer less than or equal to x.

Define V as the first time one of the particles initially to the left of » — 1 hits
{z : > |dt] +r},

Vi=inf{t >0: sup ¢y, (z,t) > 0}.
> [/ t]+r

U and V are stopping times with respect to {F; : t > 0}. Let
D := min{U,V}. (15)
For each y € 7Z, let
T, :=inf{t >0: 7 >y}
denote the hitting time of y by the rightmost visited site in the labeled process w;.
We will also need the first time U and V happen after time s > 0,

Uofs:=inf{t >0:7° —rs < [at]|}, (16)
Voly:=inf{t>0: sup ¢y,(z,t) >0}, a7
x>/ t]+rs

and D o6, := min{U o 5,V o 6,}.
~ Choose an integer L := M and define sequences {Sy : k > 0} and {Dj, : k > 1} of
Fy-stopping times as follows. Start with Sy = 0 and Ry = r. Then define

S1 = TR0+L Di:=Do 951 + 51, Ry = Dy,
and, for k > 1,

Sk+1:=Try+r  Diy1:= Dol + Skt1, Ryy1:=rp, -
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Note that these times are not necessarily finite and we make the convention that
Too = 00. Similarly, we define Uy, := U o g, + Sy and Vj, :=V o 0g, + Sj for k > 1.
Let
K :=inf{k > 1: Sy < 00, D}, = o0},
and define the regeneration time,
Kk:= Sgk. (18)

Note that x is not a stopping time with respect to F;.

Denote by G the information up to time x, defined as the completion with respect

to P, of the smallest o-algebra containing all sets of the form {x <t} N A, A € F,.
In section 5, we will show that E,[s%] < oo and hence, in particular

Pylk < oo] =1. (19)

Proposition 1. Let A be a Borel subset of D([0,00);2). Then,
Por o Clit) € A | O] = Pagyln(-) € A | U = o0,
where adg denotes a configuration with a particles at 0 and none anywhere else.
Proof. We have to show that for any B € G,
Pu[B, {7 ((r + ) € A}] = Py[B] Pugy[n(-) € A [ U = 9. (20)
Now, using (19),
Pu[B, {7 ((r+) € A} = Py[{x < oo}, B, {7 .((k+ ) € A}]

= pr [{Sk < OO7D]<J = 00}7377-—7“,4((’%—’_ ) € A]
k=1

= ZZPw[rSk =x,Sk < 00, Dy = 00, B, 7_((Sk + ) € A]. (21)
k=1z€Z

From the definition of G there is an event Bj, € ]:“gk such that B, = B on k = .5}.
Therefore, we can continue developing (21) to obtain,

= ZZ]P)U) [TS;C ::1:7Sk<007Dk:OO7Bk7T—CCC(Sk+‘) eA]
k=0 z€Z

= ZE’W [1rsk=z,5k<oo,Bk]P)w [Dk = OO,T—:CC(Sk + ) €A | ﬁsk]] )
k,x

where E,, is the expectation defined by P,,. But on the events S}, < oo and rg, = =,
we have by parts (i) and (i7) of Lemma 4, that

Cu(Sk + ) = 7as,, (*) (22)
when U, = Vj, = 0o, and that Nads, (+) is independent of the configuration of particles
to the left of z. Indeed, part (i) of Lemma 4, and the event V}, = oo, imply that the

particles with initial positions z to the left of z, never hit the line |a/t| + . And
part (i7) of Lemma 4, and the event Uy = oo, imply that the front r; is always to



STOCHASTIC COMBUSTION MODEL 10

the right of the same line. Hence, there is no effect of the particles initially to the
left of = on the front r;, so that (,(Sk + ) = 7Mus, (-). Then, (22) combined with
the independence of Uy and Vj, given Fg, by part (iii) of Lemma 4, the translation
invariance, and the strong Markov property imply that on the events S < co and
s, =,

Py [Up = 00, Vi, = 00, 7_2((Sk + ) € A | Fg,]
Py (U = 00, 7a7as, (-) € A | Fisi ] Pu [Vi = 00 | Fg, ]
= Pus,[U = 00,n(+) € A]Py[Vk = o0 | Fs,].
Summarizing, we have,
Pylk < 00] Py[B, 7y C(k+ ) € A]
= Pus, [U = 00, n(:) € A] ZIP’UJ[Vk = 00,75, =T, S < 00, B]. (23)
kx

Letting A = (2 gives

Pylk < 00]|Py[B] = Pgs, [U = 0] ZPw[Vk = o00,rg, =, S, < 00, B]. (24)
k,x

(23) and (24) together imply (20). O
Now define k1 < kg < --- by k1 := Kk and forn > 1
Fnt1 = Kn + K(Wg, +.). (25)

where k(wy, +.) is the regeneration time starting from wy, 1. and we set k,41 = 00
on k, = oo for n > 1. We will call k1 the first regeneration time and k, the n-th
regeneration time.

For each n > 1 the o-algebra, G, will be the completion with respect to PP, of the
smallest o-algebra containing all sets of the form {x; < 1} N---N{k, < t,} N A,
Ace ftn- Clearly G =6.

Lemma 5. {U = o} € G;.

Proof. Note that {k; = oo} is a null event for P,, and hence, since G is complete, it
is enough to show that {U < oo} N{k1 < o0} € G;.

For notational convenience, we write 7#* instead of 7 % Note that whenever
U < 00, S < o0 and 7y > rg, happen, for some k& > 1, then necessarily x1 > S.
Indeed, from the observation that 7s, 4. = 7¥, we see that if the events U < oo,
Sy < oo and 7y > rg, happen, then we must have that U, < oo, and hence D, <
0o0. By summing over the intersection with {k; = Sk} we see that it follows that
{U < oo} N{k1 <oo}N{ry >re }=0. So

{U < oo} nN{r1 < oo} ={fy <1, } N{K1 < oo} (26)

Since 7y < ry implies that U < oo, it follows that {7y > r., } N {Fy <} N{k1 <t}
is empty. Hence {7y <r} N{k1 <t} ={fv <r, 0 {fv <} n{r <t} ={rv <
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7w, } N {k1 < t}. Thus

{fr < re} N {r1 < 00} = | J{Fv < ra}n{kr <n}. (27)

n=1

The result then follows from the fact that {fyy < r;} € F; for each t > 0 which is a
direct consequence of the construction of the processes. g

Proposition 2. Let A be a Borel subset of D([0,00); Q). Then,
Po[T—r, C(tn + ) € A | Gn] = Page[n(-) € A | U = o0].
Proof. Let 1 : D][0,00):S) — D[[0,00);S) be the map given by,
P(w)() = T, W(k1(0()) + ). (28)

Then note that, Gy is generated by G; and ¢~! (Gy), and that the o-algebras G;
and 1 ~!(Gx) are independent. The proof of this theorem now follows from the above
observations, induction on n € Z* using Proposition 1, and Lemma 5. g

Proposition 3. Let w € S. (i) Under Py, k1,k2 — K1,K3 — K2, ... are independent,
and Ko — K1,Kk3 — Ko, ... are identically distributed with law identical to that of r1
under Pgs,[-|U = oo]. (i) Under Pu, T.any» T(ki+-)Aks = Tr1s T(kat-)Akg — Ty - - GT€
independent, and 1 (., Yk, — Tr1s T(ko+-)Aks — Thas - - - aT€ identically distributed with
law identical to that of v, under Pus,[|U = o0] .

Proof. This follows directly from Proposition 2. ([l

5. EXPECTATIONS AND VARIANCES OF THE REGENERATION TIMES

5.1. Estimates for the auxiliary process. In this subsection we obtain some
estimates for the auxiliary process. The process will always start from ady and we
denote the corresponding measure on the trajectories of the auxiliary process by P,
and expectations by F.

Lemma 6. For 1 < p < M/2 and j > M, there exists a constant C = C(p) < oo
such that

Bl < C. (29)

Proof. For j > M the auxiliary process has its full complement of M particles
attempting to hit j + 1. v; is then the minimum of v1,...,7v) which are the hitting
times of 1 of M random walks starting in {—M/a < = < 0}. Standard estimates
for random walks give Ply; > t] < Ct~'/2 for some C' < oco. Hence Plv; > ] <
CM=M/2, O

Lemma 7. For 1 < p < M/2, there exists a constant C = C(p) < oo such that for
all initial conditions w, and all t > 0

Pt <U < o0] <Ct=?/2), (30)
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Proof. By translation invariance we can assume r = 0. Let ¢; be such that [o/t;] =
M. Then, when t > t1, we have that

Pit<U <o <P} > MUgy {7 < |o's]}]. (31)
But, if 7V < |o/s] for s > ¢, then E]LillsJ vj > s, which in turn implies that,
%E?:l v; > L for some n > [ot]. Similarly, 7 > M, implies that Z]Ail v <

(M +1)/a’. Therefore, whenever |/t| > M + 1, we have
Plt<U<oo] < PSM vy < L U o {2 501w = &}

P [U?:La/tj {% SV = v (- %)}] : (32)

Now remark that for j > M, the random variables v; are identically distributed and

have finite moments of order p < M/2 by Lemma 6. Each has expected value 1/a.

Define v; = v;—1/a. Choose t; as any real number such that § = % —L_ Myl

a  |at2]
Then, whenever ¢ > to, if N = |o/t], we have that,
Pt <U < o0] < P[supHZN%Z?:MH’YjZﬂ}. (33)

Recall that for each 0 <i < ¢, { = |M/a]+ 1, the random variables {vgsy; : k> 1}
are independent. Observe from (33) that, if 8’ = Ba/M,

Pit<U<od € Y5 P[swPon 2 Siarngorenis 28] (39

Suppose X1, Xs, ... are independent and identically distributed random variables
with mean 0. By Kolmogorov’s inequality,

Plsup,sy = 3201 X > €] <3252 P [supgr ycp<oitiy ﬁ S X > €]

< X (2N PE| X2 N Xifr) (35)

IA

Now, for p > 2, if E[|X;|!] < oo then E[| 20 N X;P] < C(2FIN)P/2 for some
C < oo (see item 16, page 60 of [11]), and hence for another C' < oo,

Plsup,,s v % Yo X > < Ce PN—P/2, (36)
Applying (36) to (34), by Lemma 6 we obtain (30). O
5.2. Estimates for the enlarged process. We start with a few standard estimates

for hitting times of random walks.

Lemma 8. Let {X; :t > 0} be a continuous time simple symmetric random walk on
Z, of total jump rate 2, starting from x < —1, ¢ > 0, and

T:=1inf{t > 0: X; > |ct]}. (37)
Then

Plr = oo] > {1—exp{<1+m>0c} r< -2
—|exp{—2/c}(l —exp{—bc}) z=-1
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where 0. > 0 is the nonzero solution of cf — 2(coshf — 1) = 0, and there exist
0 < C,0" < oo such that

Pt <7< o0 < exp{—c*t}(exp{—ec\xy/z} + exp{—tl(|a:|/(2t))}), (38)

where I(u) = 2+ usinh ™ (u/2) — V4 + u? is the rate function for a random walk.
Proof. For 0 € R, exp{0X;—2(cosh §—1)t} is a martingale. By the optional stopping

time theorem,
Elexp{0X nn — 2(cosh @ — 1)7 A n}] = exp{Oz}. (39)
Now, X:an < [er An], hence X pn —2(cosh @ — 1)7 An < (¢ —2(cosh § — 1)) An.
It follows that if # > 6., we can apply the bounded convergence theorem in equality
(39) taking the limit when n — oo, to conclude that,
E[1(r < o0) exp{0X; — 2(cosh 6§ — 1)7}] = exp{0z}. (40)

When 7 < oo, we have X; = |cr| and therefore 6X,; — 2(coshf — 1)7 > (cf —
2(cosh@ — 1))7 — 6. Letting 6 | 0. in (40) and applying the bounded convergence
theorem, we obtain,

Plr < oo] < exp{(1+x)0.}.

To get the bound for x = —1, note that the probability that the random walk does
not move before time ¢t = 1/c is exp{—2/c}. Then use the Markov property and the
result for x = —2.

To prove (38):

Plt <7< o0] <P[X;>B]+ Pt <7< 00,X; <B] (41)
Now
P[X; > B] < exp{—tI((B + |z[)/1)}

and by the strong Markov property and translation invariance,

Plt <7 <00,Xy <B] < P_(|)-p)[T < 00] <exp{—(lct] — B—1)f.}.
Choosing B = (|ct| +x)/2, on the above inequalities, and using the convexity of the
rate function I, gives (38). O
Lemma 9. For each o/ < «, there exists C < oo such that for t > 1, and all w € S,

Pyt <V < 0] < Cexp{—Ct}. (42)

Proof. Note that in the worst case in which there are M random walks at each site
to the left of the origin, we get the bound,

— 0o
Pult <V <oo] <M Y Pt <7< o,
r=—1
where 7 is defined in display (37). On the other hand, it is true that
S e IR/ ) < (n 4 1) 3502 je T This estimate, the previous inequality
and inequality (38) of Lemma 8 give us the result. O
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From Lemmas 7 and 9 we have
Corollary 1. For each 0 < p < M/2 there is a C < oo depending only on p, M and
o such that for all initial conditions w,
Py [t < D < o0o] < Ct7P/2,
Lemma 10. There is a 61 > 0 such that,
Py, [V <o0] <1—94;.
Proof. Without loss of generality, r = 0. Now, take the worst case scenario where w
has M particles at each site x < —1. By Lemma 8§,
PV = o0] > e 2M/ (1 — e~ 0e)MII2e (1 — e )M = 5, > 0.
O
Lemma 11. Suppose that M > 4. There is a 6o > 0 such that for all initial
conditions w with at least a — 1 particles at the rightmost visited site r
Py, [U < o0] <1 — 6.
Proof. We can also assume that r = 0. To estimate P,,[U = oo] below, note that
k

Pu[U = oo] = PM;Z, {35 vj < k/d}]. (43)
Let n € Nand 0 < € < 1/(2¢/) and define G to be the event that each random
walk Y(, ;) with 0 < x < n, moves M + 1 steps to the right before time e. When G
happens, v, < 1/(2¢/) and hence Z§:1 v; < k/(2d') for all k < n+ |M/a] :=n.
Note that G N ﬁzozl{z;?zl vj <k/a'} D GN H where

H = {E?znlﬂ vi < kj/a' — n’e} (44)
Furthermore, G and H are independent so P,[U = o] > P[G]P[H]. Now

oo

k
P[H < Z P Z v; > kj/a' —n'e

k=n'4+1  j=n'4+1
and letting v; = v; — E[v;] = v; — 1/a, for 2 <p < M/2, with :=1/a/ =1/ >0

P[5 vi = k/o) —n'd < B[(f_ 00 )P) (kB —n'e) P
< CkPI2(kB —n'e)~P, (45)
where in the last inequality we used the same estimates explained between displays
(35) and (36). Taking ¢ = 3/(2n/) gives k?/?(k —n'e¢)™ < C'k~P/2. Hence P[H] <
C’E,;“;nurl k~P/2 50 as long as p > 2 (which is possible since M > 4) we obtain that

P[H®] < 1— 6y < 1 for sufficiently large n. Choose such an n < oo, and note that
for this n, P[G] > 03 > 0 as well. O

Lemma 12. Suppose that M > 4. There is a § > 0 such that for all initial conditions
w with at least a — 1 particles at the rightmost visited site r

Py [D < o0 <1-46. (46)
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Proof. Since U and V are independent by part (i7i) of Lemma 4, P, [D < oo| =
1= Pu[U = 0]Py,[V = ).
]

Lemma 13. There is a C' < 0o such that for every initial condition w with r = 0,
and any M' > M,
Py [re > M't] < Cexp{-Ct}. (47)

Proof. Note that r; is a process on Z, increasing by one whenever a particle jumps
to the right from r. Since there at most M particles there, the maximum jump rate
is M. The Lemma then follows from standard estimates on Poisson processes. [

Lemma 14. For each p < M/2 there is a C < oo such that
Pos, [k1 > t|{U = o0] < Ct7P/2, (48)
Proof. Let us first write,
Pasy [51 > t|U = 00] = > Pus, [ Sk > t, K = k| U = oq].
k=1

Applying recursively the strong Markov property to the stopping times {S; : j > 1}
we see that for every k& > 1,

Pus, [Sk > t, K = k| U = 00] < (1 — )1,
where & > 0 is given by Lemma 12. For any ¢ > 0 we therefore have,
Pas, [K1 >t U = 00] < 34 Pasy [t < S < 00| U = o0] + 6711 — §)¢.  (49)
Let 1 > v > 0 and consider the event
A, ={rp, —rs, <t',rp, =15, <t7,...,rp,_, —7rs,_, <t}

On Ay, we have rg, < k(L +1¢7). Since 7y < ry, if U = oo, then r, > |a/t] for all
t > 0. Therefore, on Ay N {U = oo},

&/ S| < k(L +1t7). (50)
Hence for t > (¢(L+1t7)+1)/a/ and k < ¢,
Pus, [t < Sk < 00, Ag| U = 00] =0
and therefore
Pasy [t < Sk < 00| U = 00] < Py, [AS,, Sk < 00| U = o0]. (51)

By Lemma 11, since Py5,[U = o0] > d2 > 0. So for some C' < oo, the right hand side
of (51) is bounded above by

¢ Zf:_f Pas, [rD; — 15, > 17, Sk < 0] . (52)
Now let M’ > M and
Paso [rD; — 75, > 17, S, < 00| =Pys,[rp, — 15, > 17,8 < 00, Dj — S; <7 /M’
+Pusy [rp; — 15, > 17, Sy, < 00, Dj — S; > 7 /M’
< Pus,y [Tsiﬂv/M/ —Ts; = t”] + Pus, /M’ < D; — S; < 0. (53)
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Note that in the last equation we used the fact that S, < oo implies that D; —.5; < oo
for ¢ < k. By the strong Markov property and Lemma 13,

Pas, [T’Si+tv/M' —rs, = t”] < Cexp—-Ct".
By the strong Markov property and Corollary 1, for each p < M /2,
Pas, [t7/M' < D; — S; < 00] < Ct™7P/2,

Choosing ¢ = C'logt with C = p(2log(1 — §)~1)~! from (49) and the previous
estimates we obtain (48). O

Corollary 2. Let k1 be the first regeneration time of the stochastic combustion pro-
cess.

a) For M >4, E,s5, [rk1|U = 00| < 00, and Eys, [r, | U = 00] < 0.
b) For M > 8, B, [K3|U = 00| < 00, and Eqq, [12,|U = 0] < 0.

Proof. The statements for x; follow from Lemma 14, and those for 7, from Lemmas
13 and 14. ]

6. LIMIT THEOREMS

In this section we use the renewal structure to prove Theorem 1, the law of large
numbers and the central limit theorem for r;. The argument for the law of large
numbers follows that of Sznitman and Zerner in [18], developed in the context of
multi-dimensional transient random walks in random environments. The argument
for the central limit theorem is from [17].

6.1. Law of Large Numbers. We consider the stochastic combustion process
started with an initial condition r = 0, n(0,0) € {1,...,M} and 7(0,z) €
{0,...,M}. We will prove that a.s.

. Eas [rn |U = OO]
lim — =v:= 2" . 54
oot Eus,[k1|U = 0] (54)
Let us first note that by Proposition 3, we have a.s.,
lim ™ = Egs[61]U = 00], and  lim 5% = Eug [re, [U = 00].  (55)

n—oo N n—oo N

For t > 0, define n; := sup{n > 0 : k, < t}, with the convention that xy = 0. Note
that (55) ensures that n; < oo a.s. and by definition we also have, r,, <t < fn, 41,
and lim; o Ky, = 00. It follows from this inequality and the limit (55) that, a.s.,
im0 ¢/t = 1/Ey5,[k1|U = o0] and hence almost surely,

tlim Trin, [t = tlim (Tin, /Eng ) (Kin /1) = v, (56)
Now
TE— Th, C Thpa — Thn
Jim % < lim Lt g, (57)

from (56). This proves the law of large numbers.



STOCHASTIC COMBUSTION MODEL 17

6.2. Central limit theorem. Starting with the same initial conditions we consider
B = /2 (r€71t — e_lvt) ) t >0,
Define
Rj Z:T,{jJrl—T’Kj—( j+1—/€j)'v, jZO,
and denote for m > 0 the partial sums X, := Z;n:l R;.
Forany 0 <t <7T < o0,

1Bf — €25, | <262 sup  (ran.y —Ten) 202 sup (Kpa1 — k).
/ 0<n<n 0<n<n
Snsny-1p Snsn|—1g

For every u > 0 we have, by Proposition 3

IEDa60 [Supogngnk,lﬂ 61/2("4%4-1 - /@n) > u]

< Pusy[r1 > €V 2u) + u2e(te™ + 1)Bog, [631(k1 > € /2u)|U = ],
which by part (b) of Corollary 2, a.s. converges to 0 as ¢ — 0. Hence, in probability

sup €Y% (kpyy — kn) — 0. (58)
OSnSnLS,lTJ
and similarly

1/2
sup €/ (Phngr — Trn) — 0.
Ogngnte,lﬂ

€ 1/2
Hence, Bf — ¢!/ Y4,

t. From Donsker’s invariance principle, we know that /eX. /e converges in law to

converges to 0 in probability, uniformly on compact sets of

a Brownian motion with variance Eg,[(rs, — k1v)?|U = o0], where X, s > 0, now
stands for the linear interpolation of X,,,m > 0. From the previous proof we have
limy o0 1t /t = 1/Eqg,[k1|U = 0. Since € 'k, 1 is increasing in ¢, the convergence
is uniform on compact sets of ¢. This, together with the convergence in law of ¢!/25. Je
1y is
tight in the Skorohod topology, and that its finite dimensional distributions converge
to the finite dimensional distribution of a Brownian motion with variance,

to a Brownian motion with variance E,,[(rx, — #1v)?], implies that 61/22143[6

2 = Ea% [(Tﬁl B K/lv)z‘U = OO] . (59)
Eas, [61|U = 0]

6.3. Non-degeneracy of the variance. It suffices to prove that, for some o/ <
g <,
Poso[rey = L, LB < k1 | U = 0] > 0.

Now,
Puso[rey = L, LB < k1, U = 00] > Pos, [LB™ < Sy < U, Do fg, =)
The right hand side we can write as

Easo [L(LB™ < 81 < U)Bas, [1(V 005, = 00)1(U 0 g, = o0) | Fs,]]
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Given Fg,, V ofg, and U o fg, are independent, so

Eqsy[1(V 08, = 00)L(U 0 g, = 00) | Fg,]|
= Pa50 [V o 031 =00 ’ fsl]]]P)a(So [U o 651 =00 ’ ‘7:51]]‘ (60)

But since by Lemmas 10 and 11 we have Pys,[U 0 05, = 00 | Fg,]] = Pas, [U = o0] >
92 > 0 and Pys,[V 00, = 00 | Fg,]] > 91 > 0 we have,

Pa50 [Lﬁ_l < Sl < U7D © 951 = OO] > 5152Pa50 [Lﬁ_l < Sl < U]

But it is easy to check that P,s,[L3~! < S < U] > 0. In fact, it is enough to lower
bound this probability by the probability that one of the random walks at site 0
moves to site L in a time ¢ such that L3~ < ¢t < L(a’)~!, and then stays at site L
between time ¢ and time L(a/)~!, while all other random walks between sites 0 and
L do not move at all during the time interval [0, L(a/) 1.
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