VELOCITY ESTIMATES FOR SYMMETRIC RANDOM WALKS AT LOW
BALLISTIC DISORDER

CLEMENT LAURENT, ALEJANDRO F. RAMIREZ, CHRISTOPHE SABOT AND SANTIAGO SAGLIETTI

ABsTRACT. We derive asymptotic estimates for the velocity of random walks in random environ-
ments which are perturbations of the simple symmetric random walk but have a small local drift
in a given direction. Our estimates complement previous results presented by Sznitman in [Sz03]
and are in the spirit of expansions obtained by Sabot in [Sa04].

1. INTRODUCTION AND MAIN RESULTS

The mathematical derivation of explicit formulas for fundamental quantities of the model of
random walk in a random environment is a challenging problem. For quantities like the velocity, the
variance or the invariant measure of the environment seen from the random walk, few results exist
(see for example the review [ST16] for the case of Dirichlet environments, [DR14] for one-dimensional
computations and also [Sa04, CR16] for multidimensional expansions). In [Sa04], Sabot derived an
asymptotic expansion for the velocity of the random walk at low disorder under the condition that
the local drift of the perturbed random walk is linear in the perturbation parameter. As a corollary
one can deduce that, in the case of perturbations of the simple symmetric random walk, the velocity
is equal to the local drift with an error which is cubic in the perturbation parameter. In this article
we explore up to which extent this expansion can be generalized to perturbations which are not
necessarily linear in the perturbation parameter and we exhibit connections with previous results
of Sznitman about ballistic behavior [Sz03].

Fix an integer d > 2 and for x = (1, ...,24) € Z% let || := |z1| + - - - + |24| denote its I'-norm.
Let V := {z € Z? : |z|; = 1} be the set of canonical vectors in Z¢ and P denote the set of all
probability vectors g = (p(e))ecy on V, i.e. such that p(e) > O forall e € V and also ) .y p(e) = 1.

Furthermore, let us consider the product space 2 := PZ! endowed with its Borel o-algebra B(2).
We call any w = (w(z)),ez¢ € Q an environment. Notice that, for each x € Z%, w(z) is a probability
vector on V, whose components we will denote by w(z,e) for e € V, ie. w(z) = (w(z,€))eev.
The random walk in the environment w starting from z € Z¢ is then defined as the Markov chain
(Xn)nen, with state space Z? which starts from 2 and is given by the transition probabilities

Px,w(Xn—‘rl =y+ ean = y) = w(y’ 6)7

for all y € Z% and e € V. We will denote its law by P, .. We assume throughout that the space of
environments ) is endowed with a probability measure P, called the environmental law. We will call
P, ., the quenched law of the random walk, and also refer to the semi-direct product P, := P ® P, ,
defined on Q x ZN as the averaged or annealed law of the random walk. In general, we will call
the sequence (X,,)nen, under the annealed law a random walk in a random environment (RWRE)
with environmental law P. Throughout the sequel, we will always assume that the random vectors
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(w(2))peza are iid. under P. Furthermore, we shall also assume that P is uniformly elliptic, i.e.
that there exits a constant x > 0 such that for all € Z¢ and e € V one has

Plw(z,e) > k) = 1.
Given | € S%~1, we will say that our random walk (Xn)nen, is transient in direction [ if
lim X, -l=40c0 PFPy—a.s.,
n—oo
and say that it is ballistic in direction [ if it satisfies the stronger condition

lim inf >0 Py —a.s.

n—o00 n
Any random walk which is ballistic with respect to some direction [ satisfies a law of large numbers
(see [DR14] for a proof of this fact), i.e. there exists a deterministic vector 7 € R% with -1 > 0

such that X
lim —2 =47 Py —a.s..
n—4+oco N
This vector ¥ is known as the wvelocity of the random walk.

Throughout the following we will fix a certain direction, say e; := (1,0,...,0) € S¢~! for example,
and study transience/ballisticity only in this fixed direction. Thus, whenever we speak of transience
or ballisticity of the RWRE it will be understood that it is with respect to this given direction e;.
However, we point out that all of our results can be adapted and still hold for any other direction.

For our main results, we will consider environmental laws P which are small perturbations of the
simple symmetric random walk. More precisely, we will work with environmental laws P supported

on the subset Q. C Q for € > 0 sufficiently small, where

1
Qe::{weﬁ:w(x,e)—w S;leorallmezdandeGV}. (1)
Notice that if P is supported on €. for some € < 1 then it is uniformly elliptic with constant
1
=—. 2
T ud @)

Since we wish to focus on RWRESs for which there is ballisticity in direction ey, it will be necessary
to impose some further conditions on the environmental law P. Indeed, if for each z € Z% we define
the local drift of the RWRE at site x as the random vector

d(z) := Zw(x,e)e
eeV

then, in order for the walk to be ballistic in direction e, one could expect that it is enough to have
A :=E(d(0)) - e > 0, where E here denotes the expectation with respect to the law P (notice that
all local drift vectors (d(z)),cza are iid. so that it suffices to consider only the local drift at 0).
However, as shown in [BSZ03|, there are examples of environments for which there exists a direction
in which the expectation of the local drift is positive but the velocity of the corresponding RWRE is
negative. Therefore, we will need to impose stronger conditions on the local drift to have ballisticity,
specifying exactly how small we allow A to be. In the sequel, we will consider two different conditions,
the first of which is quadratic local drift condition.

Quadratic local drift condition (QLD). Given € € (0, 1), we say that the environmental law P
satisfies the quadratic local drift condition (QLD), if P(€2) = 1 and, furthermore,

A :=E(d(0)) - e1 > €2
Our second condition, the local drift condition, is weaker for dimensions d > 3.

Local drift condition (LD). Given 7, ¢ € (0,1), we say that an environmental law P satisfies the
local drift condition (LD),, . if P(€2¢) = 1 and, furthermore,
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A= E(d(0)) - e > @, (3)
where
if d=2
a(d) =25 ifd=3 (4)
if d > 4.

Observe that for d = 2 and any € € (0,1) condition (LD),  implies (QLD), for all n € (0,1),
whereas if d > 3 and 7 € (0, 3) it is the other way round, (QLD). implies (LD),. It is known that
for every n € (0,1) there exists ¢g = €(d,n) > 0 such that any RWRE with an environmental law P
satisfying (LD),, . for some € € (0, €g) is ballistic. Indeed, for d > 3 this was proved by Sznitman in
[Sz03] whereas the case d = 2 was shown in [R16] (and is also a consequence of Theorem 2 below).
Therefore, any RWRE with an environmental law P which satisfies (LD), . for e sufficiently small

is such that Py-a.s. the limit
" Xn

v:= lim —
n—oo n

exists and is different from 0. Our first result is then the following.

Theorem 1. Given anyn € (0,1) and & € (0,7) there exists some ey = €o(d,n,d) € (0,1) such that,
for every € € (0,€q) and any environmental law satisfying (LD)y.c, the associated RWRE is ballistic
with a velocity U which verifies

0<T e1 <A+ coer @0 (5)
for some constant co = co(d,n,8) > 0. We abbreviate (5) by writing 0 < ¥-e1 < A+ Ogp 5(eXD70).

Our second result is concerned with RWRESs with an environmental law satisfying (QLD).

Theorem 2. There exists g € (0,1) depending only on the dimension d such that for all € € (0, €p)
and any environmental law satisfying (QLD)., the associated RWRE is ballistic with a velocity ¢

which verifies
2

. €
|U-e1 — Al < vk
Combining both results we immediately obtain the following corollary.

Corollary 3. Given § € (0,1) there exists some ey = €o(d,d) € (0,1) such that, for all € € (0, ¢g)
and any environmental law satisfying (QLD)., the associated RWRE is ballistic with a velocity v
which verifies

< Ter <A+ Ogs(e* D70,

LW

A\ —

Observe that for dimension d = 2 all the information given by Theorem 1 and Corollary 3 is
already contained in Theorem 2, whereas this is not so for dimensions d > 3. To understand better
the meaning of our results, let us give some background. First, for € Z% and e € V let us rewrite
our weights w(z, e) as

1
w(z,e) = 2T e&e(z,e), (6)

where

€

E(z,e) == E (w(az,e) — 21d> .

Notice that if P(Q¢) = 1 then P-almost surely we have | (z,e)| < Z; for all 2 € Z% and e € V.
In [Sa04], Sabot considers a fixed environment pg € € together with an i.i.d. sequence of bounded
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random vectors & = (§()),eze C [—1,1]V where each &(z) = (£(z, €))ecy satisties Y oy &(z,e) = 0.
Then, he defines for each € > 0 the random environment w on any = € Z% and e € V as

w(x,e) :=poe) + e&(x,e).

In the notation of (6), this corresponds to choosing py(e) = ﬁ and & (z, e) := &(z, e) not depending
on €. Under the assumption that the local drift associated to this RWRE does not vanish, it satisfies
Kalikow’s condition [K81] and thus it has a non-zero velocity ¢. Sabot then proves that this velocity
satisfies the following expansion: for any small 6 > 0 there exists some ¢y = €y(d,d) > 0 such that
for any € € (0, €y) one has that

T =do+ edy + ¥dy + Oy s (6375> ; (7)
where
do = Z}?o(e)e, 1= ZEK(O’ e)]€7
ecV ecV
and
CZQ = Z <Z Ce,e’Je’> €,
ecV \e'eV

with

Ceer := Cov(£(0,€),£(0,€")) and Je = gpo(€,0) — g, (0,0).
Here g, (x, y) denotes the Green’s function of a random walk with jump kernel pg. It turns out that
for the particular case in which pg is the jump kernel of a simple symmetric random walk (which is

the choice we make in this article), we have that JE) = 0 and also d_é = 0. In particular, for this case
we have A = ed; - e = O(e) and

Toe1 = A+ Ogs (63—5) . 8)

Even though this expansion was only shown valid in the regime A = O(e), from it one can guess that,
at least at a formal level, the random walk should be ballistic whenever A > €3~ for any 7 > 4.
This was established previously by Sznitman from [Sz03] for dimensions d > 4, but remains open
for dimensions d = 2 and d = 3. In this context, our results show that under the drift condition
(LD), which is always weaker than the A = O(e€) assumption in [Sa04|, for d = 2 the random walk
is indeed ballistic and the expansion (8) is still valid up to the second order (Theorem 2), whereas
for d > 3 we show that at least an upper estimate compatible with the right-hand side of (8) holds
for the velocity (Theorem 1).

The proof of Theorem 1 is rather different from the proof of the velocity expansion (7) of [Sa04],
and is based on a mixture of renormalization methods together with Green’s functions estimates,
inspired in methods presented in [Sz03, BDR14]|. As a first step, one shows that the averaged velocity
of the random walk at distances of order e~* is precisely equal to the average of the local drift with
an error of order €@ =9 To do this, essentially we show that a right approximation for the behavior
of the random walk at distances e~! is that of a simple symmetric random walk, so that one has
to find a good estimate for the probability to move to the left or to the right of a rescaled random
walk moving on a grid of size e~ !. This last estimate is obtained through a careful approximation
of the Green’s function of the random walk, which involves comparing it with its average by using
a martingale method. This is a crucial step which explains the fact that one loses precision in the
error of the velocity in dimensions d = 2 and d = 3 compared with d > 4. As a final result of
these computations, we obtain that the polynomial condition of [BDR14] holds. In the second step,
we use a renormalization method to derive the upper bound for the velocity, using the polynomial
condition proved in the first step as a seed estimate. The proof of Theorem 2 is somewhat simpler,
and is based on a generalization of Kalikow’s formula proved in [Sa04] and a careful application of
Kalikow’s criteria for ballisticity.
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The article is organized as follows. In Section 2 we introduce the general notation and establish
some preliminary facts about the RWRE model, including some useful Green’s function estimates.
In Section 3, we prove Theorem 2. In Section 4, we obtain the velocity estimates for distances of
order ¢4 which is the first step in the proof of Theorem 1. Finally, in Section 5 we finish the proof
of Theorem 1 through the renormalization argument described above.

2. PRELIMINARIES

In this section we introduce the general notation to be used throughout the article and also review
some basic facts about RWREs which we shall need later.

2.1. General notation. Given any subset A C Z% we define its (outer) boundary as
OA:={reZl—A:|x—y|=1for somey e A}.
Also, we define the first exit time of the random walk from A as
Ty :=inf{n >0: X, ¢ A}
In the particular case in which A = {b} x Z~! for some b € Z, we will write T} instead of T, i.e.
Ty :=inf{n >0: X, -e; = b}.

Throughout the rest of this paper ¢ > 0 will be treated as a fixed variable. Also, we will denote
generic constants by ¢y, co,. ... However, whenever we wish to highlight the dependence of any of
these constants on the dimension d or on 1, we will write for example ¢1(d) or ¢1(n, d) instead of ¢;.
Furthermore, for the sequel we will fix a constant 6 € (0,1) to be determined later and define

L:=2[f ! 9)
where [-] denotes the (lower) integer part and also
N := I3, (10)

which will be used as length quantifiers. In the sequel we will often work with slabs and boxes in Z¢,
which we introduce now. For each M € N, z € Z% and | € S%! we define the slab

ULM(:):)::{yEZd:—MS(y—x)-l<M}. (11)

Whenever [ = e; we will suppress [ from the notation and write Uy (x) instead. Similarly, whenever
x = 0 we shall write Ujps instead of Ups(0) and abbreviate Ur(0) simply as U for L as defined (9).
Also, for each M € N and z € Z%, we define the box

M
By(x) == {yeZd:—2<(y—x)-61<Mand](y—w)-ei\<25M3for2§i§d} (12)

together with its frontal side
d4Bu(z) := {y € 9By (x) : (y —x)-e1 > M},
its back side

a_BM(.T) = {y S 8BM’M/($) : (y—w) cep < _]2\4}7

its lateral side
OB (z) :={y € 0By () : |(y — z) - €5 > 25M3 for some 2 < i < d},
and, finally, its middle-frontal part

M
By (x) == {yGBM(:U):2S(y—:):)-61<M,](y—x)-ei\<M3for2§i§d}
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together with its corresponding back side

* * M
0_Bj(x) == {y €By(z): (y—x)-e1 = 2} .
As in the case of slabs, we will use the simplified notation By; := Bjs(0) and also 0; By := 0; B (0)
for i = +, —, [, with the analogous simplifications for B},(0) and its back side.

2.2. Ballisticity conditions. For the development of the proof of our results, it will be important
to recall a few ballisticity conditions, namely, Sznitman’s (7') and (7”) conditions introduced in
[Szn01, Szn02] and also the polynomial condition presented in [BDR14|. We do this now, considering
only ballisticity in direction e for simplicity.

Conditions (T') and (7”). Given v € (0,1] we say that condition (7'), is satisfied (in direction e;)
if there exists a neighborhood V of e; in S¥~! such that for every I’ € V one has that

. 1 /
E\Zniiuog e log Py (XTULI,M < 0) < 0. (13)
As a matter of fact, Sznitman originally introduced a condition (7"), which is slightly different from
the one presented here, involving an asymmetric version of the slab Uy js in (13) and an additional
parameter b > 0 which modulates the asymmetry of this slab. However, it is straightforward to
check that Sznitman’s original definition is equivalent to ours, so we omit it for simplicity.
Having defined the conditions (T'), for all v € (0, 1], we will say that:
e (7T) is satisfied (in direction ey) if (7'); holds,
o (7") is satisfied (in direction ey) if (T"), holds for all v € (0,1).

It is clear that (T") implies (T"), although it is not yet known whether the other implication holds.

Condition (P)g. Given K € N we say that the polynomial condition (P)g holds (in direction e;)
if for some M > Mj one has that

1
sup P, <XT 0 BM> < —%
€B?, z Bum ¢ 0t MK
where
M := exp {100 + 4d(log /{)2} (14)

where k is the uniform ellipticity constant, which in our present case can be taken as x = 4—1d, see (2).
It is well-known that both (7”) and (P)x imply ballisticity in direction e, see [Szn02, BDR14].
Furthermore, in [BDR14] it is shown that

(P)k holds for some K > 15d + 5 <= (") holds <= (T'), holds for some v € (0, 1).

2.3. Green’s functions and operators. Let us now introduce some notation we shall use related
to the Green’s functions of the RWRE and of the simple symmetric random walk (SSRW).

Given a subset B C Z? the Green’s functions of the RWRE and SSRW killed upon exiting B
are respectively defined for x,y € BUOJB as

Tp
gB($7 Y, w) = E&U,w (Z H{Xn:y}> and gO,B(xv y) = gB(xv y7w0)7
n=0

where wy is the corresponding weight of the SSRW, given for all € Z¢ and e € V' by

1

wo(z,e) = 24"
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Furthermore, if w €  is such that E, ,(Tp) < +oo for all z € B, we can define the corresponding
Green’s operator on L>(B) by the formula

Gplfl(x,w) = gnlz,y,w)f(y).
yeB

Notice that gp, and therefore also G, depends on w only though its restriction w|p to B. Finally, it
is straightforward to check that if B is a slab as defined in (11) then both gp and G g are well-defined
for all environments w € . with € € (0,1).

3. PROOF OF THEOREM 2

The proof of Theorem 2 has several steps. We begin by establishing a law of large numbers for
the sequence of hitting times (7}, )nen-

3.1. Law of large numbers for hitting times. We now show that, under the condition (P)g,
the sequence of hitting times (7}, ),en satisfies a law of large numbers with the inverse of the velocity
in direction e as its limit.

Proposition 4. If (P)g is satisfied for some K > 15d + 5 then Py-a.s. we have that

BT, . T, 1
lim = lim — = =
n—00 n n—oo N U- el

>0, (15)

where U 1s the velocity of the corresponding RWRE.
To prove Proposition 4, we will require the following lemma and its subsequent corollary.

Lemma 5. If (P)x holds for some K > 15d + 5 then there exists ¢; > 0 such that for each n € N
and all a > ﬁ one has that

P (1;: > a> < Cllexp {—cl <<1Og <a N 17‘161>> T n (log(n))2d21> } . (16)

Proof. By Berger, Drewitz and Ramirez [BDR14|, we know that since (P)x holds for K > 15d + 5,
necessarily (7”) must also hold. Now, a careful examination of the proof of Theorem 3.4 in [Szn02]
shows that the upper bound in (16) is satisfied. O

Corollary 6. If (P)x holds for some K > 15d + 5 then (&

. )neN is uniformly Py-integrable.

Proof. Note that, by Lemma 5, for K > i and n > 2 we have that

00 2d—1

/ ap < i(k‘ + 1R <T” > k) <L STk + 1) (log (k7)) 7 —eallog()* T
{ k=K n

T n c
E>K} -k

From here it is clear that, since d > 2, we have

T,
lim sup/ dP,
K—o00 | n>1 {TT"ZK} n

which shows the uniform Py-integrability. O

=0

Let us now see how to obtain Proposition 4 from Corollary 6. Since (P)g holds for K > 15d + 5,
by Berger, Drewitz and Ramirez [BDR14| we know that the position of the random walk satisfies a
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law of large numbers with a velocity ¥ such that v - e; > 0. Now, note that for any € > 0 one has

X .
P <‘£—6.61 28>—P0 <‘T:;nel—ﬁ‘el zs>
o0
X -
SZPO(‘ ’“kel—ﬁ €1 ze>
<Ze logk ’

where in the last inequality we have used the slowdown estimates for RWRES satisfying (7") proved
by Sznitman in [Szn02| (see also the improved result of Berger in [B12|). Hence, by Borel-Cantelli
we conclude that Py-a.s.

. n —
lim — =7-eq,
n—oo n

from where the second equality of (15) immediately follows. The first one is now a direct consequence
of the uniform integrability provided by Corollary 6.

3.2. Introducing Kalikow’s walk. Given a nonempty connected strict subset B C Z¢, for z € B
we define Kalikow’s walk on B (starting from z) as the random walk starting from z which is killed
upon exiting B and has transition probabilities determined by the environment wp € P given by

T L E(gB(:L‘,y,w)w(y,e))
A =) B

It is straightforward to check that by the uniform ellipticity of P we have 0 < E(gp(z,y,w)) < +o0
for all y € B, so that the environment wf is well-defined. In accordance with our present notation,
we will denote the law of Kalikow’s walk on B by Py s and its Green’s function by g9B(z, -, wWh).
The importance of Kalikow’s walk, named after S. Kalikow who originally introduced it in [K81],
lies in the following result which is a slight generalization of Kalikow’s formula proved in [K81] and
of the statement of it given in [Sa04].

(17)

Proposition 7. If B C Z¢ is connected then for any x € B with Py, (Tp < +00) =1 we have
E(gs(z,y)) = gB(z,y, wp) (18)
for ally € BUOJB.

Proof. The proof is similar to that of [Sa04, Proposition 1], but we include it here for completeness.
First, let us observe that for any w € €. and y € BU 0B we have by the Markov property

Tp
gB(ZL', y7w) = Ex,w (Z IL{Xn:y}>
n=0
oo
= ZPJ:,UJ (Xn :vaB > n)

=1y +ZZPMJ (Xpno1=y—e6, X, =y, Tp>n—1)
n= 1e€V

=1y -f—ZZwa n-1=y—eIp>n—1w(y—e,e)

ecV n=1

— 1)+ 3 Laly — e)gsla,y — e, w)wly — e,¢),
ecV
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so that
E(gp(z,y)) = 1gyw) + D>, Elgs(z,y—e)wh(y —ee).
ecV :y—e€eB
Similarly, if for each k € Ny we define

TNk
k x
g(B)<$7y7wB) = Em,wIB (Z ]l{Xn:y}>

n=0
then by the same reasoning as above we obtain

k T k X T
g @y ) = 1)+ Y g @y - e whwhy - ee). (19)
ecV:y—eeB
In particular, we see that for all k£ € Ny
k+1 T k T T
E(gs(,y) — g5 wywh) = Y. (Blgsle,y—e) - g (0, - e,wh)) whly —ec)
ecV :y—e€eB

which, since w% is nonnegative and also gg]) (z,y,wh) = L (y) < E(gp(z,y)) for every y € BUIB,

by induction implies that g}(;) (z,y,wf) < E(gp(x,y)) for all k € Ng. Therefore, by letting k& — 400

in this last inequality we obtain

9B (ZL‘, Y, w%) < E(gB (ZL‘, y)) (20)
for all y € BU@B. In particular, this implies that
Pruy(Ts < +00) = 3 gp(a,p,w8) < 3 Elgp(a.y) = PoTp < +00) < 1. (21)
yeoB yeoB

Thus, if Py e (Tp < +00) = 1 then both sums on (21) are in fact equal which, together with (20),
implies that

98(z,y,wp) = E(gs(z,y))
for all y € OB. Finally, to check that this equality also holds for every y € B, we first notice that
for any y € BU OB we have by (19) that

g8(z, 4, wh) =Ly + Y. gs(z,y— e wh)wh(y —ee)

ecV :y—e€B
so that if y € BU OB is such that E(gg(x,vy)) = gp(z,y,wh) then
0= Y  (Elgsl@,y—e)—gpla.y—ewh)whly—ee).

ecV:y—ecB

Hence, by the nonnegativity of w¥ and (20) we conclude that if y € BU OB is such that (18) holds
then (18) also holds for all z € B of the form z = y — e for some e € V. Since we already have that
(18) holds for all y € OB and B is connected, by induction one can obtain (18) for ally € B. O

As a consequence of this result, we obtain the following useful corollary, which is the original
formulation of Kalikow’s formula [K81].

Corollary 8. If B C Z% is connected then for any = € B such that Py (Tp < +00) =1 we have
Em(TB) - Ew,w% (TB)
and

PI(XTB - y) = Px,sz (XTB = y)
for ally € 0B.
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Proof. This follows immediately from Proposition 7 upon noticing that, by definition of gp, we have
on the one hand

E.(Tp) =Y E(g8(0,9)) = Y 98(x,y,wh) = Evwy (Ts)
yeB yeB
and, on the other hand, for any y € 0B

Py( X1 =y) = E(gp(2,y)) = gB(7,y,wp) = Pruwz (X1y = y).
O

Proposition 4 shows that in order to obtain bounds on v'- e, the velocity in direction ey, it might
be useful to understand the behavior of the expectation Ey(T},) as n tends to infinity, provided that
the polynomial condition (P)g indeed holds for K sufficiently large. As it turns out, Corollary 8
will provide a way in which to verify the polynomial condition together with the desired bounds for
Ey(T,) by means of studying the killing times of certain auxiliary Kalikow’s walks. To this end,
the following lemma will play an important role.

Lemma 9. If given a connected subset B C 7% and x € B we define for each y € B the drift at y
of the Kalikow’s walk on B starting from = as

dpa(y) =Y _ wh(y,e)e
ecV

where w§, is the environment defined in (17), then

E ( J(y,w) )
JBaz(y) = Zeevw(x’e){B,I(y7y+€,w) ‘
- <266Vw(x’IJFe)fB,m(y,ere,w))
where fp is given by
P, (Tg < H
Foa(y, 2 w) = Le\TB < Hy)

P, (Hy, <Tg)
and Hy := inf{n € Ny : X,, = y} denotes the hitting time of y.
Proof. Observe that if for y, 2 € BUJB and w € ) we define
9(y, z,w) == P, ,(Hy < Tp)
then by the strong Markov property we have for any y € B

T Tp
E(gp(z,y,w)) =E <Ex,w (Z ]]-{Xn:y}>> =E (g(y,x,w)Eij <Z 1{)@:;;})) .
n=0

n=0

Now, under the law P, ., the total number of times n € Ny in which the random walk X is at y
before exiting B is a geometric random variable with success probability

pi=> wyy+e)l—g(y,y+ew),
ecV

so that

Tg .
E,. Tey — = .
. <nz:0 o y}) Eeevw(%y+€)(1 —g(y,y—l—e,w))
It follows that

1
E(gp(r,y,w)) =E (ZEEV Wy, y+e)foaly.y+e, w))
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where fp; is defined as

fB,x(% Z,W) =

By proceeding in the same manner, we also obtain

B w(y;e)
E(gp(z,y,w)w(y,e)) =E <Ze€V Wy, y+ ) f5a(y,y+ e w)) ’

so that

-

d(y,w)
dp.(y) = E (Zeev W(y’y+€)f3,z(y,y+e,w)>

2 :GGV L‘-’(yay e)fB,:C(y7y 67("-’)
D

As a consequence of Lemma 9, we obtain the following key estimates on the drift of Kalikow’s walk.

Proposition 10. If P satisfies (QLD). for some € € (0,1) then for any connected subset B C Z¢

and x € B we have )
€

sup (14 ) o1 = M| < -
Proof. First, let us decompose
E( dly,w) - e1 ):E((ci(y,w>-e1>+—<cf<y,w>-e1>_>'
> e w(y,e) fBa(y.y +e,w) Yeev w(y,e) fBa(yy+ e w)
Now, notice that since P(£2.) = 1 we have
1 < 1 < 2d ' 1
Yoeevw(,e) By tew) = Y cv (55— ) By +ew) ~ Peey fBa(y,y tew) 1—5
and also

1 2d 1
> . .
Zeevw(yv e)fB,x(y7 y+e, (,U) N Zeev fB,x(y7 y+e, w) 1+ %
In particular, we obtain that
E (d(y,w) - e1)+ < Qde B <
Zeevw(yae)fB,m(yay+evw) 1- 2 ZEGV fB,x(yay+67w)

and

! (dly,w) e1>i>

(dly,w) - e1)x 2d < 1 7 >
E > —-E (d(y,w) -e1)+
(Zeevw(yae)fB,ﬁ(yay+evw) 1+ 2 ZEGV fB,x(yay+67w) ( ( ) )
Furthermore, since ) .y fB.«(y,¥ + e,w) is independent of w(y) it follows that
1 - 1 -
E ~dy,w-eli>:E< >-E<dy,w-eli>.
(ZeGV fB@(y,y—f‘@,W) ( ( ) ) ZeGV fB,x(y7y+e7w) ( ( ) )
Finally, by combining this with the previous estimates, a straightforward calculation yields
4 - 2¢> - 4 - 2¢>
e E(ld(y,w) - er]) + A<dpa(y) <A+ e B(ld(y,w) -e) +

4— €2 4— €2 4— €2
Since P(Q,) = 1 implies that |A| < E(|d(y,w) - e1]) < 5, by recalling that e < 1 we conclude that if
(QLD) is satisfied then

A\ —

- A

2 > 2 1
)\——-62+§e4§d37x(x)S)\+@-62+@-63
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from where the result immediately follows. O

3.3. (QLD) implies (P)x. Having the estimates from the previous section, we are now ready to
prove the following result.

Proposition 11. IfP verifies (QLD). for some e € (0,1) then (P)x is satisfied for any K > 15d+5.

Proposition 11 follows from the validity under (QLD) of the so-called Kalikow’s condition. Indeed,
if we define the coefficient

ex = jnf{d_’B’O(y) ce1: BC 7% connected with 0 € B,y € B}.

then Kalikow’s condition is said to hold whenever ex > 0. It follows from [SZ99, Theorem 2.3|,
[Szn00, Proposition 1.4] and [Szn02, Corollary 1.5] that Kalikow’s condition implies condition (7).
On the other hand, from the discussion in Section 2.2 we know that (7°) implies (P) g for K > 15d+5
so that, in order to prove Proposition 11, it will suffice to check the validity of Kalikow’s condition.
But it follows from Proposition 10 that, under (QLD). for some € € (0,1), for each connected
B C 7% and y € B we have
- e _d—1
dpo(y) = A 724
so that Kalikow’s condition is immediately satisfied and thus Proposition 11 is proved.
Alternatively, one could show Proposition 11 by checking the polynomial condition directly by
means of Kalikow’s walk. Indeed, if x denotes the uniform ellipticity constant of P then w§(y,e) > &
for all connected subsets B C Z%, z,y € B and e € V. In particular, it follows from this that
Pﬁ’w%M (T, < +o0) = 1forall z € By and boxes By as in Section 2. Corollary 8 then shows that,

in order to obtain Proposition 11, it will suffice to prove the following lemma.

- 1
Lemma 12. If P verifies (QLD), for some € € (0, \/m) then for each K € N we have
1

(XTBM ¢ 8+BM> < UK

>0

sup Pr ez

* M
z€B},

if M € N is taken sufficiently large (depending on K ).

Proof. Notice that for each x € B}, we have

P%W%M (XTBM ¢ 6+BM> < vang (XTBM S 8lBM) +Px,w§M (XTBM S &BM) (22)

so that it will suffice to bound each term on the right-hand side of (22) uniformly in Bj,.
To bound the first term, we define the quantities

ny=#{ne{l,....Tp,} : Xn—-Xn_1=er}and n_:=#{ne{l,...,Tp,} : Xpn—Xn_1 = —€1}.

and notice that on the event {XTBM € 0By} we must have ny —ny < % since otherwise X

would reach d; By before 9;Byy. Furthermore, on this event we also have that Tj,, > 24M? since,
by definition of Bj,, starting from any = € B}, it takes X at least 24M?3 + 1 steps to reach 9;Bjy.
It then follows that

= M
Px,w}IBM (XTBM € 8l-BM) = Z Pa:,w“”BM <n+ —n_ < ?7TBM = TL) . (23)
n=24M3

Now, observe that the right-hand side of (23) can be bounded from above by

M
2E4M3 [Pa:,w%M (ny +n_ <kN,Tp,, =n)+ Px,wTBM (n+ +n_>kn,ny —n_ < ?7TBM _ n)] '
n=
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But since for all y € By and e € V' we have wp (y,e) > k = Tld by the uniform ellipticity of P
and, furthermore, by Proposition 10

x ’ _ ,— 7 . A — e
wa(y e1) WBM(y e1) = — dBM,a:(y)z €1 > d > 2(d — 1)62 > 0, (24)
WB]W(yuel) +WBM(?J7 —61) WBM(yy 61) +wBM(y’ _61) 2K

1

V/2(d—1)

it follows by coupling with a suitable random walk (withi.i.d. steps) that for n > 24M3 and € <
(so as to guarantee that 3 + (d — 1)e* € (0,1)) we have

sza%M (ny +n_ <kn,Tp,, =n) < F(kn;n,2kK)

and
M 1
P@szM <n+ +n_>kn,ny —n_ < 7,TBM = n) <F (;n + /n; kn, 3 + (d— 1)62)

where F'(t;k,p) denotes the cumulative distribution function of a (k, p)-Binomial random variable
evaluated at t € R. By using Chernoft’s bound which states that for ¢t < np

1 2
F(t;n,p) < exp{—2p : (npnt)}

we may now obtain the desired polynomial decay for this term, provided that M is large enough
(as a matter of fact, we get an exponential decay in M, with a rate which depends on x and ¢).
To deal with second term in the right-hand side of (22), we define the sequence of stopping times

(Tn)nen, by setting

T0 ‘= 0
{ Tnt1 = inf{n > 7, : (X, — Xy,_1) -e1 #0} A Tp,
and consider the auxiliary chain Y = (Y)ren, given by
Yk = er €1

It follows from its definition and (24) that Y is a one-dimensional random walk with a probability
of jumping right from any position which is at least % + (d —1)e?. Now recall that, for any random
walk on Z starting from 0 with nearest-neighbor jumps which has a probability p # % of jumping
right from any position, given a,b € N the probability F(—a,b,p) of this walk exiting the interval
[—a, b] through —a is exactly

() 1y
E(—a,b,P):1_<1;p>a+b'( pp> :

Thus, we obtain that
1—2(d—1)e2 el
+ (d— 1)62> _ 1- (H2(dl)52>3 .<1 — Q(d— 1)62>M
1 (fe)

9

M
2

N =

Pruy,, (X1s, €0-Bu) < E (—M,

from where the desired polynomial decay (in fact, exponential) for this second term now follows.
This concludes the proof. U
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3.4. Finishing the proof of Theorem 2. We now show how to conclude the proof of Theorem 2.
First, we observe that by Proposition 11 the polynomial condition (P)g holds for all K > 15d+5
if (QLD), is satisfied for e sufficiently small, so that by Proposition 4 we have in this case that
Ey(T, 1
lim 0(Tn) =

n—+00 n v - €1 '

On the other hand, it follows from Proposition 10 that if for each n € N we define the hyperplane
B, = {xEZd:x-el <n},

then Py po(Tp, < +00) = 1. Indeed, Proposition 7 yields that inf,cp, JBn,o(y) -e1 > €2 > 0 which,
for example by suitably coupling Kalikow’s walk with a one-dimensional walk with i.i.d. steps and
a drift 562 to the right, yields our claim. Hence, by Corollary 8 we obtain that

EO7wOBn (Tn) 1

lim = = . (25)
n——+o00 n V- el

Now, noting that for each n € N the stopped process M (™ = (M,gn))keNo defined as

kAT,
M = Xp, — > ds,0(Xj1)
j=1
is a mean-zero martingale under POM% . by Proposition 10 and the optional stopping theorem for M (™)

we conclude that )

€
n = Eongn (XTn . 61) S ()\ + d) E07wgn (Tn)

and analogously that
2

€
n= Euug (X5, e) > (A= G ) Bouy (T2

Together with (25), these inequalities imply that

[\

€

‘661—)\‘§E

from where the result now follows.

4. PROOF OF THEOREM 1 (PART I): SEED ESTIMATES

We now turn to the proof of Theorem 1. Let us observe that, having already proven Theorem 2
which is a stronger statement for dimension d = 2, it suffices to show Theorem 1 only for d > 3.
The main element in the proof of this result will be a renormalization argument, to be carried out
in Section 5. In this section, we establish two important estimates which will serve as the input for
this renormalization scheme. More precisely, this section is devoted to proving the following result.
As noted earlier, we assume throughout that d > 3.

Theorem 13. Ifd > 3 then for any n € (0,1) and § € (0,7n) there exist ca,c3,c4 > 0 and 6y € (0,1)
depending only on d,n and § such that if:

i. The constant 0 from (9) is chosen smaller than 6y,
ii. (LD)y,. is satisfied for € sufficiently small depending only on d,n,0 and 6,
then

sup Py (XTBNL ¢ 8+BNL) < e (26)

T€BY L

Exw (TB ) 1 Cyq d)—§ P
P weN: sup ”NL_'>60¢() < e o7
<{ z€d_BY, NL/2 A 22 (27)

and
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We divide the proof of this result into a number of steps, each occupying a separate subsection.

4.1. (LD) implies (P)x. The first step in the proof will be to show (26). Notice that, in particular,
(26) tells us that for any K > 1 the polynomial condition (P)g is satisfied if € is sufficiently small.
This fact will also be important later on. The general strategy to prove (26) is basically to exploit
the estimates obtained in [Sz03] to establish the validity of the so-called effective criterion. First,
let us consider the box B given by

1 1 d—1
B:=(—~NL,NL) x <—4(NL)3, 4(NL)3> (28)
and define all its different boundaries 0; B for i = 4+, —,1 by analogy with Section 2.1. Observe that

if for € By, we consider B(x) := B + x, i.e the translate of B centered at z, then by choice of B
we have that for any w € Q2

Py, (XTBNL ¢ 6+BNL) < P (XTBW ¢ (LB(:U)) . (29)
Thus, from the translation invariance of P it follows that to obtain (26) it will suffice to show that
Py (X1, ¢ 04B) < e (30)

for some constant co = ca(d,n) > 0 if € is sufficiently small. To do this, we will exploit the results
developed in [Sz03, Section 4]. Indeed, if for w € Q we define

qB(w)
=Py, (X B P AT
48(w) = Pow (X1p; ¢ 01B) and pB(w) = 5@
then observe that

Po(Xry ¢ 0+B) = E(qp) < E(vaqB) < E(VpB).

But the results from [Sz03, Section 4] show that there exists a constant ¢ > 0 and 6y(d), €y(d, n)
such that if (LD), . is satisfied for € € (0,&) and L from (9) is given by L = 2[fe~!] with 6 € (0,

then
log4d_5olog4d 3 7 2
2 log2 \4 100 '

>0
6o)

80 c
Y _ = eeld)—n
E(y/pB) < @] exp ( 55¢ NL) + 2d exp (NL

However, since for € < g we have that
e dD=nnp, > 166a(d)_’7(96_1 — 1)4 > gleald)—n—1 > gi—(1+4n)

together with
ed-ng > fe(d)—n—1 > fe

and

log 4d logdd (3 7 \?
0870 508 ( ><0,

2 log 2 4 100

it is straightforward to check that if € < €y(d,n, 6) then (30) is satisfied.

4.2. Exit measure from small slabs. The second step is to obtain a control on the probability
that the random walk exits the slab U “to the right”. For this we will follow to some extent Section 3
of Sznitman [Sz03]. We begin by giving two estimates: first, a bound for the (annealed) expectation

of Gy (d(0) - e1) in terms of the annealed expectation of Ti7, and then a bound in P-probability for
the fluctuations of Ey ., (Ty7) around its mean Ey(1y).
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Proposition 14. If d > 3 and € € (0,81—d) then there exist positive constants cs,cg,cr and cs
such that if €,0 € (0,1) are such that L > 2 and eL < c5 then one has

E (GU[CZ' : 61](0)> - )\EO(TU)‘ < cgelog L, (31)

and also

crL? < By (Ty) < g L2 (32)
Furthermore, given any n € (0,1) there exists eg = €o(d,n,0) € (0,1) such that if (LD), ¢ is satisfied
for € € (0,€) then

E <GU[J : el](0)> > %d/\LQ. (33)

Proof. A careful inspection of the proof of [Sz03, Proposition 3.1] yields the estimates (31) and (33).
On the other hand, inequalities (2.28) and (3.6) of [Sz03| give us the bounds in (32). O

The next estimate we shall need is essentially contained in Proposition 3.2 of [Sz03|, which gives

—

a control on the difference between the random variable Gi7(d(0) - e1) and its expectation for d > 3.
We include it here for completeness and refer to [Sz03| for a proof.

Proposition 15. If d > 3 then there exist constants cg,c19 > 0 such that if €,0,a € (0,1) satisfy
L>2 andeL<%-;—a-09, one has for all uw > 0 that

—

- - u?
P[|Guld(-,w) - e1)(0) = E(Guld" e1](0))] = u] < croexp {—CL} : (34)
where
CarL = c116 Y gou(0,4) 7
yeU
for some constant c11 = c11(d) > 0 and
102 1T (201-0)/(2-a)) ford=3
Ca,L < 01,262L(4(1*°‘)/(270‘)) for d =4
61,262 ford > 5 and a > %

for some c1 2 = c12(r,d) > 0.

Finally, we establish a control of the fluctuations of the quenched expectation Ey,,(T1) analogous
to the one obtained in Proposition 15.

Proposition 16. If d > 3 then for any o € [0,1) and €,0 € (0,1) with L > 2 and eL < 1 - 122 - ¢
where cg is the constant from Proposition 15, one has for all u > 0 that

w2
P HEO,w(TU) — EQ(TU)’ Z u] S C12 €XpP {_C/ } (35)
a,L
for some c12 = c12(d) > 0, where
chor=c13 Y gou(0,9)% ™
yeU
for some constant c13 = c13(d) > 0 and
¢} LT (201=a)/(2=a)) ford =3
CIa,L S 0/1,2L(4(17a)/(27a)) for d = 4
0’172 ford25anda2%

for some ¢} o = ¢} 5(a, d) > 0.
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Proof. We follow the proof of [Sz03, Proposition 3.2|, using the martingale method introduced there.
Let us first enumerate the elements of U as {z,, : n € N}. Now define the filtration

G — {U(w($1),--.,w(mn)) ifn>1
i {®>Q} ifn=0

and also the bounded G,-martingale (F},)nen, given for each n € Ny by
Fn = E(Gu[1](0)|Gn)

where 1 is the function constantly equal to 1, i.e. 1(z) = 1 for all 2 € Z¢. Observe that
Gu(1](0,w) = Eo(Tr)

by definition of Gy. Thus, if we prove that for all n € N

1
|Fr — F—1| < c1a90,0 (0, 20) 20 =7y, (36)

for some c14 = ¢14(d) > 0 then, since Fy = Ey(Ty) and Foo = Ep o (T17), by using Azuma’s inequality
and the bound for ¢, 1, in Proposition 15 (see the proof of [Sz03, Proposition 3.2] for further details)
we obtain (35) at once. In order to prove (36), for each n € N and all environments w,w’ € Q.
coinciding at every x; with ¢ # n define

Iy (w, o) == Gu[1](0,w') — Gy[1](0,w).
Since F,, — F},—1 can be expressed as an integral of I';, (w, w’) with respect to w and ', it is enough to

prove that I, (w,w’) is bounded from above by the constant ~,, from (36). To do this, we introduce
for uw € [0, 1] the environment w,, defined for each ¢ € N by

wy () = (1 —u) - w(w) +u - (5).
If we set
H,, =inf{j >0: X; =x,} and H,, :=inf{j >1: Xj=x,}

then, by the strong Markov property for the stopping time H,, , a straightforward computation
yields that

n *

Gu[1](0,wu) = Eow, (He, A (Ty — 1) +1) + Pow, (He, <Tv)Ee, w, (Tv)- (37)
Similarly, by the strong Markov property for the stopping time H,, we have

so that

Py, (Hy, <Tu)
Gu[1](0,wy) = Eow, (Hz, AN(Ty — 1) + 1) + ———="
0,6) = B, (Ho, A (T = 1) 1) 4 02 e
Notice that Py, (Hz, < Ty) and the first term in the right-hand side of (39) do not depend on w.
Furthermore, by the Markov property for time j = 1, we have

Pflin,wu (an > TU Zwu Tn, € xn+e wu(Hzn > TU)
eeV

Exn,wu (ﬁxn A (TU - 1) + 1)' (39)

and
By oi(Hoy N(Ty —1) +1) Z wy(@n,€)(1 + Eg,tew, (Hz, AN (Tu — 1) + 1)),
ecV
so that differentiating G7[1](0,w,,) with respect to u yields

PO,wu(HIn < TU) Z(w/(l‘n, 6) — W(xna €)>(A€ - Be)

0uGU[1](0,wy) = —
Pxn,wu (Hxn > TU) ecV

where
Ao =14+ Ey yew,(Hey N(Ty — 1)+ 1)
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and

P$n+eawu (Hzn > TU)
P$n7wu (H-Z'n > TU)

Now, by a similar argument to the one used to obtain (37) and (38), we have that

By tew, (Hxn ATy - 1) + 1) = GU[len + e,wu) — Pyptew, (F-Z’n < TU)GU[l](meU)

Be = Eznywu (ﬁxn A (TU - 1) + 1)

and
Py woi(Ha, > Ty)Gu[1)(2n, wu) = B, o, (He, A (Tr = 1) + 1),
from which we conclude that
Ae = Be = 14 V. Gu[1](zn, wy),
where for any bounded f: Z? = R, z € Z¢ and w € Q we write
VeGulfl(z, wu) :== Gulfl(z + e, wu) — Gulfl(z, wu).
Furthermore, by the proof of [Sz03, Proposition 3.2] we have

POw (Hg; < TU) , e )
Wu A" Tn = wanouu <c O,xn 2—a and veG 1 Ty, Wy <c L
P (o > 1)~ 0] < C0(0:n) VG [1] . 00)]

where L is the quantifier from (9). Since for w’,w € 2, we have

Z | (0, €) — w(p, e)] <,

ecV

we conclude that for all u € [0, 1]

1 1
|0uGr[1](0, wy)| < c’gO7U(0, xp)Tae(l1+"L) < c1490,0 (0, ) 2=

since € < 1 and eL < % . ;:—z -cg < 2 by hypothesis. From this estimate (36) immediately follows,
which concludes the proof. (|

4.3. Exit measures from small slabs within a seed box. The next step in the proof is to show
that, on average, the random walk starting from any z € By sufficiently far away from 0;Bnr,
moves at least +L steps in direction e; before reaching 0;Bny. The precise estimate we will need
is contained in the following proposition.

Proposition 17. There exist three positive constants c15,c16 = c16(d) and €9 = €o(d) verifying that
if ,0 € (0,1) are such that L > 2, eL < c15 and € € (0,¢€p), then one has that

Su£ ‘EZWJ(TUL(Z)) - EZ,W(TUL(Z) A TalBNL){ < ek (40)
welle

for all z € By, where

BfVL = {z € By : sup \Z-ei| < 25(NL)3 —N}.
2<i<d

To prove Proposition 17 we will require the following two lemmas related to the exit time Ty;.
The first lemma gives a uniform bound on the second moment of Ty;.

Lemma 18. There exist constants ci7,c18 = c1g8(d) > 0 such that if €,0 € (0,1) are taken such that
L > 2 and eL < ¢18 then one has that

sup Ez,w(T[%L(z)) < err L
2€Z4, WEN,
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Proof. Let us fix x € Z and write U, := Ur(z) in the sequel for simplicity. Notice that
2

oo
EZ,w(T[%Z) = Ez,w Z Z ]lx(Xj)]l(j < TUZ)
zeU, j=0

=23 Y YD B (LX), (Xp)1(k < T.)1(j < T.)) + Eaw (Tv.) . (41)

zeU; yeU, j=0 k>j

Now, by the Markov property, for each j < k we have that
E. o (1o(X5) 1y (Xe) 1k < Tp.)1(j <Tv.)) = Ezw (1(X;)1( < Tv,)) Epw (1y(Xi)1(0 < T.)) ,
where i := k — j. Substituting this back into (41), we see that

EZM(ng) <2 Z Z Z ZEZ,w (lx(Xj)ﬂ(j <Tu.)) Eyw (ﬂy(Xi)ﬂ(i <Ty.))+ EZ,w(TUz)
zelU; yeU, j=0 i=1

o
<23 Y Eow (L(X)1( < Tu)) Erw (Tv.) + Ez (T
zeU, j=0

= 2Ezyw (TUZ) ( Sup Ey,"-) (TUZ )) + EZ,UJ (TUZ)
y€Z4

<2°L* + cL?
for some constant ¢ > 0, where for the last line we have used inequality (2.28) of Sznitman in [Sz03],

which says that

sup E,.(Ty,) < cL?
2,y€Ze e,

whenever L > 2 and €L < c¢18(d). From this the result immediately follows. O

Our second auxiliary lemma states that, with overwhelming probability, the random walk starting
from any = € Byy, far enough from 0; By, is very likely to move at least +L steps in direction e;
before reaching J; By, .

Lemma 19. There exist constants c1g,c20 > 0 such that if €,0 € (0,1) satisfy L > 2 and eL < ¢
then for any a € (0,25(NL)*) and z € By, verifying supacicq|z - €;] < a one has
25(NL)3—a

sup Pz#, (TalBNL < TUL(Z)) < Qe 1? L2
UJEQE

Proof. Note that for any z € By, with sups<;<4|2 - €;| < a one has that
P.w(ToBxy < Tvy () < Pew(Ty, ) = 25(NL)* — a).

Furthermore, by Proposition 2.2 in [Sz03|, there exist constants ci1g,coo > 0 such that if eL < ¢g
then for any z € Z¢
sup  FEg, (e%TUL(Z>> <2
€74 wEN.
Hence, by the exponential Tchebychev inequality we conclude that

25(NL)3—a 25(NL)3—a

g 2N L)T—a c19 _
szw(TalBNL < TUL(Z)) <e VT L2 E. . (e L2 TUL(Z)) < 2 V0T L2
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We are now ready to prove Proposition 17. Indeed, notice that

E.w(Tuy(2) = Ezwo(Tuy () L(Tu, ) < Toyye)) + BTy () 1T, z) 2 ToByL))
= Ezo(Tuy () AN oy ) 1Ty () < ToiByi)) + Eew(Tuy ()1 (Tu, 2) 2 ToBys))
< BTy, ) ANToByy) + Ezw(Tuy () LTy, () 2 Ty, ))-

Hence, since supyc;cq |2 - €] < 25(NL)?> — N for any z € Bly, by the Cauchy-Schwarz inequality
and Lemmas 18 and 19 it follows that

_ €19
’EZ,W(TUL(Z)) - EZ,W(TUL(Z) N TalBNL)‘ < \/EZ,W(T[%L(Z))PZ,W(TUL(Z) > TalBNL) S v 2017[’26 2 L'

From this estimate, taking c1¢ := min{c;s, c20} and e sufficiently small yields (40).

4.4. Renormalization scheme to obtain a seed estimate. Our next step is to derive estimates
on the time spent by the random walk on slabs of size N L.

Let us fix w €  and define two sequences W = (Wj)ren, and V = (Vj)ken, of stopping times,
by setting Wy = 0 and then for each k£ € Ny

Wit :=inf{n > Wy : |(X,, — Xw,) - e1| > L} and Vi = Wi ATy, -
Now, consider the random walks Y = (Y )ren, and Z = (Zk)ren, defined for k € Ny by the formula
Yy = Xw, (42)
and
Zy = Xy, (43)

Notice that at each step, the random walk Y jumps from z towards some y with (y —x) -e; > L,
i.e. it exits the slab Up(z) “to the right”, with probability p(x,w), where

Pz, w) == Ppo (Tyey+1 < Toee,—1) -
Observe also that p verifies the relation

R 1 1 -

p(a:,w) = 5 + EGUL(ﬁ)[d : 61](1;7("}) (44)

which follows from an application of the optional sampling theorem to the P,-martingale (M}, ,,)ken
given by

N
—_

-

My =Xp— > d(Xj,w).

T,
o

Now, for each p € [0,1] let us couple Y (¢1) := (Yy-e1)ken, with a random walk y® = (y,(f))keNO on Z,
which starts at 0 and in each step jumps one unit to the right with probability p and one to the left
with probability 1—p, in such a way that both Y (¢1) and y®) jump together in the rightward direction
with the largest possible probability, i.e. for any k >0, z € Z% and m € Z

P >a e+ Lyl =m+ 1Y = 2,y = m) = min{p(z,w), p}.
The explicit construction of such a coupling is straightforward, so we omit the details. Call this the
coupling to the right of Y€1) and y®). Now, consider the random walks y~ := y®-) and y* := y@+),

where
p_ = (1 =+ E(GU[J. e(0)) = Ea(d)_2_5> VO (45)

2 2L

and

Py = (; + E(Guld - 61](201)/) + Ea(d)_2_5> A1, (46)
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and assume that they are coupled with Y€1) to the right. Let us call Ey and Ear the expectations
defined by their respective laws. Next, for each M € N define the stopping times 7,7, S]T/[ and S,
given by

T =inf{k>0:Y, e > LM} and S]j\[/[::inf{kZO:y,fZM}.
Finally, if for each subset A C Z® we define the stopping time
T¢ =inf{k>0:2,¢ A},
we have the following control on the expectation of TBZNL-

Proposition 20. If d > 3 then for any given n € (0,1) and § € (0,n) there exist ca1,c22 > 0 and
0o € (0,1) depending only on d,n and § such that if:

i. The constant 0 from (9) is chosen smaller than 6y,
ii. (LD)y,. is satisfied for € sufficiently small depending only on d,n,0 and 6,

then for any z € 0_By;; we have

N/2 - N/2 _
: <{w en: 2 <, (74,,) < B-w (TE,,) < / }> 21—

2py —1 ~ 2p_ —1 -
Proof. Define the event
B:= {w €0 ]GU[J- e1](z,w) — E(Gyld- el](x))‘ < ea<d>*2*5} . (47)
TrEBNT,

Let us observe that for any w € B we have p_ < p(z,w) for all € Byy. In particular, since Y (€1)
is coupled to the right with y—, if Yo(el) = % and y, = 0 then for any w € B we have

NL
Yk(el) > LZ/;; + 7

forall 0 <k < TBZNL so that, in particular, for any w € B
Thws < Sy
2

and thus
E..(T4,,) < E()‘(Sé ).

Similarly, since Y€1) is coupled to the right with y+ and p(z,w) < p, for all z € By, when w € B,
if y; = 0 then for any w € B we have

NL
Yk(el) < Ly,j + bl
forall 0 < k < TBZNL, so that for any such w on the event {7y, = 7,Z } we have
NL
7 +
Ty, =95 X
Therefore, we see that for each z € 0_B}
Bew (T8,,) = Bew (TH, VT, <TRD) + B (TH, 1T = T4,)
> B (SPUTH = T4,
5 NL

= 55 (57) - B (570074, <70 (49
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Now, by the Cauchy-Schwarz inequality we have that

2
£ (551078, <70) = 85 (55)') P (0, 90:850)

<\| B ((S+ )) Prws (Xny, ¢ 04B(2)) (49)

where B(z) := B+ z for B as defined in (28) and, to obtain the last inequality, we have repeated the
same argument used to derive (29) but for B, instead of By, (which still goes through if L > 2).

On the other hand, using the fact that the sequences M* = (MF),ecxn, and N* = (N;),en, given
for each n € Ny by

My =y —n(2p* — 1)
and
Ny = (g = n(2p* = )" —n(1 - (2p* - 1)?)
are all martingales with respect to the natural filtration generated by their associated random walks,

and also that by Proposition 14 if € is sufficiently small (depending on d, 0,7 and §)

1 -
ot —1= 7 (E(Gyld- e1](0)) £ e D=1/2) 5

since (LD), . is satisfied and 6 < ), we conclude that

BE(SY) = 5
and
(IV/2)? (N/2)

B ((55)°) = e =12 * apr—q (1~ (29" = 1) < O3

if € € (0,1), where Cy > 0 is a constant depending on p™. Inserting these bounds in (48) and (49),
we conclude that for w € B one has

st JON P (X, ¢ 90B()) < B (TR, ) < B (T,) < 5y 60
But, by the proof of (26) in Section 4.1 and Markov’s inequality, we have that
iy (Pz,w (XTB(Z) ¢ 8+B(z)) > e—%@e‘l) < et p. (XTB(Z) ¢ 8+B(z))
< exp (—5026_1) , (51)

where ¢y = c2(d,n) > 0 is the constant from (26). Furthermore, Proposition 15 implies that 6 from
(9) can be chosen so that for any e sufficiently small (depending on d, § and 6)

P(B) < C(d)(NL)3@D+ exp <—ce—5) (52)

for some constants C'(d), ¢ > 0. Combining the estimates (51) and (52) with the inequalities in (50),
we conclude the proof. U
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4.5. Proof of (27). We conclude this section by giving the proof of (27). The proof has two steps:
first, we express the expectation E, ,(Tg,,) for x € 0_B};; in terms of the Green’s function of Z
and the quenched expectation of Ty, A Tg,,, and then combine this with the estimates obtained
in the previous subsections to conclude the result. The first step is contained in the next lemma.

Lemma 21. If we define Z :={z € BNr, : z-e1 = kL for some k € Z} and the Green’s function

(7, y,w ZExw (L (Z 1{z<TBZ N
where Z is the random walk in (43), then for any x € 0_By; we have that

Bow (Toyy) =Y 92(5,2,w) Bz Ty, ) ATy, ) - (53)
ZEZ

Proof. Note that

Ea:w TBNL - Z Ex"" <Z ﬂ{y} ]l{"<TBNL}>

yEBNL
oo Wz
=Y Y E. Z Ly (Xn) Ln<Tpy, )
yEBNL =0 nsz
00 Wi—1
- ¥ S (e B (X e,
yEBNL 1=0 n=0

00 wi—1
=20 > Ew(Z ﬂ{y}(Xn)ﬂ{mTBNL}) W<1{z}( )ﬂ{w<TBNL}>

yEBNy =0 z€BpNL n=0
= Z 9z(z,z,w)E, (TUL(z) A TBNL) ,
z€EZ

where in the third equality we have used the Markov property for X valid under the probability P,
and, in the last one, that Y visits only sites in Z before the time T, . O

Now, to continue with the proof let us define the event
Ay = ﬂ {w €0 ‘EZ,UJ(TUL(Z)) — EO(TUL)‘ < Gfa*(d)its},
z€Z
where
0.5 ifd=3
(d):=3—a(d) =
o(d) odd) {o if d> 4.

By Lemma 21, Proposition 14 and (53) we have for any z € 0_B};; and w € A that

Ea:,w(TBNL> < Z gZ(«T, 2, W)Ez,w(TUL(z)>
z2€Z

< 3" g2(@, 2,w) (Bo(Ty, ) + e @)
z2€EZ

S ESC,UJ(TBZNL)(EO(TUL) + 6—a*(d)—6)

1 - *
< Ero(Thy,) <)\E(GU [d- e1)(0)) + %ﬁlog L+te® <d>5>
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if €,0 € (0,1) are taken such that L > 2 and €L < ¢5. In a similar manner, since for every z € Z
we have Ty, .y AN Ty, =Ty, () N To By, Dy using also Proposition 17 we obtain that

Eyw(Tpy,) > Z g9z(z, z,w)E, (TUL(z) A TBNL)

2€ZNBYy

> Y gs(e W) BTy, ) — ¢ %F)
2€ZNBY

2 Z 9z(w, 2,w) (EO(TUL) ) e‘015L>
2€ZNBYy

> Bo(TG,,) (Bo(Tu,) — o 070 — ek
1 7 *
> EIM(TZ?VL) <)\E(GU[d . @1](0)) _ %EIOgL @ (d)—6 _ 6_0151‘)

for any w € Ag provided that €, € (0, 1) are taken such that L > 2, eL < ¢j5 and € € (0, ¢p), where
€o is the one from Proposition 17. Next, consider the event

N/2
2pt —1

A {“’ 8 - < B (T4,) < B (TR < 50 } ,

“2p_—1

where p* are those defined in (45) and (46), respectively. Since 2p™ —1 > 0 by (LD),;, we see that
for w e As N Ag

N/2 (1 , co )
< — . 1 a*(d)—6
Erw(TBy,) o 1 <)\IE(GU[d e1](0)) + € ogL+e

NL/2
= E(Gyld- e1](0)) — eax(d)-2-0

UNL (1) e @7 epelog L A (7
2 \\ E(Guld" e1](0)) - ex@-25 ) )
Furthermore, if € is chosen sufficiently small (depending on 7, and ) so as to guarantee that L > 2
together with

1 - *
(AE(GU [d- e1](0)) + %elog L+4e® <d>—5)

1 s 1
972 . 677 < 5d
then by Proposition 14 we have E(Gy[d - e1](0)) — e*(@-2-0 > %d)\L2 — e 20 > %)\LQ, so that
Eow(TBy,) 1 5 [ a(d)—2-5 —a*(d)—=5
TTWATBNL) T
NL/2 Y S ez (e + cgelog L + Ae )
) 1 a—s log L I o (d)+3—s
Sv(eze D 2o+ e
C(d,0) a(ay—s

if € is taken sufficiently small depending on §, where:

i. To obtain the second inequality we have used that fe ' < L < 2¢~! whenever € < 6 and
also that the inequality A < 5 holds in our case since P(£2) = 1.
ii. For the third inequality we have used that L™ 3logL < 0339 < #73¢*(d)=% when ¢ is

sufficiently small so as to guarantee that ¢ < 6 and log L < e~%.
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By performing also the analogous computation but for the lower bound instead, we conclude that
if 6, € are chosen appropriately then for any w € Ay N A3 and x € 0_B};; we have

Ex’w(TBNL) _ l < Ciea(d)—é.
NL/2 Al T A2
We can now finish the proof by using Propositions 16 and 20 to obtain an exponential upper bound

of the form e=*¢"" for the probability P(AS U AS).

5. PROOF OF THEOREM 1 (PART II): THE RENORMALIZATION ARGUMENT

We now finish the proof of Theorem 1 by using the results established in Sections 3.1 and 4. To
conclude, we only need to show the following proposition.

Proposition 22. If d > 3 then for any given n > 0 and 6 € (0,n) there exists eg = eo(d,n,0) > 0
such that if (LD)y . holds for € € (0,¢€p) then we have Py-a.s. that

. Eo(T,) 11 a(d)—6

liminf =25 > 54550 (407°)). (55)

Indeed, let us recall from Section 4.1 that if our RWRE satisfies (LD),, . for € sufficiently small

so as to guarantee that NL > M, and (NL)_(15d+5) > 6_026_1, where My and cy are respectively
the constants from (14) and (26), then the polynomial condition (P)15445 is satisfied and therefore,
by Proposition 4, we have that our RWRE is ballistic with velocity @ € R? — {0} verifying

Eo(T, 1
lim ZoTn) _ > 0.
n—+00 n Vel

Together with (55), this implies that

1 1 1
>4+ -0 ( ‘*(d)—(‘) :
voer + A2 dnd \©

Taking the reciprocal of this inequality then yields Theorem 1. Thus, the remainder of the section
is devoted to the proof of Proposition 22.

5.1. The renormalization scheme. The general strategy to prove Proposition 22 will be to apply
a renormalization argument similar to the one developed by Berger, Drewitz and Ramirez in [BDR14|
to show that the polynomial condition (P)g for K sufficiently large implies condition (7”) in [Szn02].
We outline the construction of the different scales involved in the argument below.

We start by introducing two sequences (Nj)ren, and (N])ken, specifying the size of each scale.
These sequences will depend on € and are defined by fixing first

No:=NL
and then for each k € Ny setting
Ny, := ai N, and Npyq = b N,
where (ag)ren, and (by)ren, are two sequences of natural numbers to be chosen appropriately.
Observe that, with this definition, for each k& € Ny we have
Ni1 = apNg

for ay, := a(’;—:lbk. For the renormalization argument to work, we will require (ax)ren, and (bg)ren,
to satisfy the following conditions:

Cl. ap =2, 1i.e. Nj: %

C2. (ag)ken, is increasing.

C3. a; < %bk for all k € Ny, i.e. N < %N,’{H for all k.

C4. suppen, 105:”“ < +o00
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C5. For each k € N one has that
2 1 logak_1 NL 1

< .
ag + 12 ap—1 1 (k + 1)2
C6. There exists a constant ¢, > 0 (independent of k and €) such that for all j € N

Z log a1 < ¢yj2loge L.
i=1

C7. There exists a constant ¢* > 0 (independent of k and €) such that
o)
H (1 — 8%1) > 1 — ¥,
Pl br—1

Notice that, in particular, (C1),(C2) and (C3) together imply that a; < oy and oy > 22 for all k.
One possible choice of sequences is given for each k € Ny by

apg1 = (k+1+ K)>? and b, == ap(k + 1+ K)?,

for K := 22[¢79]. Indeed, (C1), (C2) and (C3) are simple to verify if € € (0,1). On the other hand,
we have that

ap =ap(k+1+K)?=(k+1+K)°

so that (C4) is also satisfied because logWHLER) 5 0 as k — +o00. Moreover, since we have K > 22

k+K
by definition, if £ € N then
2_ 1111
ar  (k+K)?2 22 ~3 (k+1)¥
1 logagy 1 (1 1 Blog(k+ K)\ _ 1 1
12 ap 127 \12 (k+ K)2 k+ K =3 (k+1)2
and
NL 164 1 1
< N
a1~ (k+1+K)® 3 (k+1)

if € is sufficiently small so as to guarantee that 17? < 1 so that (C5) follows at once. Furthermore,
for each j € N one has that

j
Zlogaz 1 < 5210g (i+K)< Z logi + log(K +1)) < 5(j% + jlog(K + 1)) < 552 log(K + 1)

from where (C6) easily follows provided that e is sufficiently small. Finally, since log(1 — ) > —212
for x < l, we obtain

o

Son(o-s42) - Som(o i) oSty b

for ¢t = L2230 k3’ from which (C7) readily follows.

Next, we introduce the concept of boxes of scale k € Ny. Given k € Ny we say that a set Q) C Z¢
is a box of scale k (or simply k-box to abbreviate) if it is of the form @ = By, (z) for some = € VA
where for M € N the box Bj/(z) is defined as in (12). For any k-box Q) we define its boundaries
0;Qy. for i = +,—, 1 as in Section (2.1). However, for our current purposes we will need to consider
a different definition of its middle-frontal part. Indeed, for any given k-box Q; = By, (z) we define
its middle-frontal k-part as

Qp = {yEBNk(x):Nkalgg(yfx)-el<Nk,|(yfx)-ei|<N,g’for2§i§d}
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together with its corresponding back side

0_Qp = {yEQk:(y—x)-elsz—N,é}.

Observe that for 0-boxes this definition coincides with the previous one of plain middle-frontal parts.

For the sequel it will be necessary to introduce for each k € Ny the partition C, = (C’,gz)) vepd of Z2
by middle-frontal k-parts defined as

cl) = {y €2 2N, <y1 < (z1+ 1N, z(2N2 —1) <y < (zm +1)(2N —1) for 2 < i < d} :

Given this partition Cy, for each z € Z¢ we define
i. z(x) as the unique element of Z¢ such that x € C,gz(m))

ii. Qk(x) as the unique k-box having C,gz(x)) as its middle-frontal k-part.
iii. Ug(z) as the symmetric slab around x given by

Uk(z) := U C,gz)
zi|(z—2z(z))-e1 |§%ak71

together with its corresponding (inner) boundaries

0-0kte) = {y e ito 1 = (o) - (G 1)) i)

0. Ui (z) = {y € Up(a) : g1 = (z(az) + <;’ak - 1)) N,;}.

Observe that, with this particular choice of boundaries, we have 0_Qy(x) C 0_U(x).

Finally, we need to introduce the notion of good and bad k-boxes. Given w € €, k € Ny and € > 0,
we will say that:

and

o A 0-box Qo is (w, €)-good if it satisfies the estimates

inf Pro(Xr, €04Qo)>1—¢ 7" (56)
T€Qo 0
and
1
inf B, (To,) > ( e i‘gea@—é) N, (57)
z€I_Qo

where cg, ¢4 are the constants from Theorem 13. Otherwise, we will say that Qg is (w, €)-bad.
o A (k+1)-box Qp41 is (w, €)-good if there exists a k-box Q). such that all k-boxes intersecting
Qr+1 but not Q). are necessarily (w, €)-good. Otherwise, we will say that Q41 is (w, €)-bad.

The following lemma, which is a direct consequence of the seed estimates proved in Theorem 13,
states that all 0-boxes are good with overwhelming probability.

Lemma 23. Given n € (0,1) there exist positive constants ca3 and 6y depending only on d and n
such that if:

i. The constant 0 from (9) is chosen smaller than 6y,
ii. (LD)y. is satisfied for € sufficiently small depending only on d, n and 6,
then for any 0-box Qo we have that

)

P({w e Q: Qo is (w,e€)-bad}) < ee2s o'
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Proof. Notice that, by translation invariance of P, it will suffice to consider the case of Qo = Byp.
In this case, (27) implies that the probability of (57) not being satisfied is bounded from above by

s
R (58)

s
since Nyt = L° < 2°-6%.¢7% < 2¢7%. On the other hand, by Markov’s inequality and (26) we have

P (SUP Prw(X1g, ¢ 01:Q0) > 6€226_1> <eFe Y Pu(Xrg, & 01Qo) < Qole™ %", (59)
:J:EQO xEQo
Combining (58) with (59) yields the result. O

Even though the definition of good k-box is different for £ > 1, it turns out that such k-boxes
still satisfy analogues of (56) and (57). The precise estimates are given in Lemmas 24 and 26 below.

Lemma 24. Given any n € (0,1) there exists €9 > 0 satisfying that for each € € (0,¢€q) there exists
a sequence (di)ren, C Rso depending on d,n,0 and € such that for each k € Ny the following holds:
i. dy > Zgdy, where 2y € (0,1) is given by

j=1
with the convention that H?Zl = 1.
ii. If Qg is a (w,€)-good k-box then

inf Ppo(Xr, €0:Q)) >1—e %Mk, (60)
TEQE .

Proof. First, observe that if for £k = 0 we take

)
dp =
07 9eN,

then condition (i) holds trivially since =y = 3 and (ii) also holds by definition of (w, €)-good 0-box.
Hence, let us assume that k > 1 and show that (60) is satisfied for any fixed (w, €)-good k-box Q.
To this end, for each z € Q) we write

Px,w(XTQk ¢ 8+Qk) < Pﬂ:,w(XTQk € 81Qk) + P.r,w(XTQk € a—Qk) (62)

We will show that if € is sufficiently small (not depending on k) and there exists di_; > 0 satisfying
that:

V. dp—1 > Zg_1do, R
ii’. For any (w, €)-good (k — 1)-box Qr—1 and all y € Qx_1

max{Py (X1, | € 0Qr-1), Pyu(X1y, | € 0-Qp1)} < e WtMot

then there also exists di > 0 with dj > Zidp such that for all x € Qk

(61)

1
maX{P:v,w(XTQk S 81Qk),P$,w(XTQk S 8_Qk)} < 5e—delc_ (63)

From this, an inductive argument using that (i’) and (ii’) hold for dy as in (61) will yield the result.
We estimate each term on the left-hand side of (63) separately, starting with the leftmost one.

For this purpose, we recall the partition Ci_1 introduced in the beginning of this subsection and
define a sequence of stopping times (k;);ecn, by fixing £o := 0 and then for j € Ny setting

Kjt1 = inf{n > ki Xp ¢ Qk—l(an)}-
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Having defined the sequence (x;);en, we consider the rescaled random walk Y = (Y}),en, given by
the formula

Y}' = Xﬁj/\TQk . (64)
Now, since Q, is (w, €)-good, there exists a (k —1)-box @,_; such that all (k —1)-boxes intersecting
Qp, but not Q}._, are also (w, €)-good. Define then B, as the collection of all (k —1)-boxes which
intersect Q;cfl and also set Q?cq as the smallest horizontal slab S of the form

S={ze€2%:3ycQ, , with|[(z—1vy) e| <M forall 2<i <d}

which contains BQ;c L Observe that, in particular, any (k — 1)-box which does not intersect Q)
is necessarily (w, €)-good. Next, we define the stopping times mj, ma and ms as follows:
e my is the first time that Y reaches a distance larger than 7N,§ from both Q) , and 9,Qy,
the lateral sides of the box Q.
e myo is the first time that Y exits the box Q.
e m3:=inf{j >m;:Y; € Q. ,}.
Note that on the event {XTQk € 0,Qr} we have Py -a.s. mp < mg < 400 so that the stopping time

m’ =mo Ay — M

is well-defined. Furthermore, notice that on the event {XTQk € 0,Qx} for each my < j <m/ 4+ my
(such j exist because m’ > 1, see (65) below) we have that at time ; our random walk X is exiting
Qk—1(Xk;_,)- This box is necessarily good since it cannot intersect Q). 1, being j < mg. Moreover,
X can exit this box Qr_1(Xx;_,) either through its back, front or lateral sides. Hence, let us define
n_, ny and n; as the respective number of such back, frontal and lateral exits, i.e. for i = —, +,1
define

ni=#{m1 <j<m +mq: Xy, € 0iQp-1(X,_1)}-
Furthermore, set n’, as the number of pairs of consecutive frontal exits, i.e.

n’=4#{my <j<m'+my—1: X, €04Qp-1(Xy,_,) fori=jj+1}.

Note that with any pair of consecutive frontal exits the random walk moves at least a distance Nj,_,

to the right direction ej, since it must necessarily traverse the entire width of some C’,gz)

|- Similarly,
with any back exit the random walk can move at most a distance %Nk_l to the left in direction eq,

which is the width of any (k — 1)-box. Therefore, since our starting point = € Qy, is at a distance
not greater than N, from 0, Qy, we conclude that on the event {XTQk € 0;Qr} one must have

3
Ny -nf — §Nk_1 ‘n_ < Nj.
On the other hand, by definition of m; it follows that

TN T

S S S 65
= 95NB | 25 Rt TR (65)

Furthermore, observe that ny +n_+mn; = m’ —1 and also that ny —n* < n_ +mn; since ny —n¥ is
the number of frontal exits which were followed by a back or lateral exit. Thus, since Ny_; > 2N,
by assumption, from the above considerations we obtain that

/
Ny
k k—1 /
+3 “(n—+mn) >m — 1.
N, N;_,

From here, a straightforward computation using the definition of N; and V. ]’ for 5 > 0 shows that

n_+mn; > -(m' —mj) + M

ak—1
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where

1 (7 1
M, = — b1 —1 2
" Bag_y <25 ot ) = 15a5_q k-1

since b1 < ap_jand 1 < ap_q < 25&% ;- Thus, by conditioning on the value of m’ —m] it follows
that

P:L",w(XTQk S 8le) < Px,w (n +mn; > : (’I?’L/ - mlkl) + Mk>

3ag_1

< Z <UN > -N + Mk> s
N>0 k-1
where each Uy is a Binomial random variable of parameters n := m} + N and py : e -1Nk-1,

Using the simple bound P(Uy > r) < pZQN MY for ¢ > 0 yields

]. " ]_
Pow(X1o, € 0Qk) < — 1 Piwk?m’“ < |\ e~ k-1 Ni—1 Mitmilog 2,
1—2p. 1—2p, "
Now, since
o

1 1

inf 5 =[(1-—u) =2,

e g =

it follows that dy_1N;_; > %doNg because one then has dj_1 > Zp_1dy > %do and Nj_; > %NO.
Hence, we obtain that

1
3a. 1 1 1 €2 —1
pljak71 — ei§dk*1Nllcfl < e_ﬁdONO < e—ﬁe (66)

and also

1 7 log2
—dg_1Np_1 M}, + m% log2 = —d_1 N M, & 2 1)

— M- ———aj_
3ag_10k—1 25 dj_1Nj—1 "

1 28  log?2 5
o Op—1

15ak 1 25 dQNoak 1
1 56log?2 ak 1

— — = €

15 25 Co Qp—1

1 56log2
—dklek <<15 — % ch 6) akl) (67)

since ai_1 < ag_1. Thus, if € is taken sufficiently small so as to guarantee that

(
< —dp—1 N (
(

IN

1 1 56 log 2 1
emer =2 ad e Tz g
1—2e 2 €2
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then, since ax_1 > 16 and € € (0,1) by construction, we conclude that

1
Poo(Xry, € 01Qk) < 2¢7 %1 < = exp {—dj_1 Ny + log 4}

1 log4
< = _ _
< 5 exp { dg—1 N}, <1 dk—lNk> }
1 log 4 1
< Z _ _ -
< 5 exp { dp—1Ng (1 o dk—lN];> }
1 log 4 4
< = _ _
2exp{ dp_1 N <1 o dONO)}
1 log4 8
< §exp {—dk_lNk <1 _ L8 € )}
af Co
< %e*Jka, (68)

for d, > 0 given by the formula

A 1
di = dg—1 (1 - > ;
ag

provided that € is also small enough so as to guarantee that

8log4
2

e < 1.

We turn now to the bound of the remaining term in the left-hand side of (63). Consider once again
the partition Cx_1 and notice that if Xo = z € Qj then, by construction, we have Qr_1(z) C U_1(x).
We can then define a sequence Z = (Z,,)nen, € R as follows:

i. First, define k(, := 0 and for each j € N set

Ky o=inf{n > wj_; : X, € 0_Up_1(Xpy ) U 8+Uk_1(X,€3_71)}.

7—1
ii. Having defined the sequence (k});en,, for each j € No define Z; := Z(Xn;./\TQk) -eq.
The main idea behind the construction of Z is that:

e 7 starts inside the one-dimensional interval [lg, rg], where

Iy = min{z - e : C’,(j_)l NQy # 0} and T = max{z-ej : C,gz_)l NQy # 0},

and moves inside this interval until the random walk X first exits Q. Once this happens,
Z remains at its current position forever afterwards.

e Until X first exits @y, the increments of Z are symmetric, i.e. Z;11 — Z; =+ (%ak,l — 1)
for all j with #,, < Tg,.

e Given that X,» =y € Qy, if X exits Qj_1(y) through its back side then X,{;_H € 0_Uk_1(y),

J
so that Zj 1 — Z, = — (%ak_l — 1).
Thus, it follows that

2
Px,w(XTQk € a—Qk) < Px,w(ﬂf < Trk) (69)

where Tlf and TTZk respectively denote the hitting times for Z of the sets (—oo, ;] and (rg, +00).
To bound the right-hand side of (69), we need to obtain a good control over the jumping probabilities
of the random walk Z. These will depend on whether the corresponding slab Uy_; which Z is exiting
at each given time contains a (w, €)-bad (k — 1)-box or not. More precisely, since Q, is (w, €)-good
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we know that there exists some (k —1)-box @;_1 such that all (k —1)-boxes which intersect @y but
not @;;_1 are necessarily (w, €)-good. Define then

Li—y :=min{z-e; : C,iz_)l NQp_1 #0} —2a_1
Rp_1 :=max{z e : C’,gz_)l NQp_1 # 0} + 2a,1

and observe that, with this definition, if y € Z% satisfies y € C,gi)l for some z = (z1,...,2q) € Z¢
with z; ¢ [Lg_1, Ri—1] then all (k — 1)-boxes contained in the slab Uy_1(y) are necessarily good.
From this observation and the uniform ellipticity, it follows that the probability of Z jumping right
from a given position z; € [lg, ] is bounded from below by

(1 _ e*dklekfl)%ak_l_l if 21 ¢ [kalkafl]

pr-1(21) =4
HiNk_l if z1 € [Lk—lka—l]'

Hence, if we write T[%kil Ry 1O denote the hitting time of [Ly_1, Rx—1] and ©z := {Tlf < TTZk}
then we can decompose

Pr(02) = POz N{T, g, =+0Y + Pow(®z0{TF, _ g, <+oo}).  (70)

Now, recall that if (W), en, is a random walk on Z starting from 0 with nearest-neighbor jumps

which has probability p # % of jumping right then, given a,b € N, the probability E(—a,b,p) of

exiting the interval [—a, b] through —a is exactly

o PP—0-p°_ _ (1-p°
paer _ qa+b — pa+b _ (1 —p

Furthermore, if a,b € N are such that

N — 2N] Ng Ni,
——f <a<2- and a+b<4-
Ni—1 Ni1 Ni—1

E(—a,b,p) = (1—-p)

ot =: E(—a,b,p).

then for pj,_, :==(1— e_d’“—lNk—l)%“k*lf1 and e sufficiently small (but not depending on k) one has

E(—a,b,pj_q) < 92¢~ Nk (71)

~ 2 1 logap_1 1
dp =dp_1|(1—-———  ——— | >dp_1|1— —= 0.
K k 1( ag 12 agp—1 >_ k 1< (k—|—1)2> -

Indeed, by Bernoulli’s inequality which states that (1 — p)® > 1 — np for all n € N and p € (0,1),
for € sufficiently small so as to guarantee that i—f €< % we have that

a
(1 _pk—l)a < ((2%_1 - 1> e_dk—lNk—1>
< exp{—ady_1Ny_1 —2alogas_1}
N1 log a1
< —di_1 N, 92
_exp{ k—1 k(a N, + adk_lNk
Ny, — 2Nj, 4 log ag—1 >}

{a
< exp {—dk_lNk (1 2 g losan 1 )}
{a

for

ay ar—1  doNog

1_2_32.6.10gak_1>}§6d~k1vk
ag C2 ak—1
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where we use that % < aj_1 in the second line and dk_lN,’%l > idoNo in the second-to-last one.
Similarly, by (C4) we can take e sufficiently small so as to guarantee that
32 log o 1
€Sup(g]1) < -,
&) jeN \ @j—1 2
in which case we have that

(p;C—l)a+b Z ]- — 2@]‘:,1(@ =+ b)eidklekfl

log 2ay,_ b
N )

16 1 _ 1 _
>1—expq—dg1 N1 |1——-€- e 1>>}
C2 ak—1 ak—1

32 1 _
>1—exp {dk—lNk—l (1 Y € Oi:ékll)}

> 1—exp{—%e_1}, (72)

where we have used that 2 < a;_; and 4 < aj_1 to obtain the third line. Finally, we have

3
(1-p, )P <1-9p, ;< <2ak_1 - 1> e” 1Nkt < 9, (a + b)e B -1Ne-1 < exp {—%6_1}

where, for the last inequality, we have used the bound (72). Hence, by choosing € sufficiently small
(independently of k) so as to guarantee that
1
(pkfl)a—kb - (1= pzil)wb > 2
we obtain (71).
With this, from the considerations made above it follows that

Pz,w(@Z N {T[%k—lykal] = +OO}) < E(_av b7p;€71)

for
i — (2(2) - e1)

and b:= 5
iak_l —1

. [u>>—l 1

3
iak_l -1

where [-] here denotes the (lower) integer part. Recalling that the width in direction e; of any C,g’i)l

is exactly IV, _; and also that NJ_; < N;_; < %N; holds for all j € N, by using the fact that € Qy
it is straightforward to check that

Np = Np 3Nk =N =Ny = GNea =Ny o SN N Ne N NG
Ng-1 — SNk — Nj_, T TSNk - N, T N T N

and N N N

b < ET0kt gy Mty D

st SN T N ST TNy SN,
24VEk—1 k—1 k—1 k—1

so that (71) in this case yields

Pow(©7 N {T{T, | g, ) = +00}) < 2e7 . (73)

To bound the remaining term in the right-hand side of (70), we separate matters into two cases:
either z(z) - e1 < Ri—1 or z(x) - e > Rj_1. Observe that if z(x) - e; < Rj_1 and we define

l(z) :=inf{j > 0:2(z) e1 —j (3ar—1 — 1) < Ly—1} < +o0

z(z) = 2(z) - e1 — (2) (Bap_1 — 1)
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then Z necessarily visits the site z;(x) on the event Oz N {T[%k_1 Re 1] < +o0}. On the other hand,
if z(z) - e; > Rp_1 and we define

r(z) :==sup{j >0:2(z) e1 —j (3ar_1 —1) > Rp_1} < 400

zr(2) 1= z(z) - e1 — r(z) (3ap_1 — 1)
then Z necessarily visits the site z,.(x) on the event ©7 N {T[%kil R, < too}. In the first case,
by the strong Markov property we can bound

=7
P.,(©zN {TiH Ry < To0}) < Pf(m)ﬁw(Tlf <T;).

where PZZ
l(x)7w

once again, we can check that

denotes the quenched law of Z starting from z;(x). Using the strong Markov property

Z — VA _
le(r),w(D ) < le(x),w(D )

=7
PZ ),w(Tllf < Trk) <

al@ PZ, ,(D-UD*) = PZ (D)
where .
D™ = {Tlf < HZZI(@} and Dt .= {r,, < HZZZ(I)}

and we define HyZ =1inf{j > 1:Z; =y} for each y € Z. Now, by forcing Z to always jump right,
using that (ry — Rr_1) - Nj_; < Ny, holds whenever z(z) - e; < Rj_1 and also that

3
|Rip—1 — Lip—1| < 50k—1+ 2 +4dag— < 8ag—

we obtain
N

3N, N N 1
Pg(m),w(D+) > (8NE—1 (p;{:_l) aNk-1- Ny > 1 S3NVk—1 (p;g—l) N k-1 > 5H8Nk,17

where we have used (72) to obtain the last inequality. On the other hand, by the Markov property
at time 7 = 1, we have that

PZ (Tlf < HzZl(x)) < E(_a,’ b/,p%_l)

z1(z),w
for
a = jl(x)i_lk and b =1.
iak_l —1

Using the facts that = € Qy, z(z) - €1 < Rp_1, |Ri—1 — Li—1| < 8ax_; and N| | < Nj_; < %N,’g,
it is easy to check that

Ny — Nl/c ’ N Ny,
—= <ad <2 and a+b<4- ,
Ni—1 Ni—1 Ni—1
so that (71) immediately yields
Pl (D7) < 27BN,
and thus y
P, (07N {Tikithil] < 400}) < 4k 8Nk-1o= ANk (74)

It remains only to treat the case in which z(x) - e; > Ri_1. Recall that in this case we had that Z
necessarily visits z,(z) so that, by the strong Markov property, we have

=2 =74

x)-el,w( r

Notice that, by proceeding as in the previous cases, we obtain

7Z —_—
Ployer o Ti ey < Thy) < B(=a”,b,p_y)

z(z)-e1,w
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for

+1

e [(z(w) e1) - zr<x>] d b [k — (z(x) - e1)

3
5&]671 —1

3
iakfl —1

Now, we have two options: either |l — z.(z)| < 1lag—y or [l — z.(z)| > 1lag_;. In the first case,
we have that

o' < q:= [(Z(;U)'el)—lk] <d+1+ 311ak71 <d'+9
5Qk—1 — 1 50k—1 —
so that, by the bound previously obtained on a and a + b, we conclude that
Ny

Nj, — 2N]2, ” Ny, "
— k4" <2, and a'+b<4- ,
Ni—1 k—1 Ni_1

which implies that

Pz,w(QZ N {T‘[%k—lyRk—l] < +OO}) < ij) (TZZT(z’) < T’ri) < E(_a”a bvpgcfl) < 2€_dek‘ (75)

-e1,w

On the other hand, if |ly — z.(z)] > 1lag_1 then, since |z,(x) — z;(z)| < 1lax_; holds because
|Ri—1 — Li—1| < 8ag_1, the walk Z starting from z,(x) must necessarily visit z;(x) if it is to reach
(=00, lg] before (rg,4+00). Therefore, using the strong Markov property we obtain that

=7 =7
vaw(GZ N {z—y[%k—th—l] < +OO}) S ij)el,w(TzZT(z) < Trk) ’ P,g(,z’)7w(iz—‘lf < T'I“k)

Since it still holds that 1 <a”" +b<a+b<4- N]l\cffl in this case, then

/ a’’+b 1 / a’’+b > (7 4'% 1 / > 1
(pk—l) —( _pk—l) = (pk—l) _( _pk—l) =)

so that
Py (T2 <T7) < E(=a",b,pl_y) <2(1 - pj_y)* .

z

On the other hand, as before we have
Z zZ _ sl
PZz(i),w(le <T,)<

but now the distance of z;(z) from the edges I, and ry has changed. Indeed, one now has the bounds

I Sl +1 N 1
sz(x)’w(DJr) > "iSNk*l(p;c—l) |:%ak—1*1:| > KSqu(p;C_l)‘l Ne-1 > §K8Nk,1

and

PZ ., (D7) < E(-a,¥,p} )
for

—1
a:= ?(1‘)71@ and b=1.
Eak-fl —1

Since clearly a +V <a+b<4- N]Z: because z(x) - e; > z/(x) by definition, we obtain that
1

&-‘rb/ _ (1 _ / )&-‘y—bl Z 2’

(P;cq) Pr—1

so that
Pg(w),w(Di) <2(1 = pp_y)™
We conclude that
Pw(©20 {]—'[%k—lakal] < +oo}) < 8578Nk71(1 - p?g—l)a/ur&.
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Now, recalling that 1lag_1 > |2,(x) — 2/(x)|, we see that

4. Ni > a’ +a> (Z(l‘) ) 61) - ZT(:L') ;‘ Zl(l') —lg—2 (%ak’—l - 1)
Nk—l 50k—1 — 1
S (z(z)-e1) =l — (Sap_1 — 1) Cz(w) —a) .
o %ak,1 -1 %ak,1 -1
N

> N — N, _g
Ni—1

> Ny, — 2N},
Ni_1

so that i
P.,(©zN {TiH Ry < To0}) < 8k 8Nk-1o=dk N (76)

In conclusion, gathering (73),(74),(75) and (76) yields
PJ;WJ(XTQ]C S 8—Qk) < 10578Nk71€*Jka < %efd;cNk,

where

' i=dj, — 8log 20k ! -

Q-1
Together with (68), this gives (63) for dj, := min{d}, d}.}. It only remains to check that dj > Zjdp.
To see this, first notice that (C5) implies that

. 1 2 1
dp =dp 1 (|1—— ) >2dp 1 |1—— | 2dp 1|1 ———= ) > Zxd
k kl( ak>_k1< ak>_k1( (k+1)2>_k0

since dp_1 > Eg_1dp. Thus, it will suffice to check that dj, > ZEjdy holds if € is sufficiently small.
This will follow once again from (C5). Indeed, if € is such that % -€ < 1 then we have that

d c=dg_1 (1_2_1'10gak—1_810g20/{_1. 1 )
: a2 ap—1 d_1 b1

2 1 logap—, 32log20k~! NL
—d (1-= - = _ e
ap 12 apq Co Qg1

1
>dp_1|1— ——= | > Eirdp.
_kl( (k+1)2>_k0
This shows that dy > Zrdy and thus concludes the proof. ]
Lemma 25. Given any n € (0,1) and 6 € (0,7n) there exists eg = €o(d,n,d) > 0 such that if Qy, is
a (w, €)-good k-box for some € € (0,¢9) and k € Ny then
2

k
. 1 C4 d—5> < aj—1
inf E,,(Tp,) > [~ — —e¥@=0) N/ || 1—8-2 77
2€d_0p «(Ta.) <A A F i bj—1 (77)

with the convention that H?Zl =1

Proof. We will prove (77) by induction on k € Ny. Notice that (77) holds for £ = 0 by definition of
(w, €)-good 0-box. Thus, let us assume that £ > 1 and that (77) holds for (w, €)-good (k — 1)-boxes.
Consider a (w,€)-good k-box Q) and let = € 9_Qp. Observe that if for j = 0,...,b,_1 we define
the stopping times

Oj :==inf{n € Ny : (X,, — Xo) - e1 = jN;,_1 } N,
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then T, = Zbk ' Oj — Oj_1. Furthermore, if for each j we define Y; := XTO then it follows from
the strong Markov property that

br_1

Bew(Tg) = > Euw(0j — 051)
j=1
b1

> Z Erw((0; — Oj—l)ﬂ{0j71<TQk})
j=1

b1

> Z Eacw —1,w Ol)]l{O] 1<Tq, ,d (Yj,@le)>25N,§71})

bkl

Z ng_, EY TQk 1(Y; jfl))ﬂ{XT 56684-@2})’ (78)

where d(-,0;,Qy) denotes the distance to the lateral side 9;Q) and we define the box Q) as
Q== {y € Qr : d(y,0,Qx) > 25N} _,},
together with its frontal side
94+ Q) = 0:Qr N Q;,
and the (k — 1)-box Qx_1(y) for any y € Z¢ through the formula
Qr-1(y) == B, (y = (Ng—1+ Ny_y)e).

Observe that if Y; € Q) then Qp— 1(Y;) € Qy, so that Ey, ,(01) > Ey;, W(TQk Y, )) which explains

how we obtained (78). Now, since there can be at most |Ri_1 — Lg_1| < 8ag_1 boxes of the form

Qk_l(Yj,l) for j =1,...,br_1 which are (w, €)-bad, it follows from the inductive hypothesis that
2

k—1
1 ¢ a;_ A
Euu(To,) > (A - G- )Nk 11 <1 — 5 1) (1 - 8b:i> P (XT% e a+Q;). (79)

j=1 it
But, by performing a careful inspection of the proof of Lemma 24, one can show that

Py (XTQ/ € 8+Q;c> >1- e~ %Nk

so that, using that e™* < = for x > 1 and also that N > N; > by_1N; ;| > Z’ZJN > Z’Z:ll Ny,
for € < ¢y we obtain
Px,w (XTQ/ € a—l—Q;g) >1- e_%dONk
k
>1-— 4
- do N},
1 4 ag
- doNo bp_1
:1_§ USSR
C2 bk 1 bk—l
which, combined with (79), yields (77). O

Finally, we need the following estimate concerning the probability of a k-box being (w, €)-bad.

Lemma 26. Given n € (0,1) and § € (0,n) there exists Oy depending only on d,n and § such that
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i. The constant 0 from (9) is chosen smaller than 6y,
ii. (LD)y. is satisfied for € sufficiently small depending only on d,n,0 and 0,

then there exists cag = co4(d,m, 9,0, €) such that for all k € Nog and any k-box Q. one has
P({w e Q: Qk is (w,€)-bad}) < e~ 242",
Proof. For each k € Ny and € > 0 define
0(€) = P({ : Qi is (,¢)-bad})

Notice that ¢; does not depend on the particular choice of () due to the translation invariance of P.
We will show by induction on k € Ny that

g < ™2 (80)
for my given by

log N;
27

k
5
my := ca3 Ny — 12dz
j=1

with the convention that 22:1 := 0. From (80), the result will follow once we show that infy my > 0.

First, observe that (80) holds for £ = 0 by Lemma (23). Therefore, let us assume that £ > 1
and (80) holds for k — 1. Notice that if Q) is (w, €)-bad then necessarily there must be at least two
(w,€)-bad (k — 1)-boxes which intersect () but not each other. Since the number of (k — 1)-boxes
which can intersect j is at most

3 _
SNk (50)"! < (23

then by the union bound and the product structure of P we conclude that
Qe < (2Np)%q7_) < exp {6d10g 2Ny, — mk:—12k} < e 2,

Thus, it only remains to check that

inf i, = eag N — 1205 128N 1
lr]i myg = C23Ng — Zl 5 > 0. (8 )
]:
But notice that by (C6) we have that
) o) J
log N, 1 _
Z; 57 L <log Ny +Z; (WZ;IOgai_l> < cloge?
Jj= Jj= i=

for some constant ¢ > 0, from where (81) follows if € sufficiently small (depending on § and ). O

Let us now see how to deduce Proposition 22 from Lemmas 25 and 26. For each k € Ny consider

the k-box given by
3 _
Qp = (—QNk. +N,;,N,;> X (—25N,§,25N,§)d !

Using the probability estimate on Lemma 26, the Borel-Cantelli lemma then implies that if €, § are
chosen appropriately small then for P-almost every w the boxes Q. are all (w, €)-good except for a
finite amount of them. In particular, by Lemma 25 we have that for P-almost every w

2

Eow(Tyr) 1 e a;_
liminf — o %2 5 (2 a(d)=d ” 1 g1
Iiﬁ\minoo ]\7]/g - <)\ A ¢ i Sbj_l
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By Fatou’s lemma, the former implies that

2

Eo(Tn:) 1 ey ad ai_

liminf — %~ > [ = _ 2 a(d)—6 182t

oo NI T (A x° ]Hl S
which in turn, since lim;,,— 400 EOSLT") exists by Proposition 4, yields that

- 2

.. Eo(Th) L 4 qa)-s aj—1
e VY [1{1=%5 7

J=1

Recalling now that by (C7) we have

I1 (1 - 8‘”‘1) =1+ 0(e%),
bj,1

j=1

we conclude the result.
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