MEASURES OF MAXIMAL ENTROPY FOR SUSPENSION
FLOWS
GODOFREDO IOMMI AND ANIBAL VELOZO
Abstract. We study suspension flows defined over sub-shifts of finite type
with continuous roof functions. We prove the existence of suspension flows
with uncountably many ergodic measures of maximal entropy. More generally,
we prove that any suspension flow defined over a sub-shift of finite type can
be perturbed (by an arbitrarily small perturbation) so that the resulting flow
has uncountably many ergodic measures of maximal entropy, and that the
same can be arranged so that the new flow has a unique measure of maximal
entropy.

1. Introduction
In this article we study ergodic theory of suspension flows. These are continuous
time dynamical systems defined over a base given by a discrete time system together
with a roof function that determines the time the flow spends before returning to
the base. We will consider the case when we have sub-shifts of finite type as base
and continuous positive functions as roofs.
Suspension flows have been used as models for different classes of differentiable
flows at least since the work of Hadamard [H], in which he studied closed geodesics
in surfaces of negative curvature. In 1973, Bowen [B1] and Ratner [Ra] constructed
Markov partitions that allowed for the coding of Axiom A flows by suspension flows
over sub-shifts of finite type with Hölder continuous roof functions. Later, Pollicott
[Po] extended these constructions and was able to code Smale flows (which are a
generalization of Axiom A flows) with suspension flows defined over sub-shifts of
finite type with continuos roof functions. More recently, symbolic systems have
been constructed for flows that are defined on non-compact surfaces or even having
non-uniform forms of hyperbolicity. In these cases the base symbolic systems are
countable Markov shifts (non-compact generalizations of sub-shifts of finite type),
see for example [LS].
Thermodynamic formalism for suspension flows defined over sub-shifts of finite
type with Hölder roof functions is well understood. There exists a unique measure
of maximal entropy, the pressure is real analytic and Hölder functions have unique
equilibrium measures (see Section 2 for definitions and [BR, PP] for details). In
this article we show that the situation drastically changes if we only assume the
roof function to be continuous. Indeed, we prove the existence of a suspension flow
with uncountably many ergodic measures of maximal entropy (see Proposition 3.4).
In fact, we prove a much more general result: by an arbitrarily small time change,
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any suspension flow defined over a sub-shift of finite type can be perturbed so that
the resulting flow has uncountably many ergodic measures of maximal entropy. We
also prove that the same can be arranged so that the new flow has a unique measure
of maximal entropy. The main result of this article is the following,
Theorem 1.1. Let pΣ, σq be a topologically transitive one or two-sided sub-shift
of finite type. Let τ : Σ Ñ R be a positive continuous potential and pYτ , Φτ q the
corresponding suspension flow. Let # ą 0, then
(a) There exists a positive continuous function τ1 : Σ Ñ R with }τ ´ τ1 }0 ă
# such that the corresponding suspension flow pYτ1 , Φτ1 q has uncountably
many ergodic measures of maximal entropy.
(b) There exists a positive continuous function τ2 : Σ Ñ R with }τ ´ τ2 }0 ă #
such that the corresponding suspension flow pYτ2 , Φτ2 q has a unique measure
of maximal entropy.
Theorem 1.1 states that an arbitrarily small time reparametrization of pYτ , Φτ q
yields systems with uncountably many ergodic measures of maximal entropy and
systems with a unique one. This result provides a description of the space of
suspension flows defined over a fixed base. It shows that both, flows with unique
and those with uncountably many measures of maximal entropy form dense sets.
Our results are of a complementary nature to those obtained by Kucherenko
and Thompson [KT2, Theorem 2] (see also [KT1]). They consider suspension flows
in which the base is a specific sub-shift of finite type, namely the full-shift on
finitely many symbols. With a constructive method they produce roof functions
for which the corresponding suspension flow has finitely many measures of maximal
entropy. Moreover, they have control on the support of these measures. In a
recent preprint, Kucherenko and Thompson [KT3] also constructed examples with
uncountably many measures of maximal entropy.
Our strategy is different and only relies on results of Israel (Theorem 3.3) and
Ruelle (Theorem 3.1). Theorem 3.3 says that among continuous functions, there
is a dense set with uncountably many equilibrium states. We remark that this is
a purely existencial result. In contrast, Theorem 3.1 establishes the uniqueness of
equilibrium states for Hölder continuous functions. In the proof of Theorem 1.1a
we use Israel’s result to C 0 -perturb the original roof function into one for which
the suspension flow has uncountably many measures of maximal entropy. With
a similar argument we deduce Theorem 1.1b from Theorem 3.1. Therefore with
our method we can prove the density of suspension flows with unique and with
uncountably many measures of maximal entropy.
It is worth emphasizing that Theorem 1.1a holds for a class of dynamical systems
that goes far beyond sub-shifts of finite type. Let X be a compact metric space
and T : X Ñ X a continuous map. It follows from our proof that it suffices to
verify that Theorem 3.3 holds for pX, T q. This is in fact the case whenever pX, T q
has finite topological entropy, the set of ergodic measures is entropy dense and the
entropy map is upper semi-continuous; these are the key assumption in the proof
of Theorem 3.3 (for precise definitions and discussion see Remark 3.9).
We finish this paper with a version of Israel’s result for suspension flows (see
Theorem 3.13).
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2. Preliminaries
In this section we provide definitions and properties that will be used throughout
this paper.
2.1. Sub-shifts of finite type and thermodynamic formalism. Let A be a
transition matrix defined on the finite alphabet A :“ t1, 2, . . . , N u. That is, the
entries of the matrix A “ Api, jqAˆA are zeros and ones. The one-sided sub-shift
of finite type pΣA , σq associated to A is the set
ΣA :“ tpxn qnPN : Apxn , xn`1 q “ 1 for every n P Nu ,
together with the shift map σ : ΣA Ñ ΣA defined by σpx1 , x2 , . . . q “ px2 , x3 , . . . q.
We endow A with the discrete topology and AN with the product topology. On
ΣA we consider the induced topology given by the natural inclusion ΣA ãÑ AN .
This makes ΣA a compact topological space. The following metric generates this
topology,
$
’
if x1 ‰ y1 ;
&1
´k
dpx, yq :“ 2
if xi “ yi for i P t1, . . . , ku and xk`1 ‰ yk`1 ;
’
%
0
if x “ y.

We say that pΣA , σq is topologically transitive if there exists a natural number
m P N such that all the entries of the matrix Am are positive. Equivalently, there
exists a point x P ΣA having a dense orbit. When the context is clear we will simply
write pΣ, σq.
Standing assumption: In this paper pΣ, σq will always be topologically transitive and the alphabet has cardinality at least 2.
Denote by MpΣ, σq the set of σ´invariant probability measures and endow it
with the weak˚ topology. Recall that a sequence pµn qn in MpΣ, σq converges in the
weak˚ topology to the measure
µ if şand only if for every continuous function f : Σ Ñ
ş
R we have that limnÑ8 f dµn “ f dµ. The space MpΣ, σq is a compact convex
set whose extreme points are the ergodic measures. It is actually a Choquet simplex
(each measure is represented in a unique way as a generalized convex combination
of the ergodic measures), see [Wa1, Theorem 6.10 and p.153] for more details on
the structure of MpΣ, σq.
Thermodynamic formalism in this setting has been studied, at least, since the
early 1970s. An account of the theory can be found in [Wa1, Chapter 9]. We now
recall some of the basic definitions and properties. For every continuous function
ϕ : Σ Ñ R the topological pressure of ϕ is defined by
"
*
ż
P pϕq :“ sup hpµq ` ϕdµ : µ P MpΣ, σq ,

where hpµq denotes the entropy of the measure µ (see [Wa1, Chapter 4] for details).
The topological entropy of pΣ, σq is defined by hpσq :“ P p0q, that is, the pressure
of the constant
function equal to zero. A measure µ P MpΣ, σq satisfying P pϕq “
ş
hpµq ` ϕdµ, is called an equilibrium measure or equilibrium state for ϕ. If ϕ is the
constant function equal to zero we call the corresponding equilibrium measures,
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measures of maximal entropy. Since the entropy map µ ÞÑ hpµq is upper semicontinuous (see [Wa1, Theorem 8.2]) and MpΣ, σq is compact, every continuous
function has at least one equilibrium measure.
Denote by CpΣq to the space of continuous real valued functions on Σ endowed
with the uniform norm } ¨ }0 . The pressure map P p¨q : CpΣq Ñ R is continuous and
convex functional (see [Wa1, Theorem 9.7]).
Remark 2.1. Let A be a transition matrix defined on the finite alphabet A. The
two-sided sub-shift of finite type pΣ, σq associated to A is the set
Σ :“ tpxn qnPZ : Apxn , xn`1 q “ 1 for every n P Zu ,

together with the shift map σ : Σ Ñ Σ defined by pσpxqqi “ xi`1 , for every i P Z.
All the results discussed in this section remain valid for two-sided sub-shifts of finite
type.
2.2. Suspension flows. Let pΣ, σq be a topologically transitive one-sided sub-shift
of finite type and τ : Σ Ñ R` be a positive continuous function. Consider the space
Yτ “ tpx, tq P Σ ˆ R : 0 ď t ď τ pxqu,

with the points px, τ pxqq and pσpxq, 0q identified for each x P Σ. The suspension
semi-flow over σ with roof function τ is the semi-flow Φτ “ pζt qtě0 on Yτ defined
by
ζt px, sq “ px, s ` tq whenever s ` t P r0, τ pxqs.
In particular,

ψτ pxq px, 0q “ pσpxq, 0q.

We denote such semi-flow by pYτ , Φτ q. If the context is clear we use the notation
pY, Φq. If pΣ, σq is a two-sided sub-shift of finite type, then pYτ , Φτ q, where Φτ “
pζt qtPR is called the suspension flow over σ with roof function τ ; in this case the
acting group is R. For simplicity we state most of our results in Section 3 in the
semi-flow case, but we emphasize they hold in both situations with no distinction
(see Remark 3.8).
The natural topology on Y can be obtained by the so called Bowen-Walters metric (see [BW, Section 4]). Denote by MpY, Φq the space of Φ-invariant probability
measures on Y . It is a classical result by Ambrose and Kakutani [AK] that if Leb
denotes the one dimensional Lebesgue measure the map R : MpΣ, σq Ñ MpY, Φq
defined by
Rpµq :“ pµ ˆ Lebq|Y {pµ ˆ LebqpY q,
is a bijection. A description of the thermodynamic formalism for suspension semiflows can be found in [PP, Chapter 6]. The pressure of a continuous function
g : Y Ñ R is defined by
"
*
ż
PΦ pgq :“ sup hpνq ` gdν : ν P MpY, Φq .
Again, a measure attaining the supremum in the definition of PΦ pgq is called an
equilibrium measure for g. The topological entropy of pY, Φq is defined by
hpΦq :“ PΦ p0q,

that is, the pressure of the constant function equal to zero. A measure ν P MpY, Φq
is a measure of maximal entropy of pY, Φq if hpνq “ hpΦq.
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The entropy of measures in MpY, Φq can be calculated by means of Abramov’s
formula (see [Ab] or [PP, p.91]):
hpR´1 pνqq
hpνq “ ş
,
τ dR´1 pνq

for every ν P MpY, Φq. Given a continuous function g : Y Ñ R we define the
function ∆g : Σ Ñ R by
ż τ pxq
∆g pxq :“
gpx, tq dt.
0

The function ∆g is also continuous. By Kac’ s formula (see [PP, p.90]) we have
ş
ż
∆g dR´1 pνq
,
(2.1)
g dν “ şΣ
τ dR´1 pνq
Y
Σ

for every ν P MpY, Φq. Moreover, if g is a Hölder function on Y then ∆g is also a
Hölder function on Σ (see [BS, Proposition 18]).
We finish this section with an important observation.
Remark 2.2. There is a close relation between the thermodynamics of pY, Φq and
that of pΣ, σq. Indeed, see [PP, Proposition 6.1], PΦ pgq is the unique solution of
the equation
P p∆g ´ tτ q “ 0.
In particular, the topological entropy of pY, Φq is the unique root of the equation
P p´tτ q “ 0,

and the measures of maximal entropy for the flow are of the form Rpµq with µ
equilibrium measure for ´hpΦqτ .
3. Measures of maximal entropy
In this section we prove the main results of this paper. We first prove the existence of a suspension flow defined over a sub-shift of finite type which admits
uncountably many ergodic measures of maximal entropy. For this we can consider an arbitrary sub-shift satisfying our standing assumptions and a suitable roof
function. We also prove Theorem 1.1, the main result of this paper. Roughly speaking, we prove that any suspension flow defined over a sub-shift of finite type can
be slightly perturbed into one with uncountably many ergodic measures of maximal entropy and into one with a unique measure of maximal entropy. This result
highlights the differences between the thermodynamic formalism of continuous and
Hölder potentials. As mentioned in the introduction, for simplicity we state the
result for one-sided sub-shifts and for semi-flows. However, all results are valid for
two-sided shifts and suspension flows (see Remark 3.8).
Let pΣ, σq be a topologically transitive one-sided sub-shift of finite type. The
following result is due to Ruelle (see [Ru] and [PP, Theorem 3.5]),
Theorem 3.1 (Ruelle). If ϕ P CpΣq is a Hölder function, then it has a unique
equilibrium measure. In particular, the set of functions having unique equilibrium
measures is dense in CpΣq.
Remark 3.2. It is a direct consequence of Theorem 3.1 and Remark 2.2 that if
pY, Φq is a suspension flow over pΣ, σq with a Hölder continuous roof function, then
it has a unique measure of maximal entropy.
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A complementary result by Israel ([Is, Theorem V.2.2]) shows how different
thermodynamic formalism is in the space of continuous functions.
Theorem 3.3 (Israel). The set of continuous functions having uncountably many
ergodic equilibrium measures is dense in CpΣq.
The following result is a consequence of Israel’s theorem.
Proposition 3.4. There exists a suspension flow pYτ , Φτ q with continuous roof
function τ : Σ Ñ R` which admits uncountably many measures of maximal entropy.
Proof. Since the pressure is continuous the set
L :“ tϕ P CpΣq : sup ϕ ă P pϕq and ϕ ą 0u

is open. Moreover, for c ą 0 the constant potential ϕ ” c belongs to L. Hence,
L is a non-empty set (by our standing assumption pΣ, σq has positive topological
entropy). By Theorem 3.3 there exists τ0 P L with uncountably many ergodic
equilibrium states. Define
τ :“ P pτ0 q ´ τ0 .
Then τ ą 0, P p´τ q “ P pτ0 q´P pτ0 q “ 0 and ´τ has uncountably many equilibrium
states. In light of Remark 2.2 we can conclude that the the suspension flow pYτ , Φτ q
has uncountably many ergodic measures of maximal entropy.
!
Our next result establishes that with a small continuous time reparametrization
of the flow we can obtain a suspension flow with uncountably many measures of
maximal entropy. Let pYτ1 , Φτ1 q and pYτ2 , Φτ2 q be two suspension semi-flows with
corresponding continuous roof functions τ1 : Σ Ñ R and τ2 : Σ Ñ R. Then the
semi-flow pYτ1 , Φτ1 q is a time reparametrization of pYτ2 , Φτ2 q. Indeed, the map
π : Y1 Ñ Y2 defined by
ˆ
˙
τ2 pxq
πpx, sq “ x,
s ,
τ1 pxq
preserves the orbit structure. It actually send leafs to leafs and corresponds to the
time change. A natural way of estimating the size of the time reparametrization is
by }τ1 ´ τ2 }0 or equivalently, since τ1 is bounded below, by }τ2 {τ1 ´ 1}0 (see [CI]
for a related discussion).
Proof of Theorem 1.1. We divide the proof in two Lemmas.
Lemma 3.5. Let ψ P CpΣq be such that P p´ψq “ 0. Then there exist two sequences
of continuous potentials pϕn qnPN and pρn qnPN such that
(a) Both sequences converge uniformly to ψ, limnÑ8 ϕn “ ψ and limnÑ8 ρn “
ψ.
(b) For every n P N we have P p´ϕn q “ 0 and P p´ρn q “ 0.
(c) For every n P N the potential ´ϕn has infinitely many ergodic equilibrium
states.
(d) For every n P N the potential ´ρn has a unique equilibrium state.

Proof. By Theorem 3.3 there exists a sequence of continuous functions pfn qn converging uniformly to ´ψ such that for every n P N the function fn has uncountably
many ergodic equilibrium measures. For every n P N define ϕn “ P pfn q ´ fn . Since
the pressure is a continuous function and P p´ψq “ 0 we have that
lim P pfn q “ 0 and lim ϕn “ ψ.

nÑ8

nÑ8
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Moreover, each function ´ϕn has uncountably many ergodic equilibrium measures
and P p´ϕn q “ 0. Analogously, by Theorem 3.1 there exists a sequence of continuous functions phn qn converging uniformly to ´ψ such that for every n P N the function hn has a unique equilibrium measure. For every n P N define ρn “ P phn q ´ hn .
It follows from the continuity of the pressure and P p´ψq “ 0 that
lim P phn q “ 0 and lim ρn “ ψ.

nÑ8

nÑ8

Note that P p´ρn q “ 0. Moreover, every function ρn has a unique equilibrium
measure.
!
Lemma 3.6. Let τ : Σ Ñ R be a positive continuous potential. Then there exist
two sequences pτn qnPN and pτn1 qnPN of continuous positive functions such that
(a) The sequences pτn qnPN and pτn1 qnPN converge uniformly to τ .
(b) For every n P N the suspension semi-flow with roof function τn has uncountably many measures of maximal entropy.
(c) For every n P N the suspension semi-flow with roof function τn1 has a unique
measure of maximal entropy.
Proof. In order to prove this result we will construct a sequence of positive continuous functions pτn qn converging uniformly to τ such that P p´hpΦτ qτn q “ 0 and
´hpΦτ qτn has uncountably many ergodic measures of maximal entropy. By Lemma
3.5 there exits a sequence of continuous functions pϕn qn converging uniformly to
hpΦτ qτ , such that for every n P N we have that P p´ϕn q “ 0 and ϕn has uncountably many ergodic equilibrium measures. Define the functions τn : Σ Ñ R
by
ϕn pxq ´ hpΦτ qτ pxq
τn pxq :“ τ pxq `
.
hpΦτ q
Note that pτn qn converges uniformly to τ . Moreover,
´hpΦτ qτn pxq “ ´hpΦτ qτ pxq ´ ϕn pxq ` hpΦτ qτ pxq “ ´ϕn pxq.

Thus, P p´hpΦτ qτn q “ 0 and ´hpΦτ qτn has uncountably many ergodic equilibrium
!
measures. The construction of the sequence pτn1 qnPN is done analogously.

1 , Φτ q and pYτ 1 , Φτ 1 q
The result follows considering the suspension semi-flows pYτm
m
m
m
for m P N sufficiently large.
!

Remark 3.7. Note that the suspension semi-flows obtained by time reparametrization, pYτn , Φτn q , pYτn1 , Φτn1 q constructed in the proof of Theorem 1.1 have the same
topological entropy as the original semi-flow pYτ , Φτ q.
Remark 3.8. All the results in this article, in particular Theorem 1.1, also hold in
the context of two-sided sub-shifts and suspension flows. For this it suffices to notice
that Theorem 3.3 and Theorem 3.1 also hold for two-sided sub-shifts. Indeed, a well
known result by Sinai [PP, Proposition 1.2] allows to reduce the thermodynamic
formalism of Hölder functions from two sided sub-shifts of finite type to one-sided
ones. Sinai proved that any Hölder function defined on a two-sided sub-shift is
cohomologous a function that depends only on future coordinates. This result was
later generalized by Walters [Wa2, Theorem 4(i)] who found optimal regularity
assumptions on the functions for the above property to hold. This readily implies
that Theorem 3.1 also hold for two-sided sub-shifts. On the other hand, Theorem
3.3 can be directly proven in the context of two-sided sub-shifts of finite type (see
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[Is, Theorem V.2.2]). Moreover, the two-sided version of Israel’s Theorem can also
be deduced in a similar fashion as Ruelle’s Theorem by means of a result by Walters
(see [Wa2, Theorem 4 (iii)]). In that theorem it is proven that for every continuous
function on the two-sided shift there exists a function that depends only in future
coordinates, so that the difference of both functions belongs to the closure of the
set of coboundaries.
Remark 3.9. As mentioned in the introduction, Theorem 1.1a holds for a class of
base dynamical systems that goes far beyond sub-shifts of finite type. We proceed
to explain the relevant assumptions here. Let X be a compact metric space and
T : X Ñ X a continuous map. Denote by MT the space of invariant probability
measures of pX, T q and by ET the subset of ergodic ones.

Definition 3.10. We say that ET is entropy dense in MT if for every µ P MT ,
there exists a sequence pµn qn in ET that converges in the weak˚ topology to µ and
limnÑ8 hpµn q “ hpµq.

Definition 3.11. We say that the entropy map of pX, T q is upper semi-continuous
if for every sequence pµn qn which converges in the weak˚ topology to µ, then
lim supnÑ8 hpµn q ď hpµq.

It follows directly from the proof of [Is, Theorem V.2.2] that if the topological
entropy of pX, T q is finite, ET is entropy dense in MT and the entropy map of pX, T q
is upper semi-continuous, then Theorem 3.3 holds for pX, T q. In this situation,
the exact same proof of Theorem 1.1a yields the density of suspension flows over
pX, T q with uncountably many ergodic measures of maximal entropy. We remark
that these three properties hold for sub-shifts of finite type.
Regarding these assumptions, the finite entropy and the upper semi-continuity of
the entropy map are crucial in order to identify tangent functionals to the pressure
at F : X Ñ R with equilibrium states of F (see [Wa1, Theorem 9.12]). This allows
to incorporate tools from functional analysis into the problem. The entropy density
of ET is important to ensure that the sets
"
*
ż
ApF, #q :“ µ P ET : P pF q ´ # ă hpµq ` F dµ ,
support a non-atomic probability measure, say ν" , for every # ą 0. This is the fact
that allows Israel to construct potentials with uncountably many ergodic equilibrium states. These are ergodic measures which lie in the support of ν" .

Remark 3.12. The proof of Theorem 1.1b is a consequence of Theorem 3.1 and
the density of Hölder continuous potentials in the space of continuous functions
(we always assume our phase space to be a compact metric space). Theorem 3.1
was generalized by Bowen [B2], who proved that if pX, T q is expansive and has
the specification property, then every Hölder continuous potential has a unique
equilibrium state. In particular, Theorem 1.1b holds under those assumptions on
the base dynamics.
3.1. Equilibrium measures for suspension semi-flows and flows. In this
sub-section we make use of the previous results to show that in the context of
suspension semi-flows and flows over sub-shifts of finite type, the set of potentials
having uncountably many ergodic equilibrium measures is dense in the space of
continuous functions CpY q. This is the analog of Theorem 3.3 for the suspension
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flow. As before, we state the result for suspension semi-flows but the same proof
works in the two-sided case.
Theorem 3.13. Let pY, Φq be the suspension semi-flow over a one-sided sub-shift of
finite type pΣ, σq with roof function τ : Σ Ñ R and a continuous function g : Y Ñ R.
Given # ą 0 there exists a continuous function h : Y Ñ R having uncountably many
ergodic equilibrium measures and maxpx,tqPY |gpx, tq ´ hpx, tq| ă #.

Proof. It will be convenient to consider C ą 0 such that g0 :“ g ` C is strictly
positive. In particular we have that ∆g0 pxq ą 0, for every x P Σ. By Lemma 3.5
there exists a sequence of continuous functions pϕn qn with ϕn : Σ Ñ R such that
for every n P N we have P p´ϕn q “ 0, the function ´ϕn has uncountably many
ergodic equilibrium measures and ϕn converges uniformly to PΦ pg0 qτ ´ ∆g0 . For
every n P N define Fn : Σ Ñ R by
Fn pxq :“ PΦ pg0 qτ pxq ´ ϕn pxq.

For every n P N, define the function gn px, tq : Y Ñ R by
gn px, tq :“

Fn pxq
g0 px, tq.
∆g0 pxq

Note that Fn pxq “ ∆gn pxq, indeed
ż τ pxq
ż
Fn pxq τ pxq
∆gn pxq “
gn px, tqdt “
g0 px, tqdt “ Fn pxq.
∆g0 pxq 0
0

Thus, ∆gn “ PΦ pg0 qτ ´ ϕn and in particular p∆gn qn converges uniformly to ∆g0 .
Therefore, P p∆gn ´ PΦ pg0 qτ q “ 0 which implies that PΦ pgn q “ PΦ pg0 q and that gn
has uncountably many equilibrium measures. For n sufficiently large we have that
# inf xPΣ ∆g0 pxq
}∆gn ´ ∆g0 }0 ă
,
suppx,tqPY g0 px, tq
which implies that

ˇ
ˇ
ˇ ∆gn pxq
ˇ
ˇ
|gn px, tq ´ g0 px, tq| “ g0 px, tq ˇ
´ 1ˇˇ ă #.
∆g0 pxq

We conclude that maxpx,tqPY |gn px, tq ´ g0 px, tq| ă #, for every n sufficiently large.
Finally, consider n P N large enough and set h :“ gn ´ C.
!
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