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Remark 103.1. Consider the double cover F' of B2 branched over 6 lines £4,..., 4
tangent to an irreducible conic ¢, Tt is isomorphic to a hypersurface in P(3,1,1,1)
given by the equation 2% — fs{zq, 21, 72), where V{f5) is the union of 6 lines. The
restriction of fg to the conic C is the divisor 212, where I is the set of points where
the lines are tangent to C. Since €’ = P! we can find a cubic polynomial g(zg, z1, 22)
which cuts out D in . Then the preimage of C' in F is defined by the equation
2% — ¢2 = 0 and hence splits into the union of two curves C; = V(z — g3) and
Cz = V(2 + ga) each isomorphic to €. These curves infersect at 6 points. The surface
F has 15 ordinary double points over the points p;; = £; N £;. Let F be a minimal
resolution of F. 1t follows from the adjunction formula for a hypersurface in a weighted
projective space that the canonical class of F is trivial. Thus F is a K3 surface. Since
(' does not pass through the points p;; we may identify Cy, Cs with their preimages in
F. Since ¢ = Cy = P!, we have C'f = —2. Consider the divisor class H on F equal
to Cy + L, where L is the preimage of a line in P2, We have

H*=CE+92C, L+ L2 =Cl4+(C1+C) L+LP=2+442=4.



We leave to the reader to check that the linear system | H| maps F to a quartic surface
in 3. It blows down all 15 exceptional divisors of F' — F to double points and blows
down C; to the sixteenth double point.

Conversely, let ¥ be a quartic surface in P? with 16 ordinary double points. Pro-
jecting the quartic from a double point g, we get a double cover of P? branched along
a curve of degree 6. Tt is the image of the intersection R of ¥ with the polar cubic
P£,(Y). Obviously, R the singular points of Y are projected to 15 singular points of the
branch curve. A plane curve of degree 6 with 15 singular points must be the union of 6
lines £1,...,%5. The projection of the tangent cone at g is a conic everywhere tangent
to these lines.

Theorem 10.3.14. A Kummer surface is projectively isomorphic to a quartic surface
in B3 with equation

Alz* +o* + 2 +w) + 2B(2%w? + %27 + 20 (w® + 2227

+2D{2w® + 2%y*) + 4Bryzw = 0, {10.32})

where
A{AR+ E? — B> - C* - D¥) + 2BCD = 0. {10.33}



