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Brauer Groups and Quotient Stacks

1 Brauer Groups

Definition 1.1. Let X be a scheme, the Azumaya Brauer group of X is the group of OX-algebras
such that A ⊗ A op ≃ EndOX

(A ) (under an equivalence relation), and we denoted as Br(X). The
cohomological Brauer group of X is Br′(X) := H2(Xét,Gm)tors.

Now let n ≥ 2, then there is an exact sequence

1 → Gm → GLn → PGLn → 1.

Taking the long exact sequence in (non abelian) cohomology we get an injective map:

bX,n : H1(X,PGLn) → H2(X,Gm)tors

this is the n-Brauer map of X.
There is a correspondence between Azumaya OX -algebras of rank n and twisted forms of Pn−1

X ,
these schemes defines elements of the group H1(X,PGLn). Actually this is a bijective correspon-
dence, hence, we can identify Br(X) with

⋃
n≥2 im(bn,X). This bX,n are compatible each other, and

together define the brauer map of X:

bX : Br(X) → Br′(X).

Example 1.2. Let k be a field and let X = Spec k, it is a classical result that Br(X) ≃ Br′(X). If
we assume k = k, and α ∈ Br(X), let Y → Spec k be the corresponding Brauer-Severi variety, then
after a finite extension k′/k, Yk′ ≃ Pn

k′, because of k = k, it has no non trivial finite extensions,
thus Y ≃ Pn

k , and then α = 0, hence Br(X) = (0).
Now consider k = SpecR. By a theorem of Wedderburn, classifies Azumaya algebras over a

field, amounts to classifies skew fields over k. The only skew fields over R are R and H, thus
Br(SpecR) = Z/2Z.

We also have the following super theorem.

Theorem 1.3 (Gabber). Let X be a smooth quasi projective scheme, then the Brauer map is
surjective.
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2 Quotient stacks

Definition 2.1. Let F be a stack, of finite type over a Noetherian base scheme. We say F is a
quotient stack if F is isomorphic to a stack of the form [X/G], where X is an algebraic space, of
finite type over S, and G is a subgroup scheme of GLn,S for some n, with G flat over S.

The main advantage to work with a quotient stack is that the geometry of [X/G] is the G-
equivariant geometry of X.

Example 2.2. Consider X = A1
C and the constant group scheme G = Z/2Z over SpecC. The

later acts on A1 via post composing with the automorphism which sends x 7→ −x. We are going
to study the C-points of [X/G]. A C-point is a G-torsor T → SpecC and a G-equivariant map
T → A1, since the only G-torsor over SpecC is G, a C-point of [X/G] is just the G-equivariant
map G → A1, this is the same as the orbits of the points under the action, so G → A1 is given
by choosing the points (and the order) (c,−c) if c ̸= 0 or {0}. The automorphism groups of a
C-point x are maps G → G commuting with the maps to A1, thus if we choose a point {c,−c}
there are no maps G → G making the diagram commute, so Autx is trivial. Otherwise, if x
corresponds to the point {0}, then Autx = G, this correspond to the fact that 0 is the only C point
of A1 which has no non trivial stabilizer. In this case the coarse moduli space of [X/G] is the map
[X/G] → SpecC[x]G = SpecC[x2].

3 Intersection Theory in Stacks

Mumford in his work ”Towards an enumerative geometry of the moduli space of curves”, constructed
intersection theory on the DM stack M g of stable curves of genus g. One tool that he used was
the existence of a finite flat morphism Z → M g, where Z is a Cohen-Macauly scheme of abelian
level structures; his construction would have been much more simpler by the existence of such a
morphism with Z smooth.

We are going to show that the existence of such a Z is a very general phenomenon.

Theorem 3.1. Let X be a DM stack, separated and of finite type over a field k, with quasi-projective
coarse moduli space. Assume X is a quotient stack. Then there exists a quasi-projective scheme Z
and a finite flat local complete intersection morphism Z → X, such that the singular locus of Z is
the inverse image of the singular locus of X.

Proof. First we can show that there exist a projective smooth morphism P → X with a repre-
sentable open dense substack Q → P , such that Q → X is surjective and P − Q is of dimensions
less than the fiber dimension.

Then, using a clever argument we can reduce the proof to the induced morphism on coarse
moduli spaces U → V which also is going to be a proper map, and of constant fiber dimension
d > 0. One need also prove that U is quasi projective.

Finally we need the following lemma.

Lemma 3.2. Let f : X → Y be a proper morphism of quasi-projective schemes over an infinite
base field k, with constant fiber dimension r > 0. Choose a projective embedding X → PN

k for
some N . Then for sufficiently large d the intersection of X with a generic hypersurface of degree d
satisfies the following:
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1. Sing(U ∩H) = Sing(U) ∩H.

2. X ∩H → X is a cartier divisor (invertible ideal sheaf).

3. X ∩H → Y has constant fiber dimension r − 1.

.

Proof. We are going to show that for i = 1, 2, 3 there exist a di such that for all d ≥ di, there is a
non empty open Ud ⊆ H0(PN

k ,O(d)) such that for all closed point H ∈ H0(PN
k ,O(d)) condition i)

is satisfied.
For condition 1) we just do the same argument of Bertini’s theorem.
For condition 2), we need to show that H avoids all the associated point of X, so let p be an

associated point of X, and consider the morphism φp : H0(Pn
k ,O(d)) → k(p), this is not the zero

map, so we can just consider the complements of the kernels for all p, this is an open set because
there are finitely many associated points.

Condition iii) is more hard. We are going to prove this in the case where f : X → Y is proper,
flat, and with geometrically irreducible fibers (is always possible to reduce to this case). Then the
associated map X → PN

Y over Y is a closed immersion, so we have a sequence

0 → IX → OPN
Y
→ OX → 0.

By a theorem of Serre, there exist a l0 such that for all d ≥ l0 and i > 0:

Riπ∗(IX(d)) = Riπ∗(OPN
Y
(d)) = Riπ∗(OX(d)) = 0

and therefore, since all the sheaves involved are flat we have that

0 → π∗IX → π∗OPN
Y
→ π∗OX → 0

is an exact sequence of locally free sheaves whose formation is compatible with arbitrary base
change on Y . So we have a closed immersion of vector bundles on Y

i : V → H0(PN
k ,O(d))× Y

such that at any fiber y ∈ Y , Vy is the subspace of degree d forms with coefficients in k(y) which
vanishes on Xy ⊆ PN

k(y). Thus it, suffices to show that the image of the composition

p1 ◦ i : V → H0(PN
k ,O(d))

must be contained in a proper closed subset of H0(PN
k ,O(d)). This is true because

dimV ≤ dimY + dimVy = dimY + pVy(d) = dimY + pPN
k(y)

(d)− pXy(d) < h0(PN
k (y),O(d)).

Now we chop U sufficiently many times such that the map becomes of fiber dimension 0, hence
is finite, and we show that is flat by using the local criterion for flatness.
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4 Gerbes

Theorem 4.1. Let X be a Noetherian scheme. Let β ∈ H2(X,Gm). The following are equivalent.

i) β lies in the image of the Brauer Map.

ii) The Gm-gerbe with classifying element β is a quotient stack.

Theorem 4.2. Given a field k and a positive integer n, the following two conditions are equivalent.

i) Every smooth separated generically tame DM stack over k of dimension n with quasi-projective
moduli space is a quotient stack.

ii) The Azumaya Brauer group of any smooth quasi-projective scheme over k of dimension n
coincides with the cohomological Brauer group.

Corollary 4.3. Let S be a smooth separated quasi projective scheme over k and G/S a finite flat
commutative group scheme with (|G|, p) = 1, then any cohomology class on H2(S,G) can be killed
after a finite flat base change.
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